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ARBSIRACT

‘)In most queueing situations, it is desirable that urviqe to customers be free
from interruptions causing time and service losses. It is recognized, however, that
in certain circumstances controlled interruptions may improve overall system psrformance,
and this idea is the basis of all time-sharing systems. In the latter, service is
glven in segments; the customer may be served, uninterrupted, for no longer than
some predetermined time interval called a quantum. If the service is not completed
within a given quantum, the customer is dismissed and placed in a queue, and the next
custouer is admitted.

There are two -.1.# advantages to such queusing disciplines: (a) the expected
wvaiting time of a cul}u'nr is an increasing function of the amount of service demanded
by him, and (b) th/ total value of the service is sometimes increased by breaking it
down into ssgments. This is especially true when running certain types of computer
Prograps. The obvious disadvantages of the time-sharing models are set-up time losses
and sophisticated supervision and coordination requirements.

\ATMI paper is a survey of time-sharing models studied recently by the authors.
It oovers the following single-server models: (i) single gueue with infinite number
of potential customers ~ R.R.1; (ii) single queue vith finit¢ number of potential
customers; (iii) r queues with infinite number of potential customers - R.R.r, in
which a customer who oompletes his i-th service segment joins the end of the (1#1)-th
queue, the r—th queue is organized on a "round-rovin" basis, and the server, when
aduitting a ocustomer to service, selects the first in the lowest-index's non-empty
queue ; (iv) R.R.1. with various types of priority regimes.

The main quantities obtained in oxpulcit form are queus sizes, overall
unoéudit:loml waiting times, and waiting times conditional on the length of service
demanded by a given customer. Performance optimization with respect to quantum size
is also considered.

:,*Euoh model provides a means for achieving desired given properties. The
performance parameiers of the models are compared numerically, and the advantages
and wealmesses of sach model are discussed. -

‘




QUEUEING MODELS FOR TIME-SHARING SERVICE SYSTEMS

I. Adiri and B. Avi-Itghak

INTRODUCTION

Time-sharing is a means for providing service to a large and diversified
population of customers, using remote-access devices, with a view to ensuring
shorter response times to short service demands at the expense of the long ones
and improving customer-server interaction. The queue discipline commonly used in
single server time-sharing systems is known as the round-robin schedule (abbre-
viated R.R.). Under it, service is given in segments called quanta, and customers
go in and out of service in a cycle, receiving one quantum in each cycle until
service is completed. In the simplest form of this type of schedule, called R.R.1,
there is only one queue. Having completed a quantum of service, the server admits
the first customer in the queue, who is in turn entitled to one quantum at the end
of which he either has completed his service and departs, or else joins the end of
the queus. Newly arrived customers also join the end of the queue.

There are two main advantages to such a queue discipline: (a) The expected
waiting time of a customer is an i icreasing function of the amount of service demanded
by him; this effect is achieved without prior knowledge of the specific service
length demanded by an arriving customer, and where these service times are known, the
same kind of effect is cbtainable by using " ghorter-service-first" type disciplines.
(b) The service is given in small segments. with the customer waiting between two
consecutive segments. Suppose the total value derived by a customer is the same
whether he receives his service contimuously or in segments. In these circumstances,
in the case of a time-sharing queue, the customer receives some of his value earlier,
assuming that each segment has some value. Sometimes the total value of the service
is increased by breaking it down into segments § this is especially true when running
certain types of computer programs, where knowledge of partial results may help deter-
mine how to continue the run, if at all. This property of time-sharing computer

systems is called the vconversational mode". If the ¢ .antum is short, the customer
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may gain the impression that he is the only user of the computer, since he has an

individual remote console connected to it and is unaware of the other users.

In practice, there are obvious disadvantages to the time-sharing queueing
discipline. The server is compelled to spend time supervising the traffic and
preventing possidle service losses dus to interruptions. For example, in a comfnter
system there are "housekeeping” and "overhead" time losses, and in addition the
supervising progrem is complicated and oocupies a larger portion of the available
magnetic core memory. Thus, only a certain fraction of each gusntum is utilized
for service and the remainder may be regarded as losses.

This paper reviews a number of time-sharing queueing models recently studied
by the authors, with a viev to possible applications to computer systems with remote
nccess. The models considered here have a rumber of features in common. In parti-
cular, it is throughout that customers arrive at a single server system according to
a Poisson process and that service requirements are mutually indepsndent and exponen-
tially distributed with mean 1/u. The quantum comprises two perts, the first being
assumed to be of constant length < (the set-up time of the server representing
losses due to the use of the R.R. schedule) and the second, of maximm length ©,
Xnown as the quantum processing time, devoted to mervice. The actual length of a
quantum is, ther«fore, a random variable taking values in the interval [1, T+ 9].

Model I - H.R.1l

The simplest model of the type under study is the R.R.1l model where there is
but one queus and the population of potential customers is sssumed to be infintely
large, this being mathematically reflected in the assumption that customers arrive
according to a hLomogeneous Poisson process with intensity A . The exact queue
discipline of this model has been described in the introduction. Denoting the length
of the quantun by Q , we have:

a {x + O with probability a = oW

Q = D " " 1-a , (1)
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denoting equal in distribution, and D having a density tD(.), and
uo'"("‘)/(l -a), TExL04T ,
ID(x) = = (2)
o, otherwise .

The total time devoted by the server to a single customer, including set-up
times, is denoted by S

s = (R=1){r+9) +D, (3)

where K is the number of service quanta given to the customer and is geometrically
distributed. The Laplace-Stieltjes (L.S.) transform of S is readily obtained as:

-98)

(u + 8)(1 - as 2%

ue = (1-ae

(4)

Ls(z)

Let Xn be the number of customers in the system immediately after the n-th
departure. Then

X = X +Y-8
nel n

where Y dis distributed as the number of arrivals falling in a time interval of
length S, and
0 if X n ¥ 0

8 = (5)
1l if )\-n>0

Prom (5) it is obvious that the Markov chnin{ X n} is statically the same as in a M/G/1

model where service times are distrituted as S*. The condition for [xn‘k to be

positive recurraont is
p = AE(S) <1 (6)

Suppose X n is stationary and let X be distributed as X n’ n=1,2,.04,+ The
r.v. X represents the steady state mumber of customers present in the system at points
of departure. From the ¥/G/1 model we have the generating function of X a8

(l-p)(z-l)Ls(k(l-s))
G. (z)

&) = =TI NI ' (1)

%nis property has been already recognized by Takbos®.
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B(X) = p *m . (8)

It shonld be pointed out that the distribution of X 4s the same as the stationary
distritution of the number of customers present in the system at a point in time
chossn at randow. This property is a result of the arrival process being a homogensous
Poisson prooess. '

Ve define the stationary first response time of a customer, denoted by T 4
as the time elapsing from his arrival until his first admittance to service. The
stationary i-th {(i>1) response time, T 4 is the time elapsing between the (1-1)~th
and the i-th admittances to service of a customer demanding at lesct i service
quanta. The total response iime, T, which is the time a customer spends in the
system, is made up of the sum of his prtial response times. The expectation of T
is obtainable from Eq. (8) using Little' #2 theorem.

Am-tnmiutnlumninatm-ammtui-thotom response time
of a oustomer vhose service demand, L, equals ¢, the expsctation of which is
given as

]
B(T|1=t) = 31 K1) + 8- o([ﬂ-1) +% (9)

where [x] is the smallest integer exceeding or equal to . The expectations of

(u well a8 the L.S. transforns) were cbtained in closed form after some rather
todious analysie, presented in detail in an earlier paper by the autbor.’ Substi-
tution of B(I,) in Eq. (9) yields

K(rlimt) = 80 (5(5) + o B + ey | (H-D o0

-1
B,
((B(x)-0)(ws0(10)) + pgfry (NB() + 20(0w0)) -

} x(O:)ép::(l-o)))} s C-o([fl-0 s (10)

(1) (1-0) « AE(Q)) + E(Q)(1 = (psa)(1-p))
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The influence of various system parameters on the performance of the system
is illustrated graphiocally.

Figure 1 shows the relation between p and © for fixed values of u and <.
As is expected, the time losses caused by the R.R.1l discipline are large when the
value of © is small, and decrease with the ©. It should be noted that ¢> WMu
unless there ars no set-up time losses, that is t = O.

The expected waiting time of a customer whose service requirement equals C,
that is E(T|L={), is given in Figure 2 for various values of ¢ . It is seen that
E(T|L=0) is practically a linear function of ¢ for almost all values of © . This
implies that r:('rl) = E(Tz) % ... E(T 3) % ..., hence Eq. (10), which is rather oomplex,
can be replaced by an approximation based on the assumption that E(T s ) are the same
for all 1 .

urjiet) = ([0 Br) +Fex . (11)
The explicit form of E(T i) is given in reference’.

R.R.1 and FIFO are compared in Figure 3, which yields the uz"v:lco demand
length for which the expected waiting times are equal in both disciplines. For
example, if a customer requires 50 seconds of service and )/u = 0.8, then for
¢ = 1.15 his expected waitirg time is the same in ooth disciplines. If his service
demand is less than 50 seconds, he will be better off (on the average) in a R.R.1

discipline, and vice versa.

An important factor in designing a time-sharing system is the sire of the
quantum and its component parts, 1 and ¢ . Im most cases 1 is determined by the
technological features of the system, and it is obviously desirable to keep it as
small as possible. On the other hand, the magnitude of O is almost entirely up to
the designer; hence the importance of defining our objective in terms of O, as
the only controllable parameter of the R.R.1 system.

A cost function of the following form is used as the objective function to be
minimized:

¢®) = cam) « [ (DEjm-Ouwtla (12)
[+]

R —
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In this expression ¢(9) is the average cost per customer. The first term on the
right hand side of the expression is motivated by the desire to provide an arriving
customer with ready access to the server; the second term represents the waiting
cost. By choosing Cl(f) as a decreasing function, we accentuate the priority given
to short service demands. In Figure 4 the form of Cl(() is

c,(1) = sl . (13)

Model II - R.R.1 Modified

In the preceding model it was aesumed that even when there is only one customer
in the system, he is served in quanta. This assumption may not be realistic,
especially vhere Vu is small, since with the waiting line empty there is no reason
for artificial interruption of gervice to a customer (first suggested by Schrage4),
it is assumed accordingly that service may not be interrupted as long as the weiting
line is empty. When there is a new arrival during service to such a customer, the
1atter may continue to be served for a period of length ¢. If his service is complet-
ed within this additional period, he leaves the system, othervise he is dismissed
after O time units and joins the end of the queue. In both cases, the server attends
the next customer as soon as he becomes free. In all other respects the modified
podel is identical to the R.R.1. model.

The improvement in system performance due to the modification is obviously
small when MNu is large. However, when A u is small the improvement may be
considerable. This is shown in Figure 5. The mathematical analyais of this model

is given in roforenco’.
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hodel III - R.R.1 With rinite Number of Customers

In this model it is assumed that the number of potential customers is finite
and equals N (corresponding to a computer system with a single control processor
and N terminals), and that the time elapsing from the moment a customer completes
his service until his next arrival at the queue is exponentially distributed with
mean 1/ . In all other respects this model is identical to Model I (R.R.1).
Detailed mathematical analysis is given in references, based in part on the works
of Takdcs® and Krishnamourthi and Wood .

Figures 6 and 7 show the expected total response time as a function of © for
different values of N . The case N =00, representing the R.R.1 model, is also
plotted. The R.R.1 model serves as a good approximation when © is large and the
load, NMu, is low. Figures 8 and 9 show the relation between B(T|L<) and ¢
for different values of N . Here again it is seen that the approximation N =00
is improved as the load becomes lower. Note that the relations are practically
linear for all illustrated cases.
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Hogel IV - R.R.x

In all preceding models the server is ignorant of the amount of servics
(number of service segments or quanta) already given to the customers present in the
gystem. Thus, it can be expected that the i-th response time of a customer is not
strongly dependent on i, i.e., his expected total response time is approximately
an increasing linear function of his service demand. This is demonstrated in Figures

2, 8 and 9.

One weakness of time-sharing systems, inherent in the R.R.1 model, is
sensitivity to overloading by customers with long service demands (long processing
times). The presence of customers with long gservice demands increases the waiting
times of all customers in the system, &nd in cases of overloading (saturation) a
demand cannot be satisfied in a finite time, however short it may be. On the other
hand, there is no sufficient discouragement of customers with long service demands,
since waiting time increases linearly with demand length. An actual time-sharing
system is frequently overloaded .turing pesk hours and underexploited during the rest
of the day. It is desirable to transfer automatically long service demands, placed
during pesk hours to less losded hours of the day, or even discourage them completely
and assign them to batch processing during night hourse. What is needed is, thus,

a system with a following features: (1) waiting times of short demands less gensitive
to the presence of long demands than in the simple round-robin discipline; (ii) short
demands satisfied even under conditions of overloading (the higher the overloading,
the shorter the demand must be in order to e satisfied) ; and (1ii) effective dis-
couragemen* of long demands during peak hours, by postponing their service to non—peak
hours. Needless to say, the above mst be realized without prior knowledge of demand
lengths.

The R.R.r. model is proposed as & solution along the above lines. It comprises
a single server and T queues. (ustomers arrive according to a homogeneous Foisson
process with intensity A . The vaiting line consists of r separate queues. A
newly arrived customer joins the end of the first queue; upon admittance to service
he is eligible for @, units of service time. If his service demand is shorter than

1

01, he completes his service and leaves the systenm, otherwise he receives 01 units

of service time and joins the end of the second queue. In general, at the i-th queue
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(1%1,2,...,r1) the customer is eligible for 6, umis of service time during

which he may complete his service and leave the system, or join the end oi’ the {i+l)-th
queue after receiving °i units of service time. A customer in the r-th queue who
does not complete his service within Or service times units re-joins the end of the
same queue. Having completed a service quantum at any one of the gueues, the server
admits to service the customer who is first in the lowest index non-empty gueue. We
assume that each quantum starts with a set-up time due to swapping, housckeeving, etc:
The i-th quantum thus comprises two elements: a set-up time of length 1; and a

processing time not exceeding @ N units.

The mathematical analysis is omitted here, and the interested reader is
referred to an earlier paper by the same authorsan llere the main features of the

model are illustrated by means of graphs

Figure 10 shows, for different values of r . the functional relation between
the total response time of a customer and the length of his gervice time. As T
increases, waiting of short demands decreases while walting of lons demands increases
In these examples 01- e, i=1,2,...,r, hencc the unconditional cswected total res-
ponse time is independent of T Cbviously, any decrensc in wailir,; tiwe of short
demands is obtained at the expense of long demands. “he tens "ghort denand" and
"lond demand" are used here qualitatively; ina real situs iion, it suffices to define
an overall objective function and optimize with respect to the control parameters T
and O.

Another way of increasing priority to "short" customers is by increasing the
nagnitude of O (sssuming O =0, 1=1,2,...,r). Thisis illustrated in ¥ig 1l
where r is kept constant for different values of © . Note that when © exceeds
a certain magnitude, priority to short services is reduced and the queue discipline”
tends to FIFO, The time losses, represented by set-ups, decreaso vhen 6 1s
increased since the value of t (aseuming ¢ = 1. 1=1,2,...,r) is kept constant

In the preceding examples identical valucs of 01 hi-ve been used in all queues.
i.e., Oi =9, i=1,2,,..,r. The priority given to short demands may be increased, at
+he expense of long demands, by using a decreasing seoucnce ((-‘1, i=1,2,....r) of
quantum processing times. Here a K.R.r system wath a fixed quantum processing time

(equaling © inall queues) is compared with on cquivaleut system 1n which 6 18
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an arbitrary sequence. It is assumed that set-up times are the same constant for

all queues in both systems, i.e., ti =%, 1=1,2,...,r, and furthermore that all
other parameters, except for the quantum processing times, are identical in both
systems. rer the comparison to be meaningful, the expected time losses (represented
by set-ups) per service must be equal in both systems. This implies that the

expected number of quanta per service is the same in both. Fig. 12 shows an example
where the sequence (9., 1=1,2,...,50) is of the forn 6, , =0.950,, i=1,2,...,50
and 01 = 10. The equivalent value of @ for the system where Oi =0, i=1,2,...,50;
is © = 2.8l.

As mentioned earlier, during peak-hours (oversaturation) the R.K.r system
still satisfies short demand while service of long demand is automaticslly postponed
to non-peak hours. This is shown in Fig. 13. Table 1 supplements Fig. 13 by giving,
for each traffic intensity, the longest demand that can be still served in a finice

time.
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'gggg:;: Largest Satisfied Demand as & function of Traffic Intensity.
1

(r = 100, u=0.0lsec , v, = 0.1sec, o, =2 sec, 451,2,.00,T)
Number of Largest satisfied
Nu o = AE(S)" unsaturated demand in seconds
queues
0.9 0.95 100 all demands
1.0 1.05 99 198
1.1 1.16 99 198
1.2 1.26 o 156
1.3 1.37 65 130
1.4 1.47 56 112
1.5 1.58 50 100
2.0 2.10 32 64
5.0 5.25 10 20

® 1 ote that the steady state condition is p<Ll.



Model V - R.R.1 With Priority Classes.

3

If, as is commonly the case, a single computer center dispenses service to
different classes of customers and it is desired to provide better service to soue
of them at the expense of others, the concept of priority is introduced. Ina
combination of the two disciplines (i.e., a priority discipline with R.R. schedule
in every cless), improved service to higher priority customers is coupled with one
to customers with short demands in every priority class. In a computer system,

possible combinations of R.R. schedule with a priority discipline are as follows:

(1) Unin ted i - at the end of a service quantum the next
customer admitted to service is the highest priority customer present in

the system.

(2) Interru eryi antum - at any momeni ¢f time, the service station
is occupied by the highest priority customer present. Here two caszs are
distinguished :

(a) Round-robin schedule with preemptive-repeat priority regime, vhere
the whole interrupted quantum is lost.

(b) Round-robin schedule with mixed preemptive priority regime. Assuming
an interruption in the set-up time, the given set-up is lost; but
in the event of an interruption in the quantum processing time,
service is resumed, after a new set-up time, at the point of inter-
ruption. This model is somewhat more realistic, since service
interruption by a higher priority customer means replacement of the
lower priority customer’s program by the higher priority one. When
there are no higher priority customers in the system, the interrupted
customer's program is returned to the magnetic core memory, and the
service resumed at the point it was stopped. As mentioned above,
these activities are referred to as set-up activities.

The above cases were mathematically investigated by Adirilo. Another related

situation investigated by him, of a rather theoretical naturen. is the round-robin
coupled with preemptive-resume priorities where no time losses due to interruptions
are invclved.
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