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ABSTRACT

The problem of developing orthogonal polynomials for finding
"a least-squares best approximation to a continuous function over
"a given interval is solved by a method of finding the mean kth
derivative of the function over that interval. A parallel method,
using mean differences, is developed for fitting discrete data.



FOREWORD

This work was carried out as part of an independent research
project entitled Applied Mathematics and Numerical Analysis as
authorized by WEPTASK No. 000 000 000/107-1./ROllOIOI. The primary
reason for the study was the need for improved methods in the
functionalization of parameters used in connection with trajec-
tories and aiming data. Credit is due many of the present and
past Naval Weapons Laboratory employees. The following contribu-
tions to the solution of the problem deserve special credit:

Mr. J. F ""rker initiated use •f orthegonal polynomials on
the first NWL digital computer; Mr. John H. Walker, Mr. Ira V. West,
and Mr. Larry E. Spangler developed the technique reported in
Appendix A; Mr. Bruce Bosley and Dr. Hartmut Huber prepared the
tables in Appendix B. Mr. Bruce Bransom made a study of the
method while a student at the University of South Dakota and
Mrs. Jane H. Martina aided in checking and editing the report.
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INTRODUCTION

This report is an outgrowth of the work reported in NWL
Report No. 1822. Although much was done in this field long
before NWL Report No. 1822 appeared, and outstanding contribu-
tions have been made by others during the preparation of this
report, it is felt that the following will be of interest to
those working in the field:

(1) The use of mean derivatives and mean differences to
tie the discrete case to the continuous case and to
develop corresponding weights for the discrete case.

(2) The simple method of fitting with certain type
constraints.

(3) The use of difference matrices in the fitting of a
function of two indenendent variables.

Appendix B gives matrices built from m values for making
Jacobi-type fits to equally spaced discrete data. For higher
degree and more points it is expected that a high-speed computer
would compute its own m values. A supplementary report is
planned for giving the programs to be used in computer evalua-
tion of w and m values, as well as a more extensive tabulation
of the w's and m's which would be convenient for use with the
desk calculator.

MEAN VALUES OF DERIVATIVES OVER A CONTINUOUS SET

Suppose that the approxi:-ition

f = AoPo + AlP1 + A2 P 2 + ... AnPn (1)

where Pk = Pk(x). a kth degree polynomial, a : x s b, is

desired. Ilf equation (1) is differentiated, the following set

of equations is obtained:

A 1o + A P + A,, .P + APn

Al', . .. + AnPn (2

'AnIn



The matrix of tile coefficients of the P's is triangular and the

system of equations (2) can be used to solve for the A's in

terms of f and P values.

If x1, a ! x1 < b, is substituted in equations (2) and

the system solved, a truncated Taylor expansion about x = x1

is obtained. The Taylor expansion is, of course, in terms of

derivatives evaluated at a point.

Let it be supposed that instead of using the kth derivative

at x = xl, a mean of the kth derivative over the set a ! x : b

is to be used. If w is an integrable function, not changing

signs over the set a : x < b, normalized so that

b
f wdx = 1,

a

the mean kth derivati%e of f is (omitting the limits of integra-

tion, a and b)

fk) - fwf(k)dx (3)

If additional restrictions

w(a) = w'(a) w . (k-l) (a) 0o

w (b) * w '(b) - ... v~ k '1 ) (b ) - 0

are made, then eqiatiun (3) can be changed, integrating by

parkt, to a form which might be easier for evaluation:



fwf(k)dx - -fwf(k-')dx

M fwf(k- 2 )dx

S-)k f w (k) fdx

f f(k)

If w(k) is written as w(k) - PQk, with p k 0 for

a 9 x f b,

fpdx - L, a finite number,

Qk - a kth degree polynomial in x, the Q polynomials

are orthogonal, with weight p, with respect to integration over

the set a s x < b.

This is shown by

fpQiQjdx fPQjQidx (i < J) (6)

Q ~(i) . 0

and

fr i~d PQi dx > 0. (7)

Special Cases

I. Legendre Polynomials

Let a - -1 and b - 1, c - a constant factor, and take

3



cv " (lox2)k

cw' - k(-2x) (l-x 2 ) k-'

cw" - k(-2) (1-x2)k'1 + k(k-1) (-2x) 2 (1 -x2)k'2

and w(k) = Qk, a pol.;nomial of kth degree.

With the proper choice of c, Qk is the kth Legendre polynomtial.

This is the case for which p is constant and Legendre polynomials

are integration-wise orthogonal ovez the continuous set,

-1 s x . 1, with respect to a constant weighting function.

IL. Chebyshev Polynomials

Let a - -1 and b - 1, and take

cw - kl-x 2)k-1/2

Cw' - (k-1/2) (-2x) ( 1 -x2)k'1-1/2

cw" - (k-l/2) (k-1-1/2) (-2x) 2 (l-x2)k2"1/2,

+ (k-1/2) (-2) (1-x 2) (l-x2)k-2"!/2

- Q2 (x) ( 1 .-m2)k-2-'/2

and w(k) Qk(lx2)' 1 / 2

With the proper choice of c, Qk to the kth Chebyuhev polynomial.

The weighting function ir a constant times (u-x2)"1/2.

4



III. Jacobi Polynomials

For a -1,b - 1:

cv (- a~lk (1_,.x)p+k ,a)-,~

cwv - (O+k)(-l)(l+x)(l-x) cik- (1+x )frk-l

+ Q(l-+k?(l1(l-x)o~l-,cI lx~k

W Q1 (l_)(+x)kl(lx)*+-I(+x' ~ -

"c " Qjl-x) (i-x) (-l) (..+x (1+x) +k- 2 (- +-

"+ Q.pk,(),_x Gx)+k-2 R,+~+k-2

-Q,(l-x)G+k-2 (lft)ý1-2

With the proper choice of e, %. is the kth Jacobi polynom~ial,~

The we~ighting function is a constant times (l.x)* (lIcX)P

Note that for a 0, the Jacobi polynomial& become the

Lesendv'. Polynomials; for a a -112 hby becoma the

Chebvshcv, -)4inomiols.



The Legendre, Chebyshev, and Jacobi Polynomials are orthogonal

over the interval -1 5 x < 1. To find polynomials orthogonal

over the arbitrary finite iu;terval, a 5 x ! b, a transformation

in the independent variable can be made to bring the problem to the

forms already studied; or, the Jacobi form for w can be taken as

cw _i (x-a) P +k (b-x) c+k

IV. Hermite Polynomials

For the infinite interval -co < x < so, with c a constant

factor, one can take

cw = exp(- x2)

cw' =i -2 C1 2x exp(-c2x2)

cw': = (-2C1 2 + (-20 2 x) 2 ) exp(-CS2 x2 )

and w(k) exp(-a2'x)

Qk is, with the proper choice of c and o, the kth Hermite

polynomial, the weighting function being a constant times

exp(- a 2 x2 ).

V. Laguerre Polynomials

For the semi-infinite interval 0 s x < so one can take

b



cW = Xk exp(-C1x)

cw' = (k-ax)xk'l exp(-cux)

cw" = I-ctx + (k-0cx)(k-l-c1x)]xk-l exp(- x)

= Q2 xk-2 exp(-cax)

and w (k) = Qk exp(-Ox) .

With the proper choice of c and c, Qk is the kth Laguerre

polynomial; the weighting function is a constant times exp a-x).

The literature gives a more complete discussion of orthogonal

polynomials and orthogonal functions (see reference (1)). It

should be pointed out, that while use of orthogonal polynomials

for the P's in equation (1) leads to a diagonal matrix of coeffic-

ients of the A's in the set of linear equations obtained by taking

mean kth derivatives, any desirec form for the P's can be used and

the resulting matrix of coefficients of the A's will be no worse

than triangular. Further, any general non-negative w function can

De used in equation (3) for finding the mean kth derivative, and

the resulting natrix of the coefficients of the A's will be no

worse than triangular.

LEAST SQUARES FITS 1N TERMS OF JACOBI POUIANOMIALS

Continuous Data

It will be assumed that the fit is over a f te interval

a x 1. and that a linear transformation has been made in the



arg',ment, u = L(x), in such a way that with the function expressed

as f(u) the fit is made over the interval -1 r u • 1.

The orthogonal polynomials have the property that

1f p(u)Qi(u)Qj(u)du = 0, i ý j, (8)

-1

with p(u) )eing the weighting function.

The weighted least-squares fit

f(u) = AoQo(u) + AIQI(u) + A2 Q2 (u) + -.. + A-Qn(u) (9)

is made by defining

e(u) = f(u) - AoQo(u) - AIQl(u) - A2 Q2 (u) - .. -AnQn(u)

and minimizing

1
E f p(u)e 2 (u)du

-1

Setting PAi = 0 leads to



P" P(u) Qo (u) f (u) du A " P (u) Q0 (u) du

+ A P (u))Qo (u)Q 1(u)du

+ An I (u)Q 0 (u)%(u)du
-1

p(u)Q,(u)f(u)du = A 0 P(U)Qo(U)Ql(u)du-1 o -i ~) 0 u) 1 ud

2 (10)
+ A1  J P(U)Q 2(U)du

+ A f P(u) Q1 (u) Qn (u) du
_-I

I I
f p(u)Qn(u)f(iNdu = A0  J p(u)Qo(u)Qn(u)du

+ A~ n p(f)Qn (u)du

Because of the orthogonality property, the matrix of coefficients

of the A's is diagonal, and for each k,

1 1
f P(u)Q,(u)f(u)du -k p(u)Qk 2 (u)du (11)
-1



Discrete Data

Suppose f(x) is given for a discrete set of values of x,

a = x0 < x1 < x2 ... < xm = b, and that the transformation

u b-a-b (12)

has been made so .hat the corresponding arguments, in u, are

u0 = -1 < u1 < u 2 < ... < Um =

Replace the integrals in equations (10) by

1
f' P(u)Qk(u)f(u)du.

(u (u ) UQd [Qk(uo) f(uO) + Qk(ul~fu)

+ 1u - 0 (,) Q (u 1-uf

+(u2 - u) (u2 ) + Q(u 2)f(u2)

+ (urn " u -) I(m-1,-m) Qk (u m-1)f(uM-1 + Qk (um)f(u , (13)
i(um ri rr1) I

10



4

1

- P1Q (u) Qk(u) du Z

-u UO) (o,1) [Q (uo)Q(uo) + QJ(ul)Q (u)]
(uI - u0 )

+ (urn M-1U ) I(M-1,m) [Q (1l )QP(U il + Q(1u1)Qk(Um)] (14)
+u n-i U (ur - U M--)

where

us

I(r,s) = P f P(u)du (15)
2 Ur

Note that this is the result of replacing p(u) in each interval

Ur u us by its mean in that iiterval and then integrating

by the trapezoidal rule.

In matrix language, let the set of equations obtained bv

substituting L! = ue, U 9 u 2  ..... un in equation (9) be

QAF , (Ib)

IA



where

AO I f(uo)

A] f (u 1)

A A2  F f(u 2 )

An f um)

and

Q0 (u0) Q1 (u0 ) Q2 (u0 ) ... Qn (u0 )

Q0 (u1) Ql(Ul) Q2 (U 1) ... Qn (u1)

Q =" * * e

LQ (us) Ql (um Q2 (u.) ... Qn (UM)

'rhe approximations in equ4LIons (13) and (14) substituted in

equations (10) give, in matrix language,

Q*D Q A = Q* D F, (17)

12



superscript * indicating transpose and D being a diagonal

"weighting" matrix

I(o,1) 0 0 ... 0

0 1(0,2) 0 ... 0

0 0 1(1,3) ... 0

LO0 0 ... I(m-l,m)

al Cases

A. Legendre Polynomials

In this case, P(u) = 1 and I(rs) = (u - ur)
2 s r

B. Chebyshev Polynomials

1
In this case, P(u) (1 -( 2 2

and

1(r,s) I [arcsine u, - arcsine ar

2 r]

Note that the matrix, Q', I) Q, in equation (17) will not be
diagonal, hut will le near enough diagonal in form to give a good

iner se.

13



If a P-matrix is built in the same manner as the Q-matrix

was, the least squares solution of P k = F can be found by

solving

Q* D PA=A DF . (18)

The proof of this can be constructed from the fact that every

PK(u) is a linear combination of orthogonal polynomials of

degree K, K-1, --- 1, 0. The Q* D P matrix will be almost

triangular.

Needed values of Legendre polynomials can be computed using

P0 (u) = 1

P1 (u) u

P2 (u) = I (3u 2 
- 1)

2

P =(u) [(2r+l)uPr (u) - rPrl(U)]Pr+l () r+lr lu]

Needed values of Chebyshev polynomials can be generated using

T6 (u) 1

T1 (u) u

T2 (u) 2u 2 - I

Trr+ 1 2Urr (U) - Tri(u)

14



LEAST SQUARES FITS TO DISCRETE DATA OBTAINED
BY MEAN DIFFERENCES

Let the form desired for the fit to (approximation of) a

function be

[Po(u) P1 (u) P 2 (u) ... Pn(u)] A0 f(u)

A1

A2  (1 ')

A

If f(u) is known for a discrete set of values of u (gziater

than (n+l) in number) and substitution of these u values are made

in equation (l') the result can be written

UA=F ,

with each row of the U matrix being the row matrix in equation (1')

evaluated for one of the u values for which f(u) is known and the

vectors A and F being defined as in equation (17).

Suppose that rmiltipliers can be found such that if these

multipliers be used as components of a vector, the dot product of

this vector and the F vector is a constant times the mean kth

difference of f. A matrix M can then he built with the first row

heinl', the tnuiltipliers tor tinding the mean zerith difference,

the s-ucond row being the multipliers for finding the mean first

dif ference. .... and the (n+1'•st row bcin)n the mu ltiplicr$ for

tindi:ý Ot -,ean oth difference. Then prctmi itiplving 1,.% 11, t ie

1'



the equation

MUA -MF

is obtained.

But (see reference (2))

M U-T

with T a nonsingular triangular mat.rix. Therefore,

A. (U) M (19)

= 1-M F

It should be noted that construction of the multipliers for

unequal spacing is much less attractive than is the case for equal

spacing, and, in general, is to be avoided unless the particular

grid of the unequal spacing is to be used repeatedly.

Identification of fits thus obtained with least squares fits

can be made by following a path parallel to that used in developing

the Jacobi polynomials by finding mean kth derivatives.

Let #-I be a positive definite, symmetric, weighting matrix

and Q be a matrix whose (k+l)st column is built from evaluations,

at a discrete set of arguments, of a kth degree polynomial, Qk'

the Qk's being constructed in such a way that

Q*M N

Then

(p, - Q M Q O,



a diagonal matrix, and the Q polynomials are suuuationwise
orthogonal with respect to the given weighting matrix. The
proof is that for j > i the jth mean difference of an ith degree

polynomial is zero.

The weighted least squares solution of U -A F is the

solution of

U*M U A FU C- .

But

P 0 b (QPo 00%oo

P1 a bOlQ 0 + bQ11Q

Pn M b %On% + b lnQ! + bnnQn ,

or U •-Q B,

with B a nonsingular, triangular matrix. Therefore

can be written

n* Q* A a B s*Q*- -FB F

or t* MUA g* MF,

And since B is nonsingular

MUA-Mf

I;



MEAN VALUES C., DIFFERENCES OVER A DISCRETE SET

The problem of finding the mean kth difference from a set of

functional values, definpd over a discrete set, has been discussed

in reference (2). A development, similar to that indicated in

equation (4), is immediately seen by writing for r+l equally

spaced data, with k = 2 (see reference (2)), the weigh.ed mean

second difference equal5

(4 2y) _= [ y + y2) + w2 (y1  y + y3)2 ) = 1 [ wl(Yo -2y , - 2Y2 Y3

+ Wrl(Yr_2 - 2Yr-_ + Y ]

In matrix language this becomes

jIM
1

S• .m | -mA
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Y0

Yl

(A 2 y) = jmOmlm2 .... m Y2 (20)

;rr

Reference (3) makes the steps to equation (20) parallel to those of

equation (4) by using summation by parts. For finding the mean

kth difference, the steps leading to equation (20) show that the

m's are (-1) k times the kth differences of the set

[o00 . .. O0lW2 . . .Wr+lk0*.. .(0]

having k zeros at each end (reference (2)).

The Gram polynomials, which are the m's for equally spaced,

equally weighted data, have been discussed in many sources. A

partial tabulation may be found in reference (2) and in many

other published works on least squares fitting. An interesting

game, for any computer, is to see how i.r one can go in number

of equally spaced points and degree of polynomial with the m's

represented exactly by the number of digits used in single

precision computation. (See Appendi> A.)

20



When this limit is exceeded, the w's

cwi ( (21)

can be cut in number of digits, and these approximate w's used

to find the m's within the capacity of single precision arithmetic.

By ccnsidering the weighting function for getting the mean

kth derivative which leads to the development of the Jacobi

polynomials, ic is possible to construct a L.orresponding set of

weights for finding the mean kth difference. Take

1 +k P+k

cw = (l-x) (l+x)

k (l + 0 ) k(l+x
= (l-x) k (l +) k

(I+ )(1+))(+-f [(I-,O k k ,~~~k a > -1, l> -I.

When this form is compared with the a - 0, P = 0 case, which

leads to the Legendre polynomials, to the weights

cv , . )( k l+i )

used for equally spasced, equally weighted, datL in finding the mean

21



kth difference corresponding to the kth Gram polynomial, it is

seen that the set of weights,

(l+ ( +•

cw i n)] ,k > 0 (22)
k k

can be used for equally spaced discrete data in, finding fits corres-

ponding, roughly, to the least-squares fits made with Jacobi poly-

nomials over a continuous set. It should be noted that for k - 0

the w's become indeterminate; for this case, rounded values of

the elements of the diagonal matrix D, in equation (17), can be

used.

In particular, corresponding to the Chebyshev case, if

S= f = - 1/2,

cw i [(Rr+1 -i )]2k [k-l+ij - k

C~ ='-k k

( 2k--1

=[(k-l+i) (r+-i)] 2k k > 0 (23)

k " k

These w'z can easily he constructed from those tabulated in

reference (2). With this in mind, equation (23) can be written

(2k-1)

(CWi)T (Wi)G k > 0 (24)

22



The T subscript indicates fitting with Chebyshev týpe weights and

the G subscript indicates fitting with Gram (or Legendre) type

weights. The (cwi)T values of equation (24) are, in general,

irrational. Therefore, they must be rounded before kth differences

are taken to find the exact n's corresponding to the approximate

W's. In general, if three significant digits are retained in

the first (smallest) nonzero w, a satisfactory set of m's can

be found.

The indeterminate form for equation (22) when k = 0 and

a 2 + p2 > 0 can be avoided by writing, for the continuous

case,
k-l I+01 k-l I+P

cW = (l-x) (l-x) (l+x) (l+x) , k > 0,

cw (1-x)a (1+X)p k -0.

Equation (22) is then replaced by

ci r 1k-i 1 k (k-i i ) ,for k > 0,

and (22a)

cwi (r + 2 -k - i) ()M , for k =0

l+a 1+P

The (r + 2 -k-i (i) arc to

be evaluated only when r - 2 -k - i > 0 and i > 0.

Note that for all cases corresponding to Jacobi type fits,

1 OR > 0 and 1 + P > 0.

23



FITTING EQUALLY SPACED DISCRETE DATA
4ITH CERTAIN TYPE CONSTRAINTS

Reference 1.4) discusses power series approximations of

functions having the d'Alembert characteristic. Special cases

are:

fl = Aix + A3x 3 + A5x5 +

f4 4 + A66 8+ A8x8 +

f5 = A5x 5 + A7x7 + A9x 9 +

These are functions having a set of derivatives specified at a

point. The m's, computed from a suitable set of w's, can be used

for making polynomial approximations of functions of this type.

Suppose a transformation has been made in the independent

variable so that u = 0 for the value of x for which certain

derivatives are specified. The complete function can be approxi-

mated by

2 n
f(u) = A0 + A1U + A 2  u ++ AnU . (25)

Suppose f(0), f'(0), f"' (0), . f(r)()) are specified. From

f(O) - AO

f'(0) = A

S(r)

24



it is seen that the problem is that of fitting

g(u) = f(u) - A0 - AIU - . . . - Ar

2 4 n
= A2u + A . . .u + , (26)

and that the unspecified A's are to be chosen in a way consistent

with the least-squares weighting.

Substituting in equation (26),

A2

U2 U4 ... Un A4  = G, (27)

A
n

27ui u1

U) u 2. 2 . ....U..n 2n

2 = i

g(uI)

G - g(u 2 )

Tf the matrix M is constructed by making the fP-it row the

m's for k - 2, the second row the m'.; for k -, ... , the last row

the m's for k a n. premultiplying both sides of equation (27) by

M will give the required number of equations for solving for A2 ,

A .... A. A ,Id the malrix of the coefficients of the A's will he

a triangular. nonsiri.lar, matrix. The method can be tised when anv

of the A'. of equation (1) are specified.

"I 7"



FITTING A FUNCTION OF TWO INDEPENDENT VARIABLES

Let it be supposed that values of the function are known for

rectangular grid, equally spaced in both independent variables.

Make linear transformations in the independent variables so t&at

the new independent variables become u and v.

Approximate f by

PO (v)

P 1 (v)

P (v)

f = [P 0 (u) Pl(u) P2 (u) ... PJ(u) A . (28)

with

Ao A01  A02  ..... Aov

Ao Au A1 Ar
A10 A11 A12 AlV

A A20  A2 1  A22  A2 V

A 1 1 A j 2 A V j

Construct

(Ml')' t, - (T- M) U

for the numbur of ki vtlues in the grid and the degree in ti desired,

2i



as in equation (19). In the like manner construct

ow) M1 - (T-. M)v

for the number of v values and degree in v desired. The A matrix,

the coefficient matrix, is then

A - (T" M)u F (T-1 M)* (29)

the * indicating the transpose of the indicated matrix and

f(uo, v0) f(u0 , v*) ... f(uo, vs)

f(uI, vO) f(u 1 , vI) ... f(u 1 , vs)

f(u r, v f(ur, vI ... f(ur, vs)

It should be noted that the restriction that the rectanguldr

grid be equally spaced can be removed if the unequally spaced grid

in u and/or v is to be used frequently enough to justify the

computition of the multipliers using divided differences. After

coinptitation of the rmiltipliers equation (29) can be used. For

uncqupal spacing and the resulting divided differences it may no

longer he possibl, to !o from the w's to the m's without rokind-off.



so that eight digit, ten digit, fifteen digit,..., approximations

will result with corresponding round-off errors in the A matrix.

END POINT SMOOTHING AND PREDICTION
FROM EQUALLY SPACED DISCRETE DATA

The w function, cw - xke Ox , for finding the mean kth

derivative over the semi-infinite interval, 0 9 x ! c, which

leads to the kth Laguerre polynomial, indicates a w form that

can be used to solve the problem of end-point smoothing and

prediction from equally spaced discrete data.

Suppose that the function, y, is known for u - 0, 1, 2, 3,...

Take

- (k +u ) e-0u
k

Although the Laguerre polynomials are based on the semi-

infinite interval, 0 1 x < oe, and the above indicated u-set

would go to infinity, in actual practice a finite number of

points would be used.

For k > 0, the w's would be modified by replacing the last

few w's with multiples of those used in Jacobi-type fittings.

This "splicing" would h done so as to bring a gradual descent

of the w's ro zero and avoid unwanted magnitudes of the rcsult-

ing '.

28



A set of w's suitable for the solutioi. of this problem can

also be based cn the continuous data w's for Jacobi polynomials.

,he set is formed by choosing 0 ! 0 and 0 > 0 in equation (22)

for left-end smoothing; for right-end smoothing reverse the order

of the nonzero w's.

One application of end-point smoothing is the problem of

finding the time of motor separation from observed positions of

a rocket-propelled missile. The difference between the right-

hand smoothed estimate of (acceleration)i and the left hand

smoothed estimate of (acceleration)i+1  would be e:.pected to

have maximum magnitude when separation takes place between ti

and ti+I.

Another applicetion is that of aiming at a movin2 target.

In this case the best possible estimate of present position vector

and its derivatives is desired.

MID-POINT SMOOTHING FOR AN ODD NUMBER
OF EQUALLY SPACED DATA POINTS

The w function, cw - e , for finding the mean kth

derivative over the infinite interval -0 < x < e7 can be used

for this problem. For discrete data the first estimate of the w's

woUId be :,iora ted IroT' cw e e 1 with u -in... .- 3, -2, -1,

. 1 2. -..... ar• nd final w' can be obta ined hv replac ing at

) '



either end with w's from a Jacobi-type fit. The need for this

modification is not so severe as in the case of end-point

smoothing.

This problem can also be solved by using equation (22) and

setting 1 = $ > 0.
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COMPUTA-.LON OF w AND m VAJ2ES BY HIGH SPEED COMPUTER

For computational purposes, every number whose factorial must be

evaluated is represented in its prime factor form. This is necessary

in order to conveniently represent the w's in the equation,

= (k - 1+i) (n- i)!C(W~i k! (i - 1)! k! (n -i - k)! I

where

n = number of data points

and

k = the order of difference.

If the computations were performed in decimal form, t!ie resulting

value of (wk)i might well be expected to exceed the IBM 7030's maximum

word length of 14 digits. The product of the numerators of equation (1)

may be formed by adding the exponents of the corresponding prime factors

of each. Likewise, the product of the denominators may be formed in the

same way. Division may be accomplished by subtraction of the exponents

of the corresponding prime factors of each, resulting in a value for

c(wk)i which is the product of 15* prime factors raised to various

powers.

* The number 15 was chosen because in the computer program 15 prime

factors are needed to represent the factorials of all the numbers
from 1 to 50. They are: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31,
37, 41, 43, and 47.



After the (n - k) values of c(wk)i are computed, the (wk)i's are

reduced to their lowest terms. Then, evaluation of the decimal equiva-

lent of each prime factor (wk)i can be made. This is accomplished by

first obtaining 5 decimal numbers, each number computed by forming the

product of 3 of the 15 quantities in the prime factor representation

of (wk)i. The following illustration may clarify the procedure:

Q1 Q2 Q3  Q4 Q5  Q6  Q7  Q8  Q9
(wk)i = 2 • 3 5 7 11 .13 17 .19 23

Q0 QII QI2  Q1 3  QI4  5

. 29 " 31 • 37 • 41 . 43 .47 ,

where Qm is an integer or zero (m = 1, 2 . . . 15)"

(W)i (QI 3Q6 QI) 3Q2 Q7 Q12

(wk)i = (2 13 31 • (3 17 37 ) .

(11 29Q0 47 Q)

= R 1  R2 .... RM , (M = 1, 2, ... 5),

where each expression in parentheses (and therefore. R, . . R )

is a decimal number.

At this point, each RM is examined and in every case the iumoer of

places to the left of the decimal of each RM is stored. These "magnitude

tags" are then sungmed and the result is an indication of the magnitude

of each (wk) . If the sum of the "magnitude tags" is less than 15,

miltiplication of the R.'s is performed and a (wk)i is obtained. If the

sum ot the "magnitude tags" is 15 or more, Ri 1s repeatedly divided



by 10 until the sum of the "magnitude tags" indicates that the new

(reduced) (wk)i can be represented in less than 15 digits. The RM's

are multiplied and each (wk)i value obtained is truncated to an

integer.

Thus, having computed the (wk)i's, the next step is to obtain the

m's. This is done by evaluating the matrix equation, m [B] [#]

where

(mnk) 1

M = (m

(mk)n

x l x2 X3  .•Xk+l 0 0 0 0 0 0 0

x 1 x2 ... . Xk+ 0 0 0 0 0 0

B 0 x 1 .... . xk+I 0 0 0 0 0

0L 0 0 0 0 1 0 1 x2  x3  . . xk+

3



0

0

0

(wk) 1

-• (wk) 2
W(=

(wk) n

0

0

with k zeros at each end.

That each (mk)i may be contained in less than 15 digits is

assured by employing another "magnitude tag" before each multipli-

cation.

- ~ b .. .
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TABLES OF TRANSPOSE OF M AN) INVERSE OF MU

These tables ire designed for finding the weighted least squares

fits in the form
y = A0 + A1U + A2u2 + A3u 3 + A4u4 + A5u5

to 2 s + 1 data points, u taking the values

-s, (-s + 1), ... -2, -1, 0, 1, 2, ... s - 1, s.

"The w's used in constructing the M matrices were constructed by

ordering the distinct non-zero computed w's so that

Wl 1 w2 '- w3 -' ... WM

and choosing the q from the integers 1, 2, 3, ... N, N • 25,

which makes

J-2 ( 1 q

a minimum, p. being the integer nearest ( wi. ) w.
i Wi l

ihe computed w,, w), ... w values were then replaced with

P1  q, P 3' '. . Pm"

<i~¾ c''~enso is to make the resi It ing f its correspond,

c: lv. to least squares fits using facohi polynomil..s witj,, weightin•

i,. ited 01v the given ( e ,3) values. hbus t1 0,0)5 indicates that

*d,,r,, it is h'ing made with the ".]acohi" '01 t,) equal to

I



(0,0). This is the least squares fit with uniform, or equal,

weighting. (-1/2, -1/2)5 indicates that a fifth degree fit is being

made with the "Jacobi" (of ,P) equal to (-1/2, -1/2). This corresponds

to the Chebyshev, or minimax, type fit, and is a least squares fit

with heavy weighting at the ends and smaller weighting at the center

of the interval. (1/2, 1/2)5 indicates that a fifth degree fit is

being made with the "Jacobi" (a',f) equal to (1/2, 1/2). This is a

least squares fit with heavy weighting at the center and smaller weight-

ing at the ends of the interval.

Since the u values and the weighting chosen have symmetry about

Lhe mid point, or center, each (MU)" takes the form.

C 0 0 C0 2  0 C0 4  0

0 C11  0 C1 3  0 C1 5

,)- 0 0 C2 2  0 C2 4  0

0 0 0 C33 0 C35

0 0 0 0 C4 4  0

0 0 0 0 0 C5 5

Let F be the vector defined for equation (17) with uo - _s,

- -s 4 1 ... and urn. s, and

be Lhe first column of MW,



m 1  be the seccnd column of M#,

m 5 be the sixth column of *.

The A's in the least squares polynomial approximation of the

function are' then given by

A0  CO0 m0 . F + C0 2 m2 . F + C04 m4 . F

ACI - 1 1 m1 . F + C1 3 m3 . F + C1 5 m5 . F

A2  C2 2 '"2 . F + C2 4 mL . F

_ýJ, -.%-.- -. '

A3  C3 3 m3 . F + C3 5 m5 . F

A4 = 44 m4 . F

A5  C5 5 m5 . F

Lower degree fits can be made by deleting corresponding colunas,

from the right, in the matrices Hk and (4U) -

3i



(0,0)5 11 Points

1 05. 853 071 286 40898

0 1 0-89 014110 8580 37180

0 0 1 0 -590-1 572 490776
(MU) =

0 0 0 17i 0 -01716 178464

0 0 0 0 1 0
3432

0 0 0 0 0 1
6240

(0,0)5 11 Points

1 -5 10 -10 6 -3
1 -4 4 2 -6 6
1 -3 -1 7 -6 1
1 -2 -3 9 -1 -4
1 -1 -7 3 4 -4
1 0 -6 0 6 0
1 1 -7 -3 4 4
1 2 -3 -9 -1 4
1 3 -1 -7 -6 -1
1 4 4 -2 -6 -6
1 5 10 10 6 3



(-1/2, -1/2) 5 11 Points

1 -1 27323
166 09 1437228

1 -7 407530 162 0 500 931500

01 -1081o)'468 0207792

0 0 0 0 -287
1500 46000

0 0 0 0 5
5328 0

0 0 0 0 0
5520

(-1/2, -1/2)5 11 Points

22 -11 11 -11 11 - 3

16 -4 -1 7 -15 7
14 -2 -1 5 -5 -2
B3 -2 -3 5 2 -2
12 0 -4 2 2 -3
12 0 -'4 0 20 0
12 0 -4 -2 2 3
13 2 -3 -5 2 2
14 2 -i -5 -5 2
16 4 -1 -7 -15 -,
22 11 11 ii 11 3



(1/2, 1/2)5 11 Points

1 -619 777514"8" 05 --.-- 7 7148 0 58756 0940096"-

1 -131 110159312 11336 14963520

0, -8881
01 0 19-1 794 2439168O~u) =

0 0 0 1 0 -637
1308 460416

6144

21120

(1/2, 1/2)5 11 Points

9 -9 10 -6 9 -912 -03 10 -2 -5 15
14 -12 2 6 -15 1115 -9 -5 7 -4 -14
16 -5 -11 6 6 -20
16 0 -12 0 18 016 5 -11 -6 6 20
15 9 -! -7 -4 14
14 12 2 -6 -15 -11
12 13 10 2 -5 -15

9 9 10 6 9 9



(0,0)5 15 Points

1 0 -28 154546 0
i5 2859 0 9248865

0 _10 -16_..7 0 80611280 39360 16173024

0i -430770
-1U0 0i1906 14798184

0 -3310 7872" 770144

00 0 15528

0 0 0 0 0 1
140880

(0,0)5 15 Points

1 -7 14 -15 7 -14,
1 -6 8 -2 -3 16
1 -5 3 5 -6 14
1 -4 -1 11 -5 -1
1 -3 -5 9 -2 -7
1 -2 -7 8 2 -18
1 -1 -7 5 5 -7

M* 1 0 -10 0 4 0
1 1 -7 -5 .5 7
1 2 -7 -8 2 18
£ 3 -5 -9 -2 7
1 4 -1 -11 -5 1I 5 3 -5 -6 -14
1 6 8 2 -3 -16
I 7 14 15 7 14



(-1/2, -1/2)5 15 Points

1 0 -193 0 423473 0
268 6633 25603380

1 -763 2645549304 104196 252848960

0 1 -1763
U1 0=792 764280

(KU)- =

0 0-0 1 0 -6113
5484 7984704

1
0 0 0 210 023160

1
87360

(-1/2, -1/2)5 15 Points

29 -13 9 -15 14 -11
21 -5 0 6 -13 18
18 -3 0 5 -7 1
16 -2 -1 5 -3 0
15 -2 -2 5 -1 -7
14 -1 -2 3 2 -6
14 0 -3 3 6 -3
14 0 -2 0 4 0
14 0 -3 -3 0 3
14 1 -2 -3 2 6
15 2 -2 -5 -1 7
16 2 -1 -5 -3 0
18 3 0 -5 -7 -1
21 5 0 -6 -13 -18
29 13 9 15 14 11



(1/2, 1/2)5 15 Points

1. -31300 2515439
411 662943 617862876

1 -4373 758251o 930 1294560 0 206805960

0 0 1 0 -67553 0
-1 3226 72159168

1 -961o 0 0 8352 0 2668464

0 0 447306 0

1]
0 0153360

(1/2, 1/2)5 15 Points

16 -13 15 -11 15 -12
")2 -20 19 -9 3 7
26 -21 11 3 -19 22
29 -19 3 11 -19 5
31 -15 -6 13 -11 -11
32 -11 -14 13 5 -19
33 -6 -19 7 15 -17

M* 33 0 -18 0 22 0
33 6 -19 -7 15 17
32 11 -14 -13 5 19
31 15 -6 -13 -11 11
29 19 3 -11 -19 -5
26 21 11 -3 -19 -22
22 20 19 9 3 -7
16 13 15 II 15 12



(0,0)5 19 Points

0-15 01479[9 2 250382o

1 -269 3635810 0 0 -570 94020 123260220

0 0 1 -45833
4792 0 69105432 0

0 0 0 1 0 -30811
18804 197216352

0 0I
115368

0 0 0 0 0
629280

(0,0)5 19 Points

1 -9 18 -15 18 -18
1 -8 12 -5 -2 12
1. -7 7 2 -11 17
1 -6 2 7 -15 12
1 -5 -2 8 -8 -5
1 ,-4 -5 10 -6 -3
1 -3 -8 7 0 -21
1 -2 -8 8 10 -6
1 -1 -1I 2 5 -13
1 0 -10 0 18 0

1 1 -11 _n II -i -L 5 13
I 2 -8 -8 10 61 3 -8 -7 0 21
1 4 -5 -10 -6 3
1 5 -2 -8 -8 5
1 b 2 -7 -15 -12
1 7 7 -2 -11 -17
1 8 12 5 -2 -12

1 IS 18 [ 18 18J



(-1/2, -1/2)5 19 Points

1 -4663 31834717
496 346808 1842280400

01 -403 0 29885
630 73080 4881744

0 1 -129079
0U)- 0 2942 89142600 0

1 -10799
11832 39518880

1
0 0 0 0 600 060600

400800

(-1/2, -1/2) 5 19 Points

46 -19 19 -15 14 -161
33 -7 2 4 -10 20
28 -5 0 3 -5 5
25 -4 -1 5 -5 2
23 -3 -2 4 -3 -1
22 -2 -3 4 -2 -5
21 -1 -5 3 3 -9
20 -1 -3 3 2 -4
20 -1 -5 1 3 -3

= 20 0 -4 0 6 0
20 1 -5 -1 3 3
20 1 -3 -3 2 4
21 1 -5 -3 3 9
22 2 -3 -4 -2 5
23 3 -2 -4 -3 1
25 4 -1 -5 -5 -2
2S 0 -3 -5
13 7 2 -4 -10



(1/2, 1/2)5 19 Points

6 0 -1633 0 142657678 539010 51421554

1 -51427 456102110 2270 29664360 0 10582760430

0 0 -17869MU)14 7950 45505800

o 0 0 1 0 -19429
26136 74592144

1S 0 0 0 171720 0

0 0 0 0 01
342480

(1/2, 1/2)5 1Ij Points

19 -18 17 -13 1 -7
26 -29 24 -14 11 0
31 -32 19 -3 -13 10
35 -31 11 6 -22 10
38 -29 2 14 -22 1
40 -24 -6 16 -16 -4
4? -19 -13 16 1 -10
43 -13 -20 12 11 -10
43 -7 -22 8 20 -6

W, 44 0 -24 0 24 0
43 7 -22 -8 20 6
43 13 -20 -12 11 10
42 19 -13 -16 1 10
40 24 -6 -16 -16 4
38 29 2 -14 -22 -1
35 31 1i -6 -22 -10
31 32 19-3L8 29 .14 14 11 0
19 18 17 I 18 7



(0,0)5 23 Points

3 -22 21125523• 344"--9 48617104 0

1 0 -79 47522691012 56388 2529283740

0 0 1 0 -387701-1 6898 1166810496 0

0 0 0 5 0 -45429
56388 674475664

0 0 0 0 3383040

0 0 0 0 0 2153040-

(0,0)5 23 Points

1 -11 15 -22 22 -22
1 -10 11 -10 2 8
1 -9 7 -1 -9 18
1 -8 4 6 -16 16
1 -7 1 10 -12 8
1 -6 -2 12 -12 -1
1 -5 -3 13 -8 -9
1 -4 -6 12 3 -15
1 -3 -6 1o 0 -14
1 -2 -8 7 14 -11
1 -1 -9 4 7 -9

M* 1 0 -8 0 18 0
1 1 -9 -4 7 9
1 2 -8 -7 14 11
1 3 -6 -10 0 14
1 4 -6 -12 3 15
1 5 -3 -13 -8 9
1 6 -2 -12 -12 1
1 7 1 -10 -12 -8
1 8 4 -b -1b -16
1 9 7 1 0 9 -18
1 10 17 10 - -8
1 11 V 22 22 22



(-1/2, -1/2)5 23 Points

1 -17965 44761603
641 0 1408918 0 3923836630 0

0 1 -39947 362289023
826 9778188 100927197140

1 0 -142501 0
4396 220371480(Mu)' 0-149 0 -420

1 -63901
23676 586501872

0 0 0 0 0200520

1
0 0 0 0 0 1486320

(-1/2, -1/2) 5 23 Points

53 -19 18 -16 21 -23
38 -7 2 3 -12 24
32 -5 2 2 -5 4
28 -4 -1 4 -10 12
26 -3 -1 4 -2 0
24 -3 -2 3 -7 -8
23 -1 -2 5 0 4
22 -2 -4 4 1 -18
Z2 -1 -3 1 1 0
21 -1 -3 3 6 -8
21 0 -4 0 5 -3
21 0 -4 0 4 0
21 0 -4 0 5 3
21 1 -3 -3 6 8
22 1 -3 -1 1 0
22 2 -4 -4 1 18
23 1 -2 -5 0 -4
24 3 -2 -3 -7 8
26 3 -1 -4 -2 0
28 4 -1 -4 -1c -12
32 5 2 -2 -5 -4
38 7 2 -3 -12 -24
53 19 18 16 21 23



(1/2, 1/2)5 23 Points

1 0 -18869 23798349 0
1076 6656136 0 9778973140 0

1 -92719 5006059409
2798 0 75143088 0 5121001447200

0 0 1232-101939 0
-112372 436236720(Mu) -1

1 -2935
0 0 0 53712 0 73209456

1
0 0 0 0 423120 0

0 0 0 0 0 U271200

(1/2, 1/2)5 23 Points

23 -14 14 -12 17 -22
32 -23 21 s15 15 -9
38 -26 19 -7 -5 25
43 -27 14 1 -16 30
47 -26 8 7 -22 23
50 -24 2 14 -20 J
52 -21 -5 14 -17 -8
54 -18 -10 17 0
56 -13 -14 '3 1 -,4
57 -9 -19 11 17 -22
57 -5 -20 5 18 -18
58 0 -20 0 24 0
57 5 -20 -5 18 18
57 9 -19 -11 17 22
Sb 13 -14 -13 1 34
34 18 -10 -17 0 27
52 21 -5 -14 -17 8
50 24 2 -14 -20 -I

47 26 8 -7 -22 -23
43 27 L'. -1 -lb -30
38 2 6 19 7 -5 -25
32 23 21 15 15 9
23 1. 14 12 17 22

LJ



(0,0)5 27 Points

1 21-91 2824003

27 0 -11- 0 682921089 0

0 -- 0 -109 0 31854566
1638 112764 18384901605

1 -1248647
0 0 16078 0 5463368712 0(M-y'

1 -125675
0 0 0 112764 0 2801508816

1
0 0 0 0 679608 0

0 0 0 0 0 1
L 4471920

(0,0)5 27 Points[1 -13 22 -24 21 -19
1 -12 17 -13 5 3
1 -11 12 -4 -6 12
1 -10 8 3 -11 16
1 -9 5 7 -12 .7
1 -8 0 12 -14
1 -7 -3 03 -9 -2
1 -6 -4 13 -6 -.7
1 -5 -8 12 -3 -11
1 .-4 -9 13 3 -10
1 -3 -10 9 8 -13
1 -2 -12 5 6 -5
1 -1 -11 5 13 -8
1 0 -14 0 10 0
1 1 -11 -5 13 8
1 2 -12 -5 6 5
1 3 -10 -9 8 131 4 -9 -13 3 10
1 5 -8 -12 -3 11

1 6 -4 -13 -6 7
1 7 -3 -73 -9 2
1 8 0 -12 -14 -8
1 9 5 -7 -12 -7
1 10 8 -3 -11 -16
1 Ii 12 -6 -12
1 2 7 -3
1 13 22 29



(-1/2, -1/2)5 27 Points

1 -35291 0 749115721 0
907 4090570 47814672730

1 -11579 2143936001
1388 5029071 0 667760047380

0 0-1 0 -405101 0

9020 632608660
(MU) -1=.

0 0 0 1 0 -72289
57972 1026336288

0 0 0 0 1 0
280536

0 0 0 0 0 1
3186720

S1/2, -1/2)5 27 Points

6; -25 25 -23 15 -22
49 -9 4 3 -7 19
40 -7 2 2 -3 5
36 -6 1 3 -5 9
33 -4 -1 6 -5 5
30 -4 -1 5 -1 -2
29 -3 -3 6 -7 -3
28 -2 -3 3 5 1
27 -2 -5 6 -5 -14
26 -2 -3 3 5 1
26 -1 -4 4 -1 -9
25 -1 -5 1 5 -4
25 0 -4 1 2 0
25 0 -6 0 4 0
25 0 -4 -1 2 0
25 1 -5 -1 5 4
26 1 -4 -4 -1 9
26 2 -3 -3 5 -1
27 2 -5 -6 -5 14
28 2 -3 -3 5 -1
29 3 -3 -6 -7 3
30 4 -1 -5 -1 2
33 4 -1 -6 -5 -5
36 6 1 -3 -5 -9
40 7 2 -2 -3 -5
49 9 4 -3 -7 -19
67 Z5 25 23 15 22



(1/2, 1/2)5 27 Points

1 0 -11787 0 2101491004
1473 8537999 901382168427

1 -297583 6966467089
6518 546925380 10934679122340

0 0 3 0 -237134534778 1L686471176

0 -33779
167820 0 1789453472

1

844584

0 0 0 0 09560
9596640

(1/2, 1/2)5 27 Points

25 -22 23 -19 15 -25
35 -37 36 -2C 16 -17
42 -43 35 -16 1 20
47 -45 29 -6 -10 28
52 -45 21 6 -16 39
55 -44 12 15 -21 12
58 -40 2 21 -17 16
61 -36 -6 24 -14 -22
63 -32 -16 27 -6 -17
65 -25 -22 25 1 -39
66 -20 -28 19 8 -28
67 -13 -32 15 15 -30
67 -7 -36 8 19 -13
67 0 -36 0 18 0
67 7 -36 -8 19 13
67 13 -32 -15 15 30
66 20 -28 -19 8 28
65 25 -22 -25 1 39
63 32 -16 -27 -6 17
61 36 -6 -24 -14 22
58 40 2 -21 -17 -16
55 44 12 -15 -21 -12
52 45 21 -6 -16 -39
47 45 29 6 -10 -23
42 43 35 16 1 -20
35 37 36 26 16 17
25 22 23 19 15 25

J



(0,0)5 31 Points

-1 694933-[0 3 4-T0 ,0
31 0341 21085053

1 -719 167929992480 596280 15711978000

0 1 -698837
0 1 27280 5060412720 0-1=

0 0 0 1 0 -263317
119256 12569582400

0 0 0 0 1439 00 1483992

0 0 0 0 0 1
12648000

L o

(0,0)5 31 Points

1 -15 25 -15 24 -25 7
1 -14 20 -9 8 0
1 -13 15 -4 -3 13
1 -12 12 0 -10 17
1 -11 6 3 -14 16
1 -10 4 5 -12 11
1 -9 0 8 -17 5
1 -8 -3 7 -7 -3
1 -7 -5 8 -9 -8
1 -6 -7 9 -2 -8

M* 1 -5 -10 6 -1 -19
1 -4 -1i 8 8 -10
1 -3 -13 3 6 -16
1 -2 -12 5 11 -5
1 -1 -14 1 10 -8
1 0 -14 0 16 0
1 1 -14 -i 10 8
1 2 -1.2 -5 11 5
1 3 -13 -3 6 16
1 4 -1.1 -8 8 10

15 25 15 24 25



(-1/2, -1/2)5 31 Points

1 -54491 1013514917
1049 6329666 0 79643022445

1 -51043 9919623359
1734 26603028 0 3730010555880

- 0 1 0 -717033-1 12! 68 1822147320

0 0 1 0 -45555192052 '0325288736

1
0 0 0 0 603960 0

0 0 0 0 0 6730080

(-1/2, -1/2)5 31 Points

72 -25 24 -23 18 -23
52 -10 4 2 -7 17
43 -7 3 1 -3 5
38 -6 1 2 -4 9
34 -5 0 6 -8 4
32 -3 0 3 -1 6
30 -4 -3 5 -5 -4
29 -3 -2 5 -3 1
28 -2 -2 5 0 -9
27 -2 -4 4 -1 1

M* 26 -2 -3 3 2 -10
26 -1 -3 4 1 -3
25 -1 -5 2 3 -5
25 0 -4 0 2 -4
25 -1 -4 3 5 0
25 0 -4 0 2 0
25 1 -4 -3 5 0
25 0 -4 0 2 4
25 1 -5 -2 3 5
26 1 -3 -4 1 3

72 25 24 23 18 23

LJ



(1/2, 1/2)5 31 Points

1 -11833 97679037.
1504 10877680 77902544885 0

1 -157891 18611251727
0 7878 - 502206744 0 3671549804260

1 0 -2601659 0
0 0 578f< 39780022920(4u -1 =

1 
-762265

382488 0 6711134448

1
0 0 0 02750088 0

0 0 0 0 0 2105520 J
(1/2, 1/2)5 31 Points

21 -19 24 -24 24 -2
29 -32 39 -35 29 -4
35 -38 39 -25 8 5

40 -41 35 -14 -9 -2
44 -42 29 -1 -19 6

47 -41 20 11 -33 2
50 -39 12 22 -31 3

52 -37 1 27 -28 -2
54 -34 -6 33 -22 1
56 -30 -14 34 -16 -3

M* 57 -25 -22 32 0 -3
58 -21 -29 30 9 -3
59 -16 -32 24 14 -1
60 -10 -38 18 29 -7
60 -6 -38 7 30 3
60 0 -40 0 30 0
60 6 -38 7 30 -3
60 10 -38 -18 29 7
59 16 -32 -24 14 1
58 21 -29 -30 9 3

21 19 24 24 24 2



(0,0)5 35 Points

1 0 - 430221
35-5 259 130187645 0

1 -917 172928117o 3570 0 1075500 0 195464327625

1 -1151687
0 0 264188 10623311832 0

(MUY) -1

1 -1212913
0 0 0 215100 0 89355121200

2412744 0

0 000 01 24924720

(0,0)5 35 Points

1 -17 17 -17 22 -25
1 -16 14 -11 9 -3
1 -15 11 -6 0 10
1 -14 9 -1 -8 15
1 -13 6 0 -8 17
1 -12 3 7 -15 11
1 -11 3 4 -12 14
1 -10 -1 10 -11 -5M'= 1 -9 -2 7 -7 9

I -8 -3 !i -11 -19

1 -7 -5 7 0 1
i -6 -6 9 -1 -21
1 -5 -7 7 3 -11
1 -4 -8 8 4 -9
1 -3 -8 4 11 -15
1 -2 -9 3 7 -9
1 -i -10 2 11 0
1 0 -8 0 12 0
1 1 -10 -2 11 0
1 2 -9 -3 7 9

1 17 17 17 22 25



(-1/2, -1/2)5 35 Points

0 -8857 0 4662798855 0
1197 989254 375638539626

0 -34181 3310128593
1812 16351488 1425004926720

1 0 -1130045 0
0 14876 3765799896

I -57065
0 0 108288 1887423744

S0 0 1012584

0 0 0 0 12549360

(-1/2, -1/2)5 35 Points

76 -22 22 -18 18 -23

55 -9 4 i -6 15
45 -6 3 0 -2 4
40 -5 2 2 -4 8
36 -4 0 2 -6 7
34 -4 0 3 -4 4
32 -3 -1 5 -3 0
30 -3 -2 1 -3 3
29 -2 -2 6 -2 -8

X* 28 -2 -2 1 -4 2
27 -1 -2 5 4 -7
27 -2 -3 2 -3 -5
26 -1 -4 2 5 -4

26 -1 -3 2 -2 -4
25 -1 -3 2 5 -4
25 -0 -4 L 3 -4
25 -0 -3 0 1 1

25 0 -4 0 6 0
25 +0 -3 0 1 -1
25 +0 -4 -1 3 4

76 2J2 2 18' 8 23,



(1/2, 1/2)5 35 Points

1 -42776 0 966527411 0
2142 35057043 591020501400

0 1 0 -171083 0 103166494081
13392 569387664 27101429337240

1 -25028590 0 65466 0 37525111200 0

(1U) =

1 -25949330 0 510204 38855095824

1
0 0 0 0 343920 0

1
0 0 0 0 0 44569360

(1/2, 1/2)5 35 Points

25 -24 18 1-19 16 --
35 -41 30 -29 21 -5
42 -49 31 -23 9 6
48 -53 29 -15 -1 -6
53 -56 26 -'7 -12 11
57 -55 19 4 -15 -2
60 -55 15 12 -22 6
63 -52 7 17 -22 0
66 -49 2 24 -19 -1
68 -45 -4 25 -16 2

M* 70 -41 -11 29 -10 -2
72 -36 -15 27 -4 -7
73 -30 -20 26 2 0
74 -25 -24 22 9 0
75 -19 -28 17 15 -12
76 -12 -28 14 17 7
76 -7 -32 5 21 -6
76 0 -30 0 22 0
76 7 -32 -5 21 6
76 12 -28 -14 17 -7

25 24 18 19 16 2

I.t



APlUDU C



COMPUTATION OF THE ORThOGONAL POLYNI•ML$S
AND WEIGHTING MATRIX FOR GIVEN MULTIPLIRS

In refet:ence (2) a method for going from th6 weighting matrix

and the corresponding orthogonal polynomials to the e's and a's

was in'dicated. Since rounding of the v's occurs in the construction

of a convenient set of m's it is the purpose of this appendix to

show a method of construction of the orthogonal polynomials and the

weighting matrix from the v's.

Suppose there are r + 1 discrete points,

n the vector whose components are the nth powers of the

grid point arguments,

k - the vector whose components are the multipliers for

finding the mean kth difference,

Qk the vector whose components are evaluations of the

k th orthogonal polynomial for the grid point arguments,

A- .the (r + 1) x (r + 1) weighting matrix,

Tc construct Qk find le&st squares (k - 1)st degree !Ut, using

known m's, to

k
ts - AoQ, ... *+ *.l- Ak'4k"

I f F, i s this (k-1)st 7',eej po lynomial fit

k B
*t '~A,Qk



Take all components of Qo to be 1, construct Q1  2' '

and let

Q Q 1 Q2 "'

Q and M* are (r + 1) x ( r + 1) nonsingular matrices. From

reference (2).

* = -1 Q, and therefore

-l -1
MkQ 'U , the required weighting matrix.

Note that the m's cbtained from rounded w's give a true least

squares fit with respect to a "rounded" weighting matrix.

2
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