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TINE COAGULATION OF CHARGED CWDUD-DROPL02S

M. Levin

(Presented by 0. Yu. Shinidt,
Member of the Academy, November 26, 195.)

According to present theory of the formation of precipitations/
[1, 2), the growth of cloud-droplets in the range of diameters d - 4 - 30
takes place only by way of condensation of water vapor. The basis of this
conclusion is that since there exists a critical value kcr = "t.2i [.
for the parameter of gravitational coagulation, then coagulatin '"

neutral droplets p /pssiblc only when the diameter of the larger drop
exceeds 30 w#f 't,it eems, o us that growtL, of cloud-droplets in the
range d = 4 ~ 30 14may hake place through coagulation of electrically charged
droplets. To confirm this hypoLhesis, let us calculate E, the coefficient of
capture [Z], for electrielLy charged droplets. /

Langtair [21 and Shishkin [1 unjustifiably applied the theory of
deposition of an aerosol or. obstacles to the theory of cloud-droplet growth.
The coefficient of capture, in the deposition of an aerosol on a sphere, was
calculated [2) under the assumption that the sphere is considerably larger
than the aerosox particle. Consequently these calculations may be applied
to the descent of droplets of raindrop size in a cloud, but not to the case

of two droplets of comparable size. Langmuir, in calculating the growth of
cloud-droplets, really consi3 rs all the cloud-droplets to be fixed in space,
except one droplet (sometimes or' the same dimensions as the others) which
moves under the influence of gravi.ation and of rising air currents [21.
Shishkin, however, takes the coajulation of droplets as depending only on

their relative velocity [1], although it is easy to see that the air velocity
fields around the droplets, which detertine the droplet interaction, depend

on the velocities of the droplets relative to the air. Since it is not at
present possible to account for the interaction of the aerodynamic fields of
two droplets, it seems reasonable to us to perform the calculations for cases
when one of the drops is considerably smaller than the other, and in doing so
to take the aerodynamic field of the small droplet 4s not affecting the field
of the large droplet. Then in a coordinate system tied to the large droplet,
the small droplet will be acted upon by the force of gravity, by the electric
forces, and by the aerodynamic Stokes force.

* For instance, with a rising air velocity of 10 cm/sec, the droplet

diameter grows by condensation from 11 to '0 i in 7.5 hours, and thcn

grows by gravitational coau.ulation to 1300 i in 15-20 minutes I1.
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1). In the case of both droplets' bearing electric charges of

different signs, the equation of motion of the small droplet will take

the form

P. -7= 3r, I u, r,) - v, (r,)] -Frr, d- " 'Pkg, (1W;

where r, is the radius vector to the center of the small droplet, Vi dr..!dt
is its velocity vector, d is the droplet diameter, Pk its density, el, e2
the charges on the droplets; u,(r,) is the field of velocities of the air
stream around the large droplet, 4 is the viscosity coefficient of the air,
and i Is th vp-(,'4 r, ' -. '- n _ - .

1 0ConvertinG eqration (1) to th, dimensionless form r3] (as characteristic
velocity we take the constant descent velocity of the large droplet,
U.,= pgD/81L, and as characteristic size D/2), we find *

k Y- +v = u + ka3 i+g 1  2
di

where

VIjD -id)u2 2ul D
r4 Pk 0o

are dimensionless scaling criteria for the phenomena.

It is obvious that for 1j711 >> 1 we may neglect the inertia term in

equation (2), whereupon this equation takes the form (for a = -kl > 0):

V=u-- + g, (3)

Examination of equation (3) shows that for small values of a it has
seven singular points (four saddles on the p axis, two centers and a dipole
at the coordinate origin), and for large values of 5, three singular points
(two saddles on the p axis and a dipole). Figure 1 illustrates the topo-
logical configurations of the trajectories of equation (3) for different
values of az. This figure shows that the seprratrices A passing through a
saddle (p - 0, x > 1) represent limiting trajectories determining the capture
coefficient E. This means we have E - p- (po being the distance of the said
separatrix from the p axis at x - since, as we shall show in fra, these
separatrices do not intersect the surface of the large droplet.

On the other hand, we can dcri,., expressions for the trajectories
described by equation (3) in finite form, if we note that the field
corresponds to a Stokes stream having, in dimensionless (spherical) coordinates

the stream function i(rh=---(r2 3r-r+ Then for the trajectories we get

dr t? u-- + 21 , = r i Cos (

in --r + g ' si' 0

I In equation (2) we have the dimensionless quantities v -v,/u, u -u,

r-m2JD. -m2dI.ID were D is the diameter of the large droplet.
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and consequently,

d -d( -_g'r 5n ' =aslnOd.

From this it is easy to find the equation of the traj,otories:

%a 0,,.-l + Cos 0). (6)V

where *2 ,w is the value of *1 for the trajectory at 8 = n.
Noting that the separatrix we are seeking has, at e = 0, a finite

value of r, we find for it the value of . equal t° '"= :(I =2a.Since

according to equation (5) we have d ,/dO > 0 along the trajectory, then the
separatrix in question, having *1 = 0 at 0 = 0, nowhere intersects the surface
of the large droplet, for which €1 < 0. Consequently,

4m (7)
E p!

- O00 -

2) Let us now consider that ca.e when the large droplet is charged
and the small droplets neutral. Then in the firs t- rximation the charge
of the larg3 droplet w hAxP1 -ep.et s,.pp-d attract
e .The equation of motion of the small droplets, in the same coordinate

system, takes the form (ref. [4]):

dw dv, (r,) ( - -! d3_e-r +  d' . (8)T~k -4;=- 3l~d lu, (r,) - v, (r,)l d3 (8)z e -"P

where a is the bmall droplet dielectric constant.

In dimensicnless form equation (8) becomes:

0k +v-u-ka,.+g, (9)

where agw-6+ > t--.

If or >> 1, then equation (9) is simplified:

v -u- ka, -+ g', (0
F4 (10)

and the trajectories of motion may be determined from an equation similar
to (5):

&a. sinn d)
,_ .
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~~;iitn (:0) -. ei'ht sinruiar points. Their positions and the
t(op'' 'I" c, . -. ' of the tru,'ectories are similar to the casesIillu:;t.':e'i ir '.ijure 1. (

- o~o -

3) Tables 1 and 2 present the results of our calculations of E;
likewise value; of al and a2 , enabling one to estimate the applicability of
the computation methods as developed (the calculations were carried out for
a,, q2 > 5 and g, 5 0.25). The order of magnitude of the charge was cal-

culated according to Ya. I. Frenkel' [5], and for the absolute magnitude of
the charge in the CGSE system we accepted the expression

e = ') ., -0-d [V], ( 12 )

corresponding to a value of 0.3 V for the electrokinetic potential. It seems
to us that the magnitude of the charge accepted by us according to expression
(12) has been selected reasonably as regards order of magnitude, and does not
contradict the experimental findings of Gunn [6), who measured the gross
charge of cloud-droplets of diameter d > 10 ±.

TABLE 1

E I
D [l d' Isi) o E , D It,] d [Jlt)

(a,

5 i 1 15600 65,2 15 6 5,4 2,8
5 2 39)00 7',7 20 1 G1 0,98
7,5 1 30SO 18,8 20 3 6,8 1,00
7,5 4 1''  25,9 25 1 25 0,50

t0 1 9 7,9 25 2 6,2 0, 0
to 5 3V to,4 30 1 t2 0,29
15 1 192 2,3 30 I,5 5,4 0,29

TABLE 2

-D Is& E

5 1250 2,32 1,48 0,89
7.5 VO 1,06 0,69 0,40

1o 20 0,57 0,38 0,22
12,5 5,1 0,34 0,23 0,13

* The difference amounts to the fact that the dipole reduces to two nodes,

a stable node, at the coordinate origin, and an unstable node (p - 0,

0 < x < 1), while the centers are converted into unstablc foci or
unstable nodes. As previously, the separatrix A passinZ through a saddle
(p - 0, x > 1) does not intersect the surface of the lar& droplet
(equation (11)) and constitutes a limit trajectory. Ntu:.erical calculations

have shown that equation (11) is convenient for constructing this separa-

trix (calculation of E).
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Tnbles 1 and 2 show thA.t urAder tLit6e assumptions the coefficient of
capture for cloud-droplts, in the ranze with which we are dealing, is high
enough to F.uarantee a considerable coagulation of droplets, while for neutral
droplets o' the same sizes there is no coagulation. The amount of coagulation
will be rather great even if the actual size of the charges is an order of
magnitude lower than that which we have taken.

-000-

4) From the expressions for a, and a2 it follows that at large values
of D (when u, also is large) the quantities al, q2 << 1 and, consequently, the
effect of the electric charges on coagulation may be neglected. This accounts
for e experimental results zf Cunn wi.1 Hischfeld [7], in which D = 3.2 mm,
d > 5 i and e1 = 0.2 CGSE. Thus ir. these experients u. = 825 cm/sec and
a - 4"10-5, q2 < 7-l03. Consequently these authors did not find any
electric charge effect on the coa& ulation of a large droplet with small
droplets.

In the same way, by calculating the quantities c and a2 it may be
shown that in cloud-droplet catchers the precipitation of droplets onto the
receiver is in practice independent of the electric charges of the droplets
and vf the droplet receiver.

Similar results are indeed found for charged droplets.

In conclusion I express my cordial thanks to V. M. Bovsheverov for
fruitful discussion of the results of this work.

Geophysical Institute, Received October 21, 1953.
Academy of Sciences of the USSR.
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