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Then, since z(t) is given by (2:5), we can combine (2:63) and (2:1)
using (2:64) to obtain an overall system equation with which the

evader will have to contend.
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The criterion to be minimized by the evader can be obtained by

using (2:64) in (2:2) and can be written in terms of the new state vector,

y(t)
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(2:67)
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Sf= ...... :_-- R (2:68)
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Now observe that for

S(t) = -K'l(tf, t) (3:B8)

(3:B7) reduces to (3:Bl). Thus it is now necessary to prove that (3:B8)
is true.

The differential equation which generates S(t), (3:35), can be
rewritten ia the convenient form

T

S=-SF-F S+ (SY+ N)B-IBB_I(NT +4S) - A

S(t,) = a1 . (3:B9)

Inserting (3:B8) in the right-hand side of (3:B9) gives

T -1.T
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S(tf) = -aZI y (3:B10)
which is exactly the negative of the expression for the time derivative
of K-l(tf,t), as given by (2:40).
Q.E.D.
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of the conjugate point -- that point, when viewing time as progressing
backwards from the terminal time, after which the solution is no

longer valid -- is to consider the second-order accessory minimization
problem. The conjugate point occurs when the identically zero control
fails to be the solution or the unique solution for this accessory minimi-
zation problem.

For linear-quadratic control problems, the optimal control is a
feedback one, related to the state by

ult) = S(t)x(t) (4:4)
where !(t) is determined by a matrix Riccati equation which is obtained
by the "sweep method" of solution. For this problem, it can be shown
(see for example Bryson and Ho [1]) that the conjugate point occurs when
and only when S(t) fails to be finite.

As was mentioned in Section 1.4, the conjugate point for the deter-
ministic game occurs when K-l(tf,t) fails to exist. Baron [2] proved
this by considering the second-order accessory minimization game.
Consideration of this accessory minimization problem is required to
determine sufficiency conditions for ensuring that the controls obtained
are optimal; the fact that the controls are given by (1:32), (1:34) and
(1:33), (1:35) are only necessary conditions and involve only first-order
variations. The second-order variational terms are considered in the
accessory minimization problem.

The conjugate point condition could also have been determined by

considering either of the one-sided control problems which are obtained
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both (6:32) and (6:43). The pursuer's first point of inquiry is whether

his strategy U°is minimizing against V¥, i.e. is the inequality

Tt U°, vx) Tt U, VE) (6:46)

true? This is the primary question for the pursuer must be reassured
that his strategy U® is in equilibrium against a possible non-linear stra-
tegy that he has not discovered. After being so reassured, the pursuer
would like to determine the relationship between the value of Jp(to, Uo, V¥)
and the value of Jp(to, u®, vo).

Recall that Jb(U, V) is merely the expected value of Jp(to, U, V) where
the expectation is taken over the possible values of the initial state y(to).
Thus the proper functional dependence of Jp is

I, =T U, V() (6:47)

Since from the original assumption of (6:43a) U* minimizes Jp against V¥,

the inequality (6:46) can be established if it can be shown that

J_(t

pltey U, V¥, yit ) = T (6, U%, V&, y(t ) . (6:48)

Consider the set A consisting of values of y(to) such that

Tt U, v, yltg)) < T (e, Uk, Vi, y(t ) (6:49)

and the complementary set B consisting of values of y(to) such that

T,(te, U, VA, ylt D) = T (t, U, VA, y(t ) .  (6:50)

Then define the strategy U! which is equal to U° when y(to) is in A, and is

equal to U* when y(to) is in B. Thus

Tt UYL VE yLE)) €T (e, US, VE (e ) (6:51)
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the zero-sum a priori problem, and an equilibrium pair for the in-flight
problem, that his strategy U° is both optimal against the resulting V¥
and will give him the same (expected) criterion J_.

Consequently, this game is also characterized by the properties
of equivalence and interchangeability and thus the question of uniqueness
is irrelevant. If another thought process produces a different solution,
the results of the game played under those conditions will be the same
and any crossing of strategies -- (UO,V*) or (U*,Vo) -=- does not effect
the play for the unknowing player who sticks with his linear strategy.

The fact that these results could be obtained for the particular non
zero-sum game considered ~- when it is not true in general -- results
from two facts. First of all recall that the outcome (actual payoff) of the
game is zero-sum,; if a transfer of payments is involved it is direct from
one player to the other. Second, the initial assessments of the game by
the two players were identical, thus permitting an expected value zero-sum
game to be defined before the actual play began. The in-flight non zero-sum
game is then related to this original game through the expected value
operator. Using the a priori game as a base, and relating the in-flight

game to it, permits the uniqueness-irrelevance conclusion.

6.4 The Certainty-Equivalence Principle

The optimal feedback strategies given in (6:12) and (6:13) indicate
the applicability of the "certainty-equivalence principle" of optimal control

theory to the stochastic differential game problem.
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The evader's Kalman-Bucy filter for determining his estimate of

the state is given by

f e e ool T -1 T\qa
y=[F GPRP (Gprl-i-B )+ G R, (GeF1+C )y

-1 ~ ~ -~
+PH'Q (2 - HY] i) = 7, (6:85)

where P, the variance of the error of the evader's estimate, is obtained

from

: -1, T T T T -1 .T
P=[F-GR (T, +G I +B))P+P[F -(I'’'G +I'_G +B)R G
[ pp(pl p 2 )] [ (lp 2°p )pp]

-PHIQ 'HP | P(t)=P_ (6:86)

which is coupled to (6:84), the differential equation which determines I'Z.
Note, that when A, B, C, and F are all set equal to zero the above results
all reduce appropriately to the corresponding results of Chapter 2.

Again the condition necessary for the pursuer to calculate the
evader's estimate is that the inverse of GeR;ng exist. The condition which

is necessary for the pursuer to be able to use this data in his controller,













CHAPTER SEVEN

THE CLASSICAL INTERCEPTION PROBLEM

This chapter presents specific solutions and numerical results

which illuminate the results of the previous chapters.

7.1 The Solution to the Classical Interception Problem

The classical interception problem in euclidean space, with the
evader making noisy measurements, can be formulated in such a manner
that the above analysis provides the solution. For this problem there
are two state variables (position and velocity) and one control variable
for each euclidean dimension. In general terms, the pursuer desires to
capture the evader, i.e. to minimize the distance between them at the end
of the game; the evader desires to escape, or to maximize this distance.
Neither player cares about the difference in the velocities of the two
players at the terminal time -- the game is one of interception, not ren-
dezvous.

Since for each euclidean dimension there is one "interesting" state

variable (position) and one control variable, condition i. of Section 3.1 is

satisfied. It is shown below that conditions ii. and iii. are also satisfied.
The problem considered here is one in two euclidean dimensions;
the extension to higher dimensions involves no extra complications. The

pursuer's and evader's dynamical systems, respectively, are given by

kp = prp + Gpu(t) , xp(to) = xpo , (7:1)
Sce = Fexe + Gev(t) , xe(to) =X, (7:2)







Since the terminal separations (xlp - xle) and (xzp - xZe) are the only

ones of significance, the A matrix which reduces the dimension of the

state vector is
A= [Izi o] . (7:8)

Thus from the definition (1:24) which gives the reduced state vector,

y(t), in terms of X5 Xes cbp, @, and A, it is found that

y(t) = [I, | (t, - t)IZ][xP(t) - x (t)] (7:9)
where the components of this two-dimensional state vector are:

y{t) = ey (t) - xp (0] + (tg - thlxg (t) = xq (1)) (7:10)

ya(t) = [xpp(t) = x5 (0] + (tg - t)xy (t) - 3y (8)] (7:11)

(1:27) defines the control matrices for the reduced game, which for this

problem are given by

G, (t) = G (t) = (t; - )T, . (7:12)

It can be seen from (7:12) that the inverse of Ge exists for allt <t_, thus

f’
satisfying condition ii. of Section 3.1 which ensures that the pursuer can

calculate the error in the evader's estimate.
It is now assumed that the energy weighting matrices have non-zero
elements only along the diagonal, i.e.

0

R_= , (7:13)

and similarly for Re' Further Rp and Re are assumed time independent.
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little deviation from the deterministically optimal control. The value
of P0 used was selected to ensure that the deviations from the deter-
ministic game would be quite visible graphically.

Figure 7-25 displays an optimal trajectory for a particular sample
of the noise process w(t), with the evader making a perfect initial esti-
mate of the reduced state, i.e. Yo = S’ro. Observe that there is substantial
deviation from the deterministic trajectory, indicated by a dotted line,
which is also the expected stochastic trajectory.

Since the evader's initial estimate is known, the most accurate
determination of the criterion for either dimension is the one given by

(6:28); for the scalar case this is
o o, _ 1..-1 2 1 ~2 |
Iolte: U V0) = 3K gt )y (e) + 3Tt )y (k) |

t
Lot Pz(t)rz(t)

+3 S —Z 4t . (7:67)
t q

This is precisely the pursuer's evaluation of the criterion after being
given the initial data. The first term is merely the deterministic cri-

terion and the second is zero since the initial estimate is perfect. The

third term has been calculated numerically and is given by

ty 2 !
PSS S0 .
-2-5: —— = dt = -8.3953x 10 . (7:68)

o

This number is valid for all games with parameters given by (7:63). 1
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CHAPTER EIGHT

CONCLUDING REMARKS

8.1 A Summary of the Approach

There are three significant steps which are fundamental to the
solution of the stochastic differential game considered in this thesis.

1) It must be realized that the pursuer can take advantage of the
error of his opponent's estimate of the state; in particular, the pure
guess that the pursuer's control is of the form

ult) = Cp(t)y(t) + Dp(t)?'(t) (8:1)

is essential for the solution of this problem. The discovery that the
evader's control is of the form

v(t) = C_(t)y(t) (8:2)

takes less luck for this follows more or less directly from the certainty-
equivalence principle of optimal control theory.

2) The stochastic problem is converted to a deterministic one
using the assumptions of the control forms in (8:1) and (8:2).

3) Now standard calculus-of-variations techniques can be employed

to sirmultaneously optimize both the pursuer's and the evader's controls.

This gives the values for the feedback gains as determined by the equations
for K-l, FZ’ and P.
Then, as is standard for any problem in game theory, the strategies

must be shown to satisfy the saddle-point or equilibrium condition. It is

essential to note, however, that the equilibrium inequalities

. e
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Jp(Uo, Vo) s JP(U,VO) , (8:3a)
J (U V) < 7 _(U° V) (8:3b)

cannot be used to solve the problem in a sequential manner, first opti-
mizing one player's control (8:3a) and then the other's (8:3b). In fact,
even knowing the answer, the author has not found a different, logical
approach which will produce the correct solution.

To see this, attempt to solve this problem by first letting the evader's

-1-
y.

control be of the form -R;lGeTK y would be obtained from the esti-

mation equation

s o=l T -1 _T -1, T -1, .
$=-(GR'G -GR G K §+PH Q (z-Hj) |,
y(to) =y, - (8:4)

Certainly this approach is both reasonable and on the right track. All the
terms in the estimation equation (8:4) -~ with the exception of P -- are
either given in the definition of the problem or derived in the deterministic
game. Since this approach is assumed to be based on no previous analysis
of the problem, the only form of the equation governing P that could
"logically" be used would be the one employed by an inaccurate, outside
observer of the deterministic game.

Thus P would be derived from

p--cr Tk P -pPrk e RIGT - PHTQ P |
pp p pp P

P(to) = Po (8:5)













ii. The inverse of GeR;lG;r must exist.

iii. The inverse of LL must exist.

A problem which satisfies these three conditions is denoted as Problem
IA.

If conditions i. and ii. are not satisﬁed*, the problem is entirely
different, for the pursuer cannot obtain the data necessary to implement
the optimal strategy of Chapter 2, this problem is called Problem IB.
The difficulty encountered in solving Problem IB (in particular for the
cases where the dimension of the reduced state vector is smaller than
the dimension of the evader's control vector) is essentially the same one
which obscures the solution to Problem II.

It is interesting to see how the analysis of Problem IB proceeds.
The first step is to assume that the evader's controller is as given in
Chapter 2. Then from the analysis of Section 2.3 and the certainty-
equivalence principle of control theory, it can be seen that the pursuer
would employ a strategy similar to the one obtained in Chapter 2. How-
ever, the inverse of GeR;lGZ does not exist and thus the pursuer cannot
calculate y(t); he must build a Kalman-Bucy filter -~ based on the evader's
estimation equation -- from which he obtains an estimate of the evader's
estimate, denoted :}'r Thus his control would look like

leTkly - rIGTT,y - ) . (8:6)

u(t) = -R
P P P P

Condition iii. determines the time duration of the game for which the
pursuer can realize his strategy; it does not effect the existence of a
general solution, however. Conditions i. and ii. ensure that a solution
will exist if the game's time duration is short enough.
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Chapter 5 considered the asymmetric character of the capabilities
of the pursuer and evader for both the deterministic and stochastic game.
The limiting re)ationship between the stochastic game and the open-loop
deterministic game was demonstrated as the measurement noise variance
approached infinity.

Chapter 6 pointed out the need to carefully consider the non zero-
sum properties of this game which result friom the two players' different
information sets. It was demonstrated, however, that the strategies
obtained in Chapter 2 did satisfy the equilibrium condition. Further, it
was shown that if other, non-linear strategies satisfied the equilibrium
condition, they gave the same value for all evaluations of the criterion
and satisfied the equilibrium condition when playzd against the strategies
of the original solution. Consequently, the certainty-equivalence prin-
ciple was found to apply for this game.

Chapter 7 demonstrated that the solution obtained in this thesis was
applicable to the interception game in euclidean space. Numerous graphs
illuminated this solution, and illustrated the points made in previous

chapters.
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