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ABSTRACT

The problem of developing orthogonal polynomials for finding
a least-squares best approximation to a continuous function over
a given interval is solved by a method of finding the mean kth
derivative of the function over that interval. A parallel method,
using mean differences, is developed for fitting discrete data.




FOREWORD

This work was carried out as part of an independent research
project entitled Applied Mathematics and Numerical Analysis as
authorized by WEPTASK No. 000 000 000/107-1/R0110101. The primary
reason for the study was the need for improved methods in the
functionalization of parameters used in connection with trajec-
tories and aiming data. Credit is due many of the present and
past Naval Weapons Laboratory employees. The following contribu-
tions to the solution of the problem deserve special credit:

Mr. J. E 7corker initiated use oS urthegonal polynomials on
the first NWL digital computer; Mr. John H. Walker, Mr. Ira V. West,
and Mr. Larry E. Spangler developed the technique reported in
Appendix A; Mr. Bruce Bosley and Dr. Hartmut Huber prepared the
tables in Apperdix B. Mr. Bruce Bransom made a study of the
method while a student at the University of South Dakota and
Mrs. Jane H. Martina aided in checking and editing the report.
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INTRODUCTION

This report is an outgrowth of the work reported in NWL
Report No. 1822, Although much was done in this field long
before NWL Report No. 1822 appeared., and outstanding contribu-
tions have been made by others during the preparation of this
report, it is felt that the following wilLl be of interest to
those working in the field:

(1) The use of mean derivatives and mean differences to
tie the discrete case to the continuous case and to
develop corresponding weights for the discrete case.

(2) The simple method of fitting with certain type
constraints,

(3) The use of difference matrices in the fitting of a
function of two indemendent variables.

Appendix B gives matrices built from m values for making
Jacobi-type fits to equally spaced discrete data. For higher
degree and more points it is expected that a high-speed computer
would compute its own m values. A supplementary report is
planned for giving the programs to be used in computer evalua-
tion of w and m values, as well as a more extensive tabulation
of the w's and m's which would be convenient for use with the
desk calculator,

MEAN VALUES OF DERIVATIVES OVER A CONTINUOUS SET

Suppose that the approxiwation
£ = AgPg + AfPy + AP, + L0 AGP Q)
where P = Pk(x). a kth degree polynomial, a < x < b, is
desired. If equation (l) is difforentiated, the following set

of equations is obtained:

E = AR, * AP+ D, + AP,
. A‘p; O + AnPé
R ADPD 4 L+ AgPp ()
) A
n'n




The matrix of tiue coefficients of the P's is triangular and the
system of equations (2) can be used to solve for the A's in
terms of £ and P values.

if X, 8 § X < b, is substituted in equations (2) and

1

the system solved, a truncated Taylor expansion about x = X
is obtained. The Taylor expansion is, of course, in terms of
derivatives evaluated at a point,
Let it be supposed that instead of using the kth derivative
at x = x,, a mean of the kth derivative over the set a < x < b
is to be used. If w is an integrable function, not changing
signs over the set a £ x s b, normalized so that
b

[ wix =1,

a
the mean kth derivative of f is (omitting the limits of integra-

tion, a and b)

£0) o fug®ax 3

If additional restrictions
w(a) = w'(a) = ... v(k-l)(a) =0
’ (’I‘)
u(e) = w'®) = ... &) =0
are made, then equativn (3) can be changed, integrating by

parts, to a form which might be easier for evaluation:




fwf(k)dx = - J'w'f(k“l)dx
= Iw"f(k'z)dx

(5)
(-1.)k I w(k) fdx

-

If w(® is written as wk) = P » with p =0 for
a € x S b,
J'pdx = L, a finite number,
Q = a kth degree polynomial in x, the Q polynomials
are orthojonal, with weight p, with respect to integration over
the set a < x s b,

This is shown by

JPQ1Qydx = [PQ,Qydx 1< (6)
«q ).
Q 0
and
2
fpo,qdx = [pq dx > o. (¢)

Special Cases

I. Legendre Polynomials

Let a = -1 and b = L, ¢ ~ a constant factor, and take




Q- xhk,

[s]
£
)

k(-2x) (L-xH* 1,

0
t—
L}

o
t—
]

k(-2) (1xD¥1 4 kk-1) (-20)% (1-xHk-2 |

and wk) o Q. a pol nomial of kth degree.
With the proper choice of ¢, Q is the kth Legendre polynomial.
This is the case for which p is constant and Legendre polynomials
are integration-wise orthogonal over the continuous sget,
-1 z x < 1, with respect to a constant weighting function.
II. Chebyshev Polynomials
let a = -1 and b = 1, and take
cw = U.-xz)k'“2 ,

ew' = (k-1/2) (-2x) (1-:1:?-)1"1']‘/2 ,
ew' = (k=1/2) (e-1-1/2) (-200% Q-xD)*22

+ (-1/2) (D) (1D QDR

Q) (1-x)k2712

: -1/2

and w (k) Qk(l-xz) .

With the proper chcice of c, Q, 1s the kth Chebyshev polynomial.

The weighting function is = constant times (1-:2)"1f2.




III. Jacobi Polynomials

For a= -1, b= 1:
ew = (1l-x Ik (1+x)ﬂ+k ya Y -1, 8>-1,
cw' = (@4K) (1) (1) (o) E D (Pl

+ (B4 () (1x) xS (Pl |

= 0 (-0 D (ftl
ew = Q) (1) () (102 (P2
+ (a+ke1) (1) (40) (Lx) P2 (Lt
+ Qq (B +k=1) (1) (L=x) (1-x)H2 (uyfith-2 |
= Q™2 Pt
and w(k) « Qk(l-x)“ B .

With the proper choice of ¢, Qk is the kth Jacobi polynomial.
The weighting function is & constant times (1~_x)° (lﬂt)ﬂ .

Note that fora = B = 0, the Jacobi polynomials become the
Legendy . polynomials; for @ = B » -1/, they becomw the

Chebyshey tolynomiasls.




The Legendre, Chebyshev, and Jacobi Polynomials are orthogonal
over the interval -1 =< x < 1, To find polynomials orthogonal
over the arbitrary finite iuterval, a s x < b, a transformation
in the independent variable can be made to bring the problem to the

forms alrzady studied; or, the Jacobi form for w can be taken as

oy = ()c--a)B"'k (b-x) a+k .
IV. Hermite Polynomials
For the infinite interval -o0 ¢ x &£ oo, with ¢ & constant

factor, one can take

cw = exp(- a?'xz)

cw' = -2 dzx exp(-azxz)

cw' = (-20!2 + (-202x)2) exp(-dzxz)
and W - Q exp(-azxz) .

Qk is, with the proper choice of ¢ and @, the Kth Hermite
polynomial, the weighting function being a constant times
exp(- alx?).

V. Laguerre Polynomials

For the semi-infinite interval 0 < x ¢ oo one can take




xK exp(- 0x)

cw =
cw' = (k-ax)xk'l exp (- ax)
cw' = [-ax + (k-ax) (k-l-ax)]xk'l exp(- ax)
= szk'z exp(- ox)
and w(k) = Q exp(~ax) .

With the proper choice of ¢ and o, Qk {s the kth Laguerre
polynomial; the weighting function is a constant times exr -ax).

The literature gives a more complete discussion of orthogonal
polynomials and orthogonal functions (see reference (1)). It
should be pointed out, that while use of orthogonal polynomials
for the P's in equation (1) leads to a diagonal matrix of coeffic-
ients of the A's in the set of linear equations obtained by taking
mean kth derivatives, any desirec form for the P's can be used and
the resulting matrix of coefficients of the A's will be no worse
than triangular, Further, any general non-negative w function can
pe used in equation (3) for finding the mean kth derivative, and
the resulting matrix of the coefficients of the A's will be no
worse than triangular.

LEAST SQUARES TFITs [N TERMS OF JACOBI POLYNOMIALS

Continuous Data

It will be assumed that the it is over a f te interval

a - x b, and that a linear transformation has bcen made in the




argtment, u = L(x), in such a way that with the function expressed
as f(u) the fit is made over the interval -1 s u = 1.

The orthogonal polynomials have the property that

1
| P (w)Q(uydu = 0, 1%, (8)
1

with P(u) reing the weighting function.

The weighted least-squares fit
£Qu) = A,Q, () + AjQp(u) + AgQa(w) + ... + ALQ (W)  (9)
is made by defining
e(u) = £(u) - AQ,(u) - £1Q; (W) - AQp(u) - ... - A Q, (u)
and minimizing

1
E = I p(u)ez(u)du .
-1

Setting ?— = 0 leads to
Ay




1

1
J e @raan =, [ pwe, wa

1

+ 4 {p@mgw%@mu

1 .
+ A, _{ P(W)Q, (WQ, (w)du ,

1

A, -{ P (1) Q, (u)Q, (w)du

1
[ pu)oy @) £w)du
-1

1 - (10)

+4; [ pwo@au
-1 .

1 L]
A [ pwo e, Wau
-1

]
o=

1 1
l[ P (W)Q (w) £( du 1] p(u)(.)o(u)Q_n(u)du

1 5
+A [ p(w)Q, (u)du

n 4 )

Because of the orthogonality property, the matrix of coefficients
of the A's is diagonal, and for each k,

1 1

2
{ PWQ W E(Wdu = A 1[ PWQ * (W) du (11)




Discrete Data

Suppose £(x) is given for a discrete set of values of x,

a = X, < Xy < x eee < X< b, and that the transformation
2x-a-b
u = b"a (12)

Las been made so chat the corresponding arguments, in u, are

u0=-‘1<u1< Uy < eve < u =1,
Replace the integrals in equations (10) by

1
{ PG (WE()dy =

(u

I1(0,1
Ll [ty + g ey |

+ (u2 - ul) -(-:;I—(-}-J‘zj—i-)- [Qk(ul)f(ul) + Qk(uZ)f(uZ)]

+ e 8 6 & s

I(m-1,m)
+ (ug - u ) W[Qk@m_gfmm_p ot . av

10




1
[ o yde =
-1

1(0,1)

(ul - uo) ———,
(ul = uo)

[0, o) + ¢y o]

I(m-1,m)
+ (um - Um_l -Zm [QJ (um-l)QL(um-l) + QJ (ll:“)Qk (le)] (14)
where
Us
o) =2 [ P . as)
Uy

Note that this is the result of replacing p(u) in each interval
u. < u - ug by its mean in that interval and then integrating
by the trapezoidal rule.

In matrix language, let the set of cquations obtained by
substituting v = ug, Ups Upy eeey U in equation (9) be

n

QA=F , (16)

11




where

i 4 l.f(“o)

Al | f(ul)
-K = Az H .F-‘\ = f(uz) ’

L An fium)J
and
r 1
Qg  Qlg) Q) e Qlug)
QO(ul) Ql(ul) Q, (U]_) oo Qn(ul)
Q =

QO (Um) Ql. (Um) Q2 (Um) cee Qn (“m)
L

The approximations in equations (13) and (14) substituted in

equations (10) give, in matrix language,

R Y
*DQA=Q-DF , (17)

12




superscript * indicating transpose and D being a diagonal

"weighting' matrix

[ 10,0 o 0 vee 0 ]
0 1(0,2) 0 ces 0
0 0 (1,3 ... o

Special Cases

A. Legendre Polynomials
In this case, P(u) =1 and I(r,s) = % (uS - ur)
B. Chebyshev Polynomials

In this case, P(u) = (1 - u2)

Lo R

and
= 1 ~ » - R
i(r,s) 2 [arwsing ug - arcsine e ]

Note that the matrix, Q@ D Q, in equation (17) will not be
diagonal, but will be near enough diagonal in form to give a yood
inverse,

1)




If a P-matrix i{s built in the same manner as the Q-matrix
was, the least squares golution of P A= F; can be found by
solving

*DPA=QDF . (18)
The proof of this can be constructed from the fact that every
PK(u) is a linear combination of orthogonal polynowials of
degree K, K-1, === 1, 0, The Q@* D P matrix will be almost
triangular.

Needed values of Legendre polynomials can be computed using

Po(u) =1
Pl(u) =y
Pz.(u) =-21- Gu? - 1)

) = =i -

P === [(2r+1)up_(u) - rP__; (u)]
Needed values of Chebyshev polynomials can be generated using

To(u) = 1

Tl (u) = u

T,(w) = 2? -1

T, () = T () - T, ()




LEAST SQUARES FITS TO DISCRETE DATA OBTAINED
BY MEAN DIFFERENCES

Let the form desired for the fit to (approximation of) a

function be

[Po(u) Pl(u) P2(u) ces Pn(u)] [-A = £(u)

A, 0

[ "

If £(u) is known for a discrete set of values of u (greater
than (n+l) in number) and substitution of these u values are made
in equation (1') the result can be written

UR=F ,
with each row of the U matrix being the row matrix in equation (1')
evaluated for one of the u values for which f(u) is known and the
vectors ;‘and F'being defined as in equation (17).

Suppose that multipliers can be found such that if these
multipliers be used as components of a vector, the dot prouuct of
this vector and the f;vcctor is a constant times the mean Lth
difference of f. A matrix M can then be built with the f[irst row
beimy the multipliers tor tinding the mean zerosth Jdifference,
the sceond row being the multipliers for finding the mean first
difference, ..., and the (n+1)st row being the miltiplicers for
tinding the mean ath difference.  Then premultiplving by M, tae

1,

e



the equation

>l
’

=

"

MU

is obtained.
But (see reference (2))
MU=T

with T a nonsingular triangular matrix. Therefore,

A=o0inF (19)
=1 INF
It should be noted that construction of the multipliers for
unequal spacing is much less attractive than is the case for equal
spacing, and, in general, is to be avoided unless the particular
grid of the unequal spacing is to be used repeatedly.
Identification of fits thus obtained with least squares fits
can be made by following a path parallel to that used in developing
the Jacobi polynomials by finding mean kth derivatives.
| Let ﬂ'l be a positive definite, symmetric, weighting matrix
and Q be a matrix whose (k+1)st column is built from evsluations,
at a discrete set of arguments, of a kth degree polynomial, Q.
the @ 's being constructed in such a way that
Q* u"‘ = M,

Then

@ ulqenq=o,

le




& diagonal matrix, and the Q polynomials are summationwise

orthogonal with respect to the given weighting matrix. The

proof is that for j > { the j*h mean 4ifference of an ith degree

polynomial is zero,

-
The weighted least squares solution of U K;- F is the

solution of

But

or

waly el 7

Fo = boQy
P by +b oq

---------

U=QB,

with B a nonsingular, triangular matrix. Therefore

can be written

or

Ul y B e gl

Q¢ ul yn - B* Qw“-]_i‘.‘

- -
" MUA=B* N F .

AnG since B ig nonsingular

- >
MUA=HTF




MEAN VALUES (° DIFFERENCES OVER A DISCRETE SET

The problem of finding the mean kth difference from a set of
functional values, defined over a discrete set, has been discussed
in reference (2). A development, similar to that indicated in
equation (4), is {mmediately seen by writing for r+l equally
spaced data, with k = 2 (see reference (2)), the weighted mean

second difference equals

[}

2
(47y) -2':1; ["1(yo =2y, ty)) w0y - 2y, )

-+
Ht
]
[
7~
<
"
U
~o
nN
<
g
]
—
+
<
la}
S~
| W

In matrix language this becomes

13
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(A 2y) = %w_ ["'OmlmZ' om ] Yy (20)

|t
Reference (3) makes the steps to equation (20) parallel to those of
equation (4) by using summation by parts. For finding the mean
kth difference, the steps leading to equation (20) show that tke
m's are (-1)k times the kth differvences of the set

[000 . . . Owwy o v LW, 0. . L 00]
having k zeros at each end (reference (2)).

The Gram polynomials, which are the m's for equally spaced,
equally weighted data, have been discussed in many sources. A
partial tabulation may be found in reference (2) and in many
other published works on least squares fitting. An interesting
game, for any computer, is to see how tur one can go in number
of equally spaced points and degree of polynomial with the m's
represented exactly by the number of digits used in single

precision computation. (See Appendir A.)

20




When this limit is exceeded, the w's

k~1+1 r+l-1
¥y ,.( K ) k ) (21)

can be cut in number of digits, and these approximate w's used

to find the m's within the capacity of single precision arithmetic.
By considering the weighting function for getting the mean

kth derivative which leads to the development of the Jacobi

polynomials, i: is possible to construct a corresponding set of

weights for finding the mean kth difference. Take

a+k B+k
(1-x) (1+x)

cw

k(1+ &) k(1+ &)
ax 7 oam K

o
1+ =) (1+ é)
[0°1 %7 [am*] k¥ La>-1,8>-1.

When this form is compared with the @ = 0, B = 0 case, which

leads to the Legendre polynomials, to the weights

(r+1-i )(k-1+i )
cw, = ,
i k k

used for equally spaced, equally weighted, date in finding the mean

21




kth kth

difference corresponding to the Gram polynomial, it is
seen that the set of weights,

1+ 2) (1+é)

0 T (| R

can be used for equally spaced discrete data i1 finding fits corres-
ponding, roughly, to the least-squares fits made with Jacobi poly-
nomials over a continuous set. It should be noted that for k = 0
the w's become indeterminate; for this case, rounded values of

the elements of the diagonal matrix D, in equation (17), can be
used.

In particular, corresponding to the Chebyshev case, if

a=48 =-1/2,
(1--) a-.L)
~rr+l-i 2k k-1+1 2k
«-"7)] ()]
( 25:1 )
k-1+1 (r+1-i 2k
LT e e
k Vok

These w'z can casily be constructed from those tabulated in
reference (2). With this in mind, equation (23) can be written
(%)
(cwi)yp = [(“’i)(‘.] k >0 (24)




The T subscript indicates fitting with Chebyshev t;pe weights and
the G subscript indicates rfitting with Gram (or Legendre) type
weights. The (cwi)T values of equation (24) are, in general,
irrational. Therefore, thev must be rounded before kth differences
are taken to find the exact m's corresponding to the approximate

wl

8. In general, if three significant digits are retained in
the first (smallest) nonzero w, a satisfactory set of m's can
be found.

The indeterminate form for equation (22) when k = 0 and
az + ﬂz > 0 can be avoided by writing, for the continuous
case,

k-1 +a k-1 1+B
ew = (1-x) (1-x) (1+x) (1+x) , k >0,
cw= 1-0% B, k=o.

Equation (22) is then replaced by

r+1-i\ [r42-k-i \ 1FO fk-1+1\ /1 \ "8
ewy =\ o1 1 k-1 1 ,for k > G,

and (22a)
cwg=@+2-k-D% @OF |, fork=o0

l+a 1+8

r+2-k-1 i
The( , ) (1) ,(r+2-k-i)a,(i)ﬂ are to

be evaluated only when r =2 - k =i > 0O and i > 0.

Note that for all cases corresponding to Jacobi type fits,

l+a >0adl+ 8 > 0,

23




FIT'ING EQUALLY SPACED DISCRETE DATA
WITH CERTAIN TYPE CONSTRAINTS

Reference /{4) discusses power series approximations of

functions having the d'Alembert characteristic. Special cases

are:
= 3 5
fl - Alx + AJx + Asx + eee
- 4 6 8
f4 = A4x + A6x + A8x + ...,
- 5 7 9
f5 = A5x + A7x + A9x + ...

These are functions having a set of derivatives specified at a
point. The m's, computed from a suitable set of w's, can be used
for making polynomial approximations of functions of this type.

Suppose a transformation has been made in the independent
variable so that u = 0 for the value of x for which certain
derivatives are specified. The complete function can be approxi-
mated by

£Qu) = A +Au+Au2+...+Anun. (25)

0 1 2
Suppose £(0), £'(0), £'"' (0, . . . f(r)(ﬂ) are specified. From

f(o) = :‘\0
£'(0) = Al
(r)




it is seen that the problem is that of fitting

g(u) = £(u) ~Ag - Aju - ... -AU

2 4
= Aju” + Aau + .., Anun . (26)

sand that the unspecified A's are to be chosen in a way consistent
with the least-squares weighting.

Substituting in equation (26),

>
[n2 U e Un] A, -G, 27)

[ 2] [ n ]
1 Yy
U, = u22 voee sl = L upt
N S
rg(ul)
—
G = g(uz)
L .

Tf the matrix M is constructed by making the f‘-3t row the
m's for k = 2, the second row the m's for k = 4, ., the last row
the m's for k = n, premultiplying both sides of equation (27) by
M will give the required rumber of cquations for solving for Ay,
Ay een, An' ond the mairix of the coefficients of the A's will he
a triangular. nonsingular, matrix. The method can be used when any
of the A's of cquation (1) are specified.

ac

A




FITTING A FUNCTION OF TWO INDEPENDENT VARIABLES

Let it be supposed that values of the function are known for
% rectangular grid, equally spaced in both independent variables.
Make linear transformations in the independent variables so that
the new independent variables become u and v.

Approximate f by

FPO(V)W
Pl(v)
P, (v)
£ = [Po(u) PG Py ... P”(u)] Ao (28)
LP".(V).
with
Ao Agyy Ay e Am,T
Ao A Ap Aw
A=Ay A An Ay
wo Au A "‘qu
Construct
1 -1

M) M = (T M)

u

for the number ot v values in the grid and the deuree in u desired,




as in equation (19). In the like manner construct
owy i, - vl
My = v

for the number of v values and degree in v desired. The A matrix,

the coefficient matrix, is then
- ‘l —1 ¥* )
A (T M)u F (T M)v (29)

the * indicating the transpose of the indicated matrix and

r -

£(ug, Vo) £(u,, v £Qug, vg)
f@l,v& f@l,vp cee f@l,vﬂ

. . s

f(ur, v, f(ur, vy eos f(ur. vs)J

It should be noted that the restriction that the rectangular

grid be equally spaced can be removed if the unequally spaced grid
in u and/or v is to be used frequently enough to justify the
computation of the multipliers using divided differences. After
computation of the multipliers equation (29) can be used. For
unequal spacing and the resulting divided differences it may no

longer be possible to po from the w's to the m's without round-off,




so that eight digit, ten digit, fifteen digit,... approximations

will result with corresponding round-off errors in the A matrix.

END POINT SMOOTHING AND PREDICTION
FROM EQUALLY SPACED DISCRETE DATA

ax , for finding the mean kth

The w function, cw = xFe"
derivative over the semi-infinite interval, 0 € x < os, which
leads to the kth Laguerre polynomial, indicates a w form that
can be used to solve the problem of end-point smoothing and
prediction from equally spaced discrete data.

Suppose that the function, y, is known for u = 0, 1, 2, 3,... .

Take

(k"‘U) -au
cCw = € .
k

Although the Laguerre polynomials are based on the semi-
infinite interval, 0 < x oo, and the ahove indicated u-set
would go to infinity, in actual practice a finite number of
points would be used.

For k > 0, the w's would be modified by replacing the last
few w's with miitiples of those used in Jacobi-type fittings.
This "aplicing” would h- done s0 as to bring a gradual descent
of the w's to zero and avoid unwanted magnitudes of the result-

fng m's,

28




A se: of w's suitable for the solutioi. of this problem can
also be based cn the continuous data w's for Jacobi polynomials.
ihe set is formed by choosing B <0 and @ > 0 in equation (22)
for left-end smoothing; for right-end smoothing reverse the order
of the nonzero w's,

One application of end-point smoothing is the problem of
finding the time of motor separation from observed positions of
a rocket-propelled missile. The difference between the right-
hand smoothed estimate of (acceleration)i and the left hand

smoothed estimate of (acceleration) would be e.pected to

i+l
have maximum magnitude when separation takes place between ts
and Bip1e
Another applicetion is that of aiming at a movine target.
In this case the best possible estimate of present position vector

and its derivatives is desired.

MiD-POINT SMOOTHING FOR AN OLD NUMBER
OF EQUALLY SPACLD DATA POINTS

-
I ?
-

. , -a X . e
The w function, cw = e , for finding the mean kth
derivative over the infinite interval -0 < x ¢ ~ can be used

~

for this problem. For discrete data the first estimate of the w's

2 2
would be senerated trom cw = ¢ % Gith u = -m,...=-3, -2, -1,
Ul 20 oo moand rinal w' can be obtained bv replacing at




either end with w's from a Jacobi-type fit. The need for this

modification is not so severe as in the case of end-point

smoothing.

This problem can also be solved by using equation (22) and

setting o = 8 > 0.

(D

@)

3)

(4)
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COMPUTA” LON OF w AND m VALUES BY HIGH SPEED COMPUTER

For computational purposes, every number whose factorial must be
evaluated is represented in its prime factor form. This is necessary

in order to conveniently represent the w's in the equation,

(k -1+ 1). (n-1)!
SR et——— hd 1
iy =T G D! k! (n-1-k)! o
where
n = number of data points
and
k = the order of difference.

If the computations were performed in decimal form, the resulting
value of (wk)i might well be expected to exceed the IBM 7030's maximum
word length of 14 digits. The product of the numerators of equation (1)
may be formed by adding the exponents of thé corresponding prime factors
of each. Likewise, the préduct of the denominators may be formed in the
same way. Division may be accomplished by subtraction of the exponents
of the corresponding prime factors of each, resulting in a valve for
c(wk)i which is the product of 15% prime factors raised to various

powers.

* The number 15 was chosen because in the computer program 15 prime
tactors are needed to represent the factorials of all the numbers
from 1 to 50. They are: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31,
37, 41, 43, and 47.




After the (n - k) values of c(wk)i are computed, the (wk)i's are
reduced to their lowest terms. Then, evaluation of the decimal equiva-
lent of each prime factor (wk)i can be made, This is accomplished by
first obtaining 5 decimal numbers, each number computed by forming the
product of 3 of the 15 quantities in the prime factor representation

of (wk)i- The following illustration may clarify the procedure:

Q Q Q Q4 Q Q Q Q Q
(Wk)i=21‘32'53‘7 c11 130 177 -+ 198 . 230

vhere Q, is an integer or zero (m =1, 2 . . . 15):

O

"
~~
o
.
—t
w
w
—
~~
w
L]
-
~
.
%]
~

=R1'R2....RM,(M=1,2,...5),
where cach expression in parentheses (and therefore. R1 . R2 .« « R)
is a decimal number.
At this point, cach Ry is examined and in every case the awumner of

places to the left of the decimal of each RM is stored. These '"magnitude

tags' are then sunmed and the result is an indication of the magnitude
ol each (wk)i. If the sum of the "magnitude tags' is less than 15,
miltiplication of the Ry's is performed and a (wk)i is obtained, If the

sum ol the "magnitude taws"” is 15 or more, R, is repeatedly divided




by 10 until the sum of the 'magnitude tags' indicates that the new
(reduced) (wk)i can be represented in less than 15 digits. The RM's
are multiplied and each (wk)i value obtained is truncated to an
integer.

Thus, having computed the (wk)i's, the next step is to obtain the

m's. This is done by evaluating the matrix equationm, = [B:] [i?],

where -
(m,) 1
m = . ,
L(mk)n
F B
X X, x3 <. e X 0 0 0 0 0 0 0
0 xl x2 - . . . xk+1 O O 0 0 0 0
B= 10 0 x ... . Xe41 © 0 0 0 0 ,
0 0 0 000 O x1 Xy x3 . . xk+1
anmd
]




z)

with k zeros at each end.
That each (mk)i may be contained in less than 15 digits is
assured by empleying another '"magnitude tag" before each multipli-

cation.

5~
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TABLES OF TRANSPOSE OF M AND INVERSE OF MU

These tables are designed for finding the weighted least squares
fits in the form
5

2 3 4
v AO + Alu + Azu + A3u + Aau + Asu

to 2s + 1 data points, u taking the values
-5, (s +1), ... -2, -1, 0,1, 2, ...8 -1, s,
The w's used in constructing the M matrices were constructed by
ordering the distinct non-zero computed w's so that
Wi S W s Wy g cee W
ard choosing the q from the integers 1, 2, 3, ... N, N = 25,

which makes

a minimum, pj being the integer nearest ( 3;— ) LT
1
The computed Wis Was el W values were then replaced with
Pp =9 Pyr Pyy oee P_-

cighe 0 e obosen so 1s to make the resuiting fits correspond,
“unly, to least squares fits using Jacobi polynomi.ls with weightin
~dicated by the glven (@ ,5) values. Thus (0,0)5 indicates that .
'

v

decres 4t {s befng made with the "Jacobl" (@ . ) equal to




(0,0). This is the least squares fit with uniform, or equal,

weighting. (-1/2, -1/2)5 indicates that a fifth degree fit is being
made with the "Jacobi" (&, 8) equal to (-1/2, -1/2). This corresponds
to the Chebyshev, or minimax, type fit, and is a least squares fit
with heavy weighting at the ends and smaller weighting at the center
of the interval, (1/2, 1/2)5 indicates that a fifth degree fit is
being made with the "Jacobi" (a,8) equal to (1/2, 1/2). This is a
least squares fit with heavy weighting at the center and smaller weight-
ing at the ends of the interval.

Since the u values and the weighting chosen have symmetry about

the mid point, or center, each (MU)-1 takes the form,

Co O Coz O Coo O ]
0 Cp O €3 0 €15
ol - 0 0 Cpy O Cpy O
0 0 0 ¢,y O Cys
0 0 0 0 C O
L 0 0 0 0 0 Cs5 |

-
Let F be the vector defined for equetion (17) with u, = -s,
ul = -5+ 1, ..., and Up = S, and

E:O be the first column of Mv,

L]




ﬁ; be the seccnd column of Mk,

----------------

;; be the sixth column of Mk ,

The A's in the least squares polynomial approximation of the

function are then given by

Ay CogMy - F+Cpy @ F+Cym . F
AL =Cp @ FHeym . Fregm . F
Ap=Cypmy FHCym, . F

Ay=Cyyimy Froym o F
A,,-CME?A.?

Ag = Coo iy . F

Lower degree fits can be made by deleting corresponding colunas,

from the right, in the matrices M* and (MU)'I.

————— . ——— 3 —— . -




11 Points

(0,0)5

-t
1—1

11 Points

(0,0)5

amy L



AL VY -

()

-1 _

(-1/z,

[ 22
16
14
L3
12
12
12
13
la
16

LZZ

-1/2}5
-1
39 0
-7
0 500
1
468 0
1
0 1300
0 0
0 0
-1/2)5
-1 11
-4 -1
2 -1
2 -3
0 -7,
6 -4
0 -4
2 -3
2 -i
6 -1
1111

Qo UL~

11 Points
27323
1437228 0
0 40753
931500
-1081
207792 0
-287
0 46000
1
5328 0
1
0 5520
11 Points
11 -3
.15 7
-5 22
2 -2
2 -3
100 0
2 3
2 2
-5 2
.15 -7
11 3 |

)




Mk =

(1/2, 1/2)5

. -619
58756
1
312 0
1
0 794
0 0
0 0
0 0
(1/2, 1/2)5
9 -9 10
12 -i3 10
4 -1z 2
15 -9 -5
16 -5 .11
16 0 -12
16 5 11
15 9 -!
4% 12 2
12 13 10
9 G 10

11 Points
7775 0
940096
0 110159
14963520
-8881 0
2439168
-637
460416
1
6144 0
1
0 21120
11 Points
9 -9
-5 15
-15 11
-4 -14
6 20
18 0
6 20
-4 14
=15 -11
-5 =15
9 9J




.

)

il el el el el el

15 Points

0 154546
9248865
-167
39360 0
0 ;4.')077
14798184
1
7872 0
1
0 15528
0 0
15 Points
o
7 -14
-3 16
-6 14
-5 -1
-2 -7
2 -18
5 -7
4 0
5 7
2 1
-2 7
-5 1
-6  -14
-3 -16
7 L |

80611

16173024




U)

M3

(-1/2, -1/2)5

5633
1 . -763
304 104106
1
0 792 0
1
0 0 5484
0 0 0
0 0 0

29
21
18
16
15
14
14
14
14
14
15
16
15
21
29

(-1/2, -1/2)5

-13 9 -15
-5 0 6
-3 0 5
-2 -1 5
-2 <2 5
-1 -2 3

6 -3 3
0 -2 0
0 -3 -3
1 -2 -3
2 -2 -5
2 -1 -5
3 0 -5
5 0 -6
13 Y 15

14
-13
-7
-3
-1

14

15 Points
423473 0
25603380
0 2645549
252848960
-1763 0
764280
7984704
1
23160 0
1
0 87360
15 Points
-11
18
1
0
-7
-6
-3
0
3
6
7
0
-1
-18
11
J




o)~

M

(o]

16
22
26
29
31
32
33
33
33
32
31
29
26

27

-~

16

(1/2, 1/2)5

-3130
662943

(1/2, 1/2)5

-13
=20
-21
-19
-15
-11
-6
0

6
11
15
19
21
20
13

15
19
11
3
-6
-l4
-19
-18
-19
-14
-6
3
11
19
15

-4373

1294560

-11
-9

11
13
13

-7
-13
-13
-11

-3

9

11

15 Points
2515439
617862876
0
-67553
72159168
0
1
44736
0
15 Points
15 -12
3 7
-19 22
-19 5
-11 -11
5 -19
15 -17
22 0
15 17
) 19
-11 11
-19 -5
-19 =22
3 -7
15 12

758251

206805960

=961
2668464

-1 _
153360




|-

—
O

(0,0)5 19 Points

=15 1473

0 2396 0 250382 0
1 o =269 . 363581
94020 123260220
1 -45833
0 4792 0 69105432
1 -30811
0 O {3805 O 197216352
0 0 0 —_— 0
115368
1
0 0 0 629280
(0,0)5 19 Points
[1 9 18 5 18 .1 ]
1 -8 12 5 -2 12
) 7 7 2 -11 17
1 -6 2 7 -15 12
1 -5 .2 8 -8 -5
1 -4 -5 10 -6 -3
1 -3 . 7 0 -21
1 -2 -8 8 10 -6
1 -1 -11 » 5 -13
1 0 -10 0 18 0
1 1 -11 -2 5 13
1 2 -y -8 10 6
1 3 -8 -7 0 21
1 4 -5 -10 -6 3
1 9 =2 -8 -8 5
1 6 2 -7 <15 12
1 7 7 2 Al -1
1 8 12 5 -2 .12
Ll 9 13 15 18 18J




(-1/2, -1/2)5 19 Points

F_L_ 0 -4663 0 31834717 0 ]
96 346808 1842280400
0 1 o -403 0 29885
630 73080 4881744
1 -129079
0 0 2942 0 89142600 0
1 -10799
0 0 0 11832 0 39518880
1
0 0 0 0 55555 0
1
0 0 0 0 0 400800 |
(-1/2, -1/2)5 19 Points
(46  -19 19 -15 14 -16 ]
33 -7 2 4 -10 20
28 -5 0 3 -5 5
25 4 -1 5 -5 2
23 3 =2 4 -3 -1
22 2 3 4 -2 -5
21 -1 -5 3 3 -9
20 1 -3 3 2 -4
20 1 -5 1 3 -3
M = 20 0 -4 0 6 0
20 I -5 -1 3 3
20 1 -3 -3 2 4
21 1 -5 -3 3 9
20 ° 3 4 -2 5
23 ;22 43 1
25 % -1 -5 -5 -2
23 ) O -3 -5 -3
33 7 2 =% -10 -20
L W 6h 19 19 19 14 16 .J




M)~

(1/2, 1/2)5 19 Points

-1633 142657

0 539010 O $121554 0
1 -51427 45610211
2270 0 29664360 0 70582760430

1 -17869
0 7950 0 45505800 0
1 -19429
0 0 26136 0 74592144
1
0 0 0 171720 0
0 0 0 0 —L_
342480
(1/2, 1/2)5 1y Points
f19 -18 17 -13 1. -7 ]

26 -29 24 -14 11 0

31 <32 19 3 -13 10

35 31 11 6 -22 10

38 -29 2 1% -22 1

4 2% -6 16 -16 -4

&2  -19  -13 16 1 -10

43 <13 =20 12 11 -10

43 7 =22 8 20 -6

44 0 -24 0 2 0

43 7 <22 8 20 6

43 13 -20 <12 11 10

42 19 -13  -16 1 10

40 24 -6 <16 -16 4

38 29 2 e -2 a1

35 311 -6 =22 -10

31 w1 13 -

2t 29 24 14 11 0

19 18 17 15 18 7

! j




[}
I S B N DR T B D N O
SN WS LSOO -~

P et e e b e pt gl s b et e ped i e et et b b ped b

Ll BN I SN SV BN SN

p— o

23 Points

211255
0 48617104 0
-79 \ 4752269
56388 v 2529283740
o -2387701 o
1166810496
1 o 45429
56338 676475664
1
0 338304 0
1
0 0 2153040
23 Points
.
22 22 =22
-10 2 8
1 -9 18
6  -16 16
10 -12 8
12 -12 -1
13 -8 -9
12 3 215
10 0 -1
7 1 -11
4 7 -9
0 18 0
-4 7 9
7 14 11
-10 0 14
-12 3 15
-13 -8 9
12 -12 1
-10 -12 -8
-b -16 -16
1 -9 <18
10 ; -8
2 22




o)l -

53
38
32
28
25
24
23
22
2
21
21
21
21
21
22
22
23
24
26
28
32
38
53

(-1/2 ’ '1/2) 5

-17965

1408918

(-1/2, -1/2)5

-19
-7
-5
-4
-3
-3
-1
-2
-1
-1

o

$S L W e 10 e &8O

,..
S~

23 Points
44761603
0 3923836630 0
39947 362289023
9778188 100927197140
-142501
0 220371480 0
1 -63901
23676 0 586501872
— 0
0 700570
1
0 0 1486320
23 Points
18 -16 21 -23
2 3 -12 2
2 2 -5 4
-1 4 -10 12
-1 4 -2 0
-2 3 -7 -8
-2 5 0 4
-4 4 1 -18
-3 1 1 0
-3 3 6 -8
-4 0 5 -3
4 0 4 0
-4 0 5 3
-3 -3 6 8
-3 1 1 0
-4 -4 1 18
-2 -5 0 -4
-2 3 7 8
-1 422 0
-1 -4 -1C -12
2 2 -5 %
2 3 -12 -2
18 16 21 23

J




Q)

Mr =

(1/2, 1/2)5

0 -13869
6656136

T 0
°

0 0

0 0

0 0

(1/2, 1/2)5

(23 1w
32 =23 21
38 =26 19
43 -27 14
47 -26 8
50 -24 2
52 =21 -5
54 -18 -10
56 -13 -14
57 -9 -19
57 -5 =20
58 0 -20

7 5 -20
57 9 -19
56 13 -14
54 13 -10
52 2 -5
50 24 2
47 26 8
23 27 14
33 26 19
32 23 21
23 1 14

23 Points
, |
o 23798349 0
9778973140
-92719 5006059409
75143088 0 5121001447200
-101939 0
436236720
1 -2935
53712 0 73209456
1
0 423120 0
1
0 0 3271200
§
23 Points
-12 17 =22 1
‘15 15 -9
-7 -5 25
1 -16 30 |
7 -2 23 |
14 -20 3
1% -17 .8
17 0 .27
13 1 =54
1117 -22
5 18 -18
0 24 0
518 18
11 22
-13 1 34
-17 0 27
14 -17 8
-14 =20 -3
-7 =22 -23
-1 <16 -0
2 S
15 15 9
12 17 22
p




o) -l -

P e e e et e b b e gl bl e b ek fad ok pt et fd i ek b b i ped

27 Points
2824003
0 682921089
-109 0 31854566
112764 18384901605
_-1248647
0 5463368712 0
1 -125675
112764 0 2801508816
1
0 679608 0
1
0 0 4471920
27 Points
22 =24 21 19
17 -13 5 3
12 -4 -6 12
8 3 -1l 16
5 7 -12 7
0 12 -14 8
-3 13 -9 -2
-4 13 -6 -7
-8 12 -3 -1
-9 13 3 -10
-10 9 8 -13
-12 5 6 -5
-11 5 13 -8
-14 0 10 0
-11 -5 13 8
-12 -5 6 5
-10 -9 8 13
-9 .13 3 10
-8 .12 -3 11
S 7
-3 -'3 =9 2
0 -12 -14 -8
5 -7 -12 -7
8 3 -1l -1
12 4 -6 -12
17 R 5 -3
22 2 21 19




[ 6,

40
36
33
30
29
28
27
26
26
25
25
25
25
25
26
26
27
28

30
33
36
40
49
67

29

(-1/2, -1/2)5 27 Points
-35291 o 149115721 0
4090570 47814672730
0 -11579 o 2143936001
5029071 667760047380
1 o c05101 0
9020 632608660
1 0 -72289
0 57972 1026336288
1
0 O 780536 0
1
0 0 0 3186720
¢ Ll/2, -1/2)5 27 Points
-
-25 25 =23 15  -22
-9 4 3 -7 19
-7 2 2 -3 5
-6 1 3 -5 9
-4 -1 6 -5 5
A | 5 -1 -2
-3 -3 6 -7 -3
2 -3 3 5 1
2 -5 6 -5 -l4
2 -3 3 5 1
1 -4 4 -1 -9
-1 -5 1 5 -4
0 -4 1 2 0
0 -6 0 4 0
0 -4 -1 2 0
1 -5 -1 5 4
1 -4 -4 -1 9
2 -3 -3 5 -1
2 -5 6 -5 14
2 -3 -3 5 -1
3 a3 -6 -7 3
4 -1 -5 -1 2
4 -1 6 -5 -5
6 1 3 -5 -9
7 2 2 -3 -5
9 4 3 -7 =19
25 25 23 15 22 |




Q)

-1_

[_1

1473

|-25
35
42
47
52
55
58
61
63
65
66
67
67
67
67
67
66
65
63
61
58
55
52
a7
42
35

LZS

(1/2, 1/2)5

-11787 o
8537999
o _=297583
546925380
1
34778 0
1
0 TEiw
0 0
0 0
(1/2, 1/2)5
22 23 -19
37 36 -2¢
43 35 -16
45 29 -6
45 21 6
44 12 15
40 2 2
236 -6 24
32 -16 27
225 =22 25
220 -28 19
213 -32 15
7 -36 8
0 -36 0
7 236 -8
13 -32  -15
20 -28  -19
25 .22 -25
32 216 -27
3% -6 24
0 2 -1
4 12 -15
45 21 -6
45 29 6
43 35 16
37 36 26
22 23 19

27 Points
2101491004 o |
901382168427
o 6955467089 _
10934679122340
-2371345 0
16686471176
0 -33779
1789453472
1
844584 0
1
0 9596640
27 Points
15 =25 1
16 -17
1 20
-10 28
-16 39
-21 12
-17 16
14 -22
-6 -17
1 -39
8  -28
15 =30
19 -13
18 0
19 13
15 30
8 28
1 39
-6 17
-14 22
-17 -16
21 -12
-16 -39
-0 -28
1 -20
16 17
15 25J




oyt =

M

n

¢ b e b e e e e S e el e

15

31 Points
69493
0 37085053 0
-719 0 16792999
596280 15711978000
-698837
5060412720
1 0 263317
119256 12569582400
. ,
0 1483992 0
0 0 L

12648000 J

31 Points
25 -15 24 =25 1
20 -9 8 0
15 -4 -3 13
12 0 -10 17
6 3 -14 16
4 5 =12 11
0 8 =17 5
-3 7 -7 -3
-5 8 -9 -8
-7 9 -2 -8
-10 6 -1 -19
-11 8 8 -10
-13 3 6 -16
-12 5 11 =5
-14 1 10 -8
-14 0 16 0
=14 -1 10 8
-12 -5 11 5
=13 -3 6 16
-11 -8 8 10
25 15 24 25 J




(-1/2, -1/2)5 31 Points

1 -54491 0 1013514917 .
1049 0 6329666 79643022445
0 1 0 -51043 o 9919623359
1734 26603028 3730010555880
1 -717053
1 0 0 12.68 O 21472z 0
™M) = . .
1 -45555
0 0 92052 O 5335288736
1
0 0 0 0 603960 0
1
0 0 0 0 0 6730080
L
(-1/2, -1/2)5 31 Points
72 .25 94 <23 18 -23 ]
52 -10 4 2 -7 17
43 -7 3 1 -3 5
38 -6 1 2 -4 9
34 -5 0 6 -8 4
32 -3 0 3 -1 6
30 4 -3 5 -5 -4
29 3 -2 5 -3 1
28 2 =2 5 0 -9
27 2 -4 4 -1 1
Mk = 26 2 3 3 2 -10
26 -3 4 1 -3
25 -1 -5 2 3 -5
25 0 -4 0 2 -4
25 1 -4 3 5 0
25 0 -4 0 2 0
25 1 -4 -3 5 0
25 0 -4 0 2 4
25 1 -5 -2 3 5
26 1 -3 -4 1 3
| 72 25 24 23 18 23




™M ”

L 0

Mk

21
29
35
40
44
47
50
52
54
56
57
58
59
60
60
60
60
60
59
58

i 21

(1/2, 1/2)5

-11833 0
10877680
157391
502206744
i .
57875 0
1
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COMPUTATION OF THE ORTHOGONAL POLYN: S
AND WEIGHTING MATRIX FOR GIVEN MULTI"LIERS

In refer-ence (2) a method for going from the weishting matrix
and the corresponding orthogonal polynomials to the w's and m's
was irdicated. Since rounding of the w's occurs ia the construction
of a convenient set of m's it is the purpose of this appendix to
show a method of construction of the orthogonal polynomials and the
weighting matrix from che m's,

Suppose there are r + 1 discrete points,

>
n

u = the vector whose components are the nth

powers of the
grid point arguments,

;; = the vector whose components are the muitipliers for
finding the mean kth difference,

aL = the vector whose components are evaluations of the

th

k" orthogonal polynomial for the grid point arguments,

H = the (r + 1) x (r + 1) weighting matrix,

Tc construct 5; find least squares (k - 1l)st degree “it, using

known m's, to
k ,
u i AOQ‘) + Aqu ¥ e + ‘\k‘lqk’l + Akl&.

1§4 P is this (k-1l)st u s ree polynomial fit

-




> B > S
Take all components of Q, to be 1, construct Ql’ ’.‘;2, P Qr

and let
P SR S | . N
Q = [QO Ql Qz cse Qr] Y

IS, U N . N
Mk -[mo m oWy ... mr] .
Q and M¥ are (r + 1) x ( r + 1) nonsingular matrices. From
reference (2).

Mk = M-IQ, and therefore

M‘kQ"1 = #-1, the required weighting matrix.

Note that the m's cbtained from rounded w's give a true least

squares fit with respect to a 'rounded" weighting matrix.
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