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ABSTRACT 

Tht paptr presante a nathaoktlcal study of a tlM-sharlng system with a 

single sarvsr and aany qususs. In «ach qusue a custonsr reoalves one quantum of 

service and is then sent to the end of the next queue, provided his service demand 

has not been completely satisfied. When a quantum of service is completed the 

server attends to the first customer in the lowest index non-empty queue. The 

discipline of the highest indexed queue is 'round-robin', while all other queues 

obey the J?IP0 rule. Newly arrived customers join the end of the first queue. 

Mathematical expressions for the main performance measures are derived and 

illustrated by graphical means. 
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A TIKE-SHARING MODEL WITH MANY QUEUES 

I. Adiri and B. Avi-Itshak 

IMTRODUCTIOK 

One of the Bain advantagee of tine-sharing is the higher priority given to 

shorter service demands in cases where their exact length is not known in advance. 

In the conventional single queue time-sharing (round-robin) model (referred to as 

R R,l in Adiri and Avi-Itzhak [l]), service is given in small segments. Upon 

completion of a service sesaent, the customer is dismissed (i.e., either leaves the 

system or joins the end of the queue, depending upon whether his service has been 

completed or not) and the next in the queue is admitted. A newly arrived customer 

joins the end of the queue. In this system the server is ignorant of the amount of 

service (number of service segments - quanta) already delivered to the customers 

present in the syst««. Thus, it would be expected that the i-th response time of 

a customer (time between (i-l)-th and i-th admissions to service) is not strongly 

dependent upon i . It followe that the expected total response time (time in the 

system) of a customer is approximately an increasing linear function of his service- 

demand length. This is demonstrated in Figure 1, constructed on the basis of exact 

closed form results obtained in reference [l]. It relates to the steady state 

situation of an R.R.I model where arrivals are assumed to behave as a homogsneoue 

Poisson process with intensity X, service demand lengths have a negative exponential 

distribution with mean l/u, and quantum length is x ♦ C, where t is the set-up 

time and 0 the service segment (quantum processing time). 

One weakness of time-sharing systems, inherent in the R.R.I model, is 

sensitivity to overloading by customers with long service demands (long processing 

times). The presence of customers with long service demands increases the waiting 

times of all customers in the system, and ±n cases of overloading (saturation) a 

demand cannot be satisfied in a finite time, however short it may be. On the other 

hand, there is no sufficient discouragement of customers with long service demands, 

since waiting time increases linearly with demand length. An actual time-sharing 
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system is frequently overloaded during peak hours and underexploited during the rest 

of the day. It is desirable to automatically transfer long service demands, placed 

during peak hours, to less loaded hours of the day, or even discourage them completely 

and force them to use batch processing during night hours. What is needed is, thus, 

a system with the following features: (i) waiting times of short demands are less 

sensitive to the presence of long demands than in the simple round-robin discipline j 

(ii) short demands satisfied even under conditions of overloading (the higher the 

overloading, the shorter the demand must be in order to be satisfied) s and 

(iii) effective discouragement of long demands during peak hours, by postponing their 

service to non-peak hours. Needless to say, the above must be realised without 

prior knowledge of demand lengths. 

The R.R.r. model is proposed as a solution along the above lines. It comprises 

one server and r queues all of which, except the r-th, observe the FIFO rule, while 

the r-th queue is operated as an R.R.I. A newly arrived customer joins the end of the 

first queue where, in due course, he receives a certain amount of service (processing), 

following which he either departs or joins the end of the second queue for additional 

service. The server, after completing a service qua-itun, selects the first customer 

in the lowest index (highest priority) queue. The limit case where r = o" , i e 

R R.oo . has been first suggested and studied by Schräge I/), 

The number of queues, r , and the quantum processing time for each queue. 8 ., 

uay serve as control rarametera of the system 

MATHEMATICAL MODEL - R.R.r.. 

Customers arrive at a single server facility according TO a aomogeneoug 

Poisson process with intensity X . Service times (as demanded by customers 1 are 

independent, random variables identically distributed exponentially with mean 1,V 

The waiting line consists of r separate queues. A newly arrived customer joins 

the end of the first queue ;   upon admittance to service he is eligible for 0^ units 

of service time. If his service demand is shorter than 8^ he completes his service 

and leaves the system, otherwise he receives 8  units of service time and joins 

the end of the second queue. In general, at the i-th queue (i=l,2,... ,r-l) the 

customer is eligible for 8, units of service time during which he may complete his 

service and leave the system, or join the end of the (i-t-l)-th queue after receiving 

8  units of service time. A cuatomcr in thü r-th queue who doe» nut, couiple.« hxa 
i 
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service within ©^ service time unite re-joins the end of the sane queue, Having 

completed a service quantum at any one of the queues, the server admits to service 

■±» oustOK<*r who is first in the lowest index non-empty queue. Ve assume that 

oach quantum starts with a set-up time due to swapping, housekeeping etc. The i-th 

quantum thus comprises two elements: a set-up time of length x  and a prooeesiag 

-,iino not exceeding 0 units. 

Busy Period and Baoklog 

Let: 

»i " flao 

(1) 

(2) 

q i " jfiiW   •        1°1,2  (3) 

where (l^) is the probability of service being completed in the i-th queue, i< r 

For i>r) 0^ and x^ are defined as equal to 0 and x , respectively. Hence 

for i> r we have al = or, ^ = ßr and ^ ' n   * (i-r)(& *t ). 

The length of a quantum devoted to a customer in the i-th (i=l,2,. . r) queue 

behaves as a random variable which we shall denote by Q . 

d 9.  ♦ t.    with probability a, 
Qi ? • i  i i U) 

[ I^       with probability 1-a 

where D  is a r.v. possessing the density: 

f (x) = w,  a    .   \*x*ei + \ (5) 
i i       i-l,2,...,r. 

For   i> r,    Q,^ Q     and   D4
d2f D    . 

i r i r 

Within each queue, quantum lengths are mutually independent and also independent 

of the number of customers present in the various queues.    This property ia general 

for all time distributions, except for the r-th queue where it may not hold for non- 

exponential service times.    The quanta in the different queues are mutually independent 
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Let the r.v. S denote the total tiae (inoludin« set-upe) devoted by the «erver to 

a customer. 

!D, with probability 1 - a, 
1 1 (6) 

q^ ♦ D       with probability pjU - oi+1) 
i-1.2  

The backlog and the busy period of the R.R.r. model behave as in a H/o/l model 

with service times distributed as S. This equivalence holds also for H.R.I systems 

rfith general time distributions, where S is defined as the total time devoted to 

a customer. 

Total Response Tim« 

The total response time of a customer is defined as the total time he spends 

in the system from arrival to departure. 

Let X  (nFl.2 ) denote the number of customers in the R.R.r system at 
n 

the moment of the n-th departure. Consider now a similar R.R.«« model with the 

same system parameters except that for i>r, ^ = er 
and xi * 'V *nd let Xn 

denote the number of customers in the R.R.O» system at the moment of the n-th 

departure. Clearly, X  and X' are equal in distribution. This is a result of 

the premise that service times are exponentially distributed, and is explained as 

^cUows: Up to and including the (r-l)-th queue, both systems are identical; the 

input processes into their respective r-th queues are also identical, and the departure 

process from the r-th queue of the R.R.r model is statistically identical to that from 

queues r, r+1,..., of the R.R.o» model. According to Little's Theorem [?J, the 

steady state expectation of total response time (denoted by BIT)), is identical in 

both systems. 

Using Schrage's results [2] for the R.R.o» model, we obtain: 
mm 

E(T) = JE{TM) ne'^dt* 

XEdJ2) * X.T, ß< i^O 1  « „  /,   w   "   i"im i-1  i  ^ 
Ü * nil ßn-i(1 " V4(i - BTtrpTTi - XB(Pn)) * 

n-l 
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In this tzpnssion G(T|U{) is the total respona« tim azpsotstlon of a 

oustoMr who daaands t aarvioe time units in the R.R.*» aodel, a -0 ■!, 

lo^o^o"0, v* 

with pro>-tbility   ßj^d-Oj).    i-1.2 n 

^ with probability   ß       , (8) 

Ii(Dn)   *   '«n^iSlPi.l^i^l.l*15^ 

B(^   "   ^n * ill »i-l^-i^Vl^Vl E(l'i) * E(l,i)) 

n=l,2,. 

(9) 

Conditional Total Response Tiae - R.R.r 

The total steady state response time of a cuatcmer with service requirement t 

is denoted by T(f). This quantity will be referred to as the conditional total 

response tins. 

The behavior of the first (r-l) queues is the same in both the R.R.r and the 

R.R.oe systems. Thus for f4 jg., 9±   *• nay use Schräge's results [2]. 

n-i        n n—1 

■mere n is an integer such that 

lg0i<^lfcfti     ' ^ 
Customers with service time    *>i{1 Ö     reach the p-th queue, where they circulate 

mtil departure.    We define the i-th (1-2,^,...,)    response time ol a customer 

[denoted by   T.)    as the time elapsing between hie (i-l)-th and (i-th) admissions 

to service, assuming that    f >.{. 0    .    Similarly,    T      is the time elapsing between 

his arrival and first admission.   Let   (K *l)   denote the number of customers present 

at the time of the i-th admission of a customer to service.    For   i-r,r+l   (K *l) 

is their number in the r-th queue at the moment of an i-th admission.   The 1-th 

response time expectation,   B(T ),  (i«r+l,p*2 )   is obtained as: 
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© ♦ t ♦ B(K  )E(Q ) 
B^) -      i. nnrn—     •      i-rti,r»2  (12) 

where r£2. 

The ergunent supporting Bq, (12) is that T  nay be viewed as a busy period 

starting with initial expected backlog of magnitude (0r* xj B(Ki_1)B(Qr)) In a 

H/o/l system where the arrival race is X and service tines are distributed as 

ür-l- 

For ill ^i^lll ei *•***•'• 

B(T(«)) - 1S1=(Ti)*<-giei*xii  . (13) 

Substitution of Eq. (12) yields for   n>r! 

(n-r)(© «J ♦ E(Q )"L EdcJ 
E(T(*))   =    l^T.)^ L-£ Li2 L   > 

i-1       i l-XE^) 

W-iilei + Tr   ' (U) 

In this expression both sums are unknown. Ve sould like to express them as functions 

of E(K ). The following recursive relation is readily shown to hold for i>rJ r 

E(Ki)   =   B(T1)Xßr_1 ♦ E(Ki_1)ar    , (W) 

From Eqs.  (12) and (15) we obtain: 

n~1 „/„ \     /r./«- \ a    ■ 1 - bn"r     (n - r)8 
i5r E(Ki) ■ (E(Kr) - r^ rrr—+ T^E- 

where: 

a " 1 - *w~? 
and: 

ar^ mgnrp 

(16) 

(17) 

(is) 
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Ut T  b« th« time •lapalng b» t «en the arrival of a cuatoner whoaa service tine 
0 r-l 

exoeada .L.  0. and next adnlaaion of a ouatoner in the r-th queue;   and let Z 

denote the number of ouatonera in the r-th queue when a new customer Joins it. The 

tine elapsing between adniaaion of a ouatoner from the r-th queue until the server 

is again ready to admit a customer from it behaves aa a busy period of a M/G/I model, 

where service times are distributed as U^ and the starting backlog is distributed 

as Q . Bearing in mind the definitions of T  and Z, we thus have; 

(19) 
r B(Z)B(Q ) 

^ ECU - fi(V * i.m(u   i   • 

The «xpactation of Tc is obtained by using Schräge'a [2] approach. 

XE(^) ^ XEfrfo^/d - gr)     V! 
E(T ) -  5  + , _ ttiiw j   • ^20^ 

2(1 - XE(D^1))
2      1  ^Vl^ 

Sinoa arrivals and departures take place one at a time, the number left in the r-th 

queue by a departing customer must be distributed as Z. (This is a steady state 

argument). Let X be the number present In the r-th queue at the moment when a 

customer of this queue is admitted to service, then 

1(Z) - B(X) - 1 ,     for r ^ 2 . (2l) 

On the other hand, we have; 

B(X) - (1 - «r) X Bfr^a*-' ♦ 1 (22) 

Substituting of Eqs. (12), (15) and (2l) in (22), suamation and substitution In (2l) 

yieldt 

E(Z) - , r . ♦ , T- B(K )   . (23) v     1 - a b  1 - a b  r 
r      r 

Substituting Bqs. (20) and (25) In (19), we obtain: 
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A    ( ^ 2(1 - ^J? rZ1S^P 

a a. 1 - a E(Q ) 

^rrrt^rroTT^h-JUJlu j    • (24) 
r r r-1 

Substituting Eqs.  (l6) and (24) in (l4), we have   E(T(0)    expressed as a function 

of   E(K )   and of the various parameters of the process. 

K(T(n) —— r r-1   x   r ♦ -^ ^ 
2(1 - ^(U^))2 1 - ^(U^) 

'■ } (a a ♦ (1 - o )E(K ))/(! - ab) * (    r r       r r 

i- (E(Kr) - s/(l - b))(l - bn-r)/(l - b) ♦ (n - r)a/(l - b)J 

♦ (n - r)a/(Xer_1) ♦ ' " ill »i ♦ x
r    • (25) 

E(Kj    is obtainable from: 

B(T)    »   )E(T®) Me^'d«    , (26) 

b - o r 

where   B(T)    being given in Bq.  (?),   E(T(())    for   n<r   by Eq.  (10) and for   n>r 

by Eq.   (25).    The result obtained for   E(K )    is fairly complicated in form; r 

E(K 

f?    n.r      XE^) ^(^ß^qf-Vd-a; y, 

«r ,    ft     ,.      b-a 1 XB(U^*XE(Q^Al-ar) 

(srr (^ rrv^ - r^r-1:  5 ^ss— u ■'■ T—tr" - T—T- L 5" 
(1 - u/   **T-l l-* T^r 2(1 - W!^))2 

q, b-o aa (l-a) 
^ '(_L_r._JL_s(1.rT_T£rTj)]J.   (27} 

r-l r-l r       (1 - bj 
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DISCUSSION 

The complexity of the mathematical formulae rule» out direct analysis and 

disouBBion of the results, and therefore the authors have decided to illustrate the 

main features of the model by means of graphs. 

Figures 2 and 3 show, for different values of r , the functional relation 

between the total response time of a customer and the length of his senrioe time. 

As r increases waiting of short demands decreases while waiting of long demands 

increases. In these examples 9± • 9,    i=l,2 r, hence the unconditional expected 

total response time is independent of r . Obviously, any decrease in waiting time 

of short demands,it obtained at the expense of the long demands. The terms "short 

demand" and "long demand" are used here qualitatively. In a real situation it suffices 

to define an overall objective function and optimize with respect to the control 

parameters r and Ö. It should be noted that the numerical results for r - 1 

were obtained by using the mathematical results of reference [l], since the R.R.r 

model treated in this paper does not include the case r = 1. 

Another way of increasing priority to short customers is by increasing the 

magnitude of 0 , (assuming ei = 8, i=l,2 r). This is illustrated in Figures 4 

and 5 where r is kept constant for different values of 8 . Note that when 8 

oxceeds a certain magnitude priority to short services is reduced and the queue dis- 

oipline tends to PI70. In Figure 5 the load on the station is relatively low 

(x/u " 0.5). Consequently, the effect of increasing 8 is not as noticeable as in 

figure 4 (X/t* - 0.85). In both figures the time losses, represented by set-upe, 

decreaee when 8 is increased, since the value of t (assuming ^ " »> i=1.2,...tr) 

is kept constant. 

In the preceding examples identical values of ei were used in all queues, 

i.e., 8 « 8, i«l,2,...,r. The priority given to short demands may be increased 

at the expense of the long demands, by using a decreasing sequence (8^ i-1,2 r) 

of quantum processing times. Here an R.R.r system with a fixed quantum processing 

time (equaling 8 in all queues) is concerned with equivalent system in which 8i 

is an arbitrary sequence. It is assumed that set-up times are the same constant for 
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all queues In both Byatema, i.e., x ■ t, 1=1,2 r, and furthermore, that all 

other parameters, except for the quantum processing times, are identical in both 

systems. For the comparison to be meaningful, the expected time losses (represented 

by set-ups) per service must be equal in both systems. This implies that the 

expected number of quanta per service is the same in both. Expressing this equiva- 

lence mathematically, we have: 

^ i(e-ti0)i-1(l - .-*)    = Jg iß^d - a^ + (1^(1 - ar) ^ i«^ •  (28) 

Summation yields; 

—^ - Ji i0i-i(1" ai) ^r-i+ r^r   • (29) 
1 - e "^ r 

For any given sequence (ö , i=l,2,...,r) the value of Ö can be uniquely deter- 

mined using Eq. (29). 

Figui« 6 illustrates an example where the sequence (0 , 1=1,2 r) is of 

the form öj+1 = 0.95^, 1=1,2 r-l and Oj^ = 10, r - 50. The equivalent value of 0 

for the system where 6 « 0, 1=1,2 r is Ö = 2.81. 

As mentioned in the introductlonm during peak-hours (oversaturation) the 

K.R.r system still satisfies short demands, while service to long demands is auto- 

matically postponed to non-peak hours. This is shown graphically in Figure 7. 

Table 1 supplements Figure 7 by giving the longest demand that can be still served 

in a finite time for each traffic intensity. 
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Table 1:   Largest Satiafiad Demand as a Function of Traffic Intensity. 

(r - IOC , \x « 0.01 aec :t, t1 = 0.1 sea, 0i » 2 sec, ±=1,2,... ,3 

*/» p = \E(S)" 
number of 

unaaturated queues 

largest satisfied 
demand in seconds 

0.9 0.95 100 all demands 

1.0 1.05 99 198 

1.1 1.16 99 198 

1.2 1.26 71" 156 

1.3 1.57 65 130 

1.4 1.47 56 112 

1.5 1.58 50 100 

2.0 2.10 52 64 

5-0 ^■25 10 20 

"Note that the steady state condition is   p < 1. 
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