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ABSTRACT 

Stress  fields  in the components of  a multifiber, unidirectional com- 
posite that  are caused by shear  loading in axial directions  are   studied and 
solutions are  presented.    Computations  for variouf volumetric contents and 
material constants are described,   as well as experiments which showed good 
correlation with  the  theoretical results from this work.     Further,   it is 
shown that certain mathematical  solutions normally used  for  such problems 
are not compatible with present boundary conditions,  and  that  the problem 
becomes two-dimensional. 
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INTRODUCTION 

The problem of shear  loading,   together with axial  and   transverse  loading, 
constitutes  the  general case   of  oblique   loading of  a composite,     A previous 
contract,  DA 44-177-AMC-441(T),'resulted   in the solution of the axial  load- 
ing case  of  a  finite-length,   multifiber  composite.    The model   selected was 
a nultifiber composite  of hexagonal  arrangement,   loaded  in  shear   in such a 
manner as to  represent  an external  attack  on  surfaces parallel  to  Che  fibers. 

The  computer  program obtained  takes   into account   the   fib«;r   and matrix 
modulus,   the  fiber radius,  and  the  fiber volumetric  content.     To  obtain  the 
stresses,   analytical   solutions have  been  used  and adjusted  to  the boundary 
conditions  at  the   interfaces  between  fibers  and matrix,   to certain  repeating 
symmetry conditions,   and to  otner  geometrical  conditions characterizing  the 
problem.     The boundary conditions  were matched  in 368 points  for  each  fiber 
and   the  hexagonally surrounding resin. 

The  composite   longitudinal  shear modulus  obtained  for  a  fibrous com- 
posite was  compared  with the   results  from previous work done  in  this 
field.     A design  formula has been derived. 



' 

TECHNICAL DISCUSSION 

The geomef.rical  arrangement of the reinforcements  in the matrix is 
assumed to be such that a central  fiber  is surrounded  by six symmetrically 
spread  fibers which,  in turn,  are  surrounded by six others.    Figure 1  shows 
the plane geometry of  the composite. 

Figure  1.     Plane Geometry of  the Composite With 
the  Characteristic  Element  Shaded. 

Figure  2  shows  a composite  before  and  after  shear  deformation. 

It  is assumed  that  the  material constants,   such  as modulus  of elasticity 
and  Poisson's ratio of both  the  reinforcement  and  the  matrix,  shall  differ 
from  one  another.     The  transmission of  loads* from one material into  the 
other   is expressed by  the  boundary condition equations  at  the interfaces. 
The  kinematic  boundary conditions will be  assumed  as complete contact be- 
tween  the  two materials  so  that  no slippage  will be  possible. 

; 



Figure  2.     Composite   Before   and  After   Deforming. 

As  in  the  axial   loading case,*  an attempt  was made  to express the   solu- 
tions  of  the  Navier equations  in  terms  of Neuber-Papkovitch  potentials 
P.    .     These  potentials  are  defined   as being  solutions  of  the  Laplace equa- 
tion 

V2?.     = 
i (1) 

where     i =  0,1,2,3  . 

In equation   (1),   P0   is   scalar   while   the  other   terms  are  vector com- 
ponents.     In  rectangular  coordinates,   as   shown   in Figure   3,   the  displace- 
ment   solutions  of the   Navier  equation  are 

i       4(1-V)     *x.   v  J   J (x*?, + P0) (2) 

where x,y,z     and 
x,y,z   , 

* Contract   DA 44-177-AMC-441(T). 

: 



Fiber 
^ Matrix K7\ 
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Fiber 

Figure 3.     Constant  From  the Hexagonal   System  for  Definition 
of  the Coordinates Used  in  the  Analysis  and  in 
ehe  Computation, 

Applying  a  shear     T    on  the   surface    x =   ±A  ,   one  would  assume that   the 
following  symmetry conditions  would be adequate: 

ux   (x.y.z)    =    -ux   (-x,-y,2) 

ux   (x,y,2)    -    ux   (x,y,-z) 

(3) 

(4) 

; 



u     (x,y,z)    =    -u    (-x,-y,z) 

uy   (x,y,z)    =    uy   (x,y,-z) 

uz   (x.y.z)    =     -u8!   (-x,-y,z) 

uz   (x.y.z)    =    uz   (x,y,-z) 

(5) 

(6) 

(7) 

(8) 

But  because   the   solutions  of  equation   (1)   are   of  the   form 

. sin   ,     ,       sin   ,.   . =    A. • (ax) • (By) 
i       cos cos 

sinh 
cosh 

(yz) (9) 

it   is   impossible   to  find   in  equation   (9)   a combination  of   oolutions which 
satisfies  the  symmetry conditions  represented  by equations   (3)  through   (8), 
On  the  basis  of  physical  considerations  alone,   there   can  be  no objection 
to  these   symmetry conditions.     The   problem,   however,   stems   froir the   fact 
that,   for   large   displacements,   the   surfaces    x =  ±A    would   try  to come 
closer  to each  other  during  the  application of  the  shear    T   .    Since,   in 
the  theory of elasticity,  only  infinitesimally  small  displacements  are 
taken   into  account,   the   surfaces     x =  tA     do not  come  closer while   shear 
Is  applied.    The   interpretation   of   this  apparent   contradiction  is   that   it 
is   impossible  to   find   an equilibrated  and   compatible   solution which 
satisfies   the   symmetry conditions.     In reference   to   the   present problem, 
it can  be   stated   that   the   solutions  of equation   (9)   will   never  satisfy   the 
symmetry conditions  in  equations   (3)  through   (8). 

In   the  following  discussion,   symmetry  conditions  will  be  presented 
which  comply with   the   solutions   of  equation  (9).     Nevertheless, a    pre- 
requisite   to further   use   of   these   symmetry conditions   (which  will   now be 
compatible   with   the   solutions   of  elasticity)   is   the  determination   of 
whether   or  not   the  proposed   symmetry conditions  are   adequate   for   the 
problem.     A  set  of   symmetry conditions compatible  with   the   solutions is 
given  below. 

u     (x,y,z)     =    u     (-x,-y,z) 
A /v 

ux   (x.y.z)     =    -ux   (x,y,-z) 

u     (x,y,z)    =    u     (-x,-y,z) 

(10) 

(ID 

(12) 



u . ( x , y , z ) « -u ( x , y , - z ) 

u ( x , y , z ) = -u ( - x , - y , z ) 

u ( x , y , z ) = u ( x , y , - z ) 
z ^ 

(13) 

(14) 

(15) 

P r o c e e d i n g t h e n w i t h c o n v e n t i o n a l p r o c e d u r e s , we must s e l e c t such combina -
t i o n s of e q u a t i o n (9 ) w h i c h , when i n t r o d u c e d i n t o e q u a t i o n ( 2 ) , s a t i s f y t h e 
c o n d i t i o n s i n e q u a t i o n s (10) t h r o u g h ( 1 5 ) . These c o m b i n a t i o n s a r e p r e s e n t e d 
b e l o w . 

= (Ax s i n ax s i n 0y + ^ c o s cxx c o s 0y) s i n h yz (16) 

P = (Bi s i n nx s i n 0y + Bs c o s ax c o s f3y) s i n h yz (17) 
y 

P = (Cx sin ax cos 0y + Ca cos ax sin By) cosh yz (18) 

P0 = constant 

In equations (16) through (18), A , B , C , a , and P are independent con-
stants, while y = (X + . Additionally, from the geometry shown in 
Figures 1 and 3, it could be assumed that, at the surface x = ±A , the 
displacements uz in axial direction z are constant. 

Also constant at this surface is the displacement in the x direction. 
The shear in the y direction in the plane x = ±A is zero. Consequently, 
we have the following boundary conditions at the planes x = ±A : 

uz (A,y,z) = Kx 

uz (-A,y,z) = -Ki 

Ux (A'y,z^ = 

ux (-A>y'z) = _Ka 

CTxy (A) = % ('A) = ° 

(19) 

(20) 

(21) 

(22) 

(23) 

6 
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Using Figure  3,  we  ein visualize that,   at   the   surface     y ■  ±B  , 

0       (x.B.z) 

a      (y-.-B.z) yx       ' 
=     0 

(24) 

(25) 

a      (x.B.z)     =     0 

a      (x,-B,z)    =    0 
yz 

u     (x,B,z)     =     Kg 

(x,-B,z)     =     -Ka 

(26) 

(27) 

(28) 

(29) 

Since    u      and     u       are  antisymmetric   functions  in     z     (equations   11  and   13), 

then    K2=0   ,   on  the basis  of  equations  (21)   and   (22),   and    K3=0   ,   from 
equations  (28)  and   (29).     Consequently,   the  only nonhomogeneous boundary 
condition  is    u =K1   .     If  only integral  boundary conditions  are  imposed   at 
both   free  ends,   then  these  bourJaries do  not  contribute  to the  solution  of 
the  problen;   they  are  automatically  satisfied  oecause  of the  equilibrium 
conditions  and  because  there   are no  applied   fences  of  known  dir'jribution  at 
that   surface.     Since  the   fiber's  length   is   larg«.  compared with its  diameter, 
it   is  permissible   to assume   that  the  displacements     u     , u     ,   and     u      do 

x        y z 
not  depend  on    z   .     This  assumption  is valid  for  the  entire  fiber  and 
becomes invalid   only on  one  or  two  fiber  diameters  from the   fiber  ends. 
(For   the ends,   a  perturbation analysis will  be  performed  later.)     With  this 
assumption,   the   displacements   in equation   (2)  will  be   reduced   to  the 
following   for-: 

px - ijihj) k (xPx+ ^V (30) 

uy    =     Py - 4(1^0 ^  (XPX +  yPy) 

u       =     P z z 

(31) 

(32) 
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From the disj lacements  in equation   (2)  or,  more   specifically,   in equations 
(30)   through   (32),   the   strains are  obtained by  the  relation 

e..   ■ 
r\u ,         3 U.I l -i+    H 

2 ^x.       3x. 1           3J M 

Hook's law    furnishes  the relation between  stress  and strain: 

ij I+V ^ ij ij   l-2v    kkj 

(33) 

(34) 

From equations  (33)  and   (34), we  obtain 

ij 2   (I+V) 

3u.      5u. -Kl   ?u. 

ax.    ax.      ij i-2v ax, 
i       j       J k 

(35) 

In  order   to calculate   the   stresses  in  terms  of  Neuber-Papkovitch  potentials, 
the  expressions  for   the  displacements given  in equation  (2)  will  be  intro- 
duced into equation   (35),   as follows: 

ij 2(1+V) 

_a 
ox 

6..^^-<P ii   i   'V ax    lPm  " 4(1-V)  ax    (XnPn + ?o) 
J
 m m '11 (36) 

or 

ij 2(1+V) 

^P 
•f  r + 0 

ap.     ap 

.ax ax. ' ax. ' wij i--2v ax     " 2(i-v) ax.ox. (xkpk + Po) 

rn i     J 

2V 
ii   4(l-2v)(I-v)  ^x ax n  n 

m    m 
(x_P    +  Po) (37) 

I 
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By using engineering notations    a     , a     , a       ,  and so forth,  we can write 
equation   (37)   ii.  another  form: 

o        =    a 
XX X 2(l+v) 

9P 
 x 
^x 

1 
2a-v) 

^p 

rx 
+ y 

3p \ ^P 1 
-JL   +TiL-JL (38) 

yy 
=    a 2(l+v) 

^P 

Sy 
1 

2(1-V) 

■<?2P 

Sy 

a2p 
+ y 

ay 

ap i 
_V X 

i-v ax J (39) 

zz 2(l+v)   (1-v) 

ap ap 
(40) 

xy 

xz 

yz 

»    a 
yx 

•    a zx 

zy 

2(I+V) 
l-2v 

ap 

2(i+v) ax 

ap 

2(l+v)   Sy 

fap ap 

2(i-v) lay      ax 

i a2p a2p 

2(1-V) 
  +   y J 

5xay       ■'   hxhy 11 (41) 

(42) 

(43) 

Some important conclusions characterizing tn»;- shear problem can be made 
from the stress equations, (38) through (43) In tlese equations, (38) 
through   (41)  depend  only on     P       and     P   ,   and   (42)  and   (43)  depend  only 

on     P   .     According   to  the  theorem  that   a   harmonic   function   is   zero   if 
z 

the boundary conditions are  completely  homogeneous,   the potentials    P 

and     P       introduced   into the   homogeneous  boundary conditions   expressed 

in equations (21) through (27), keeping in mind that Ka is also zero, 
must be  zero.    Therefore, 

Px  (x.y.z) P     (x,y,z) (44) 



Consequently, during shear application the following displacements and 
stresses are zero, not only at the boundaries but also in the whole com-
posite : 

= cr 
xy 

= 0 (45) 

In c o n c l u s i o n , t h i s p rob lem must be r e c o g n i z e d a s t w o - d i m e n s i o n a l , h a v i n g 
o n l y t h e f o l l o w i n g d i s p l a c e m e n t and s t r e s s e s : 

and yz 

Remembering the definition of the potentials P (equation 1) and their 
relationship with the displacements (equation 2) and the stresses (equa-
tions 42 and 43), the longitudinal shear problem can then be reduced to 
the solutions of the Laplace equation and their adjustment to the boundary 
conditions. 

= 0 
z 

Furthermore, since u_ = P_ , z z 

^ u = 0 (46) 

The expressions for the shear stresses are then expressed by the well-known 
relation 

xz 

du 

2 (1+v) Sx 

yz 

9u 

2 (1+V) *y 

(47) 

^8) 

The displacements and stresses must satisfy certain symmetry and boundary 
conditions, which are restated in the following paragraphs. 

10 
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SYMMETRY CONDITION 

u, (x,y) - -u (-x,-y) 
z z 

■ 

■ 

(4-) 

BOUNDARY CONDITIONS . 

ayz (x.B.z) - 0 (50) 

ayz (x.-B.z) = 0 w 

uz (A.y.z) (52) 

u  (-A,y,z) ■ -Ki 
z 

(53) 

Along the interfaces,  the contact shear  stresses must be continuous in 
both materials    I    and    II    (fiber and resin). 

a      cos cp + a      sin cp   =    a     cos cp + a      sin cp (54) T        yz xz yz xz 

Expressed by equations (47) and (48), the boundary condition in equation 
(54) is 

, du Su TT äu öu 
G    ■— cos <p + G    -^ sin cp    =    G      -r— cos cp + G      -5— sin cp 

Sx oy ox öy (55) 

where 

,1.11 J.II 

zd+v1'11) 

and where the superscripts I and II designate reinforcement and matrix 
respectively. 

11 
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The  first  approach  tried  was   the   finite difference  method,   using a 
square  net   of   112  nodes,  a Laplace  operator  of  second-order  approximation 
[0  (h  )]    ,   and   a  linear  interpolation  along  the  interface curved  boundary. 
The   following problem appeared   in   the   solution  obtained   for  a  test  case 
with  65%  reinforcement. 

In  the  fiber,   near  the   interface,   the displacement   function  in  the 
z     direction    u       had  a convex curvature  with respect   to  the  displacement 
in  the  resin.     This is illogical,   for   the  following reason.*     Close   to the 
surface,  where   the  transition  takes place  from one material  into  the  other, 
the  stress must  increase  rather   than  decrease,   as  a convex curvature would 
indicate.     This  is  shown,   in exaggerated   form,   in Figure 4. 

+B-a 

K)y 

Point-matching 
method 

-1 

Cross  section  along    y = 

(T     ) v  xz^ A 
(finite   difference) 

Finite   difference  method 
yields   illogical   results 

Figure 4.     Shear   Displacement   in   the   Axial   Direction, 
Obtained  by  the   Finite  Difference  Method 
and  Compared  With   the  Point-Matching  Method, 

12 
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Since the modulus of elasticity is calculated from the relation 

Su 
a = G -r— xz      ox (56) 

that will   say   from  the  slope of  the  displacewnt    uz    as  shown  later  in 
equation 61,   the   two methods will   give  two  different moduli   of elasticity, 
corresponding  to   the  slopes  of  the   two curves   in Figure 4,   in     x =  A.     The 
relation  between   the slope of  the  displacement   in  the  reinforcement and 
that  in  the   resin  is  obtained   from   the   fact  that,  at  the   interface,   the 
shear  stresses  are  equal   in both materials: 

'duz 

17 =     G 
if    1^2 

3x 

II 

(57) 

or 

.11 

du 
 z 
3x 

3u 
 z 
3x 

II 

(58) 

This   relation  can  be very  large  in  number.     In composite materials,   it 
ranges   from  10  to   180;   it  is   therefore difficilt  to  represent,   let  alone 
satisfy,   the  boundary  conditions  at   the  interface with   the   finite  differ- 
ence  method.      In   the  point-matching  method,   different   functions   for  both 
materials  will   be   used. 

METHOD OF   SOLUTION 

A boundary collocation   (point  matching)  method   is used.     This method 
essentially consists  of choosing  a   set  of   linearly  independent   functions 
which   satisfy   the   differential  equation exactly.     The   total   solution com- 
prises   the   solution  of   individual   functions,   each  one  multiplied by  a 
free  constant.     These  constants   are   determined  by postulating   that   the 
boundary conditions  at   a certain  number   of  points must be   satisfied.     If 
the   number   of  boundary conditions   is  equal   to  the  number   of  undetermined 
coefficients   in  the   functions,   a   system  of   linear  equations  with exactly 
as many equations   as  unknowns  will   result.     If,   however,   more  boundary 
points  are   used   in   the  equations  than   there   are   free  constants,   an   "over- 
determined"   system  of   linear  equations will   arise, which  can  be   solved  by 
the  classical   least-squares method. 

13 



With boundary collocation methods, it is usually safer to specify more 
boundary conditions (about twice as many seems to be a good rule of thumb). 
This results in a smoother  overall  solution. 

The  success of any collocation method depends,  to a   large extent,  on 
a suitable choice of the  set  of   functions by which the  solution is to be 
approximated.    The following functions would satisfy both the Laplace 
equation and  the symmetry condition; 

OD 

w^x.y)    -     ^   A^sin|^X|coShl2^1y)+ 8^00^x181^12^11^+ 

m"l • 

cm sinhrr Tosl~r T 
D

m 
cosh|~ Tinl-r w E°x + F' 

i 
by 

and  a  similar  function for    w       (all   superscripts  in the  function are re- 
placed by II). 

These   functions were programmed  first,  but  their  oscillatory nature did 
not  allow  a reasonable  fit  of  the boundary conditions  along  the  line    x =  A  . 

A second  set of  functions,  which also satisfies  the differential equa- 
tions,   the   symmetry conditions,   and,   in  addition,   the boundary conditions 
along    y "  tB  ,  is 

uz(x,y) 

e 

m-1,2,3 

J     .   u   /m TT    \ m TT       L     T .    /(2m-l) n 
\    sinh   |—r— xl  cos   y + B    cosh   P—-—*— 
m \ B       / B m \      2B 

x    X 

31 ■I (2m-l) TT 
2B ■+  E^x 

and  a  similar  functior.  for     w II 

These  functions have  the   same  basic  oscillatory character  and  are 
therefore   not  suitable  as  a  solution  to the  shear  problem. 

The  functions which were   finally chosen are  polynomials,   and    u  (x,y) 
II z 

and     u     (s,y)    were assumed  to be  of  the  following  form.     These  functions 

are  mentioned because  they  seem to be,  but are  not,  usable   for  the collo- 
cation method.    The present case  is  one  of the  examples which has  shown 
L'mt  not  all  the functions  that  satisfy the Laplace equation  and  the  symmetry 
conditions can be used  successfully  in a collocation method. 

14 



u1(x,y)    -     V     a^ Re   (x + iy)^^"^ + b1 Im(x+iy) ^^"^ + 

uz   (x,y) 

max 

I 
k=L 

c,1 Re(x +  iy)2k + dj Im(x +  iy)(2k) + E^1 

max 

I, 
m = l 

II D   ,     .    .   v(2m-l)   ,   ,11 a      Re(x+iy) +D I   (x +  iy) 
m 

2m-l 

(59) 

(60)* 

The  above expression  for u       does  not  satisfy  the   symmetry condition, 
Since,   in the  basic  element,   the  two  areas representing  fibers  are  not 
connected,   it   is not  necessary that   the   same   function be used  in the   two 
fiber   areas.     The  function    u       ,  which extends  over   a connected area both 
to the  right and to the   left  of  the  y-axis  and  above   and below the x-axis, 
must  satisfy the  symmetry condition    ull(x,y)    =     -u1   (-x,-y)   .    The  above 
function has  this property. 

The  appendix gives details  on the boundary points where   the boundary 
conditions were established. 

* This   function was  proposed  by  Dr.   George  Bürgin  of   Decision  Sciences, 
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NUMERICAL RESULTS 

Figure 5 represents the level lines of displacements due to shear for 
a 65%  glass fiber composite. 

1 0.2 0.1 0.05 0 

Figure 5.  Level Lines of Displacements When 
Axial Shear is Applied at a Sur- 
face Parallel to the Surface  +A. 

DISPLACEMENTS 

Figures 6 through 8 show the displacements in a composite due to 
longitudinal shear, selected to produce  tl  displacement at the surfaces 

x ■ ±A . 
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2.0 h 

1.0 h 

,N  0 

■1.0 L 

-2.0 

Figure 6.  Displacement Functions due to Displacement  ±1  at 
the Boundary  x = ±A • 
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Itoron 

•  x 

Figure  7.     Axial  Displacemrnt  Versus 
x-Axis  at     y = +1 . 
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J I I L J L 
0   12 24   36   45 
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60   72 90 

Figure 8, Axial   Displacement  at   Interface  due 
to Displacement     ±1     at   x =   ±A. 
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STRESS DISTRIBUTIONS 

Figures 9 through 12 show the stress distribution in the composite com- 
ponent that is caused by longitudinal shear at the surface x = ±A .  In 
these representations, the stresses generated are divided by the applied 
stress, so that the numbers shown are the shear stress concentrations.  The 
applied stress is expressed by the average applied load at the boundary 
surface 

m " 3xz(A) ±    T   (a     ^ 
2B J   ^axz''x=A dy (61) 

607» Boron 

10  20 30   40  50 
cp, deg 

60 70 

Figure 9.  Shear Stress at the Interface due to 
Longitudinal Applied Shear Load a   Z(

A) 
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Matrix..^ 

/-     DU/ 

/      60?! 
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-I 1 1 1 I I J_ 1 
pi05 0.433    0,65  0.866     1.083     1,299  1,515 

,  Fiber  

Figure  ID.     Axial  Shear     a as Function  of     x 
, xz at     y =   1 . 
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X 
N 

lb 
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1.5 

1.0 

0.5 

60% Boron 
60% Glass 

y = -1 

0.133        0.532  0.799  1.065  1.352    1.599 -•- x 

II 
Figure 11.     Shear Stress    crxz    as Function 

of     x     for    y = -l. 
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2.0_ 

_«. L- x = ^T 

607. Glass 

607» Boron 

-1    -0.75 
Matrix 

Figure  12.     Axial  Shear    axz   _as  a Function 
of     y    at    x =   -^ 3   . 
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LONGITUDINAL  SHEAR MODULUS  OF  A COMPOSITE 

The   total   shear modulus  of  the  composite can be  calculated  from the 
applied   shear   load  necessary  to produce  the   shearing  angle    \   .     Expressing 
the   total   shear   load    T    at   the   surfaces    x =  ±A    by  the   shear   stress 
produced   at   the   surfaces  in  both  materials,  we  obtain 

T     =    /B   ^^x-A '^ 

J* X=A tla X=A 

TT     _B-a   pu   \ II T      Z»5 lhu \I 

<B B-a 

(62) 

In  addition   to  the  expression  in equation   (62),   the   total   shearing  force 
of   the  composite can be  expressed  by  the  composite   shear  modulus    G: 

T 
2-tB 

GV    =     G- 

In  a hexagonal   arrangement, 

^ 

or 

^ 
_T_ 
U 

Consequently, the composite shear modulus is 

G - 

^B B-a 

24 
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From   the  computer  program,   as   described   in   the Appendix,   the  composite 
shear  modulus     C    has  been  presented   as   the   function  of   the   fiber  modulus 
Gf,      the  matrix  modulus     G 
(see   Figure   13). 

and   tho volume percentage  of  the   fiber    Vf 

8.0r- 

7.0 

6.0 

5.0 

3.0 

2.0 

1.0 

0 
30 60 90 

Gf/Gm 

120 150 180 

Vf = 0.72 

Vf = 0.70 

0.65 

0.60 

0.55 

Figure  13.     The  Longitudinal   Shear Modulus   of  u 
Unidirectional  Composite  as  Computed 
From  the Computer  Program. 

In  the   following   test,   the  computer   results  are compared with   the   results 
of  the  approximation   formula  by  Rosen,   Foye,   Ekvall  and   Berg,2      the com- 
puter   results   of Tsai,"   and   the   test   results  of Adams  and  Doner7 .     The 
results  calculated   from Rosen's   formula2 

f  (1+   Vf)+   (1   -V 
G      _       m  

Gm G           '        ' '" ' 
^  (1   -  Vf) +   (1 + Vf) 

m 
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quite well with our compute 
uter results except when Vf = 0.8. Among 

agree qui.cc w^**   
all existing  formulas,   this one   is  the most exact comparea w 
puter  results   (see Figure  14).     The  results  of Foye's   formula3 

ared with our com- 
aa 

_G. 
Gm 

m 

V    +   (1   - V   )  — 
m 

are 287.-347. lower  than  our  computer  results, 

O     Rosen's   Formula 

  Computer  Results 

8.0r 

7.0 

6.0 

5.0L 

6  4.0 

3.Oh 

2.0 

1.0 

0 
30 60 90 120 

Gf/Gm 

_L 

Vf   ' 
Vc   = 

0.72 

0.70 

0.65 

Vf   = 0.60 

=  0.55 

150 180 

Figure  14.     Computer  Results  Compare 
d With  Formula  by Rosen 
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The  results from  the  equation given by Ekvall 

_G_ 
Gm 1 G 

R x K f - $ + 1 
L I G 

tn 

where 

I    =     L-05 
ft 

and 

TT/2 

i     = sin e de 
G 
— + sin e 
Gf 

1 
G 

m 
Gf 

tn 

n 

2 11   - -^ 
G 
_ri 

Gr 

m 

-cf 
/G 

1   - 

■tn 
\l-t\ m m 

- In 
'-07-,/^ y - ft) 

i + i1 - ys - is8 
1 - -S1 + -07) -lc7 

are   as  much  as  twice   the   results   of   our  program. 
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The  results  from Berg's   formula5 

G_ 
Gm 

where 

n 
2B 

2A 

/ 

tan 
-l (A-B) 

A2   -  B2 •V   A2   -   B2 

+   1   -  1,2125 yr 

and 

"      "•"'•' '^{^ 

B    =    0.866  I 1   - Q| 

are  about  I0°/o-257o below  our  computer   results.     Tsai's   computer   results6 

are  277„-677. higher   (Figure   15). 

8.0 p 

7.0 - 

6.0   - 

5.0   . 

B 
5?       4.0 
u 

3.0 - 

2.0   - 

1.0   - 

0 

vf = 0.7^ 

V    = 0.70 

V    = 0.65 

vf = 0.60 

V    = 0.55 

Computer Results 

Tsai's  Formula 

X -L J- 
0 30 60 90 120 

G./G f'   m 

150 180 

Figure   15.     Computer  Results Compared  With Formula by S.   Tsai. 
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Figure   16   is   a  compirison   of  our   computer  results  with  the   results 
of  Foye ' s  formula. 

o 
o 

8.0 

7.0 

6.0 

5.0 

\: 4.0 

3.0 k 

2.0 

1.0 k 

0 J- 

Computer   Results 

Formula   by   Foye 

^^^^ 

gfqTr."]!—J-.J 

vf = 
Vr    = 

0.72 

0.70 

Vc  =  0.65 

Vf = O.oO 

0.55 

30 60 90 
GjG 

f    m 

120 150 180 

Figure   16.     Computer   Results  Compared With  Formula by Foye 

. 

Test results   obtained   by  Adams  and  Doner     are   slightly higner  but very 
close   to  the   computer  results   obtained  under   this  program   (Figure   17). 

An  approximate  equation   deveuped   from the  present  computer  program  is 

—-   =     (11,78 Vr
2   -   13 V+ 3.78) I 

Gm f f 
# 

6.66 V     -  1.27 
f 

(66) 

Figure 18 shows equation (66) in "omparinon with the computer results 
obtained in this work. 
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Figure   18.     Approximation Formula   (66)  Developed During 
This Contract Compared With   the Computer 
Results 
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EXPERIMENTS 

The experimental portion of  this contract was conducteJ primarily to 
provide clarification of the stress  concentrations at the f id of  the   fibers 

For this purpose,   tvo  test specimens  such as  those shown  in Figure 19 
were  fabricated.     The resin used was  epoxy  type.    Glass   fibers measuring 
0.28  inch  in diameter were embedded,   in a hexagonal array,   into  the  resin. 
Using an epoxy  resin as  the adhesive,   the specimen was attached  to a steel 
test  frame,  as  illustrated in Figure  20.    With this  frame,   shear  loads 
could be applied  to the  specimen.     The specimen was analyzed by photo- 
elastic methods,   first without load  and  then with   incrementally  increasing 
loads.     Figures   21 and 22 show  the  specimen  illuminated by  polarized light, 
in  the unloaded  state and loaded with 800 pounds of pressure,   respectively. 
It  is possible  to see only small  stress concentrations at  the end of  the 
fibers.     The depth of this change  in  the  stress  is,  more or less,   two 
fiber diameters  along the axis. 

In conclusion,  the  stress  analysis with its  assumptions  made   for long 
fibers,  as  developed during this contract,   is justified.     The  results are 
exact along the   fiber,  with   the  exception of a very  small  part close to 
the end.     In practical  use,   the length of this region  (no more  than   four 
fiber diameters)  is about 1/2000  for  the  shortest  fiber.     Therefore,  the 
influence of stress concentrations at  the  fiber end is negligible   for the 
computation of composite  shear modulus. 
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Figure 19. Shear Test Specimen 
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Flgure  20.    Test Picture Frame  for  the 
Shear Test. 
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Figure 21. Unloaded Test Specimen 

Figure 22. Loaded Test Specimen. 
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CONCLUSIONS   AND RECOMMENDATIONS 

It appears,   from  this   analysis  of a composite  material  subjected  to 
longitudinal shear loading,   that micromechanical stresses occur which are 
larger  than the stresses  applied   to  the composite as a whole.    This  report 
Illustrates,   for example,   that  the  stress    crnz    along  the  interface  is 35% 
larger  than  the applied average  stress    a    (A)     for an angle    $ 28' 
(reference Figure 9).     In other words,  a stress concentration exists which 
is   induced by  the   inclusion  of  fibers  in  the matrix.     This   form of stress 
concentration can be known only by  using the. micromechanical analysis 
based on   the  theory of elasticity,   as  used   in   this   report. 

For   the most part,   the  shear  modulus of elasticity  obtained  by this 
micromechanical analysis correlated well with  test  results.     It must be 
noted,  however,   that obtaining the  shear modulus by  experimental methods 
(torsioned  tubes,  plates,   etc.)   is  difficult,   from  the  standpoint of 
accuracy.     This was   the cause of  the variation   in   the   results   reported. 

The   formula   for  shear  modulus which emerged   from  this work yields  a 
high degree of accuracy   for most  composites used   in  structures.     This 
formula  can be used easily by   the  designer. 

Once  the  internal behavior of composite materials  under   load   is 
understood,   then  it will be  possible  to attain material optimization by 
judiciously selecLing  the most adequate combination of geometry and mech- 
anical  properties  of  the   fibers  and  the matrix.     This  contract  effort was 
directed   to  this  end.     Work   is being continued  on   the micromochanics  pro- 
gram in   the area of  other   forms   of  loading,   such as   transverse  loading. 
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APPENDIX 

NUMERICAL CALCULATIONS AND COMPUTER PROGRAM 

The program presently uses  the  following upper summation limits; 

JMAX KMAX MMAX    =     10 

This gives  a  total  number of 61 unknown  coefficients.     Ninety-one  condi- 
tions at  the boundary points  are specified,   so   that  a  linear system of 
91  equations with 61  unknowns  must be  solved. 

u      equation   (59)   does  not satisfy  the  sym- 
condition.     Since  in  the basic  element  the   two areas   representing 

The above expression  for 
metry 
fibers are not connected,   it   is not necessary  that  the  same  function be 
used  in the  two   fiber  areas.     The   function    wll   ,  which extends over a 
connected area both  to  the   right and  to   the  left of  the y-axis and above 
and below the x-axis,  has   to  satisfy  the  symmetry condition    wll(x,y)  = 
-wII(-x,-y)   .     The   function  given  in equation   (60) has   this  property. 

Figures  23 and  24  show  the points  u; 
for  the  two different cases    a<A    and    a>A 
91  equations  generated   for both cases. 

r   the boundary collocation 
Tables   I and  I", show  the 

DESCRIPTION OF THE PROGRAM 

The program  is written  in FORTRAN 63   (similar  to FORTAN  IV)   for a Con- 
trol Data Computer Model 3600.     It consists  of approximately 1200 FORTRAN 
statements.     The   following  general  flow chart  gives  an   idea about  the 
options  available   in  the  program. 

THE SUBROUTINES AND  THEIR PURPOSES 

ALBERTO        This   is  the main program.     It   reads  and prints   the 
input data.     It calls   the necessary  subroutines   to 
calculate   the  equations   for   the  coefficients,   to 
solve   these  equations,   to  calculate displacements 
and   stresseSj and to calculate  the  ratio of the   two 
shear moduli 

Matrix/GTotal 

GETMTRX        This   routine  generates  equations   at  91 boundary 
points.     Uses  subroutine power. 
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Figure 23.  Arrangement of Boundary Points for a < A« 
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Figure   24.     Arrangement   of  61  Location Points   tor a<A 
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TABLE   I       EQUATIONS  GENERATED   IF    p<a 

Point Condi tion 
No.   of 
Points 

No.   of 
Equation 

1) 

b 

I II 
u     -   u 

z z 

xz 
II 
xz 

yz 

II 
T yz 

0 

T 
u     = 

z 
II u 
z 

J~     cosm +  T       since 
xz T yz 

II II     . T       cosm +  T      sincr 
xz yz 

11     =   k 
z 

11       i Li       =   k 
z 

I 
T 

II 
yz yz 

I 
yz 

=   0 

T =    0 
yz 

14 

14 

] 

5-18 

19-32 

33 

34 

35 

36-44 

45 

46 
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TABLE   1.      ( Continued 

1    Point Condition 
No.   of 
Points 

Kc.   of        j 
Equat ion 

f z 9 47-.^5         j 

g 
II u      =   k 
z 

4 56-5«         | 

h 11 = k 1 60            | 

h ^=0 
yz 

1 61            | 

i II       n T        =0 yz 12 62-/3         | 

j yz 
3 74-76         j 

f ö^/öy  =   0 9 77-85         | 

1         c auI/öy = 0 
z 

1 86            1 

c au^/äy =  0 1 87            j 

g öu"/öy = 0 4 88-91         i 
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TABLE   II.     EQUATIONS  GENERATED   IF    D>a 

Point 

g 

h 

h 

Condition 

yz 

I r yz 

=   0 

=   0 

z 

u' =  k 

11    1 u      =   k 
z 

11       i i       =   k 
7. 

11 -   n 
yz 

11       n T        =0 
yz 

No.   o£ 
Points 

12 

1 

9 

4 

1 

1 

12 

No.   of 
Equation 

36-47 

48 

49 

50-58 

59-62 

63 

64 

65-76 

NOTES:   1.     Equations   1   through 35  are  the 
same  as   for   the  case   a <A . 

2. There   are no   points     j   . 

3. Equations   77   through  91  are   the 
same  as   for   the  case   a < A. 
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FLOW  DIAGRAM   OF   PROGRAM  ALBERTO 
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POWER This subroutine computes both the real and  the 
imaginary parts  of  the' function 

AMINUS 

PWRF 

(x +  iy)1 where    n £20 

The routine  is   first entered through  the entry 
point,  initial,   in order  to calculate binomial 
coefficients.     The entry points POWER,  DPOWERX, 
and DPOWERY are used  to  calculate 

f(x,y)  =   (x +   iy) ax ay 

respectively,   and where    n    is  an odd positive 
integer.     The  entry points EPCVER,  DEPCWERX, 
and DEPOWERY are  used when    n    is  an  even 
number. 

Function subroutine  to  compute     (-1)       where 
n    is  an  integer. 

Function  subroutine  to  compute    x      where    n 
is an integer.     If    x =  o   ;    PWRF will   return 
with even when    n < o 

NORMEQ Generates   the  normal   equations  by 

1. Transposing matrix A 

2. Multiplying and   forming the matrix 
product     AT,'. 

3. Multiplying and   forming the matrix 
product    A^b     for   the right-hand 
side  of  equations 

Additional Capability:   List the matrix A using 
the subroutine LISTARAY. 

LISTARAY        A subroutine   to   list matrices,   labelling  rows 
and columns . 

PJMATINV UCSD Library Subroutine.     Inverts  matrices, 
solves   linear   systems   uf  equations,   and   com- 
putes determinant.     It  uses a Gaussian  method 
with two-dimensional   pivot search. 
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ZEROLIST UCSD Library routine will zero out variables 
specified by  the  list defined   in the NAMELIST 
statement. 

PRTCOEF Output subroutine 

Wl Additional entry points:    W2   ,     TAUXZ1   ,    TAUXZ2   , 
TAUYZ1   ,    and    TAUYZ2   .     This  routine computes 
wl  . ,11 'xz Txz11  .  etc, 

GRID This  routine computes coordinates of the 127 points 
used   in the  finite difference method. 

SHEAR Integrates  (Gaussian  integration)    T        along right- 
hand boundary. 

USAGE OF THE PROGRAM 

Card 1 

Field 1:    VF (Volumetric Factor, e.g , 0.6)   if IFLAG J* 0 

or 

RHO (Radius of Fibar) if IFLAG - 0 

If V  is specified,  RHO is computed as 

^ 

If RHO is specified,  Vp  is computed as 

V3 

Field 2 

Field 3 

Field 3 

E     ,    Young's modulus,   fiber,  psi 

V     ,     Poisson's  ratio  fiber 

E       ,    Young's modulus,  psi,  matrix 
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Field 4: v       ,     Polsson's  ratio, matrix 

Field 5: IFLAG   ,     See description  for Field   1 

Card 2 

IPRT 

Format   (14) 

If IPRT £0, do not print   the matrix of the 
coefficients  for the  linear equations 

If  IPRT <0, print matrix of   the coefficients 

Card 3 Format  (14) 

NOMORE If    NOMORE    < 0    Call GRID 

NOMORE    = 0    Input ntw data 

NOMORE    > 0    STOP 

NOMORE <0 calls GRID, which causes the program to generate the coordi- 
nates as used in  the  finite difference method and to calculate displacements 
and  stresses at  these points.     If card 3 has a NOMORE <0,  a second card, 
3a, has  to follow which has a NOMORE 2:0. 
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PKOOHAM ALBF.I'TO 

SHE»« PROBLEMi INTEGRATION CONSTANTS ARE FOUND BY POSTULATING 
 »ouNWRvnroiwrnw "äT'O OF ■ 
/        EQUATIONS   IS   MUCH LARGER   THAN NUMBER  OF  UNKNOWN 

COErFlCIENTVrEWATTÖW ARE'S^ 
NORHBQ 6iNBRfT6f THB NQ^HAt.  e(>UATIONj>   

♦♦♦   IT  ■   TOTAL   NUMBER OF   EQUATIONS  GIVEN   BY   BOUNDARY CONDITIONS 
"♦♦•"NBRfO  ■"NUMBEK  OT'NÜÄM'AL   -  EOUTTTONS   (-NUMBER OTUNKNOWN  COEFFICIENTS) 

• ••  PROGRAMMED''SE>T£MBTRT37i967"   
REVISED  SEPTEMBER  22,   1067 

■       MOD IF I ED OCTOBER"^. I96r rOÜSt'VÜFirYröWr'f X*'I Y)**( 2*N+1» 
MODIFIED OCTOBER  2*,   1967  TO  USE   FUNCTION.   (X ♦   1Y)»*N   IN  FIBER 

♦»•   NOOD     -   MAXIMUM ODD  POWER  USED   IN   BOTH   FIBER   AND RESIN 
 N6VEN''-""'MÄ)CrM'ÜMTvE^'lyÖwrR''USED"TN""lsf6¥'«  

■""""C0MMüN^!XPT/'A";B7RTiöveTrrsiCfr,ic2VF>füY  " 
COMMON/MTKX/Aftl100,61),   RHS(IOO)             

■c~w< ri)Tri3nnHHr"ffrxTi^-Tro?ftT^^^^ 
COHMON/LABL/INDEX2(100),   INDEX!100) 
NAHELrSt/LABEL/INDeWr'rNDgX   '" 
DIMENSION   BACKI100) 
C0MMON/NORMrKx/ANÖR>t(,>T,6T)',"MüKM(6n ' 
 C0MMON/COEFF/AU20), A2(20), BU20), 601  

COMMON/NÜMOERTNüÖD, NEYEN, NBR"eo', "NVAR, if-  
COMMON/POINTS 'XXl 150), YY (150), JFLAGU50) 

 Di NüNSTSN IFLXSSTS), SfSMCil  
TYPE   INTEGER  STAR 
DATA   ("lFLAGG~i"'"8HFrB£Fr       ,       BHRE'STN""    t     "BHYNTRFACE , 

•  ÜH        ,        BH ) 
UATAUFORMU)   ■   8H(lMt,95X) 
OWMNVAft »20),   (NBREQ "..»l,)«   (ijlCOL  ■  »0)t JHUM « jO)t 

• (NOOD   «   19),   (NEVEN »   20),   (   IT 
DATAIPI   ■   3.U15926) 

*6   L »   LAPSTIMEICL) 
CALL   STARTIME 

91) 

HEAD   1,    A,tl,FNUl,E2,FNU2, (FLAG 
1   F0RMAT(5E10.4,I10) 

IF   (EOF,   50)   3161,   ^ 
A..«"1 QRM12)   ■ »H>*([»//> 

• t   UFLAG)   U,   12 
A 11 VF 

RHO  ■   2.*SQRTF(2.*S0R.TF(3.)*VF/PI)   
 GO  TO   13 
12 RHO   «A _ 

"       VF   -   RHO*RHO*P'lT(8>SQRTFr3".))" 
_l_J_Gl   «   fcl/(2.*(l.»FNUl))  

G2   -   E2>(2.»(1.+FNÜ2)) 
G10VEKG2   -  Gl/G? 
B  «   1.0 
A.B*SgaTF(j.) 
PRINT   2,T,YF',RHü',E'l7FTuT,E"2\KNÜ2rGr,GY,Glb'VERG2' 

2   F0RMAT(1H1,?0X,16HINPUT   PARAMETERS.///20X,16(1H-)/// 
18H  B ,E20.5/ 
UH  VF jE^O.S/. 
28H   RHÖ' lEZO.S/ 

„.iietL-LL jLtiLQiS/  
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'•BH NU I 
5bH £2 
bäh   NU2 
IrtH Gl 
UM G2 
18H G1/C2 

iE20.9/ 
,£20.5/ 

,620.!)/ 
,620.5/ 
,620.5//) 

LI » L / 1000 i 
PKINT 603, LI, L2 

6Ü3 FüRMATIhHOTIMFl, t 13,IH.I3) 

L2   •   L     -     LI   ♦   1000 

i 

PRINT   602.    IT,    NOOO,   NtV6N,   NBKetl 
602   FORMAT (<,IH^NUMBER   OF   BOUNDARY   EOUATIONS   SPECIFIED   », 15,/26H0MAXIML' 

»M   ODD   POWER   USED     • , I 5,/26H0MAXIMUM   EVEN   POWER   USED   >,I 5l/20H0NUMR 
♦ ER   OF   COLUMNS   "   , 15! 

ObN6l<ATE   MATRIX   AND  RIGHT   HAND   SIDES   OF   EÜUATIONS 

CALL   CETMTRX 

FORM   NORMAL   EQUATIONS 

CALL   NORMEO 

SOLVE   EÜUATIUNS'"     ""  

*"T  CALL   NWMATINV(ANOl<M,   BNORMi   BACK,' 6if'"NBRE0V  I,   OET,   IDET) 

IDET20   =   20*IDEr 
PRINT   971,DET,IÜET20 

971   FORMAT   (//Y, IX','   4HÖET» ,t"2Ö.575"X," 
IFIDET   .NE.   0.)   GO   TO   318 

YOH T TM fS fO* ♦VI 5">' 

317 READ 972, Nl, STAR 
IF (STAR .EU. IH*I'6,"31'7" 

972 FORMAT(A8,Al) 

♦♦♦ BACK SURSTITUE SOLUTIONS INTO ORIGINAL MATRIX 

318 DO 319 I«l,IT 
BACK)I) « 0. 

319 CONTINUC 

DO   320   JJ»l,IT 
DO   320   KK=1,NBREU 
BACK(JJ)   =   BACKUJ')'*-"  BNÖRMIKKT ♦   AAf JJVKK)' 

320  CONTINUE 

♦ ** CALCULATE SUM OF SQUARES OF RESIDUES 

SUMSURES = 0. 
00 335 J-l.IT     '■"■■ 

335 SUMSQRES ■ SUMSQRES ♦ (RHS(J) BACK(J))**2 

3A0   PRINT   90<>,SUM$QReS 
90V FORMA T (1 Hi', 8 X ,YH"j riTx7"7HBÄCkl J yVlVx, 6HRHS ( J) V25X', I 7HSUM' RE SI DUE S   S 

*Q   =,E20.5,/) 
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PKINT   903,    (J,    UACKIJI,    i(HS(Jlt    IN0EX(J)t   J.l.in 
903   HllKfAf   | I 10,   ZtcQ.b,    VOX,    AB) 

C .■-—■   -■  

; MORE   CütFFICIbMS 
c '  "' "" "  

00  ?7  J>l,bO 
?.1  AMJ)   »0. '       """  

Ü0  28   J.l.NVAR  
AKJ)'.   B.NORKiJI    "       " "'   ' " 
A2(JI   ■   eNüKM(J+MVAHI 

2«  CONriNUE 
OU   30  J«1.NUM 
UHJf   «   DMiWMU + NCbL)  

_ 30 CONTINUE  
tOl   >   BNORMINBREU) 

C 
C   "       PRINT   THECÖEFFICieNTS'"  
C 

CALL   PRTCÜEF""      
_C_  

"" CALL"SHf** 
C 

".'•"        READ 5,   11  
IFdll   6.   40,   40 

"■  5 FORMAmivr """  "■  
C     

"4o"r-ö   
c 

'9<t i ' i*\ """   "  
x ■ xxm » Y ■ vmi 
IFLAC ■   JFLÄCIII "    » LABELS   -   IN0EX2n) 

C   
GO   TO   llbO,   200f   100.   250)   1FLAG 

C I FLAG"I...FIBER   
C...      IFLAG-2...RESIN,.-..      .. 
C IFLAG'3...lNttRFACE 

._£ IFLAfiiAtuilflf   
C 

100  CONTINUE 
PRINT   3,   IFLAGG(IFLAG).   X,   V 

3  FORMAT(/I1HO,A0.2OX,3HX   «jE15.4,SX,3HY   .,615.4) 
PRINT   JFORM,   LABEL'S 

 CALL MiU.Y.WMJ]  
CALL   TAUX21IX.Y.TAUX2/1) 
CALL   TAUYZUX.Y.TAUXYYl) 
PRINT  9Ö2.WWi,fAU«2l."TTÜXYYl 

902   FORMATUH  Wl« , Elb. 7, t.X, IGHTAU  XZ   1   -,E 15. 7,5X, 10HTAU   YZ   I-   , 
I   tl5.7//)           ' 

GO   TO   (99,   99,   201)    I FLAG   
■"c      "  "" " 

200 CONTINUE 
PRINT 3, IFLACG(IFLAG), X,' Y 
PRINT JFOKM, LABELS 

201 CALL   H2(X,Y,WW2)       " 
     _CALL   TAUXZ2(X.Y.TAUXZZ2)  

CALL   TAUYZ2IX,Y,TAUXYY2) 
PRINT  901,MW2(TApXZZ;.TAUXYY2 

901   FORMATUH H2>,E15.7,5X,10HTAO XZ   2   -,£15.7,5X,lOHTAU  YZ   2-   , E 
 kiixlJLÜ   

« 
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JF( (FLAG   .Nt.   31   (iO   TO  «»9 

COSIHCTA   «   (4-X)/l(H0" V~ SfNTHETA   ■   (ß-Yj/RHO 
FTAUl   «   TAUX^/l   ♦   CUSTHtTA        ♦        TAUXVVl   •   illUHflA 
f-TAU?   ■   TAUXZZ2   •  COSTHETA " '♦        TAUXYYZ   ♦   ilNTHEIA 
PKINT   90i,   FTAUl,   FTAU2 

905   FOrtMAT (^«.X, 10HF( TAU   1)   ■,e'l5.775X,"lÖMF(YAU  2)   -.615.7,//) 
Cü   TO  99 

250   KEAO   5,    IFLAC 

IF   (IFLAGI    300,   305,   315 

IFLAC 
IFLAC. 
IFLAG 

-I •_._•_ CALL JSR I q_ 
0"_. ". . INPUrNEW ÖA'fA" 

♦1 . . . STOP 

THiS'VARIABLE IS CALLED  NOMORE  IN 
 .PiOPAM DESCRIPTION 

300 CALL ZEKÜLISTILABELI 
JFORMm « 8M,18,//T 

CALL GRID 
"60 "TO''40"' 

305 PRINT 906 
310 PRINT 500 % GOTC 6 
906 FORMAT I ///, lHOr"j5rX,"20H"fc"N'ö' ' P""0"'I'N T'S I " 
SOU FORMATI1H1I 

315   PRINT   906   
-316 L -"LAPSrrwirrr" 
3161   LI   »   L   /   1000 

pRiNf i>oy,"Li',~Ct' 
ENO 

L2 LI   *   1000 
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IT 

sueRouTiNf oerMTRx _ 

• ••    IN THt FIBEKi USE THE FUNCnON_ 

IN THE RFSIN, USE THE FUNCTION 
IX ♦ 1V;»*N "," N'» r,3,'5,' . 

COMMON/ I N>»T/ a A , B i RHÜ, £ 11 FNUl i f 2i FNU2 
COMMON/HTRX/   A ( 100,611,' RHSt 100» ' 
NAMbLISI/MAT«IX/A,   KHS 
COMMON/NUMQER/NODO,   NEV6N,   NÖRE'J,'" NVARi 
COMMÜN/COMPLX/ZIiÜ) 
tUUIVALENCtt/.iEVeN)  
UIMENSION   IEVEN(2U) 
DIMENSION  XX1201 ,VY(20r,Ctr?0),STt?or  
COMMUN/POINTS/XPTlliO),   YPTlliOl,   JFL«Gtl50) 
CüMMaN/LAl>L/LABtL(lÖ0T;"\ABEL2lV00") 
DIMENSION   SCR(lüO) 
DIMENSION'NuMftER'I i<.l  ~ "" 
OATAdH   ;   62OOOÜ00BI ■    (IÜ   «^AOOOOOOB) ,    (I F 

V"    TTS ' oToo'corooBTf  ffi » finooooo'Bir iTJ 
DATAINUMBER   ■    UM,    1R2,    IH3,   IR4,    IK1»,    1R6, 

•   '"ZR l0V2RiT; ?R 12, 2R13', 2R UI  
ÜATA{P1»3.U15<»2653» 

« 66000000ß), 
• ^ioooooob) 
l«7, IRB, 1R9, 

CALL ZtROLISTIHATRIX)           S          CALL INITIAL 
'Gl»El/l2V*t"l\'VTKiurrr"$'G2"E2/(2'.*"ll.>FNÜ2»") S CG«G2/G1 
NCOL ■ 2»NVAR 
NUM i"NEVEN""   

EQUATION"! ( POINT'ÄT'Wi:-W2»0 ~~  

X«AA-RHO %  V«R 

HI)   » XPT(l) - X 
LABELU) ■ «.RA 
LABEL2U »' i'" BHÄ'ÜY" 
JFLAGI l) » 3  

ZI2) • YPTUI • Y 

U * 2 
CALL POUER 
uo lb N»V,NV"AR   
All.NI ■ UH)                           %                         AU,N*NVAR) > -/(Nl 

10 CONTINUE     

ZEVENlll « K I 
CALL bPOWtR 
DO 11 N-I,NUM" 
AlliNCOLtN) - ZEVEN(N) 

11 CONTINUE 
All.NBREO)   ■   1. 

ZEVEN(2) 

tQUAT I ON 2   ( POl NT  »)  T»UXa;i/gl-TAUXZ2/0l»0 

LABEL2I2)   >   8HA12   TAUX 
Ztl)   ■   X"      "V Z(2)' «V         
CALL  OPOWERX  
DO 20  N-l.NVAR 
At2,Nl   ■   Z(N> S 

20 CONTINUE 
, A LZj.NtNyAR) _•.-/.( N) »CG 

„ .C 
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» _ 

ZtVtNd)   •   X t ZEVtN(2l   «   Y 
CALL   OtPOincHX   
OU  ?A   N»UNUM 
A(2,N*NCOLI   •   ^FVEN(N) 

21   CONDNUE 
C 
C EQUAFIUN   3   (POINT   A)   TAUYZ l/Gl'-O 
C 

LAHEL^OI   «   8HAI " TAUY    ' 
2111   »   X % Z(2)   «   Y 
CALL   OPOWtKY 
DO   30   NM.NVAR    ■ 
A(3,N)   «   ^(N) 

30   CONTIfJUE 
c 

31 

«0 

ZEVENIl» = X 
CALL DEPOWERY 
DO 31 N«l NUM 
A(J,N*NCOL) >= 2EVENIN) 
CONTINUE 

*..,. ZEVENJ2) » V 

C 
c 
c 

EQUATION « TAUYZ2/Ü2-0 

LABEL2UI « 8HA2  TAUY 
2(1) » X          $  
CALL DPOWERY 

IN POINT A 

inrmY 

c 
c 

DO <.0 N«l,NVAK 
Ai^.N^NVAK) ■ 2(N) 
CONTINUE 

EQUATIONS 5 THRU 18 POINTS B Wl-W2«0 
c 
c 
c 

GENERATE THE H .P01 NTS X_X JVNDYY ... ... 

DE L T A- 6 .♦PI/ 1 «0._  

LAfl£L2(5)   =   8H8l,2  -   W 
00  t>0   1 = 1, U   t   1-1=1 
THETA-FI*DELTA 
xx(n»ÄA-RHcftcoTPTfH'ITAi ^ CTTI)"CöirnFriTr 
rY(l)-ü-RHO*SINF(THtTAJ   S   ST(Il»iINFJTHETA) 

bO   CONTINUE  

DO 70 1=1,K 
2(11 « XPTdl) • XXIII      S 2(21 « YPTIJH • YYIII 
LABEL(11) "i""lB"*"NUMB"E«Tl)          
JFLAG(Il) > 3 
11 • II ♦ i        
CALL POWER 

C 
DO 60 N'l.NVAR 

60 CONTINUE 

ZEVENU > ; XXIII S 2eVEN(2) « YYII? 
CALL EPCIHER 
DO 61   N-l^NUM 

"AH ♦«VN*NCöü'"VTE VE"NTN') " 
61 CONTINUE 
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70 CüNTlNUt   

CQUAIIONS 19 THHU 32 F ( T AUD-Fi T A02 ) »0 POINTS B 

LABeL?l 19) • 8HB F(TAU)-        __ 
UO VO l>l,14 
mi » xx(i) t mi—'JLfML 
CALL   UMOWEKX 
00   Ti   N'l.NVAR 

75   SCK(NI   •   /JN)   •   CrT'f» 

itVtN(l)    a   XX(I) 
CALL DtPOHersx  

ZfVENU) win 

00  76   N«l,NUM 
SCRtN+NVAK)   ■   ZbVEN(N)   *   CTd) 

76  CONTINUE 
Uli   -   XX(I) i Z(2)   ■ YV(I) 
CALL DPOWtRV       

_l)0  80  N«l,NVAR_   
~'An*voiN"> •"söron ♦" zTNT»s"fnr 

A(U18,N+NVAR)   -   -AlI + ia.N)   * CG 
80 CONTINUE "  

ZEVEN("2)   ■   YVII) ZEVEN(l)   •   Xx(I ) S 
CALL   OtPOHERY  
00  81   N«l,NUM' 
A(I*18,N*NC0LI   «   SCR1N*NVAR)   WEVENIN)   »   STCI) 

81   CONTINUE' "  
90 CONTINUE    _     

 E8|yATI ON   33   POINT  C  Wl»K  

X"** .»..YfJrSBfl- 

LABEL2I33>   -   8HCI     -     M 
Z(ll   ■   XPTIIl)'   ■  X 

„LABEL U I)   -   4RC  
Z(?)    »   YPTdll   «   Y 

JF.AtilUI   -   3 
U  -   II  t   1 
CALL     OWE« 
00  IC1   N'ltNVAR 
AI)3.N)   -   ZINI 

100 CONTINUE   

ZEVENIl)   >   X $ _ ZEVEN(2>   *   Y 
CALL   EPOMER 
OU  101   N-ltNUM 
A ( 3 3 , N*NCOL 1   ■   ZE"VENTNT ~" 

101  CONTINUE          

C 
C 
C 
C 

AI33.NBREO) - RHS(33) - 1. 

EQUATION 34 POINT C W2«K 

LABEL2(3») » 8HC2 
Zll) ■ X 
CALL POWER 
DO 120 N'l.NVAR 

JJÜMuMttPtMLLj» UHL 

Z(2I   ■   Y 
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120 CONTINUE 
i<HS(3<t)   ' I. 

tOUATIflN   35   POINT   C   ( T AUYi l-T AUVZ2)/Gl"0 

LABELPH!») » ÖHC1? TAUY 
2(11 « X 1 Z(2( 
CtLL ÜPOWERY 
DÜ KO N=I , MVAk 
A(35,^1 = /(N) 
CONTINUE KG 

iEVENll)   «X S 
CALL   ÜEPOKEKY   
ÜO   Kl   N«1,.NÜM"" 
A(3^iNfNCüL)   '   ZtVEN(N) 

UL   CONTINUE 

A(35,N*NVA«) 

ZEVtNI2l 

■UU)   ♦ CG 

POINT 0 EöUAflONS 36 THRU 4V TAUZYl/ol'O 

GENERATE T'HE'"? "COÜROTNATEfXX'ANCrYY""' 

0 

XO « AA - HHO 
IFIXOI liO, 1!>0. 1'>1 

150 IDPT * 12      $ 
151 IOPT »9       t 
152 UELTAX » RHO/DPT ' 

LA8eL2(36) ■> BHÖ' - TAUY" 
Ü0 153 I'l.IOPT 
XXI I )«X0»H*OtLTAX 

153 CONTINUE 

OPT ■" U. 
DPT « 10. 

GO TO 152 

Fl - I 

c 
OU 160 I»1,10PT 
2(1) '   XPT(Ti) «"xxin'  """'$"      2T2I"» YPT(Il) i- Y 
LABELII1) « 10 ♦ NUM8ERI I) 
JFLAG(Il) • 1 "  '" '   
11 •= 11 ♦ 1 
CALL OPOWERY 
00 155 N'l.NVAK 
A{I+3b,N) > 2(N) 

c 
155 CONTINUE      

/EVENIl) ■ XX(I)      S          2EV£N(2I ■ Y 
CALL DEPUWERY 
00 156 N*1,NUM 
A(I*35,N+NC0L» • 2eVEN(N) 

156 CONTINUE 
160 CONTINUE 

12 » 36 ♦ IDPT 
c 
c EQUATION 45 POINT E TAU2Y1/G1-0 
c 

X=AA i   Y<R 

' 2(1) • XPTIIU ■ X         $         2(2) - VPT(Il) • Y 
LABEL(Il) • «RE 
L4BfcL2im » SHE - TAUY 
JFLAG(Il) • 1 

—  ..... 

11 ■ n ♦ 1 
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170 

V71 

CALL  DPOWERY 
DO   110  M"1,NVAR_ 
Adü.NI  » "ifCN» 
CüNUNUe 

ZEVF.Nll)   =   X 
CALL  DEPÜWERY 
DO  171   N»l ,NUM_ 
Ä(I2|N+NC'0U   • 
CONTINUE 
12  «   12   ♦   i 

EUUATIQN  ^6   POINT   E   Wl-K 

2EVEN(2) 

ZkVEN(N) 

190 

LABEL2(12) 
Zll) • X 
CALL POWER " 
DO 140 N=l,NVAR 
A(l2,Nr -ZTNT' 
CONTINUE 

8HE     -     Wl 
t Z(2) 

C 

- *•■ ••  -- 

...    _    . ...  . 
191 

ZEVEN(l)   >   X                         S 
CALL  EPOWtft'  
DU  m   N>l,NUH 
A (12, N+Nc"orr «"-TEve fn nr 
CONTINUE 

ZEVEN(21 

'A(I2VNB«Eü)   »  RH'STTZ)   »   n 

" EQUAT1 ONS'"47 "THkU" 5V>b"l NTVT'h'iilf" 

LABEL2ri2Vir 
_X»AA  I   YO-R   % 

fFPT*"«   fl   -   I 
DO 200   1=1,9   $   F1=1 

8HF     -     W 
D£LTAY«-RH0/10. 

200  YY(I>«Y0*F1»0ELTAY 

00 220   1-1,9 
4(1» _«   XPT(11>. 

"LABELIID   ■   IF ♦   NUMBER!I) 
2(2)   '   YPT( II)   '   YY1J) 

5.- 

JFLAU(Il)   ■   1 
11  ■   I 1   ♦   "l   " 
CALL   POWER 
DO 210  N«l,NVAR 
A(I + l.2,N)   »   Z(N1 

210  CONTINUE 

211 

ZEVENd)   ■   X 
CALL   EPOWER 
00 ZU'WliN'OH" 
A 11♦12,N*NCOL) 
CONTINUE 
A(I*l?,NORta)   «   ftHS(I*I2)   •   1. 

ZEVEN(2)   •   YY(I) 

ZEVEN(N) 

220 CONTINUE 
12 • 12 ♦ 9 

XPT(Il) > AA $ YPT(ll) • B-RHO 
LABEL! ID - 4RC 
JFLAG(Il) ■ 3 

1 ICPT «11-1 

II II ♦ 1 
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EOUAMnNS 56 THRU 59 POINTS G W2-K 

LAUELZdZM) = 8HG  -  *2 
V0«Ö-RHO $ 0ELrAV«-(?.*B-KH0)/5. 

üü 2SO I«l,4 i H-I 
Y«VO+Fr»ntLTAY 
JFLAO(It) » 2 
LABI-LI III -IG V NUMfliKYl)' 

2«0 

250 

Z(l) « XPTII II ■ 
U • II ♦ I 
CALL POUFK 
DO 2'.0 N»l ,NVAR 
Al I + I2,N»NVAR) • 
CONTINUf 
RHSIIM2) = i. " 
CONTINUE 
12 « 12 ♦ 5 

2121 • YPTIIII - Y 

ZIN) 

ECUAflON 60 POINT H H2«K 

X«AA i Y»-B " 
LABELII1I ■ 4RH 
LABEL21I2) V-öHH" 
JFLAGIU) « 2 

"W2" 

c                
211) < XPTII11 > X          $         212) • YPT1I1) ■ Y 
n • n ♦ r 
CALL POWER 
oo 260 Nai.Mvair 
AII2,N*NVAR) - ZIN) 

260 CONTINUE' 
RHSII2I • 1. 
12 • 12 ♦ 1 

C 
C     EQUATION 61 POINT H TAÜYZJ/C2-Ö' 
C 

LA0EL2II2I « 8HH - TAUY 
Zlll > X     t     ZI2I • Y 
CALL OPOWbRY 
00 280 N«1.NVAR 
AII2,N+NVARI ■ ZIN) 

280 CONTINUE 
C 
C     EOUATIONS 62 THRU 73 POINTS I TAUYZ2/G2»0 
c 

XO • AA - RHO 
IF 1X0) ^9Q,      90, 291 

290 AO • XO ♦ AA   %        XO ■ -XO   »   IPf - 0 %       GO TO 292 
291 AO •     AA   i   XO - 0.    t   IPT • 1 
292 ÜELTAX • AO / 13.     t      Y - -8 

LABEL2II2M) ■ 8HI - TAUY 
r 

00 300 I>1,12 %  FI-I 
X « XO ♦ FI«DELTAX 
JFLAGIIl) " 2 
LABELIII) «II» NUMBERI I) 
ZU) ■ XPTII1) > X          i         ZI2) 
11 ■ II ♦ 1 

V'YPTTfiTVy    
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C&LL üPDWCrtY 

UO ^4^ N»l,NVAÄ 
A(I«I2,N«NVAR) ■ Z(N) 

295 CUNTlNUü 
100 CUNTIUUE 

IF! ti»T)   501.   321 
C   
C tOUMlONS   7<t   THRU  It  POINTS  J   TAÜYf2/C2»0 
C 

JOl   OtUAX   ■=    (AA-RHU1/3. * Y   "   B 
LA0(:L2I7<I)   •   BHJ   -   TAUY 

C 
UO  320   I «1,3   %   MM          
X-lFl-l»»OtLlAX 
JFLAGd l)   •   2 
LABEL It IV ■"Tj'"*"NÜMÖERTr)' 
HI)   '   XPTtm   ■   X » Z12I    «   YPTIII)   •   Y 
ii « iv*♦ r  '  
CALL   nPOWERY 

c 
00  310   N*1.NVAK 
AU*73tNtNVAR>"«'li|Mr  

310 CONTINUE 
320 CONTINUE 

C _ 
' C'»>«'"£UUATI0N~77-86  bWl/üY-Ö  ÄI70'N6""P0TNTS'T'ANO   IN  POINT   C 

C 
"c""" ""'"           

Ml   LABEL2I77)   ■   BHF     DW/DY _ 
 '   00 3*0 i«i,ior         
 III)   ■   XPTUFPTMI t HZ)   »   VPTdEPT*!)  

CALL DPOKERY 
00 330 N«ltNVAR            _ __     _ 
*U*76,Nl ■' 1(H)" 

}50 CONTINUE       _ _      _ 
C' 

jtf.yJUUULL•- xPTiiFPT*ii i yeveNS2» « v>T(iFPT*i> 
CALL OEPUWcKY 
00 331 N«l,NUM    „ 
A(I«76,N«NC6L) > ZEVENINI 

331 CONTINUE 
3*0 CONTINUE 

LABEL?I 86 I ■ BMC1 OW/UY  
C 
C ••• EQUAIIONS B7 - 91 0W2/ÜY-0 IN POINT C ANO ALONG POINTS G 
C 

LABEL2ia7)   ■   8HC2  DW/OV 
K«   AA  » Yb«B-HHO' » UELTAY«-r2.»B-R>T)75. 
DO *50  I   «1.5     LULS-J  
III»"«   XPYn"CPT*Il t 'HZ)   - YPT(1CP"T»I) 
CALL DPOWERV _ _ 
00 <)*0  N>1|NVÄR" 
A(l*d6,N*NVAR)   •   HU) _     _ 

**0  CONTINUE' 
*?9  CONTINUE 

LABEL2I8BI   ■   BHG     OU/DY 
JFLAQHU ■   *     
RETURN  $   END 
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SUQRüuriNt   t'ÜWbR 

>» riUS   SUBROUTINE^COMPÜrtS   VÄLUES^OF   THt   FUNCTION 
(X   ♦    iY)»*N ,      N   «   1,   2i   3»    .    .   . 
kUO   ITS   HRST   DgRIVATIVeS   WITH   RESPECT   TO   X   ANÜ   V 

CÜMMON/CÜMPLX//I lü) 
CUMl'.l)\/NUMaCH/NUOiJ, _NEVCN,_NBREÖi_NVAR^1 T 
TYPE   COMPLEX   /,Z1 
tUUlVALEMCI-    {l,   01) 
DIMENSION   L</(?0),    C(230) 
CUMMUN/LAfil/A(2001 
NAMELIST/LABEL/A.C 

IF(/(1)    .EO.    (0.,   O.l)   CO   TÖ   110 
ZI   «   Z(II   **t »  • 
co rn io 

ENTRY   EPOWER 

NUM (NUOO*i)/2 

IF(Z(II   .CO.    (0.,   0.))   GO   TO   110 
ZI   «   ZUI   **i i "NUM '»   NEVEN/2 
ZU)   «   ZI 

10   00 20   I»?.NUM 
zdr« "zmrrv~zr 

20  CONTINUE i NEIURN 

~   »•• 
ENTCY   OPUWER'X' 

X  ■  0/(1) 
DZin  • i. v 
IFU   .EO.   0." 
NO  ■   0 % 
GO  TO  50 

» Y".  OH?) 
OZ(21   '   0. 

VAND Y'TEO.' 0.T   GO"'TO  1 10" 
Nl   •   3 % H2   •   NOUO 

ENTKY   DEPOWEKX 

X   •   UZ(1) 
IF(X   .£0.   0. 
NO  ■   l '""»' 

.AND. Y 
Y • 0Z(?) 

.JO.   0.)     GO  TO   HO 
%       "Til ■  NfVfST 

!iO   DO  70  N»N1,N2,2 
NCOMB   ■   N •   (NM)/2     -     2 
00 6!>  1*1,2  '   "T"   "TI'»'i-T 

NN 
"suifi ar. 

N-l 

55   DO 60   K»IT,NNV2'  I " t)C"»"H-K 
SUM'SUM*   FK   >   C(NCOMB»K)   ♦   PWRF(X,N-K-1I   »   PWRF(Y)K)   ♦   AMINUS(K/2I 

60   CONriNUt" 

65   DZ(N«II-NO)   »   SUM 
70   CONTINUE 

RETURN 

• •• 
ENTRY .OfnwERY 

X  •  DZ( 1 I 0Z(2t 
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om)  • o. s IU(2)   - I. 

    - IFU   .FO.   0. 
NO   »0             t" 
GO   TD   BO 

.AND.         Y 
Nf-   3 

.eu.   0.1     GO  TO  110 
t"        "~N2-VNOD0    ' 

c  *♦• 
tNTHV   OtPOWERY 

c 
X   «   Oi(l) 1 Y   .   DZ(21 
IF(X   .EO.   0. 
NO   »    1 I 

,ANO. Y   .EQ.   0.)      GO   TO   HO 
Nl   •   2 i N2   «   NtVEN 

80 

85 

90 

100" 

uo 
120 

UO   100   N«Nl,N2,2 
NCOMb  «  N *  rN*TliVT'""""2' 
DO  «JO   l«l,2 t II" l-l 

NN   ■ 
SUM   =   0. 

DO   90   K«I I,NN,2 i FK   »   K 
SU^-SUH*   FK"»'Ct'NCÖMBVkyV'PwRFtXtN-KI   »   PWRF(V,K-11    ♦   A»»INUS(K/2) 
CONTINUE 

ÜZ(N*I1-N01   '   SUM  
CONTINUE 
RETURN 

DO   120   N*3.20 
OZ(N)   »   0.""" 
CONTINUE RETURN 

»•» 
ENTRY   INITIAL 

CALL   7ER0L 1ST (LABEL) 
A(2)    •   A(3)   ■   ). 
NMAX   '   XHAXOFINODOt   NEVEN)   ♦   3 
IPOS   •   1 

DO   150   N«5,NMAX 
00   1^5   J«l,NN 
AIK)    »    AtKI*   A(K-l) 
I F ( A (K ) )    1 *$|„lA5j.jLiJ>.. 

NN   •  N  -   2 
K ■  N -   J 

!'.<► 

K.5 
ISO 

THE   AftRAV    Zf   CQmTAINS.TH^.BjNQMIA^CpiFfICIENTS 

CIIPOSI   •   A(K1  
IPUS   •   IPOS ♦   I 

CONTINUE 
CONTINUE 
t'ETURN END 
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FUNCTION AMINUS(N) 
IF(N) 5, ^5, 10 

S   H  •   -N 
10  M   »   N 
15   M   »   M   .ANO.    1 t 
20   AMINUS   •   -I S 
25   AM1NUS   =      I t 

GO' TQ"f5" 

IF(M) 20, 25 
KETUÄN 
RtTURN' END 

FUNCTION PWKF IX,Nl 
PWRF   •   1. 
IF    (N)    10,   90  

lO'lFIXI    )0,"20_ 

20   Pk,KF    «   0. 
10   IF(X-1.)   «Of    90 
<,0   IF(N)   50,   90.    70 
50   M   «   -N 
60 PKKF ■ PWHF /__X  
70 00 80 l-UN" 
80 PWRF ■ PWRF » X 
90 RETURN 

RETURN 

DO 60 I»l,M 
RETURN 

END 
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SUBKUUIINE NOHMEO 
c 
C FURHS   THt-   NURMAL   EÜUATJOMS JOR   THE   SOLUTION   OF   THE 
r. OVEROtrEKWiriEO   iYSThM 
w 

COM«nN/NOKMrKX/ANnRK(6l,6l),BNOaM(61) 
caHMnr./MrRx/AA( IüO,61I , RHSI IOO) 
CUMMON/NUHricR/NOOU, NtV£N,"NHR'EQ, NVAY," IT " 
UIMENSION ATR(61« tOO) 

00 20 J > l.NBREO 
OU 10 K > l.rgbRfO 

10 ANORMIJ.KI > 0.0 
20 UNÜRMIJI « O.O 

C 
C     THANSPOSt THE REDUCED MATRIX 
C 

ISO 00 200 J«T,TT"" 

00 20Ü K • l.NHRFO 
ATR ( K , J )'• AA ( J, K )  

200 CONTINUE 

-  - ■ 

c 
C     MULTIPLY ATR TIMES AA 
c                      "    "' 

00 3*0 J ■ l.NH.UU 
OU J«0 K i'ViNBHeO  ~ 
UO 330 KK « l.IT 

'330 "ANORMIJ.KI • A'NORMIJVK ) ♦ iOTfj, KK iVA'AfKVTK"»" 
J«0 CONTINUE 
350 CONTINUE 

C 
C     FORM R IGHT HAND""S IOtS'ÜF'\ÖR.'iAL''feOUATIONS ' 
C 

UO 380 J ■ l.NBREO 
00 380 K • l.IT               

380 BNORMIJI • BWWM(J) ♦ ATR(JtK) • RHSIKJ 

110 READ 700,11, 1? 
700 FÜRHATI2I») 

IFII1I 390, 400, 400 
390 CALL LISTAWAVIAA, lo,),II,NBRtÜ, 1 ) 
400 RETURN i END 
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c»« 

20 

O* 

60 

80 

82 
B3 

100 
105 

110 

120 

I'.O 
c** 

200 

210 

2^0 
C»» 

260 

C 

2 70 

iMP) 

SUHRUUriNE NWMATINVIA.B. INDEX ,NM&X , NiH.ÜETtKM,IDtT) 
0 I ML \^ I ON A(tM^AXll),H(NKAXf I I, INDEX( 1) 
t UU I V AL 1: NC t ( I KOMf'jROWTl RTI i rCULÜMrjCQCÜM , t C T " 
eUUIVALCNCtCAMAX.T.SWAP, IAMAXI,(PtVOT,TtKP,ITEt 
ÜATA    (MlNUS'öOOOOOOOOOOOOOOOa) 
INItIALI/ATIUN. 
liETtKM'l.O 
IÜET   •   0   
ÜO   2Ü   J<l.N 
INOEXtJ)«MINUS 
ml   SVO    I>1 ,N 

SEAKCH   FÜR   ELEMENT- OF   LARGEST   MAGNITUDE. 
AMAX'0.0 
00 Ill's   JI«1,N   
IE(-INUtXt Jl ) 1" fO<ril)V,'6Ö   ' 
DO   100   Kl'l.N 
IFI-IN0EXIK1 ) )    100,l00,fl0 
TFMP=AIKl,Jl 1 
IM IFMP)a},l00,d2' " 
lEMP'-fFHP     
IK -1T t MP-1 AM AYTTWnWTV* 
AMAX'-FEMP 
IK-Kl 
IC'Jl 
CONTINUE   "  
CONTINUE   
IF(AMA X)120,1 15 
OETEKM»0 
IÜET   «   0 
RETURN 
IROVI'IR '    
ICOLUM'IC 
1 NUEX I I C0LUM ) •Tf<0EX"rrC0LUM)'. AND. .NQT.>1 INUS" 
IF(.NOT.( IRUW-IC0LUM))260(KO 
üETFRM.-OEIEKM " 
EXCHANGE   RONS. 
DO   2Ü0   L«1,N 
SHAP«A(IKOW.L)   
A( IRUW.D'Al ICOLUM.Ll 
A(ICOLUM,LI«SWAP 
IF(.NOT.M|?üO,2lÖ' ~ 
UU   2S0   L«l,   M _ 
SWAP«R(IRUW.LI 
BtIROW,L)»R( ICOLUM.L)  
(M ICOLUM.L)«SWAP 
SAVE   PIVUT   INFORMATION.   00  DETERMINANT. 
INOE X IN«! RUH» IÖOOÖOÖOOBViC'ÖUiM* HfofXTl)' 
PIVOT -AtICOLUM.ICOLU«) 
DET£RM«nETERM*PlVUT   ' 

2Ti 

275 

KEEP   OETEKMINANT'BErrtEN   l.Oe-20   ÄNÖ   f,"Ö¥"-20 
DETERMl    -   ABSF(UETeKM) 
IFIDETERMl   '-r.T-,- i;e-?0!   CO'TO' 
DETtRM   -   UETERM   •   I.E20 
10ET   -    IOET   -   I         
GO   TO  270  
IFIOETERMl   .LT.   l.fVo')   GO  TO 
DETERM   •   ÜETERM  /   I.E20 
IÜET   •IÜET  V "I"' 
CO   TO   270 

300 

NWMV 
NHMV 
NWKV 
NMHV 
NWMV 

NWMV 

NKKV f 
NKVV ft 
NwMV 9 

NWMV 10 
N»MV U 
NWMV 12 
NWMV 13 
NWMV U 
NnKV lb 
NWMV 16 
NWMV 1/ 
NWMV ia 
NWfV 19 
NWMV 20 
NWMV 21 
NWMV 22 
NWMV 23 
NnMV ?<. 
NWMV 25 

NWMV 26 
NWMV 27 
NWMV 20 
NWMV 29 
NWMV 30 
NWMV 31 

NWMV 32 
NWMV 33 
NWMV )<• 
NWMV 3'> 
NWMV »6 
NWMV 37 
NWMV 3B 
NWMV 39 
*VMV «.0 

1«WMV «1 
NWMV '.2 
N«MV «3 
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JOO  CONTINUE 
C*»        KtOUCF.   LEADING  COEF   TO   1. 

A (i coLUM rrcoiuTf) «Trö 
00 MO  L-liN 

350   A 11CQLUM t L > »A (TCO'LUMVLT/^TVO'T' 
1F(.N0T.M)3U0.360 

" 360  00 370   Lil,"H~ 
370   BIlCOLUM.H'BdCOLUM.D/PIVGT 

C»*      "SUBST1TUT"E">ÖR  NTH  vmAHLE". 
380  00 %50  L1«1,N 

IFI.NOT.ILI-ICOLUMD   550,«.00 
«00   T'AIUtlCOLUH) 

AILli IC0LIIM1»0.0"' 
_00 «.SO   Lfl.N   

V50   A (LI , Cr« ATI I , L »"- A I "I COLUM, 1.1 «T 
IM.NUT.n)550t4bO 

<ibO  OU  500   L*1,M 
500  BIU,U»B(U,U-B(ICOLUM,U»T 
550  CONTINUE" 

C»*        UNDO  ROW   EXCHANGES.  
L'N 
00  710   L2-I.N 
JKOK»INDE X IU1/i oooooooön' ' 
JR0H>JR0U.AN0.7777 7B 
JCOLUH-1 NÜEX (i )". AND. 77777B"" 
IFI.NOT.lJKOW-JCQLUM))710.630 

6 30  DO  705V-f.N 
SMAP-AIK.JROM) 
AU, JR0W1«AU; JCOLUM) "* 

705   \(K,JCOLUH)<>SHAP 
710  L«L-r 
7^0  RETURN  

INB 

NKMV ','» 
NWMV «.5 
NWMV 46 
NWMV <.7 
NWMV <,8 
NWMV 1,9 

N'«MV 50 
NWMV bl 
NWMV *>? 
NWMV bi 
NWMV •><. 
NWMV 55 
NWM^ bb 
NWMV •>7 
NWMV SB 
NWMV S9 

N..MV 60 
NWMV 61 
NWMV 6? 
NWMV 63 
NWMV 6<. 
NWMV 6^ 
NWMV bt 
NWMV 67 
NWMV Of 
NWMV b?. 

NWMV n 
NWMV 71 
NWMV 72 
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I ' 

SUBROUTINE USUfUV (A, NMAX, M, N, ISTARTI 
C 
r. •♦•    SEI WIüEOü' WHCN USING~YHI$ SUBROUTINE 

... 
■ 

FOR USE WITH PROGRAM ALBERTO 
C 

DIMENSION AINMAX, 1) 
DIMENSION IC(IO), IFURM(10) LARY 3 
DATA |  irORM  •  HHIlHil   , LARY 4 

*                   äMl/,6H6l<0i LAKY 5 
•                   BH         , LAKY 6 
•                   8HH  COL.I, LARY 7 
♦                   8H«,3XI,6H, LARY a 
•                   8H   KOW) , LARY 9 
♦                   811(14, IX, , LARY 

LARY 
10 

•                   8H         , 11 
•                   8HI61      , LARY 12 
•                   «H(lHb)      ) LAKY 13 

? IF0RM(3) •        8HW  ,10(5 LARY K 
IFO»M(n) "•        BHlOElZ.i,'"' LARY 15 
DO 10 UISTART, N, 10 LARY 16 

"IMI «T-r  " I '   IP9 • r**     $     LAST • 10 LARY 17 
IF(IP9 .CT. N) 6,7 LARY 18 

6 IP9 » N   ~» "J • ^-'ISTAKT*!'"' "" »"    LAST - J-(10»(J/I0n LARY 19 
ENCOOtlO, 900, IF0«M(3)) LAST LARY 20 
ENCOOE(8, «or, TFORMiair-LAsr— ' "  LARY 21 

900 FOKHAT (4HW  , , I,'. .'M ( «. ) LAKY 
LARY 

22 
901 FORMAT (IÜ,6HE12.3,)                  ""     '  ' 23 

T 00 8 ICO'JNT • I, LAST LAKY 2* 
8 ICnCOUNTl' • IMI'"* "ICOUNT' LAKY 25 

PRINT IFOKM(l) LARY 26 
P« I NT I FORMfZ ) rTlC ( J 1V"/»'ÜL AST 1           ""■ LARY 27 
PRINT IF0RMI7), (j, (AIJ,I11,1 I«I, IP9), J, J>1,MI LARY 

LARY 
28 

PRINT rrSRH(2lt ('ICÜ)i J-l.LASTI 29 
10 CONTINUE LARY 30 

PRINT IFORM(IO) 
RETURN     i     END LARY 32 
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SU0RUU1INe   PRTCOEF 
C0MN0N/C0EFF/AUiÖ),""A21>0)r Bi(2ÖT," EÖl ' 
COMHON/NUMRtR/NQOD,   N6VEN,   NBREQ.   NVAjtj    IT 

'  "c  " " 
PRINT   901 

901   FORMAT (IHlVZ IX, 2HilV'2ÖxV2HBV, 101<V2H&Yr///7 f 
C 

NKAK  •   XMÄXÖVjNÖUD*l T'NEVVNY" 
C  

PRINT   902.INf   AKNIi   B1IN).   A2(N),   N>1.NMAX) 
902  FORMAT (t 10j.2E2O.^.,_l_0.Xf E20..41_.   

PRINT   901.   EOV _     „ 
90j' FOHMAT r/777»H 'fe'oivi elö J«V7ViM4't' 

RETURN END 
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SUBROUriNE WKX, Y, "ANS» 
COMMON/ I NPT/ Ä, B. RHOtJ^l t FNU1, E2.FNU? _ 
cmHOH/c'oftfTtCfi'oTt kTnrQT7~ö'insi, ein 
COMMON/CCMl'LX/2(20) 
UIMENSION'2EV£N(20I" ' 
EQUlVALF'jCrf/.ZtVtN) 
CüMMON/NUMBtR/NOÖÖV'NEVEN,'NBRTQV"NVÄRV"IT 

Hl)   *  X 
N^EKO x MOOD ♦ I 
SUM «0.     i 
CALL POWER 
00 10 N*l,NZERO 
SUM » SUM ♦'" Al(N) '•~z(Kn' 

10 CONTINUt 

NUM « NEVEN 
HZ)   *   V 

ZEVENm ZEVEN(l) < X     \ 
CALL EPOWEH " 
00 11 N'l.NUM 
SUM • SUM ♦ BUN! ♦"ZeVEN(N) 

11 CONTINUE 

ANS *   SUM ♦ E01 
RETURN 

♦ »* 
ENTRY W2 

7fn"-"x- 
NZERO ■ NOOÜ ♦ 1 
SUM T'ÖV    Y~ 
CALL POWER 
DO 20 H'\',tilima 

_SUM » SUM *     A2(NI ♦ ZIN) 
TO CONT'INUE 

-n'ir"'"v 

c 
c 

ANS   -   SUM 
RETURN 

ENTRY   TAUXZl 

NZERU  ■   NODU   ♦   1 « 
G1«E1/(2.*(1.«FNU1!I 
SUM • 0. T~'  "IdT -"x" 
CALL   OPOWERX  

NUM  •  NEVEN 

~ZT2T~«~V 

UO   30  NM.NZERO 
SUM   »   SUM     ♦     AlIN»   »   UHl 

"30"CONTINUE 

ZEVEN(l) • X 
 C»»LL üEPüwfcKx_ 
DO 31 N«f,NüH 
SUM « SUM   ♦ 

31" CONTINUE  

ANS »Gl"»"SUM" 
RETURN 

YPvwnnrsnr 

BHN)   •   ZEVEN(N) 

♦ •♦ 
ENTRY   TAÜXZ2" 
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G2«E2/ (2.* «r."*FNÜ2)T  
NiERU  ■   NUOD   ♦   1 
SUM '•  o.             »'           ZtU   -   X           $            Z12)   -   Y 

  CALL  OPOW£RX 
ÜQ 40   N.l.NZERO 
SUM   -   SUM     ♦     A2(N)   *   Z(N) 

AO CONTINUE 
c 

ANS   «  02   ♦   SUM 
RETUKN 

c 
c •«« 

c 
ENTRY   TAUYZl 

01   »   El/12.♦(l.*FNUl>) 
NZERO «   NUOD  *   I                          t                         NUM   •   NEVEN 
SUM  ■  0.              %             HI)   >   X             1             Z(2)   •   Y 
CALL   DPQHERY 
00 50  N«l,NZERÖ 
SUM   ■   SUM     ♦      AKN)   •   Z(N) 

r 
50  CONTINUE 

W 

ZEVEN11) '"»""x             V        ZE'VENTZ )"»"Y" 
CALL   OEPOWERY 
00  5r'N»V;NUM"                                               
SUM  •   SUM        *        BUN)   *   ZEVEN(N) 

51   CONTINUE 
c 

ANS   «   Gl   •   SUM 

 ~C 
RETURN •- 

c **• 
ENTRY   TAUYZ2 

 e„ 
G2>E2n2.*(l.«FNU2)) 

■-- 

NZERO ■   NODD  ♦   1 
SUM  «0.             »            Ztl)   -  X            $            2(2)   «  Y 
CALL  DPOWERY 
00 60  N»I,NZERO 

- -  SUM ■   SUM     ♦     A2(NI   *  Z(N) 
60 CONTINUE' 

c 
ANS  »  G2   •  SUM 

... 

RETURN             S             ENO 

- - 
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SUBROUTINE SHEA.* 
COMMON/INPT/_ A,    B,    RHO,    El,   FNU1,    E2, i:NU2_ 
DIMENSION   Al t'br,   XI (5") ,    A'I ( 20) ,    X^I ZÖ") _ 

UATA    (XI» 
D   .9739065284, ' . Ö650633&67,    .679't09'5683. "."<i3 3 39539^ I, 

DATA    (Al= 
0   .06t>671 3<i'l3,    . I A9<. 5 I 349 I,    .2190863625,   .269266 7193, 

DATA    (X4»     
0 .99H237709/, .9907262387, .97'72599500, .9579168192, 
Ü .9020900070, .865959503?, .«'.6122308, .778 305651'., 
D .6719566«'.6, . 61 25538897 ,". 549467 1251, .'4830758017, 
D   .34r>9409Ua,    .2681521850,    .1926975807,    .1160840707, 

DATA    (A4= 
D   .0045212771,    .0104982845,    .0164210584,    .0222458492, 

'   0   .03 3460195V,    .03878? 1680 ,    .0436709082,   .Ü48'6958076 , 
D   .0574397691,    .1613062425,    .0648040135,    .Of.79120450, 
0   .0728865824,    .0747231691,    .0761103619,'.0 770398182, 

C     .        .. . .._  
X   •   A $ G2   »   E2/(2.*(l.   ♦   FNU2II 

__C  _      _ 
C 40   NUDE   GAÜSS'lTrnSD'AD'RA'TURE   FOR   IfJTEGÄ'AL "ALONG   FIBER 
C 

TO   «    (2*8   -   RHO I   /   2'.  ¥ "TT   =""RHO   /   2. $ Fl 

c 
0Ü   10   N«l,20" "   
TEMPI   »TO   -   T1»X4(N) % TEMP2   '   TO   ♦   T1*X4(N) 
CALL-TAUXnTxT~TEMPr,"'ANST)   
CALL   TAUXZKX,    TEMP2,    ANS2) 
Fi ="Fr "V"'"ä4TNT"♦ "TANSI"♦" ÄNS2r "" 

10   CONTINUE 
Fl   «   Fl»   Tl  "  

_C  
C 10   NODE   GAUSSTAW'ÖÜAWÄTÖfflTTDfli   INTEGRAL   "ALONG   RESIN 

GLÜ 8 
. 148074339Ü) GLQ 9 

GLÜ 10 
.29552422471 OLQ 12 

GLw 19 
.9320128083, GLU 20 
.7273182552, GLQ 21 
.41377920'.., GLQ 22 
.03877241 r,) GLQ 23 

GLQ 24 
.02 793 701,0, GLQ 25 
.0532278470, GLQ 26 
.0706116474, GLQ 27 
.0775059480) GLQ 28 

c 
TO = -RHO / 2.     i     tl « (-2. ♦ B  ♦  KHO) / 2.   S   F2 = 0. 

DO 20 N»Ü5  '"   
 T E M P1 ■_ TO -  Tl » XI ( N )  

TeMP2~« "TO  ♦  Tl ♦ XITN) 
CALL IAUX^2(X, TEMPI, ANSI) 
CALL TAUXZ2('xV"YEMP2"," ANS2T        ""  
F2 « F2  ♦  AKN) » (ANSI + ANS2) 

20 CONTINUE'  "  
F2 • F2 ♦ Tl 

SHR » (Fl ♦ F2) / 2. 
GCOMB' » SHR V"SÜRTF"("3.")   ""'"" 
GG2 » GC0MB/G2 
PR I NT '600V""F"l",""r2"",""S"HR",'"GCÖMB",""GG2' 

600   FORMAT(3H   Tl,l2X,E15.4,/,3H0T2,12X,E15.4,/5H0TBAR,I OX,El 5.4,/, 
•6H0GC0^B,9X,tl5.4,/,5H0G/C2,9X,El5.4,/,lHl) 

" "RE'TURN" $""  "'"END""" 
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SUbMQUTtNE GRID 
COHMÜN/INPI/A.B.KHU.EJ.FNUl^.JNUa 
COMKON/POiVrs/XXTlVü ) ,VY"(T50 ) .'"JFL AG ff^ÖT 
COMMCIN/LABL/    INO6X(20ü) 

OIMENSIUN   ITI(7),    1X116),       \\?U),    IX2I6) 
OATA( |YY~»      0,      6rTü",  'lVr"l6','"r8,"2'0)"' 
OATAMXl • lt__3j,_ 5_, 7,_ll, 151  
OATAIIY2 ■  0,  *,  6.  d, 10, li,    10) 
OATA«1X2 ■ 17, 13,  9,  b,  3,  1) 

FX(X»    «A   -   SORTF(RHOSa_ 
>r(Xl    -'  B  -"SORTF(RHUSÖ 

(X-B)*»2) 
Tx-A)»*2) 

RHOSU ■ RHO • RHO 
J ■ I 
UX ■ A/19.         $ 

C 
 £"•*•'       POINTS' VN""FrBE"R'"  

DY - 6/11. 

00   10   K*l,6 
IIY   «    lYUK) 
11X -"IXIIKT 
UO   5   IV   -   Iiy,l2Y,2 

I2Y   '    lYUK*!)   -   2 
"i?x  --17 

FFY   ■    IY 
'f'f'Sf"*"o'i' 

5 
10 

"oo 5  fx""-  ITX.ITXTS" 
X   » OX   •   FFX 

"xV( J'I v"x "  ""»' 
J •     J ♦ 1 
'CONTINUE" 
CONTINUE    

YY{JI « Y 

~f FX' ■ fX 

""JF'LAGI JT V"r 

»♦• POINTS IN.R.EStN  

00 20 K-1,6 
IIV V'lväiK') 
JJJL---J 

I2Y IY2IK+1I - 2 
^ÄiLKJ  

DO 15 IY • I IV, I2Vi 2          1         FFY • IY 
V -  FFY ♦0?   -   ? 

c 
....   00 15 IX. •..UAt„l2XJ.J  „.». „  .FFX_.- IX 

X ■  OX ♦ FFX 
XXU) - X     $     YYIJ) ■ V     »     JFLAC(J) ■ 2 
J ■  J ♦ 1 

IS CONTINUt 
20 CONTINUE 

C 
»•• POINTS   ALONG   INTERFACE 

Y ■   B S X   ■   A-RHO 
XXI1091    ■   X t YYI109)   ■   Y 
V •   B-   2.*DV" » X V  FXIYf" 
XXIUO)   -   X % YYIUOI   •   V 
X  ■   UX t V  •   FVIXl' 

-Xjuuun ■ * i miuu * L 
V ■   B-   «.»OV S 
.x.x.lUJL-.x JL 
V ■   B-   6.»0V S 

JULUJUJ -- x » 

X   -   FXIV) 
yniR) » v 

x • Fxm 

.» .JFLAGI109) 

.$ JFLfGll.lO) 

» JFLAG(ILl) 

..%.. JFi..A.CU.l21   -. i. 

.1 ilEkÄfiilJLiJL."_J.. 
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Y = b- «.»DY 
XXI1141 « X 
X «   ).»ÜX 
XX( Mi) *    X 
Y « H-in.»OY 
XXI116) ■ X 
Y = H-l^.*ÜY 
XXI117) • X 
x « 'j.*nx 
XXll101 • x 
Y « B-U. »UY 
XXI119) « X 
x •  7.*nx 
XXI)?0) * X  
x • «».♦ox'" 
XXIl^l) . X 
Y • n-l6.»0Y 
XXI122) • X 
X » Il.*OX 
XXI123) • X 
x « i i.«nX "' 
XXI I?'.) = X 
Y • B-lH.»ÜY 
XXI125) » X 
X • 15.»DX 
XXI1?6) • X 
X = 17.*0X 
XXI12 7) > X 
X « i 
XXI128) • X 
IVü£XU2ttl "■"'WD' 

X • FX(V) 
YY<U41 «■ Y 

""Y • FYIX") "" 
YYI lib) » Y 

X • FX(Y) 
YYI 116) • Y 

X • FX(V)' 
_YY|117) • V 

■" Y »"»rxT 
YYI 11B) ■ Y 

X « FXIY) 
YYni9) • Y 

Y • FY|X) 
YYI 120) - Y 

' Y « FYIX) 
YYI121) '   Y 

X ■ FXIY) 
YYI 122) *   Y 

Y • FYIX) 
_YYI 123) ' Y 

Y ■ FYfT()~" 
YYI 124) > Y 

'%'*   FX(Y) "■' 
YYI12*) • Y 

' "Y «"FYfX)  
YYI 126) » Y 
 T'r-fYTxy— 
YYI 1271 « Y 

■"Y •'a"- ifiö- 

YYI 128) « Y     t 

JFLACI114) 

JFLAGI11%) 

JFLAC(llb) 

JFlftC(117> 

JFLAGII Id) 

JFLAGI119) 

JFLACI120) 

JFLAGI121) 

JFLAGI122) 

JFLAGI123) 

JFLAGtl24) 

JFLACI125) 

JFLAGI126) 

JFLAGI127) 

JFLAGI12H) 

« J 

« 3 

« 3 

> 3 

• 3 

■ 3 

• 3 

• 3 

• 3 

» i 

• 3 

• 3 

• 3 

» i 

' 3 

00 10 J»l.12 7 
1 HQt X IJ ) x J 

30 CONTINUt 

J ■ 129 
X • A UY 

FFY • 2*IY DO AO lY«!1Y,1 I t 
Y • B   -   FFY • DY 
xxij*iY) ,'x~ —t— ""V"¥(J"*TY1~» Y i 
JFLAGIJ»IY) ■ I      % INDEXIJ*IYJ_ • 1000 ♦ IY 

*0 CONTINUF ■" 

JFLAGI139) • JFLAGIUO) - 2 
JFLACI 141) • 4 

KETUHN F.NO 

CARU TOTAL '■ 1222 
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