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ABSTRACT 

^In Boat qutueing situation«, it is dssinbl« that ssrrioe to customers be free 

frost interruptions causing tiae and service losses.   It is recognized, however, that 

in certain cirouastanoee controlled interruptions may improve overall system performance, 

and this idea is the basis of all tlaa sharing systems.    In the latter, service is 
given io Mgasnti i   the customer may be served, uninterrupted, for no longer than 

some predetermined time interval called a quantum.   If the service is not completed 

within a givan quantum, the customer ia dismlasad and placed in a queue, and the next 

ouatcver ia admitted. 

There are two mali advantages to such queueing disciplines:    (aj the expected 

waiting time cf a ouatotoer ia an increasing function of the amount of service demanded 

by MB, and (b) th^'total value of the service is sometimes inoreaaed by breaking it 

down into ssfintn    This is especially true «hen running certain types of computer 

programs.   The obvious disadvantages of the time-sharing models are set-up time losses 

and •ophisticated supervision and coordination requirements. 

-^Thia paper is a survey of time-sharing models studied recently by the authors. 

It covers the following single-server modelst    (i) single queue with infinite number 

of potential ouatcmer« -R.R.I»   (ii) single queue with finit« number of potential 

customers i   (ill)   r   queues with infinite number of potential customers - H.R.r, in 

which a ouatemer who completes his 1-th service segment Jcina the end of the (i<*l)-th 

queue, the r-th queue is organised on a "round-robin" baaia, and the server, when 

admitting a ouatcmer to service, selects the first in the lowest-index's non-empty 

queue j   (iv) R.H.I, with various types of priority regimes. 

The main quantities obtained in explicit form are «(tfeue aisea, overall 

unconditional waiting timea, and waiting times conditional on the length of service 

demanded by a given customer.    Performance optimisation with reapeot to quantum size 

is also considered. 

-^■Eaoh model provides a meana for achieving desired given properties.   Ihe 

performance panmetera of the models are compared numerically, and the advantages 

and weaknesses of each model are discussed. —' 



QUEÜEDIO HODBLS FOR TIMB-SHARIHG SBRVICK SYSTÜMS 

I. Adiri and B. Avi-Itdak 

DTTRODUCTION 

TiM-sharin« is a meana for providing service to a large and diversified 

population of customers, using remote-access devices, with a view to ensuring 

shorter response tüsee to short service demands at the expense of the long ones 

and improving customei^server Interaction. The queue discipline oomnonly used in 

single server tine-sharing systems is known as the round-robin schedule (abbre- 

viated B.R.). Under it, service is given in segments called quanta, and customers 

go in and out of service in a cycle, receiving one quantum in each cycle until 

service is completed. In the simplest form of this type of schedule, called H.R.I, 

there is only one queue. Having completed a quantum of service, the server admits 

the first customer in the queue, who is in turn entitled to one quantum at the end 

of which he either has completed his service and departs, or else joins the end of 

the queue. Newly arrived customers also join the end of the queue. 

There are two main advantages to such a queue disciplines (a) The expected 

waiting time of a customer is an i creasing function of the amount of service demanded 

by him f   this effect is achieved without prior knowledge of the specific service 

length demanded by an arriving customer, and where these service times are known, the 

same kind of effect is obtainable by using "shorter-service-first" type disciplines, 

(bj The service is given in small segments, with the customer waiting between two 

consecutive segments. Suppose the total value derived by a customer is the same 

whether he receives his service continuouely or in segments. In these circumstances, 

in the case of a time-sharing queue, the customer receives some of his value earlier, 

assuming that each segment has some value. Sometimes the total value of the service 

is increased by breaking it down into segments t   this is especially true when running 

certain types of computer programs, where knowledge of partial results may help deter- 

mine how to continue the run, if at all. This property of time-sharing computer 

systems is called the "conversational mode". If the t'-antum is short, the customer 
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My gain the i«p»8Bion that he is the only ueer of the computer, eince he has an 

individual remote console connected to it and is unaware of the other users. 

In practice, there are obvious disadvantages to the time-sharing queueing 

discipline. The server is compelled to spend time supervising the traffic and 

preventing possible service losses due to interruptions. For ex«ple, in a comprter 

syste« there are "hm-ekeepin^ and "overhead" time losses, snd in addition the 

supervising progw« is complicated «id occupies a larger portion of the available 

■agnetic core memory. Thus, only a certain fraction of each quantum is utilized 

for service and the remainder may be regarded as losses. 

This paper review a number of time-sharing queueing models recently studied 

by the authors, with a view to possible applications to computer systems with remote 

access. The models considered here have a number of features in common. In parti- 

cular, it is throughout that customers arrive at a single server system acoordliig to 

a Pciwn process and that service requir«»nts are mutually independent a^d exponen- 

tially distributed with mean l/u. The quantum comprises two parts, the first being 

assumed to be of oonstwt length x (the set-up time of the server representing 

losses due to the use of the R.R. schedule) and the second, of maximum length e, 

known a. the quantum processing time, devoted to service. The actual length of a 

Quantum is. the« fore, a random variable taking values in the interval b, % + «-J • 

Model I - H.R.I 

The simplest model of the type under study is the R.R.I model where there is 

but one queoe and th* population of potential ou3tomers is assumed to be infintely 

large, this being mathematically reflected in the assumption that customers arrive 

according to a homogeneous Poisson process with intensity X . The exact queue 

discipline of this «del ha» bwn described in the introduction. Denoting the length 

of the quantum by ft , we have: 

6 with probability a = e . 

n     » 1 - a  , 
'(" 
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I   danotin« «qu«! in distribution, and   D   havin« a d«naity   fD(.), and 

'i,W  '< 
(2) 

0 othenrie«    • 

The total tin» devoted by the server to a single custoBer, including set-up 

times, is denoted by   S 

S   =    (R - l)(r ♦») ♦!> , (3; 

„here   h   is the number of service quanta given to the cuato-or and is geometrically 

distributed.   TheUpUoe^tieltJ.sCL.Sjtmisfor.of   S   is readily obtain«! as: 

(u * l}U - «• ) 

Let   X     be the number of customers in the system i-nediately after the n-th 

departure.   Then 

X   ,    -   X   ♦Y 
n*l n 

where   Y   is distributed as the number of arrivals falling in a time interval of 

length   S,    and 

0 (5) 

0 6'|i      if xn> 

Prom (5) it is obvious that the Markov chain {xj is statically the saw as in a h/d/l 

model where service times are distributed as   S«.   The condition for  [x^   to be 

positive recurrent is 

p   =   XE(S) < 1 (6) 

Suppose  Xn  is r/cationary and let X be distributed as Xn, n=l,2  The 

r.v. X represents the steady state number of customers present in the system at points 

of departure. From the H/ö/l model we have the generating function of X as 

(l-p)U-l)l.sU(l-«)) , v 

0X
(B)
 

= t - l3iUi-i71— ' 

"This property has been already recognized by Takacs . 
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It should b« point«! out that th« distrihution of X is th« MM M th« stationMy 

dlttributlon of th« n>«b«r of oustoMrs preswit in th« wtm at a point in tiM 

ohoatn at rando«. Thi« proparty is a »ault of th« arrival prooaee bain« a homoganeous 

Poisaon prooaaa. 

Ha dafina tha atationary first rasponaa tina of a ouatOMr, denoted by T^ 

aa the tiM elapain« tnm hia arrival until hie first adMittanoe to service. The 

atationary i-th (i> l) response tlM. T^ is the time elapsing between the (i-l)-th 

and the i-th adaittanoes to service of a cuatomer daaandin« at leaot i aervioe 

quanta. The total response tu». T, which is the tiM a customer spends in the 

syatM. ia Mde up of the «a of hia partial reaponsa tiMB. The expectation of T 

ia obtainable fro« Bq. (8) uaing Little'a thaore«. 

k Mat Maningful Maaure 1» a tiM-aharln« ayataa is the total reeponM tine 

of a ouatoMr whoM servloe dsMnd, L, equals t.   the expectation of «hich is 

given aa 

B(TM) - ^ B^) ♦ I - ©(Ij]-1) + * . (9) 

where   [x]    ia the Malleet integer exceeding or equal to   x.   The expeotationa of 

T     (aa well aa the L.S. transfoiM) were obtained in closed for« after BOM rather 

ttdlMia analyele, preeented in detail in an earlier j>aper by tha authora .    Substi- 

tution of   B(Tt)   in Bq.  (9) yi«lds 

((I-P)(I-O) ♦ KE(Q)) ♦ B(a)(i - (P-WKI-P))      ) 

((«(X)-p)(o*p(l-o)) ♦ j^ (XB(Q2) * 2a(«*x)) - 

do; 
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The influence of various systen paranwtera on the perfoiaanoe of the mymtta 

is illustrated graphically. 

Figure 1 shows the relation between p and 6 for fixed values of u and t . 

As is expected, the time losses caused by the R.R.I discipline are large when the 

value of 0 is small, and decrease with the 0. It should be noted that p> VM 

unless there are no set-up tine losses, that is t = 0. 

The expected waiting tine of a customer whose service requirement equals I, 

that is E(T|L>(), is given in Figure 2 for various values of 6 . It is seen that 

ß(T|li=|j is practically a linear function of (    for almost all values of 0 . This 

implies that E(Tj A E(T„) A ... E(TJ ■ ..., hence Eq. (lO), which is rather oonplex, id 3 
can be replaced by an approximation based on the assumption that E(T ) are the sane 

for all i . 

i.(TM} t ([Jl-DE^t^x . (11) 

The explicit form of B(T ) is given in reference . 

R.R.I and FIFO are compared in Figure 3, which yields the service daaand 

length for which the expected waiting times are equal in both disciplines. For 

example, if a customer requires 50 seconds of service and Vti ■ 0.9. then for 

0 = 1.15 his expected waiting time is the sane in both disciplines. If his service 

demand is less than 50 seconds, he will be better off (on the average) in a R.R.I 

discipline, and vice versa. 

An Important factor in designing a tine-sharing systen is the sire of the 

quantum and its component parts, %  and 0 . In most cases i   is determined by the 

technological features of the system, and it is obviously desirable to keep it as 

small as possible. On the other hand, the magnitude of 0 is almost entirely up to 

the designer; hence the importance of defining our objective in terms of 0, as 

the only controllable parameter of the R.R.I system. 

A cost function of the following form is used as the objective function to be 

minimized: 

C(e) = C^) ♦j'ci(|)(E(TM)-<)ue-
U'dl  , (12) 

o 
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In this «pr-aion C«» is the average cost per customer. The first tern on the 

right »»nd »id. of the expression is -otivated hy the desire to provide an arriving 

customer with ready access to the server; the second tern represents the waiting 

cost. By choosing C^J as a decreasing function, we accentuate the priority given 

to short service demands. In Figure 4 the form of C^) is 

Cjd) = ae 

Model II - R.R.I Modified 

In the preceding model it was assumed that even when there is only one customer 

in the system, he is served in quanta. This assumption may not be realistic. 

especially where X/u is small, since with the waiting line empty there is no reason 

for artificial interruption of service to a customer (first suggested by Schräge ), 

it is «««d accordingly that service may not be interrupted as long as the waiting 

line is -pty. When there is a new arrival during service to such a customer, the 

latter may continue to be serv*! for a period of length 0. If his service is complet- 

ed within this additional period, he leaves the system, othexvis. he is dismissed 

after 0 ti« unit, and joins the end of the queue. In both cases, the senrer attends 

th. n«t cu.tom.r a. soon a. he becomes free. In all other re.p^ts the modified 

model i. identical to the R.R.I, model. 

Th. i.Pnm».nt in system performance due to the modification is obviously 

email when Vu is large. However, when Vu is small the improvement may be 

considerable. This is shown in figure 5. The mathematical analysis of this model 

is given in reference . 



9   - 

at a* ae as w te <*  ** ie tff 
Quantum processing time-in seconds 

PgurfiS' fxpected totof response times. 
Accrrparison between API 
and modified #.R. / 
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kodel III - R.R.I With finite Number of Cuatomera 

In this model it is assumed that the number of potential customers is finite 

and equals N (corresponding to a computer system with a single control processor 

and N terminals J, and that the time elapsing from the moment a customer completes 

his service until his next arrival at the queue is exponentially distributed with 

mean lA • In all other respects this model is identical to Model I (R.R.l). 

Detailed mathematical analysis is given in reference , based in part on the works 
6 7 

of Takacs and Krishnamourthi and Wood . 

Figures 6 and 7 show the expected total response tine as a function of 0 for 

different values of N . The case N = o» , representing the R.R.l model, is also 

plotted. The R.R.l model serves as a good approximation when © is large and the 

load, NX/u, is low. figures 8 and 9 show the relation"between E(T|L=<) and t 

for different values of N . Here again it is seen that the approximation H = oo 

is improved as the load becomes lower. Note that the relations are practically 

linear for all illustrated cases. 
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'    in all preceding models the eerver is Ignorant of the amount of service 

(„uober of service segments or quanta) already given to the customers present in the 

system.    Thus, it can be expected that the i-th response time of a customer .s not 

strongly dependent on   i.    i.e.. his expected total response time is approxima eXy 

an ileasing linear function of his se^ico d^d.   This is demonstrated xn ngures 

2, 8 and 9. 

One weakness of time-sharing systems, inherent in the R.R.I model, is 

sensitivity to overloading by customers with long service demands (long processing 

times).    The presence of customers with long service demands increases the waging 

times of all customers in the system, and in cases of overloading (saturation) a 

demand cannot be satisfied in a finite time, however abort it may be.    On the other 

b.nd.  there is no sufficient discouragement of customers with long service demands. 

since waiting time increases linearly with demand length.    An actual time-sharxng 

system is frequently overloaded during pea. hours and underexploited during the rest 

of the day.    It is desirable to transfer automatically long service demands, placed 

during pea. hours to less loaded hours of the day. or even discourage them completely 

and assign them to batch processing during night hours.    What is needed is. thus 

a system with a following features: (i) waiting times of short den*nds less sensit^e 

to the presence of long denands than in the simple round-robin discipline,   (i     short 

aemands satisfied even under conditions of overloading (the higher the overload^. 

the shorter the demand must b. in order to be satisfied) , and (iii) effective dis- 

oouragemen^ of long ds^s during ^ hours, by ^ning their service to non-pe^c 

h0Urs.    Needless to «y. the above must be realized without prior knowledge of demand 

lengths. 

The R.R.r. model is P^posed as a solution along the above lines.    It comprises 

a single server and   r   queues.    U.tomers arrive according to a homogeneous Poisson 

process with intensity   X .   Th* waiting line consists of   r    serrate queues.    A 

newly arrived customer Joins the end of the first queue;   u^n admittance to service 
*.!,.-     Tf hi« service demand is shorter than he is eligible for   ©     units of service time.    If hie service aemana 

6       he completes his service and leaves the system, otherwise he receives   ft,   units 

o1; service time and Joins the end of the second queue.    In gene«!, at the i-th queue 
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(irt.Z r-i;    the custowr is eligible for   e,    unUa of aervico ti.no civrma 

which he may complete his service and leave the sy.te*. or join the on<i oi' tl.c (i.l)-th 

qu^e after reiving   ^   units of service time.    A customer in the r-th queue who 

does not complete his service within   «,   service times units re-joins the end ol the 

same queue.   Having cc.pl.ted a service quantum at any ono of the queues, the server 

admits to service the customer who is first in the lowest index non-empty queue.    We 

assume that each quantum starts with a set-up time due to swapping, housekeeping, etc 

The i-th quantum thus comprises two elements:    a set-up time of length   H    and a 

processing time not exceeding   0^   units 

The mathematical analysis is omitted here,  and the interested reader is 

referred to an etflier paper by the same authors8     Here the mnin features of the 

model are illustrated by means of graphs 

rtgure 10 shows, for different values of    r  ,    the functional relation between 

the total reepoi». time of a customer and the length of his service time.    As   r 

increases, waiting of short de^s decreases while waxtinr of Ion. -lemnds increases 

In th«» examples   9^8.    i=1.2 r.   hence the unconditional exacted total res- 

ponse time is independent of   r       Cbvxously, any «ccrcaHc in waiUn.; U.o of short 

de«nde is cbt^ned at the expense of long demands.    The tonn, "^ort do.^nd" and 

"lend demand" are used here qualitatively,   in a real situ.-L.on, it suffices to define 

«n cve«ll objective function and optimize with respect to the control parameters   r 

and   0. 

Another way of increasing priority to " short» customers is by increasini the 

magnitude of   9   (assu^ng   ft. - C    1=1.2 r).    This is illustrated in >ig   11. 

where r is kept con.t«t for different values of 9 . Note that when 9 exceeds 

a certain Mgnitude. priority to short services is reduced «nd the queue discipline 

tends to *m.    The time losses, represented by set-ups, decreaso when   6    is 

increa^ since the value of   ,    (assuming    .  = x.    i«X.2 rj    is kept constant 

In the pleading examples identical value of   «,    h.^vc been used in all queues. 

i.e..    9. - 9,    i-1.2 r.    The priority «iven to .hort -lornnda may be increased, at 

the extx^se of long demands, by using a decroaain« soouonco   ((y    i=1.2 r'   «* 

quantum processing ti«..    Here a   K.R.r system with a fixed quantum prcco.om« time 

(*iuain«    0   m all queue.) i. compared with on equivalent system in which   ^   is 
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an arbitrary Bequence.    It is assumed that set-up times are the same constant for 

all queues in both systems, i.e.,    ^ = t.    i=1.2 r.    and furthennore that all 

other parameters, except for the quantum processing times, are identical in both 

systems,    for the comparison to be meaningful, the expected time losses (represented 

by set-ups) per service must be equal in both systems.    This implies that the 

expected number of quanta per service is the same in both.    Fig. 12 shows an example 

where the sequence   (0 ,    i=l,2 50) is of the form   ei+1 = 0-95 0^    1*1.2 50 

and   Ö   =10.    The equivalent value of   ö   for the system where   »^ = 9,    i=l,2 50, 

is    © = 2.B1. 

As mentioned earlier, during peak-hours (oversaturation) the R.K.r system 

still satisfies short demand while service of long demand is automatically postponed 

to non-peak hours.    This is shown in Fig.  13-   Table 1 supplementB Fig. 13 by giving, 

for each traffic intensity, the longest demand that can be still served in a finixe 

time. 
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Tgb^li    Largest Satisfied Demand as a Motion of Traffic Intensity. 

~ (r = 100,    \). = O.Olsec-1,    t   = O.lseo,   ei = 2 sec,    i=1.2 r) 

Number of Largest satisfied 

Vu p . XE(S)" unsaturated 
queues 

demand in seconds 

0.9 0.95 100 all demands 

1.0 1.05 99 198 

1.1 1.16 99 198 

].2 1.26 78 156 

1.3 1.37 65 130 

1.4 1.47 56 112 

1.5 1.58 50 100 

2.0 2.10 32 64 

5.0 5-25 10 20 

" Hot« that the steady state condition is   P<1. 
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Model V - H.K^l wi*h_Prloilty_Classe8. 

If, as is commonly the case, a single computer center dispenses service to 

different classes of customers and it is desired to provide better service to sous 

of them at the expense of others, the concept of priority is introduced.    In a 

combination of the two disciplines (i.e., a priority discipline with H.R.  schedule 

in every class^, improved service to higher priority customers is coupled with one 

to customers with short demands in every priority class.    In a computer system, 

possible combinations of R.R.  schedule with a priority discipline are as follows: 

(1) Uninterrupted service quantum - at the end of a service quantum the next 

customer admitted to service is the highest priority customer present in 

the system. 

(2) Interrupted service quantum - at any moment ^f time, the service station 

is occupied by the highest priority customer present.    Here two casss are 

distinguished ; 

(a) Round-robin schedule with preemptive-repeat priority regime, where 

the whole interrupted quantum is lost. 

(b) Round-robin schedule with mixed preemptive priority regime.    Assuming 

an interruption in the set-up time, the given set-up is lost;   but 

in the event of an interruption in the quantum processing time, 

service is resumed, after a new set-up time, at the point of inter- 

ruption.   This model is somewhat more realistic, since service 

interruption by a higher priority customer means replacement of the 

lower priority customer's program by the higher priority one.   When 

there are no higher priority customers in the system, the interrupted 

customer's program is returned to the magnetic core memory, and the 

service resumed at the point it was stopped.   As mentioned above, 

these activities are referred to as set-up activities. 

The above cases were mathematically investigated by Adiri    .    Another related 

situation investigated by him, of a rather theoretical nature    , is the round-robin 

coupled with preemptive-resume priorities where no time losses due to interruptions 

are involved. 
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