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ABSTRACT 

A quantitative study is made of the effect of successive 

correlated binary collisions on the transport properties of gases. 

In particular, the triple collision transport integrals determining 

the first density coefficients of thermal conductivity and viscosity 

are derived for a gas of hard spherical molecules and estimates are 

presented for these integrals. By applying the method to a two 

dimensional gas of hard disks, a logarithmic density dependence of 
L 

. the transport coefficients is demonstrated. 

In addition, an analysis is made of experimental data for 
J 

the transport properties as a function of density. It is shown that 

the theoretically predicted density dependence is at least consistent 

with 'the experimental information. Experimental values for the first 

~dehsity coefficients of thermal conductivity and viscosity are reported, 

together with an assessment of their precision. 
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TABLE OF CONTENTS 

A E DC-TR-69.68  

FOREWORD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  li 

ABSTRACT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  ill 

ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . .  iv 

CHAPTER PAGE 

I. PURPOSE OF THE INVESTIGATION . . . . . . . . . . . . . . . . .  1 

i.i Introduction . . . . . . . . . . . . . . . . . . . . . .  1 

1.2 Scope of this Research . . . . . . . . . . . . . . . . .  4 

If. TRIPLE COLLISION CONTRIBUTION TO THE TRANSPORT COEFFICIENTS 

FOR A GAS OF HARD SPHERES . . . . . . . . . . . . . . . . . .  6 

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . .  6 

2.2 Transport Coefficients in the Dilute State ....... 9 

2.3 The Theory of Enskog . . . . . . . . . . . . . . . . . .  18 

2.4 The Choh-Uhlenbeck Integral Equation .......... 21 

2.5 Classification of the Triple Collision Events ...... 26 

2~6 Analysis of the Triple Collision Transport Integrals . . 35 

2.7 Evaluation of the Triple Collision Transport Integrals 

in the First Enskog Approximation ............ 48 

2.8 Discussion of the Results . . . . . . . . . . . . . . . .  65 

Ill. LOGARITHMIC DENSITY DEPENDENCE OF THE TRANSPORT COEFFICIENTS 

FOR A GAS OF HARD DISKS .................... 69 

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . .  69 

3.2 Solution of the Linearlzed Boltzmann Equation for Hard 

Disks . . . . . . . . . . . . . . . . . . . . . . . . .  72 

3.3 Asymptotic Solution of the Choh-Uhlenbeck Integral 

Equation . . . . . . . . . . . . . . . . . . . . . . . .  79 

V 



A EDC-TR-69-68 

CHAPTER PAGE 

3.4 Logarithmic Density Dependence of t h e  Transport 

Coefficients in the First Enskog Approximation ..... 89 

3.5 Logarithmic Density Dependence of the Viscosity in the 

Second Enskog Approximation ............... 94 

3.6 Discussion of the Results . . . . . . . . . . . . . . .  98 

IV. DENSITY DEPENDENCE OF EXPERIMENTAL TRANSPORT COEFFICIENTS . . 102 

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . .  102 

4.2 Criteria for a Consistent Representation of the 

Experimental Data as a Function of Density ....... 104 

4.3 Analysis of the Thermal Conductivity of Neon ...... 109 

4.4 The First Density Coefficient of Thermal Conductlvlty 

and Viscosity for a Number of Gases ......... ~ . 124 

4.5 Discussion of the Results . . . . . . . . . . . . . . .  132 

APPENDIXES 

Appendix A - Surface Integral Form of the Triple Collision 

Integral . . . . . . . . . . . . . . . . . . . . . .  137 

Appendix B - Dynamics of a Collision between two Hard Spheres . . 152 

REFERENCES . . . . . . . . . . . . .  . . . . . . . . . . . . . . . .  154 

vi 



LIST OF TABLES 

AE DC-TR-69-68 

TABLE 

I. 

III. 

IV. 

Vl 

VI. 

Vll. 

VIII. 

Xll. 

• PAGE 

The Matrix Elements ak~ £) and b~ ) defined by (2.2-15) 

for Nard Spheres ................... 16 

II. The Successive Approximations a~ ° ) (N) and b~ ~ (N) 

Determining the Solution of the L inearized Boltzmann 

Equation for Hard Spheres ............... 17 

The Triple Collision Operators T (12;13) ....... 31 

Conditions Specifying the Integration region for the 

Triple Collision Transport Integrals ......... 45-46-47 

Test of the Numerical Integration Procedure ...... 61 

Estimates for the Triple Collision Transport Integrals 62 

Estimates for the Contributions of the Separate 

Triple Collision Events ................ 63-64 

) and ' ~) defined by (3.2-14) The Matrix Elements ak£ Dk£ , 

for Hard Disks ....... ; ............ 76 

IX. The Successive Approximations a~ °) (N) and b~ °) (N) 

determining the Solution of the Linearized Boltzmann 

Equation for Hard Disks ................ 77 

X. Convergence of the Sonine Polynomial Expansion in 

Determining the Dilute Gas Values of the Transport 

Coefficients ..................... 78 

XI. The Velocities to be Substituted in the Triple 

(i) and (i) 90 Collision Integrals ak~ 8k£ ........... 

Contributions to the Coefficient of the Logarithm in 

the First Enskog Approximation ............ 93 

vii 



A E D C-T R -69-68 

TABLE 

XIII. 

XIV. 

XV. 

XVI. 

XVII. 

XVlll. 

XlX. 

XXe 

XIX. 

PAGE 

Coefficient of t h e  Logarithmic Density Dependence 

for the T[ansport Coefficients of Hard Disks ..... i01 

Experimental Thermal Conductivity Data for Neon .... 119 

Coefficients of A = A + AlP for Neon ........ 120 
O 

-v 2 
Coefficients of A = A + Alp + A20 for Neon ..... 121 

O 

02 N 3 Coefficients of ~ = A + Alp + + ~3 p for Neon.. 122 
o 

Coefficients of A = Ao + AlP + ~ p2£no + A2 p2 for Neon 123 

The First Density Coefficient A 1 of Thermal 

C o n d u c t i v i t y  . . . . . . . . . . . . . . . . . . . .  127-128 

The First Density Coefficient q I of Viscosity ..... 

Reduction Parameters used to Express A~ and ~ in 

Dimensionless Units .................. 

129-130 

131 

viii 



LIST OF FIGURES 

A E DC-T R-69-68 

FIGURE PAGE 

i. The Perihelion Vector~of a Binary Collision ....... i0 

2. Schematic Representation of a Binary Collision. The lines 

represent the Particle Trajectories and the Circle Encloses 

a Region in which a Binary Collision Occurs ........ ii 

3. The Excluded Volume Determining theFirst Density 

Correction to g(o) . . . . . . . . . . . . . . . . . . . . .  20 

4. The Six Triple Collisi~n Events .............. 29 

5. The. Six Triple Collision Events after changing the Direction 

of Velocities and Time ................... 34 

6. Coordinate System for the Triple Collision Events. The 

Figure Represents the Situation Immediately after the First 

Collision . . . . . . . . . . . . . . . . . . . . . . . . .  37 

7. Coordinate System for the Evaluation of the Triple Collision 

Integrals. The Figure Represents the Situation Immediately 

after the First Collision ................. 51 

8. The Three Triple Collision Events for the Collision 

Integrals Determining the Coefficient of the Term Logarithmic 

in the Density . . . . . . . . . . . . . . . . . . . . . . .  82 

9. A recollision. The Figure Represents the Situation at the 

Time of the Third Collision ................ 84 

I0. Experimental Thermal Conductivities of Neon as a Function 

of Density . . . . . . . . . . . . . . . . . . . . . . . . .  110 

11. Plot of Deviations (Aex p - Acalc)/Icalc in Z for the thermal 

Conductivity of Neon in the Linear Region ......... 112 

ix 



AEDC-TR-69 -68  

FIGURE 

12. 

PAGE 

A3. 

A4. 

Plot of Deviation (lex p - %calc)/Acalc in % for the Thermal 

Conductivity of Neon using Equation (4.2-5) . . . . . . . . .  116 

13. The Reduced First Density Coefficient %~ of Thermal Conducti- 

vity as a Function of the Reduced Temperature T* ........ 133 

14. The Reduced First Density Coefficient ~ of Viscosity as a 

Function of the Reduced Temperature T* ............. 134 

AI. Diagram Representing the Free Trajectories of Particles i, 2 

and 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  139 

A2. Diagram of Successive Collisions Leading to a Contribution 

U(13)U(23) to the Surface Integral ............... 142 

Diagram of Successive Collisions Leading to a Contribution 

U(13)U(23) to the Surface Integral ............... 146 

Diagram of Successive Collisions not leading to any contribu- 

tion to 'the Surface Integral, although U(13)U(23) ~ 0 for t>t . 147 
O 

BI. Geometry of a Collision between two Hard Spheres ........ 153 

X 



CHAPTER I 
PURPOSE OF THE INVESTIGATION Tj 

i.i INTRODUCTION 

AEDC-T R-69-68 

Transport properties of gases are directly related to the transfer 

of" energy and momentum between colliding molecules. In dilute non,ionized 

gases the transport properties are independent of the density. Roughly 

speaking the number of molecules available for the transport of thermal 

energy and momentum is proportional to the density, but the distance over 

which this transport is effected, the mean free path, is in a dilute gas 

inversely proportional to the density. 

The theoretical description of the transport coefficients of a dilute 

gas is based on the Boltzmann equation, which describes the rate of change 

of the molecular velocity distribution as a result of binary collisions 

between the molecules. Based on the Boltzmann equation the Chapman-Enskog 

theory provides a reliable procedure to obtain the transport coefficients of 

dilute gases, l' 2 This theory is sufficiently well understood that in turn 

experimental transport coefficients of dilute gases are used to obtain infor- 

3 
marion on the molecular interaction potential. 

Experience shows that the transport coefficients do vary with the 

density, when a gas is compressed. From a molecular point of view this 

density dependence has two origins. First, the effect of triple and higher 

order collisions on the transport properties can no longer be neglected. 

+) For a survey of this report the reader is referred to the introductory 

Sections i.i, 1.2, 3.1 and 4.1 and to the Sections 2.8, 3.6 and 4.5 which 

summarize the results (see table of contents). 
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Secondly, the difference in position of molecules involved in a collision 

(spatial inhomogeneity) leads to an additional density dependent contribution, 

sometimes referred to as collisional transfer. 

Prediction of the density dependence of the transport properties is 

a task for statistical mechanics. For this purpose the Boltzmann equation 
e 

has to be generalized to include the effects mentioned above. Up to the 

present approximate theories have been considered only. The oldest attempt 

is the theory of Enskog for hard spherical molecules. 4 In this theory the 

spatial correlation between the molecules is approximated by the equil~brium 

radial distribution function and the velocity correlation is disregarded. 

Recently, several approximate theories have been considered' to describe the 

first density correction to the transport coefficients of gases. 5' 6, 7 All 

these theories attempt to describe the transport coefficients in terms of 

binary collisions and an explicit evaluation of the multiple collision dynamics 

is avoided. As a result it is difficult to assess the reliability and 

predictive power of such descriptions. 

It is well known that the equation of state of a gas can be represented 

by a power series in the density p, the virial expansion: 

pV = RT [i + Bp + C0 2 + . . .] . (i.i-I) 

The various virial coefficients in this expansion can be related to molecular 

cluster integrals which are integrals over the configurat~ns of n simultaneously 

interacting molecules. Thus the characteristic size determining these cluster 

integrals is the range of the molecular interaction. 
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To d e s c r i b e  the  d e n s i t y  dependence  o f  t he  t r a n s p o r t  c o e f f i c i e n t s  a 

s i m i l a r  power s e r i e s  expans ion  was p roposed  by Bogo l iubov .  8 To d i s c u s s  the  e f f e c t  

o f  m u l t i p l e  c o l l i s i o n s  we can d i s t i n g u i s h  be tween  two t y p e s  o f  m u l t i p l e  c o l l i s i o n s :  

1.  Genuine m u l t i p l e  c o l l i s i o n s  in  which a l l  n m o l e c u l e s  a r e  i n t e r a c t i n g  

s i m u l t a n e o u s l y .  I t  i s  e v i d e n t  t h a t  such c o l l i s i o n s  c o n t a i n  a g a i n  t h e  s i z e  

o f  t he  m o l e c u l a r  i n t e r a c t i o n  range  as  a c h a r a c t e r i s t i c  l e n g t h .  

2. M u l t i p l e  c o l l i s i o n s  t h a t  c o n s i s t  o f  a s u c c e s s i o n  of  c o r r e l a t e d  b i n a r y  

c o l l i s i o n s  be tween  n p a r t i c l e s .  A f t e r  a b i n a r y  c o l l i s i o n  the  v e l o c i t i e s  o f  

two m o l e c u l e s  w i l l  remain  c o r r e l a t e d  u n t i l  a t  l e a s t  the  nex t  c o l l i s i o n .  

Thus one can e x p e c t  t h a t  the  c h a r a c t e r i s t i c  l e n g t h  a s s o c i a t e d  w i t h  s u c c e s s i v e  

c o r r e l a t e d  b i n a r y  c o l l i s i o n s  i s  no l o n g e r  the  i n t e r a c t i o n  r ange ,  b u t  t he  

mean f r e e  p a t h .  However,  i n  c o n t r a s t  to  the  i n t e r a c t i o n  r ange ,  t he  mean 

f r e e  pa th  i s  i t s e l f  dependent  on the  d e n s i t y .  As a r e s u l t  i t  i s  no l o n g e r  

e v i d e n t  t h a t  t h e  e f f e c t  of  such m u l t i p l e  c o l l i s i o n s  can be  r e p r e s e n t e d  By a 

power s e r i e s  in  the  d e n s i t y .  A c t u a l l y ,  as  d i s c u s s e d  in  Chapter  I I I ,  i t  t u r n s  

out that these multiple collisions lead to a representation of the transport 

coefficients which contains terms logarithmic in the density p. In particular, 

for the thermal conductivity X and the viscosity n we obtain 

I = l ° + hip + l~p2Eno + X2p2 + . . . 

2 (1.1-2) 
q = qo + ql p + q2 p2£nO + n2P + . . . .  

To predict the transport properties of a moderately dense gas it becomes our 

task to develop theories and procedures by which the varlous coefficients X i 

and H i can be computed for a given molecular interaction potential. 

S 
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1.2 SCOPE OF THIS RESEARCH 

The present report describes the first results of an effort 

to obtain qualitative estimates of the effect of multiple collisions, in 

particular of triple collisions, o 9 the transport properties. Evaluation of 

the triple collision effects is needed to predict the first density coefficients 

11 and ql in (1.1-2). The analysis is highly desirable for a number of reasons: 

(i) Reliable predictions of the density dependence of transport properties 

should be based on the rigorous statistical mechanical equations which contain 

the dynamics of multiple collisions. 

(2) Quantitative information on the effect of multiple collisions% at least 

for some molecular models, is needed to make an assessment of the validity of 

any approximate theory. 

(3) In order to study the effect of nonanalytic terms in the density expansion 

for the transport coefficients a quantitative estimate of the multiple collision 

effects is essential. 

(4) As will be discussed in Chapter IV, the first density coefficient of viscosity, 

n I in (1.1-2), becomes negative at high temperatures. The sign of the corresponding 

coefficient II for the thermal conductivity at high temperatures is not definitely 

clear. These first density coefficients ~i and n I are the sum of two contributions: 

a collisional transfer contribution (related to binary collisions) which is usually 

positive and a triple collision contribution which is negative. Thus even to 

predict the sign of the first density correction at high temperatures in addition 

to the.collisional transfer contribution a quantitative estimate of the triple 

collision term is very important. 

Since a study of the effect of triple collisions turns out to be rather 

complicated, we limit ourselves in this report to a study of the effects for a 

very simple molecular model, namely two and three dimensional hard spheres. 

4 
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The t r a n s p o r t  p r o p e r t i e s  d e s c r i b e  t h e  l i n e a r  r e s p o n s e  o f  t h e  gas  t o  t h e  

p r e s e n c e  o f  g r a d i e n t s ,  The d i l u t e  gas  v a l u e s  ~o and n o i n  ( 1 , 1 - 2 )  a r e  o b t a i n e d  

from t h e  s o l u t i o n  of  t h e  l i n e a r i z e d  Bol tzmann e q u a t i o n .  As a r e s u l t  t h e y  can  

be e x p r e s s e d  i n  t e rms  o f  b i n a r y  c o l l i s i o n  i n t e a r a l s .  (For  h a r d  s p h e r e s  t h e s e  

r e s u l t s  a r e  summarized  i n  S e c t i o n  2 , 2 ) .  For  r e p u l s i v e  i n t e r m o l e c u l a r  p o t e n t i a l s  

t h e  f i r s t  d e n s i t y  c o r r e c t i o n s  a r e  i n  p r i n c i p l e  t o  be d e t e r m i n e d  by s o l v i n g  t h e  

Choh-Uhlenbeck  i n t e g r a l  e q u a t i o n  which  i s  a g e n e r a l i z a t i o n  of  t h e  l i n e a r  Bol tzmann 

e q u a t i o n  to  i n c l u d e  t h e  e f f e c t  o f  t r i p l e  c o l l i s i o n s .  I n  C h a p t e r  I I  we d e v e l o p  

a p r o c e d u r e  to  s o l v e  t h i s  e q u a t i o n  f o r  a gas  o f  h a r d  s p h e r e s .  The f i r s t  d e n s i t y  

corrections ~i and n I are related to well defined triple collision transport 

inteErals and preliminary values for these triple collislon integrals are 

presented. The results are discussed in Section 2.8 and compared with the 

approxlmate predictions of the theory of Ensko E. 

To study the possible non-analytic density dependence of the transport 

coefficients, we consider in Chapter Ill a two dimensional model gas of hard 

disks. The advantage of this model is that the logarithmic density dependence 

can be ecaluated with" the same techniques as developed in Chapter II. The 

coefficient of the term logarit~nic in the density is evaluated explicitly for 

this model and turns out to be non vanishlng. 

Finally, in Chapter IV we analyze experimental data for the transport 

coefficients of a number of gases. In this chapter we investigate whether the 

theoretically proposed density function (1.1-2) is consistent with the experimental 

data. Based on the analysis, first density coefficients of thermal conductivity 

and viscosity, together with an assessment of their precision, are reported as 

a function of temperature. 
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CHAPTER II 

TRIPLE COLLISION CONTRIBUTION TO THE TRANSPORT COEFFICIENTS 
FOR A GAS OF HARD SPHERES 

2.1 INTRODUCTION 

In the kinetic theory of gases the transport coefficients are usually 

related to the velocity dlstribution function which specifies the state of 

the gas. This velocity distribution function f(r,v;t) is defined such that 

f(r,v;t)d~d~ determines the number of molecules at a time t with position 

coordinates in the range d~ around ~ and with velocities in the range d~ around 

_A 

v. The number density n and the mean velocity ~ at ~ and t are related to 

this distribution function by 

n(~;t) = f f~,#;t) d~, (2.1-1) 

n~;t) "~ -~ u ( r ; t )  ffi f ~ f ~ , ~ ; t )  d~v . ( 2 . 1 - 2 )  

- ~  . I b  
D e n o t i n g  t h e  t h e r m a l  v e l o c i t y  of  a m o l e c u l e  by V - v - u ,  t h e  a v e r a g e  l o c a l  

kinetic energy is 

3 -~ ~ i 
--2 n(r;t) kT(r;t) = f ~ mV 2 f~,~;t) d~ t (2.1-3) 

I mV2~ where m is the mass of the molecules. Since each molecule contributes 

to the flow of thermal energy, the total heat flux vector reads 

1 V 2 Q m 

The transport of momentum - or pressure tensor reads 

ffi m f V ~ f ( r , v ; t )  d~v o 

In the equilibrium state the distribution function reduces to the Maxwell- 

Boltzmann distribution 

m 3/2  mV 2. 
f (V) ffi n (2--~-~--) exp [- ~-~J . 

( 2 . 1 - 4 )  

(2.1-5) 

( 2 . 1 - 6 )  
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In equilibrium t h e  h e a t  flux v e c t o r  (2.1-4) v a n i s h e s  and t h e  p r e s s u r e  

tensor becomes  diagonal 

P=pl p 

i 
where I is the unit tensor and p the hydrostatic pressure. 

(2.1-7) 

When the gas is slightly out'of equilibrium the heat flux vector 

and the off diagonal elements of the pressure tensor are proportlonal, to 

the gradients in temperature T and fluid velocity~, respectively: 

~T 
Q = -IVT = -l ~r ' (2.1-8) 

o 

= p z - 2n u , ( 2 . 1 - 9 )  

0 

- -  B --i 
~ is the symmetric traceless tensor derived from the dyadic ~ u. where 

These linear relations define the coefficient of thermal conductivity I and 

the coefficient of shear viscosity D+). On comparing these definitions 

with the molecular expressions (2.1-4) and (2.1-5) for the fluxes the 

transport coefficients are related to the distribution function f. For 

this purpose f is expanded in terms of the gradients of the macroscopic 

variables and only terms linear in the gradients are retained. In zeroth 

approximation f reduces to the local Maxwell distribution 

m 3/2 m(~ %)2 
fo  -- n ( ~ )  e x p [ -  .] , 

whe re  t h e  m a c r o s c o p i c  v a r i a b l e s  s t i l l  depend  on r and t .  

= 

(2.1-10) 

In first approximation 

f = f ( i  + ¢) (2 .1-11)  
0 I 

+) In this report we do not consider the bulk viscosity, since both its 

dilute gas value and its first density coefficient vanish. 
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where # is linear in the gradients of T andS. For the time scale under 

consideration f, and consequently ~, does not vary explicitly with time, 

but only via the dependence on the macroscopic variables n(~;t), -~ ~ u(r;t) 

and T(r;t) : 

Bf 8f @n ~f ~ Bf ~T 
- -  = - - - - +  + - - - -  • (2 .1-12)  
Bt @n Bt -~u'~ @T @t 

From the fact that ~, like f itself, is a scalar function, one 

concludes that ~ must have the form 

~ 81nT 
~ ( v )  = - A ( V )  V. ~--f.,{- - B(V)  %~v: ~ , 

where A(V) and B(V) a r e  s c a l a r  f u n c t i o n s  of the  m o l e c u l a r  v e l o c i t y  V. To 

ascertain that n, u and T in f keep satisfying their definitions (2.1-i), 
o 

( 2 . 1 -  ~ and ( 2 . 1 - ~  in  the  p r e s e n c e  of  g r a d i e n t s ,  t he  f u n c t i o n  ~ i s  s u b j e c t  

(2.1-13) 

to the auxiliary conditions 

I f ~ d# = 0 , (2.1-14) 
O 

{ Vf ¢ d~ = 0 , '(2.1-15) 
O 

! V2f ¢ d~-- 0 • (2'.i-16) 
O 

Specifically, (2.1-15) implies that 

I f vZA(v) d$ = 0 . (2.1-17) 
o 

When we substitute this form of the distribution function into the 

molecular expressions (2.1-4) and (2.1-5) for the fluxes and compare the 

result with the definitions (2.1-8) and (2.1-9) of the transport coefficients, 

we obtain 

k .mY 2 
~, = ~ .I" d~' fo(V)  q'k'f __ _ 5 (2.1-18) 3) V2A(V) , 

m --% --% t%-% --% r~ --% 
n = ~ I dV fo(V) V-V:V~V B(V) . (2.1-19) 

Thus it becomes our task to assess the effect of the triple collisions on 

t he  f u n c t i o n s  A(V) and B(V). 
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2.2 TRANSPORT COEFFICIENTS~IN THE DILUTE STATE 

The first density correction to the transport coefficients is 

not only caused by a triple collision contribution to the kinetic fluxes 

(2.1-4) and (2.1-5), but also by an addltlonal collislona1 transfer 

contribution from binary collisions. The latter term results from the 

difference in position of two molecules involved in a binary collision. 

For a gas of hard spheres the theory of Enskog presents an estimate for 

both contributlons. 4 It turns out that the colllsional transfer contribution 

to the first density contribution as evaluated by Enskog is exact. 9 There- 

fore, only the effect of triple collisions remains to be evaluated and it 

is sufficient for our present considerations to limit ourselves to the 

so called spatially homogeneous case. That is, the distribution function 

f is considered as a function of ~and t and the gradients of the macroscopic 

variables, but its explicit dependence on the position ~is disregarded. 

Before discussing the effect of triple collisions we first summarize 

how the transport coefficients of a dilute gas are obtained when only binary 

collisions are taken into account. This will enable us to elucidate how the 

triple collision transport integrals are generalizations of the well known 

binary collision transport integrals. 

In a dilute gas the time variation of f is described by the Boltzmann 

equation 

~f~l;t) 
~t = J(ff) , (2.2-1) 

where the collision term J(ff) represents the effect of binary collisions. 

For a gas of hard spherical molecules this collision term J(ff) is given by I 

9 
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~ ° 2 -~ ~ ~ .t)f(~2;t)] . J(ff) = $dv2/dk (v21.k) [f(~i;t)f~;t) - f(vl, (2 .2 -21  

Here o is the diameter of the molecules, v21 the relative velocity v 2 - v 1 

and k the perihelion vector specifying the geometry of a binary collision 

be tween  m o l e c u l e s  1 and 2. For ha rd  s p h e r e s  t h i s  p e r i h e l i o n  v e c t o r  k i s  

the unit vector in the direction from the center of particle 2 to the 

center of particle 1 at the time of collision. 

I I 
I l 
t I 

t i 
L,m 61 

F i g u r e  i. The perihelion vector k of a binary collision. 

The distribution function f~l;t) changes with time, since during 

a time interval dt certain molecules with velocity v I will collide with 

molecules with velocity v 2. The number of such collisions with perihelion 

vector k will be proportional to f(vl;t)f(v2;t) and the differential cross 

2~ ~ 
section o (v21.k)dk. On the other hand, molecules with velocities ~i will 

~t collide with molecules v 2 such that after the collision their velocities will 

become v I and v 2. Thus v I and v 2 are the initial velocities for a 

binary collision with perihelion vector k and final velocities $i andS2" 

10 
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FUTURE 

v,. \ / v2 
PRESENT 

PAST 

v,, I X 

v; = ~ (~2) v, v~. - ~ (~2) v2 

Figure 2. Schematic representation of a binary collision. The lines represent 

the particle trajectories and the circle encloses a region 

+) 
in which a binary collision occurs. 

Tt, "%t is convenient to relate the velocities v i to the velocitles v i by an operator d(12): 

+) Using the concept of inverse collisions one usually considers Vl, v 2 as the 

..% 

initial velocities for a binary collision wlth a perihelion vector -k and final 

velocities Vl, v 2. Since a generalization of the concept of inverse collisions 

to triple collisions is not obvious, we use here the Bogollubov form 8 of the 
i 

Boltzmann equation, in which the consideration of inverse encounters is avoided. 

11 
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I n  general the substitution operator 

8 
is defined as 

2(1...s) = lira S_t(l. 
t ÷m 

~(i.. .s) associated with s particles 

s 

. .s) n s+t(i) , 
i=l 

(2 .2 -4 )  

"where St(l...s) transforms the coordinates and the velocities of s 

particles into those at a time t later, if the s particles move under their 

mutual interaction. The effect of the operator (12) on v I and is 

schematically represented by Fig. 2. If the positions and the velocities of 

the particles are such that they did not collide in the past, the operator 

~(12) reduces to one. The partlcles traverse the trajectories indicated 

in Fig. 2 from bottom to top. However, since the present is determined 

by the past~ we actually retrace the history of the particles in the past +) , 

that is, we read the diagrams always from top to bottom. The effect of the 

substitution operators related to triple collisions will be indicated later 

by similar diagrams. In terms of the substitution operator ~(12) the 

Boltzmann equation can be written 

= TCl2)f   l;t)f 

with 

(2 .2 -5 )  
~f(#l;t) 

at 

T(12)  = ~ ( 1 2 )  - 1 . (2 .2 -6 )  

For a derlvatlon of the transport coefficients it is sufflclent to 

consider the linearized Boltzmann equation. That is, we approximate f by 

f (i + ~) as in (2.1-11), eliminate the time derivatives of n, u and T in 
o 

+) This can be circumvented by changing the direction of time as will be 

done in a later stage. 

12 
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(2.1-12) using the Euler equations and retain only terms linear i n  the 

gradlents. 1 The resulting llnearized Boltzmann equation which can be 

found in many places in the literature, reads 
9 

-x [mV[ 5 8lnT m -~0-~  8 ~] 
z2(~(Vl)) =-fo(Vl)~ ~) ~l'~-~z + ~ Vl vl" "--~r 1 uj (2.2-7) 

where 12 is a linearized binary collision integral operator 

I2(#(Vl) ) = -o-fdV2fdk(v21.k ) fo(V1) fo(V2) T(12)[O(V 1) + $(V 2)] . ( 2 . 2 - 8 )  

Since the total kinetic energy is invariant under a binary collision, the 

operator T(12) commutes with fo(Vl)fo(V2). 

Using the specific form (2.1-13) for the perturbation function ¢ we 

obtain linearized integral equations for the functions A(V I) and B(V I) 

=v 2 
I 2 ( ~ l A ( ° ) ( V l ) )  = fo (Vl )  ( 2 ~ -  5) % ' 

m .-~ 0 -.% 
I2(V-~I~IB(°) (V1)) ffi fo(Vl) k-T Vl Vl 

( 2 . 2 - 9 )  

where the superscript (o) indicates that we consider only the contribution 

of zeroth order in the density here. 

To solve these integral equations one customarily approximates the 

solution by a finite sum of Sonine polynomials s(m): 
n 

1/2 N 
A(o)(Vl) = 15 i m 32 "2"( ~-~ ) 7 

nc k=l 

(o) (N) "(k) (W2)l 
ak ~3/2 ' 

B(O)(Vl) _ 5 1 2(_~) ~.~ b (°) (N) "5/2 
~6 no k=o 

(2.2-10) 

where we have introduced a dimensionless velocity 

_x m 1/2 .~ 
w i = (2-~T) v i • 

(2.2-i1) 

13 
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The Sonine polynomial s.m.(x)t ~_ _ is defined as the coefficient of t m in the 
n 

expansion 

xt E s(m)(x)n tm = 1 exp{_~_t}. (2.2-12) 
m=o (l-t) n+l " 

They, become the eigenfunctions of the linearized Boltzmann operator 12 

when the molecular interaction potential obeys an inverse fourth power law 

(Maxwell molecules). The number N of Sonine polynomials taken into account 

in the approximate solution (2.2-10) is referred to as the order of the 

Enskog approximation. If we substitute the solution (2.2-10) into the 

expressions (2.1-18) and (2.1-19) for the transport coefficients, we obtain 

3 1/2 
= I (N) = 7 5  .k T.  (o)  

o o 64o2 (~-~--z.) a I (N) S 

1/2 

no = no(N ) = __5 t-"~')'mkT" °o'(°) (N) 
16o2 

(2.2-13) 

(°)(N) and " (°)(N) are determined by The values of the coefficients a k o k 

a variational method2; they should satisfy a set of linear equations 

k(o) (N) N (o) 
k Ela ak£ = ~£i 

(£ = i, . . ,N) 

(2.2-14) 

NElb(°) (N) " (o) (£ = 0, N-l) , 
k=o k " " ' 

~ . (o) 
where 6£m is the Kronecker delta and where ) and ~k£ are matrix elements 

representing inner products associated with the linearized Boltzmann operator: 

1 
(o) 

ak£ = 22~,~ 
kT 
2 2 

ms o 

b ( O )  = 1 kT 
k£ 22~ 2 2 mn o 

• ~ ~(k)(w~) ~ (~) 2 
fdWiWl "312 "I2(WIS3/2(WI)) ' 

/dW~ W~Wq uS/2~(k)(W~) : 12 ~-~(w~wlsS/2(z) (W2)) . 

(2.2-15) 

14 
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• (o) (i) = The equations have been normalized such that for hard spheres a I 

b(O)(1) _(i) = b(1) = i. The operator 12 is a symmetric operator, 
o = all oo 

so that 

a • )  (o) . (o) . (o) 

= ag k ; Dk£ = DKk • 
(2.2m16) 

For hard spheres the matrix elements can be readily evaluated. 

( o )  and Using the generating function (2.2-12) for s(m)(w ) the elements ak£ 
n 

b(O) k£ are the coefficients of skt £ in the expansions I0 

~ (o) skt £ {i " 1 1 1 }-I/2s2t2(l Z Z ak£ -- ~(s + t)}i/2st(l-st)-3- (i - ~(s + t) - st)-2, 
k=l £--i 

w 
• (o) skt & 

Z Z Dk£ = 
k=o £=o 

(2.2-17) 

_ 1 2 1 2 2 ~{i - 1 }-1/2st {i ~(s + t)}l/2(l +~t +~ t )(i - st) -4- ~(s + t) (i - st) -3 

1 1 }-3/2s2t2(l , -~-~{i - ~(s + t) - st) -2 

The coefficients up to the third Enskog approximation are listed in Table I 

and the corresponding corrections a~°)and b(°)o to the transport coefficients 

in Table II. For Maxwell molecules the first Enskog approximation would 

suffice. From Table II it is evident that the expansion still converges 

fast for hard spheres; the second Enskog approximation amounts to only a 

few percents. For more realistic molecular interactions the convergence 

2 
is even faster. 

15 
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Table I 

The matrix elements J'"al[ ~) and " (o) defined by (2.2-15) for hard Dk£ , 

spheres II 

(o )  (o)  1 _ (o)  i 
all = 1 a12 = - ~ a13 = - -~ 

(o) 45 "(o) 103 
a22 =i-6 a23 = 128 

(o) 5657 
a33 ~l-"~ 

b ( O )  = i I.,(o) I ~2 O0 -01 - T b ) 1 

b ( O )  205 . (o) 163 
ii = -'~ b12 -- 128 

b ( O )  11889 
22 = 1024 

16 
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Table II 

( ° ) ( N )  and  " ( ° ) ( N )  d e t e r m i n i n g  t h e  The  s u c c e s s i v e  a p p r o x i m a t i o n s  a k D k 

s o l u t i o n  o f  t h e  l i n e a r i z e d  B o l t z m a n n  e q u a t i o n  f o r  h a r d  s p h e r e s  

First Enskog approximation: N ffi i 

( o )  ( 1 )  = 1 
a I 

b ( ° )  ( i )  ffi i 
o 

Second Enskog approximation: N = 2 

(o) (2)  = 1 + 1  
a l  4-~ 

t ~ 3 b x°"  (2 )  ffi 1 + 
o 202 

(o) (2) 1 
a 2 = b(O)(2) ffi 6 

1 

Third E n s k o g  approximation: N = 3 

(o)(3) ffi 1 + 1  
al  ~ + 

( 3 7 ) 2  b ( ° ) ( 3 )  ffi 1 + 3 ( 3 4 7 )  2 
88 x 7439 o ~ + 808 x 1 4 5 0 4 3  

(o) (3) l 
a 2 = ~ +  

481 
11 x 7439 

( o )  (3) 6 42681 
b = 10--~ + 101 x 1 4 5 0 4 3  

~o) (3) 148 
a ffi 7439 b(O) 1388 

2 (3 )  = 1 4 5 0 4 3  

17 
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2.3 THE THEORY OF ENSKOG 

The transport coefficients Ao and n o deduced from the Boltzmann 

equation are independent of the density. A first attempt to generalize 

the Boltzmann equation to account for the density dependence of the 

4 
transport coefficients was made by Enskog. Strictly speaking, the number of 

--.% 

molecules experiencing a binary collision with perihelion vector k will 

--%._% 
be proportional to the pair distribution function f(2) (r~ -~ "~vl, r l-~-~k,v2;t) 

In equilibrium the pair distribution function f(2) is related to the one 
O 

particle distribution function f(1) _- f by 
O O 

---% ..% 

f(2)o ('~i'¢i '-f~l - ° k ' v 2 )  = g(o)  fo(Vl)fo(V2) ' (2 .3 -1)  

where g(o) is the equilibrium radial distribution function at a separation 

o. This equilibrium radial distribution function is independent of the 

velocities and depends only on the relative distance r21( ffi o at a collision). 

Enskog assumed the same relationship between the pair distribution function 

and f, when the system is not in equilibrium9: 

. . %  

f ( 2 ) ( r  1-~ 'Vl-~ ,-~rl _ o~,v%;t)  ffi g ( o ) f ( v l ; t ) f ( v 2 ; t  ) ,  (2 .3 -2 )  

where g(o) is now the local equilibrium radial distribution function 

depending on the local density and temperature. Thus, again disgarding the 

spatial dependence of the velocity distribution function f in our present 

discussion, Enskog generalized the collislon term J(ff) in (2.2-1) to 

= 2 -- g(o)j(ff). jE (ff) o2g (o)fd~2 f i.~) T (12)f (v 1 

I f  we cons ide r  aga in  a p e r t u r b a t i o n  l i n e a r  in  the g r a d i e n t s  

f = fo (I + #) t 

(2 .3 -3)  

(2 .3 -4 )  

18 



A E D C-T R -69-68 

the linearized Boltzmann equation (2.2-7) Is to be replaced with 

g(o)I2(¢E(~l)) ffi- fo(Vl)[mV~ 5 ~in___~T + m ~o ~ ~ 4] . 

This equation is identical to (2.2-7), if we identify cE(~ I) with g-l(o)¢ (VI).'~ 

Consequently, the theory of E n s k o g  predicts that the (kinetic) transport 

of a dense gas of hard spheres are related to the dilute gas values by 

xE ~o E no 
= ~ ' o )  : n = ~ - o )  " ( 2 . 3 - 6 )  

The value g(o) of the radial distribution function is directly 

related to the equation of state 

p = nkT{l + bpg(o)} ~ - (2.3-) 

where 

2w 3 bp = --~no ~ (2.3-8) 

i s  the covolume o f  the  spheres ,  The p ressu re  p ,  as w e l l  as 8(o)  can be 

expanded i n t o  a power s e r i e s  i n  terms of  the  d e n s i t y  

5 g ( o )  = 1 + ~ bp + . . . .  ( 2 . 3 - 9 )  

The coefflclent of the first denslty dependent correction term in g(a) is 

determined by the so-called excluded volume of a third particle; that is, 

the volume where a third particle would overlap wlth the two particles 1 

and 2 slmultaneously. 

19 
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| I 

l l 
L.e .~! 
r- (:7" 

i I 

Figure 3. The excluded volume determining the first 

density correction to g(u). 

The power series (2.3-9) implies a power series for the transport 

coefficients (2.3-6): 

= Ao + A15p + " " " " 

n -- n o + nlbP + • • • 

(2.3-10) 

In the sequel we shall refer to A1 and A1 as the first density coefficient 

of thermal conductivity, resp. viscosity. From (2.3-6) and (2.3-9) it is 

evident that in the Enskog theory l I and n I are approximated by 

E 5 E 5 (2.3-11) 

independent of the order of the Enskog approximation in Io and ~o" 

20 
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The Enskog t h e o r y  was based  on an ad hoc assumpt ion  ( 2 . 3 - 2 ) .  A 

s y s t e m a t i c  p r o c e d u r e  to t a k e  i n t o  accoun t  s u c c e s s i v e  h i g h e r  o r d e r  con-  

t r i b u t i o n s  i n  t h e  d e n s i t y  was proposed  by Bogol iubov.  8 For t he  f i r s t  

d e n s i t y  c o r r e c t i o n  the  t h e o r y  was worked out  by Choh and Uhlenbeck 12 

and f u r t h e r  e l u c i d a t e d  by Green 13 and Cohen. 14 L i m i t i n g  o u r s e l v e s  to  t h e  

f i r s t  d e n s i t y  c o r r e c t i o n ,  t he  Boltzmann e q u a t i o n  (2 .2 -1 )  i s  to  be r e p l a c e d  

with 

~f(v%;t) 
= J(ff) + K(fff) , (2.4-1) 

~t 

where K(fff) represents the effects of triple collisions and is related 

to the product of three one particle distribution functions: 

Here 812 is an differential operator introduced by Choh and Uhlenbeck 12 

1 ~#12 ~ 1 8~12 8 

where %12 is the intermolecular potential between particles i and 2. For 

hard spheres ~12 is a step function and consequently 812 contains a ~-function. 

The operator T(12;3) is a combination of substitution operators 13' 14 

where ~(123), defined by (2.2-4), is a generalization of the two particle 

substitution operator ~(12) and includes the interaction between three 

particles. Apart from neglecting collisions between three partlcles that 

actually occur, the Boltzmann equation took into account some binary 

collisions that actually will not occur, due to the interference of a 

third particle. Thus in ~(12;3) we subtract certain combinations of two 

particle streaming operators. 

21 
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To derive the transport coefficients we again linearize the 

equation by substituting f ffi f (i + ~). As a result the linearlzed 
o 

Boltzmann equation (2.2-7) is replaced with 

~ [ mVI 5----~ ~inT m~o~ 8 _.~] 
I2(~(Vl)) + bpI3(~(Vl)) - - _  fo(Vl)L%-~ X'Vl +  TVlVl: ¢lUJ,(2.4-5) 

where 13 is a linearized ternary collision integral operator 

(2 .4 -6 )  
"--% 1 --% --% --% --% -'% "~ --% 

13 (~ (V I) ) ffi - ~ofdv2dv3fdr2dr3012T (12 ; 3) fo (Vl)fo (V2)fo (V3) [~ (Vl)+~ (V2)+0 (V3) ] " 

For convenience a factor (b0) -I has been entered in the definition of I3, 

so that 13 has the same dimension as 12. From the right hand side of 
_.% 

(2.4-5) it is evident that ~(V I) will have again the form (2.1-13). To 

solve the equation we expand the functions A(V I) and B(VI) in terms of 

the density: 

A(V1) = A (°)  (V1) + bpA (1) (Vl) , 

B(V 1) = B ( ° ) ( v l )  + bpB (1)(V1) • 

The co r r e spond ing  expans ion  f o r  the  t r a n s p o r t  c o e f f i c i e n t s  was i n t r o d u c e d  

i n  ( 2 . 3 - 1 0 ) .  From the  e x p r e s s i o n s  (2 .1-18)  and (2 .1-19)  we see  t h a t  the  

f i r s t  d e n s i t y  c o e f f i c i e n t s  X 1 and nl  a r e  g iven  by 

k -~ mV~ 5- 2 (1) 
X1 ffi ~ fdVlfo(Vl)( 2kT ~)V A (Vl) , 

(2 .4-7)  

(2.4-8) 

nl  0 d lfo(Vl) (1) = VlV 1 : VIVIB (V I) • 

22 
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The integral equations for A (I) (Vl) and B(1)(VI) are derived by 

substituting (2.4-7) into (2.1-13) and (2.4-5). Since A(°)(VI) and 

B (°) (V I) satisfy the linearized Boltzmann equation (2.2- 9), we obtain 

I2(~IA(1)(VI)) = - I3(~IA(°)(VI)) , 

(2.4-9) 

neglecting terms quadratic in the density. In these equations, to which 

we refer as Choh-Uhlenbeck integral equation, the new ternary collision 

operator 13 operates on the functions A(°)(Vl) and B(°)(Vl) that are known 

from the solutlon of the linearlzed Boltzmann equation. The kernel of the 

Choh-Uhlenbeck integral equation is the same as that of the llnearized 

Boltzmann equation. In principle, one could solve this equation by expanding 

A (I) and B (I) again in terms of Sonine polynomials. 15 However, we are not 

interested in A (I) and B (I) as such, But only in the moments (2.4-8) of these 

functions, which can be written explicitly in terms of A (°) and B (°) +). 

For this purpose we substitute (2.2-9) into (2.4-8) 

k-~ ~IA(1)(Vl) ~1 = ~ fdVl "Z2 A(°)(Vl)) , 

kT -~o-~ B(1) ~iB(o) (Vl)). ~I = ~ IdVlVlVl (Vl) : I2 

(2.4-io) 

+) The author is indebted to Dr. M. H. Ernst for this remark. 

23 



A E D C - T  R - 6 9 - 6 8  

Since 12 is a symmetric operator, we can interchange A (°) and A (I), resp. 

B (°) and B (I), in (2.4-10). Thus it follows from (2.4-9) that ~i and n I 

are related to A (°) and B (°) by 

~i=_ _k /d~l~iA(O)(Vl).i3(~iA(O)(Vl) ) 3 

~I = - kTl....O 'd~l~l~iB(O)(V1):I3(~I~IB(O)(Vl)) 
l 

By substituting the Sonine polynomial expansion (2.2-10) for A (°) 

and B (°) (with known coefflclents) into (2.4-11) we can evaluate ~1 and n 1 

in successive Enskog approxlmations. Introducing again dimensionless 

1 /2~  v e l o c i t i e s  W t = (m/2kT) i '  we ob ta in  i n  the Nth Enskog approx imat ion 

(2 .4-11)  

Xi(N) N N 
=-r. E 

Ao (11 k=l ~,=i 
a~ °) (N) a~ °) (N) a~ ) , 

(2.4-121 
n I (N) N-I N-I 

. (o) (N) ~(l) --= -E E b O)(N) b~ Vk~ . 
no(l) k=0 ~=o 

The new matrlx elements _(i) and h (1) ak~ -k£ are inner products associated with 

the linearized triple collision integral operator 13: 

( l )  
ak~, 

i kT fdW-~l -~ (k) 21 (~.. S(9,),W2,.t 
= 2 2 WIS3/2(W 1"13" 1 3 / 2  ~ 1 " ~  ~ 

2 2 ~  . m a  
(2.4-13) 

b(1) l kT 
= 2 2  k.~ 2 2vr~'~ mn (~ 

j d~. 1 - ,  ( k )  2 - ,  (~)  2 ~WzS5/2 (Wl)-z S ~WlSs/2 (Wl)). 

These matrix elements are the immediate generalizations of the matrix elements 

ak£(°) and Dk£" (o), defined by (2.2-IS, that determine the dilute gas values 

A and they were first introduced in a previous publication. 15 For 
o no; 

convenience, we have divided the first density coefficients ~I(N) and nl(N) 
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by the dilute.gas values Ao(1) and no(l), so that the ratios In (2.4-12) 

are independent of the temperature. 

It is convenient to syannetrize the integrands in (2.4-13). 

operator 13 can be synnnetrlzed as shown by Green 16 

3 
,.a 1 id~2d~30(123) f  o ( v l ) f o ( V 2 ) f o ( v 3 )  E ~(~n ) , 13 (~ (Vl)) = - 2b-~" n=l 

The 

(2.4-14) 

where 0(123) is a conflgurational triple collision integral operator 

0(123) = Idr2dr3[O12T(12;3) + 8131(13;2) + 823T(23;1)] . (2 .4 -15)  

The integrands in (2.4-13) can be further symmetrized by interchanging the 

velocity variables. Thus we obtain 

a ( Z )  Z 

k~ = 3276o5 (•T)1/2 ~ ~ ~ (W~ W 2 + idWldW2dW3ex p [_ + 2 W~)] 

3 . _ (k)  ¢~2 3 e .  (~) , . .2,  
• Z WmS3/2 ~"m) .0(123) ~ Wn~3/2~Wn; 
m=l n=l 

b(z) k£ = 
m 1/2  2w~)] 

32w6u 5 

(2.4-16) 

3 ~ ,. (k) ,. 2, 3 ~o~ ,. (£) ,_2, 
E ,mWm~5/2~Wm 2:0(123) E WnWn~5/2~w n) a 

m=l n=l 

where we used tbe property that 0(1231 commutes with the kinetic energy 

15 
and therefore with the product of the Maxwell distributions. 

There exists a simple relationship between the rigorous expressions 

(2.4-11) for A1 and n I and the approximate expressions (2.3-11) given by the 

theory of Enskog. The operator 13, defined in (2.4-6), contains an integration 

over all possible positions r 3 of particle 3. If we limit this integration 

to those values of r 3 for which both r13<o and r23<o, that is, the excluded 
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5 
volume of Fig. 3, the operator I S reduces t o  ~I 2 as shown in a previous 

15 paper. Thus the rigorous expressions (2.4-11) reduce to the values 

predicted by Ensko S, when the confisuratlonal integral is restricted to 

those configurations that determine in equilibrium the first dentlty 

correction to the radial dlstributlonfunctlon g(u). 

2.5 CLASSIFICATION OF THE TRIPLE COLLISION EVENTS 

The transport coefficients X ° and n o in the dilute state were 

determined by the binary collision integrals (2.2-15). To obtain the 

first density corrections X 1 and n I we need to evaluate the triple 

colllslon integrals (2.4-16). Apart from the fact that the dynamics of 

triple collisions is more complicated than that of an individual binary 

collision, there is another major difference between the two sets of 

transport collision integrals. In the binary collision integral operator 

12, defined in (2.2-8), the conflguratlonal integration does not extend 

over all possible positions r 2 of particle 2, but the integration is 

restricted to a two dimensional surface, specified by the perlhellon 

vector k. For a given k the operator T(12) in (2.2-8) can be evaluated 

at any point along the trajectories of the two particles (provided 

that the two particles are receding), since one needs only the velocities 

before and after the binary collision. On the other hand, the triple 

co111slon integral operator 0(123), defined in (2.4-15) is still a slx 

dlmensional integral and contains the dlfferentlal operators 81j ; it has 

not yet been expressed in terms of the velocities of the particles before 

and after certain collision events. It is possible to convert the six 
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dimensional triple collision integral (2.4-15) into a five dimensional 

surface integral which is much more similar to the two dimensional 

surface integral form of the binary collision integral operator 12 .15' 
16 

A derivation of the surface integral form of the triple collision integral 

operator is presented in Appendix A. 

It turns out that the triple collision integral can be decomposed 

into a sum of six surface integral operators, each of which is associated 

with a particular triple collision event. To elucidate this result we 

give first a description of the six triple collision events which are 

schematically represented' in Fig. 4. The positions of the particles (on 

the five dimensional surface) over which the integration has to be carried 

out are indicated by the black dots. The direction of the velocities is 

indicated by the arrows. The lines represent trajectories and are labeled 

with the corresponding particle number. The circles represent (binary) 

collisions between the particles whose trajectories are enclosed. The 

operators in (2.4-15) transform the present phases of the particles into 

the phases that the particles would have had in the previous past 

according to a particular dynamical history. Therefore, we retrace the 

motion backwards in time and we shall always read the diagrams from top 

to bottom, just as for the binary collision diagram of Fig. 2. The 

sequence of successive binary collisions will be ordered as they are 

encountered in this procedure. 

Following Green 13 we distinguish between real and hypothetical 

collisions. Any binary collision encountered when we retrace the trajectories 

of the particles taking into account the interaction between all three 

particles is called a real. collision. Any binary collision that is encountered 
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only when the effect of some other collision on the trajectories of the 

particles is disregarded is called a hypothetical collision. In addition, 

we distinguish between interacting and non-interacting collisions. In a 

non-interactlng collision the particles are aimed to collide, but we con- 

tinue the free trajectories of the particles without taking into account 

the interaction between the particles. In fig. 4, non-lnteracting collisions 

are indicated by a dotted circle. It is evident from the definition that 

all collisions encountered in the diagrams of Fig. 4 after a non-interacting 

collision are hypothetical collisions. 

With this nomenclature the triple collision events of Fig. 4 can 

be described as follows (always reading the diagrams from top to bottoml). 

RI (Recollision of the first kind): 

A real collision between 1 and 2 is followed by a real collision 

between 1 and 3, followed by a real collision between 1 and 2 again. 

R2 (Recollision of the second kind): 

A real non-lnteracting collision between 1 and 2 is followed by a 

hypothetical interacting collision between 1 and 3, followed by a 

hypothetical collision between 1 and 2; 

C1 (Cyclic collision of the first kind): 

A real collision between 1 and 2 is followed by a real collision 

between 1 and 3, followed by a real collision between 2 and 3. 

C2 (Cyclic collision of the second kind): 

A real non-lnteractlng collision between 1 and 2 is followed by a 

hypothetical interacting collision between 1 and 3, followed by a 

hypothetical collision between 2 and 3. 

HI (Hypothetlcal cyclic collision of the first kind): 

A real collision between 1 and 2 is followed by a real non-interacting 
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RI 

r~(123)-~-_~(12) r~(13) 

HI 

-~(~2) ~(23) +~(~2) 

~,I \3 

% 

S(231-1 

Figure 4. The six triple collision events. 

29 



AE DC-TR-69-68 

collision between i and 3, followed by a hypothetical collision 

between 2 and 3. 

H2 (Hypothetical cyclic collision of the second'kind): 

A real non-interacting collision between 1 and 2 is followed by 

a'hypothetical non-interacting collision between 1 and 3, followed 

by a hypothetical collision between 2 and 3. 

As shown in Appendix A the configurational triple collision operator 

0(123), introduced in (2.4-14), can be replaced with 

0(123) = 6.0(12;13) p 

with 0(12;13) given by (A-30) 

4 ~ "~ 
0(12;13) = o Id ldk21 dr  2f l slCl).k 2 Z r (12;13). 

N 

The points on the five dimensional surface are specified by the variables 

kl, k 2 and z ;  k I is the perihelion vector of the first collision (between 

1 and 2), k 2 the perihelion vector of the second collision (between 1"and 

3) and ~ the time between the first and the second collision. V31(1) is the 

relative velocity of 3 with respect to 1 between the first and the second 

collision. The summation over B in (2.5-2) has to be taken over the diagrams 

= R1, R2, Cl C2, H1, H2. The operator T (12;13) is only different from 

zero for phase points whose dynamical history can be represented By the 
I 

diagram ~. For such phase points the definition of T (12;13) is gi¢en in 

Table Ill. 

(2.5-1) 

(2.5-2) 
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The triple collision operators T (12;13) 

T (12;13) 

R1 

R2 

Cl 

C2 

HI 

H2 

2(123) - 

-$(13);(12) 

- 13)S(23) J(13) 

I(23) - 1 

These expressions for the operators T (12;13) in terms of the streaming 

operators fare presented in Fig. 4 below each diagram; they are direct 

generalizations of the operator T(12), defined in (2.2-6), for the binary 

collision term. Operating on any function of the velocities, T (12;13) u 

transforms that function into the difference between its value for the 

final velocities at the bottom of the diagram and its value for the velocities 

between the second and the third collision. The effect of the operator has 

the opposite sign, when the number of non-interacting collisions is odd. 

Note that in R1 and C1 a fourth collision may occur; 17'18 in that case the 

trajectories have to be retraced until this fourth collision has also been 

completed. We consider only those diagrams for which the first collision 

refers to particles 1 and 2 and the second collision to particles 1 and 3. 

Any other diagram obtained by permutation of the particle numbers is 

accounted for by the factor 6 in (2.5-1). 

In the previous Section we pointed out that the expression for A 1 and 

n I reduce to the predictions of Enskog, if the configurational integral is 

restricted to the excluded volume of particle 3. To ascertain which triple 

collision events are taken into account in the Enskog theory, we consider 
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diagram H2 in some detail. In this diagram the first collision (between 

i and 2) is a non-interacting collision. Such a non-interacting collision 

implies that during a certain time interval particles i and 2 move inside 

each other, when their free trajectories are followed from top to bottom. 

We call such configurations overlapping configurations. When the time 

between the first and the second collision is sufficiently small, particle 

3 will be aimed to collide with i, while i and 2 are still overlapping. 

Since the collision between i and 3 is also non-interacting, 1 and 3 overlap 

during a short time interval after the second collision. When in addition 

the time between the second and the third collision is small, it is possible 

that 3 will collide with 2, while particles i and 2 as well as particles i 

and 3 are still overlapping. Thus, such a collision process leads to the 

excluded volume configuration (Fig. 3 if we interchange i and 3) considered 

15 
in the Enskog theory. Therefore, as mentioned in a previous paper, it can 

be concluded that the Enskog theory neglects all triple collision events 

shown in Fig. 4, except for some collisions of the type H2. Among all 

collisions H2, the theory of Enskog includes only those for which the time 

between the first and the last collision is so small that, when 3 starts to 

collide with 2, i and 2 as well as i and 3 are still overlapping. 

The surface integral form (2.5-1) for 0(123) should be substituted 

into the expressions (2.4-16) for _(I) and b (I) In doing so we take the 
ak~ k~ " 

diameter q of the spheres as the unit of length. Since the velocity was 

expressed in units (2kT/m) I/2, the corresponding dimensionless time T* is 

~..1/2 
T* ffi ~ ( ~ ' ~ )  T • ( 2 . 5 - 3 )  

0 m -  
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Thus the integrals (2.4-16) for a (I) and b (I) become in dimensionless 
k~ k~ 

form 

_(l)  . , ,  . -  . , , ,  2 2 
= _ -~---6IdNldN2dW3exP [ - (N 1 + W 2 + 

akg 16~ 

3 b 3 
' v u Q (k) (W2m) O* '~" ~ (£) (W2n) 

.m,.,l,m,.,3/2 . (12;13) n=l~: Wn°3/2 

k£ = 16~ ~ W2 + 

3 j= 

• mZ';mWm~"5 / 2 (Win 2) : O* (12 ;13)  
3 oe. (t) w2 
Z WnWnOS/2 ( n )  ~ 

n=l 

(2.5-4) 

with 

0"(12;13) = ~Id dk21dT* W21.k I W31(1).k 2 T (12;13) . (2.5-5) 

For the evaluation of these triple collision integrals it is more con- 

venient to describe the collisions between the molecules in terms of forward 

motion, rather than retracing the motion backwards in time. Such a description 

is obtained if we change the sign of all velocities. The integrands are 

symmetric in the velocities and therefore invariant under this transformation, 

provided that we replace t with -t in the definition (2.2-4) of the 

operators. For the diagrams in Fig. 4 it means that we change the direction 

of the velocities as shown in Fig. 5, but still read the diagrams from top 

to bottom. In the sequel of this chapter we shall refer to Fig. 5 in dis- 

cussing the triple collision events. 
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RI 

CI 

I 

HI 

y ' ° ~ , 3  \ ,  

R2 

- .  ,.v. 

H2 / 

Fisure 5. The six triple collision events after changing 

the direction of the velocities and time. 
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2.6 ANALYSIS OF ~IE TRIPLE COLLISION TRANSPORT INTEGRALS 

I n  t h e  p r e c e d i n g  S e c t i o n  t h e t r i p l e  c o l l i s i o n  i n t e g r a l  was 

decomposed i n t o  a sum o f  i n t e g r a l s  a s s o c i a t e d  w i t h  t h e  s i x  t r i p l e  c o l l i s i o n  

e v e n t s  o f  F i g .  5 .  However,  t h e r e  e x i s t s  a c l o s e  r e l a t i o n s h i p  be tween  t h e  

d i ag rams  o f  t h e  f i r s t  k i n d  (R1, C1 and HI) and t h o s e  o f  t h e  second  k i n d  

(R2, C2, H2). I f  i n  P~, C1 o r  H1 t h e  v e l o c i t i e s  a f t e r  t h e  f i r s t  c o l l i s i o n  

a r e  t a k e n  as  t h e  i n i t i a l  v e l o c i t i e s ,  we o b t a i n  t h e  d i ag rams  o f  t h e  s e c o n d  

k i n d .  Minor  e x c e p t i o n s  t o  t h i s  c o r r e s p o n d e n c e  w i l l  be d i s c u s s e d  l a t e r .  

Us ing  t h i s  r e l a t i o n s h i p  we ca~ combine t h e  c o n t r i b u t i o n s  f rom the  d i a g r a m s  

15 
o f  t h e  f i r s t  k i n d  w i t h  t h o s e  o f  t h e  second  k i n d .  

As an example  l e t  us c o n s i d e r  t h e  r e c o l l i s i o n  e v e n t s  R1 and R2 

i n  F i g .  5 .  To s p e c i f y  t h e  e f f e c t  o f  t h e  T o p e r a t o r s ,  we i n d i c a t e  t h e  
..h 

v e l o c i t i e s  a f t e r  t h e  i - t h  c o l l i s i o n  i n  P.1 by ~ ( i )  (m = 1 , 2 , 3 ) .  Thus t h e  

£ n S t i a l  v e l o c i t i e s  a r e  Wm(0) , t h e  v e l o c i t i e s  a f t e r  t h e  f i r s t  c o l l i s i o n  Wm(1) . 
..b 

t h e  v e l o c i t i e s  a f t e r  t h e  s econd  c o l l i s i o n  Wm(2) , t h e  v e l o c i t i e s  a f t e r  t h e  

t h i r d  c o l l i s i o n  Wm(3R) and a f t e r  a f o u r t h  c o l l i s i o n ,  i f  t h a t  o c c u r s ,  Wm(4R). 

The i n d e x  R i n d i c a t e s  t h a t  t h e  v e l o c i t i e s  a r e  r e l a t e d  to  t h e  i n t e g r a t i o n  

v a r i a b l e s  by a r e c o l l i s i o n  e v e n t .  With t h i s  n o t a t i o n  we can  w r i t e  f o r  any 

p a i r  o f  f u n c t i o n s  ~(k)  .L ~n (~)  and @(~)( ) 

. ( w n C 2 ) ) ]  . 

(2.6-i)  
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If (as usually) only three real collisions occur J = 3: if four collisions 

occur j ffi 4. The velocities in R2 are indicated by the same notation, 

.b 
except that the initial velocities are no longer%(0) but are identified 

with W (I). Thus 
m 

~(k) (~).TR2(12;IS) ~(~) (~) = 

= _ ~(k) (w(1)). [~(~) (Wn(SR)) - ~(~) (~ (2)) ] . 
(2.6-2) 

In order to combine these two terms we refer to the coordinate 

system of Fig. 6 for a description of the collision process RI. Particle 1 

is taken at rest at the origin after the first collision. The Z-axis is 

taken in the direction of W21(l) = W2(1) - WI(I ). The X-axls is chosen 

such that the p e r i h e l i o n  v e c t o r  k 1 o f  t h e  f i r s t  c o l l i s i o n  i s  i n  t h e  I ~  

plane as indicated in the figure; 81 is the angle between -k I and the 

Z-axls. The p e r i h e l i o n  v e c t o r  k 2 o f  t h e  s e c o n d  c o l l i s i o n  l i e s  i n  g e n e r a l  

outside the XZ plane. In this coordinate system particle 2 came originally 

from A. At the time of the first collision particle 2 is at B and particle 

3 at C with relative position vectors +) 

r21(1) = -k I ; i(i) = -k 2 - T'W31(1); 
q 

(2.6-s) 
,,h _h all 

2(1) = k I - k 2 - T,W31(1 ) . 

In order for a recollision to occur, particle 3 should collide with 1 at D 

after a time T* such that particle 1 will collide again with 2. 

+) In this report Wij = - and rij = r i - rj. 
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Figure 6. Coordinate system for the triple collision events. 

The figure represents the situation immediately after the first collision. 
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I n  the c o l l i s i o n  event  R2 the f i r s t  c o l l i s i o n  i s  a n o n - i n t e r a c t i n g  

collision. Let the perihelion vector of this non-interacting collision be 

~0 kl, and the time between the first and the second collision T*'. This 

implies that in Fig. 6 particle 2 came originally from A'. The relative 

position vectors at the time that the first collision begins are now 
_L 

indicated by rij(0). Thus 

1(0) = -k I ; r31(0) = -k 2 - T*'W31(I ) ; 

~ 2 ( 0 )  = ~- ~2 - g*'~l(*)" 

(2.6-4) 

We require that particle 3 collides with i at D such that I and 2 will 

collide again. The same event as that described earlier is obtained if 

k I and z*' are chosen such that +) 

k I' ffi k I - 2 W21(1).k I ; T*' = T* + To* (2.6-5) 

with 

T * = 
O 

2 w21(1).k I 

w21(1) 
(2.6-6) 

This implies for the initial positions rij(O) in (2.6-4) 

& 

?2 .b -" (0) = -k 2 -(T* + z*)W31(1) " 1(0) = + 2 W21(1) .~ 1 ; r31 

(2.6-7) 
.b .,b _a 

r32(~ = r31(0) -r21(0). 

.A 

We take k I and z*, defined by (2.6-5) as the new integration variables for 

the integrals associated with the diagrams of the second kind. Then the 
_L 

velocities W (i) in (2.6-2) are the same functions of the integration variables 
m 

+) In this report a superscript indicates a unit vector: ~ =~/a. 
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as those in (2.6-1) and one does not need to retrace the diagrams RI 

and R2 separately. 

The integrands associated with the other diagrams of the first and 

second kind can be combined by the same procedure. Using the velocities 

,,=Ib 

W (i) after the first collision as integration variables we obtain 
m 

a(1) 
k£ = 

2 3)/2"-Id~. (1)d~2(1)d~)3(1) exp [-(W~(1) + W~(1) + W3(1)] 
166 I 

3 3 

. Id%d%/dT*l~21(1).%1% 1(I) .'~2m__Z1 7 
n=l 

(2.6-8) 

.j 

[~m(0)$3/2 • {Wn(JR)S3/2(Wn(JR))- (RI) 

'*' (k) 2 -,, ( t )  W 2 -" 2 ( t )  2 
_ - ( )S3/2(Wn(2))} + WC1)S3/2CWm(1)). {Wn(3R)S3/2( n(3R )) W n (R2) 

+ Win()$3/2(W~(0)). { (Jc)S ( (.Ic)) - (2)S ( (2) ) }  + ( C l )  

-~m(1)S~(Wm 2(I))" {~nC3c )~(£)a312 (W2n(3C))- ~n(2)s~(Wn 2(2))} + (C2) 

- ~mC0)n(k)(Win2 (0)) {~n(3H)S(£) (W2(3H)) ~n(1) "(£) (W2n(1)) } + ~3/2 ' 3/2 - a3/2 
( H I )  

" "  - (~) (w~OH)) " "  (~) (w~(1))}] (H2) + WmCll~(k) CWm2(1)) {WnC3R)S312 - WnCI)S312 ~3/2 ' m 

and a similar expression for ~ (i) 
Dk£ • 

To evaluate the various terms in the integrand we only have to retrace 

three triple collision events to which we refer as recolllsions, cyclic 

collisions and hypothetical cyclic collisions. Nevertheless, we specify in 

(2.6-8) whether a term is associated with a diagram pl of the first kind or 
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~2 of the second kind. The reason is that there are some differences in 

the region of integration ocer the variables. For instance, in C2 and 

H2 it is possible that 3 starts to collide with 1 while 1 and 2 are still 

overlapping. This phenomenon occurs when 0<T*'<T* . For such a phase 
o 

point there exists no dlagram of the first kind as a counter part. Thus 

it follows from (2.6-5) that negative values of T* such that -T <~ <0 
o 

are to be included in the contrlbut~on from C2 and H2, but not in any of 

the other terms. Apart from the phase points leading to overlapping con- 

figurations, the integration region associated with a diagram of the second 

kind is very similar t~ that associated with the corresponding diagram of 

the first kind. The remaining differences arise from the effect of various 

possible fourth collisions between the three particles, the effect of which 

is small. 

The integration region will be specified by formulating the conditions 

that the integration variables should satisfy. Some of these conditions 

should be imposed on all integrals, namely 

W21 (i). kl<0 ~ (2.6-9) 

_h .b 
W31(1).k2>0 , (2.6-10) 

Condition (2.6-9) guarantees that the first collision and (2.6-10) that the 

second collision will take place. Furthermore as noted above 

T* > -T o (~ = C2, H2) (2.6-11) 
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and 

• *>0 (~ = R1, R2, Cl, H1) . (2.6-12) 

(A negative value of T* is not allowed for R2, since it implies that the 

third colllslon would precede the second colllslon). 

The requirement that a third collislon should take place leads to a 

second class of conditions. They differ, of course, whether we consider a 

recolllslon, a cyclic colllslon or a hypothetlcal cyclic colllslon and are 

most conveniently expressed in terms of the positions and velocities at 

(Just after) the time of the second colllslon. The initial positions for a 

diagram of the first kind were given by (2.6-3) and those for a diagram of 

the second kind by (2.6-7). The positions at the time of the second collision 

are the same for all diagrams: 

1(2) ffi -k I + ~*W21(1 ) ; r31(2 ) ffi -k 2 ; 2(2) ffi k I - k2-T*N21(1). (2.6-13) 

The basic equations describing a collision between two hard spheres are 

presented in Appendix B. Applying the inequalities (B-3) and B-4) we see 

that for recolllslons (~ ffi RI, R2) 

{~21(2) x ~21(2)}2 - W.~l(2) < 0 , 

N21(2). 1(2) < 0 s 

f o r  c y c l i c  c o l l i s i o n s  (~ = e l ,  C2) 

{N32(2) x ~32(2)} 2 ~" W~2(2) < 0 , 

W32(2).r32(2) < 0 p 

and for hypothetical cycllc colllslons (~ -- H1, H2) 

•3 ~32 (2) }2 2 { 2(1) x - W32(1) < 0 • 

~32(1 ) . r32 (2 )  < 0 , 

(2.6-14)  

(2.6-15) 

(2.6-16) 

(2.6-17)  

(2.6-18) 

(2 .6-19)  
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For reco11islons condition (2.6-15) combined with (2.6-10) can be reduced 

to 

kl.k 2 < 0 p 

,t -- (i) .k 1 W31(1).k 2 > W21 

~i "~2 

as pointed out by Weinstock. 19 

The initial phases should be such that particles 2 and 3 are not 

overlapping. Thus 

r322(i) > 1 (~ = RI, CI, HI) 

(2.6-20) 

(2.6-21) 

(2.6-22) 

2 
r32(0) > 1 (~ = R2, C2, H2) • (2.6-23) 

For'the cyclic and hypothetical cyclic collisions, particles 2 and 3 should 

also not overlap at the time of the second collision, since the third collision 

should not precede the second one. 

r~2(2) > 1. (2.6-24) 

The triple collision events were defined in Section 2.5 together 

with a distinction between real and hypothetical collisions. This distinction 

leads to some minor additional conditions: 

i) In order that the first collision be real, the initial phases in 

Fig. 5 should be such that the particles did not experlencea collision in 

their past history. 

il) In order that in RI, C1 and H1 the second colllslon be real, 

particle 3 should not collide with 2 before colliding with i. 

ill) In order that in R1 and C1 the third collision be real, no other 

colllsion should interfere along the path of particle 2. 
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A l t h o u g h  t h e s e  c o n d i t i o n s  t o g e t h e r  g u a r a n t e e  t h e  p r o p e r  t r i p l e  

c o l l i s i o n  e v e n t s ,  some of  them a r e  r e d u n d a n t .  T h e r e f o r e ,  n o t  a l l  con -  

d i t i o n s  need  to  be imposed e x p l i c i t l y .  For i n s t a n c e ,  when i n  R1 t h e  

p h a s e s  o f  t h e  p a r t i c l e s  a r e  such  t h a t  t h e  t h i r d  c o l l i s i o n  (be tween  1 and 

2) w i l l  o c c u r  i t  i s  no l o n g e r  p o s s i b l e  f o r  3 t o  c o l l i d e  w i t h  2 b e f o r e  t h e  

second  c o l l i s i o n .  On t h e  o t h e r  hand ,  i n  C1 t h i s  p o s s i b i l i t y  has  t o  be 

e x c l u d e d  e x p l i c i t l y .  

We made an e f f o r t  t o  r e d u c e  t he  number o f  c o n d i t i o n s  t o  be imposed .  

The c o n d i t i o n s  r e t a i n e d  a r e  p r e s e n t e d  i n  Tab le  IV. The c o n d i t i o n s  ( p - I )  

t h r o u g h  (~-5)  d e t e r m i n e  t h e  b a s i c  phenomenon.  The r e m a i n i n g  c o n d i t i o n s  

e x c l u d e  p o s s i b l e  f o u r t h  c o l l i s i o n s  t h a t  would i n t e r f e r e  w i t h  t h e  t r i p l e  

c o l l i s i o n  s e r i e s  d e s i r e d .  

We n o t e  t h a t  t h e  i n t e g r a t i o n  r e g i o n s  a s s o c i a t e d  w i t h  R1 and R2 a r e  

i d e n t i c a l ,  e x c e p t  f o r  t h e  e x c l u s i o n  o f  a p o s s i b l e  f o u r t h  c o l l i s i o n  i n  t h e  

p r e v i o u s  p a s t  ( (R1-6)  and ( R 2 - 6 ) ) ,  t h e  p r o b a b i l i t y  o f  which  i s  v e r y  s m a l l  1 8 ' 2 0  

The r e l a t e d  l n t e g r a n d s  i n  ( 2 . 6 - 8 )  on ly  d i f f e r  i n  t h e  p o s s i b i l i t y  o f  a 

f o u r t h  c o l l i s i o n  succeeding  t h e  t h i r d  one .  Excep t  f o r  p o s s i b l e  n e g a t i v e  

v a l u e s  o f  T*, t h e  i n t e g r a t i o n s  a s s o c i a t e d  w i t h  C1 and C2, r e s p .  HI and H2, 

a r e  a l s o  v e r y  s i m i l a r .  
_ L  

The p o s i t i o n  v e c t o r s  r i j  (n) a r e  r e l a t e d  t o  t h e  i n t e g r a t i o n  v a r i a b l e s  

by ( 2 . 6 - 3 ) ,  ( 2 . 6 - 7 )  and ( 2 . 6 - 1 3 ) .  The v e l o c i t i e s  Wij (0) and Wij (2) a r e  

r e l a t e d  to  t h e  i n t e g r a t i o n  v a r i a b l e s  k l ,  k 2 and Wi(1) by 

N 2 1 ( 0 )  = W21(1)  - 2W21(1) .k lk  1 , 

• d b  - ~  , J b  , J b  8 

W31(0) = W31(1) - W 2 1 ( 1 ) . k l k  1 , 

W32 (0) -- W32 (i) + N21(1) .klk I , 

(2.6-2s) 
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and 

-~ -h .A A -t 

N21(2) = W21(1) - W31(1) 'k2k  2 I 

W31(2) ffi 1 (1) - 2 N 3 l ( 1 ) ' k 2 k  2 s 

The integrals (2.6-81 together wlth the conditions of Table IV 

specify the triple collision transport integrals to be evaluated. 

( 2 . 6 - 2 6 )  
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Table IV 

Conditions specifying the integration region for the triple colllsion 

transport integrals. 

Recollislons of the first kind R1 

T* > 0 (ILl-l) 

.~ .at 

N21(1).k I < 0 (R1-2) 

k l . k  2 ~ 0 (1tl-3) 

{9/%1(2) x ~21(2)}2 _ W221(2) < 0 

~32(0).~32(1) < 0 or {N%2(0) x ~32(1)} 2 - W~2(0) > 0 

(R1-5) 

(R1-6) 

Recolllslons of the second kind R2 

T*> 0 
-~ .#k 

W21(1).k I < 0 

kl.k 2 • 0 

.8 .= W21(1).k 1 
W31(1).k 2 > ~i-~2 

- 2 2 
{W21(2) x r21(2)}  - W 1(2) < 0 

(R2-1) 

(R2-2) 

(R2-3) 

(R2-4) 

(R2-5) 

~32(1).~32(0) < 0 or (~32 (1 )x  r%2(0)} 2 - N~2(1)>.0  (R2-6) 

45 



AEDC-TR-69-68 

Table IV (continued) 

Cyclic collisions of the first kind Cl 

T*> 0 

_. -L 

W21(1).k I < 0 

W31(1).k 2 > 0 

2(2).r32(2) < 0 

-" ~ }2 2 
{W32(2) x r32(2) - W32(2) < 0 

2 
r32(i) > 1 

-~ _~ .a r.831 (i)} 2 - W31(O).r31(1) < 0 or {W31(O) x W I(0) > 0 

3 should not collide with 2 before colliding with 1 

2 should not recolllde with 1 before colliding with 3 

Cyclic collisions of the second kind C2 

T ~ > --T* 
0 

W21(1).k I < 0 

W31(1).k 2 > 0 

• .D _L 

W32(2).r32(2) < 0 

{W%2(2) x ~32(2)} 2 - W22(2) < 0 

r232(0) > i 

r232 (2) > l 

2 ( 1 ) . r 3 2 ( 0 )  < 0 o r  {W32(1) x r 3 2 ( 0 )  - W 2 (1 )  > 0 

(C1-1) 

(C1-2) 

(CZ-3) 

(Cl-4) 

(CZ-5) 

(C1-6) 

(Cl-7) 

(C1-8) 

(Cl-9) 

(C2-l) 

(c2-2) 

(c2-3) 

(C2-4) 

(c2-5) 

(c2-6) 

(C2-7) 

(c2-8) 
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Table IV (continued) 

Hypothetical cyclic collisions of the first kind HI 

z*>O 

W21(1).k I < 0 

W31(1).k 2 > 0 

- % 
W32(I). 2(2) < 0 

~%~ x ~ ~  - ~ ,  o 

2 
r32(1) > 1 

2 
r32(2) > i 

~ ~o~.%~ ~<o o= ~wq ~o~x %~ ~ ~- ~o~>o 

2(0). 2(1) < 0 or {W32(0) x r32(I) - W 2(0) > 0 

(HI-I) 

(Hi-2) 

(~i-3) 

(HI-4) 

(HI-5) 

(HI-6) 

(HI-7) 

(Hl-8) 

(H1-9) 

Hypothetical cyclic collisions of the second kind H2 

T "I+ > - -  T *  
0 

,,,,A .,,,A 

W21(1).k I < 0 

W31 (1) .  > 0 
_ l  

W32(1) "~32(2) < 0 

{W32(1) x r32(2)  - W 2(1) < 0 

2 
r32(0)  > 1 

r22(2)  > 1 

(H2-1) 

(H2-2) 

(H2-3) 

(H2-4) 

(H2-5) 

(H2-6) 

(H2-7) 
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2.7 EVALUATION OF THE TRIPLE COLLISION TRANSPORT INTEGRALS 

IN THE FIRST ENSKOG APPROXIMATION 

The triple collision integrals (2.6-8) which contain still 

fourteenintegrations, can be reduced to seven dimensional integrals. 

First, the operators T (12;13) commute with the total momentum and the 

conditions of Table IVpspecifying the integration region~are independent 

of the total momentum. Thus we can integrate over the total momentum 

or velocity and express the resulting integrals in terms of the relative 

velocities W21(1) and W31(1). Secondly, the integrand is a scalar, invariant 

under rotations of the coordinate system. Thus we can integrate over all 

possible directions of W21(1) and evaluate the resulting integrand with W21(1) 

taken in the Z-direction as in Fig. 6. Furthermore, we can integrate over 

all directions of the component of k I in the XY plane and take k I in the XZ 

plane as in Fig. 6. Finally, for hard spheres the angle of deflection, 

caused by a binary collision, is independent of the magnitude of the relative 

velocity. This enables us to integrate over all values W21(1) (=[W21(1) [) 

and to evaluate the resulting integrand for collision events for which W21(1) , 

is a unit vector. 

(i) and b (I) determining the first Enskog For the matrix elements all oo ' 

approximations %1(i) and nl(1) in (2.4-12), this reduction was carried out 

15 
in a previous paper. Denoting the angle between -k I and the Z-axis by 

O I (see Fig. 6) we obtain 
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Xl(1) a(1) 2 nl(1) 385 37 ,.t ~r/2 
[o~5 = - 11 = ~ ~o ~ +~-Tz ~ rdW31(1) fdels±~elJdk2fd'c°SeZo 

u I 0.) 

n o (1) 
- -  = -b ( 1 )  

oo 

2E-13/2 % 1 ( 1 ) . ~  E K . T (12;13)  ~K 

35 3 6 ..b ~ / 2  
2 ~0/dW31 (I)/ dSlsinelfdk2fdTc°SSl 

w o 

(2.7-1) 

~L _a= %  %E11 i( I /2 Z : T (12;13) L . 

For convenience, we have introduced the abbreviations 

2 2_~ 
E -- W21 + W31 i.~31 p 

-~ 2 _ ~) ~' " 2 _ 32__E) + 
= W21 (W21 W31 (W31 

%% _. 
= W21W21 + i - 2(W21W31 + W31W21) " 

( 2 .7 -2 )  

(2.7-3) 

(2 .7 -4 )  

The operators T (12;13) cormute with E which represents the kinetic energy. 

In (2.7-1) ~ is the scaled dlntenslonless ~Ime ~*W21(1) (see 15~. Just 

as in (2.6-8) the effect of the T (12;13) operators can be written explicitly 

as 

-~ .b .b K .(jR) .b Z K . T (12;13) K = K(0) . { - K(2)} + 
tl 

- K(1) . {K(3 R) - ~(2)} + 

- {~(j - 
+ K(0) . C ) - K(2)} + 

- ~ ( 1 )  . {~ ' (3  c )  - ~ ( 2 ) }  + 

, ~ ,  . .a, ,..-~, 

- K(0) . {K(3 H) - K(1)} + 

+ X(1) . {K(3 H) - K (1 ) }  • 

(RI) 

(R2) 

(c1) 

( c 2 )  

( n l )  

(H2)  

(2.7-5) 

49 



AE DC-T R-69-68 

Z L : T (12:13) L -- L(O) : (~(SR) - ~L(2)} + 

a l ,  ,~ ,  4b 

- L(1) : {L(3 R) - L(2)} + 

:S • 
+ L(O) : (L(Jc)-~(2)} + 

:~ ~(2)}  -~(I) : {L(3 C) - + 

= {~L(3 H) ~L(1) ) + - L(0) : 

+~(I) : (L(3 H) -~( i )}  • 

(R1) 

(R2) 

(Cl) 

(C2) 

(Hi) 

(H2) 

(2.7-6) 

where again each term has to be integrated subject to the conditions of 

Table IV. The argument n in ~(n) and L(n) indicates for which velocities 

~21(n), ~31(n) these quantities should he evaluated. The kinetic energy 

E is invariant during the collision process and thus independent of n. 

We specify the perihelion vector k 2 by its polar angle 82 with 

the Z-axis (see Fig. 7) and by its azimuthal angle $ with the XZ plane as 

initial plane. Hence 

k2x = sinO2cos~, k2y = sinO2sin# , k2z = cos02 (2.7-7) 

and 
.ab 

dk 2 = sin82d82d~ • (2.7-8) 

,ab 

The velocity W31(1) is specified by its magnitude w, its polar angle 
I 

G 3 with the Z-axis and the aximuthal angle @ in the XY plane, measured with 

respect to the plane through k 2 and the Z-axis as initial plane. Thus 

W31(1) x = wain% 3 cos(~ + 4) , 

W31(1)y = wains 3 sin(~ + ~) p (2.7-9) 

W31(1) z = wcos83 p 
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Z 

/ 
s 

s / • 
/ • 

/ s 
/ • 

/ • 
/ s S 

/ • 
/ • 

S • 
/ 

/ "CW 
/ s 

io, / , -"  

I "~z'(I) × 

Figure 7. Coordinate system for the evaluation of the triple collision 

integrals. The figure represents the situation immediately 

after the first collision. 
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and 

( )  2sinO3dwde3d~ dW31_l = w i 

As a consequence 

W31(1).k 2 = w(cos82cos83 + sinB2sine3cos~) , 

and condition (2.6-10) becomes 

cose23 ~ cos82cos% 3 + sin82sinB3cos~ > 0 . 

In terms of these variables the triple collision integrals (2.7-1) read 

,I 1 (1) 2 nl (1) 
~'o ( l )  3 n ° ( i )  

+ 
37 w/2 w ~ 2v 2~ = = 385 

2 214 fdOlfdO2fdO3fd¢fd~fdwfdr 
O O O 0 O O --T 

O 

( 2 , 7 - 1 0 )  

( 2 . 7 - 1 1 )  

( 2 . 7 - 1 2 )  

nl(1) 

no(l) 

3 " 23E-13/2 ~ • w sinSlCOSBlsine2sin83cos8 Z K T (12;13) K 

36 ~/z'" ~ w 2~ 2w = 35 
2 210 fdBlfdS~d83fdCfd~fdwfdT 

O O O O O O --T 
O 

3 ¢l 
w sinSlCOSSlsine2sin83cos823 E -II/2 r ~ . T (12;13) L • 

( 2 . 7 - 1 3 )  

with 

2 
E = i + w - wcos8 3. (2.7-14) 

Of course, in addition the integration variables are still subject to the 

conditions of Table IV. 

It does not seem feasible to reduce the number of integrations 

further analytically without making approximations. Therefore, to carry 

out the remaining seven integrations we take resort to a numerical procedure. 
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The integration over the velocity w extends to infinity. In 

addition, the time T between collisions can also become infinite, when 

two of the molecules are moving in parallel directions. In order to 

apply a numerical integration procedure, we transform the integral Into 

an integral over a finite integration region. For large values of w 

-4 
the integrand decreases as w ; this suggests the transformation 

u -- I 
l+w 3 

( 2 . 7 - 1 5 )  

where O<u<l. To reduce the integration over T to a finite interval we 

at --" .rib 

proceed as follows. For a given kl, k 2 and W31(1) (81 , 82 , 83 , ~, ~ and w 

in (2.7-13)) we solve the inequalities (~ -4 ) and (p - 5 ) in Table IV for 

the variable T (together with the requirement 3> - T ): 
O 

TR,MI n < ~ < TR,Max(~ = RI, R2) 

TC,Mi n < T < TC,Max(~ = Cl, C2) ( 2 . 7 - 1 6 )  

TH,Mi n < T < TH,Max(~ = HI, H2) . 

These inequalities determine the range of T values for which a third collision 

can occur when k l ,  k 2 and W31(1) a r e  s p e c i f i e d .  I t  t u r n s  ou t  t h a t  TR,Min=0 

independent of the other variables. As a new Integration variable we take 

such that 

T = T + ~ AT (~ - R, C, H) ~ (2.7-17) 
v ,Min 

where 

ATv = Tv,Max-Tv,Min " (2.7-18) 
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Hence 

11(1) 2 nl(1) 
Ao(1) 3 no(l) 

+ 
385 36 ~/2 ~ ~ 2~ 27 1 1 
2 4 fdOlfdO2fdO3fd~fd~fdufd~ 

~ 0 0 0 0 0 0 0 

sinelcoselsine2sin83wcos823 ~ .~ 
Z AT K . T (12;13) K t 

u2E 13/2 ~ ~ 

nl(1) 35 35 ~/2 ~ ~ 2~ 2~ 1 1 
¢ e J . el 

ffi . f d O l f d O 2 f d O 3 ~  d~ d¥/duj dT 
no(l) 7 ~0 o o o o o o o 

sinelcos81sine2sine3wcose23 ~ 
Z AT L : T (12;13) L p 

• u2Ell/2 ~ ~ 

(2.7-19) 

where ATRI = ATR2 = AT R, etc. 

As mentioned earlier the time intervals AT become infinite for certain 

points in the integration region• For recollisions this happens when 82~0 , 

where 

" 1 '~ 1 ; 

ATR %1(2) x ~21(i) sine 2 

for hypothetical cyclic collisions when 83+0, where 

AT H = i = i ; 
%1(I) x %1(i) sine S 
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. t  _ L  

and for  c y c l i c  c o l l i s i o n s  when E, the angle between W32(2) and W21(1) 

a p p r o a c h e s  z e r o  

~T C = i = I . 

.~32(2) x ~21(1) sine 

The behavior of the integrand, near these singularities can be characterized 

by 

a R a C a H 
sin%2sin83 (s -~ -  2 + s - i ~ + s i - ~ 3  ) "  

The coord inate  system in t roduced was designed to remove any s ingu la r  behavior 

of  the in tegrand f o r  82 = 0 and 83 = 0. However, a l though the i n t e g r a l  i s  

convergent (see Sect ion 3 .1 ) ,  the in tegrand is  s ingu la r  near ¢=0 and the re -  

fo re  not  yet  s u i t a b l e  fo r  numerical  i n t e g r a t i o n .  Since 

w 02)2cos203 $2sln203}i/2 lim sin~ = lim lim ((~ - + p 

~-~0 02+. /2 ~-~0 

the s i n g u l a r i t y  can be removed by the t r ans fo rma t ion  

pcosx = ~ - 282 t 

1 
osinx = ~ $ . 

(2.7-20)  

O and X are the Rolar coordinates associated with the variables ~ - 2e 2 and 

~/2.  

w 2w ~ PMax 

fdO 2 fd~ = fdx f0d0 
0 0 0 0 

(2.7-21) 

with 

0Ha x = Min{,sinx 
• (2 .7-22)  

Thus the limiting behavior of the integrand, around E = 0 or 0 = 0 becomes 
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dO2d~ _ dxdp 
i sin~ {~cos2xcos283 + 4sin2xsin2B3}i/2 

which is well behaved for any value of X. Introducing p such that 

P ==i~ PMax i 

the final form of the triple collision integrals to be considered for 

numerical evaluation becomes 

(2.7-23) 

~i (I) 2 nl(1) = 385 36 ~/2 z 2r, z 1 i 1 
2 214 IdSiIdB31d¢IdxId~Iduld~ 

~o(i) 3 n o(1) ~ o o o o o o o 

PMaxSinBlCOSSlsin82sin83 wcos823 

u 2 El3/2 

• J • 

Z AT K . T (12;13) K 

nl(1) 35 35 ~/2 7 27 ~ i 1 1 
nl(l----- ~ = 72 210 fdOlfd63fdCfdxfd~Iduld~ 

O O O O O O O 

(2.7-24) 

PMaxsinSlCOS 8 isin82sin83 wcos823 

u 2 Eli/2 
r. AT L : T (12;13) L . P u 
U 

The seven dimensional integration region is specified by 

O < e l < ~ / 2  I 

0 < 8 3 < ~  • 

0<~<2,~ t 

O<X<W • 

#w 
O< p < 1 • 

O<u<l e 

O < T < I  
| 

(2.7-25) 
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Condition (g-2) in Table IV is taken care of by 0 <61 <v/2. Conditions(~-4) 

and (~-5) are satisfied by 0<~<i (together with T>0 for R and ~>-z for C 
o 

and H). The remaining conditions will be imposed explicitly. When one of 

these conditions is violated the corresponding term in the integrand will 

be taken to be zero. We remark that the triple collision transport integrals 

(2.6-8) together with the conditions of Table IV represent a complete solution 

of the Choh-Uhlenbeck integral equation for I 1 and nl, in which all dynamical 

effects are taken into account. Since we did not have any reliable a priori 

estimate of the effects of the various triple collision events, we retained 

the complete collision integrals (2.7-24) together with all conditions of 

Table IV in the numerical integration. From the results obtained we can 

suggest a posteriorl approximations that would not change the values significantly 

as will be discussed later. 

A computer program was devised that yields the value of the integrand 

for any point of the integration region (2.7-25). The following checks were 

included in the computer program: 

i. For each triple collision event we verified conservation of kinetic 

energy. 

2. For each triple collision event we verified conservation of angular 

momentum. 

3. For each triple collision event subject to the conditions of 

Table IV we verified that all other (redundant) conditions mentioned in 

Section 2.6 were satisfied as well. 

To obtain an estimate for the integrals we need to select a sampling 

21 
procedure. At first we tried a method of Haselgrove for numerical integration. 

However, we did not obtain a satisfactory convergence for the estimates. As an 

alternative we decided upon a modified Monte Carlo quadrature suggested by 
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Haber. 22+) Consider the integral 

1 1 
I = f . . . .  f f(~) d~' Ip 

0 0 

( 2 . 7 - 2 6 )  

over the n dimensional vector x. The n dimensional integration region is 

to be pictured as divided into N = k n subcubes. In the i-th subcube two 

independent random points are chosen ~. and ~ In addition we consider the 
i i" 

~e "T 
points x i and Yi which are, respectively, the points symmetrically opposite 

to x i and in the subcube. A first estimate of the integral I is 

N 

Jl(k) = ~ i~l(f(~i ) + f(yl)} , 

with an estimated standard deviation 

N 1 --. 
al 2N [ r (f = __ (x i) 

i=l 

2 1/2 
- f ( y i ) }  ] . 

A second better estimate is obtained by 

1 N f(x i) + f(~) f(yi ) + f~i) 
J 2(k) ffi ~-~ E {. 2 + 

• i=l 2 

} , 

(2.7-27) 

(2.7-28) 

( 2 . 7 - 2 9 )  

with an estimated standard deviation 

f i) 
= ~.. 

~2 ~ i= 

f (~ i )  +2 f ( ~ i ) } J  1/2" (2.7-30) 

+) The author is indebted to Dr. S. Haber for his advice and to 

Mr. F. P. Karriker for his assistance in carrying out the computations. 
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To test the reliability of this procedure for our triple collision 

transport integrals, we first evaluate the seven dimensional integrals 

associated with diagram H2 with the additional conditions r~l(3) < i and 

r~l(3) < i at the time of the third collision. As pointed out in Section 2.5 

under these conditions we should regain the values predicted by Enskog. Thus 

for these integrals we can compare the estimates with the exact answer. The 

results obtained for k = 2, 3, 4, 5 and 6 are presented in Table V together 

with the corresponding standard deviations. It turns out that the estimates 

k = 2 and k = 3 are not yet reliable which is not surprising. However, the 

estimates for k > 4 are all within each others standard deviations and do 

agree with the exact result. 

Subsequently, we applied this procedure to the complete triple 

collision integrals (2.7-24). In practice, we subtract from H2 the con- 

tributions contained in the Enskog theory and compute directly the difference 

between the complete triple collision integral and the value predicted by 

Enskog. Sinoe we expect possible cancellations between the contributions 

of different diagrams (confirmed by the results) we combine for each phase 

point all six terms of the integrand to obtain a maximum precision for the 

total integral. From the test calculation we conclude that we should dis- 

regard the estimates for k = 2 and k = 3. In the preliminary computations 

reported here, we obtained four successive estimates Jl(4), J2(4), Jl(5), J2(5), 

indicated respectively by i = i, 2, 3, 4 in Tables VI and VII. The results 

obtained for the total triple collision integrals are presented in Table VI. 

In addition, we made an estimate of the contributions of the six individual 

triple collision events; these results are reported in Table VII. We see 

that the four different estimates agree with each other, as was the case for 
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the test calculation in Table V. Thus we conclude that our preliminary 

calculations seem to yield a fair estimate for the triple collision 

transport integrals. 
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Table V 

Test of the numerical integration procedure 

m m m m 

Jl(2) 

J2(2) 

J1(3) 

J2(3) 

m 

Jl(4) 

J2(4) 

Jl(5) 

J2(5) 

Jl(6) 
i , m  

exact 

)'1 (1) 2 n1(1) n1(1) 
ll(1) 3 no(17 n [~ 

Enskog o Enskog 
m ~ ~ m ~mmm ~ ~ m m m . ~  

-0.32 + 0.29 -0.53 + 0.35 

-0.13 + 0.15 -0,49 + 0.21 

-0.16 + 0.02 -0.54 + 0.05 

-0.17 + 0.04 -0.55 + 0.06 

-0.203 + 0.017 -0.634 + 0.025 

-0.211 + 0.012 -0.634 + 0.019 

-0.215 + 0.008 -0.637 + 0.011 

-0.213 + 0.007 -0.634 + 0.009 

-0.213 + 0.007 -0.629 + 0.009 

-0.208 -0.625 
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Table VI 

Estimates for the triple collision transport integrals 

kl (I) 2 n1(1) nl(1) 
3 no~" 

1 -0 .191 + 0.010 -0 .612 + 0.012 

2 -0.199 _+ 0.010 -0 .614 + 0.010 

3 -0 .190 + 0.004 -0 .598 + 0.005 

4 -0.192 + 0.004 -0 .601 + 0.004 
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Table VII 

Estimates for the contrlbutlons of the separate triple collision events. 

IJ i 
}'z (1) . 2 "1 (1) n1(1) 

no(l) 

1R 1 - 0 . 0 4 8  + 0 .007 - 0 . 0 4 2  + 0 .006  

2 -0.050 + 0.005 -0.039 + 0.004 

R1 3 -0.051 + 0.003 -0.039 + 0.003 

R1 4 - 0 . 0 4 9  + 0 .002 - 0 . 0 4 0  + 0 .002 

R2 1 +0.044 + 0.006 +0.035 + 0.007 
1 

R2 2 +0.045 + 0.005 +0.032 + 0.004 

R2 3 +0.047 + 0.003 +0.033 + 0.003 

R2 4 +0 .046  + 0 .002  +0 .032  + 0 .002 

Cl 1 -0,023 + 0.003 -0.036 + 0.004 

C1 2 -0.028 + 0.006 -0.039 + 0.005 

C1 3 -0.035 + 0.006 -0.037 + 0.002 

C1 4 -0.032 + 0.004 -0.037 + 0.002 

C2 1 +0 .057  + 0 .004 +0 .147  + 0 .006  

C2 2 +0 .064  + 0 .007 +0 ,152  + 0 .006  

C2 3 +0.069 + 0.006 +0.151 + 0.003 

C2 4 +0.069 + 0.004 +0.152 + 0.003 
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Table VII (continued) 

;~i (1) z "i 0") n1(1) 

no(l) 

HI 

H1 

B1 

HI 

+0.135 + 0.016 

+0.141 + 0.012 

+0.150 + 0.008 

+0.145 + 0.006 

+0.197 + 0.018 

+0.206 + 0.013 

+0.219 + 0.009 

+0.211 + 0,007 

H2 

H2 

H2 

H2 

-0.355 + 0.017 

-0.371 + 0.014 

T0.370 + 0.008 

-0.370 + 0.006 

-0.913 + 0.021 

-0.926 + 0.016 

-0.924 + 0.010 

-0.920 + 0.008 
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In this chapter we have shown how the first density coefficients 

of the transport coefficients are related to triple collision transport 

integrals. In the preceding Section we obtained preliminary numerical 

estimates for these integrals. Retaining the best estimates we conclude +) 

~ i ( i )  n l ( 1 )  
I o(1----'~ = -0 .593 +_ 0 .014,  ~ ffi - 0.601 + 0.008 • ( 2 . 8 - l )  

where, for the error estimate, we have replaced the standard deviation 

by a 95 percent confidence interval. 

The triple collision integrals could be decomposed into integrals 

associated with the six triple collision events of Fig. 5. The best 

estimates for the contributions of the separate events are 

~1(I) .l(1) 
~o(i) no(1) 

R1 -0.076 + 0.007 -0.040 + 0.004 

R2 +0 .067  + 0 .007  +0 .033  + 0 .004  

Cl -0.057 + 0.011 -0.037 + 0.004 

C2 +0.172 + 0.012 +0.152 + 0.006 
w 

H1 +0.286 + 0.021 +0.211 + 0.015 

H2 -0.983 + 0.023 -0.920 + 0.015 . 

The theory of Enskog neglects the effects of all diagrams except 

x1(1) nl(l) 
~.o(i----. ~ = - 0 . 6 2 5 [ 1  - (5 + 2 . 2 ) % ] ;  no(1 ) - -  = - 0 . 6 2 5 [ l  - (4 + 1 . 3 ) Z ] .  (2.8-3) 

+) In addition, there is a collis~.onal transfer contribution +6/5 to AI/A ° and 

+4/5 to  nlln o- 
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for a piece of diagram H2. To facilitate a comparison with the Enskog 

prediction -5/8 (2.3-11) we rewrite (2.8-1) as 
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Thus, as a first conclusion, we see that despite the approximations 

involved, the theory of Enskog presents a surprisingly good estimate for 

the first density coefficient, namely within 5%. From (2.8-2) it appears 

that the complete contribution from diagram H2 would have overestimated 

the triple collision integrals by as much as 50%. Somehow, this additional 

contribution is cancelled against contributions from the remaining diagrams. 

Secondly, the difference between the results (2.8-3) obtained from 

the Choh-Uhlenbeck integral equation and those from the Enskog theory are 

larger than the error estimates. Thus we confirm the theoretical expectation 

that the theory of Enskog is.not strictly correct. Recently, Alder and 

Wainwright obtained an estimate for the first density coefficient of self 

diffusion from molecular dynamics calculations. 23 The deviations from 

the theory of Enskog found here for the thermal conductivity and viscosity 

have the same sign as the deviation found by Alder and Wainwright for the 

self diffusion. We have extended the method of this report to include the 

self diffusion; preliminary calculations carried out so far are in sub- 

stantial agreement with the molecular dynamics results. 

As pointed out in Section 2.6 the integrals associated with R1 and 

R2 could not be combined into one single integral due to the effect of a 

possible fourth collision preceding or succeeding the three correlated binary 

collisions. In a quantitative analysis Cohen, Murphy and Foch concluded 

that in a succession of three real collisions pertaining to our. diagrams R1 

and CI, the probability of a fourth collision is only of the order of one 

or two parts in a thousand. 24 Our computer results confirm that the pro- 

bability of a fourth collision is rather small both for real and hypothetical 

collisions. Thus to a good approximation, certainly within the present 
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precision, we can combine these two integrals and forget the fourth collisions. 

Similarly, we expect that in first approximation we could combine C1 and C2, 

resp. HI and H2, provided we exclude the overlapping configurations which 

should be treated separately. However, we have not made an explicit quan- 

titative investigation of the contributions to C2 and H2 when the overlapping 

configurations are excluded. 

The results (2.8-2) reveal an appreclable difference between the 

contributions RI, R2 and Cl on one hand and the contributions C2, H1 and H2 

on the other hand. We note that in C2, HI and H2 a binary collision can 

occur, while two other particles are overlapping (see Fig. 5). In C2 

1 and 3 are allowed to collide while 1 and 2 are still inside each other. 

In HI particle 2 and 3 are allowed to colllde while 1 and 3 are overlapping. 

In H2 particles 1 and 3 are allowed to collide while 1 and 2 are overlapping, 

and 2 and 3 are allowed to colllde while 1 and 2 and/or 1 and 3 are over- 

lapping. Collisions with such overlapping configurations are not included 

in RI, R2 and CI. Our computations indicate that the probability for triple 

collision events with overlapping configurations is rather large and they 

determine the major contributions to the triple collision integrals. On the 

other hand, the contributions from successive correlated binary collisions 

that are spatlally separated are very small. In (2.8-2) this is illustrated 

by the results for R1 and R2 which do not include overlapping configurations 

and whose contributions almost cancel each other. 

These results suggest a posteriori that the Enskog values could be 

considered as a valid first approximation to the triple collision integrals; 

this first approximation is determined by those events in H2, where in the 

third collision 2 and 3 are colliding, while both 2 and 3 are overlapping 
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with particle i. As a second approximation those triple collision events 

suggest themselves which contain collisions between two particles while one 

of them is overlapping with the third particle. This second approximation 

contains contributions from C2, HI and H2. As a third approximation one 

could then consider the effect of three successive binary collisions for 

which all pairs are spatially separated. The various effects of possible 

fourth collisions could be treated as an even higher order correction. A 

theoretical formulation of such an expansion procedure is presently being 

proposed by Ernst and Van BeiJeren +). 

We should remark that we have evaluated ~i and n I only in the first 

Enskog approximation, that is, we have taken only the first Sonine polynomial 

contribution. As discussed in Section 2.2, the first Enskog approximation is 

a good one in the case of the dilute gas values lo and no, obtained from the 

linearized Boltzmann equation. In Section 3.5 we shall make some study of 

the effect of the higher order Enskog approximation on the solution of the 

Choh-Uhlenbeck equation for the two dimensional model. The preliminary 

results lead us to expect that this expansion is suitable to obtain the 

first density coefficients Ii and n I. Since the Enskog values -5/8 are 

independent of the Enskog approximation, we only need the expansion into 

Sonine polynomials for the term determining the deviation from the Enskog 

theory." We expect that the second Enskog approximation would not change the 

values (2.8-1) by more than a few tenths of a percent. To justify this suggestion 

we hope to obtain better estimates for the triple collision integrals, including 

the effect of the second Enskog approximation, in the future. 

+) The author is indebted to Dr. M. H. Ernst for a valuable discussion on 

this point. 
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CHAPTER IIl 
LOGARITHMIC DENSITY DEPENDENCE OF THE TRANSPORT COEFFICIENTS 

FOR A GAS OF HARD DISKS 

3.1 INTRODUCTION 

Up to this point the treatment of the 'density depende'nce of the 

transport properties was based on the theory of Bogollubov. In this procedure 

the transport properties are expanded in a power series in the density p 

~ = X + ~ 0 + ~ 2 p 2  + 
O 1 ' " " ; 

(3.1-l)  

2 +  . . . .  
n = n o + n lp  + n2p 

For  ha rd  sphe res  we p r e f e r  t o  use b0 as a d i m e n s i o n l e s s  d e n s i t y ,  I n  t h i s  

expansion the coefficients ~i and n i are, at least in part, determined by 

transport integrals related to successive correlated binary collisions between 

the molecules. The coefficients I 1 and q I were related to collision events 

between three molecules. As mentioned in Section 2.7 the time between two 

successive collisions among three particles can become very large. If one 

analyzes the triple collision events of Fig. 5 for large values of the time 

between collisions, it turns out that the probability of such an event decreases 

-2 
as T . The reason is that, in order that for large values of T a third collision 

.L 

will occur, the perihelion vector k 2 of the second collision must be restricted 

to a solid angle proportional to O2/T 2. If we then integrate over all values 

of T up to a maximum value T, the collision integrals converge as T -1, when T 

goes to infinity: 

c 
Xl, n I = constant + llm~ ~ (3.1-2) 

T->~ 

where the constant term represents the finite value obtalned for the triple 

collision integrals. 
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In an actual gas triple collisions with very large times between 

the separate binary collisions will not occur, since for times larger than 

the mean free time ~ a collision with another molecule would interfere and 

destroy the triple collision correlation. Such an interference with another 

molecule is not accounted for in this expansion, since a power series expansion 

in the density amounts to an expansion in terms of the properties of groups of 

isolated molecules of 2, 3 . . . etc. particles. One would expect that the 

other molecules would exert a so called collisional damping on the triple 

collision correlation, so that the upper limit T in (3.1-2) should be identified 

with the mean free time ~+). 

AI, H I = constant + c -- • (3.1-3) 

T 

Since the mean free time ~ is in first approximation inversely proportional 

to the density p, the difference between (3.1-2) and (3.1-3) does not affect 

the first density coefficients l I and ~i' but is of higher order in the density 

% " and would affect the next coefficients and n 2 in (3.1-1). 

T 2 ~ The second density coefficients and n 2 contain contributions from 

correlated collisions between four particles. It was discovered by Dorfman 

and Cohen 25, by Weinstock 26 and Goldman and Frieman 27 that the probability of 

-2 -1 
such events no longer would decrease as T , but as T . A similar situation 

is encountered in the triple collision integrals for a two dimensional gas, 

since in two dimensions for large values of ~ the perihelion vector k 2 is 

restricted to a planar angle proportional to u/r. As a consequence, after 

+) Strictly speaking the collisional damping modifies the probability of a 

multiple collision by a factor e -r/~ which leads to the same result. 

70 



A EDC-TR-69-68 

integration over all values of T, these integrals contain a contribution that 

would diverge as En T. For the reasons mentioned above it is to be expected 

that in reality the upper limit T should be identified with the mean free 

time ~ which is proportional to p-1. Thus it was suggested in a previous 

28 
paper that ~2 and ~2 should be replaced by A~Enp + A 2 and n~£np + n 2 so 

that 

= Ao + AlP + X2 p2£np + %2p2 + " " " 

n = n o + n l P  + q~p2£np  + q2 p2 + • • • , 

(3.1-4) 

for a three dimensional gas, ~nd 

A = A + X~p£np+X.,p + . . . , 
0 I J. 

(3.1-5) 

n = n o + ~ p £ n P + n l p  + . . . , 

f o r  a two d i m e n s i o n a l  g a s .  T h i s  c o n j e c t u r e  was  c o n f i r m e d  b y  a p a r t i a l  

2 6 , 2 9 , 3 0  
r e s u n n n a t i o n  o f  t h e  f o r m a l  d e n s i t y  s e r i e s .  

' and  ' o f  t h e  l o g a r i t h m i c  c o n -  An eval~ation of the coefficients A 2 n 2 

trlbutlon requires an analysis of four body colllsions which is rather cumbersome. 

For a two dimenslonal gas, however, the same physical effect can be studied 

from an analysis of the triple collision integrals developed in the previous 

Chapter. For this reason we have made an evaluation of the logarithmlc density 

dependence of the transport coefficients for a two dimensional model gas 

c o n s i s t i n g  o f  h a r d  d i s k s .  
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3.2 SOLUTION OF TKE'LTNEARIZED BOLTZMANN E~UATIONFOR HARD DISKS 

where f 
O 

To obtain the transport coefficients for this model gas we consider 

again a perturbation to the velocity distribution linear in the gradients 

f = f (i + ~) • 
O 

is the (two dlmensional) local Maxwell distribution 

.-~ ~. 2 
m 

f =n~-~-~" exp~-mtV2kTU~ ] w 

-aK 

and %(V) has again the form (2.1-13) 

.b 81nT -B(V) ~o~: ~(v) ---A(V) V. --~ u 
8r 

(3.2-1) 

(3.2-2) 

(3.2-3) 

(3.2-4) 

(3.2-5) 

(3.2-6) 

The local density n(~;t) and average velocity ~(~;t) are again related to 

the distribution function f by (2.1-i) and (2.1-2). Since in two dimensions 

the molecules have only two degrees of freedom, the average kinetic energy 

per molecule is kT. Thus the expression (2.1-3) for the local temperature 

T(~;t) has to be replaced with 

i n~;t) TC~;t) = I~ mV2f(r;v~;t)d~. 

Substitution of (3.2-3) into the expressions (2.1-4) and (2.1-5) for the 

fluxes yields for the two dimensional transport coefficients: 

k Yd~ fo(V) "mV2 = ~ tT~ - 2) V2A(V), 

m "~ do~ ~o~ 
n ffi ~ fdV fo(V) V v:v v B(V) • 

Just as in (2.1-18), we have added in (3.2-5) a term which is zero according 

to the auxiliary condition (2.1-17). 
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'" Before studying the logarithmic density contribution (~i and ~i in 

(3.1-5)), we first should obtain the dilute gas values I and qo" As in 
o 

three dimensions we limit our discussion to the spatially homogeneous case. 

For a two dimensional gas of hard disks with diameter o the Boltzmann equation 

reads 

~f C~Vl; t) 
(3.2-7) 

Using the same Chapman-Enskog procedure as in three dimensions we obtain for 

the linearized perturbation (3.2-3) 

z2(v~A (°) (Vl))  = fo(Vl)  ( - f ~  - 2)v~ , (3 .2 -8)  

m ~o_~ 
I 2~ I~ IB( ° )  (Vl)) = fo(V1) ~ V1V1 

to be compared with (2,2-9). Here 12 is the two dimensional linearized binary 

collision operator 

(3.2-9)  

To solve the linearized Boltzmann equation (3.2-8) we approximate 

again the solution by a finite sum of the appropriate Sonine polynomials 

1/2 
1 m 

A (°)(vl) = - ~ (~.TT) 
N ak(o ) r. (N)S~ k) (WI 2) 

k=l 

=1 m 1/2 m N;Ibk(O) s~k)(w~) BC°l(Vl ) ~ (-~1 ~ (N) . 
k=o 

(3 .2-1o)  
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so that from (3.2-5) and (3.2-6) 

2 .k3T. I/2 (o) 
lo = lo (N) ffi ~ tm--~-; a I (N) , 

1 .mkT. I/2b(O)(N ) . 
no = no(N) =~ ~-7- j o 

(3.2-11) 

. (o)(N) are again determined by the equations (2.2-14)" The coefficients o) (N) and o k 

N 
--a~O) (o)  (~ = 1 . . , N )  , E ~ (N) ak~ ffi ~£i ' ' 

k=l 

N-1. (o) b (o) z ( s )  (~ = 0 ,  , s - i )  p 
k f 0 b k  k~ = ~ 0  " " " 

(3.2- I~.) 

J 

where the matrix elements ~) and b ( ° )  k~ are now two dimensional binary collision 

integrals 

n 

b(O) 1 kT -- - Y -  

n 

-~ (~) 2 
i/2fd~l~iS~k) (W~) . 12(WIS 1 (WI)) , 

i/2 --o- (k) ~o.. (Z) (w~)) . 
IdNIWINIS 2 : I2(WlWlU2 

(3 .2-131 

I f  we r e p r e s e n t  the  Sonine  po lynomia l s  by the  g e n e r a t i n g  f u n c t i o n  (2 .2 -12 )  and 

c a r r y  ou t  the  i n t e g r a t i o n s  we o b t a i n  
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= -~) [3(I - st)-5/2-2(1 - st)-2~-(l - st) -3/2] 

k 1 &=l 

-1/2 
(i s+t - -~) [(1 - st)-3/2-st(l - st)-1-(1 - st) -1/2] • 

(O)sk t& 
E E bk~ - (3 2-14) 

k-o £=o " 

(1 
s + t  1 / 2  

) [ 1 5 ( 1  - s t ) - 7 / 2 - 8 ( 1  - s t ) - 3 - 3 ( 1  - s t )  - 5 / 2  + 2 ( 1  - s t )  - 2  + 2 (1  - s t )  - 3 / 2 ]  

- 1 / 2 1 3 ( 1  _ s t ) - 5 / 2 _ 2 ( 1  _ s t ) - 2 _ ( 1  _ s t )  - 3 / 2 ]  (1 s+t _ 

1 _ s+t -3/2 -3/2 
- ~ ( 1  -~--) [ (1  - s t )  - s t ( 1  - s t ) - l - ( 1  - s t )  - 1 / 2 ]  . 

The resulting values for the matrix elements are listed in Table VIII up to 

the third Enskog approximation, and the resulting corrections 4°)(N) and 

b(°)(N) in Table IX. It turns out that the expansion procedure is again very 
k 

satisfactory. The convergence is almost as rapid as in three dimensions, as 

i s  shown i n  Tab l e  X. 

75 



AE DC-T R-69-68 

Table VIII 

(o) and " (o) defined by (3.2-14) for hard disks. The matrix elements ak£ Dk£ 

(o) ffil (o) 1 1(~ 
all a12 4 a ) 1 

(o) 39 (o) 91 
a22 = ~ a23 ffi - 12---8 

(o)  4433 
a33  ffi 1024 

O0 = - 

i 

b ( O )  51 . (o)  123 
ii ~ i'6 n12 = 128 

b ( O )  7569 
22 = 102"--~ 
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Table IX 

" (°) (N)  d e t e r m i n i n g  the  s o l u t i o n  The s u c c e s s i v e  app rox ima t ions  a ° ) (N)  and v k 

of  t h e  l t n e a r t z e d  Boltzmann e q u a t i o n  f o r  hard  d i s k s .  

First Enskog approximation: N = i 

a~°)(1) = 1 

Second Enskog approximation: N ffi 2 

(0 ) (2 )  = 1 + 1 
al 3-~ 

b (o) (1) = 1 
o 

(o)(2)  = 1 + 1 
bo 5"-'6 

(o) (2) 2 a2 ffi 1-~ b ( O )  (2) 2 1 ffi2-~ 

Third Enskog approximation: N = 3 

(0 ) (3 )  ffi 1 + 1 652 
a l  ~ +  152 x 9997 

b (°)(3) = 1 + 1  
o ~ +  

292 
200 x 2521 

(o) (3) 2 
a 2 = ~ - ~ +  

23 x 65 
19 x 9997 

b ( O )  (3) 2 
1 = 2 T  + 

31 x 29 
75 x 2521 

(o) (3) 4x65 a 3 ffi b(o)(3 4 x 29 
2 ffi 3 x 2521 
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Table X 

Conversence of the Son/ne polynomial  expansion i n  de termlnln8 the  d i l u t e  

gas va lues  of the t r anspor t  c o e f f i c i e n t s  

hard spheres  hard disks 

N 
~o (~) no (s) ~'o (~) no (~) 
~o (1) n - ~  ~o (1) n o (1-'--'T 

1 1.000 1.000 1.000 1.000 

2 1.023 1.015 1.026 1.020 

3 1.025 1.016 1.029 1.022 
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3.3 ASYMPTOTIC SOLUTION OF THE CHOH-UHLENBECK INTEGRAL EQUATION 

To obtain the first density correction to the transport coefficients 

we start with a formal density expansion 

X = I ° +'fflb0 ; 

ffi ~o + ~i bp t 

(3.3-1) 

where bp is the co-area 

i 2 bp = ~rno . ( 3 . 3 -2 )  

Th is  d e n s i t y  expans ion  i s  a formal  one and the  c o e f f i c i e n t s  ~1 and ~1 w i l l  

t u r n  out  to  depend l o g a r i t h m i c a l l y  on the  d e n s i t y ,  Pu r su ing  f i r s t  t he  fo rmal  

procedure, we consider the related expansion for the functions A(V) and B(V) 

in (3.2-5) and (3.2-6) 

A(V) ffi A (°)(V) + bp ~(1)(V) , (3.3-3) 

B(V) = B( ° ) ( V )  + b0 ~ ( 1 ) ( V )  . 

~ ( 1 )  (V) and 4 (1) (V) a r e  a g a i n  de te rmined  by the  Choh-Uhlenbeck i n t e g r a l  

e q u a t i o n  (2 .4 -9 )  

12 (V1A(1) (Vl))  - - I  3 (V1A(°) (V1)) , 

( 3 . 3 -4 )  

12(~ql~(m) (Vl)) = -i3(VlVlB( ) (Vl)) , 
#V 

where 13 is the llnearlzed ternary collision integral operator in two dimensions 

3 
3(*(VI)) = - :-~$dV2dV3fdr2dr3612 • (12;3)fo(Vl)fo(V2)fo(V 3) ~- *(~m). (3.3-5) 

bt ' m=l 
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Substituting (3.2-8) into (3.2-5) and (3.2-6) and using the symmetry of the 

operator 12, we obtain similarly to (2.4-ii) 

_ _  ~ (o) ~ .  k f.~. %,,~°~o,,.~.'f~ 1" ~"~ 
2 

= -1-1- (Vl) :~3 " 

( 3 . 3 - 6 )  

Using the solution (3.2-10) of the llnearized Boltzmann equation we obtain in 

the Nth Enskog approximation 

~i(~) ~ N (o) (o)(N) ~(1) =- a ~) a~ %2 , 
kZfl ~=Z 1 

nl(N) N~I N~lb(o)(N ) a~O)(N ) '~(1) 
no-~ -~= - k=o £=o k -k£ 

( 3 . 3 - 7 )  

where • (i) and ~(i) - ak£ -k£ are now two dimensional triple collision integrals 

.(1)ak£ = T1 (~/2 fdWl ~is(k)(W2).~3~ISI£) (W2)) . 

ncT 

~ ~ c~/~ ,~  . .-..-,,.c~..~. - . - - ,  - c ~ c , ¢ ~  
k~ ffi T WlWl°l tWl j:I3(wlwls2 " 

( 3 . 3 - 8 )  

They can be reduced again to the surface integral form (2.5-4) 

1T 

" ~ ' m - 1  ( ) . 0 " ( 1 2 ; 1 3 )  r. S 
m= 1 n= 1 n 

k~ = - /dWldW2dW3exp [-(W2 + W2 + W )] 
w ! 

3 
• ~ ( ):0"(12;13) 
m=l m m 2 

3z ~°~s2(~)(Wn 2) 
n = l  

(3.3-9) 
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with 0"(12~13) defined by (2.5-5) 

0"(12;13) = E fdT*fd~Id__ -2 W21.k I W31(1).k 2 T (12;13). (3.3-10) 

To obtain the coefficient of the logarithmic contribution, we evaluate 

the integrand in the triple collision integrals for large values of the time 

T*. For thls purpose the integrand is expanded in terms of I/r* and only the 

leading terms of first order in l/T* are retained. The triple collision integrals 

are again a sum of integrals over the six triple collision events specified by 

the conditions of Table IV, Just as in (2.6-81. However, for the leading terms 

in l/r* we can neglect the difference in integration region between the diagrams 

of the first and second kind. Part of this difference was related to the effect 

of overlapping configurations for small values of T* which clearly do not 

affect the asymptotic behavior for large values of T*. The remaining differences 

were related to possible fourth collisions interfering with the three successive 

binary collisions; these effects lead to contributions of higher order in l/T* 

31 
as was shown in a previous publication. Thus for an asymptotic analysis it is 

sufficient to consider 

) l 2 id,,fdWl(l)dW~(1)dW3(1)exp[_ w (l) + W2(1) + W3(1))] 

d~id~21~21 (i) .kl IW31 (i).  k2 Z Z 
m=l n=l (3.3-11) 

• 

wi th  a s im i l a r  expression for  ~(1) in  terms of ~o~ S~ ) (W 2) For convenience, -k£ 

we have introduced the abbreviated notat ion 
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[e, ~]R= [e(0) - ~(l)].[v(s R) - ~(2)] , 

[~,, 'v] c . [ , I , ( 0 )  - 4 , ( 1 ) ] . [ , F ( 3  c )  - ~ , ( 2 ) ]  , ( 3 . 3 - 1 2 )  

['~' ~']e [~(0) - ~ ( 1 ) ] . [ v ( 3  H)  - , , , ( 1 ) ]  , 

' - . L  

where @(I) = ~(W(1)) and ~(i) = ~(i)) are vector or tensor functions of 

the veloclties W(i) and the product ~.~ is a scalar product. The three terms 

in (3.3-11).should be integrated over those phase points leading, respectively, 

to a recollision R, a cyclic collision C and a hypothetlcal cyclic collision H 
• t 

(see Fig. 8). These integration regions are specified by the conditions (p-2) 

through (p-5) of Table IV. 

RI:'COLL.ISION (R) CYCLIC COLLiSION(C) 1-.IYP. CYCLIC, COLLISION (H) 

Figure 8. The three triple collision events for the collision integrals 

d e t e r m i n i n g  t h e  c o e f f i c i e n t  of  t h e  t e rm  l o g a r i t h m i c  i n  t h e  d e n s i t y  
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The leading term in l/z* can be evaluated analytically. To illustrate 

' ~(i) (R) in some detail the procedure we consider the recollislon contribution ak~ 

Just as in three dimensions we first integrate over the total velocity 

~o + and all directions and the magnitude of To W 2 W 3 ) W21(1) • over 

evaluate the remaining integral we take~21(1), in the direction of the Z-axis 

and specify the perihelion yectors k I and k 2 by the angles 81 and 82 as 

indicated in Fig. 7. The velocity W'~31(I~ (strlctly speaking the scaled ve- 

-~ 15) 
locity W31(1)/W21(1) is specified by its length w and its polar angle 83 

Thus s 

~(1) 
(R) = - 

ak& ~+|71 

+~/2 +?/2 +~/2 
-a 2 

fdrfdW IdWo,(1)W,,(1) I dO, f de, f d0~ f dw 
o ~± ~ -~/2 ~]2 ~/2 = 1 

cose  3 

3 3 

m=l n=l ' n 1 R 

(3.3-13) 

I 

Just as in (2.7-1) T is the scaled dimensionless time T'W21(1). It is con- 

venient to consider the perihelion vector k 3 of the third collision as a new 

integration variable. We specify k 3 by an angle 84 as indicated in Fig. 9. 

After the first collision (between 1 and 2) particle 1 is at the origin of 

the coordinate system and particle 2 is moving in the Z-direction with the 

unit velocity, as shown in Fig. 7. After the second collision (between 1 and 3) 
. 

particle 1 will move in the direction of k 2. A singularity will occur when 

82->0 , because for small values of 82 particle 1 will move approximately in the 

Z-direction and be able to collide again with 2 even for large values of T. 

At the time of the second collision 2 will have travelled a distance T in the 

Z-direction. After the colllslon between 1 and 3 the velocity of particle 1 

is equal to wcos83 in the limit considered. Therefore, the time z' required 

for 1 to overhaul 2 is approximately T/(wcos83-1), so that the total time 

T + T' between the first and the last collision becomes 
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Figure 9. A recollision. The figure represents the situation at the time of 

the third collision 
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, wc°s83 

+ T = woos03_ ~ ~ , 

The positions of the particles at the tlme of the third collision are 

indicated in Fig. 9. Particle 2 Is at B and has travelled a distance T + T' 

in the Z-dlrectlon when colliding with 1 again. Neglectlng terms of order 

e 2 and constant terms when compared with T, we have AC~82 x 0C~.82 (T + T'). 

The distance BC is essentially k3x = sin84. Since AB = sln81, we obtain 

so t h a t  

wcosO 3 
sln04 ffi - sln01 + wcosO3_~ T02 

( 3 .3 -14 )  

1 wc°s83-1 

de2 = T wcos83 

(3 .3- l~)  

cosO4de 4 • (3 .3 -16 )  

In (3.3-13) we replace the integration over 82 by an integration over 04. 

Since the Jacoblan (3.3-16) is proportional to l/T, it is sufficient to 

evaluate the remaining part of the integrand for 02 ffi 0 (terms of order 82 

are equivalent to terms of order I/T). We can indicate this formally by Intro- 

duclng a 8-function 6(02) and integrating again over 02. Thus 

w~a-(1) (R) 1_~ Id! .~ -~ ~ +.12 +~12 +~12 +~12 ® 
" " fdWofdlq21(1)W;,(1) f delcos8 , f de,.cosO,. I de o }; dO~ I dw 

k& "~ "~ " "  =~r/2 "" "~ /2  " :~r/2 %12 ° 1  
cosO 3 

cos (82-83 ) 
(3 .3 -17 )  2 (l)+w~ (l)+W~ (1)) ]w(wcos°3-l) ~osO 3 • exp [-W 1 

3 3 .~" 
• [ V  ÷ • 

m*l n=l 
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The first term in this expansion isproportlonal to I/T. As mentioned 

in Section 3.1 we take as the upper limit for the time integral a mean free 

time ~ inversely proportional to the density bp. Thus writing 

~(i) g )~nbp + Vkg • Vk~ = 

(1)(R) to the coefficient of the we obtain for the recollision contribution akE 

logarithm: 

(3.3-18) 

(R) = 
kl 7 .j-,, 

.b -=  ~ +Ir /2  + v / 2  +~r/2 + 7 / 2  ® 
fdW fdW'~.(1)L~2Jl)fdg,cosg, f de,cosO,, f de,  f de~ fdw 

o z- -~12" -*7/2 ~ ~-7/2 ±712 ~ 1 
cos8 

3 

cos (82-83 ) 2 2 2 
• exp[-(Wl(1)+N2(1)+W3(1))] w(wcos83-1) cos83 

3 3 
r. E [~mSl (k) (Win2), ~nSl(£)(W2 n) ]R ~ (82) . 

m=l nffil 
(3.3-19) 

The contributions from the cyclic and hypothetical cyclic collisions 

can be evaluated in a similar manner. We first introduce again the perihelion 

vecotr k 3 of the third collision as a new variable• The asymptotic recollisions 

occurred when 82÷0. The asymptotic cycllc collisions will occur when e2÷ -7/2 

and 82÷ +7/2; both limits give an equal contrlbutlon. 31 The asymptotic 

hypothetical cyclic collisions occur when 83*0. The velocity functions to be 

evaluated before and after the third collision are symmetric in all three particles. 

Therefore, this difference before and after the third collision is the same 

function of k 3 regardless of the fact between which two particles the third 

collision actually occurs. As a result the contributions from cyclic and 

hypothetical cyclic collisions can be simply related to the expression found 
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,h 
for recollislons. After introducing k 3 as a new variable, in the case of 

recolllslons the remaining Integrand had to be evaluated for e2=0. For cyclic 

and hypothetical cyclic collisions we have to consider the same integrand for 

82 = -~/2, and 83=0 , respectlvely. Thus the total contribution reduces to 

(1)  = i__~_2 ab .~ 9 +~/2 +~/2  +~/2 +~/2  
ak~ 4,~ fdWofdW21(1)W;'(1) f d%'c°sOl f de~cose~ f de s f d6~ ; dw 

"" - ~ / 2  " ±~/2 ~ =~/2 ~ / 2  ~ 1 

cos8 3 

. exp[-(W~(1) + W~(1) + W~(1))] w(wcose3-1) 
I.cos (e2-e 3) I 

cos6 3 
(3 .3-20)  

3 3 

m=l n=l 
+ 6(e 2 - ~ )  - 6(e 3 ) ] .  

The three delta functions pick out the contributions from recolllslons, cyclic 

collisions and hypothetical cyclic collisions, respectively. +) For the matrix 

elements B (I) in (3.3~18)we obtain similarly 
k~ 

.(1). - * .  ,,=. (l)W22 1 +,,/2 +, /2 +,,/2 +,,/2 ( l )  f dOlcosg,  f d e . c o s g ,  f dg^ f dO_ ; dw = fd.Wofd~'21 
Vk~" iv -~ /2  "= _x / 2 4 2~/2 -z~/2 "~ i 

cos8 3 

. exp[-(W (i) + W .(i) + W3(1)).] w(wcose3-1) 
Icos(e2-e3)  I 

cose 3 
(3.3-21) 

3 3 

z z [~w~s )( 1' . n  2 ( w ) l  R [6(021 + 6 ( e  2 - 2  ) - ~ (e3 ) ]  " 
m=l n-I 

. =  

+) When integrating the delta f.unction 6(8 2 - 2 ) the lower limit of e 2 should 

be t.a.ken as -(~ + c). 
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The logarithmic density dependence (3.3-18) of the matrix elements 

~i) and ~(1)_kA implies ~I ffi Ai £nbp + ~i and ~I = ni£nbp + n I so that the 

expansion (3.3-1) for the transport coefficients should be replaced with' 

X ffi AO + Xibp£nbp + l lbP + " " " # 

n -- n o + nlbp~nbp + nlbP + . . . .  

( 3 . 3 - 2 2 )  

' and ' The coefficients X 1 n I are determined by the new asymptotic triple 

collision integrals _(i) and B (1)- 
~kA kA " 

= -  z z ( o ) . . .  ( o )er  (1) 
~o(i) kffil A=I ak ~}a A t }ak~ ' • 

( 3 . 3 - 2 3 )  

' (N) N-1 N-I 
--ffi- Z Z 
n o (i) kffio Affio 

b(o) (S)b~O)(N) ~ (i) 
k Pk£ " 

' and ' The coefficients A 1 n I can be considered as the sum of'three 

contributions associated with the three triple collision events of Fig. 8. 

We note however that in (3.3-20) and (3.3-21) the matrix elements u (I) and 
' ' k A  

B(z) 
k£ are reduced to trlple collision integrals containing the dynamics of 

recollislons only. In these integrals the veloclties Wij(O ) and Wij(2) are 

related to the integration variables by (2.6-25) and (2.6-26). The final 

velocities WIj(3R) are related to the variable k 3 (or 84 ) by 

I(3R) = W21(2) - 2W21(2).k3k 3 p 

W31(3 R) ffi W31(2) - W21(2).k3k 3 • 

( 3 . 3 - 2 4 )  
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3.4 LOGARITHMIC DENSITY DEPENDENCE OF THE TRANSPORT COEFFICIENTS 

INTHE FIRST ENSKOG APPROXIMATION 

The logarithmic density dependence of the transport coefflclents 

in the first Enskog approximation Is determined by the matrix elements 

a11(1) and ~oô 41). If we carry out the integration over Wo and W21(1) we obtain 

slmilarly to (2.7-1) 31 

a ( Z )  2 s ( l )  + 
Ii = "3 oo 

w (wcos 83-1) 

E I l / 2  

sj,,T4-./2 +~/2 +~/2 +~/2 ® 
8505._~ f dg.cosg, f dg.cosg, f dg~ f dg~ f dw 
1024 ~'-~/2 ± I-~/2 q ~-~12 L-~/2 ~ 1 

cos83 

Ic°s(e2-e3) I [~, T]z[s(e 2) + a4e 2- ~) - ~ ( e 3 ) ]  e 
cos83 

(3.4-i) 

B(1) 
O0 = 

~+~12 +~/2 +~12 +~12 
315y.~ I de.cosS, f de.cose, f den $ de, 
64 z_~/2 ± A~/2 ~ ~/2 L-~/2 J 1 

cose 3 

w(wcose3-1) I cos(e2-e 3) I 
E9/2 cos83 

=L] R[6(82) + 6(82 - 2 ) - 6(83)] p 

43.4-2)  

where E, K and L are again defined by (2.7-2), (2.7-3) and (2.7-4). 

coordinate system under consideration E is given by (2.7-14): 

In the 

E = w 2 + 1 - wcos8 
3 ° 

The components of  t he  v a r i o u s  v e l o c i t i e s  Wij (n)  to  be s u b s t i t u t e d  i n  

~L(n) a re  l i s t e d  i n  Table XI. 

( 3 .4 -3 )  

~4n) and 
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Table Xl 
a 

(l) The velocities to be substituted in the triple collision integrals ~k£ 

(1) 
and 8k£ . 

X-component Z-component 

~21(0) -2sin81cos81 1-2cos281 
~ 2 W31(0) wsine3-sinSlcos81 wcos83-cos 81 

21(1) 0 1 

, - t ,  

H31 (i) wsln83 wcos63 

,db 

W21 (2) 0 1-wcos83 

.L 
W31 (2) wsin83 -wcos83 

~b 

w21 (3 R) 

W31 (3 R) 

2(1-wcose3)sin84cos84 

wsine3+(1-wcos83)sin84cose 4 

(1-wcose 3) (1-2cos284) 

-vcos e 3- ( i,,-veoa.~ cos 2e 4 
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Omitt ing terms odd in  the i n t e g r a t i o n  v a r i a b l e s  e I and 8 4 we ob ta in  

.ah .aL == 

[Kr  K] R {~(0) "~(1) }. {~(39) - ~(2) } = 

(3.4-41 

2 2 2 2 
. 4(1-wcose3)214w2sin253+ (l+wcose 3) (1-2weose 3) ] s i n  e leos  e l s i n  e4cos 84 p 

- 

2 2 2 2 2 
= 18(l-wcos83) sin 81cos 81sin 84cos 84 • 

(3 .4 -5 )  

In t roducing these  r e s u l t s  in to  (3.4-1) and ca r ry ing  out the i n t e g r a t i o n s  over 

% 1 and 84, we ob ta in  

~8 ̂  -I-~/2 -l-~/2 ® w(wcos83-1)3 
_(1) 2 o(11 + _ ~ y de. I de. Idw 
=11 = ~ boo 2 ~u_~12 z -~12  ~ 1 E II/2 

cos83 

]cos ($2-83) [ 

cos83 

(3.4-61 

.[4w2stn283-2w2cos203- (wcos83-1)] [6(02 ) + 6(e 2- 2 ) - 6(63)] p 

~.~-I-v/2 -I-~/2 ® w(wcos03-1)3 ]cos(02-03) I 
/~ ( 1 )  

• - - - ~  y de 2 I de 3 f d .  . / ~  
~oo = w2 -w/2 -~/2 i E-'- c°s83 

cos03 

. [6(e21 + 6(e 2- 2) - 6 (e ) ]  . 

(3.4-71 

The remaining integrals can be readily evaluated. 31 Thus we obtain in the 

f i r s t  Enskog approximation 
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' t 1 ( 1 )  ( 1 )  1 - 4 1 8 5  £ n 3 )  , 
~o(-" ~ = - C t l l  = 1 8 0 0  - -  ( 8 2 7 6  - 1 9 2 0  ~ 

(3.4-8) 

n ~ . ( 1 )  : _ B ( 1 )  : 1 '~..._. ( 8 2 0  - 2 2 4  ~r 
n o (i) oo 225 ~.2 

n _ 4 0 5  ~ n 3 )  . ( 3 . 4 - 9 )  

The contributions of the three triple collision events individually are 

presented in Table Xll. 
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Table Xll 

Contributions to the coefficient of the logarithm in the first Enskog 

approximation. 

diagram (Fig. 8) 

R 

C 

I~ . ( I ) / } , o  ( i )  

48 ( I  - 

1080 2 
(2764 - 2511 £n3) 

H 
16 
135 2 ,"r 

R+C+H 
1 

1800 
(8276-1920 ~_ -- 4185 £n3) 

2 

diagram n" (1)/n (i) 
.L o 

R 

C 

48 ~---(1 14 
-2T 2 -~T 

I]" 

225 2 (452 - 405 £n3) 

H + 64 ~" 
225 2 

.'9 

R+C+H 225 (820 - 224 - 405 £n3) 
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3,5 LOGARITHMIC DL~SITY DEPENDENCE OF THE VZSCOSITY 

z. sEcos  B SKOG  PROXn TIO. +) 

From the  r e s u l t s  o b t a i n e d  i n  t h e  p r e c e d i n g  S e c t i o n  we c o n c l u d e  t h a t  

t h e  t r a n s p o r t  p r o p e r t i e s  d o d e p e n d  l o g a r i t h m i c a l l y  on the  d e n s i t y  w i t h  non-  

' and n~. N e v e r t h e l e s s ,  one may wonder w h e t h e r  v a n i s h i n  S c o e f f i c i e n t s  ~1 

the  f i r s t  Ensko S a p p r o x i m a t i o n  p r o v i d e s  a r e a s o n a b l e  e s t i m a t e  f o r  t h e s e  

c o e f f i c i e n t s .  From t h e  f a c t  t h a t  t h e  Sonine  po lynomia l  expans ion  ( 3 . 2 - 1 0 )  

of  t h e  s o l u t i o n s  A ( ° ) ( V l  ) and B ( ° ) ( V l )  of  t he  l i n e a r i z e d  Boltzmann e q u a t i o n  

i s  a c o n v e r g e n t  one ,  we may e x p e c t  t h a t  t h e  r e s u l t i n g  expans ion  f o r  t he  

d e n s i t y  c o r r e c t i o n  (3 . 3 -6 )  to  t he  t r a n s p o r t  c o e f f i c i e n t s  c o n v e r s e s  as  w e l l ,  

p r o v i d e d ,  o f  c o u r s e  D t h a t ~  3 i s  r e p l a c e d  w i t h  a f i n i t e  o p e r a t o r  13 by t a k i n  S 

t h e  c o l l i s i o n s 1  damping i n t o  a c c o u n t .  However, i n  o r d e r  to  c o n c l u d e  t h a t  a 

' and q~, i t  i s  n o t  s u f f i c i e n t  to  r e l i a b l e  e s t i m a t e  has  been o b t a i n e d  f o r  A1 

know t h a t  t he  expans ion  p r o c e d u r e  c o n v e r g e s ,  bu t  we need to  v e r i f y  w h e t h e r  

t he  n e x t  c o r r e c t i o n  terms a r e  s m a l l ,  as was t he  ca se  f o r  t h e  d i l u t e  gas 

v a l u e s  X ° and qo ( see  Table  X).  For t h i s  purpose  we have  e x t e n d e d  t h e  

a n a l y s i s  to  d e t e r m i n e  t he  c o r r e c t i o n s  i n  t h e  second  Enskog a p p r o x i m a t i o n .  I n  

t h i s  r e p o r t  we d i s c u s s  t he  r e s u l t s  o b t a i n e d  f o r  t he  v i s c o s i t y .  

The second Ensko S a p p r o x i m a t i o n  q~(2) i s  g i v e n  by 

^(i)} + {b~O) 2 (i) -------- =q~(2)qo (1) - [{b~O) (2)_ 2} 500(1)+ b(O)(2)b~O)(2){5~) + 0  PlO (2)} Bll ] • (3.5-1) 

I t  can be e a s i l y  d e m o n s t r a t e d  t h a t  t he  m a t r i x  e l e m e n t s  Uk£-(1) and Pk£"(1) a r e  

symmetric 

a ( 1 )  _ (I) ~(I) ~(I) 
k~ = a~k ; Pk~ u D~ k . (3.5-2) 

+) The r e s e a r c h  of  t h i s  S e c t i o n  was c a r r i e d  ou t  i n  c o o p e r a t i o n  w i t h  

Dr. H. T. Wood a t  t he  N a t i o n a l  Bureau of  S t a n d a r d s ,  Washington ,  D. C. 
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The reason is that in Fig. 8 the same triple collision events are obtained 

whether the diagrams are read from top to bottom or from bottom to top 

(except for a permutation of the particle numbers). 

For the matrix element .(1) given by (3.3-21) we need to consider 
Ol0 , 

3 3 

m=l n=l 

3 3 

, -'nWn°~nS~ °)  (W2n) ]Rffi Z Z 
m=l nffil 

- , WnWn] R 

m=l n=l 

Thus 

10 = 3boo 
Ir 

..t - . + v / 2  +~/2 +~/2 +Ir/2 
fdW f d W ' = ~ f , l ~ d 6 . c o s S ,  f dS.cosO= f dS. f dO. dw 

o L~ "~12 ~ ~/2 " ~/2 ~12 ~ 
cosO 3 

2 2(1)+W~(1)] w(wcos83_l ) Ic°s (82-83)  1 
• exp [-  (W I(1)+W 2 cos83 (3.5-3) 

3 3 
• z z [~°w w 2, ~ ° ~ ] R [ ~ ( e  2) + 6.Ce 2- ~) - 6(e3)]  
m=l n=l m m m 

As in the preceding Sections we express the velocity functions in terms of 

the total velocity W ° = ~ (W 1 + W 2 + ) and the relative velocities W21 and 

W31 • 

3_~_~ ~.b 2=m 
ffi 3WoW ° ~ L + 

n=l  
(3 .5-4)  

T. WW ffi + ) + + 2 E )  :s 
m= 1 m m m o 

+ 24(~ O -6W~O ~ + 4Wo.M] , 

(3.5-5) 
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where we have introduced two new tensors +) 

M = W21W21W21 + W31W31W31 + 

I - - - "  " "  ' - "  ~ . . -  ~ - - -  . . - .  ~ ~ ,,8 . ,b  . , ,  - - .  , , o  . , , ,  . , , ,  - - .  . 

- ~[W21W21W31 + W21W31W21 + W31W21W21 + W21W31W31 + W31W21W31 + W31W31W211 

( 3 . 5 - 7 5  

N •  2-" -~ 2 -- -" ~, ,m -- -~ -~ 
ffi W21W31W31 + W31W21W21 - W21.W31(W21W31 + ~31W21 ) • 

Note that 

~:Z 3.b 3-b'~ 
I:M = - ~ K and Tr A.M = - ~ A.K . (3.5-85 

In two dimensions 
e 

N = 0 .  

I n  ( 3 . 5 - 5 )  t e r m s  odd  i n  W v a n i s h  a f t e r  i n t e g r a t i o n  o v e r  W . 
O O 

contain only W and E are constants of the motion and vanish also. The 
O 

~ de 
remaining terms in (3.5-3) contain [L, L] R and as a consequence they can be 

related to the expression (3.4-2) for B (15. As a result we obtain after 
OO 

integration over Wo and W21(15 

(3.5-9) 

The terms that 

^(1) ^(i) 1 B(1) I 
510 = ~01 = - 4 oo • 

For the matrix element ~(15 =ii we consider 

(3.5-1o) 

3 3 

[WmWS 2 
m=l n=l 

3 3 
dbO.~ ..b O_.b -- 

m=l n=l 

+5 :, is a two dimensional tensor of the third rank. The scalar product M' is 

5 M' Symmetrized dyadlcs are indicated by AB = defined as Z E ~ M 87 ySa" 2 " 
63y 
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so that 

8 ( 1 )  = 3 , ~ ( 1 )  + . , , , ( 1 )  _ Q , , ( 1 )  + 
11 ~01 ~10 "~00 

1 . ~ f d ~  ° .b 2 +v/2 +~/2 +~/2 +~/2 
+ fdW21(1)W2{l) f dOlCOS8 f dO4cosS, f dO. f dO. ; dw 

1T -"T/2 --~/2 --~/2 Z-'~/2 "~ 1 
cosO 3 

I~cos (82-83 I 2 2 
.exp[-(W (1) + W2(1)÷W3(1))] w(wcose3-1) cose 3 

3 3 
+ 

m=l n=l 
2 ) - ~ ( e 3 ) ]  . 

.(3.5-11) 

To evaluate this integral we substitute (3.5-5) into (3.5-11). We see that 

upon integration over W several terms can be related again to , 
o 

Moreover, as a result of relations (3.5-8) most terms involving K and can 

be related to [~'~]R and, therefore, to the expression (3.4-1) for 
_L 

(i) 2 S(1) Thus we obtain after integrating over~ and W21(1) 
Ull - ~ oo " o 

B ( 1 )  73 .(1) (1) + 315 
ii ='4-8"~oo + ~ii •23+v/2 +w/2 +~/2 +v/2 

f delCOSS_ f d$4cos8 4 f de 2 f d8 3 ; dw 
-~/2 I-~/2 -~/2 -~/2 i 

cos8 3 

" w(wc°s83-1) Ic°s(92-93) 1 [~M', ~ ]  
Eli/2 cos83 R[6(92) + 6(e 2- 2 ) - 6(83)] , 

(3.5-12) 

where the energy E is again given by (3.4-3). To evaluate the last term we 

substitute the velocities of Table XI into 

Q _tM(2) ) . 

Upon comparing with (3.4-4) we find 

+~/2 +~./2 ~ 97+~/2 +,~/2 
f dSlC°SS1 f de4c°s84[~' ~IR = ~  f d81c°s81 f d84c°s%4 ['L~ ~]R (3.5-13) 

-,~/2 -v/2 -.~/2 -v/2 
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_(i) 2 8(1) We obtain finally so that this term can also be related to all - 3 oo " 

I 

s(1) 3 (1) (1) I 
ii ~ 8oo + 3 ~ii " (3.5-14) 

! 

Substitution of the results for ^(i) and ^(i) into (3.5-1) yields 
~01 =ii 

for the first density coefficient 

.. (1) 
ni(2) 1251B(I)oo + Z~all 

n D ~  - -  • 

n o (1) 1250 
(3.5-15) 

Thus the second Enskog approximation ni(2) can be expressed in terms of the 

known results  (3.4-8) and (3.4-9) for ~(1) / I~1)  and ~i(1)/~o(1): 

1251 12 x (1) 
- -  = - l -  no(l) 1250 no(l) 625 to(1) (3.5-16) 

3.6 DISCUSSION OF THE RESULTS 

As indicated in Section 3.1, we expect on general grounds that the 

successive correlated binary collisions will cause a logarithmic density 

dependence of the transport properties. For a two dimensional gas of hard 

disks the density dependence of the transport properties can be represented by 

~ = I ° + llbp£nbp + AlbP + . . . 

q = n 
o 

+ nlbp£nbp + nlbP + . . 

(3.6-1) 

' and In this chapter we developed a method to determine the coefficients I I 

' Although the procedure was carried out for hard disks in particular, the n I • 

method can be used to predict the logarithmic contribution to the transport 

properties for any two dimensional gas of molecules with short range, spherically 
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' and ' were expressed in terms of symmetric, forces. The coefficients ~i ~l 

(asymptotic) collision integrals related to the recollislons (R), the cyclic 

collisions (C) and the hypothetical cyclic collisions (H) of Fig. 8. 

' and ' of hard disks are The numerical values obtained for ~I nl 

presented in Table XIII. The Table includes also the contributions from the 

three diagrams R, C and H individually. The values ~(i) and n~(1) obtained 

in the first Enskog approximation are listed in the second and third columns. 

The values obtained for the viscosity coefficient n~(2) in the second Enskog 

approximation are presented in the fourth column. It turns out that the 

second Enskog approximation modifies the values found in the first approxi- 

mation by about 1% only. Thus we expect that we have found the correct order 

of magnitude for the logarithmic density dependence of thermal conductivity 

and viscosity for the model considered. 

From the last column of Table XIII we see that the second Enskog 

' by the same relative approximation affects the three contributions to n I 

amount of~ 1%. Since the total value for n~(1) is of the same order as 

the contribution from the most important diagrams (R and H in this case), 

approximately the same correction is obtained for the total contribution. 

However, this is not necessarily true in general. For instance, if we evaluate 

the logarithmic contribution to the self diffusion in the first Enskog approxi- 

mation, $2 the total coefficient turns out to be an order smaller than the contri- 

butions of the individual diagrams, due to some cancellatlons between these con- 

tributions. Although in this case the first Enskog approximation leads again to 

a reasonable estimate for these individual contributions, it is no longer evident 

that it will lead to a good estimate of the total effect. This will be dis ~ 

cussed in a future report. 
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From the results of Table Xlll we conclude that the coefficients 

of the term logarithmic in the density is non vanishing. However, the 

fact that these coefficients are different from zero, can be expected on 

much more general grounds. Inspection of the collision integrals (3.3-20) 

and (3.3-21) shows that in any Enskog approximation, the three collision 

events R, C and H will lead to a contribution of the form -2/~ (aR_ bR~), 
-2/~ (a C _ bc£n3) and ~-2/3 aH, respectively. Thus the three collision 

events lead to three different irrational numbers and a cancellation is therefore 

unlikely in any higher order Enskog approximation. 

The results of Table XIII also reveal that the sign of the logarithmic 

density contribution depends on the particular form of the collision integrals 

and is not the same for the thermal conductivity and viscosity. Thus it 

could be that both the sign and the magnitude of the logarithmic density 

dependence would be sensitive to the intermolecular potential as well, and 

it does not seem possible to predict the sign from a priori considerations. 

As discussed in Section 3.1, the same physical effects encountered 

in the triple collisions of a two dimensional gas, will occur in the quadruple 

collisions of a three dimensional gas. Thus we submit that our results for 

the two dimensional model gas provide significant evidence that also in an 

actual three dimensional gas a logarithmic density dependence must be expected, 

as expressed in equation (3.1-4). 
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Table Xlll 

Coefficient of the logarithmic density dependence for the 

transport coefficients of hard disks. 

diagram 
X~Cl) n{Cl) ni(2) n{(2) - niCl) 

o (i) no(l) no(l) n~(1) 

R +0.00258 -0.02005 -0.02002 -0.2% 

C -0.00088 -0.00551 -0.00553 +0.4% 

H -0.02080 +0.04992 +0.04956 -0.7% 

R+C+H -0.01909 +0.02436 +0.02401 -1.4% 
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CHAPTER IV 
DENSITY DEPENDENCE OF EXPERIMENTAL TRANSPORT COEFFICIENTS + ) 

4.1 INTRODUCTION 

In this Chapter we want to investigate whether the theoretically 

predicted density dependence of the transport properties can represent 

the experimental data. Up to the present experimental transport properties 

have usually been represented by a power series in the density (3.1-1). 

= Xo + Xl p +~2 p2 + " " " ' 

(4.1-1) 

n = n + nlP +'~2 p2 + . . . .  
0 

Our analysis of the two dimensional model gas demonstrated that such a 

power series cannot be Justified theoretically and we provided substantial 

evidence that instead one should expect a density dependence that contains 

terms logarithmic in the density 

= X + ~1 p + ~ n p  + ~2 p2 + . . . , 
o 

(4.1-2) 

q = n + nip + n ~ n o  + n2 o2 + . . . .  

It is the purpose of this Chapter to establish some criteria to test 

whether meaningful density coefficients ~k and n k can be deduced from the 

experimental data. In particular we shall try to determine the first 

density coefficients ~I and n I and make an assessment of the precision 

with which they can be obtained from the presently available experimental data. 

In order to determine the first density coefficients, one initially 

looks at the experimental data in the linear region. But to decide which 

data are actually in the linear range, an estimate of the higher order terms 

+) This Chapter was prepared in collaboration with Dr. H. J. M. Hanley and 

33 
Dr. R. D. McCarty of the National Bureau of Standards, Boulder, Colorado. 

102 



AE DC-TR-69-68 

in  the  d e n s i t y  expans ion  i s  d e s i r a b l e .  ,Moreover ,  i t  i s  not  e v i d e n t  

a priori that the best value for this coefficient is obtained from the 

data in the linear region alone. For example to determine the second 

virial coefficient B in the equation of state (i.i-i) it is often 

34 
advantageous to include experimental pVT data in the quadratic range. 

For these reasons we try to assesstheeffect of higher order terms on the 

determination of the first density coefficient. We use equation (4.1-2) 

for this purpose, since it represents the density expansion suggested by 

the theory. However, for comparison we shall make a few remarks concerning 

the results obtained when the data are fitted to a simple power series 

(4.1-i). 

In Section 4.2 we outline a general procedure to analyze experimental 

transport properties as a function of density. In Section 4.3 we apply 

this method to the thermal conductivity of neon. In Section 4.4 we present 

first density coefficients l I and n I deduced from the experimental vis- 

cosities and thermal conductivities of a number of gases. In Section 4.5 

we summarize and discuss these results. 
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4.2 CRITERIA FOR A CONSISTENT REPRESENTATION OF TIIE 

F~PERIMENTAL DATA AS A FUNCTION OF DENSITY 

We assume that the theory predicts a density representation (not 

necessarily a power series) with finite coefficients 

~(T,o) = Z ~k(T)fk(O) a 
k=o 

n ( T , p )  = ~ n k ( T ) f k ( p )  , 
kffio 

( 4 . 2 - 1 )  

where the density coefficients Ak and n k are a function of the temperature 

alone. The functions fk(p) are ordered such that 

lim fk+l(O)/fk(p) = 0 . (4.2-2) 
p+O 

Theoretically, (4.2-1) contains an infinite number of terms representing 

the density variation around p=0. In practice, one uses a finite number 

of terms to represent the transport properties in a finite density interval 

N-I 

(T,p) =kEoAk(T)fk(p)ffi , 

N-1 

n(T,p) =kfZonk(T)fk(P) ° 

( 4 . 2 - 3 )  

As pointed o u t  in Chapter 1 l, the present theory suggests fo(p) = i (excluding 

p2An p 2 Knudsen effects), fl(p) = p, f2(p) = and f3(o) ffi p . However, we shall 

also include in the discussion a power series for which fk(p) ffi pk. 

Recently~investigators have discussed some of the factors affecting 

the precision with which the virial coefficients of the equation of state 

can be deduced from the experimental pVT data. 34'35 In trying to determine 
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the experimental values for the coefficients kk and n k in (4.2-3) several 

additional complications present themselves. The precision of the second 

virial coefficient B in(IA-1) can be enhanced by an independent knowledge 

of the temperature, so that the first vlrlal coefficient RT no longer 

represents a degree of freedom in analyzing the pVT data. However, the 

Chapman-Enskog values ~o and ~o cannot be predicted with an accuracy 

significantly better than the experimental accuracy, presumably due to 

insufficient independent information on the intermolecular potential. 

This is despite the fact that a detailed theory is available for their 

description. In practice, therefore, the low density values ko and ~o 

have to be extracted from the experimental data themselves. 

Furthermore, in order to deduce physically meaningful coefficients 

from experlmental data with a given accuracy, one ideally needs to know 

a priori whether the chosen function is a correct representation of the 

data. This requires not only a theoretical knowledge of the form of the 

functions fk(0), but also an estimate of the magnitude of the coefficients, 

so that one can decide which terms can be neglected in a given density in- 

terval. Again, this condition is satisfied for the equation of state of 

34 
simple gases. For the transport properties, however, we do not know 

the functions fk(p) for k>3, nor do we have reliable a priori estimates of 

the magnitude of the coefficients for kffil,2,3. As a result we shall be 

forced to conclude that at the present we cannot determine the coefficients 

for k>._2 with enough confidence to make them amendable to theoretical inter- 

pretation. 

Nevertheless, in order to proceed, one can lay down some minimum 

criteria which have to be satisfied if (4.2-3) is to be compatible with the 
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data. The first criterion is 

(i) The standard deviation of the fitted data points. When the standard 

deviation of the points fitted with (4.2-3) exceeds the experimental error 

of the data, and/or when a curve representing the difference between 

experimental and calculated points shows systematic deviations, the pro- 

posed function cannot be a correct representation of the given experimental 

data. Although this criterion rules out certain possibilities, it is 

rather weak in that it still allows many interpolation formulas to represent 

the data. In particular, we shall see that in a given density interval 

the transport coefficients can always be fitted to a polynomial with or 

without a term logarithmic in the density. 

To reduce the class of possible correct functions we consider two 

additional requirements: 

(ii) The coefficients of the fitted equation should be independent of the 

size of the density interval. If (4.2-3) is the correct equation to 

represent the data in a given density interval, one may fit it to the data 

and return values for the coefficients. When the equation is fitted to 

data in a subinterval the values of the coefficients then obtained must 

be equal to (within their standard deviation) to the corresponding 

coefficients found from the fit for the complete density interval. This 

should be true for any subinterval as long as all coefficients are significant. 

(ill) The coefficients should be independent of the number of terms in 

the equation. Assume that equation (4.2-3) is the correct equation to 

represent the data in a given density interval and that one determines 

values for all coefficients (O<__k<__N-1). When the density interval is suf- 

ficiently reduced so that the last term (k = N-l) is no longer significant, 
N-2 N-2 

a refit in the reduced interval with the equation Z Ikfk(0) or I nkfk(o) 
k=o k=o 
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must return the same values (within their standard deviations) for the 

first N-1 coefficients (0<_k~N-2) as are returned from the fit with the 

full equation (4.2-3) in the complete density interval. 

We shall call any function (4.2-3) satisfying the criteria i, ii 

and lii consistent with the experimental data. In addition to these 

criteria, we shall also require that 

(iv) All coefficients are to be signiflcant for a proper fit. Violation 

of this condition does not exclude the possibility that the function under 

consideration is theoretically correct. However, the presence of insigni- 

ficant terms affects the values returned for the significant coefficients. 

Our analysis of the transport data is thus to investigate whether 

(4.2-3) is consistent with the experimental data so as to return reliable 

estimates of the coefficients A 1 and n I. If a certain function of the 

density, linear in the coefficients, is a correct representation of the 

data, the best estimates of the values of the coefficients can be obtained 

by the method of least squares. Of course, when the data are correlated 

36 
and of unequal variance, these factors should be properly taken into account. 

In practice, we proceed as follows. Suppose we have several isotherms 

for I and ~. To reduce the effects from internal inconsistencies, we con- 

sider a set of data from only one experimental source at a time. We have n 

data points A(p i) or n(p i) (i = i, . . .n) at a given temperature T, ordered 

such that Pi+l~pl. To ensure equal variance of the data points we decide 

whether or not weighting of the data is desirable, basing our decision on the 

experimental ~timates of the possible errors in i or n and the density p. 

It turns out that the effect of errors in the independent variable p is 

usually negligible compared to that of the errors in the experimental 

transport properties. 
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We first consider the linear equation +) 

X = X ° + XIO t 

(4.2-4) 

q = qo +nlP ' 

and determine ~o' X1 or qo' ql from a least squares fit for the first few 

data points (i~ 3 or 4). We then add the next datum point and redetermine 

the coefficients and note the criteria i-lv. This procedure is repeated', 

the criteria noted for each fit, until at a certain number of points, 

corresponding to densities up to a density p£, equation (4.2-4) no longer 

represents the experimental data correctly. Such a conclusion can be 

drawn when the criteria are not satisfied, i.e., when the standard deviation 

begins to increase and/or when the deviation curve begins to indicate a 

systematic deviation. Furthermore, the values returned for the coefficients 

begin to change systematically with the size of the density interval. 

At this point, that is when (4.2-4) ceases to be valid, the next 

density dependent term X2f2(p) or B2f2(p) is added to the fitting equation 

and the procedure is repeated. Once again, the criteria are noted after 

each fit and, in addition, the significance test on the new coefficients 

X2 or q2 is used to recheck that the original estimate for the limiting 

density pE for a linear fit is valid (X2 or q2 should not be significant 

for pip ~). 

In principle, when enough experimental data are available, this 

procedure can be continued until all terms in equation (4.2-3) are significant. 

From the results obtained by this procedure we can obtain some insight, 

whether a proposed density expansion (4.2-3) is consistent with the experimental 

+) Strictly, we should, and did on occasion, fit the data first to the equation 

A=X ° or q=q o. However, usually there are not enough data as a function of density 

in the Chapman-Enskog regime to warrant this extra step. 
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d a t a .  Specifically, here we shall fit the data to (a) the linear equation 

(4 .2 -4 ) ,  (b) to a q u a d r a t i c  polynomial ,  (c) to a cubic  polyn~nnial and 

+ + A~p2£np + ~2 p2 X = X ° Alp 

n = n o + nip + n~p2£np + n2 p2 

(d) to the equa t ion  

which contains the first four terms of the theoretically predicted density 

expansion.  

(4.2-5) 

4.3 ANALYSIS OF THE THERMAL CONDUCTIVITY OF NEON 

We discuss in some detail the results of this procedure for the 

set of thermal conductivity data of neon obtained by Bolk, Stigter and 

37 
the author. In the experiment care was taken to measure the data points 

at regularly spaced density intervals in an appreciable density range. 

The variation of the thermal conductivity of neon as a function of density 

is shown in Fig. i0. The actual experimental values are listed in Table 

nv+). 

+) Tables XIV through XVIII can be found at the end of this Section. In 

this report the thermal conductivity is expressed in cal/cm.s.K, since 

most authors have presented their experimental data in this unit. For the 

same reason the viscosity is expressed in g/cm.s or poise. The presently 

recommended SI values for A and n are W/m.K and N.s/m 2, resp. The conversion 

factors are: 1 cal/cm.s.K = 418.68 W/m.K; 1 poise ffi 0.1 N.s/m 2. 
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Because e q u a t i o n  (4 . 1 -2 )  c o n t a i n s  a term l o g a r i t h m i c  i n  t he  

d e n s i t y ,  we p r e f e r  to  e x p r e s s  t he  d e n s i t y  i n  d i m e n s i o n l e s s  u n i t s .  T h e r e f o r e ,  

we , a v e  r e t a i n e d  t h e  amagat u n i t  of  d e n s i t y  used i n  t he  o r i g i n a l  e x p e r i -  

men ta l  t a b l e s .  37 The d e n s i t y  i n  amagat ~ e p r e s e n t s  t he  r a t i o  of  t he  a c t u a l  

d e n s i t y  to  t he  d e n s i t y  PSTP of  t h e  gas a t  s t a n d a r d  t e m p e r a t u r e  and p r e s s u r e  

(0°C and 1 atm.) .  For neon one amagat c o r r e s p o n d s  to 0.00089979 g/cm 3. 

Three t he rma l  c o n d u c t i v i t y  i s o t h e r m s  a r e  a v a i l a b l e ,  namely a t  25.1°C 

50.1°C and 75.0°C. The e x p e r i m e n t a l  method 38 s u g g e s t s  t h a t  any random error i s  due 

t o  e r r o r s  i n  t h e  measurement  of  t h e  t e m p e r a t u r e  d i f f e r e n c e  a c r o s s  t h e  gas 

layer or of the heat current through the gas layer, and is therefore most 

likely a relative error, that is, an error proportional to A. This suggests 

a weight factor A(pl) -2 for the least squares analysis. 36 Actually, we 

[A(pl)/100] -2 as the weighting factors, so that the method of least chose 

squares returns the estimated standard deviation o A of the data points as 

a percentage. 

Linear fit. The results obtained by fitting the data to the 

linear equation (4.2-4) are presented in Table XV for the three isotherms. 

The second column gives the density interval 0<P<Pma x and the third 

column the number n of data points from Table XIV used in fitting the 

equation. In columns four and five the values returned for the coefficients 

A ° and A1 are presented together with their standard deviation OAo and 

a%l. The last column shows the estimated standard deviation of the data 

points. It turns out that up to a density of 120 amagat the coefficients 

within their standard deviation do not depend on the size of the density 

interval. The standard deviation o A does not increase with density. The 
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Figure ii. Plot of deviations (Aex p - Acalc)/Acal c in % for the 

thermal conductivity of neon in the linear region. 

deviation curves (shown in Fig. Ii for the largest density interval) confirm 

that the linear equation fits the data to within their experimental precision. 

Thus the linear equation satisfies the criteria i, ii and iv of Section 4.2. 

However, when data points at densities beyond 120 amagat are included, 

(not shown here), the standard deviation al 5egins to increase and the coef- 

ficients ~o and ~i begin to change systematically. Thus we conclude that the 

linear equation (4.2-4) is consistent with the experimental data at densities 

up to 120 amagat. The most probable value for the first density coefficient 

~I' virtually independent of the temperature, deduced by fitting the data to 
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a linear equation is 0.77xi0 -7 cal/cm.s.K.am with a standard deviation 

of 0.02x10 -7 in the same units. 

quadratic fit. We then first tried to represent the data over a 

wider density range by a polynomial, as has been the general practice in the 

literature up to now. For this purpese we consider the quadratic equation 

N 2 
I = I + + . (4.3-1) o liP 12P 

The results obtained when the data are fitted to this equation are presented 

in Table XVI. The quadratic term does not become significant +) until p = 200 

amagat, in agreement with our previous conclusion that at p = 120 amagat a 

linear equation is still sufficient. We note that in the units chosen 1 
2 

is about 10 -3 times l I. Up to a density p = 440 amagat the quadratic 

equation satisfies conditions i, li and iv; that is, the coefficients are 

independent of the density interval and the standard deviation a I does not 

increase with density. (At densities beyond 440 amagat we begin to detect 

systematic deviations.) However, the estimate for the first density 

coefficient l I obtained by fitting the quadratic equation, varies from 

0.64x10 -7 cal/cm.s.K.am to 0.71x10 -7 cal/cm.s.K.am, in distinct disagreement 

with the value (0.77 + 0.02)x10 -7 cal/cm.s.K.am deduced from the linear fit. 

Thus the quadratic equation is the density interval considered violates 

condition iii. 

Cubic fit. Next we consider the cubic equation 

= + + ~"2 p2 + 1"3p3 l l ° llp j (4.3-2) 

results for which are presented in Table XVll. The cubic term does not 

become signfficant until p - 560 amagat. Up to p = 800 amagat the coefficients 

do not vary with the density interval and the standard deviation o I is constant. 

+) As a test of significance for a linear coefficient I k we require that the 

2 2 
quantity T = (Ik/al~ is larger than the value of the F.975 distribution for the 

36 corresponding degrees of freedom. 
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(The fact that o~ is the same for all equations reinforces our original 

assumption that the random error is approximately a relative error 

independent of the density). However, the cubic equation again does not 

reproduce for the first density coefficient %1 the value of 0.77xi0 -7 cal/cm.s.K.am 

suggested by the linear fit, nor does it reproduce for ~2 the value 

~ 0.8xlO -I0 cal/cm.s.K.am 2 estimated from the quadratic equation in Table XVI. 

From these results we conclude that neither a quadratic equation in 

a density interval up to p = 400 amagat, nor a cubic equation in a density 

interval up to p = 800 amagat, is consistent with the experimental data. 

One could relax conditions ii and ill by allowing for variations of 

the coefficients within a 95% confidence interval A which is related to 

the standard deviation by 

(4.3-3) = Ot 
.025  ' 

where t.025 is the 2.5 percent point of the "student t" distribution for 

the corresponding degrees of freedom. 36+) - But, even so, the values 
. 

(0.77 ~ 0.06)x10 -7 cal/cm.s.K.am and (0.67+_0.06)xi0 -7 cal/cm.s.K.am for 

~i ~ AA I' returned from the linear and quadratic fit, do not agree very 

while the values returned for ~2 from the quadratic and cubic fit well, 

are well outside each other's 95% confidence interval. 

A serious problem is, of course, the possible effect of systematic 

errors in the data. A statistical analysis can only account for the effects of 

random errors aodrot of systematic errors. The effect of systematic errors 

could be estimated, e.g., by comparing sets of data from a number of dif- 

ferent experimental sources for the same gas at the same temperature. A 

+) When the degrees of freedom are large, t.025~ 2. 
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more decisive check could be made if the results were compared with those 

from experimental data with an appreciably higher precision, so that the 

various terms would become significant at other (lower) densities. The 

effect of two simple systematic errors can be easily assessed. A 

systematic error independent of the density (e.g. an error in the radiation 

constant 38) would only modify the value returned for Ao equally for all 

equations. If there is a systematic error proportional to A (e.g. an 

error in the distance between the hot and the cold plate38), all coefficients 

will have this same percentage error. Thus, systematic errors of these kinds 

would not affect the conclusions of this analysis. 

Logarithmic fit. After these negative results for the polynomial 

equations, we fitted the data with equation (4.2-5) that includes a term 

logarithmic in the density as predicted by the theory. The presence of 

this logarithmic term leads to some complications not encountered when 

fitting polynomials. It does not seem desirable to consider the p2£np 

and the p2 terms separately. For instance, if we change the density units 

such that ~ = P/Po' the coefficients A~ and A 2 of 

- - 

= ~o + ~1 p + n~ + ~2 ~2 ~ (4 .3 -4)  

I a re  r e l a t e d  to  ~2 and X 2 in  (4 .2 -5)  by 

~2 ffi ~2Po 2 ; ~2 ffi X2Po2£nPo + ~2P~ " (4.3-5) 

Therefore, the relative contribution of the two individual terms depends 

on the particular unit chosen for the density. In fact, if we had chosen 

! 
Po such that ~np ° = - A2/~2 , the quadratic term in (4.5-4) would have 
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disappeared completely. This problem could be avoided by using the equation 

= ~. + Z I  p + ).~p2£n 0_. ) (4.3-6) 
o Po 

where (in addition to  Ao' AI' ~2) Po is a constant to  be determined. 

However, equation (4.3-6) is nonlinear in the coefficient Po and therefore, 

less suitable to least squares analysis. Thus, in practice we prefer equation 

(4.2-5) and test the sum %~o2~np + ~2 p2 for significance. 

The results when the thermal conductivity data are fitted to this 

equation are presented in Table XVIII. The sum A~p2~np + ~202 becomes 

significant at p = 240 amagat similar to the quadratic results given in 

Table XVl. However, since (4.2-5) still contains four degrees of freedom, 

the individual terms become significant at much higher densities, comparable 

to the densities where all terms in the cubic polynomial became significant. 

The fit is within the experimental error up to p = 720 amagat; at densities 

beyond 720 amagat we detect systematic deviations, 

0.o[-~-^=~ ! = 2 5  C, n = 29  
o 0 0 0 0 ? 0 o ~ =0 

• o ¢ o ~ o io o o i o  o 

.o.~_o °2 o 

0 
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-0 .  

t = 5 0 C , n  = 3 0  
o o o 
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r~ ', '~i O i ~"-G I I O, 
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O .. 

0 | C.'.3 t3 
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Figure 12. Plot of deviations (%exp-%calc)/Acalc in % for the thermal conductltlty 

of  neon u s i n g  e q u a t i o n  ( 4 . 2 - 5 )  
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We note that in the density interval considered a I is again 

approximately constant and the deviations of the data points are random, 

as shown in Fig. 12. The value returned for the coefficient l I does 

not vary with the density interval; this is also true for the coefficients 

l~ and 12 when they become significant individually +) . Thus the equation 

satisfies criteria i, ii and iv. The results for the 75=C isotherm are 

slightly out of line; here the coefficients become significant at a later 

stage. But even here, when finally at p ffi 720 amagat all coefficients are 

significant, the coefficients are similar to those at the other temperatures. 

Furthermore, from the fit up to p ffi 720 amagat we note that, on 

the average, l I ffi 0.79 x 10 -7 cal/cm.s.K, am with a standard deviation of 

0.03xlO -7 in agreement with the value (0.77+0.02)xi0 -7 cal/cm.s.K.am 

deduced for l I from the linear fit in Table XV. Thus, condition iii is 

satisfied as well. We therefore, conclude that equation (4.2-5) is con- 

sistent with the experimental data. Of course, any physical conclusions 

from this result should be considered with the same caution as mentioned 

earlier when discussing the results for the polynomial fits. 

To obtain a realistic error estimate for Ii, we prefer to replace 

the standard deviation all with a 95% confidence interval All. From the 

agreement between Tables XV and XVIII we conclude that these tables yield 

+) Upon a density transformation Offi~'po , the standard deviation of the 

coefficient A 2 in (4.3-5) transforms as 

a2 4. 2 . 2 2 a2 
= po~,Ol~n O o + + T 2 20~2£nPo A 2 

2 
where ~l"~2z is the related off-diagonal element of the variance-covariance 

36 
matrix of the coefficients. 
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a meaningful value for the first density coefficient i I. On the other 

hand, it seems that a quadratic polynomial would have underestimated this 

coefficient A 1 by as much as 10 percent. 

We cannot draw a similar conclusion about the significance of 

' and A 2. To check the reliability of these the values returned for A2 

coefficients by our procedure, we would have to add the next term (or 

combination of terms) beyond the p2 term to the equation and compare the" 

results for the new equation with those of Table XVIII. The character of 

these terms have not been investigated theoretically in sufficient detail 

as yet, nor are there enough experimental data to investigate their 

effect. However, we think it reasonable to assume that such higher order 

terms will no longer affect the value returned for the coefficient I 1 

of the linear term. 
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n 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 

Table XIV 

Experimental Thermal Conductivity data 

25.1°C 50.1°C 

p ~xl04 p ~xl04 
amagat cal/cm.s.K amagat cal/cm.s.K 

0.92 1.166 0.86 1.236 
10.01 1.174 10.06 1.247 
10.03 1.172 10.62 1.243 
10.31 1.179 24.97 1.255 
25.00 1.183 25.01 1.256 
25.02 1.190 25.06 1.251 
40.01 1.201 39.97 1.264 
59.96 1.212 39.99 1.266 
79.99 1.232 59.95 1.280 

100.01 1.245 60.02 1.284 
120.31 1.259 79.96 1.301 
120.34 1.259 80.21 1.298 
160.41 1.295 100.00 1.312 
200.23 1.337 119.96 1.330 
200.33 1.332 159.91 1.373 
240.53 1.372 199.85 1.406 
279.93 1.419 239.89 1.450 
319.94 1.463 278.63 1.492 
359.94 1.509 319.89 1.540 
359.98 1.512 319.89 1.540 
399.74 1.565 359.90 1.590 
439.88 1.621 400.02 1.641 
479.91 1.674 440.05 1.700 
519.92 1.742 480.03 1.769 
559.84 1.814 520.03 1.832 
599.69 1.881 560.04 1.896 
640.0 1.963 600.1 1.973 
680.0 2.044 640.2 2.041 
720.0 2.130 680.2 2.130 
760.0 2.230 720.2 2.221 
799.6 2.327 760.1 2.307 
839.5 2.422 800.2 2.408 
840.0 2.422 840.1 2.524 
879.9 2.547 880.1 2.654 
920.0 2.661 920.0 2.777 
960.1 2.792 960.1 2.903 

1000.0 2.928 984.6 2.996 

for 
37 

neon 

P 
amagat 

0.83 
10.06 
10.06 
25.02 
25.76 
40.06 
60.06 
80.06 

100.06 
120.06 
159.99 
199.99 
199.99 
239.99 
279.94 
319.99 
360.02 
399.72 
439.81 
479.73 
519.68 
559.7 
599.7 
639.7 
676.5 
719.7 
759.7 
799.6 
839.6 
879.7 
919.6 
959.6 

75.0°C 

Axl04 
cal/cm, s.K 

1.296 
1.302 
1.307 
1. 316 
1.320 
1. 325 
1.340 
1.357 
1.375 
1.390 
1.426 
1.463 
1.465 
1.511 
1.552 
1.599 
1.653 
1. 708 
1. 768 
i. 824 
1.893 
1.962 
2.042 
2.110 
2.194 
2.298 
2.398 
2.493 
2. 602 
2. 725 
2. 851 
2. 981 
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t Pmax n 

°C am 

25 40 7 

25 60 8 

25 80 9 

25 I00 i0 

25 120 12 

I 

50 40 8 

50 60 i0 

50 80 12 

50 i00 13 

50 120 14 

Table XV 

Coefficients of X ffi X 
0 

(X in cal/cm.s.K; 0 

(X o ~ c X )xlO 4 
0 

1.166 + 0.002 

1.167 + 0.002 

1.166 + 0.002 

1.167 + 0.001 

1.167 + 0.001 

1.237 + 0.002 

1.236 + 0.001 

1.235 + 0.001 
M 

1.235 + 0.001 

1.235 + 0.001 

+ XIp for neon 

in amagat) 

(X 1 + )xlO 7 
-- cX I 

0.86 + 0.i0 

0.79 + 0.06 

0.81 + 0.04 

0.79 + 0.03 

0.77 + 0.02 

0.71 + 0.06 

0,75 + 0.04 

0.79 + 0.03 

0.78 + 0.02 

0.78 + 0.02 

° X 

% 

0.27 

0.27 

0.25 

0.24 

0 .23 

0.18 

0.18 

0.19 

0.18 

0.18 

75 40 6 

75 60 7 

75 80 8 

75 i00 9 

75 120 i0 

1.297 + 0.002 

1.297 + 0.002 

1.297 + 0.001 

1.297 + 0.001 

1.296 + 0.001 

0 .79  + 0.09  

0.73 + 0.05 

0.74 + 0 .03  

0 .77  + 0 .03  

0.77 + 0.02 

0.22 

0.20 

0.19 

0.19 

0.18 
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Table XVI 

2 
Coefficients of X = % + XIO + %2 p for neon 

O 

(X in cal/cm.s.K; p in amaga£) 

t °max n (X° --+ Clo )x104 (XI -- + CXl)Xl07 (X% _+ c~2)xlOlO c X 

°C am Z 

25 200 15 1.168 + 0.002 0.71 + 0.04 0.57 + 0.22 0.26 

25 240 16 1.168 + 0.002 0.71 + 0.04 0.57 + 0.16 0.25 

25 280 17 1.168 + 0.001 0.68 + 0.03 0.72 + 0.12 0.25 

25 320 18 1.169 + 0.001 0.68 + 0.03 0.75 + 0.09 0.'24 

25 360 20 1.169 + 0.001 0.68 + 0.02 0.76 + 0.06 0.23 

25 400 21 1.169 + 0.001 0.67 + 0.02 0.79 + 0.05 • 0.23 

25 440 22 1.169 + 0.001 0.66 + 0.02 0.82 + 0.04 0.23 

50 200 16 1.236 + 0.001 0.71 + 0.04 0.73 + 0.20 0.20 

50 240 17 1.236 + 0.001 0.71 + 0.03 0.75 + 0.14 0.19 

50 280 18 1.236 + 0.001 0.71 + 0.03 0.75 + 0.10 0.18 

50 320 20 1.236 + 0.001 0.71 + 0.02 0.75 + 0.06 0,17 

50 360 21 1.236 + 0.001 0.71 + 0.02 0.76 + 0.05 0.17 

50 400 22 1.236 + 0.001 0.71 + 0.02 0.76 + 0.04 0.16 

50 440 23 1.237 + 0.001 0.70 + 0.01 0.79 + 0.04 0.16 

75 200 13 1.297 + 0.001 0.69 + 0.03 0.69 + 0.16 0.16 
w - -  w 

75 240 14 1.298 + 0.001 0.66 + 0.03 0.90 + 0.14 0.18 

75 280 15 1.298 + 0.001 0.66 + 0.03 0.87 + 0.i0 0.17 

75 320 16 1.298 + 0.001 0.67 + 0.02 0.86 + 0.07 0.16 

75 360 17 1.298 + 0.001 0.66 + 0.02 0.90 + 0.05 0.16 

75 400 18 1.298 + 0.001 0.65 + 0.02 0.92 + 0.04 0.16 

75 440 19 1.299 + 0.001 0.64 + 0.01 0.95 + 0.03 0.16 
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t Pmax 

"C am 

25 560 

25 600 

25 640 

25 680 

25 720 

25 760 

25 800 

50 560 

50 600 

50 640 

50 680 

50 720 

50 760 

50 800 

75 560 

75 600 

75 640 

75 680 

75 720 

75 760 

75 800 

Table XVII 

Coefficients of A = Xo + ~I 0 +~2 p2 + ~303 for neon 

(A in cal/cm.s.K; 0 in amagat) 

n (~o -- + C%o )x104 (~i -- + a~ l)x107 (~2 -- + ~2)xlolO (~3 -- + a~3)xlO13 

25 1.168 + 0.001 0.72 + 0.03 0.44 + 0.13 0.59 + 0.17 

26 1.168 + 0.001 0.71 + 0.02 0.47 + 0.11 0.54 + 0.13 

27 1.168 + 0.001 0.72 + 0.02 0.45 + 0.10 0.58 + 0.11 

28 1.168 + 0.001 0.72 + 0.02 0.45 + 0.08 0.58 + 0.09 

29 1.168 + 0.001 0.71 + 0.02 0.46 + 0.07 0.56 + 0.08 

30 1.168 + 0.001 0.72 + 0.02 0.43 + 0.07 0.61 + 0.06 . . . .  

31 1.168 + 0.001 0.72 + 0.02 0.42 + 0.06 0.61 + 0.05 

26 1.236 + 0.001 0.74 + 0.03 0.51 + 0.12 0.53 + 0.15 

27 1.236 + 0.001 0.73 + 0.02 0.51 + 0.i0 0.52 + 0.10 

28 1.236 + 0.001 0.72 + 0.02 0.61 + 0.10 0.38 + 0.11 

29 1.236 + 0.001 0.72 + 0.02 0.59 + 0.09 0.41 + 0.09 

30 1.236 + 0.001 0.73 + 0.02 0.54 + 0.08 0.47 + 0.08 

31 1.236 + 0.001 0.73 + 0.02 0.56 + 0.07 0.45 + 0.06 

32 1.236 + 0.001 0.73 + 0.02 0.55 + 0.06 0.46 + 0.05 

22 1.298 + 0.001 0.67 + 0.02 0.77 + 0.11 

23 1.298 + 0.001 0.69 + 0.02 0.69 + 0.11 0.38 + 0.ii 

24 1.298 + 0.001 0.67 + 0.02 0.77 + 0.09 0.27 + 0.10 

25 1.298 + 0.001 0.68 + 0.02 0.72 + 0.08 0.33 + 0.08 

26 1.297 + 0.001 0.70 + 0.02 0.64 + 0.08 0.44 + 0.08 

27 1.297 + 0.001 0.71 + 0.02 0.57 + 0.07 0.52 + 0.07 

28 1.297 + 0.001 0.71 + 0.02 0.57 + 0.06 0.52 + 0.06 

° x 

% 

0.22 

0.22 

0.21 

0.21 

0.20 

0.20 

0.20 

0.18 

0.18 

0.19 

0.19 

0.19 

0.19 

0.18 

0.15 

0.15 

0.16 

0.16 

0.18 

0.19 

0.19 
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t Pmax n 

"C a m  

25 240 16 

25 320 18 

25 400 21 

25 480 23 

25 520 24 

25 560 25 

25 600 26 

25 640 27 

25 680 28 

25 720 29 

50 240 17 

50 320 20 

50  4O0 22 

50 480 24 

50 520 25 

50 560 26 

50 600 27 

50 640 28 

50 680 29 

50 720 30 

75 240 14 

75 320 16 

75 400 18 

75 480 20 

75 520 21 

75 560 22 

75 600 23 

75 .640 24 

75 680 25 

75 720 2 6  

Table XVIII 

Coefficients of A=Ao + AI 0 + A~p2 Enp + A2 p2 for neon 

(A in cal/cm.s.K; p in amagat) 

(~o-- + O~o )x104 (Xl-- + aXl)XlO 7 (X~_+ a~ )xlOlO (X2-- + °~ 2)xlO I0 a~ 

% 

1.166 + 0.002 0.9 + 0.1 [1.1 + 0.8] [-6 + 5] 0.24 

1.167 + 0.002 0.83 + 0.09 [0 .7  + 0 .4 ]  [ -4 + 3] 0.23 

1.167 + 0.001 0.79 + 0.07 [0 .4  + 0 .2 ]  [ -2  + 2] 0.22 

1.168 + 0.001 0.75 + 0.05 [0 .3  + 0 .2 ]  [ -1  + 1] 0.22 

1.167 + 0.001 0.76 + 0.04 0.31 + 0.12 [ - 1 . 3  + 0 .9 ]  0.21 

1.167 + 0.001 0,78 + 0,04 0.39 + 0,11 -1 .8  + 0.7 0.21 

1.167 + 0.001 0.78 + 0,04 0.38 + 0.09 -1 .7  + 0 .6  0.21 

1.167 + 0.001 0.79 + 0.03 0.42 + 0.08 - 2 , 0  + 0 .6  0.21 

1,167 + 0,001 0.79 + 0.03 0.44 + 0.07 - 2 . 1  + 0.5 0.'20 

1.167 + 0.001 0.80 + 0.03 0.45 + 0.06 -2.2 + 0.4 0.20 

1.236 + 0.002 0.7 +_ 0.I [-0.i + 0.6] [i +_ 5] 0.20 

1.236 +__ 0.001 0.70 + 0.07 [-0.0 +__ 0.3] [i + 2] 0.18 

1.23"6 + 0.001 0.71 + 0.05 [ 0 .0  + 0 .2 ]  [1 + 1] 0.17 

1.235 + 0.001 0.78 + 0.05 0.33 + 0,14 [ - 1 . 4  + 0 .9 ]  0.19 

1.235 + 0.001 0.79 + 0.04 0,37 + 0.11 [ - 1 ,6  + 0 ,8 ]  0.19 

1.235 + 0.001 0.78 + 0.04 0.32 + 0.i0 [-1.3 +_.0.7] 0.18 

1.235 + 0.001 0.79 + 0.04 0.34 + 0.09 -1.4 + 0.6 0.18 

1.236 + 0.001 0.77 + 0.03 0.28 + 0.08 -1.0 + 0.5 0.19 

1.235 + 0.001 0.78 + 0.03 0.31 + 0.07 -1.3 + 0.5 0.19 

1.235 + 0.001 0.80 + 0.03 0.36 + 0.06 -1.6 + 0.5 0.19 

1.296 + 0.002 0.8 -I- 0.1 [1.1 +_ 0.6! [-6 +_. 4] 0.16 

1.297 -I- 0.001 0.71 -I- 0.08 [0.2 +__ 0 .3 ]  [ -0  -I- 2] 0.17 

1.297 + 0.001 0.73 + 0.05 [0 .3  + 0 .2 ]  [ -1  + 1] 0.16 

1.298 +_ 0,001 0.70 -I- 0.04 [0 .2  -I- 0 .1 ]  [ - 0 . 1  + 0 .9 ]  0.16 

1.297 + 0.001 0.70 + 0,04 [0 .2  + 0 ,1 ]  [ - 0 , 2  + 0 ,7 ]  0.15 

1,297 + 0.001 0.71 + 0.04 [0 .2  + 0 .1 ]  [ - 0 ,3  + 0 .6 ]  0.15 

1.297 + 0.001 0.73 + 0,03 0.26 + 0.08 [ - 0 , 8  + 0 .6 ]  0,16 

1,297 + 0.001 0.71 + 0.03 0.21 + 0.07 [ - 0 , 5  + 0 ,5 ]  0.16 

1.297 + 0.001 0.73 + 0.03 0,25 + 0.06 [ - 0 . 8  + 0 .5 ]  0 .16 

1.297 + 0.001 0.76 + 0.03 0.34 + 0.07 -1.4 + 0.5 0.19 

Note: When A~ and/or  

brackets. 

A 2 are not significant individually we place the 
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4.4 THE FIRST DENSITY COEFFICIENT OF THERMAL CONDUCTIVITY AND 

VISCOSITY FOR A N~4BER OF GASES 

Hanley, McCarty and the author applied the techniques described 

in Sections 4.2 and 4.3 to the thermal conductivity and viscosity of a 

number of gases and tried to determine experimental first density coef- 

33 
ficients A 1 and n I. Unfortunately, data for a single gas that are 

accurate and extensive enough to yield reliable values for this density 

coefficient over a wide temperature range do not exist. Therefore, to 

obtain a more general picture of the temperature dependence of the first 

density coefficient, one needs to coordinate the results obtained for 

different gases using the principle of corresponding states. For this 

purpose we considered the noble gases: helium, neon, argon, krypton and 

xenon. Hydrogen and nitrogen were also included to obtain additional 

information at more extreme reduced temperatures. 

Whenever possible, we prepared a set of tables similar to those 

shown for the thermal conductivity of neon, but, of course, such a complete 

analysis was only possible in ~ limited number of cases. In most cases we 
I 

again noted a tendency for t~e logarlthmic equation (4.2-5) to be more 

consistent with the experimental data than a pure polynomial. In particular, 

the data of LeNeindre et.al. 39 exhibited parallel behavior to that shown 

for neon. In many cases the scatter of the data was large enough to mask 

the difference between (4.2-5) and a polynomial, but, even then, we 

preferred the equations (4.2-4) and (4.2-5), since they contain the f~rst 

terms of the theoretically predicted density expansion. 

The final estimates for ~1 and n I are presented in Tables XIX and 

XX. The references to the sources of the experimental data used in the 

analysis are given in the first column. For experimental data that were 
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given as a function of pressure, the pressures were converted to densities. 

A reference to the equation of state data, when such a conversion was needed, 

is also included. Column 6 indicates whether the final estimate of ~i and 

n I is based on the linear equation (4.2-4) or the logarithmic equation 

(4.2-5). This choice was usually dictated by the number and the range of 

the data at a given isotherm. 

The estimated l I and n I together with their standard deviation are 

listed in column 4 of Tables XIX and XX. The values for the corresponding 

95% confidence interval are included in column 5. When the data were 

extensive enough to permit a test of equation (4.2-5), empirical values 

were obtained for the higher order coefficients. However, they have not 

been included here, since, as mentioned in the previous Section, their 

physical meaning is uncertain. 

If the molecules interact with a spherically symmetric two-parameter 

potential, if the internal degrees of freedom of the molecules do not contri- 

bute to ~he transport of momentum and energy, and if the translational 

motion of the molecules can be described by classical mechanics, the 

transport properties in dimensionless form should be universal functions of 

the reduced state variables. 2 Thus, ~I and ~i of the noble gases should 

obey a law of corresponding states, certainly within the precision with 

which these coefficients can be determined at the present. 6'58 One may 

also expect that the corresponding states relation for the transport 

properties of the noble gases can be extended to include the viscosity of 

nitrogen without introducing too large an error. 33'59 However, it is 

doubtful whether hydrogen will satisfy a corresponding states relation 

59 
with the noble gases. So any results for hydrogen should be interpreted 

with caution. 
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Dimensionless first density coefficients are obtained by defining 

I~ ffi I I rOSTP 
= p (4.4-1) 

where m is the molecular mass, and r and E are length and energy reducing 

parameters deduced for the Lennard-Jones potentlal. 3'60 The values of 

these reduced first density coefficients are presented in the last column 

of Tables XIX and XX, as a function of the reduced temperature T* = kT/e, 

The reduction parameters used are given in Table XXI. 
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ref 

39 

40,41 

42 

gas 

He 

He 

He 

Table XlX 

The first density coefficient l I of thermal conductivity 

Z (Xl --+ uX l)x107 ()'i -- + A~ 1)xlO 7 eq. T* X~ _+ A~ 
K cal/cm, s .K.am 

303.0 2.33 + 0.08 2.33 + 0.15 (4.2-5) 30.3 6.94 + 0.45 

195.2 1.22 + 0.07 1.22 + 0.14 (4.2-4) 19.5 3.63 + 0.42 

126.6 1.40 + 0.08 1.40 + 0.15 (4.2-4) 12.7 4.17 + 0.45 

77.9 0.99 + 0.06 0.99 + 0.26 (4.2-4) 7.79 2.95 + 0.77 

43.15 1.01+ 0.11 1.01 + 0.24 (4.2-5) 4.32 3.01 + 0.71 

260.0 2.86 + 0.07 2.86 + 0.17 (4.2-4) 26.0 8.52 + 0.51 

240.0 2.51 + 0.22 2.51 + 0.61 (4.2-4) 24.0 7.45 + 1.82 

220.0 2.35 + 0.20 2.35 + 0.51 (4.2-4) 22.0 7.00 + 1.52 

200.7 2.05 + 0.15 2.05 + 0.48 (4.2-4) 20.1 6.11 + 1.43 

180.0 1.37 + 0.06 1.37 + 0.15 (4.2-4) 18.0 4.08 + 0.45 

100.5 0.88 + 0.02 0.88 + 0.05 (4.2-4) 10.1 2.62 + 0.15 

87.5 0.91 + 0.04 0.91 + 0.11 (4.2-4) 8.75 2.71 + 0.33 

21.15 0.442 + 0.003 0.44 + 0.01 (4.2-4) 2.12 1.31 + 0.03 

37 Ne 348.15 0.76 + 0.03 0.76 + 0.06 (4.2-5) 7.41 2.26 + 0.18 

323.15 0.79 + 0.04 0.79 + 0.08 (4.2-5) 6.87 2.35 + 0.24 

298.15 0.79 + 0.03 0.79 + 0.07 (4.2-5) 6.34 2.35 + 0.21 

.43 Ar 831.15 0.99 + 0.07 0.99 + 0.22 (4.2-4) 6.65 2.02 + 0.45 

775.15 0.84 + 0.05 0.84 + 0.16 (4.2-4) 6.20 1.72 + 0.33 

683.15 1.18 + 0.02 1.18 + 0.06 (4.2-4) 5.47 2.41 + 0.12 

674.15 i. 02 + 0.09 1.02 + 0.19 (4.2-5) 5.39 2.09 + 0.39 

475.15 1.24 + 0.07 1.24 + 0.15 (4.2-5) 3.80 2.54 + 0.31 

413.15 1.18 + 0.08 1.18 + 0.16 (4.2-5) 3.31 2.41 + 0.33 

370.15 1.20 + 0.04 1.20 + 0.09 (4.2-4) 2.96 2.45 + 0.18 
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ref 

43 

gas 

Ar 

Table XlX (continued) 

The first density coefficient X 1 of thermal conductivity 

T (A1 -- + °A 1)x107 (~1 -- + AX 1)x107 

K ca l /cm.s .K .am 

298.15 1.06 + 0.08 1.06 + 0.17 

eq. T* A~ + A * 
-- %1 

(4.2-5) 2.39 2.17 + 0.35 

44 Ar 348.15 1.00 + 0.06 1.00 + 0.13 (4.2-5) 2.79 

323.15 1.02 + 0.08 1.02 + 0.34 (4.2-4) 2.59 

298.15 1.02 + 0.08 1.02 + 0.30 (4.2-4) 2.39 
m 

2.05 + 0.27 

2.09 + 0.70 

2.09  + 0 .61  

45,46 Ar 193.15 1.03 + 0.04 1.03 + 0.50 (4.2-4) 1.55 2.11+ 1.02 

183.15 1.15 + 0.04 1.15 + 0.15 (4.2-4) 1.47 2.35 + 0.31 

173.15 1.71 + 0.12 1.71 + 0.31 (4.2-4) 1.40 3.50 + 0.63 

153.15 1.95 + 0.28 1.95 + 3.56 (4.2-4) 1.23 3.99 + 7.28 

39 N 2 298.15 1.21~ 0.06 1.21 + 0.12 (4.2-5) 3.28 2.25 + 0.22 

47148 N 2 973.15 1.36 + 0.29 

873.15 1.41+ 0.20 

673.15 1.35 + 0.01 

573.15 1.22 + 0.07 

473.15 1.25 + 0.01 

398.15 1.34 + 0.01 

348.15 1.31 + 0.02 

1.36 + 0.68 (4 .2 -5 )  10.7 2.53 + 1.27 

1.41 + 0.47 (4.2-5) 9.83 2.63 + 0.88 

1.35 + 0.13 (4.2-4) 7.41 2.51 + 0.24 
m 

1.22 + 0.22 (4.2-5) 6.31 2.27 + 0.41 

1..25 + 0.17 (4.2-4) 5.21 2.33 + 0.32 

1.34 + 0.13 (4.2-4) 4,38 2.50 + 6.24 

1.31 + 0.20 (4.2-4) 3.83 2.44 + 0.37 

45,48 N 2 200.0 0.98 + 0.14 

180.0 0.89 + 0.22 
m 

170.0 0.96 + 0.04 

160.0 1.02 + 0.05 

130.0 2.61 + 0.25 

0.98 + 0.44 (4 .2 -5 )  2.20 1.82 + 0.82 

0.89 + 0.70 (4 .2 -5 )  1.98 1.66 + 1.30 

0.96 + 0.51 (4 .2 -4 )  1.87 1,79 + 0.95 

1.02 + 0.62 (4 ,2 -4 )  1.76 1.90 + 1.15 

2.61 + 1.07 (4 .2 -4 )  1.43 4.86 + 1.99 
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Table XX 

Ref gas  

The first density coefficient n 1 

(n 1_+ anl)Xl07 (nl_+ ~n1)x107 

g/cm.s.am 

of viscosity 

eq. T* (n I + A ,)~1o 
-- ql 

49 

50 

51 

50 

49 

49 

52 

50 

53 

He 

He 

Ne 

Ne 

Ne 

Ar 

Ar 

Ar 

Ar 

293.15 -0.024 + 0.007 -0.024 + 0.015 
- -  m 

373.15 -0.21 + 0.03 -0.21 + 0.13 

298.15 -0.05 + 0.01 -0.05 + 0.13 

223.15 0.021 ~ 0.005 0.021 + 0.020 

348.15 0.48 + 0.07 0.48 + 0.14 

323.15 0.43 + 0.04 0.43 + 0.13 

298.15 0.55 + 0.05 0.55 + 0.14 

373.15 0.52 -I- 0.05 0.52 + 0.64 

298.15 0.66 + 0.04 0.66 + 0.50 

248.15 0.68 + 0.05 0.68 + 0.20 

223.15 0.76 + 0.07 0.76 + 0.89 

293.15 0.48 + 0.07 0.48 + 0.19 

298.17 2.15 + 0.07 2.15 + 0.30 

293.17 2.03 + 0.09 2.03 + 0.22 

298.15 2.20 + 0.05 2.20 + 0.12 

298.15 2.14 + 0.30 2.14 + 1.29 

248.0 2.13 + 0.50 2.13 + 2.15 

223.0 2.48 + 0.50 2.48 + 2.15 

348.15 2.80 + 0.08 2.80 + 0.34 

323.15 2.74 + 0.40 2.74 + 0.92 

298.15 2.31 + 0.20 2.31 + 0.46 

(4 .2-4)  29.3 

(4 .2-4)  37.3 

(4 .2-4)  29.8 

(4 .2-4)  22.3 

(4.2-5) 7.41 

(4.2-4) 6.88 

(4.2-4) 6.34 

(4.2-4) 7.93 

(4 .2-4)  6.34 

(4 .2-4)  5.28 

(4 .2-4)  4.75 

(4 .2-4)  6.24 

(4.2-4) 2.39 

(4.2-5) 2.35 

(4.2-5) 2.39 

(4.2-5) 2.39 

(4.2-5) 1.98 

(4 .2 -5 )  1.78 

(4.2-4) 2.79 

(4 .2 -5 )  2.59 

(4.2-5) 2.39 

- 0 . 3 6  + 0 .22  

- 3 . 1 0  + 1.92 

- 0 . 7 4  + 1 .92  

0.31 + 0.30 

1.36 + 0.40 

1.22 + 0.37 

1.56 + 0.40 
m 

1.47 + 1.81 

1.87 + 1.41 

1.92 + 0.56 

2.15 + 2.52 

1.36 + 0.54 

2.19 + 0.31 

2 07 + 0.22 

2.24 + 0.12 

2.18 + 1.31 

2.17 + 2.19 

2.53 + 2.19 

2.85 + 0.35 
m 

2.79 + 0.94 

2.35 + 0.47 
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Ref 

54 

49 

gas T 

K 

Kr 348.15 

323.15 

298.15 

Kr 293.15 

Table XX (continued) 

The first density coefficient n 1 of viscosity 

(n I + an l )X l07 (n I _+ An1) x 107 eq. T* 

8 /cm.  s .  am 

3.69 + 0.30 3.69 + 0.67 (4 .2 -5 )  1.90 

4.81 + 0,24 4 . 8 1 +  0.76 (4 .2 -4 )  1.77 

3.36 + 0.19 3.36 + 0.41 (4 .2 -5 )  1.63 

3.47 + 0.15 3.47 + 0.64 (4 .2 -5 )  1.60 

2.02 + 0.37 

2.63 + 0.42 

1.84 + 0.22 

1.90 + 0.35 

49 Xe 298.15 3.36 + 0.30 3.36 + 3.81 ( 4 . 2 - 4 )  1.19 1.14 + 1.30 

5O 

49 

55 

N 2 373.15 

298.15 

248.15 

223.15 

N 2 298.15 

293.15 

N 2 323.15 

298.15 

2.08 + 0.15 2.08 + 1.90 (4 .2 -4 )  4.11 

1.18 + 0.14 1.18 + 0.36 (4 .2 -5 )  3.28 

2.10 + 0.30 2.10 + 1.29 (4 .2 -5 )  2.73 

1.95 + 0.03 1.95 + 0.13 (4 .2 -5 )  2.45 

1.48 + 0.10 1.48 + 0.32 (4 .2 -5 )  3.28 

1.36 + 0.25 1.36 + 0.59 (4 .2-5)  3.22 

1.61 + 0.30 1.61 + 1.29 (4 .2 -5 )  3.56 

1.70 + 0.07 1.70 + 0.14 (4 .2 -5 )  3.28 

2.75 + 2.51 

1.56 + 0.48 

2.78 + 1.71 

2.58 + 0.17 

1.96 + 0.42 

1.80 + 0.78 

2.13 + 1.71 

2.25 + 0.19 

56 

57 

E 2 

H 2 

423.15 

348.15 

348.15 

0+? 0+ ? - 12.8 

0.16 + 0.013 0.16 + 0.05 (4.2-4) 10.6 

0.173 + 0.004 0.173 + 0.016 (4.2-4) 10.6 

0 + ?  

1 .68  + 0 .52  

1.82 + 0.17 
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gas  

Table XXI 

Reduction parameters used to express ~ and n~ in dimensionless un i t s .  

1 

rp STP rp STP 
O 

8/c~,~ 3' A K cal/cm.s .K.am g/cm.s.am 

He 0.00017845 2.63 10.0 2.979 14.78 

Ne 0.00089979 2.72 47.0 2.980 2.828 

Ar 0.0017834 3.41 125.0 2.045 1.019 

Kr 0.0037481 3.62 183.0 2.306 0.547 

Xe 0.0058974 3.96 250.0 ,2.248 0.340 

N 2 0.0012506 3.68 90.9 1.862 1.323 

H 2 0.00008994 2.87 33.0 1.065 10.511 
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4 . 5  DISCUSSXON OF THE RESULTS 

We have proposed some c r i t e r i a  to  check  whe the r  a g i v e n  d e n s i t y  

f u n c t i o n  i s  a possibYe c o r r e c t  r e p r e s e n t a t i o n  of  e x p e r i m e n t a l  d a t a  f o r  t he  

t r a n s p o r t  p r o p e r t i e s  of  g a s e s .  According  to  t h e s e  c r i t e r i a ,  t he  d e n s i t y  

f u n c t i o n  s u g g e s t e d  by the  t h e o r y ,  which i n v o l v e s  a te rm l o g a r i t h m i c  i n  t he  

d e n s i t y ,  i s  shown to  be c o n s i s t e n t  wi th  e x p e r i m e n t a l  d a t a .  

In  p a r t i c u l a r ,  by i n v e s t i g a t i n g  whe the r  t he  c o e f f i c i e n t  of  t he  

l i n e a r  t e rm does not  change upon adding a d d i t i o n a l  terms to  t h e  l i n e a r  

e q u a t i o n ,  we v e r i f i e d  w he t he r  m e a n i n g f u l  v a l u e s  f o r  the  f i r s t  d e n s i t y c o -  

e f f i c i e n t  a r e  deduced from the  e x p e r i m e n t a l  t r a n s p o r t  d a t a .  Based ou t h i s  

a n a l y s i s  we r e p o r t  e x p e r i m e n t a l  v a l u e s  f o r  t he  f i r s t  d e n s i t y  c o e f f i c i e n t s  

~1 and n 1 f o r  a number of  g a s e s .  The r educed  f i r s t  d e n s i t y  c o e f f i c i e n t s  

~ and n~ a r e  p l o t t e d  i n  F i g s .  13 and 14 as a f u n c t i o n  of  t he  r educed  

t e m p e r a t u r e  T *, up to  T ~ = 30. 

Both ~ and ~ appear  i n s e n s i t i v e  to  t he  t e m p e r a t u r e  i n  t he  app rox ima te  

r ange  2 < T * < 10. The t h e o r e t i c a l  p r e d i c t i o n s  f o r  I 1 and n 1 deve loped  i n  

Chapter  I I  were l i m i t e d  to  a gas of  ha rd  s p h e r e s  and,  t h e r e f o r e ,  canno t  be 

used l e g i t i m a t e l y  to  d e s c r i b e  11 and n 1 f o r  a r e a l  gas .  N e v e r t h e l e s s ,  we 

could  make such an a t t e m p t  by a t t r i b u t i n g  an e f f e c t i v e  hard  s p h e r e  d i a m e t e r  

o to  t he  r e a l  m o l e c u l e s .  The most n a t u r a l  c h o i c e  f o r  such a d i a m e t e r  o i s  

t he  r e q u i r e m e n t  t h a t  t he  d i l u t e  gas v a l u e s  to  and ~o should  r e d u c e  to t he  

ha rd  s p h e r e  e x p r e s s i o n s  ( 2 . 2 - 1 3 ) .  For such a h y p o t h e t i c a l  ha rd  sphe re  gas 

the  f i r s t  d e n s i t y  c o e f f i c i e n t s  a r e  g i v e n  by (2 .8 -1 )  ( t o g e t h e r  wi th  t he  

a p p r o p r i a t e  c o l l i s i o n a l  t r a n s f e r  c o n t r i b u t i o n ) .  I f  we app ly  t h i s  p r o c e d u r e  

a t  t e m p e r a t u r e s  c o r r e s p o n d i n g  to  T* = 4 we o b t a i n  ~ ~ 1.9 f o r  he l ium,  
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Figure 13. The reduced first density coefficient X~ of thermal conductivity 

as  a f u n c t i o n  o f  t h e  r e d u c e d  t e m p e r a t u r e  T*. 
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Figure 14. The reduced first density coefficient ~of viscosity as a 

function of the reduced temperature T*. 
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1.8 neon. - 17 argon and 1.8 nitrogen 

Correspondlng values obtained for n~ are n~ ~ 0.17 for helium, 

n~ ~ 0.16 ~or neon, n~ ~ 0.15 for argon, n~ ~ 0.17 ~or krypton, 

n~ ~ 0.17 for xenon, n~ ~ 0.15 for nitrogen and n~ ~ 0.13 for 

hydrogen. 

From Figs. 13 and 14 we see that these estimates have a 

reasonable order of magnitude in the insensitive temperature range. 

The first density coefficients appear sensitive to temperature 

when T* < 2 and when T* > i0. In fact, it is clear that ~ will pass 

through zero. 7'58 Since this observation is based largely on experimental 

data for helium (recently Kao and Kobayashl have presented further evl- 

nlbecomes negative for helium61)j some estimated values for dence that 

~ for hydrogen 56'57 are included in Fig. 14. However, it does not seem 

possible to determine accurately the reduced temperature at which n~ m O. 

By contrast~ Fig. 13 shows that in the same temperature range A~ does not 

change sign. 

The existence of theinsensltive temperature range means that it 

is imperative to have reliable experimental data for temperatures outside 

the range, if we are to make any sensitive comparisons of theory with 

experiment. At this time we rely heavily on the data of Ziebland and 

Burton 45 for A~ at low reduced temperatures, and we are very dependent 

on the preliminary work at NBS 42 for A~ at high temperatures. It is 

obvious from the spread of the confidence interval bars in Figs. 13 and 

14, that the coefficients A 1 and ~i should be known with a better precision. 

Thus, more reliable data are required for the whole temperature range. The 

precision of A 1 and n I can only be improved if the individual data points 
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a r e  d e t e r m i n e d  w i t h  a s t a n d a r d  d e v i a t i o n  o f  a b o u t  0 .5Z f o r  X and  0 .2Z 

o r  l e s s  f o r  n.  F u r t h e r m o r e ,  t h e  d a t a  p o i n t s  on an  i n d i v i d u a l  i s o t h e r m  

should be numerous and well-spaced, 34 in partlcular, in the linear 

region. It goes without saying that systematic errors should be 

minimized as much as posslble. 
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APPENDIX A. SURFACE INTEGRAL FORM OF THE TRIPLE COLLISION INTEGRAL 

The fact that the six dimensional configurational triple collision 

integral can be converted into a five dimensional surface integral was 

16 
pointed out by Green. 

The streaming operators~(l...s) are mathematically defined as 8 

~(i..s) = lim~ (i..s) = lira e .e 
T 

T->~ T-+ou 

where~s(l..s) is a "Hamilton" operator 

~s s v ~ " a s (i. .s) = E ~ -  E 0 
i=l i ar.1 i<j ij p 

and1(°)s that part of ~ which is associatsd with the free streaming 

of s particles 

s~ a 
(o) (1..s) -- z . ~ . 

i=j " ari 

We assume that for large values of T the streaming operators 

become independent of ~+) 

(A-l) 

(A-2) 

(A-3) 

d < lira ~I=(1..s) = (1. .s) 2(1. .s) -I(1..s) #'(o) (i. .s) = 0 , 
T_~O o S 

so that 
62 

(A-4) 

< s 
(°)(I..s)~(l..s) -J(l..s) (°)(i..s) = r 8ij(l , .a) • 

i<J 
(A-5) 

+) In this assumption we neglect the collisions which are taking place 

exactly at the time -T. Therefore, we make an error, referred to as the 

"initial" error term by Dorfman and Cohen. 25 This initial error term is less 

divergent than the asymptotic error term discussed in Section 3.1 and does 

not contribute to the first density coefficients, nor to the coefficient of 

the logarithm. 
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In partlcular 

h (°) (123) ¢,('(123) 3 
- J'¢123) "f"3(07 123) = (%2 + 813 + e23)I(123) p (A-6) 

and 

°> - , / 'co> c°> = (A-7) 

where ~ is either 12, 13 or 23. 

given by (2.4-15) can be rewritten into the form 16 

Uslng these relations the operator 0(1237 

~ [~ ¢°)u(123)- v(123)~3(°) 0(123 = Idr21dr31 3 

For convenience we have Introduced the Ursell operators 

u(a) =~(~) - 1 , 

u(123) = I(123) - 8(12) - I(13) - ~(~3) + 2. 

(A-8) 

(A-9) 

The summations over a and B are to be taken over the pairs 12, 13 and 23. 

The integrand depends only on the relative positions and the integration 

can be carried out over any two relative position vectors, for which we have 

chosen ~21 and __~i" Since in (2.4-14) the operator 0(123) operates on a 

function of the velocities alone, the term U(123)~3(°) vanishes in (A-8). 

In order to define an appropriate transformation for the integration 

variables, we consider for fixed Vl, V2, V 3 the positions of particles i~ 2 

and 3 which are related to each other by free particle motion. This Is 

schematically illustrated in Fig. AI, where the time t associated with the 

free motion of the particles is taken to increase when tLte diagram is read 

from bottom to top. 

1 3 8  
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~>0 

~--0 

t<O 

Fisure A I. Diagram representing the free trajectories of particles i, 2 and 3. 

However, since the~operators transform the present phases of the particles 

to phases in the previous history of the motion, we shall retrace the 

trajectories backwards in time and always read the diagrams from top to 

bottom as in the main text. 

We remark that the three free partlcle trajectories have at least 

one "intersection", by which we meanthat along the free trajectories the 

relative distance of at least one pair of particles becomes equal to = for 

some value of t. Otherwise, the particles are not dynamically correlated 
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and the Ursell operators in (A-8) would vanish for all position~ along these 

trajectories. Suppose that when the trajectories in Fig. A1 are retraced 

from top to bottom, the distance r21 is the first distance which becomes 

equal to c. Then, the positions of the particles along the free tra- 

jectories can be characterized by 

= r21(t) ~ .~ -~ "~ ~ = exp(t (o)) r21(0) (0) + iV21 r21 = r21 

-~ ~31 (t) ~(o) .b r31 = = exp(t~ 3 ) %1(0) = r31(0) + tv 31 * 

where the notation ~ r21(0) indicates that the distance r21(t) is equal to 

c for t = 0. We take r21(O) , r31(O) and t as the new integration variables. 

In this new coordinate system d~21(0) is a two dimensional surface element. 

The Jacobian of this transformation is 

#t A 

dr21dr31 = V21.r21(0)dr21(O)dr31(0)dt • 

(A-IO) 

(A-If) 

From the expression (2.4-15) for 0(123) we see that the integrand 

will give contributions in the three regions for which, respectively, r21<o, 

r31<o and r32<o. Therefore, the upper limit for the integration over t can 

be taken at any value t > 0 corresponding to phases of receding particles. 

The lower limit has to be taken at a sufficiently negative value of t, so 

that the free trajectories will no longer intersect when retraced further 

backwards in time. As a consequence, all Ursell operators vanish at the 

lower limit of the t-integratlon. 

In this new coordinate system 

~(o) = ~-- (A-12) 
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since for any function g(r21,r31,V1, ,V : 

A 

g(r21(O),r31(O),V l,v 2,V 3) = 

tQ~ (°) 
~t e ..3 .A ~ % %  ~ ffi - -  g(r21(O),r31(O) , , , 3 ) ffi ~ -  g (  31,VI,V2,V 3) • 

16 
Therefore, as pointed out by Green, equation (A-8) transforms to 

~mm -aL __L 

0(123) ffi fdr21(0)dr31(0)V21.r21(0) fdt [~t (123) - 

(A-13) 

r~ z{~t-~(~) - uC~)~t)u(s)] . a~B 

In the first term of (A-13) the t-lntegration can be carried out immediately. 

The second term can be simplified by partial integration. 

(O)dr31(O)V21.r21(O) - 7 Efdt ~--cU(a)~ a~B ~c • ' 

To elucidate the result for the second time integral we shall 

consider as an example 

0' = . f d t [ b ( 1 3 ) ] U ( 2 3 )  + f d t [ ~ t  (23)]U(13) . 

We c6nsider the three possible successions of two binary collisions in 

Figs. A2, A3 and A4 separately. We first evaluate (A-15) for phase points 

for which one encounters along the free trajectories the two collisions 

' A2 +) indicated in Fig. . In the figure a circle indicates a collision between 

(A-15) 

+) In. diagram A2 (when read from top to bottom) we disregard the possibility 

that the collision between 2 and 3 may cause a deflected path of 3 to collide 

with the original path of i. The contribution of such an event is taken into 

account by diagram A3 (upon interchanging 1 and 2). 
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t 

t3 

I 
I 

4- 
/ 

I 
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7 
/ 

I 
I 

I 
I 

\ 
\ 
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\ 
\ 
\ 
\ 

\ 

2 

Figure A 2, Diagram of successive collisions leading to a contribution 

U(IS)U(2S) to the surface integral. 

the particles whose trajectories are enclosed. In the case under considera- 

tion both particles i and S and particles 2 and 3 are aimed to collide. We 

have indicated the free trajectories by dotted lines when they have to be 

distinguished from the actual trajectories, if we would take into account 

the interaction between 1 and S. Following the particles along their free 

trajectories, particles i and 3 are inside each other (rsl(t)<a) during the 

time interval t2<t<~and particles 2 and S are inside each other during the 

time interval t4<t<t 3. 
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For the evaluation of the first integral in (A-15) we have to study 

the variation of U(13) as a function of t along the free trajectories. For 

t>t I U(13) has a certain value which is constant, since the operators 

ultimately operate on functions of the velocities alone. For t2<t<t I the 

operator I(13) creates infinite velocities; this contribution vanishes as 

a result of the normalization of the distribution function and U(13) can 

be taken as -i. Finally, for t<t2, particles 1 and 3 are no longer aimed 

to collide and U(13) = 0. Thus 

Similarly 

t>t I : U(13) = U(13) 

t2<t<t I : U(13) = -I 

t<t 2 : U(13) = 0 • 

t>t 3 : U(23) = U(23) 

t4<t<t 3 : U(23) = -i 

t<t 4 : U(23) = 0 • 

(A-16) 

(A-17) 

It follows from (A-16) that the first integrand in (A-15) only 

a 

contributes for t = t I and t = t 2 . 

Idt[~-~Ut (13)]U(23) = 

tl+6 t2+6 

lira I dt[~tU(13)]U(23) + lira f dt[~tU(13)]U(23). 
~,6~+0 tl-6 6-++0 t2-~ 

For hard spheres we can take ~ arbitrarily small, so that U(23) does not 

var# during the interval 6. Thus 

tl+6 

Idt[~t (13)]U(23) = U(13)U(23)I 

tl-6 

t2+6 

+ U(13)U (23) I 
t2-6 
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The second term in (A-15) can be integrated in a similar way so that.we 

obtain 

0' = U(13)U(23)tl+6 - U(13)U(23)tl_6 + U(13)U(23)t2+~ - U(13)U(23)t2_6 

+ U(Z3)U(13)t3+~ - U(23)U(13)t3_~ + U(23)U(13)t4+~ - U(23)U(13)t4_~ , 

where the indices denote the values of t for which the operators have to 

be evaluated. From (A-16) and (A-17) 

U(13)U(23)tI+6 = U(13)U(23) , 

U(13)U(23)tl-~ = U(23) , 

U(13)U(23)t2_~ = U(23)U(13)t4_~ 

so that (A-18) reduces to 

=0 

(6-18) 

0' = U(13)U(23) + U(23) + U(13)U(23)t2+ 6 + U(23)U(13)t3+ 6 

- U(23)U(13)t3_~ + U(23)U(13)t4+~ • 

In order to evaluate the remaining terms in (A-19) we distinguish 

three different cases. 

Case I: t4<t3<t2<t 1 

In this case the two collisions are spatially separated. From (A-16) 

and (A-17) we c o n c l u d e  

(A-19) 

U(13)U(23)t2+~ -- - U(23) , 

U(23)U(13)t3+~ = U(23)U(13)t3_~ = U(23)U(13)t4_6-- 0 
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so that (A-19) becomes 

0' = U(13)U(23) . (A-20) 

Case II: t4<t2<t3<tl 

In this case the colllslon between 2 and 3 starts whlle 1 and 3 are 

st111 overlapp.ln.g.. In this cas.e 

U(13)U(23)t2+6 = .+ 1 ; U(23)U(13)t3+6 = -U(23); 

U(23)U(13)t3_~ = + 1 ; U(23)U(13)t4+6 -- 0 

so that (A-19) reduces to (A-20). 

Case III: t2<t4<t3<tl 

In this case the collision between 2 and 3 not only begins while 1 and 

3 are overlapping, b.ut 2 and 3 have also separated before 1 and 3 leave their 

overlapping confi.gur.atlons. We ha.ve 

U(13)U(23)t2+ ~ = 0 ; U(23)U(13)t3+6 = - U(23) ; 

U(23)U(13) t 6 = + 1 ~ U(23)U(13)t4+ 6 _- + i, 
3- 

so that (A-19) reduces again to (A-20). 

• Thus we conclude that for phase points represented by Fig. A2 the 

integral (A-15) leads to the result (A-20) regardless whether or not the collisions 

are spatially separated, provided that the collision between 2 and 3 begins after 

the collision between 1 and 3 started, when the diagram is retraced from top to 

bottom. 

Using the same method onecan.prove that also 

0' = U(13)U(23) , (A-21) 
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for phase points represented by the diagram of Fig. A3. When the integration 

is carried out for phase points represented by Fig. A4, one finds 16 

0 '  = 0 . ( A - 2 2 )  

Thus events of this kind do not contribute to the surface integral, although 

the operator U(13)U(23) itself would not vanish for t>t 
o" 

The contribution of any diagram containing two other successive 

binary collisions is obtained by permutation of the particle numbers. Thus 

for hard spheres (A-14) reduces to the surface integral as given by Green 16 

A 
, 

l@I d3 2 

I 
I 

/ 
/ 

I 
I 

I 
I 

I 
I 

I 
I 

/ 
I 

\ 
\ 

\ 

/ 
/ 

// I\ 
/ \ 

\ 
\ 

/ 
/ \ 
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Figure A 3. Diagram of successive collisions leading to a contribution 

U(13)U(23) to the surface integral. 
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Figure A 6. Diagram of successive collisions not leading to any contribution 

to the surface integral, although U(13)U(23) ~ 0 for t>t . 
o 

with 

T(123) = U(123) - ~ E U(u)U(8) . (A-24) 

The n o t a t i o n  ~>B i n d i c a t e s  t h a t  t h e  p r o d u c t  U(u)U(8)  s h o u l d  o n l y  be e v a l u a t e d  

f o r  s u c c e s s i v e  b i n a r y  c o l l i s i o n s  i n v o l v i n g  p a i r s  u and 8 f o r  which  t h e  

o-collision occurs prior to the 8-collision when the diagrams are retraced 

backwards in time. For example, if ~=13 and 8ffi23, U(13)U(23) should only be 

evaluated for the collision sequences shown in Fig. A2 and A3 (regardless, of 

course, of the occurrence of other collisions). 
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To evaluate the triple collision operator T(123) in more detail 

we introduce the following notation. Each binary collision in a collision 

sequence representing the dynamical history of a phase point will be in- 

dicated by listing the pairs whose interaction has to be taken into 

account successively for that particular collision to occur. For example, 

in Fig. A2 the first collision is denoted by (131 and the second collision 

by (231. In Fig. A3 the first collision is again denoted by (131, but the 

second collision is now denoted by (13)(231, since the collision between 

2 and 3 occurs after the interaction between i and 3 has been taken into 

account. With this notation (A-24) can be written more speclfically as 

T(123) = U(123) - Z Z 

(~)> (~1 (~) 
,S(~)u(B) + ~. r. IJ(iB) (cL#B) , (A-251 

@,1> (B) 

where the summation in the second term is to be taken over all pairs of 

collisions (~) and (a)(B) for which (~) occurs prior to (u)(B), and the 

summation in the third term over all pairs of collision (~) and (B) such 

that (a) occurs prior to (B). 

The triple collision operator T(1231 can be decomposed into a sum 

of operators, each of which is associated with a particular triple collision 

event: 

T(123) = Z Z T , (A-26) 
~(~i;~2 ) 

perm 

Here we have indicated the possible pairs of particles by a i (i = 1,2,3). 

The operators T~(~I;~2) are defined in Section 2.5 for the specific example 

a I = 12 and ~2 = 13; al, a2 refer to the pairs of particles involved in the 

first, resp. second collision. The first summation in (A-26) is to be taken 

over the six diagrams ~ = RI, R2, CI, C2, HI, H2 and the second summation 
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over the six permutations of the particles i, 2 and 3. 

The validity of the addition theorem (A-26) for an arbitrary phase 

point can be demonstrated as follows. Let (a I) be the first real collision 

in the diagram representing the dynamical history. If there is a second 

real collision, we assume that to be (a l)(a2). As a consequence, (al)>(al)(a2). 

We also have to consider hypothetical collisions of the type (a) and (a)(6). 

If there is only one hypothetical collision of the type (a), we suppose it is 

(a2). If there are two hypothetical collisions of this type, we assume 

(a2)>(a3). Then from (A-25) T(123) can be written as 

T(123)  = [ ~ ( 1 2 3 )  - ~ ( a l )  - l ( a l ) U ( a 2 ) ]  - . ~ ( a l ) U ( a 3 )  ( a l )  > ( a l )  (=3) 

(A-27) 
- z r. 8 ( a ) u ( 6 )  + u ( a 3 ) ,  (a#6) ,  

(a)> Ca) (6) 

a#a 1 

i n  w h i c h  t h e  c o n d i t i o n s  c o n c e r n i n g  t h e  t i m e  o r d e r  o f  t h e  e v e n t s  a r e  i n d i c a t e d  

where  n e c e s s a r y .  The sum o f  t h e  f i r s t  t h r e e  t e r m s  b e t w e e n  t h e  b r a c k e t s  i s  

o n l y  d i f f e r e n t  f rom z e r o  i f  t h e r e  a r e  t h r e e  o r  more  r e a l  c o l l i s i o n s ,  t h u s  

if the conditions for either Rl(al;a2) or Cl(al;a2) are satisfied. In that 

c a s e  

• s . '  

J(123) - J ' % )  - J ' % ) u % )  -- J'(123) - J % )  , r % ) ,  

which is just the contribution TRl(al;a2) or Tcl(al;a2). The next term~(al)U(a3) 

is different from zero, if there is a collision (=1)(=3) such that (al)>(al)(a3). 

This implies also that (al)>(=l)(a2)>(al)(a3), since otherwise (al) (a 3) would 

be a real collision contrary to our assumption. Thus the conditions for diagram 

Hl(al;a 2) are satisfied with contribution THI(=I;a2) = -~(al) U(=3). Similarly, 

one easily verifies that the terms - ~(a)U(S), with (a)> (a) (6) and a#al, are 
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only different from zero if the conditions for diagram R2(Ul;S) , when 8ffigl , 

or for diagram C2(Ul;e) , when 8#~i, are satisfied, leading to the contribution 

.TR2(Ul;e) = -~(u)U(e I) or TC2(aI;=) = -I(u)U(8). Finally, the last term 

U(a 3) does not vanish if there is a collision (a3). As a consequence of our 

assumption this implies (u2)>(a3), so that the conditions for diagram H2(al;S 2) 

are satisfied with the contribution TH2(uI;a 2) = U(a3). This concludes the 

proof that T(123) can be represented as a sum of operators associated with 

the basic triple collision diagrams, as expressed by (A-26). 

The result (A-26) for T(123) has to be substituted into expression 

(A-23) for 0(123). Since the integrals in (2.4-16) for ~i and n I are 

symmetric in all three particles, it is sufficient to evaluate (A-26) only 

for one permutation of the particles and to multiply the result by 6. Thus, 

we replace 0(123) in (2.4-16) by 

0(123) = 6 0(12;13) = 6 E /dr21(O)dr31(O) 1" 1(0) T (12;13) . 

A 

In (A-28), r21(0) and i(0) represent the relative position 

vectors at the time of the first collision in the diagrams of Fig. 4. Let 

k I be the perihelion vector of the first collision, k 2 the perihelion vector 

of the second collision, and T the time between the first and the second 

collision. To specify the collision cylinder associated with the second 

collision, we have to make a distinction between the diagrams of the first 

kind in which this collision is real and the diagrams of the second kind in 

which this collision is hypothetical. Therefore, we define 

V31(1) = i" ) ' 

~31 (I) ffi ~31'. 

(~ ffi RI, C1, H1), 

(~ = R2, C2, H2). 

(A-28) 

(A-29) 
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.ab 

Theh V31(1) Is the relevant relative velocity to be considered for the 

second collision. In terms of these new variables, (A-28) transforms to 

4 _A _L -~ ,As.,& -~ 

0.(12.;13) ffi Z o IdklldM 2 IdTV21.klV31(1).k2T (12;13). (A-30) 

It should be kept in mind that the integral In (A-23), and consequently 

in  (A-30), i s  to be c a r r i e d  out over phase po in t s  corresponding to reced ing  

p a r t i c l e s .  This impl ies  t ha t  in  the eva lua t i on  of (A-30) one has to v e r i f y  

fo r  any given kl~ R2~ and T, t h a t  the p a r t i c l e s  w i l l  not  s u f f e r  any c o l l i s i o n  

in  the' f u tu r e .  
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APPENDIX B. DYNAMICS OF A COLLISION BETWEEN TWO HARD SPHERES 

Consider two hard spheres 1 and 2 with unit diameter. The relative 

position of 2 with respect to 1 is r21 = r2 - r I and the relative velocity 

v21 = v 2 - v I at the initial time t = 0. The "impact vector" b21 (see 

Fig. BI) of the collision between 1 and 2 is related to the initial position 

r21 and initial velocity v21 by 

b21 = 2 " (B-l) 
v21 

and the perihelion vector k of the collision 

¢i 2 . (B-2) k =-b21 + v21 - b21 

The two particles will experience a collision, if they approach each other 

v21.r21 < 0 , (B-3) 

and if the impact parameter b21 is smaller than the diameter ( o  = i) 

• 2  ~21 )2 2 < 0 ( i x - v21 . (B-4) 

The time t at which the collision will take place is 

v21.r21 + ~i - b~l 
t = - • (B-5) 

v21 

The velocities ~'vl, ~ after the collision are related to the initial velocities 

-b .aL 

Vl, v 2 by 

Vl = ~i + (v21"k)k ' 

.a, =V2 .~)~ V2 - 1 " 

(B-6) 
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Figure BI. Geometry of a collision between two hard spheres. 
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