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A METHOD OF TNCREASING THE ACCURACY AND SPEED
OF A DIGITAL INTEGRATOR

V. V. Kokhanov and T. M. Andreyeva

A number of problems involved in the processing of telemetry data are

frequently reduced to solving a system of differential equations. Both analog

and digital computers can be used for this purpose. The advantage of analog

computers is their relatively high operating speed, simplicity in programming

and setting up of problems. Their disadvantages include their low calculation

accuracy, bulkiness and limitations in the problems they can solve. Universal

computers can solve a broad range of problems with high accuracy, but in the

majority of cases they cannot operate in the natural time scale and require

relatively complex programs. These factors led to the development of specialized

computers, the so-called "digital models," whose category includes digital

differential analyzers (TsDA). A number of papers have been written lately on

digital models and the analysis of their accuracy and speed, and proposals

have also been made for improving them [l, 2, 3]. However, this concerns for

the most part digital models operating with single digit increments (TsDA). As

we know, the basic defect of the TsDA is its low speed, which decreases in

proportion to an increase in the accuracy of solution of problems. The operating

speed of the TsDA can be increased by increasing its cyclic frequency, and also

by using a parallel structure. Howe-ier, even if we use a cyclic frequency of

fT = 10 mc and a series-parallel structure, the threshold frequency obtained for

the TsDA is of the order of fractions of a cycle (3] and is given by I mai- -1 -

where 1 Ax is an increment in the independent variable and T is the iteration
time.

For a TsDA with a series-parallel structure,

where m is the number of integrators; and k is a coefficient taking into account

the time required to sum numbers in the adders.
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When In: 50, t¢.:, 2, A.\ X .2o-

T---10"0-=iO-=1 sec., we have

q-18
I . O=---- 0,4 cps.
'majc -i-S

The use of a TsDA with a strictly parallel structure increases the speed in

the given case approximately fiftyfold, bu~t requires a significant increase in

equipment. The low speed of the TsDA limits its applications and ordinarily

does not permit its utilization for operation in the natural time scale. In

order to compensate for the error arising with a decrease in the number of

steps of integration, some authors [1] have s-uggested using more precise inte-

gratior. formulas. But then, in spite of the increase in the amount of equipmeit,

there is hardly any increase in the accuracy of solution. This is explained by

the fact that although the systematic error decreases, the round-off error does

not decrease and the total error changes by a small amount. In order to

realize all of the advantages from utilization of more accurate integration

formulas, it is advisable to convert to multidigit increments. Despite the

fact that the time involved in one integration increases due to the operation

of multiplying by the multidigit number, the overall speed increases. This was

noted in a 1958 article by A. A. Kozharskiy [4], who proposed a series-type

digital integrator with data storage on a magnetic drum and utilizing the

iterative problem-solving process. However, the algorithm of such a computer

is quite complicated, and the speed is low, even though it is higher than that

of an ordinary TsDA using data storage on a magnetic drum. Some efforts to

expand the potentialities of the TsDA have complicated its structure and logir

of operation to such an extent that the machine lost its advantages over the

universal computer. Therefore, in developing a specialized digital model with

multidigit increments, special emphasis was placed on retaining simplicity of

structure and logic of operation. The possibility of using various digital

integration equations for operation with multidigit increments was explored.

The second-order differential equation y" + y = 0 was solved with the

following' initial conditions: t = 0, y = 0, y' = 27 or y = 27 sin x.

Rectangular, trapezoidal and mean-rectangular rules were used.
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As we know [31, the systematic error in one step of integration for

rectangular and trapezoidal rules can be written in the form

-2 (-Ax) ').,:ax ly"I - for the rectangular rule,,.

(A.\W). imx y" for the trapezoidal rule
or for K steps,

S(•"x4  "y"(V)- for the rectangular rule,j2 K

"z'" (---") ". )- for the trapezoidal rule. (2)

The algorithm of the digital integrator employed in using rectangular and

trapezoidal rules was the same one ordinarily used in a TsDA [5, 6].

In the case of mean rectangles, the following algorithm was used (see

Figure l):•

Y3.,-1- 2•x,- AsI, 0
). , A- :'s l , (3)

. ! - (4)
2Ax - ..

where yl n-i is the value of the integrand of the first integrator in the n - i

step; and Y2,n-2 is the value of the integrand of th- second integrator in the

n- 2 step.

Solving the system of equations (3), we obtain

Expressing Yl,n-1 through Yl,n-2 using Taylor's formula and taking into

account Equation (4), we obtain
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Figure 1.

0 We obtain the true value of Y2n through Y2 ,n-2 from Taylor's formula:

v2.#r.)- Y2.z-24 Y 2,n- ~B+2 *Y" 2,n-2.L(6
-' o ,^. .,, • 4 • ," ,(6)

.\'.,l~rl••'=n-•"Y 2,,z• ',ý-2Ax -!- 2:1 \'-. 3 n• ± 6,_3.Y--2x . ,-2-r..

Comparing (4) and (6), we obtain the error in calculating Y2n for one

binary step in integration (2Ax):

E~ -3SX Y -1y 7E. .- x, v• .,Un_:= -A.x Y ln--2 (7)

3 3

Hence we can calculate the total error for K steps of integration:

I 'x - " , W(xi, x+0). (8)
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For our problem

2. Y.- .128'.063G- for the trapezoidal rule,

-2)I 128O,63'6-for the rectangular rule,

\2) . .:o8.o,636-for the mean-rectangular

"6 ,2J 0- rule, --

(9)

2 W.
y-()M_= =0,63G; x.,==•

Figure 2 presents true error curves for the integration equations:
rectangles (Curves II), trapezoids (Curves III) and mean rectangles (Curves

I) with a varying number of integratioa steps and using multidigit increments

(Curves I', II", III' are given for single-digit increments).

I \.\

f i \ -"

Figure 2.

The following table contains tbh results of error calculati6ns, using

Equations (9), for a varying number of steps K using multidigit increments.

For the sake of comparison, the true errors obtained using desk calculators

are al.o shown.



No. of steps, k 202 25 12 6 3

Error, % 2., 4,

U 4 04) U W) Ci W
(4ý. 4 0. (4 :.j (4 $.'

CO W $4 to W CO $4 •

O V.O Er H U E-

Method of
rectangles 0.4 0.4 3.2 3.1 6.4 6.2 12.8 12.1

Method of
trapezoids 0.8 0.8 6.4 6.2 12.8 8.5 25.6 20.3

Method of mean
rectangles - - 0.016 0.05 0.07 0.26 0.3 0.78 1.2 1.1

In a number of cases for the mean rectangular rule, the true error is obtained

below the calculated error which is explained by the presence of the round-off.

dei'-3 n-i.4 to tt abv w

46

2I

• Figure 3.

S~As can be seen from the curves, the trapezoidal rule yields the maximum
i error and the mean triangulair :•ile yields the smallest error. An error

determination simil...a.. to the one above was made in calculating y eX functions,



using one (method of rectangles) and two integrators (method of mean rectangles)

(see Figure 3). The errors satisfy Equations (2) and (8). Thus the small error

obtained using the mean rectangular rule makes it possible in many cases to

reduce the calculation time in using multidigit increments. Since the algorithm

in this case is quite simple, for a digital integrator it is possible to use

only one parallel adder, on which the ullowing operation is performed initially:

yn-+Ay.-i-AY,_-' +-AYi-Yn'

and then

Despite the fact that multiplication by the multidigit increment 2Ax is

performed, there is a significant increase in speed. Thus, with m 50 and

k 40:

Ax 2' andf, =10Icps,

T=2000-10-6=2 10-3 sec,.

ma - 2,0 - i 0 - 4

i.e., the speed obtained is ten times greatc2" than that of the previous example

involving a TsDA with a series-parallel structure with single-digit increments,
.7despite the decrease in cyclic frequency. Ttie use of fT 10 cps increases

the speed a hundredfold.

Figure 4 is a block diagram of a computer in which the aforementioned

algorithm can be realized. The magnetic memory device (MOZU) for storage of

the parameters y and s can be the same as in the ordinary digital differential

analyzers described in the literature [7]. A ?parallel-type adder is typical.

The MOZU for storage of parameter As is used as described in the literature [51.
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unit yS

Shift Shift

Figure 4.

However, multidigit increments are read out instead of single digit

increments, and the program is set up by means of strings.

Thus, using the aforementioned computer, a considerable increase in

speed and accuracy of solution can be achieved with a relatively slight

increase in equipment.
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