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ABSTRACT

Stress fields in the components of a nultifiber, unidirectional com-
posite that are caused by shear loading in axial directions are studied and
solutions are presented. Computations for various volumetric contents and
material constants are described, as well as experiments which showed good
correlation with the theoretical results from this work. Further, it is
shown that certain mathematical solutions normally used for such problems
are not compatible with present boundary conditions, and that the problem
becomes two-dimensional.
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INTRODUCTION

The problem of shear loading, together with axial and transverse loading,
conetitutes the general case of oblique loading of a composite, A previous
contract, DA 44-177-AMC-441(T), resulted in the solution of the axial load-
ing case »f a finite-length, multifiber composite, The model selected was
a nultifiber composite of hexagonal arrangement, loaded in shear in such a
manner asto represent an external attack on surfacrs parallel to the fibers,

The computer program obtained takes into account the fiber and matrix
modulus, the fiber radius, and the fiber volumetric content. To obtain the
stresses, analytical solutions have been used and adjusted to the boundary 3
conditions at the interfaces between fibers and matrix, to certain repeating
symmetry conditions, and to other geometrical conditions characterizing the
problem. The boundary conditions were matched in 368 points for each fiber
and the hexagonally surrourding resin.

The composite longitudinal shear modulus obtained for a fibrous com-
posite was compared with the results from previous work done in this
field. A design formula has been derived.
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TECHNICAL DISCUSSION

The geometrical arrangement of the reinforcements in the matrix is
assumed to be such that a central fiber is surrounded by six symmetrically
spread fibers which, in turn, are surrounded by six others, Figure 1l shows
the plane geometry of the composite.

Figure 1, Plane Gzometry of the Composite With
the Characteristic Element Shaded.

Figure 2 shows a composite before and after shear deformation.

It is assumed that the material constants, such as modulus of elasticity
and Poisson's ratio of both the reinforcement and the matrix, shall differ
from one another. The transmission of loads from one material into the
other is expressed by the boundary condition equations at the interfaces.

The kinematic boundary conditions will be assumed as complete contact be-
tween the two materials so that no slippage will be possible.
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Figure 2. Composite Before and After Deforming.

As in the axial loading case,® an attempt was made to express the solu-
tions of the Navier equations in terms of Neuber-Papkovitch notentials
P. . These potentials are defined as being solutions of the Laplace equa-

1
tion

P, = 0 (1)

where i = 0,1,2,3 .

In equation (1), Py is scalar while the other terms are vector com-
ponents. In rectangular coordinates, as shown in Figure 3, the displace-
ment solutions of the Navier equation are

- 1
R ) Ax, (xjPy + Fo) (2)

where i = x,y,z and
X,¥,2 .

[
]

* Contract DA 44-177-AMC-441(T).
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Figure 3. Constant From the Hexagonal System for Definition
of the Coordinates Used in the Analysis and in
the Computation,

Applying a shear T on the surface x = *A , one would assume that the
following symmetry conditions wouid be adequate:

ux (X,y,Z) -UX ('X,')’;Z) (3)

Ux (X»Y)z) ux (X,}’,'Z) (1*)

£~



uy (x,y,2) = e (-x,-y,z) (5)
BRIz S Rn (x,y,-2) (6)
u, (,y,2) = -u (-x,-y,2) (7)
u, (x,y,2) = u_(x,y,-2) (8)

But because the solutions of equation (1) are of the form

_ , sin , sin , sinh
¥ Pi B Ai cos (ox) cos (BY) cosh (vz) (9)

it is impossible to find in equation (%) a combination of solutions which
satisfies the symmetry conditions represented by equations (3) through (8).
On the basis of physical considerations alone, there can be no objection
to these symmetry conditions. The problem, however, stems from the fact
that, for large displacements, the surfaces x = *A would try to come
closer to each other during the application of the shear T . Since, in
the theory of elasticity, only infinitesimally small displacements are
taken into account, the surfaces x = tA do not come closer while shear
is applied., The interpretation of this apparent contradiction is that it
is impossible to find an equilibrated and compatible solu.ion which
satisfies the symmetry conditicns., In reference to the present problem,
it can be stated that the solutions of equation (9) will never satisfy the
symmetry conditions in equations (3) through (8).

In the following discussion, symmetry conditions will be presented
which comply with the solutions of equatinn (9). Nevertheless, a pre-
requisite to further use of these symmetry conditions (vhich will now be
compatible with the solutions of elasticity) is the determination of
whether or not the proposed symmetry conditions are adequate for the
problem. A set of symmetry conditions compatible with the solutions is
given below.

ux (X,y,z) = ux (-x)-y)z) (10)
UX (X:Yaz) = -UX (x,y,-z) (11)
Uy (X’Y)z) = uy (-x,-y,z) (12)

w
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uy (X,Y;z) = ‘uy (x:y"z) (13)

uz (xsy:z) e 'uz ('xa'y:z) (14)

Uz (x:Ysz) uz (x9y:'z) (15)

Proceeding then with conventional procedures, we must select such combina-
tions of equation (9) which, when introduced into equation (2), satisfy the
conditions in equations (10) through (15). These combinations are presented
below.

Px = (A sin ox sin By + Ay cos ax cos By) sinh yz (16)
Py = (B, sin ax sin By + By cos ax cos By) sinh yz (17)
Pz = (C, sin ax cos By + C3 cos ax sin By) cosh yz (18)

P = constant

In equations (163 through (18), A,B,C,a ,and B are independent con-
stants, while = a + B . Additionally, from the geometry shown in
Figures 1 and & it could be assumed that, at the surface x = *A , the
displacements u, in axial direction 2z are constant.

Also constant at this surface is the displacement in the x direction.
The shear in the y direction in the plane x = *A is zero. Consequently,
we have the following boundary conditions at the planes x = A :

u, (A,y,2) = K (19)

u, (-A,y,2) = -K (20)

u (A,y,2) = Ko (21)

u (-A,y,2) = -K (22) ' |
A = o (-A) = 0 (23) |

Xy

6




Using Figure 3, we can visualize that, at the surface y= +B,

oyx (x,B,z2) = 0 (24)

o (x,-B,z) = 0 (25)
yx

0, (x,B,2) = 0 (26)

g z (x,-B,z) = 0 (27)
uy (x,B,z2) = Ka (28)
uy (X,-B,Z) = 'Ka (29)

Since u and u are antisymmetric functions in 2z (equaticas 1l and 13),

then Kgz=0 , on the basis of equations (21) and (22), and Kz=0 , from
equations (28) and (29). Consequently, the only nonhomogeneous boundary
condition is u =K1 . If only integral boundary conditions are imposed at
both free ends, “then these bouriaries do not contribute to the solution of
the problemn; they are automatically satisfied pecause nf the equilibrium
conditions and because there are no applied fuvces of known dir¢ributicn at
that surface, Since the fiber's length is large. compared with its diameter,
it is permissible to assume that the displacements U U and u, do
not depend on z . This assumption is valid for the entire fiber and
becomes invalid only on one or two fiber diameters from the fiber ends.
(For the ends, a perturbation analysis will be performed later,) With this
assumption, the displacements in equation (2) will be reduced to the
following for—:

1 A

u = Px - Z?TT;T Y. (xP, + yPy) (30)
_ 1A 3

uy = Py - Z?TTGT 3y (xPx + yPy) (31)

u, = Pz (32)

T W 3
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From the disylacements in equation (2) or, more specifically, in equaticns
(30) through (32), the strains are obtained by the relation

1 3.1-1_1 aui
IR ERE %)

Hook's law' furnishes the relation between stress and strain:

E \
94 +v {eij O Ty ekk} (34)
From equations (33) and (34), we obtain

du, du Au
E i i + 8 2V k

%% T 7 (1) %, E 3%, 1j T-2v 3, (35)

In order to calculate the stresses in terms of Neuber-Papkovitch potentials,
the expressions for the displacements given in equation (2) will be intro-
duced into equation (35), as follows:

—E |2 -

% T 2(4) [axi {Pj 4(1-v) axj (xyPg + Fo )} ot
9 _1 3 .
S'x'j'{P:‘ T 4(1-v) Ax, (xg By * Po)}

2v. A 1 a
ij 1-2v me {Pm T 4(1-v) axm (xnpn + B )}] (36)

or
A
. ) APi+aPi+6 2v Pm_ 1 32 8 Y
%4 2(14v) |3ax. = 3x, & ij L-2v 3x 2(1-v) ax.ox, k'k o
i j m i7]
2V a2

61i 4(1-2V) (1-V) Ax Ax_ (x P+ Fo) (37)



L equation (37) ii. another form: y
2 A%p AP
- = E apx_ 1 xapx+y__x+_v___xJ
Txx %% 2(1+v) [ 3x  2(Cl-v) Ay 3 | 1-v 3y
w2 2
P P AP
_ . _E EEX _ 1 x . X 4 y ° ¥l e Y X
c’yy - 0y 2(1+v) | 3y  2(1-v) 3P 3y 1-v 3ax
!
AP AP
= o - E \J X , Y
. 922 z 2(+v) (1-v) | *x Ay

AP aP
E [ 1-2v ( X, Y.

0xy B ny E 2(1+v) | 2(1-v) |23y Ax
a%p 3°p
1 = X + y
2(1-\:)( axady | 7 3xdy
] 4 G
%%z O 2x 2(1+v) 23x
0yz ozy 2(1+v) 3y

Some important conclusions characterizing tne shear problem can be
from the stress equations, (38) through (43) In these equations,
through (41) depend only on PY and Py’ and (42) and (43) depend

on Pz. According to the theorem that a harmonic function is zero

the boundary conditions are completely homogeneous, the potentials

By using engineering notations o _ , 0, oxy , and so forth, we can write

(38)

(39)

(40)

]

(42)

(43)

made
(38)
cnly
if

P
X

and P introduced into the homogeneous boundary conditions expressed

in equations (2l) through (27), keeping in mind that Ky 1is also zero,

must ke zero., Therefore,

\ = = 0
P (x,y,2) Py (x,y,2)

(44)



Consequently, during shear application the following displacements and
stresses are zero, not only at the boundaries but also in the whole com-
posite:

u = u = QO = QO = O S+ = 0 (45)

In conclusion, this problem must be recognized as two-dimensional, having
only the following displacement and stresses:

Wil a and o
Xz yz

Remembering the definition of the potentials P (equation 1) and their
relationship with the displacements (equation 2) and the stresses (equa-
tions 42 and 43), the longitudinal shear problem can then be reduced to
the solutions of the Laplace equation and their adjustment to the boundary
conditions.

Furthermore, since w, = Bl
Vzuz = 0 (46)

The expressions for the shear stresses are then expressed by the well-known
relation

E auz
Oz ~ 2(1+v) ox (47)
e T 5
%yz 2(1+v) Ay b

The displacements and stresses must satisfy certain symmetry and boundary
conditions, which are restated in the following paragraphs.

10
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SYMMETRY CONDITION

u, (x,y) = -u, (-x,-y) (4;.‘)
BOUNDARY CONDITIONS
Gyz (x,B,z) = 0 (50)
% (x,-B,z) = 0 (51)
i
u, (A,y,z) = K (52) b
Uz (‘A,‘/,z) 5 'Kl (53) !

Along the interfaces, the contact shear stresses must be continuous in
both materials I and II (fiber and resin).

X

I I, . I 1I
O, €05 @ + cyz sin @ o, oS ¢+ oyz sin ¢ (54)

Expressed by equations (47) and (48), the boundary condition in equation
(54) is

du du du du
I z I z I1 z 11 z
bl — o + — = a— —
6" 3 cos @ G 3y sin ¢ G™" g cos @ + G T sin ¢ (55) |
where
GI,II i EI’II
2 (1+v I,II)

and where the superscripts I and 1II designate reinforcement and matrix .
respectively,

11
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The first approach tried was the finite difference method, using a
squarg net of 112 nodes, a Laplace opecrator of second-order approximation
[0 (h®)) , and a linear interpolation along the interface curved boundary.

The following problem appeared in the solution obtained for a test case
with 65% reinforcement.

In the fiber, near the interface, the displacement function in the
z direction u had a convex curvature with respect to the displacement
in the resin. fhis is illogical, for the following reason: Close to the
surface, where the transition takes place from one material into the other,
the stress must increase rather than decrease, as a convex curvature would
indicate. This is shown, in exaggerated form, in Figure 4.

‘+B-a

|

{_xzjx = A
(point matching) s
(u)y - g , (Tx2), = 4
(finite difference)
Point-matching
method +1
g X
-1

Finite difference method

ti along y = B yields illogical results
Cross section y =

Figure 4. Shear Displacement in the Axial Direction,
Obtained by the Finite Difference Method
and Compared With the Point-Matching Method.

12



Since the modulus of elasticity is calculated from the relation

o = Gb_xz (56)

that will say from the slope of the displacenment wu, as shown later in
equation 61, the two methods will give two different moduli of elasticity,
corresponding to the slopes of the two curves in Figure 4, in x = A. The
relation between the slope of the displacement in the reinforcement and
that in the resin is obtained from the fact that, at the interface, the

shear stresses are equal in both materials:

I II

du du
I z 11 z
o 52 - o (3 57
or
auz)II
I —
G ‘ dx
2 = (58)
GII (au )I
Z
Ax

This relation can be very large in numb2r. In composite materials, it
ranges from 10 to 180; it is therefore difficult to represent, let alone
satisfy, the boundary conditions at the interface with the finite differ-
ence method. In the point-matching method, different functions for both
materials will be used.

METHOD OF SOLUTION

A boundary collocation (point matching) method is used. This method
essentially consists of choosing a set of linearly independent functions
which satisfy the differential equation exactly. The total solution com-
prises the solution of individual functions, each one multiplied by a
free constant. These constants are determined by postulating that the
boundary conditions at a certain number of points must be satisfied. If
the number of boundary conditions is equal to the number of undetermined
coefficients in the functions, a system of linear equations with exactly
as many equations as unknowns will result. 1If, however, more boundary
points are used in the equations than there are free constants, an '"over-
determined' system of linear equations will arise, which can be solved by
the classical least-squares method.

13
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With boundary collocation methods, it is usually safer to specify more
boundary conditions (about twice as many seems to be a good rule of thumb).
This results in a smoother overall solution.

The success of any collocation method depends, to a large extent, on
a suitable choice of the set of functions by which the solution is to be
approximated. The following functions would satisfy both the Laplace
equation and the symmetry condition:

[- -}
m
wI(X:)’) = Z[AHI1 sin(mT xlcosh(ﬁA—TT y)+ B; cos(mAn x)sinh( mAn y)+
m=1

| m T m 7 I m T . jm T 1 I
Cm smh(——B x'cos(—B y)+ Dm cosh‘—B x' mn(—-B yﬂ+ Eox + Foy
J

and a similar function for wII (all superscripts in the function are re-

placed by 1I).

These functions were programmed first, but their oscillatory nature did

not allow a reasonable fit of the boundary conditions along the line x = A .,

A second set of functions, which also satisfies the differential equa-
tions, the symmetry conditions, and, in addition, the boundary conditions

along y = B , is

[ -]
ulx,y) = AL sinh [®T x| cos 22 y + B! cosh @m-1)m |,
2 o B B m

2B
m=1,2,3

- o (o) i)+ =

and a similsr functicn for wII .

These functions have the same basic oscillatory charactcr and are
therefore not suitable as a solution to the shear problem.

The frnctions which were finally chosen are polynomials, and ui(x,y)
and uiI(s,y) were assumed to be of the following form. These functions

are mentioned because they seem to be, but are not, usable for the collo-
cation method., The present case is one of the examples which has shown

that not all the functions that satisfy the Laplace equation and the symmetry
conditions can be used successfully in a collocation method.

14
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I Tgx I (25-1) , .1 (2j-1)
u, (x,y) = Z ] Re (x + iy) '’ + bJ. Im(xt1iy) ] 5
j=1
kmav
E: ci Re(x + iy)2k + di Im(x + iy)(2k) + Eg (59)
k=1
max
I1 I1 ] 2m-1 II . 2m-1
u, (x,y) = a Re (x + 1y)( m-1) + bm Im(x + iy) (60)*
m=1

The above expression for u, does not satisfy the symmetry condition.
Since, in the basic element, the two areas representing fibers are not

connected, it is not necessar¥ that the same function be used in the two
fiber areas. The function ull , which extends over a connected area both

to the right and to the left 5f the y-axis and above_and below the x-axis,
must satisfy the svmmetry condition u%l(x,y) = -uil(-x,-y) . The above

function has this property.

The appendix gives details on the boundary points where the boundary

conditions were established.

* This function was proposed by Dr. George Burgin of Decision Sciences.




NUMERICAL RESULTS

Figure 5 represents the level lines of displacements due to shear for
a 65% glass fiber composite.
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Figure 5. Level Lines of Displacements When
Axial Shear is Applied at a Sur-
face Parallel to the Surface zA,

DISPLACEMENTS

Figures 6 through 8 show the displacements in a composite due to
longitudinal shear, selected to produce +l displacement at the surfaces
x = A .

16



U

e

2a

e 2a |

_—

L—-Ea —_—

Figure 6. Displacement Functions due to Displacement +l at
the Boundary x = tA.
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STRESS DISTRIBUTIONS

Figures 9 through 12 show the stress distribution in the composite com-
ponent that is caused by longitudinal shear at the surface x = *A , 1In
these representations, the stresses generated are divided by the applied
stress, so that the numbers shown are the shear stress concentrations. The
applied stress is expressed by the averag: applied load at the boundary
surface

T 1 B
2B¢ 6xz(A) ) ﬁ./l (oxz)x=A 57 (61)

2,0}

64% Boron

0 | | ] 1 |
0 10 20 30 40 50 60 70
©, deg

Figure 9. Shear Stress at the Interface due to
Longitudinal Applied Shear Load EXZ(A).

20



R

607 Boron
'//- 60% Glass

——
1.0// L ¢4
% Boron

1 1 | 1 1 1 N |

2.0k

1.5k
~~
<
N] S
o I
© 118

0.5

0

0

Matrix ol

1105 0.433 0.65 0.866 1,083 1.299 1.515 — X
Fiber

Figure 10. Axial Shear Oz a8 Function of x
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of x for y =-1.

22



' 2.0 -
60% Glass
1.3 60% Boron
————————————
P’i
=
8 :E- /
o | i 4 645 Boron
o i
N
0.5 F H
b
'
"
0 i P | 1 L 1 1 ] _

-1 -0.75}0.5 =0,25 0 0.25 0.5 0.75 1
] Matrix Fiber

Figure 12. Axial Shear oxz'_gs a Function
of y at x = 33,
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LONGITUDINAL SHEAR MODULUS OF A COMPOSITE

The total shear modulus of the composite can be calculated from the
applied shear load necessary to produce the shearing angle vy . Expressing
the total shear load T at the surfaces x = tA by the shear stress
produced at the surfaces in both materials, we obtain

B
T = f (Oxz)x=A ‘Ldy
-B
-a
11
= fB (o, ) Ldy + (o )I Ldy
Xz Xz
x=A x=A
-B -a
L II I
I1 B-a Ruz 1 B Buz
= G === Idy + G e Ldy (62)
AX Ax
/ x=A a Xx=A

In addition to the expression in equation (62), the total shearing force
of the composite can be expressed by the composite shear modulus G:

(63)

[}

9]
2

]

[p]
2 |O

rn a hexagonal arrangement,

A = B" 3

or (64)
L I
G < 743 52

Consequently, the composite shear modulus is

e e .
G = Eg 3 lG f Sx o dy + G f (s—x— . dy 65)
B-a

”B X
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From the computer program, as described in the Appendix, the composite
shear modulus G has been presented as the function of the fiber modulus
Gg, the matrix modulus G and the volume percentage of the fiber Vg

(see Figure 13). "
8.0(
7.0k
V. = 0,72
6.0 f
_,,...---.---""'"_ Ve = 0.70
5.0— -f_
V. = 0,65
—-—-_.-l-—— f
olpEs 0L V, = 0.60
m— 3 ’
3.0k P et Vf = 0.55
2.0}
1.0
0 1 1 1 1 1 1
0 30 60 90 120 150 180

Figure 13. The Longitudinal Shear Modulus of «
Unidirectional Composite as Computed
From the Computer Program.

In the following test, the computer results are compared with the results
of the approximation formula by Rosen, Foye, Ekvall and Bex:g,e"5 the com-
puter results of Tsai,” and the test results of Adams and Doner’. The

results calculated from Rosen's fcrmula®

Gf

o (1 + Vf) + (1 - Vf)
S . m
Gm Gf

E; (1 - Vf) + (1 + Vf)
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agree quite well with our computer results except when Vg = 0.8. Among
all existing formulas, this one is the most exact compared with our com=
puter results (see Figure 14). The results of Foye's formula®

£
G Gm
Gm Gf
+ - —_—
\Y (1 V)G
m

are 28%-34% lower than our computer results.

O Rosen's Formula

— Computer Results

8.0~
7.0
6.0 Ve = 0.72
—— 5 Vf = 0,70
5.0
L
1=
g 4o a pe By = 0.60
u - .
f"’—-_ i e f
| 3.0} Ve = 0.55
2.0
1.0-
0 I ! \ \ \ 3
0 30 60 90 120 150 180

G¢/Gp

Figure 14. Computer Results Compared With Formula by Rosen.
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The results from the equation given by Ekvall?

oA
s °n
o 5¢+(1-5G—f
L 211G
m
where
R _ /
T - 1.05 Vf
and
b = n/2 sin 0 d6
f G G_
0 E_ + sin O (1 - E—)
f
m

P T e

la

C)

a) -l

) G|

’ G

R
e /

are as much as twice the results of our program.
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The results from Berg's formula

[p]

G f n 2A -1 A-B
I e + 1 -1.212 \Y
Gm -~ G| 2B = tan L2125 Vg
m BN A - F w A - B
where
1 G
A = 0.8247 v ('G—)
f m
and
B = 0.866 |1 - G—f
- G
m
are about 10%-25% below our computer results. Tsai's computer results®

are 277%-67% higher (Figure 15).

8.0
[
7.0 | . ; ﬁ
Vf= 0.7Z
6.0 |- s
v = 0.70
——— f
5.0 L
Vf= 0.65
=
C 4.0 L )
° T I RS
3.0 — Vf= 0.55
2.0 |
—— Computer Results
1.0 = e Tsai's Formula
0 1 ] 1 1 L J
0 30 60 90 120 150 180

Figure 15. Computer Results Compared With Formula by S. Tsai.
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Figure 16 is a comparison of our computer results with the results
of Foye's formula.®

8.0 (- Computer Results
o= - Formula by Foye
7.0 L
6.0 |- =0 Ve = 0.72
/ —- V¢ = 0.70
5.0 A /
Ve = 0.65
OE 4.0 | Ve = 0.0?2
S
3.0 L Ve = 0.55
2.0 &
1.0 |-
0 1 ] 1 1 1 )
0 30 60 90 120 150 180
Gf/Gm

Figure 16. Computer Results Compared With Formula by Foye.

Test results obtained by Adams and Doner’ are slightly higner but very
close to the computer results obtained under this program (Figure 17).

An approximate equation deveiosped from the present computer program is
G 2 'Gf
= o -1 + 3. r' . o Bl
om (11.78 Vf 3 Vf 3.78) Ln\cm 6.66 Vf 1.27 (66)

Figure 18 shows equation (66) in ~omparison with the computer results
sbtained in this work.
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Figure 17.
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Computer Results Compared With Test
Results From Adams and Doner.
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— Computer resuits

8.0 ® rormula

7.0 L

6.0 | Ver=n0o72
/',_/'r’J— vf = 0.7

5.0 }-

r’”‘/—k__._ = o Vf Qs
4.0 V. = 0.60

0.55
3.0 L "#_.-l—u——-t———-—i

G/G,
{1
LI
<"ﬁ

| ]

2.0
1.0]
0 ] 1 1 1 1 J
0 30 60 90 120 150 180
Ge/Cr

Figure i18. Approximation Formula (66) Developed During
This Contract Compared With the Computer
Results.
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EXPERIMENTS

The experimental portion of this contract was conducted primarily to
provide clarification of the stress concentrations at the r 1d of the fibers.

For this purpose, two test specimens such as those shown in Figure 19
were fabricated. The resin used was epoxy type. Glass fibers measuring
0.28 inch in diameter were embedded, in a hexagonal array, into the resin.
Using an epoxy resin as the adhesive, the specimen was attached to a steel
test frame, as illustrated in Figure 20. With this frame, shear loads
cculd be applied to the specimen. The specimen was analyzed by photo-
elastic methods, first without load and then with incrementally increasing
loads. Figures 21 and 22 show the specimen illuminated by polarized light,
in the unloaded state and loaded with 800 pounds of pressure, respectively.
It is possible to see only small stress concentrations at the end of the
fibers. The depth of this change in the stress is, more or less, two
fiber diameters along the axis.

In conclusion, the stress analysis with its assumptions made for long
fibers, as developed during this contract, is justified. The results are
exact along the fiber, with the exception of a very small part close to
the end. 1In practical use, the length of this region (no mcre than four
fiber diameters) is about 1/2000 for the shortest fiber. Therefore, the
influence of stress concentrations at the fiber end is negligible for the
computation of composite shear modulus.
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(b)
Shear Test Spec

imen.

Figure 19.
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Figure 20. Test Picture Frame for the
Shear Test.
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Figure 21. Unloaded Test Specimen.

Figure 22. Loaded Test Specimen.
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CONCLUSIONS AND RECOMMENDATIONS

It appears, from this analysis of a composite material subjected to
longitudinal shear loading, that micromechanical stresses occur which are
larger than the stresses applied tu the composite as a whole. This report
illustrates, for example, that the stress Cny; along the interface is 35%
larger than the applied average stress EXZ(A) for an angle & = 28°
(reference Figure 9). In other words, a stress concentration exists which
is induced by the inclusion of fibers in the matrix. This form of stress
concentration can be known only by using the micromechanical analysis
based on the theory of elasticity, as used in this report.

For the most part, the shear modulus of elasticity obtained by this
micromechanical analysis correlated well with test results. It must be
noted, however, that obtaining the shear modulus by experimental methods
(torsioned tubes, plates, etc.) is difficult, from the standpoint of
accuracy. This was the cause of the variation in the results reported.

The formula for shear modulus which emerged from this work yields a
high degree of accuracy for most composites used in structures. This
formula can be used easily by the designer.

Once the internal behavior of composite materials under load is
underctood, then it will be possible tc attain material optimization by
judiciously seleciing the most adequate combination of geometry and mech-
anical properties of the fibers and the matrix. This contract effort was
directed to this end. Work is being continued on the micromechanics pro-
gram in the area of other forms of loading, such as transverse loading.
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APPENDIX

NUMERICAL CALCULATIONS AND COMPUTER PROGRAM

The program presently uses the following upper summation limits:
JMAX = KMAX = MMAX = 10

This gives a total number of 61 unknown coefficients. Ninety-one condi-
tions at the boundary points are specified, so that a linear system of
91 equations with 61 unknowns must be solved.

The above expression for uI equation (59) does not satisfy the sym-
metry condition. Since in the basic element the two areas representing
fibers are not connected, it is not necessary that the same function be
used in the two fiber areas. The function wlIl , which extends over a
connected area both to the right and to the left of the y-axis and above
and below the x-axis, has to satisfy the symmetry condition wll(x,y) =

-wlI(-x,-y) . The function given in equation (60) has this property.
Figures 23 and 24 show the points w “ r the toundary collocation
for the two different cases a<A and a>A . Tables I and I: show the

91 equations generated for both cases.

DESCRIPTION OF THE PROGRAM

The program is written in FORTRAN 63 (similar to FORTAN IV) for a Con-
trol Data Computer Model 3600. It consists of approximately 1200 FORTRAN
statements. The following general flow chart gives an idea about the
options available in the program.

THE SUBROUTINES AND THEIR PURPOSES

ALBERTO This is the main program. It reads and prints the
input data. It calls the necessary subroutines to
calculate the equations for the coefficients, to
solve these equations, to calculate displacements
and stressesy and to calculate the ratio of the two
shear moduli

GMatrix /GTotal

GETMTRX This routine generates equations at 91 boundary
points. Uses subroutine power,
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Figure 23. Arrangement of Boundary Points for a < A.
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Figure 24,

Arrangement of 61 Location Points for a<A.
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3

TABLE 1 EQUATIONS GENERATED IF p<a
Point Condition NO: 95 No. of
Points Equation
u_ = uII
a 2 1 ]
A I § X )
Xz Xz
I _
a - =0 1 3
a TII = 1 4
yz
I 1
b ut = ol 14 5-18
z z
b X 1 .
Ty COS® * & sing = 14 19-32
cbd: cosey + L sin
Txz ? Tyz TOe
C u =k 1 33
c uII = k 1 34
z
. 1 I
© yz yZ : 2
d M e g 4
yz 9 36-4
I _
e ’ryz =0 1 45
e u = k 1 46
41



TABLE 1

Continued

Point Condition No: of he. of
Points Equat ion
I
£ L 9 47-55
g il =k 4 56-59
g ek 1 60
B I : o
yZ
i a0 12 62-/3
yz
] Tyg = O 3 74-76
ya
I
5 du /3y = 0 9 77-85
I
S auz/ay =0 1 86
c du, oy - 1 87
8 au,'/dy = 4 88-91
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TABLE II. EQUATIONS GENERATED IF p>a

) . . No. of No. of
Point Condition Points Equation

I

d S = 0 12 36-47
yz

e ’TI = O 1 48
yz

e UI = k 1 49
z
I

{ u o= k 9 50-58

g uil =k 4 59-62

h lII = k 1 63
z

h e 0 1 o8
yz

; ) 12 65-76
yz

NOTES: 1. Equations 1 through 35 are the
same as for the case g <A .

2. There are no points j

3. Equations 77 through 91 are the
same as for the case a < A.
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FLOW DIAGRAM Or PROGRAM ALBERTO

pu
START )
: L*I___/
CHECK TIME
RESET CLOCK

|
|

Y

READ 'YL T2 L SR R S Y
INPUT DATA
£0 IF =0
\ IFLAG / 1
r —
[ VF = A a = A
v ‘
CALCULATE P CALCULATE VF ]
CALCULATE
ol ol glgll
A, B

)
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. S———

GENERATE MATRIX

v

NORMALIZE EQ'NS |
|ANORM| = |A|T|A]
BNORM = |A|7|B]

:

INVERT ANORM|

z
| BACK SUBSTITUTE

Y
CALCULATE RESIDUES

CALL SHEAR
Integrate Shear along

rt edge of fiber & resin

using Gaussian Quadrature

i

§ )
e )
o]
INPUT ‘
NEW DATA |
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|
;
:
-
CALCULATE
D1SPLACEMENTS
&
SHEAR AROUND |

BOUNDARY

TReAD
| |
, NOMORE

!

I

[ .
I

CALCULATE <0 //__??F_\\ >’
_ ]

COORDINATES OF
GRID POINTS

INPUT NEW ~ATA

STOP
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POWER

AMINUS

PWRF

NORMEQ

LISTARAY

I"IMATINV

This subroutine computes both the real and the
imaginary parts of the’ function

(x + iy)n , where n 20

The routine is first entered through the entry
point, initial, in order to calculate binomial
coefficients. The entry points POWER, DPOWERX,
and DPOWERY are used to calculate

£(x,y) = (x + ip)" §f , g%

respectively, and where n 1is an odd positive
integer. The entry points EP(WER, DEPOWERX,
and DEPOWERY are used when n 1is an even
number.

) , n
Function subroutine to compute (-1) where
n is an integer.

q . n
Function subroutine to compute x where n
is an integer. If x = o ., PWRF will return
with x® = o, even when n <o .

Generates the normal equations by

1. Transposing matrix A

2, Multiplying and forming the matrix
product AT:

3. Multiplying and forming the matrix
product ATb  for the right-hand
side of equations

Additional Capability: List the matrix A using
the subroutine LISTARAY.

A subroutine to list matrices, labelling rows
and columns.

UCSD Library Subroutine. Inverts matrices,
solves linear systems of equations, and com-
putes determinant. [t uses a Gaussian method
with two-dimensional pivot search.
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ZEROLIST

PRTCOEF

Wi

GRID

SHEAR

UCSD Library routine will zero out variables
specified by the list defined in the NAMELIST

statement.

Output subroutine

Additional entry points: W2 , TAUXZl , TAUXZ2 ,
TAUYZ1 , and TAUYZ2 . This routine computes
wl , wll | szl , Txzll . etc.

This routine computes coordinates of the 127 points
used in the finite difference method.

integrates (Gaussian integration) T along right-
Xz
hand boundary.

USAGE_OF THE PRUGRAM

Card 1

Field 1:

Field 2:
Field 3:
Field 3;

VF (Volumetric Factor, e.g , 0.6) if IFLAG # O

or
RHO (Radius of Fibar) if IFLAG = 0
If VF is specified, RHO 1is computed as
2v3 Vg
p = 2 =

If RHO 1is specified, Vg 1is computed as
702
v = 01D

Tyl

. s Young's modulus, fiber, psi

E
vI , Poisson's ratio fiber
I

gl » Young's modulus, psi, matrix
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= e e

Field 4:
Field 5:

Card 2

IPRT

Card 3

NOMORE

vII , Poisson's ratio, matrix

IFLAG , See description for Field 1

Format (I4)

I1f IPRT 20, do not print the matrix of the
coefficients for the linear equations

If IPRT <0, print matrix of the coefficients

Format (I&4)

If NOMORE < O Call GRID
NOMORE = 0 Input new data
NOMORE > 0 STOP

NOMORE <0 calls GRID, which causes the program to generate the coordi-
nates as used in the finite difference method and to calculate displacements
and stresses at these points. If card 3 has a NOMORE <0, a second card,
3a, has to follow which has a NOMORE =0,
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- I K e e eeam e ——. ——nm——-

 PKOGRAM ALBERTO __ .
¢
3 SHEAR PROBLEM, INTEGRATION CONSTANTS ARE FOUND BY POSTULATING o

it =K BOUNDARY "CONDIYTONS AT A NUMBER™OF POTNYS, SO THAT TOTAL NUMBER OF
6. EQUATIONS IS MUCH LARGER THAN NUMBER OF UNKNOWN

¢t "COEFFICIENTS . EQUATTONS ARE SOLVED 8Y LEAST SQUARES METHOD

. __"yomgg_q_p_‘erqga,nes THE NORMAL EQUATIONS L o
c

C_#e¢ IT = TOTAL NUMAER OF EQUATIONS GIVEN a_v ao___ i Y CONDITIONS R
CTTeee NBREQ s NUMBER OF NORMAL - EQUATIONS (=NUMBER UNKNOWN COEFFICIENTS)

¢

‘C ws% PROGRAMMED SEPTEMBER 13,1967

. _REVISED SEPTEMAER 22, 196
“"MODIFTIED OCTOBER 9, 1967 ro USE FUNCYYON, TX " #71¥) 88 (2¢N+1)
MODIFIED OCTOBER 24y 1967 TO USE FUNCTIONs (X + IY}##N IN FIBER _

#s& NODD = MAXIMUM ODD POWER USED IN BOTH FIBER AND RESIN
TTTTTTTNEVENTS T MAXTMOM TEVEN TPOWER TUSED TN FTBER

o000

""""" COMMON/INPY/ A, B8, RHDY EYVFRULE2, FNUZ
COMMON/MTRX/AAL100,61), RHS(100) _
T es Y00 IS YHE MAXYMUM NUMBER OF BOUNDARY EQUATIONS PERMITTED
COMMON/LABL/ INDEX2{100), INDEX(100) L
""""" ‘NAMELISTZUABEU/INOEXZ, "INDEX )
DIMENSION BACK(100) L
""""" “COMMON/NORMTRX /7 ANDRM (315 61T, BNORM (61 e
COMMON/COEFF/A1(20)}, A2(20), Bl{20), EOIL _ L
COMMON/NUMBER/NDDD, NEVEN, NBREQ, NVAR, 1T
_________ COMMON/POINTS 'XX(150)¢YY(150) s JFLAG(150) L ,
OIMENSION [FLAGG(5)s JFORM{2)
TYPE INTEGER STAR Sy e
TTTTTTTTDATAT (IFUAGG = T BHFIBER 8HRESTN ' SHINTRFACE,
L 8H 81 ) o T I R S S,
DATA(JFORM(1) = BH(LlH+,95X)
______DATA(NVAR = 20}, (NBREQ = 61}, (NCOL_= 40), (NUM = 20), o o
* (NODD = 19), (NEVEN = 20), ( IT = 91)
o _____DATA(PI = 3.1415926)
6 L = LAPSTIME(LL) .
CALL_STARTIME L
READ 1y A EL4FNUL,E2,FNU2, IFLAG
e L_FORMAT(5ELO.4,110)
IF (EOF, 50) 3161, &
. % JFORM(2) = 8H,A8,//)

1F_(IFLAG) 11, 12 R
1T VE = A
__RHO = 2.%SQRTF(2,%SQRTF(3.)8VF/P1) 1
60 TO 13
___12 RHO = A == =
VF = RHO®KAGSPT/ (8. %SQRTF(3.7) :
13 Gl » E1/(2.%(1.+FNU1)) T I
TG = E2/(2.% (1. 4FNU2YY _
CGIOVEKG2 = GL/62 e rEeL=
B = 1.0
Am B S QR F (O ) e+ e e e
PRINT 2,6, VF,RAQ,ET,FNUT,E2,FNUZ,G1, 62, C1OVERGZ
2 FORMAT(1H],20%,16HINPUT PARAMETERS,///20X,16(1H~)///

1864 B 1€20.5/
________ L8H_VF 1620.5/ I - e = m
28H RHO 1E£20.5/

e BHLEL . E20.3/ o
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e o, ]

ST

(s NalNel

(sl el [alalaNal

(o]

[N Y R

603

602

320

e

48H NUL 1£20.5/

584 E2 VE20.5/

63K NU2 1£20.5/

18H G1 1E20.5/

18K G2 1E20.5/

18H G1/G2 1E20.5//)
LL = L / 1000 $ L2 = L = Ll * 1000

PRINT 603, L1, L2

FORMAT(SHOTIME, [ 13, 1Hs13)

PRINT 6G2. 1T, NODD, NEVEN, NBREQ
FORMAT (4 1H4NUMBER OF BOUNDARY EQUATIONS SPECIFIED =,15,/26HOMAXIMU
#M 00D PUWER USED =,15,/26HOMAXIMUM EVEN POWER USED =415,/20HONUMA

#ER OF COLUMNS = ,15)

GENERATE MATRIX AND RIGHT HAND SIDES OF EWUATIONS

CALL GETMTRX '

FORM NORMAL EQUATIONS

CALL NORMEQ

SOLVE EQUATIOUNS

CALL NWMATINV(ANOXM, BNORM, BACK, 61, NBREQ, 1, DET, IDET)

IVET20 = 20¢«INET
PRINT 971,0€T,10ET20

TRORMAT U/ /7o UKy GADET =, E20.5,5Xy  LOHTIMES 10%#,14)

[FIDET .NE. 0.) G0 T0 318

e e = S = S—
[F (STAR .EQ. 1H*)76, 317
FORMAT (A8, AlL) S

BACK SURSTITUE SOLUTIONS INTU DRTGINAL MATRTX ~

NO 319 I=1,1T
BACKII) = 0,
CONTINUE

DU 320 JJ=1,17 7
DO 320 KK=1,NBREQ =
BACK(JJ) = BACK(JI) v wNORMIKKY * AAfJUIKKY ™ 7

CONTINUE

CALCULATE SUM OF SQUARES OF RESIDVES .

_SUMSURES = 0.
DO 335 J=1,1T

_ 335 SUMSQRES_= SUMSQRES + (RHS(J) - BACK(J))%*2 e

.

1340

PRINT 904,SUMSQRES

"'904 FORMAT(1HY, BX, 1HJI, LIX, THBRACKT(J) s 14X, 6HRAS(J1 725X, LTHSUM RESTDUES S

*Q =4£20.5,/)
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ke i

e i

MR P T

P

-

PRINT 903, {(Jy BACK(J), RHS{J), INDEX(J)y Jul,IT)
903 FURMAT (110, 22045, 10x, AB)
t
] STORE COEFFICIENTS T R
c
00 27 Jal,00 2 W I R BB
21 ALY = 0.
0O 28_Js=1,NVAR
ALLJ) = BNORMEY)
AZ1J) = BNORM{J+WVAR) _— =
28 CONTINUE
00 30 Js]yNUM
BL(J) & BNORMIJSNCOLY
30 CUNTINUE e w—
‘€01 = BNORM(NBREQ)

PRINT THE COEFFICIENTS —~ 7777

o Xaka)

CALL PRTCOEF™™ 77777~ B R

o e — e

CALLSHE —

c
S rone - " READ .5.'...l.l_...........---_..-...._..... 0 O g LT e CIROOT 500 D000 G| O
LA IFCIL) 60 80y 40 e e e
S5 FORMAT(914) . E e — .
o ...‘.o-l..--.‘b e el e eaate o =
- c """" .. . o i o1 90 0 vee A e e - R L =4 8 cmmen.
99 1 = [}
X = XX(1) IR . TR A 8
“IFLAG = JFLAG(T) $ LABELS = INDEX2(1)
- — R
GO TU 1100, 200, 100, 250) IFLAG
¢ . A ——
c IFLAG=l..+FIBER
C ... IFLAG®2.,.RESIN e Sroomae
b _IFLAGRA,4,5TQP -
c

100 CONTINUE . _ . o i oot e
PRINT 3, IFLAGG(IFLAG), X» ¥

"PRINF JFORM, LABELS

—CALL W1{X,Y,WWl) I

CALL TAUXZI(X,Y,TAUXZII)

CALL TAUYZL(XyYyTAUXYYL)

PRINT 902,WWl, TAUXZZ1, TAUXYY1

... 902 FORMAT(4H WlwyE15.7,5X,10HTAU XZ 1 =,E15.7y5Xs10HTAU YZ 1= ,
b ENS.T7)

GO TO (99, 99, 201) IFLAG

e

200 CONTINVE ol
PRINT 3, IFLAGGUIFLAG), Xo Y
PRINT JFORM, LABELS _ _ e

201 CALL W21{X,Y,%W2)

_CALL_ TAUXZ2{X,Y,TAUXZZ2)

CALL TAUYZZ(X,Y,TAUXYY2) -
. PRINT_901,WW2,TAUXZZ2, TAUXYY2 ,
901 FORMAT(4H W2=,E15.7,5X,10HTAD KZ 2 -.Elﬁ.?.ﬁx.lOHrAu Y7 2=,
JA5e244)
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B

AT ————— T

e

P T — = T e T

250 KEAD 5, [FLAG

IFLIFLAG JNE. 3) GO TO 99

COSTHETA = [A=X)/UHO ™" 7777y 7 T STNTHETA = (B=Y)/RHD
FTAUL = TAUXZZL * CUSTHETA 4  TAUXYYL ® SINTHETA
FTAU? = TAUXZZ2 * COSTHETA ~ "¢ "TAUXYY2 ¢ SINTHETA
PRINT 905, FTAUL, FTAU2

GO 10 99

IF (1FLAG) 300, 305, 315

¢ TTTTTTUUUTHTS VARTABLE IS CALLED  NOMORE
c IFLAG & =1 o o o CALL GRID__ _ PROGRAM DESCRIPTION
¢ IFLAG = 0. « « INPUT NEW DATA .
C iFLAG 2 4] ¢ o o STOP .
c e O e e e -
300 CALL ZEROLISTLABEL) 8¢  CaLL GRID
JFORM(2) = BM, I8, //Y""7"¢ 776070 40
C
305 PRINT 906 - T
310 PRINT 500 GOTC 6 o
906 FORHAT(/I/.1H03'357.26ﬁ'5'ﬁ'ﬁ'"V"O“Y"N"T $)
500 FORMAT(LHL) -
315 PRINT 906 o
T3167L =TLAPSYIME (T ’ ’
3161 L1 = L / 1000 d t2 = L = L1 * 1000
PRINT 603, L1y (2
___ END . )
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SUBROUTINE GETMTRX

*ee IN THE FIBER, USE THE FUNCTION e
' THX e IYYEOM T T M TS 031920 3y . .
IN THE RESIN, USE THE FUNCT!UN o
(X + 1y;oeN 77, T35 e . .

CUMMGN/ INPT/AA,ByRHU,E1s FNUL F2; FNU2
COMMON/MTRX/ AL100,61), RHS(100)
NAMELIST/MATRIX/A, RHS e
COMMON/NUMBER/NUODD, NEVEN, NUBREQ, NVAR, IT
COMMON/COMPLX/2(20) .
" EQUIVALENCE(Z,ZEVEN)
i __ __DIMENSION ZEVEN!20) L
DIMENSTON XX120),YY{2001,CY(20),ST{20)
_ COMMUN/POINTS/XPT(150), Y2T(150), JFLAG(150)
CUMMON/LABL/LUABEL (100), LABELZ2(100)
DIMENSION SCR{100)}
T DIMENSTONTNUMBER(TeY ™ 7
DATA({IH# v 62000000B}, (10 = 640000008}, (IF = 660000008),
. (16 = 670000008Y, (LI = 710000008, (1J = 410000008)
DATA(NUMBER = LR1, lR2, 1IR3, lR4, IR5, 1R6, IR7, IR8, IR9,
. TTTTTT2RI0V2RIT, 2R12, 2R, 2RT4Y T
DATA(PIx3,141592653)

OO0, OO0

CALL ZEROLIST(MATRIX) CALL INITIAL
T TTTUTRIREL /2N CESVENGT N ST 62627 (2% FTx +FNU2)Y $ CG=62/G1
= ERNVAR T
" NUM @ NEVEN

EQUATION 1" (POINT A) WI-w220

o0c.

X=AA-RHO & V=R

i) = XPTINY =X 3 T TEYPTHL) = v
_LABELI1) = 4RA = -1
LABEL2(Y) = BHAT,Z = W
JFLAG( 1) = 3 = Sl
10 s 2
. CALL_POWER I
DO 10 Ne1,NVAR
 A{1,N) = Z(N) $ ALLyN¢NVAR) = =Z(N)
10 CONTINUE
c
B ZEVENT1Y = X s ZEVEN(2) = ¥
CALL EPOWER
09 1L Nel,NUM
~ ALLyNCOL#N) = ZEVENIN)
11 CONTINUE
Al1,NBREQ) = 1. -

c
€. EQUATION 2 (POINT A) TAUXZ1/Gl-TAUXZ2/Gl=0 ___ .  _
¢

. LABEL2(2) = BHAl2 TAUX
- Z{1) = X $ 22y "y
CALL DPOWERX ...
D0 20 N=1,NVAR
A(29)N) = Z(N) $ A(2oNtNVAR) s —Z(N)*CG
720 CONTINUE

.- £ S,
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" LEVEN(2) = Y

LEVEN(L) = X $

CALL DEPOWELRX

0U 21 N=1,NUM

A(2,N+NCOL) = ZEVEN(N)
21 CONTINUE

EQUATIUN 3 (POINT A) TAUYZL/Gl=0

OoOOoa0

LABEL2(3) = 8HAL TAUY ~— 7
(L) = x sy 2y = Y
CALL OPOWERY ' )
DO 30 N=1,NVAR
AL3yN) = L(N)

30 CONTINUE o .

TEVENLLY = X s

CALL DEPOUWERY T

D0 31 N=1 .NUM

A{34N#NCOL) = ZEVENIN)
31 CONTINUE

SLEVEN(2) = ¥

EQUATION 4 TAUYZ2/G2=0 IN POINT A

[a XX al

LABEL2(4) = 8HA2 TAUY
LUL) & K oo megees ey e e
CALL ODPOWERY
DO 40 N=1,NVAR™ =" 77
A{4,N¢+NVAR) = 2(N)

40 CONTINUE TommT e

__EQUATIONS 5 THRU 18 POINTS B Wl-W2=0

__ GENCRATE THE_ 14 POINTS XX AND YY

'
[sNaXaXeNald
o o

DELTA=6.%P1/180. . e -

___LAREL2(S) = BHB1,2 - W o .
00 50 I=l 14 § Fl=i ]
THETASF [ #DELTA e
XX(1)=AA-RHO¥COSF(THETA) $ CT(11=COSF(THEVA)
YY(1)=B-RHOSSINE(THETA) 8 ST(1)=SINF(THETA) o

90 CONTINUE

VO 70 1=1,1%
S ZM1) = XPT(I1) = XX{1) $
LABELIIL) =18 + NUMBER{T)
JELAG(IL) = 3 e o )
1= 11+ [ e T
____CALL POwWER e —

_________ DO 60 N=1,NVAR

A(1+6,N) = 2N} $
60 _CONTINUE N

ZEVEN(1) = XX(I) s
CALL EPOWER

DO 61 Nel NUM_ -y
A(1+6 NeNCOL) = ZEVEN(N) o
61_CONTINUE — R

2t g
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10

[aXaXal

75

16

- va0
c

8t
.90

A(l+4.NBREQ) = |,
CONTINUE

e mem e - o . L—— —— ¢ ot 4L W 808

EQUATIONS 19 THRU 32 F(TAUL)-FITAU2)30 POINTS B

LABELZ(19) = BHB FITAU)
L3 90 I=),1l4
i1y = XX{I1) | 3 212) = yy(1)

"CALL OPOWERX ™

DO 79 N=l,NVAR
SCRIN) = Z2(N) * LT(1)

TLEVEN(L) & xx{1YT s T TEVENT2Y A yyin)

_CALL DEPOWEQX
DN 76 N=1yNUM

SCRIN®NVAR) = ZEVEN(N) * CT(1)

CONT I NUE

201) = XXU1)_ 5 ZU2) = WYCL)
CALL DPOWERY

_D0 80 N=1,NVAR _

TALLOLBGNY & SCRUNT + ZINYOST(IY
A{T¢18yN+NVAR) = -A{1+18,N} * CG__

CONTINUE

ZEVEN(L) =" XxT(YY 3 TTUTTTLEVENT2) T oYY (D)
CALL OEPOWERY
D0 81 N=1,NUM
A{L+18,NeNCOL) = SCRIN®NVAR) ¢ ZEVENIN) * 5T(1)
CONT INUE

CUNTINUE

EQUATION 33 POINT C Wl=K

. -100_
c

101

(2 X 2Nl ol

- . X=AA $ YaB-RHO

_LABEL2(33) = 8HCl - W

) = XPTCIY) = X ) Z12) = ¥YPT(I1) = ¥

o LABEL(I1) = 4R(C 5 S

JFLAGIIL) = 3
1= 11+ 1
CALL OWER

TA(IIND = ZUN)
CONTINUE -

ZEVEN(L) = X % LEVEN(2) 2 Y
CALL EPOWER

00 101 N=l.NUM
A(33,NeNCOL) = "ZEVENTN)
_CONTINUE
TA(33,NBREQ) = RHS(33) = I.

EQUATION 34_POINT G W2=K

LABEL2(26) = BHC2 = W N

. CALL POWER _ _

L) = x $ a2y = v

DO 120 Ns1,NVAR
AL36 NeNVAR) = Z(N) e e
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[aEalalalal

" 160 CONTINUE"

120 CONTINUE

RHS(34) = 1.

EQUATION 35 POINT € (TAUYZ1-TAUYZ2)/G1=0

LABEL?(35) = 8HCL2 TAUY
(1) = x s 2(2) =Y

CALL DPOWERY
DU 140 N=1,NVAR
AL3S,N) = Z(N) s

_AL35,NONVAR) = =Z(N) * CG

140 CONTINUE

141

= EEN 2R T

LEVEN(L) = X s
CALL DEPORERY
DO 14l N=1,NUM
A(35,N¢NCOL) = ZEVENIN)
CONTINUE )

POINT D EQUATIONS 36 THRU 44 TAUZY1/uls0

GENERATE THE 9 COGRDINATES XX ANDTYY "~ =™ =~
X0 = AA - RO s T AR
1IF(X0) 150, 1500‘ 151

150 IDPT = 12777777 ¢ 77" ppT «™13,7777 Ty TG0 TO 152

151
152

453

""CALL DPOWERY

155

156

1opY = 9 $ orT = 10,
DELYAX = RHO/DPT™

LABEL2(36) = BHD = TAUY ~~ =7 T mmmmmmmmsmmosimocsncoeemsos
DO 153 I=1,10PT s FI = |
XX 1 )=XO+FI*#DELTAK
CONT INUE

00 160 F=14IDPT e e e
Z(1) = XPT(IY # XX(1) s
LABELII1) = 1D + NUMBER(I) - —
SFLAGITLY = 1 77T

Il =11 ¢ 1

U TTEUYPY(LL) 2T Y

DO 155 N=14NVAK
A(T+35,N) = ZIN)
CONTINUE

_ZEVEN(1) = xx(1) $ ZEVEN(2) = Y
CALL DEPUWERY
DO 156 N=1,NUM

CONTINUE

[2 = 36 + 10PT

EQUATION &5 POINT E TAUZY1/Gl=0

Rukd 8 YsB

{2) = YPT(I1l) = Y

2(1) = XPT(I1) = X $
LABELTTLT = 4RE
LABEL2(1Zz) = BHE = TAUY

JFLAGITLY =1
Il =11 ¢ 1
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CALL OPOWERY

AL N) 2 TN
L70 CONTINUE

XA

190

“"CALL EPOWER

191

200

.C

ALLZWNY = TZ(NT

T ALI2yN¢RCOLT S ZEVEN(N)

DO 170 Nal,NVAR

ZEVEN(L) = X s

ZEVEN(2) = ¥

CALL DEPOWERY ~ 7~
DO L7 N=LyNUM

AL12,N¢NCOL) = ZEVEN(N)
CONTINUE,

12=12+71

TEQUATION %6 POINT € WIsK

TTLABEL2(12Y = 8HE - Wi

201) = X s 2(2) = ¥

CALL POWER
DU 190 N=1,NVAR

CONTINUE

ZEVEN(L) = X $

DU 191 N=1,NUM

CONTINUVE

AL12,NBREQ) = KHS(TZY = I.

TEQUATTONS 47 THRU™SS POINTS F wiaK

LABEL2T12¥1) = 8HWF = W

__X=AA 3 YO=R $ DELTAY=-RHO/10.

TAIFPT = U1 - 1
00 200 I=1,9 8 Fl=]

YY(1)=YO+FI*DELTAY

D0 220 1=1,9
1) = XPT(IL) = X

LABEL(I1) = [F ¢ NUMBER(I)

__JFLAGITL) = 1

210

T 21
‘220

_..CALL POWER ____
D0 210" N=1,NVAR

Il = 11 « |

_ALI+I24N) = Z{N)

) CONTINUE

TLEVEN(1) =X $
__CALL EPOWER

TEVENT2Y = ¥Y(I1)y

D0 211 N=1,NUM
_ALI+12,N#NCOUL) = ZEVEN(N)

| CONTINUE

A(I+12,NBREQ) = RHS(T+12) = 1,

XPT(LL1) = AA $

YPT(I1) = 8-RHO

JELAGLIL) = 3

LABEL(TL) = 4RC s

ICPT = 1 - 1

Il = [1 + 1
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c EQUATIONS 56 THRU 59 POINTS G wasy 77
¢
LABEL2{12+1) =7 8HG = W2 T T T Tt
YO=g=RHO § DELTAY==(2.%R=KHO)/S.
C .
DO 250 I=l,4 3 Fl=1 I
YaYO+FI*NELTAY
JFLAG(ILY) = 2 i
LABEL(I1) = IG « NUMRER(T)
c

201 = xpT(ILy = T T2 TR YR (1) 4 Y
11 = 11 ¢« 1
CALL PONWER

DO 240 N=1,NVAR

T T T AT «12,N¢NVAR)Y = Z(N) -
240 CONTINUE R e . B
RHS(1+12) = 1, 777 7
250 CONTINUE
12 =12 + 5" ) h . )
- c - o . -
c TEQUATION 60 POINT H W2=K T -
.

X=AA 3 Y==B
LABEL(Il) = 4RH

: TLABEL2(12) =7 8HN =T TTWRT T s mmmm s e et
JFLAG(IL) = 2

— ¢ g =i o s !

i . m Itl) = XPT(I1) = X $ 2(2) = YPT{Il) = Y
117 =111
CALL POWER

TTTTTTTTTTD0 260 Na T NVAR
A(12,N¢NVAR) = Z(N)

260 CONTINUE
e RHSMI2) = 1.
12 = 12°+71

c
T T EQUATION 61 TPOINT TH TAUYI2762%0 o
c R, -
- LABEL2(12) = 8HH - TAUY
2(1) = X 5 202) = ¥ T

.DO 280 N=l NVAR
A(12,N+NVAR) = Z(N)

. ..280 CONTINUE
c
_C___EQUATIONS 62 THRU 73 POINTS I TAUYZ2/G2=0 -
C
R __X0 = AA - RHO S I
= IF(X0) 290, %0, 291 -
290 A0 = X0 + AA $ X0 = -X0 § IPT = 0 & GU 7O 292 _
291 A0 = AA 3 X0 = 0. [ 1P = 1
o292 DELTAK = AQ / 13. 8 Yy=-8 o I B
LABEL2(12¢1) = 8HI - TAULY
f

00 300 Ts1,12° 8 FlI=i
X = X0 ¢« FI®DELTAX
JELAGITTY = 2
LABEL(I1) = 11 + NUMBER(1)
0L & XPT(I1) = X s
Il = 11 + 1

59
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]

CALL DPOWERY

DO 295 N=1,NVAR
A{1+12,N¢NVAR) = Z(N)
295 CONTINUE
300 CUNTINUE
TFLIPT) 301, 321

" EQUATIDNS 74 THRU 76 POINTS J vAuUYZ2/G2=0
301 DELTAX = (AA=RHUIZ3. 7377777y RTa
LABEL2{74) = BMJ - TAUY

KaXals

0O 320 I1=1,3 $ Fla] e
X= (F1-1)#0ELTAX

JFLAG(IL) = 2 .
LABEL(T1) s 1J ¢ NUMBE
(1) = XPT(I1) = X s 212) = YPT(I1) = ¥
s ate U e
CALL DPOWERY L

c'

.00 310 N=sl,NVAR =

ALLI+73,NeNVAR) = Z(N)
310 CONTINUE
320 CONTINUE '

c
TS T EQUATTON TTS86 DWI/DY=0TAILONG POTNTS FAND TIN POINT C
c
G e e e e
321 LABEL2(77) = BHF__DW/DY o
T ‘DO 340 1=1,10
__ItL)_ = XPT{IFPT+1) s 2(2) = YPT(IFPTel)
” CALL DPOWERY
.. ... DD 330 N=l,NVAR R
ALI+T6,N) = Z(N}
..350 CONTINUE e be s s
c
— LEVEN(L)_ = XPTLIFPT+]) s ZEVENL2) = YPT(IFPTel)
CALL DEPOWERY
) NO 331 N=1,NUM e
AlI+76,NeNCOL) = ZEVEN(N)
331 CONTINUE e
340 CONTINUE
e e —. LABEL2(B6) = BHCL OW/DY S
C
G ®e¢ EQUATIONS BT — 91 DW2/DY=0 IN POINT_C AND ALONG POINTS G
c

LABEL2(87) = BHC2 DW/DY
Xs AA $ YO=B-RHO § DELTAYs-(2.8B-RF11/5.

e ___DO SO 1 = 145 $Fl =1 — e
TL1) = XPTTICPTON) 3 1(2) = YPT(ICPT+ )
CALL DPOWERY s
DO 440 N=1,NVAR

) AUI+B6,NeNVAR) = ZIN) .
440 CONTINUE

430 CONTINUE

LABEL2(88) = 8HG OW/DY
JFLAGIIL) = & O S R
RETURN $ END
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SUBROUTINE POWER 777
[d
C #aes THTS SUBROUTINE COMPUTES VALUES OF THE FUNCTION
(X ¢ JY)&uN . N = 1g 2y 3y o o o
o AND ITS HIRST DERIVATIVES WITH RESPECT TO X AND Y
3
CUMMON/CUMPLX/21(10) : e
CUMMUN/NUMBER/NUDD, NEVCN, NBREQ, NVAR, 1T
TYPE COMPLEX 2,21
EQUIVALENCE (Z, DZ2) o .
DIMENSTION UZI(20), C(230)
COMMOUN/LABRL/ A(1200% i ] _
NAMEL IST/LABEL/A,C
o
IFL2¢1) " JeQ. (0., OV GO YO 110~ ————— 7 .
Il = (1) %97 s - NUM = (NUDD+¢1)/2
GO TO 10 o o
C
C eee - -
] CENTRY EPOWER R T W
IF(2(i) .CQ. (0., 0.)) GO 10 110
Il = ZULY &2 7777777 g 7T UUNUM Ts NEVEN/2
Lt o= gt
10 D0 20 1=2,NUM
T 2(1) = 2= ) o T . -
20 CONTINVE % REFURN .
. tee
ENTHY DPUWERX ™77~ 7 77 7T TTTTmTITI s asaaess pemm e e
T T E eIy 3 Y avz(2y T T 7 T . .
DLy » 1. 8 DL42) = 0. _
IFIX .EQ. 0. < AND. Y .€Q. 0.7 GO 10 ({10
NO = O s Nl = 3 s N2 = NOUD
60 TQ S0 T TTTTTTTTTTTTTITTTTTTTT s s mm s mmn s s mees i
C ses
' “TTENTRY DEPOWERX - -
c
X s 02U1Y Ty T Y « 0212y T . o
IF{X .€Q. 0. _ .AND. Y .EQ. 0.) GO 70 110
NO =t s Nl =2 NZ = NEVEN T
c
'''' 740 DO 10 NeNT,N2,2 o -
NCOMB = N & (N#1)/2 - 2 ) NN = N-1
DO 65 21,2 777 s TI=1=1{" "% SUM = 0. T T il
C
55 DN 60 K=Y, NN, 2 T TR T TR NS T T T TS T T
SUMaSUM+ FK ® C(NCOMB¢K) & PWRF{X,N-K-1) & PWRF(Y,K) ¢ AMINUS(K/2)
60 CONTINUE ~ T W= —
(c
T65 DIUINCTI=NO) = SUM~ T T et e
70 CONTINUE
B - ¥ -3 1
C._. -
C s -
ENTRY P OWERY e
e
_______ X = 02(1) $ Y = 0l(2) e B
61



DeL1) = 0. 8 D2ty =1, T
TF{X .FQ. 0. +AND. Y .EQ. 0.) GO TO 110
Ny =0 TS NI =3 s N2 = NODD
GO TO 80 o T D T
C sen
B ENTRY DEPOWERY B
c
.o x=o0Ltv) s Y =D0ll2)
IF(X WEde 0. +AND. Y .EQ. 0.) GO TO 110
NO = 1 $ Nl =2 8% _ N2 = NEVEN
c
80 DO 100 N=NL,N2,2
NCOMB = N * (N+1)/2 =72 s NN = N
b0 95 1=1,2 s 11 = 1-1 $ _ SuM_ = 0,
c

85 DO 90 K=I[,NN,2

90 CONTINUE

$ FK = K
SUMaSUMe FK # C(NCOMB#K) ® PWRFIX,N=K) * PWRF('v,K~1} # AMINUS(K/2)

62

95 DZIN+1I-NO} = SuM ~ -
100 CONT I'NUE
‘ RETURN
c 1
~ 110 DO 120 N=3,20 e
o DZ(N) = 0,
120 CONTINUE s RE TURN
o
o e e e N
“ ese
] ENTRY INITIAL ) e
c
CALL ZEROLIST(LABEL) .
Al2) = A{3) & 1.,
NMAX = XMAXOF{NODD, NEVEN) * 3 e e e
IPOS = 1
DO 150 N=5,NMAX $ NN = N - 2
00 145 J=] AN $ K= N- J o
A(K) = A(K)e A(K-1)
_ TFCA(K)) 145, 1465, 144 o
c
c THE ARRAY C, CONTAINS_THE BINOMIAL COEFFICIENTS
c
. br6 _CLIPOS) = A(K) e e
IPOS = 1POS ¢ 1
c
145 CONTINUE
150 CONTINUE e o )
P.ETURN s END



T EEEE T

FUNCTION AMINUS(N)
IF(N) Sy 25, 10 L
S Mos =N T 1 GO 1915
lo M = ‘q . . - .- crew ar . .- - e
IS M = M JAND. | s IF(M) 20, 25
20 AMINUS = =1 s . RETURN =
25 AMINUS = 1 $ - RETURN

$ END

FUNCTION PWRF(XyN) o

PWRF = 1,
IF (N) 10, 90
- 10 IF({X) 30, 207 -
20 PwRF = 0. 5 RETUKRN
30 IF(x-1.) 4«0, 90 ~~ 7 ooy
40 IF(N) S50, 90, 70
50 M = =N [ S o To Y I 8 I ]
60 PWRF = PWRF / X 3 RETURN
T 10 DO 8O I=LLN T
80 PWRF = PWRF # X
90 RETURN ~ = T 65 END T
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SUBRUUTINE NORMEQ

¢
c FURMS THE NURMAL EQUATIONS FOR THE SOLUTION OF THE
. OVERDGTERMINED SYSTEM
COMMIN/NORMTKX/ANDRM {61,611, BNORM{61)
COMMON/MTRK/AA(LU0,61), RHS(100)
CUMMON/NUMBCcR/NODD, NeVEN, NBREQ, NVAR, [T
DIMENSION ATR{61,100) o
c
DO 20 J = I,NBREQ
DO 10 K = 1,NBREQ
10 ANORM(J,K) & 0.0 e
20 BNORM(J) = 0.0
c~ - - 4 emmamase — -— -
e TRANSPOSE THE REOUCED MATRIX
¢
150 00 200 Jal,i7 ~~ T UTTToTTTTTTTTT ommmem s
. 00 200 K = IyNBREQ
ATR{K,J) s AALJ,K)

__ 200 _CONTINUE
c

c
c

c

c

¢

MULTIPLY ATR TIMES AA

00 350 J = 1,NBREQ
DU 340 K s 1,NBREQ
VO 330 KK = 1,IT

TTT 7330 TANORMIEJVKY 5 ANDRMITJLK)Y T ATR(ITKK Y ¢ RA(KIGK)

340 CONTINUE
350 CONTINUE

"FORM RIGHT HAND STOES UF NORMAL EQUATIONS —

“TD0O 380 J s L,NBREQ
00 380 K = 1,IT

" 380 BNORM({J) = BNORM(J) + ATR({J,K) ® RHS(K})

700 FORMAT(214)

' IFL11) 390, 4«00, 400 o
390 CALL LISTARAY(AA,100,JTsNBREQ,L)
400 RETURN 3 END
[ - - o Ew EEYme CEEE N E R E SRR o e S T e T G =
) - - imeT—— - -
L S — - -
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Cee

20

Cee

60
ao
82

83
84

100
_ 105

s

120

140
Ces

200

210

250°
Coe

260

C

e

270

s

SUBRUUTINE NWMATINVIA,B, INDEX,NMAX,NyMyDETERM, 1DET)
DIMUNSTON AUNMAX 1) RENMAXy L), INDEX(L) i
EQUIVALENCE{ 1ROW, JROW, TR, (TCOLUM, JCOLUM,1C)
EQUIVALENCE( AMAX T, SWAP, [AMAX )}, (PIVOT, TEMP, I TEMP)
DATA (MINUSz60000000000000008) ~

INLTEALTZATIUN,
GETERM=1,0

JVET = 0

U0 20 J=l,N
INDEX(J) =MINUS
D0 5%0 I=1,N
SEAKCH FUR ELEMENT. OF LARGEST MAGN]TUDE.
AMAX=Q,.0

00 105 Jli=1,N =,
IF(-INDEX (UL 105,105,60
DO 100 Kl=1,N
IF{-INDEX{KL1)) 100,100,80
TFMP=A{K],J1)

IF(TEMPIY3,100,82° ~ 77777 T —
TEMPx=TFWMP
IF{=ITEMP=TAMAX)IN0,100, 84
ANAX-°IEMP
[R=KY )
1C=J1
CONTINUE
CONTINUE
1F(AMAX)1205T15
DETERM=O
10ET = 0 °
RETURN
1ROw=[R
1CoLuns1IC

INDEX{ TCOLCUMY S TNDEXTYCOCUMY TANDTTNDTLMINUS
1F{.NOT. (IRUN-ICOLUM) 260,140
VETERMa-DETERM o
EXCHANGE ROwWS.
00 200 L=l N
SWAPSA(IROW,L)
ALIRUR L)AL [COLUM, L)
A(ICOLUM, L) eSWAP
IF{.NOT.M12060,210

_ 00 250 L=t, M I o
SWAP=B( IRUA,L)

B(IROW,L)=R(ICOLUM,L)
BLICOLUM,L)=SWAP
SAVE PIVUT INFORMATION. DO DETERMINANT,
INDEX (1} =IROW*1000000008+ 1COTUMY INDEXTT )
PIVOT =A(1COLUM,ICOLUM)
DETERMaNETERMePIVUT ~ e

KEEP DETERMINANT BETWNEEN 1.0€E-20 AND 1.0t -20
DETE]ML = ABSF(DETERM) .
IF(DETERML .7Y, 1.6-20) GO TO 21>
DETERM - UETERM ® 1,620
IDET « JOET =17 77777 ’

GD TU 270

IFIDETERML L. 1.£20) GO TO 300
DETERM = DETERM / 1.E20

TOET T TUET + U

€0 _10_270 -
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300 CUNTINUE
Cee  REDUCE LEADING COEF TO 1.
T TTALICOLUM TCOLUM = T
DO 350 Lal,N
TTTTTT 380 attcoLuM, L) sATTCOTUM LY/ PTVOT
. IF(.NDT.M)380,360
360 D0 370 L=l M
370 BUICOLUM,L)=R({ICOLUM,L)/PIVOT o
Cee "SUBSTITUTE FOR NTH VARTABLE.
... 380 DO 550 Ll=1,N
IFL.NOT. (L1-TCOLUM)) 550,400
400 TeA(LLl,ICOLUM)
T A(LL,ICOLUMY=0.0"
_ DD 450 L=1,N
TS0 AL, O AL, LI =ATTCOLUM, L) # T
. IFL.NUT.M)550,460
460 DU 500 L=l M
500 BILLyLY=B(L1,L)=BLICOLUM,L)®T
$5%0 CONTINUE 7777
Ce®  UNDO ROW EXCHANGES. ~ R
T “LaN
00 710 L2=1,N
JROW= INDEX (L) /1000000008
JROW= JROW.AND. 777778
v JCOLUM= INDEX(LYJAND.TT77T8
_IF{.NOT. (JROW-JCOLUM) 1 710,630
T 630 00 705 Ke1,N
SwWAP=A(K,JROW)
A(K, JROW)®A({K, JCOLUM)
705 _\(KyJCOLUM)=SWAP
710 Lel-1
740 RETURN e
END

66

NWMV

NiwMy
NwMV
NWMV
NWMV
NwMV

NwMV
NWMY
NwWMY
NWMV
NhMV
NWMV
NwMV
N MV
NWMY
NWMY

‘NaMy

NiMV
NwMV
NwMy
NWMY
NwMY
NwMY
Nwuv
NwWMV
NWMV
NWMV
NWMV
NWMV



R ]

SUBROUTINE LISTARAY (A, NMAX, M, N, TSTART) ~~

c
T e TSEU TWIDEOUT WHEN USING THIS SUBROUTINE
FOR USE WITH PROGRAM ALBERYO .
4

DIMENSION A{NMAX, 1) e
DIMENSION IC(10), IFURM(10)
OATA (_ IFORM = BHILHL) __ I

. 8H1/ ,6H6RO,

L4 ~ . .___BH s R o

. 8HH  COL, I,

. BH4,3X)y6Hy,

. T8k KOW)

. BH{l4y1X,y o

. 8H 3

* co.Ladey -

. CRIRGEY) )

2 IFORMI3) = BHW ,10(5 i
TFORM(A) = 77TTTTTTgHLDRL 2.y, T
DO 10 1=ISTART, N, 10
. Ml = 1= ) P9 = [+9 [y LAST = 10

IFLIPY oGT. N) 6,7

6 I[P9 = N 7S T a NSYSTARTSLTTTTTTUSTTTTUTLAST a = (10%(J/10))

ENCODE(D, 500, IFORM(3)) LAST
ENCODE(8, 501, TFDRMIB) I LAST

900 FORMAT (4HW 4,12,2H(S5)
TTUTT90LT FORMAT {12, 6RET27S,)

T DO 8 ICOUNT = 1, LAST
8 ICU{ICOUNT) = TM1 ¢ TICOUNT

PRINT [FORM(1)

CPRINT TTFORMC2Y,T(ICTOY,y U=, LAST)
PRINT TFORMIT)y (Jdy (AL 1T, l0l, IP9), Jy J=l,yM)

PRINT TFORNTZT, (ICTJIVy Jel LAST)
10 CONTINUE - —
PRINT TFORM{10)
e EVURN % END -
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SUBRUUTINE PRTCOEF
COMMON/COEFF/AL(20Y, A2(20), B1(207, EOI
_ __COMMON/NUMBER/NODD, NEVEN, NBREQ, NVAR, IT

‘PRlN" 9017..,.-.-..- 8 G etw B e 4 e A weem P L
901 FORMAT(LHL 21Ky 2HiLy 20X, 2HB1, 30X, 2HAZ, /#/7)
o NMAX = XHAXOF (NOUDD+ 1L, NEVENY ~—— "~ mmm oo
T TTTTTTPRINT 902, (14y AL(ND, BL{N), AZ(N), N=l,NMAX) Tt T
ceee. 802 FORMAT(120,2E2044,10X,E20.4)
c
cemeeeze - PRINT 903, EOL - e .
903 sounuu/}.ou €01, €20.4,7, LHe)
c - —— -

RETURN ) END
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"OIMENSION ZEVEN(ZO)

"CALL POWER’

1

———

C sos

SUBROUTINE WL(X, Y, ANS)
COMMON/ INPT/A,8,RHO,EL, FNU1, E2,FNU2

"COMMON/COFFF/AL(20), A2T207T, 817200, EO01L

COMMON/CCMPLX/2(20)

EQUIVALENCE(Z, ZEVENY
COMMON/NUMBER/NODD, NEVEN, NAREQ, NVAR, IT

"NLERO = TNODD ¢ 1 i NUM = NEVEN

SUM = 0. s (1) = X 3 112) = Y

DO 10 N=1,NZERO
SUM = SUM +  AL(N) * Z(N)
CONTINUE

IEVEN(L) = X . ZEVEN(2) = ¥
CALL EPOWEN ~~ 7~ 77 T e
00 11 N=1,NUN

SUM = SUM + BIL(N) ¢ ZEVENIN)
CONTINUE

ANS = SUM + EOL
RETURN 777777777

ENTRY W2

NZERO = NOOD + 1

‘SuM R0, ) OV $ [y« y "

CALL POWER
DO 20 N=1yRZERD
SUM = SUM + A2(N) ® Z(N]}

T 70 CONTINUE

(11

smmmatie

TR

r

ANS = SUMT T
RETURN

ENTRY TAUXZ1

GL=EL/(2.%(1.+FNUL})

"NZERU = NODU ¢ 1 $ NUM = NEVEN

SUM = 0. [ 017 '=7X s T =Y
CALL DPOWERX

00 30 N=1,NZERD
SUM = SUM + ALIN) * Z(N)

CONTINUE .

LEVENLL)Y = X T TTTTTTIEVENT2Y Y

Call DEPUWEKX

NO 317 N[, NUM
SUM = SUM + BLIN) * Z2EVEN(N)

CONTINUE ™~

ANS = GI ¢ SUM
RETURN
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T T e

e

"7 40 CONTINUE

G22E2/ (2. LT *#FNU2Y)

SUM = SUM +

A2(N} * Z(N])

3

Lt2) = Y

TTTTANS = G2 % SUM
RETURN

L2 1)

" ENTRY TAUYZ1

€

Gl = E1/7{2.%(1.+FNUL)

$

NUM = NEVEN

SUM = 0. s
CALL DPOWERY

Zt1) = X

$

2y ="y

'''''' DO SO0 N=1yNIERD
SUM = SUM +

AlL(N) * Z(N)

50 CONTINUE

LEVEN(1) =X
CALL DEPOWERY

3

TEVENT2) =¥

" DO 51 N=1,NUM
SUM = SUM +

BLIN) * ZEVEN(N)

51 CONTINUE

TANS =G ¥ SUM

ENTRY TAUYZ2

G2=E2/(2. % (1. +FNU2))

SUM = 0. s
CALL_DPOWERY

NZERO = NODD_+_1

(1) = X

I(2)y =¥

DO 60 N=1,NZERD
SUM = SUM__+

A2(N)_* Z(N)

"""60 CONTINUE

TANS = G2 * SUM

RETURN $

END




SUBROUTINE SHEAR

COMMON/ INPT/ A

VATA (Xx1=

OIMENSION AT (S

RHO,

» By RHO, |
L]

Yy XIS

El, FNUL, E2, FNUZ
A4 (200, X4(20)

D 9739065285, 8650633667, +6794095683, «4333953941, .1488743390})

DATA (Al=
D 0606713443,
DATA (Xé4=

L 9020988070,

. 1494513491,

«8659595032,

D «9982377097, 9907262387,

T.2190863625, 2692667193,
.9772599500, .9579168192,
.A266122308, .7783056514,

D 6719566846, 6125538897, .5494671251, .4830758017,

D 3417940908,
DATA (A4=

<2681521850,

«1926975807, 1160840707,

0«2955242247)

«9328128083,
« 72731825492,
4137792044,
«038772417/5)

_ D .0045212771, .0104982845, +01064210584, ,0222458492, .0279370( /0,
D 0334601953, 0387821680, .04357090382, 0486958076, .0532278470,
D .0574397691, +0613062425, .0648040135, .0679120458, 0706116474,
D .0728865824, .0747231691, .0761103619, .0770398182, .0775059480)
c
X = A s TG2 =TE2/12.%(1. ¢ FNUYY
c
o T TTTTT 407 NUOE GAUSSTAN QUADRATURF FOR INTEGRAL ALONG FIBER
c
TO = (2¢3 - RHO)Y 7/ 2. 7777777y YN =TRHOT/ 2. s F1 =0.
c
: DO 10 N=1,207 77777 "77TTTTTTTTesTImans mre mm e s em e -
TEMPL = TO = TLl®X4({N) 3 TEMP2 = TO + TI%X&4{(N)
T T T CACLTTAUXTI, T YEMP L, TANS ) TTTroTrr oo
CALL TAUXZl(X, TEMPZ, ANS2) .-
TRl E TRV VAL NY € TCANST Y ANS2) T o e
10 CONTINUE
Fl = FL e 1y 7 - T -
C
T [0 NODE GAUSSTAN QUAORATURE FOR INTEGRALTAUONG RESIN
c
U0 s sRHO /20T [ SRS & U I EA P s F2 = 0.
o

00 20 N=1,5%
TEMPL = TO =~ TL & X1{N)
TEMP2 = TO + TL ¥ XI(N)
CALL TAUXZZ{X, TEMP1, ANS1)
CALL TAUXZ2(X, TEMPZ, ANS2)
F2 = F2 _+ ALIN) #
20 CONTINUE
F2 = F2 * 11

_ SHR = (F1 + F2) / 2.
GCOMB = SHH % SQRTF(3.) :
GG2 = GCOMB/G2

TTTPRINT 600, FIy, F2, SHR, GCOME, GG2
c

- 600 FORMAT(3H T1,12X,E15e4s7 ¢ 3H0T2, 12X ,E15.%,/5HOTBAR, TOX, E15.49/y

$6HOGC OMB 19Xy E15041/ s SHOG/ G2 9Ky E LS54y /4 1H1)

TTTTTTTTTTRETURN $ END

GLQ
6LQ
GLQ
GLG
GLQ
GLQ
GLQ
GLAe
GLQ
GLQ
GLQ
GLQ
GLQ
GLQ
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SUBROUTINE GRID
o COMMUN/INPT/A,B,RHO,EL,FNUL,E2, FNU2

COMMON/POINTSZXXTI50), Y¥ (1500, JELAG{LS0)
COMMON/LABL/ INDEX1200)

DIMENSIOUN IYL(7), IXIt6), IY2(7), 1X2(6) _ _
DATA(IYL = "0, ‘6, LU, 14, 16, 18, 20)
.__________'DAY‘( l_x _l_ bl 1__.____3_[ 5; 7|_l !v l5L_______.___~___

DATA(IYZ » 0, &, (.19 3y, 10, 14, 18)
DATALIX2 = 17, 13, 9, 5y 3, 1)

c
o _FX{X) = A - SORTF(RHOSQ = (X-B)*®2)
FY(X) = B = SORTFIRHUSQ = (X-A)®e2)
4
RHOSQ = RHO * RHO
................ J=1 i
OX = A/19. s DY = 8711,
4
"""" CTees”  TPOINTS IN FIBER ) B
4
D0 10 K=1,6 T T )
11Y = 1Y1(X) ) [2Y = 1YL(K+1} - 2
I FY N F 30 {4 I SR &3 AR T J ‘
00 5 IY = 11Y,12Y,2 s rsv - 1Y
Y =2 B CTEEY TR DY T
c
- 00 5 TN = TIX,12%,¢ 3 EFX = X~ 77 T
e X® DX ® FFX = e Y
XX(J) =X + YT = ¥ 3 JFCAG(JY =™
Je gl
T S "CONTI'NUE TrmmmT o
10 CONTINUE L o
... G %%e _POINTS IN_RESIN oo o .
DO 20 _K=1,6 . e X
1Y = 1v2(K) s 12Y = 1Y2{Ke1) -2
11X =} s 12X = IX2¢(K) I L
DO 15 1Y = 11Y, l2vY, 2 s FEY = 1Y
P LY =2 FFY * DX ___ - _ .8 R
C *
.00 15 IX = 11Xy [2Xy 2 s JFEX s DX 3, ;
X = OX ® FFX
XX{J) = X $ YY({J) = ¥ $ JFLAG(J) = 2 o .
J= g+
eeeen .. 15 _CONTINUE ——- S }
20 CONTINUE
¢
C ses POINTS ALONG INTERFACE o .
c
Y= @8 s X = A-RHG """ . -
e XXL109) = X S YY(109) = Y8 JFLAG(1Q9) = 3
Y = 8- 2.%DY ) X = FX(Y)
e XXUL10) 0w X % YY(110) = !--n_.j-“-“_JFLAQQJAO),:.3.
X = LX s Y = FY(K]
XX(111) = x $ YY(lll) = ¥ $ JELAG(LLY) = 3 e
Y = B- &.°DY s X = FX(Y)
o XRE12) = X $ YY(ii2) =y _ .8 __JELAG(1L2) = 3
Y = B~ 6.8DY s X = FX(Y)
Xx(113) = X $ YY{li3) = ¥ s JELAGLIR3) = 3
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Y = B~ 8.%0Y $ X = FX(Y) T
XX(114) = X s YY(lia) = ¥ s JFLAG(114) = 3
X = 3,e0x T8 T T TUTTY s pYUXY T T
XX(L19) = X 3 YY(L19) = ¥ 3 JFLAG(115) = 3
Y = B-10.%DY s X = Fxtyy =~ 7
Xxt116) = X ’ YY(116) = ¥ 3 JFLAG(116) = 3
Y = BH-12.%0DY " $ T e EXLYY T T
XX(117) = X 3 YY{L117) = ¥ $  JFLAGIILT = 3
X = S.8nx % Ty R RY OGO T T
xxtilg) = X s YY(118) = ¥ $ JFLAGI118) = 3
Y = B-l14,%0Y s T Tx oA Extyy T
XX(1Ll9) = X -3 YY(119) = ¥ s JFLAG(119) = 3
X = T.eDX [ Y = FY(X)
XX(120) = X s YY({120) = ¥ $  JFLAG(120) = 3
“x = 9.epx S I 2 5 N B
XX{121) = X s YY(iz2l) = v ) JFLAGLL21) = 3
Y = A-16,%DY s T T X s Fxtyy T
XX(122) = X s YY(122) = ¥ s JFLAG(122) = 3
X = 11.¢0X ) Y = FY(X)
AX{123) = X s YY{123)y = v s JFLAGI123) = 3
o= L3.80X T T T T T Y TR RYV(XY T T
XX{126) = X 5 YY(124) = ¥ 3 JFLAG(124) = 3
Y s B-1d4.¢0Y X = FX(Y) "~ T
XX{125) = X ' YY(129) = ¥ s JFLAGIL125) = 3
X = 15.¢DX T 7 CUUUY STRYXYT T
XX(126) = X b YY(126) = Y s JFLAG(126) = 3
X = 170X Ty T YT FYOO T T T '
Xk{127) = X 5 YY(127) = Y 3 JFLAG(L2T) = 3
X = A TTUTTTTTTTTG T T TR TRy T
XX{128) = X s YY(128) = ¥ s JFLAG(128) = 3
INDEX(128) = 500 e ’
C
N o T I Yo N N WP W Tt T oo T
INDEXtYY = g N .
30 CONTINUE CoTTTTTTT T
4 .
J s 129 T TTETT T T T e re e e e e e
. X=A 3 [ly = 0 5
00 &0 JY=T1Iv, 11 t FFY s 2*(Y -
. M AL AL . A
XX{JeIY) = X s YY{JelY) =Y
- JFLAG(IJ+IY) = 1 $ INCEX(J+IY) = 1000 + 1Y
€0 CONTINUF 77777 Tt
TTTTTTTUUFLAGILI9Y =  JFLAGI140Y = 2 o
) JFLAGILGL) = & -
o
CRETURN 8 END . I S - ——

TTCARD TOTAL = 71222
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