
AEDC-TR-69-88 

• THE SOLUTION OF COMBINED 
CONVECTION AND RADIATION 

HEAT TRANSFER FROM LONGITUDINAL FINS 
OF ARBITRARY CROSS-SECTION 

MAY 9 1969 

Percy B. Carter, Jr. 

ARO, Inc. 

April 1969 

This document has been approved for public release 
and sale; its distribution is unlimited. 

ENGINEERING SUPPORT FACILITY 

ARNOLD ENGINEERING DEVELOPMENT CENTER 

AIR FORCE SYSTEMS COMMAND 

ARNOLD AIR FORCE STATION, TENNESSEE 

pROPERTY OF U. S. AIR FORCE 
.AE.DC LIBRARY 

F40600-69-C-O001 



NOT/CES 
When U. S. Government drawings spec i f ica t ions ,  or other data are used for any purpose other than a 
def ini te ly related Government procurement operation, the Government thereby incurs no responsibi l i ty  
nor any obligation whatsoever,  and the fact that the Government may have formulated, furnished, or in 
any way supp]ied the sa id  drawings, speci f ica t ions ,  or other data, is not to be regarded by implication 
or otherwise,  or in any manner l icens ing the holder or any other person or corporation, or conveying 
any rights or permission to manufacture, use, or se l l  any patented invention that may in any way be 
related thereto. 

Qualif ied users  may obtain copies  of this report from the Defense Documentation Center.  

References  to named commercial products in this report are not to be considered in any sense  as an [ 
endorsement of the product by the United States Air Force or the Government. I 



A E D C-T R-69.88 

THE SOLUTION OF COMBINED 

CONVECTION AND RADIATION 

HEAT T R A N S F E R  FROM LONGITUDINAL FINS 

OF A R B I T R A R Y  C R O S S - S E C T I O N  

P e r c y  B. C a r t e r ,  J r .  

ARO, Inc .  

land sale; its distribution is unlimited. 
This document has been approved for public release 



AE DC.T R-69-88 

FOREWORD 

The work r e p o r t e d  h e r e i n  sponso red  by the Arno ld  Eng inee r i ng  
Development  Cen te r  (AEDC), Ai r  F o r c e  Sys tems  Command (AFSC). 

The r e su l t s  of r e s e a r c h  p r e sen t ed  were  obtained by ARO, Inc. 
(a subs id i a ry  of Sverdrup  & P a r c e l  and Assoc i a t e s ,  Inc.  ), con t r ac t  
o p e r a t o r  of the AEDC, AFSC, Arnold  Ai r  Fo rce  Stat ion,  T e n n e s s e e ,  
under  Cont rac t  F40600-69-C-0001.  The r e s e a r c h  was conducted f rom 
May through November ,  1968, under  ARO P r o j e c t  No. TT8002, a n d  
the m a n u s c r i p t  was submi t ted  for publ ica t ion  on March  13, 1969. 

The au thor  exp re s se s  his s i n c e r e  apprec ia t ion  to Dr. Wal t e r  F ro s t ,  
his  advisor ,  for  his pa t ient  and thoughtful  counse l l ing  dur ing the cou r se  
of this  study. 

This  m a n u s c r i p t  was p r e p a r e d  in p a r t i a l  fu l f i l lment  of the r e q u i r e -  
ments  for  the degree  of m a s t e r  of s c i ence  at The Un ive r s i t y  of 
T e n n e s s e e  Space Ins t i tu te .  

Pub l i ca t ion  of th is  r e p o r t  does not cons t i tu te  Ai r  F o r c e  approva l  of 
the r e p o r t ' s  f indings or  conc lus ions .  It is publ i shed  only fo r  the  exchange 
and s t imu la t i on  of ideas .  

Roy R. Croy,  J r .  
Colonel ,  USAF 
D i r e c t o r  of Tes t  

i i  



AEDC.TR.69-88 

A B S T R A C T  

The  e f f ec t s  of c o m b i n e d  r a d i a t i v e  and c o n v e c t i v e  hea t  t r a n s f e r  f r o m  
a r r a y s  of l o n g i t u d i n a l  f ins  of a r b i t r a r y  p r o f i l e  a r e  a n a l y z e d  s u b j e c t  to 
n o n - u n i f o r m  s u r f a c e  e m i s s i v i t y  and n o n - u n i f o r m  s u r f a c e  f i lm  coe f f i -  
c i e n t s .  C o n s i d e r a t i o n  is  g iven  to r a d i a t i v e  i n t e r a c t i o n s  be tween  a d j a -  
cen t  f ins  and be tween  f ins  and the b a s e  s u r f a c e .  Solu t ion  of the  de f in ing  
d i f f e r e n t i a l  equa t ion  for  fin t e m p e r a t u r e  d i s t r i b u t i o n  i s  ob t a ined  t h r o u g h  
an i t e r a t i v e  a p p l i c a t i o n  of the  B. G. G a l e r k i n  v a r i a t i o n a l  t e c h n i q u e .  
A p p l i c a t i o n  of the  m e t h o d  of so lu t i on  is  m a d e  to f ins  of p a r a b o l i c ,  t r i -  
a n g u l a r ,  and i n v e r s e  p a r a b o l i c  p r o f i l e  s u b j e c t  s o l e l y  to the  r a d i a t i v e  
m o d e  of heat  t r a n s f e r .  E f f e c t s  in v a r i a t i o n s  of the  d i m e n s i o n l e s s  
r a d i a t i o n  n u m b e r ,  NR0 fin spac ing ,  S, and fin s u r f a c e  e m i s s i v i t y ,  ¢, 
a r e  i n v e s t i g a t e d .  F i n d i n g s  of the  s tudy  r e v e a l  tha t  for  the  p u r e  r a d i a -  
t i ve  mode ,  f ins  can  enhance  the  hea t  t r a n s f e r  be tween  the b a s e  and the 
s u r r o u n d i n g s  only for  the  c a s e  of low fin and b a s e  s u r f a c e  e m i s s i v i t y .  

iii 
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CHAPTER I 

INTRODUCTION 

Heat transfer phenomena associated with convection 

from arrays of longitudinal fins has been the subject of 

many theoretical and experimental investigations since early 

1 
in this century. Most early investigators (i, 2, 3) 

limited their interest to single fins of simplified geometry 

and employed certain classical assumptions such as uniform 

convective film coefficients and negligible influence of the 

fin surface slope. In all cases the influence of radiation 

to the environment and to surrounding surfaces was neglected. 

In 1951, Ghai (4) experimentally demonstrated that 

for certain fin configurations the convective film coeffi- 

cients were larger near the tip than near the fin base. 

Ghai concluded that the classical assumption of uniform film 

coefficients was not, in general, valid. 

Eraslan and Frost (5) have solved the problem of the 

longitudinal convection fin subject to non-uniform film 

coefficients. Their study indicates that fins previously 

considered as being optimum when analyzed assuming uniform 

film coefficients, did not necessarily remain so when the 

iNumbers in parentheses refer to similarly numbered 
references in the bibliography. 
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effects of non-uniform film coefficients were considered. 

Eraslan and Frost applied a variational method due to B. G. 

Galerkin in their solution. 

With the advent of the space age, the pure radiation 

fin became of significance. Several authors (6, 7) consid- 

ered a single fin radiating to an isothermal environment 

where interactions were neglected. Eckert, Irvine, and 

Sparrow (8, 9), in 1960, published a series of papers which 

formulated the basic equations defining radiative inter- 

action in arrays of longitudinal fins. Their problem 

considered radiative interactions of the fins with adjacent 

fins and with base surfaces. These authors, however, 

limited the application of their analysis to fairly simpli- 

fied shapes in which radiative interaction from base 

surfaces could be ignored. Herring (10) extended the same 

problem to include specular reflecting surfaces. 

In a later paper (ii) Sparrow and Eckert applied the 

generalized equations to a configuration consisting of a 

longitudinal fin connecting two, isothermal cylindrical 

surfaces. They treated the surfaces as black and included 

all radiative interaction effects. An iterative Runga-Kutta 

technique was used to solve the governing integral differ- 

ential equations. Sarabia (12), by application of an 

iterative finite difference technique, extendsd the work of 

Sparrow and Eckert to include grey surfaces. 

Recently Frost and Eraslan (13) published a study of 

2 
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radiation from arrays of longitudinal, rectangular profile 

fins inwhich the effects of mutual irradiation were 

considered. They solved the defining non-linear integro- 

differential equation through an iterative technique using 

the variational method of Galerkin. Their study indicated 

that interaction effects did indeed have an important 

influence on the equilibrium temperature distribution along 

the fin. Frost and Eraslan also concluded that the Galerkin 

method of solving the differential equations had a distinct 

computational advantage over the heretofore employed 

numerical methods. 

The study of the combined effects of convection and 

radiation from single fins has also been the subject of 

recent investigations (14, 15). Frost and Eraslan (16) have 

extended the theory to arrays of longitudinal rectangular 

fins in which the effects of radiative interactions under 

the combined modes of radiation and convection heat transfer 

are considered. Their study indicated that the efficiency 

of fins under the combined modes of heat transfer was less 

than for the pure convection case. 

The present analysis extends the work of Frost and 

Eraslan to cover longitudinal fins of arbitrary cross- 

section subject to the combined modes of heat transfer. The 

method of solution is formulated to include the effects of 

non-uniform surface film coefficients and surface emissiv- 

ities and the effects of mutual irradiation. However, 

3 
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because of the vast amount of data generated by an exhaus- 

tive study of this type of fin heat transfer phenomena, the 

results generated by the method of solution are reported 

only for a selected group of fin configurations subject 

solely to radiative heat transfer. 

. 
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CHAPTER II 

FORMULATION OF THE GENERAL PROBLEM 

I. GEOMETRICAL CONSIDERATIONS AND ASSUMPTIONS 

A typical array of longitudinal fins of arbitrary 

cross-section projecting from a plane base surface is shown 

in Figure i. The x-axis is chosen to run parallel to the 

axis of the fin and perpendicular to the base surface. 

The analysis is predicated on the following assump- 

tions: 

1. Heat conduction along the fin is one-dimensional 

and occurs in the x-direction. 

2. Each fin, while of arbitrary cross-section, 

possesses a geometry that is similar to all other fins in 

the array. 

3. The fins are immersed in a non-participating 

radiation medium and have grey surfaces. 

4. Fin surface geometry is defined as a function of 

the x-coordinate. 

5. The gas medium temperatures are known functions 

of the x-coordinate. 

6. Surface film coefficients, thermal conductivity, 

and surface emissivity of the fin are prescribed functions 

of the x-coordinate. 
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Figure 1. Geometrical conception of arbitrary fin cluster. 
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7. The heat transfer process occurs at a steady 

rate. 

8. 

ture, T 
o" 

9. 

depth. 

The base surface exists at a constant tempera- 

The problem is formulated for a fin of unit 

II. DERIVATION OF THE BASIC 
DIFFERENTIAL EQUATION 

The differential equation of the phenomenon is formed 

in the classical manner by making an energy balance on a 

typical differential volume element as shown in Figure i. 

The various modes of energy transport considered are 

internal conduction and radiative and convective transfer 

from the fin surface. Performing the energy balance pro- 

duces the following form of the general equation: 

-K (x)A (x) dT(x) <K + (x)A (x) dT(x) 
dx } d (x)A (x; ~ d 

+ 

= h I(X)A l(x) [T(x) - Tg l(x)] + h 2(X)A 2(x) [T(x) - Tg 2(x)] 

+ qRI(X)AI(X) + qR2(X)A2(x) (i) 

where K(x), h I (x), and h 2 (x) represent the fin thermal con- 

ductivity and surface film coefficients of the corresponding 
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surfaces respectively. Expressing the area terms as func- 

tions of the fin geometry, simplifying, and collecting 

terms, leads to Equation 2. It should be noted that fin 

surface slopes, ¢1 + (dY/dx) 2 , are included in Equation 2. 

K (x) [YI (x) 

+ [Yl(X) 

- Y2 (x) ] d2T (x) (x) [. dx 
dx 2 + 

dK(x)~ dT(x) 

dY 2 (x) l 
dx 3 

=-lhl(X) ~ + 

dY (x) 1 2 
dx + h 2 (x) ll + dx T (x) 

'dx Tg l(x) + h 2(x) + [ dx 

7 J 
" Tg 2 c- ) |  + qR1 ¢x) V1 + 

..I 

+ qR2 (x) + dx 

'dYldx(X) 1 

2 

(2) 

Associated with Equation 2 are boundary conditions 

as follows: 

I. At x = 0; T(0) = T O . 

2 At x = L; -K(L) dT(L) * 
" -x~rx --= qR + h*[T(L) - T (L)]. (3) g 

III. CALCULATION OF THE SURFACE RADIATION TERMS 

A closer look will now be taken at the surface 
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radiation terms qRl(X) and qR2(X) which appear in Equations 

1 and 2. The radiative energy flux emanating from the fin 

surfaces can be computed by treating the volume between the 

fins as a cavity and applying a method described by Sparrow 

and Cess (17) for analyzing radiation within enclosures. 

The method of Sparrow and Cess assumes that the walls 

of the enclosure can be broken up into (k) isothermal grey, 

opaque, diffuse snrfaces. The radiosity (B), defined as the 

rate of energy per unit surface area streaming away from a 

given surface, is composed of two components; the emitted 

energy (caT4), and the reflected portion of the incident 

energy. The energy incident on unit area of surface (i) is 

denoted as H i . Figure 2 illustrates the radiosity concept. 

Working with total radiation properties, it can be 

shown that the reflectivity of any grey surface can be 

represented as ~ = (i - ¢), where p is the reflectivity and 

c is the emissivity. Hence, for a surface denoted with the 

subscript (i) the expression for radiosity becomes as indi- 

cated by Equation 4. 

4 
B i = ciuT i + (i - ~i ) H i (4) 

Figure 3 illustrates a typical surface configuration 

in the enclosure formed by adjacent longitudinal fins. The 

i'th surface element is shown receiving radiation from other 

surface elements, from the base region, and from the gas 
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R a d i o s i t y  

Hi (l-~i)H i E i o Ti 4 

\+,,%, ,.o:,J / 

Surface  i 

Figure 2. The radiosity concept. 
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Figure 3. Cavity radiation. 
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outside the cavity. The term H i in Equation 4 is seen to be 

the sum of all radiant energy arriving at the i'th surface 

element. Denoting any other surface element as (j) and 

noting that the radiant energy which leaves (j) is in fact 

the radiosity of surface (j) leads to the conclusion that 

the radiosity of any surface element is dependent upon the 

radiosity of all other surface elements. 

The radiation energy which leaves surface element (j) 

and which impinges on element (i) is given by Equation 5. 

(QR) = B.F.. (5) 
j÷i 3 31 

Fji is the shape factor which relates the per cent of 

energy leaving surface (j) that strikes surface (i). Summing 

the radiative contribution of all surface elements to the 

irradiation of surface (i) leads to Equation. 6. 

1 k k 
H i =- ~ B.F..A. = ~ B.F.. 

Ai j-'-i 3 31 3 j=l 3 13 (6) 

Substitution of Equation 6 into Equation 4 and solving 

for the temperature term produces Equation 7. 

aT. 
1 

4 Bi (i - 
B 

1 1 j=l 1 ¢i (7) 

The term ~ij is the Kronecker delta which takes on the value 

12 
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of one when j = i and which becomes zero when j # $. 

Equation 7 now describes a system of (k) linear 

algebraic equations relating the element temperatures and 

element radiosities. Expressed in matrix notation, the 

system of equations is represented by Equation 8. 

[uTi4] = [~ij] [Bj] (8) 

The coefficient matrix elements ~, , are given by ~J 

~ij = [~ij - (i - ~i)Fij] / ¢i" Inversion Of the coefficient 

matrix gives [~ij] -I = [Xij]. By employing the inverse 

matrix a new set of linear algebraic equations can be formed 

as represented by Equation 9. 

[B i] = [Xij] [sTj 4] (9) 

Equation 9 now determines the radiosity of each sur- 

face element as a function of the temperatures of all the 

surface elements. It should be noted that the open end of 

the fin enclosure is considered a hypothetical surface of 

unit absorptivity which exists at the effective temperature 

of the gas. 

The radiation energy flux leaving surface element (i) 

is given by Equation I0. 

(qR) = ¢iuTi 4 - eiHi (i0) 
i 

13 
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Substitution into Equation I0 for the value of the 

incident radiation as implied by Equation 4 gives Equation 

B i - ~.~T.47 

(qR)i = ¢iuTi4 - si 1 -l¢i~ J 

ii. 

(ll) 

Replacing the B i term in Equation ii with Equation 9 

and recalling that for grey surfaces u = ¢ gives Equation 12, 

the final form of the heat flux relationship. 

(qR) __ i [~ij - Xij]uT 4 = [ 
i j=l - ci J j=l 

4 
AijoT j (12) 

The term Aij in Equation 12 is seen to be a function only of 
% 

the particular geometry of the enclosure and the surface 

properties of the walls. The significant aspect of Equation 

12 is that the heat flux from a surface element can be 

expressed in terms of the discrete distribution of tempera- 

ture among the elements which make up the fin and base 

surfaces. 

IV. NON-DIMENSIONALIZATION OF THE 

BASIC DIFFERENTIAL EQUATION 

It now becomes convenient to non-dimensionalize the 

basic differential equation (Equation 2) and its associated 

boundary conditions (Equation 3). Letting the parameters 

K c, and h c represent characteristic values of thermal 

14 
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conductivity and heat transfer coefficient respectively, and 

taking L as the fin length, the system is non-dimensionalized 

with the following dimensionless variables: 

x Y1 (x) Y2 (x) 
X = E Yl (X) = L Y2 (X) = L 

h I (x) h 2 (x) 
~(x) - K K (x) hl (x) = "-~ h2 (x) = --K---- 

c c c 

T I(X) - T O 
T(x) - T O 8gl(X) = T - T 

8(X) = Tg~ - T O g= o 

T 2(x) - T O h*(1) h*(L) 
8g 2(x) = Tg= - T O = h c 

qRl(X) L qR2(X) L 

QRI(X) = Kc(T O _ Tg®) QR2(X) = Kc(T O _ Tg=) 

S • 

s = E (13) 

Substitution of Equation 13 into Equations 2 and 3 

gives the following form of the basic differential equation: 

d28 d8 
f2(X) -- + fl(x) a-x - f (x)8(x) - -[go(x) + gR(X)] 

dX 2 o 
(14) 

The associated boundary conditions upon non- 

dimensionalization become as Shown in Equations 15. 

15 
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Boundary conditions: 

z .  e (o )  = o .  

OR* (i) 2. dO dX(1) + 8*e(1) = 8*eg(1) - x(1) (15) 

The functions f2(X)' fl(X)' fo(X)' gc(X)' and 

are defined by the following equations: 
gR (X) 

f2 (x) = ~ (x) Ix I (x) 

IK [dY 1 (X) 
fl(X) = (X)[ ~ 

df2 (X) 
dX 

- Y2 (X) ] 

dY 2 (X)] dK (X)_~ 

J., .,. 1 
2 

[ dX ) 8gl (X) 

+ h2 (x) 

gR (x) = QRI (X) 

Ii + IdY2(X) 2 (X~ 
l dX } °g2 

I~ f~(x~ ~ [%cx) ~ 
[ ~ '] + QR2(X) I 1 ] + +[' dx 

(16) 

The parameters N c and 8" are defined as follows: 

16 
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h L h h*L 
C 8* = C 

NC = ~c KcK(1) 

The details of transforming Equations 2 and 3 into 

dimensionless form are given in Appendix A. 

Two dimensionless parameters, the radiation number 

(NR), and the temperature ratio Tg®/T ° are now introduced by 

consideration of Equation 12. Putting Equation 12 into 

dimensionless form gives: 

4L / K c (T O The radiation number is defined by N R = cT ° 

V. TRANSFORMATION OF THE NON-DIMENSIONAL SYSTEM 

(17) 

Tg=). 

Inspection of the second dimensionless boundary 

condition (Equation 15) indicates that this boundary condi- 

tion has a non-zero right-hand side and hence is inhomoge- 

neous. Application of the B. G. Galerkin technique requires 

that this boundary condition be homogeneous. Hence, it 

becomes necessary to transform the dimensionless system. 

Let the transformation variable [~(X)] be defined by 

Equation 18. 

(x) = B(x) - IB*eg(1) 

L 
QR* I (X 2 - X) 

J 
(IB) 

Substitution of Equation 18 into Equations 14 and 15 

17 
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yields the following transformed system: 

2 
f2(x)d~ (X)+ fl(X)d'~(X) f (X)~(X) dX dX o 

= [B*eg (i) Q--R--*-]{ (X2-X)f°(X) - K ( I ~  (2X-l)fl(X) - 2f2(X)~ 

- [gc(X) + gR(X)] (19) 

The associated transformed boundary conditions are given by 

Equation 20. 

l. ~(0) = 0. 

d~ (l) 
2. T + 6"¢(I) = o. (20) 

Equations 19 and 20 now define the mathematical 

system which will be solved through an iterative application 

of the B. G. Galerkin method. 

18 
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CHAPTER III 

SOLUTION OF THE DEFINING EQUATION BY 

THE B. G. GALERKIN METHOD 

I. INTRODUCTION OF THE GALERKIN .METHOD 

The solution of the mathematical system is initiated 

by assuming that Equation 19 has a solution of the form 

indicated by Equation 21. 

(X) = al$1 (X) 
n 

+ ~ ai%i(X) 
i=2 

(21) 

where ~i' and ~i are assumed functions of X. 

Equation 21 must satisfy the boundary conditions of 

the problem (Equation 19). Hence, Equations 22 must be 

satisfied. 

n 

(0) = al#(O) +i~2ai%i(O) = 0 
e 

dX 

n 

+ B*~(1) = ~--~[al#(1) +i=~2ai~i(1)]  

n 

+ B*[al~ l(x) +i[2ai#i(1)] 

= 0 (22) 
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A form for the functions #I(X) and ~i(X) is chosen as 

indicated by Equation 23: 

~l(X) = (x - 7") x 2 

~l(X) - (i - X)2 xi-i (23) 

where Y* = (3 + 8*.) / (2 + 8*). 

Appendix B demonstrates that the assumed functions 

~i and #i do indeed satisfy the boundary conditions of the 

problem. The problem remains of evaluating the unknown 

coefficients a I and ai(i = 2,n) appearing in the solution. 

Substitution of the assumed solution into Equation 19 

yields Equation 24. 

al<f2(X) (6X - 2y*) + fl~X)(3X 2 - 2y'X) 

- 2 i ( i  - Z ) X  i - 2  + ( i  - l ) ( i  - 2 ) x i - 3 ] f 2 ( X )  

+ [(i + I)X i - 2iX i-I + (i - 1)xi-2]fl(X) 

- [xi+l - 2xi + xi-1]fo(X)~ 
J 

- * g g ( 1 )  - K - r i T j I ( x  2 - X ) f o ( X )  - ( 2 x  - l ) f l ( X )  

- 2 f  2 ( x l l  - [ q c ( x i  + q ~ ( x )  l (24) 

20 
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Equation 24 is now a functional relationship in terms 

of the unknown constants a I and a i. Following the method 

detailed in Kantorovich and Krylov (18), the a's can be 

solved for as the dependent variables of a linearly inde- 

pendent system of algebraic equations. The linear system is 

formed by multiplying Equation 24 through, in turn, by each 

function in the set ¢i(i = l,n) and integrating the result- 

ing equations between the limits of zero to one. 

II. FORMULATION OF THE ALGEBRAIC SYSTEM 

OF LINEAR EQUATIONS 

Multiplying Equation 24 through by $1(X) and inte- 

grating between the limits of zero to one gives Equation 25. 

al[I2(l,l) + Ii(1,1) - Io(1,1)] 

+ 
n 

i=2 
ai[I2(l,i) + Ii(l,i) - Io(l,i)] 

= *eg(1) - Jo(1) - J2(1) - Jl(1)] - G (i) (25) 

The terms of the integrals I, J, and G are defined as 

follows: 

1 

I°(l'l) =~o f°(X) (x3 - 7"X2)2 dX 

1 

Ii(i'1) =~o fl(X) (3x2 - 27"X) (X 3 - y*X 2) dX 

21 
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I2(i,i) =~ f2(X) (6X - 27") (X 3 - y*X 2) 

1 

I o (l,i) =fo fo(X) (X i+l 

.i 

11(I,i) =~o fl(X) [(i + 

dX 

- 2X i + X i-l) (X 3 - y*X 2) dX 

1)X i - 2iX i-1 + (i - I)X i-2] 

• (X 3 - y*X 2) dX 

.1 

12 (l,i) =Jo f2(X) [i(i + I)X i-I - 2i(i - I)X i-2 

+ (i - i) (i- 2)X i-3] (X 3 - y*X 2) dX 

Jo (1) = ~ (X 2 - X) fo(X)(X 3 - y*X 2) dX 

Ji(i) (2x - i) fl(X) (X 3 - y*X 2) dX 

J2(1) o/2  2(X) (X 3 - y*X 2) dX 
o/ fo I G(1) = gR(X) (X 3 - y'X2) dX + gc(X) (X 3 - y*X 2) dX 

(26) 

Expressing Equation 25 in a shorthand notation leads 

to Equation 27: 

n 

al[Z(l,l)] + ~ aiiZ(1,i)] = ZH(1) 
i=2 

(27) 
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The elements of Equation 27 are defined as follows: 

Z(1,1) = [I2(1,1) + Ii(i,1) - Io(1,1)] 

Z(l,i) = [I2(l,i) + Ii(l,i) - Io(l,i)] 

ZH(1) = *Sg(1) - K--~ I [Jo(1) - J2(1) - Jl(1)] - G(1) 

(28) 

In a similar manner multiplying Equation 24 through, 

in turn, by each of the functions ¢i(i = 2,n) and integrat- 

ing between the limits of zero to one produces a system of 

algebraic equations represented by Equation 29. 

al[I2(k,1) + Ii(k,l) - Io(k,l)] 

n 

+ [ ai[I (k,i) + II(k i) - I (k i)] 
i=2 2 ' o ' 

= *Sg(1) - [Jo(k) - J2(k) - Jl(k)] - G(k) 

(29) 

The elements of Equation 29 are defined as follows: 

Io(k'l) = o~ fo (x) (X 3 - y*X 2) (X k+l - 2X k + X k-l) dX 

Ii(k'l) =~o fl(X) (3x2 - 2y'X) (X k+l - 2X k + X k-l) dX 

12(k,l) = o~ f2(X) (6X - 27") (X k+l - 2X k + X k-l) dX 
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[x i+l 2X i X i-1 ] 
I o(k,i) =Jo fo(X) - + 

• (X k+l - 2X k + X k-l) dX 

l)X i 2iX i-I 1)X i-2 ] Ii(k'i) =Jo fl(X)[(i + - + (_ - 

• (X k+l - 2X k + X k-l) dX 

I)X i-1 1)X i-2 I2(k'i) =in f2(X)[i(i + - 2i(i - 

+ (i - i)(i - 2)X i-3] (X k+l - 2xk + X k-l) dX 

Jo (k) =~ (X 2 - X)f (X)(X k+l - 2X k + X k-l) dX 
O 

Jl(k) = o/ fl(X)(2X- i)(X k+l - 2xk + X k-l) 

J2(k) = o~ 2f 2(x) (X k+l - 2X k + X k-l) dX 

G(k) =~ gR(X)(X k+l - 2X k + X k-l) dX 

1 

+~o gc(X) (xk+l - 2Xk + X k-l) dX 

dX 

(30) 

Expressing Equation 29 in a shorthand notation leads 
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to Equation 31: 

n 

al[Z (k,l) ] + 7. 
i=2 

ai[Z(k,i)] = [ZH(k)] (31) 

The elements of Equation 31 are defined as follows: 

Z(k,l) - [I2(k,l) + Ii(k,l) - Io(k,l)] 

Z(k,i) = [I2(k,i) + Ii(k,i) - Io(k,i)] 

~B QR* 
ZH(k) = *Sg(1) - K--~YJ[Jo(k) - J2(k) - Jl(k)] - G(k) 

(32) 

Equations 27 and 31 now represent a system of n 

linear algebraic equations containing the n unknown a.'s. 
i 

Expressed in matrix notation the system is represented by 

Equation 33. 

n 

7. ZE, m a m = ZH~ 
m=l with E = l,n (33) 

which upon solving for the a's becomes 

n 

a~ - 7 Z -I 
m=l £ ,m ZHm (34) 
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III. SOLUTION OF THE ALGEBRAIC SYSTEM 

OF LIN~%R EQUATIONS 

The ZE, m matrix elements of Equation 33 are functions 

of fin geometry and the assumed form of the ~i(X) functions. 

Hence, once the fin geometry is fixed, the Z elements can 
£,m 

be evaluated and the inverse computed. 

Equations 16, 26, 28, and 32 indicate that the [ZH] m 

elements depend upon the radiative heat transfer from the 

fin which is in turn dictated by the temperature distribu- 

tion along the fin. Hence, the solution of the linear 

system of equations for the a's requires an iterative 

process. 

A simplified outline of the computation steps 

necessary to achieve a solution based upon a selected set 

of fin parameters are enumerated as follows: 

i. Evaluate the Z£i m matrix elements and compute 

the inverse matrix Z -I E,m for the selected fin geometry. 

2. Assume the radiative heat transfer from the fin 

is zero and calculate an initial temperature distribution in 

the fin based on convective interactions only. 

3. Using the temperature distribution computed in 

step 2, evaluate the radiative heat transfer from Equations 

8 through 12 and Equation 17. 

4. Using the calculated radiation heat transfer, 

evaluate the ZH elements and calculate a new temperature 

distribution in the fin. 
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5. Recalculate radiative heat transfer using the 

temperature distribution from step 4. 

6. Repeat steps 4 and 5 until the solution converges. 

The method of solution presented in Chapters II and 

III has been programmed in G level Fortran on the IBM 360/50 

computer. Appendix C is a Fortran listing of the computer 

program. 
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CHAPTER IV 

APPLICATION OF THE SOLUTION TECHNIQUE 

TO FINS OF SELECTED SHAPE 

I. DESCRIPTION OF SELECTED FIN SHAPES 

AND CONDITIONS OF ANALYSIS 

The foregoing method of solution was applied to fins 

of parabolic, triangular, and inverse parabolic profile. The 

dimensionless area of each profile was held constant at 0.2 

which assures the same volume per unit depth of fin. Thus a 

comparison of the reported fin performance can be made on an 

equivalent weight per fin basis. 

The selected fins were analyzed for the case of con- 

stant thermal conductivity, negligible convective heat 

transfer, and a ratio of gas temperature to base temperature, 

Tg=/T o, equal to zero. These latter conditions correspond 

closely to those encountered in space. Other geometrical, 

environmental, and surface property parameters varied, as are 

enumerated below: 

i. Non-dimensional fin spacing, S, was assigned 

values of 0.5, 1.0, 2.0, 4.0, and 6.0. 

2. The radiation number, NR, was assigned values of 

0.I, 0.5, 1.0, and 5.0. 

3. Fin surface emissivity and base emissivity were 

set equal and were assigned the values of 0.2, 0.5, and 0.8. 
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The total number of cases analyzed was 180. 

II. DESCRIPTION OF SELECTED 

MATHEMATICAL PARAMETERS 

For the radiative heat transfer calculations the fin 

surfaces were divided into forty elements and the base area 

between fins into five elements. The number, n, of approxi ~ 

mating functions, %, used in the Galerkin solution was ten. 

Values of n larger than ten were found to give no improvement 

to the first four significant digits in the solution for the 

temperature distributlon. Figure 4 illustrates the effect 

of variations in n on the solution for temperature at 

specific locations along the fin. 

To facilitate convergence of the iterative method, 8 

was bounded between +2.0 and -i.0. The physical bounds on 

8, +i.0 and zero, were exceeded in the solution in order to 

stabilize the convergence; since as the solution progressed, 

values assigned to B were the accumulated average of all 

preceding iterations. 

The convergence criterion employed required that the 

value of heat flux for each fin element should change by no 

more than 0.I per cent during successive iterations. The 

computer was programmed to run for thirty iterations or 

until the solution converged. Each iteration required 

approximately three seconds, and the average number of 

iterations required per solution was twenty. 
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Cases involving high values of surface emissivity, 

high N R, and fin spacing greater than 4.0 did not always 

converge in thirty iterations. These cases were rerun with 

fifty iterations and in all cases converged to an acceptable 

solution. Figure 5 shows the convergence of the temperature 

distribution for a typical fin configuration. Bounding of 

the temperature distribution at the upper bbund is indicated 

for the second iteration in Figure 5. 
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CHAPTER V 

PRESENTATION AND DISCUSSION OF RESULTS 

I. TEMPERATURE DISTRIBUTION 

The non-dimensional temperature distribution, T/T o, 

for each combination of S, N R, and ~ are shown in Figure's 6, 

7, and 8 for the parabolic, triangular, and inverse para- 

bolic fins, respectively. 

The effect of fin spacing on temperature distribution 

is seen to depend upon surface emissivity. For low surface 

emissivity, ~ ~ 0.2, heating of the fin by radiation from 

the base is appreciably reduced because of the high reflec- 

tivity of the surface. As surface emissivity increases, 

fin spacing is seen to have a greater influence on temper- 

ature distribution. Physically, this effect is attributable 

to increased absorption of base radiation by the fin. As 

spacing increases, the fin can see larger areas of the base, 

and hence, absorbs more of the radiation from the base. The 

overall temperature drop along the fin becomes less as 

spacing increases; since as radiation energy input increases, 

the conduction of energy along the fin must decrease. 

Because of the much larger shape factor between the 

base and the inverse parabolic fin, a greater influence of 

fin spacing is observed. It is interesting to note that for 
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high values of S, N R, and ¢ the temperature gradient 

actually reverses near the two-thirds point on the fin. 

This indicates that the tip region is heated by radiation 

from the base at a rate faster than it is cooled by reemis- 

sion to the gas, and thus heat is conducted in the negative 

direction along the fin to a region where the cooling rate 

is higher. 

Two types of heat transfer phenomena, conduction and 

radiation, occur in the radiation fin. The radiation number, 

N R, being a ratio of radiation to conduction effects, is a 

measure of the dominating mode of heat transfer. For N R 

approaching zero, the heat transfer process becomes radia- 

tion limited since the fin can conduct more heat internally 

along the fin than can be radiated away. Conversely for 

N R greater than one, the process becomes conduction limited. 

These limits are clearly demonstrated by Figures 6, 7, and 8 

where temperature distributions for low N R are not appre- 

ciably affected by either surface emissivity or fin spacing; 

while for large NR, a strong influence on temperature 

distribution is exerted by both surface emissivity and fin 

spacing. 

II. FIN EFFICIENCY 

So that the performance of arrays of different fin 

configurations might be studied and compared, it becomes 

necessary to define certain fin performance parameters. 
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One such parameter is the fin efficiency, n, defined 

as the ratio of the combined convective and radiative heat 

transfer from a single fin to the hypothetical combined 

convective and radiative heat transfer from a fin of similar 

geometry with black surfaces and with infinite thermal 

conductivity. Expressed in terms of the dimensionless 

variables, the fin efficiency becomes 

I 
i 

D = {ORl(X) + N C[I - 8 l(x)]} 

1 

+~O {QR2(X) + N C[I - 82(x)]} 

~l + 
'dYl(X))2 

dx 
2 

I1 FdY2 (x),l 2 
+ dX 

dX 

dX 

+ [Yl(X) - Y2(X) ] {QR* + NC[1 - @ (1)] } 

if x • R[I - (To/Tg~)4 + NC ] + [ dX 

xll 1 j + + [ dX dX (35) 

Fin efficiencies are calculated for each fin config- 

uration and presented in Figures 9, i0, and ii for selected 

values of S, NR, and ~. The fin efficiency is seen to vary 
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Figure 9. Parabolic fin efficiency. 
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Figure 10. Triangular fin efficiency. 
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Figure 11. Inverse parabolic fin efficiency. 
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directly with surface emissivity, inversely with NR, and to 

increase with S, asymptotically approaching some maximum and 

limiting value. The limiting value corresponds to the 

efficiency of a single fin situated on a base of infinite 

dimensions, and free of interactions with adjacent fins. 

Limiting values of fin efficiency, occur at a spacing 

of about 2.0 for a N R of 5.0, and at a spacing of about 4.0 

for a N R of 0.i. An explanation for the maximum and limit- 

ing values of fin efficiency is found by considering that as 

spacing increases, the fins interact less with adjacent fins 

and more with the warmer base region. Increased inter- 

actions with the base cause the overall fin temperature to 

rise because of higher rates of radiation energy input from 

the base. Further spacing cannot influence the fin tempera- 

ture once the point is reached where adjacent fins no longer 

interact, since the fin is now fully interacting with the 

base. At this point, the fin has a maximum temperature and 

is emitting energy at the highest possible rate and, hence, 

has the highest possible efficiency. 

Fin efficiency can lead to serious misinterpretation 

of fin performance since it assumes that all energy leaving 

the fin also leaves the enclosure formed by the adjacent 

fins and the base. When interactions are present, this 

assumption is false and can lead to contradicting conclu- 

sions regarding optimum fin configurations. 

A more valid parameter for measuring the performance 
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of arrays of longitudinal fins is the apparent emittance. 

III. APPARENT EMITTANCE 

A measure of the performance of a fin cluster is the 

apparent emittance, CA" Apparent emittance is defined as 

the ratio of the actual rate of radiation energy efflux from 

the mouth of the cavity between two adjacent fins, to the 

rate of radiation energy efflux from a black surface at the 

uniform temperature condition of the wall, To, and having an 

area equal to that of the mouth of the cavity. Expressed in 

terms of the dimensionless variables, the apparent emittance 

fdY1cx  
~A = R1 (X) + [ ~ 

+ QR2(X) ~i + 

• INR[ 1 _ (Tg=/To) 4] 

becomes: 

2 

s 1 , X + QR_BasedABase 
Base 

{S - [YI(0) - Y2(0)]}i-1 

(36) 

Apparent emittances were calculated for each fin 

configuration and presented in Figures 12, 13, and 14 for 

selected values of S, NR, and ¢. 

ks would be expected, the apparent emittance, ~A' is 
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Figure 12. The apparent emittance of a parabolic fin 
cluster. 

50 



AEDC.TR-69-88 

1.0 -- 

N R = 0. I 

i .~°~ 
o o~: o~~-~~ -- ....... 

.~. 

= N R = 0 . 1 ~  

0.2 5.0 ~" 

o I I 
0 1.0 2.0 

I/S 

Symbol N C = 0.0 

0.2 

0.5 . . . .  Tg=_ 0.0 

0.8 --- -- To 

Figure 13. The apparent emittance of a triangular fin 
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strongly influenced by surface emissivity. Higher values of 

surface emissivity are seen to generally yield the highest 

value of apparent emittance for any particular value of S 

and N R. However, a reversal of the cavity effect, i.e., 

c A > ¢, for high emissivities, also noted by Reference (13) 

for rectangular fins, exists for the fin configurations 

investigated in this study. For c = 0.2, c A is generally 

greater than 0.2. However, as ¢ increases to 0.5 and 0.8, 

c A , in most cases, becomes less than c. The explanation for 

this trend lies in the fact that for low values of c, the 

base radiation is reflected from the fins and augments the 

radiation to the external environment, while for high values 

of c, the base radiation is absorbed by the fin surfaces and 

is reemitted at a lower temperature resulting from the 

conduction loss along the fin, thus, limiting the base 

contribution to the overall heat transfer rate. 

The influence of N R upon c A for a fixed value of fin 

spacing is also apparent in Figures 12, 13, and 14. The 

apparent emittance is seen to decrease as N R increases 

because either the amount of base radiation absorbed by the 

fins becomes increasingly larger or internal conduction 

along the fin is decreased. 
T 

A comparison of c A for the various fin configurations 

is presented in Figure 15. Curves of c A are presented for 

N R values of 0.i and 5.0, and for c values of 0.2, 0.5, and 

0.8. Data from Reference (13), for a rectangular fin of 
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equal non-dimensional volume per unit length and fin depth, 

are presented for comparison purposes. Surprisingly little 

difference is observed between the parabolic, triangular, 

and inverse parabolic profiles. The rectangular fin is seen 

to have the highest value of ~A for any selected set of S, 

NR, and ¢. The data from Reference (13) for the rectangular 

fin have not been verified using the computer program 

developed for this study. 
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CHAPTER VI 

CONCLUSIONS 

The application, by Reference (13), of an iterative 

technique to the B. G. Galerkin method of treating the 

defining integro-differential equation constitutes a highly 

successful approach to the solution of this class of 

problems. The current extension of the method to include 

fins of arbitrary profile was equally successful. 

Application of the method of solution shows that 

radiative interactions can strongly influence the temperature 

distribution and heat transfer characteristics of clusters 

of longitudinal fins. 

Analysis of results indicates that only under certain 

circumstances can fins enhance the radiation heat transfer 

from the base region. For E k 0.8 no advantage can be 

gained by using fins. Similarly, for E = 0.5 and N R E 0.5 

no advantages accrue from using fins, however, for N R = 0.i 

an improvement in heat transfer characteristics occur when 

fins are used. In the case of surfaces with c ~ 0.2, fins 

will improve the heat transfer from the base region for all 

values of N R ~ 1.0. 

When conditions indicate that fins will improve the 

heat transfer from the base region, investigation reveals 

that for maximum benefit the fin spacing should be as close 
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as possible. This conclusion contradicts the conclusion one 

might draw from inspection of the fin efficiency curves, 

thus, illustrating why fin efficiency is not a valid 

parameter for fin comparisons when radiative interactions 

are present. 

The rectangular fin profile examined by Reference (13) 

appears to be superior to either the parabolic, triangular 

of the inverse parabolic profile when compared on the basis 

of equal volume per unit non-dimensional depth of fin. 
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APPENDIX A 

NON-DIMENSIONALIZATION OF THE BASIC 

DIFFERENTIAL EQUATION 

Frequently it becomes advantageous to express the 

solution of a differential equation in dimensionless form. 

There are at least two reasons for non-dimensionalizing an 

analysis as enumerated: 

i. A study conducted under a particular set of 

parametric conditions can be generalized to apply 

to many sets of parameters by non-dimensionalizing 

the solution. 

2. The effects on the solution of particular 

parametric groups can be isolated and more easily 

studied if the system is non-dimensionalized. 

Equations 2 and 3, representing the dimensional 

differential equation and its associated boundary conditions 

respectively, are rewritten from the text and presented as 

Equations A-1 and A-2. 

K(x) [Yl(X) - Y2(x)] 

dK (x).~ dT (x) 
+ [YI(X) - Y2(x)] ~ ~ -~ h I Cx) ll IdY1 

2 
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" Tg l(x) + h 2(x) +[ ~ Tg 2(x) 

+ qRl (x) ll 

J 

dY 1 (x) 
+ 

dx 

2 ~ [dy2 (x > 

+ qR2 (x) + [ 

2 

(A-l) 

x = 0 when.T(x) = T(o) = T 
o 

-K(L) dT(L) + h* dx- = qR* [T(L) - Tg(L)] (A-2) 

The dimensional variables of Equation A-1 are non- 

dimensionalized by introducing the following set of 

dimensionless variables: 

x Y1 (x) Y2 (x) 
X = ~ YI(X) = L Y2(X) = L 

h I (x) h 2 (x) 
(X) K(x) hl(X) = h2(x) = 

- K c -K--- ----K-- c c 

T(x) - T O T I(X) - T O 
8(X) = _ TO 8g I(X) = - T Tg= Tg® o 

8g 2 (X) T~2 (x) - T O h* (L) 
= Tg= - T O h*(1) = hc 

qR1 L qR2 L 
QR1 = Kc(T ° - Tg=) QR2 = Kc(T ° - Tg.) (A-3) 
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Performing some initial manipulation of variables in 

the differential terms gives the following results: 

T(x) = (Tg~- To) e(x) + T O 

dT(x) d[(Tg= - To) e(x) + To] dX 

dx dX d--x 

but 

dX i 

hence 

dT (x) = (Tg= - To) de (x) 
dx L dX 

[( Tgc@ - To) de (x)~ 
d2T(x) = d L d--~S dX (T - To) d28(X) 

dx2 dX d--~ = L 2 dX 2 

Substitution of the non-dimensionalized differential 

terms together with the terms of Equation A-3 into Equation 

A-I yields: 

(X)K c[Yl(x) - Y2(X)]L 
(T - T o) d2e (X) 

L 2 dX 2 
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~ ~dY 1 (X) 
+ K c (X)[ dX 

dY 2 (X)] 
dX + L[Y l(x) - Y2(X)I dK(X,~ 

(T ® - T O ) de(X) 
L dX 

hc[~l(X ) ~i+ [ dYI(x) 2 
[ dx ] 

[ dx ] 

+ hch 2(x) + [ ~-~ 

l~Tg= - To)e(X) + To3 

~ Tg~ - T O )eg l(x) + To~ 
~ Tg= - To)eg 2(x) + To> 1 

QR1 (X)Kc (T - TO) 
L 

Ii 'dY 1 (X) 
+ dX 

QR2(X)Kc(T@= - To) ~ [dYl(X)12 
L 1 + ,[ dX (A-4) 

Factoring out the constant terms that were introduced 

in the non-dimensionalization process gives the following 

equation: 

L (X) Y1 (X) - Y2 (X) 1 d28 (x) 
dx 2 

dY (X) 
+ ~ (x) [ ~-~ 

k. 
dY2cx   I 1 dX ' + Y1 (X) - Y2 (X) dK (X)"{d8 (X) 
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- hc(Tg ~ - To)[hl(X) ~i + 
'dY 1 (X) 
dX 

+ h 2 ( X )  + [ dX 8 (X)  = h c l ( X )  + [ dX 

+ h2(X) + [ ~ T O - hc(Tg = - To) 

~l (x) 11 [dY I (x) 2 

8g l(x) + h2(X) + 

'dY 2 (X) 
dX 

2 

I dY (x) K c(T - T O ) 
+ h2(X) + [ d~[ ' To - L 

+ [dq(x~ 2 + [dY2(X ) 2 
R1 [ dX + QR2 [' dX 'I (A-5) 

Next by dividing Equation A-5 through by the factored 

constant group Kc(Tg = - To)/L , the following transformed 

equation is derived: 

(X) [YI(X) - Y2(X)] 
d28 (X) 

dX 2 

dY 2 (X)~ 

dx 

dK (X)~ de (X) 
+ [Y1 (X) - Y2 (X) ] x--'d-x'--J 
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Lh c [dYlCX ~ 2 [dY2~X ~ 2 
K c l(X) + [ dX + h2(X) + [ dX 8(X) 

: _  

+ h, 2(x) + L dX I 

+ QR2 I 1 + 
dY2(X 2 I 

dY (X) ] 2 

+ ,[ dX 

(A-6) 

Equation A-6 is the non-dimensional form of the 

general differential equation and is written in the text as 

Equation 15. 

The first boundary condition is non-dimensionalized 

by a simple substitution of the dimensionless variables into 

Equation A-2. Equation A-7 is the non-dimensional expres- 

sion for the first boundary condition. 

At X = 0, 8(0) = 
T(0) - T T - T 

o o o 
T - T T ~ T 
g~ o g~ o 

= 0 (A-7) 

Upon substitution of the dimensionless variables into 

the second boundary condition, the following relationship 

is produced: 

d[(T - T O )8(i) + T O ] dX K c(T - T O ) , 
- K(1)K c dX a-x - L QR 
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+ hch*(1)[{(Tg. - To)8(1) + To} 

- {(Tg® - To)eg(1 ) + To} ] 

K(1)Kc dS(1) 
L (Tg= - T 0) dX 

Kc(T@~ - To) , 
L QR 

+ hch*(1) [(Tg® - T O ) (8(i) - 8g(1))] 

dS(1) hch*(1)L hc~*(1)L _ QR* 
~-~ + e(1) - eg(1) - __ 

(i) K c ~ (1) K c K (i) 

Now by letting 8* = hch*(1)L/K(1)K c, the second 

boundary condition takes on its final dimensionless form: 

de(1) 8* 8"8g + e(1) = (1) Q*R 
~(1) 

(A-8) 

Equations A-7 and A-8 are represented as Equation 15 

in the text. 
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APPENDIX B 

BOUNDARY CONDITION CHECK OF ASSUMED 

GALERKIN FUNCTIONS 

It is demonstrated, in the text, how the assumed form 

of the B. G. Galerkin functions are applied in obtaining a 

solution of the differential equation. It remains to show 

that the assumed form of the solution does satisfy the 

boundary conditions. 

The assumed solution and the boundary conditions are 

rewritten from the text and stated here as Equations B-1 and 

B-2 respectively. 

Assumed Solution: 

n 

(X) = al#l(X) + ~ ai#i(X) 
i=2 

(B-l) 

Boundary Conditions: 

i. ~(0) - 0 at X = 0 

. 
d X ~  + 8"~(I) -- 0 at X = 1 (B-2) 

The assumed form of the Galerkin functions is repeated 

here in Equation B-3. 
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~l(X) = (x- Y*) x 2 

Y* = (3 + 8") / (2 + 8*) 

#i(X) - (I - X)2 xi-i (B-S) 

Substitution of the assumed solution into the first 

boundary condition gives: 

n 

~(0) = al(0 - 7") (0) 2 + [ ai(l - 0) 2 (0) i-I = 0 
i=2 (B-4) 

Next, substitution of the assumed solution into the 

second boundary condition gives: 

[a n ] 
d I~I(I) +.~ al~l(1 ) 

~ +  8"~(11 = ~=2 
dX 

n 

+ 8*[a l~l(1) +i~2ai~i(1)] 

= ai[3(I)2 - 2(1)7"] 

n 

+ ~ a i[(i + l) (1)i 
i=2 

- 2i(1)i-i + (i - I) (i)i-2 

+ 8*{a I[ (1) 
n 

3 _ (i)27"] + ~ a, [(1)i+l _ 2(i)i 
i=2 i 

+ (i) i-i 

- a 1 1 3  - 2 y * ]  • 8 * [ a  1 ( 1  - y * ) ]  
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= a I 3 - 2 + B* + a I 1 - + B* 

a 1 
= (2 + B*)[6 + 3B* - 6 - 213" + 1 3 " ( 2  + 13" - 3- B*)] =0 

(B-5) 

Thus it is shown how the assumed form of the Galerkin 

functions satisfy the boundary conditions. 
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APPENDIX C 

COMPUTER PROGRAM LISTING 

1110 

1120 
C 

GENERAL SOLI~TION FOR RA,)IATION CONVECTION FIN 
IMPLICIT RFAL~R(A-H,O-ZI 
nlMENSlON ZI30,30~,ZHI30~.ZH2130)tCOLIJMN|3O|,SAI30).CHI(60.60). 

ICAPLAMI~Ot60),OUEOOTI50)t OLASTI5OItCAPPSI|3OIt  
21~IFF|50)tEX130)tTHETA(3O),A(30|,ZHlI30),SHAPE|bO~60)tTRATI30)t 
3TE~PAVISO) 

DIMENSION F2X(51 )~F lX |5 | )~FOX|51 | tGX151)  
SORTIQ)=OSORT(O) 
ABSIO)=DARS|O) 
Y l X I X ) = . 3 S ( I o - X ) ~ 2  
Y 2 X I X ) = - . 3 ~ ( 1 . - X ) ~ 2  
D Y I D X ( X ) = - o 6 ~ I I . - X )  
OV2DXIX)= . 6 1 ( 1 . - X )  
~ I X ( X ) = I ° + X - X  
H2X(X|= I .+X-X 
S V I I n X l ) = I . + I O X l ~ O X l )  
SV2(nX2)=I.÷(OX2~OX2) 
F2XI IY I ,V2)=AKX~(YI -V2)~AR 
FlXl(Y1,Y2tOXl,OX2)z(DKOX~IYI-Y2)+AKX~(OXI-DX2)I~AR 
FOXlIHltH2,SItS2)=8~(IHI~(SI~O.5))+(H2S(S2$SO.5)I)SAR 
GXI{HItH2tSltS2)=B~I(H1STGlX~(SIS~O.5)|+tH2~TG2X~IS28SO.SI))~AR 
EPS2(X)=EFIN+X-X 
EPSI(X).=EFIN+X-X 
R=O.O 
~ k I T E I 6 , 1 1 1 0 )  
FORNAT(' INVERSE PARAAOLIC FIN WITH SLOPE |NCLIJDEO. t |  
WRITE(6~I120) 
FORMATI' IINIFORM FILN COEFFICIENT tH1X=H2X=I°O t )  
DEFINE FIN FUNCTIONS 
AR=O.O~I3. 
AKX: I .  
AKO=AKX 
AKC=AKO 
DKDX=O. 
TGlX=I .  
TG2X=I. 
EVALUATION OF FIN FUNCTIONS AT X=Oo 
X=.OOOOO001 
DAO=YlXIX)-Y2XIX) 
F2XI1 }=F2X l (Y lX(X)~Y2X(X) )=O°5  
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C 
C 

1030 
C 
C 
C 

FIXI1)=FlXI(YIX(X)tY2X(X)tDYIOX|X),0YZOX(X))~0o5 
FOX(I)=FOXl(HIX(X)tHZX(X),SYI(OYIOXIX)),SY2(OYZDX(X)})~0.5 
GX(I)=GXIIHIX(X).HZXlX),SYIiOYIOX(X)).SYZ(OYZOX(X)))~0.5 
END X=O. 
EVALUATION OF FIN FUNCTIONS AT X= I .  
EVALUAT[nN OF TIP PARAMETERS 
X=o99999999 
OAS=YIXIX} -Y2X(X)  
HS=OoSS(HIXIX)+HZX(X)) 
BSm(HS/AKX)~B 
TGS=O.Se(TG]X+TG2X) 
GNS=I3 .÷BS) I (2 .+BS)  
F2X(SI)=F2XIIYIXIX),Y2X(X))~0.5 
FIX(51)aFIXI(YIX|X}~Y2X(X),OYIOX|X)tDY20X(X))SO.5 
FOX(51)=F0XI(HIXIX),H2X(X),SYl(DYIOX(X)),SY2(OY20X(X}})~0.5 
GX(51)=GXI(HIX(X),H2X(X)tSYl(OY10X(X))~SY2(OY20X(X)))~.5 
END X = l .  
END DEFINITION OF TIP PARAMETERS 
S X = - I .  
00 1030 IX=2 t50  
SX=-SX 
AX=I .+O.5811o+SX) 
Xl=lX-1 
X=O.OZ*XI 
F E X ( I X ) = F Z X l ( Y I X I X ) t Y 2 X ( X ) ) S A X  
=IXI|X)=FIXI(YIXIX),Y2X(X)tDYIDXIX),DYEOXIX))~AX 
FOXIIX)=FOXI(HlX(X)~H2X(X)tSYI(DYlOX(X)),SY2(DY20X(X)))sAX 
GX(IX)gGX1(HIX(X),H2X(X),SY1|OY10X(X))~SY2(OY2OX(X)))~AX 
CONT|NU~ 
END FUNCT'ION STORAGE 
MAXIMUM MATRIX OIMENSIONSt NC=20, N0=21 
START LOOP FOR EVALUATION OF MATRIX ;LFMENTS 
NR=I 
NC=20 
NOmNR+NC 
Si211=0o 
$1111=0o 
S ]OI I=O.  
SJOl=O. 
S J I I = O .  
SJ21=O. 
SSHF=O. 
SJSI=O.  
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C STAR? NtJ~FRICAL INTEGRATIC)~ FI]R ( 1 . 1 )  AND l laNO)  
I){11031IX=1,51 
X l = l X - I  
X=OoO2*X! 
P l t X = X * X * X - ~ S * X * X  
TI21I=IF2XIIX))~I6.~X-~.~GMS)~P11X 
TIIlI=IFlX{IX)I~(3o~X~X-2.*G~S~X)~PI1X 
T[OII=(FOX[IX})~(X~X*X-G~S~X*X)~PllX 
T J n I = ( F O X ( I X ) ) ~ [ X ~ X - X ) ~ P I I X  
T J I I = I F l X ( I X ) ) ~ ( 2 . s X - 1 . ) ~ P I l X  
T J 2 1 = I F ~ X ( [ X ) ) S P I I X  
T J S t = ( G X ( I X ) ) S P l l X  
TSHF=GX([X) 
S1211=SI211÷T;211 
S I 1 1 L = S I I I l ÷ T [ 1 1 1  
S~O1]=SI011÷TIO]1 
SJOI=SJOI+TJ01 
S J I I = S J I I ÷ T J 1 1  
SJ21=SJ21+TJ21 
SJSI=SJSt+TJS1 
SSHF=SSHF+TSHF 

[031CnNTINIJE 
C END INTE~RAT|ON FOR ( l ~ I )  ANO ( I tN I } )  

Z ( I t l ) = S [ 2 1 1 + % [ 1 1 1 - S I O l l  
Z~II}=BS~TGS~(SJOI-SJll-2.~SJ21|-SJS1 
Z N I ( I ) =  {SJO1 - SJ11- ~.~ %J21 ! 
SHF=SSHF 
DOSOOO I=2,NC 
Z l = l  
51211=0. 
S I l l l = O .  
SIOI I=O.  

C START NUNERICAL INTEGRATION FOR ( l t I )  
001032 | X = l t 5 1  
XTfTX-I 
X=O.O2*Xl 
PI|X=X-GHS 
TI211=IF2XITX))*(IiZI-1.)~IZI-Z.)*IX**II-1)I)-1(2.*Z|ItiZ[-t.)~IX 

I**[})÷((ZI+I..)*(71}*(X**(|+I)))),PIIX 
TIILI=IFIXlIX))*(((ZI-1.)*IX**I))-((2.*ZI)~(X**(I÷tl))+((Z[+I.),I 

I X ~ ( I ÷ 2 ) ) ) ) * P l I X  
TIOII=(FOX([X))*((X**(I+I)}-I2.~IX4*II+2))}+IX**([+3))),PIlX 
S [21 i=S l211+T [711  
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1n32 
C 

5000 

C 

1033 
C 

5OIO 

S ] I I I = S I l l I + T I l l I  
S T O I I = $ I O I I + T I 0 1 I  
CT1NT[~LIE 
~NI) ]NT~GRATI(1N Fn~ I I , I )  
Z ( 1 , T ) = S l ? l I + S I l I l - 5 1 0 1 1  
CiINTI~tll~ 
nAbO10 ~=~,~C 
7K=K, 
$ I 2 K ! = O .  
S l l K I = ~ o  
S]O~I=Oo 
SJOK=O. 
SJ IK=O.  
SJZK=Oo 
~JSK=O. 
START NLIM~R|CAL INTEGRATION FDR ( K t I )  AND 
I~NIO33 [ X = l , S t  
XI=IX-I 
X=O.~X[ 
PKIX=(X~O(K-I))-(2o~(X~K))+tX~S(K+I)) 
TI2~I={F2X[IX))~I6.*X-~.~GMS)~PKIX 
TIIKI=IFIX(IX))~(3.~X~X-2.~G~S~X)~PK1X 
T]OKI=(FOXiIX))I(X~3-GM$~XSX)~PKIX 
T J O K = ( F O X ( I X ) ) s ( X ~ X - X ) ~ P K I X  
T J I K = ( F I X i I X ) ) ~ ( 2 . ~ X - I . ) ~ P K l X  
T J 2 K = ( F 2 X ( I X ) ) ~ P K I X  
T J ~ < = ( G X I I X ) ) # P K I X  
S I 2 K t = S I Z K I + T [ 2 K 1  
SIlKI=SIIKI+TIIKI 
S I O K I = S I O K I + T I O K I  
SJO~=SJOK+TJO~ 
$ J I K = S J I K + T J I K  
SJ2K=SJ2K+TJZK 
$JSK=SJSK+TJSK 
CnNTINUE 
END |NTEGR~TION FOR , I K ~ I )  ~ND iK~ND) 
Z [ K , I } = S I Z K I + S I I K t - S I O K I  
ZH(K)=B~TGS~(SJOK-SJIK-2.~SJ2K)-SJSK 
ZH1(K)  = ( S J O K - S J I K - 2 . ~ S J 2 K )  
CONTINUE 
005020 K=2,NC 
ZK=K 
005030 I=2,NC 

(K~ND) 

75 



AEDC-TR-69.88 

ZI=I  
S12KI=O. 
S I IKI=O.  
SIOKI=O. 

C START NUNERICAL INTEGRATION FOR I K . I )  
001034 IW=2.51 
XI=IX- I  
X=O.O2eX! 

C IX STARTS AT 2 SINCE FOR IX= I  X=O ANO THUS PKIX=O 
PKIX:  ( I I . - X ) * I I . - X ) ~ X e ~ I I + K - 6 ) ) )  
TI2KI=(F2XIIX¥)eII(ZI-L.)eIZI-2.))-II2oeZII~IZI-I.)~XI÷I(ZI÷I. I eZ I  

18XeX))~PK[X 
TIIKI=(FIX(IX))sI(ZI-I.)-(2.sZlSX)÷((ZI÷I.)sXIX))SXePKIX 
TIOKI=(FOX(IX))~I|.-X)S(I.-X)~X~XSPKlX 
SI2KI=SI2KI+TI2KI  
S I l K I = S I I K I + T i I K !  
SIOKI=SIOKI÷TIOKI 

1034 CnNTINUE 
C END INTEGRATION FOR I K t ( )  

Z I K t l ) m S I 2 K I ÷ S I I K I - S I O K !  
5030 CONTINUE 
5020 CONTINUE 

C END EVALUATION OF MATRIX ELEMENTS 

C THE FOLLOWING ARE CERTAIN INDEXING CONSTANTS AND SONE I N I T I A L  VALUES 
1=20 

C I REPRESENTS THE NUMBER OF ELEMENTS THE FIN IS DIVIDED INTO FOR RAD.INTEG. 
K=[ 

C N REPRESENTS THE ORDER OF THE GALERKIN ASSUNPTION ON THE SOLUTION 
N=IO 

C IR REPRESENTS THE NUMBER OF ELEMENTS INTO WHICH THE BASE IS DIVIOED 
1~=5 
12 =I÷1 
13 =2el  
14=13+I 
15=13÷18 
l ~ = l q + l  

C IENO CORRESPONDS TO THE TOTAL ELEN~NT NO. AND INCLUDES BASE 
IFND=I5 
JSTOP=I6 
THETA(K)=O.O 
OSTAR =O.O 
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TRATC=OoO 
EPSGAS=.9999 

CS~88@IosssssBs@~~esBss~s~s~Isssls~i 

C THE FOLLOWING IS A SEARCH FOR THE SMALLEST ELENEMT OF THE Z ~ATRIX 
A~IN=I.O 
DO 350 IY=I .N 
DO 350 KY=|~N 
AA=OABS(ZiIYtKY))-OABSiAMIN) 
IF (AA) 3S I ,351 ,3S0  

3S| ANINmOABS(ZI/Y~KY)) 
350 CONTINUE 

C THE FOLLOWING IS A NORMALIZATION OF THE Z MATRIX BY D]VISION BY THE ~lN ELEH. 
C THE ~INIMUM ELEMENT IS CALLED A~IN 

00 IBO NI=I~N 
O0 180 N2=I ,N 
ZINI~N2) = Z ( N | t N 2 ) / A ~ I N  

~RO CONTINUE 

C CALLING THE REVISED DOUBLE PRECISION INVERSION ROUTINE"VERTDR" 
CALL VERTDR (N~3OtZ.]CHECK) 

DO IA1 N3=I~N 
DO 1 8 1 N ~ = I , N  

|81 CONTINUE 
C ~ * ~ * * ~ * ~ ~ * * * * * ~ * ~ * ~ * ~ * ~  

IF (]CHECK +1) 133,13~,133 
136 ~RITE (6 t610 )  
610 FORNAT~, Z I K t ] )  ~ATRIX IS SINGULAR - SORRY AROUT THAT CHIEFe) 
133 CONTINUE 

EFIN=.2 
C iNSERT O0 HERE FOR PERMUTATION ON FIN EN|SSIV]TY 

BASE: I .  
C INSERT O0 HERE FOR PERMUTATION ON F]N SPACING 
C BASE IS THE NONDINENSIONAL FIN PITCH 
C ALONG IS THE RATIO OF NON-DIN.FIN LENGTH]N SUBROUTINE FACTOR TO THF NON- 
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C OIHENSIO~IAL FIN LENGTH l~t  THE ~AIm PRqGRAMo 
ALON~=[ , I {½AS~-o6)  

C BASEl IS THE RASE WINTH []F THE HPPFR FIN SURFACE° 
qASEI= o3=ALONG 

C BASE2 IS THF RASF WIDTH RF THE LONER FIN SURFACF, 
BASE2= ,3*ALONG 

C THE FOLLOWING SECTION TAKES THE SH6PE FACT~ MATRIX ~SHAPE' 
C SUBRRLITINE FACTOR AND CONPIJTES THF 'CH| .  ~ATRIX 

CALL FACTOR (SHAPE t I e I B ~ A S F I ~ A S E 2 t A L ~ N G )  
C CALCIJLATION OF THE 'CH I '  NATRIX ELEMENTS FOLLOWS 

DO 171 J L = | ~ 6  
~0 lhO I L = I ~ !  
CI=I 
CIL= IL  
EPSI I=  E P S I ( 1 2 . * C I L - I . ) * ( t . I I ~ . * C I ) ) )  
IF ( I L - J L )  161 .162 ,161  

1 6 1 C H I (  I L , J L ) =  ( - I I . - E P S I I ) / E P S l l ) ~  SHAPE( IL ,JL)  
GO TO 160 

162 C H I | | L . J L )  [] (I°-(II.-EPSII)~SHAPE(IL~JL)))/EPSII 
160 CONTINUE 

DO 16~ IL=12,I~ 
EPSI2= EPS2((2.~(CIL-CI)-I.)=(I./(2.~Cll)) 
IF { I L - J L )  16~165~16~  

166 C H I I I L ~ J L !  = (-(I°-EPSI2)IEPSI2)~SHAPE(IL~JE} 
GO TO 16~ 

165 C H I I I L , J L )  ={I.~((h-EPSIZ)~SHAPEII~.JL)I)/EpsI2 
16~ CONTINUE 

DO 166 IL= I 4 , 1 5  
EPS3=EFIN 
EPSI~= EPS3 
IF ( I L - J L )  167~168t167 

167 C H Z ( I L , J L )  = (-(Io-EPSI3)/EPSI3)~SHAPEIIL,JL) 
GO TO 1~6 

E68 C H | ( I L t J L I  = ( [ , - ( { I . - E P S I ~ ) e  S H A P E ( I L t J L ) ) ) / E P S I 3  
166 CONTINUE 

|F ( ] 6 - J L )  1~9~170,169 
169 C H I I I b t J L )  = I - ( t . -EPSGAS) /EPSGAS)= SHAPE(I6 .JL)  

GO TO 171 
170 C H I I I ~ J L )  = (I--(II.-EPSGASI~SHAPEIIb~JL)))/EPSGAS 
171 CONTINUE 

FRO~ 
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C CALLlr~G ~ll '~l~ll l lTl~Ir- V~HI CI 
C~I.I. VF. RTfl d I&,/'~O,pCI-.,I,,JCHi.:.CK) 
IF IJCI'I.¢:C'(+I) 1 7 2 . 1 1 3 1 1 7 7  

63r) Ff)Rt.,aT ( ,  T~F CMI i~.'.T~IX IS  SINGIILAW. THE P,~(IGRAM WILl.. CL1NTINIIE°I 

C , = * * * , = , , , = = , . . , =  = = * * * * , l , ,  ~ . = , ~ , * * = , ~ , , ~ , w * * * * * * ~ * * * * * * *  
C EVAL|J~TIf ]N O~ TH~ CAP I.At.ff)A FIJP,"CTINNS USING THF CH] MATRIX" 

Dn 100 M=t , . ISTOP 
C THE ~.,IIBSCR]PT M 1¢~ ,=(.RilVALENT TD THF SLIRSC~tlPT I IN THE AN~LY~I.~ 

C~=M 
IF Ir,~-I ) I03,I0%,I01 

|01 I F I m - I B )  I04,10t*,I02 
lOP. I F I V , - ) 5 )  105,105,106 
1 0 3  EPS = E P S I I I C ~ - . 5 ) / C I )  

C.O TO 107 
104 EPS = E P S ~ I I I C W - C I ] - . S I / C I )  

Gh TO 107 
LOS EPS = I:PS3 

GI'I TD 107 
[06 I=PS = FPSGAS 
107 EPSCI'IN = E P S / I I . - E P S )  

,3D tOO MM=I~,JSTOP 
C THE SUBSCRIPT MM IS E(,IIJIVALENT TO THE SUqSCRIPT K IN THE &N~.LY~IS 

CN=qM 
IF (M-MM) I O O R ~ , t O R t l O O R  

100~ CAPLAMI~,Mt~)= EPSCON * I--CHIIM,N~)] 
r, fl TO 100 

109 C~Pt .AMIH,MM)= EPSCON * ll,-CHIItA,MM)} 
100 CONTINUE 

:::::::::::::::::::::::::::::::::::::::::::::::: 
C INSERT f)O MERE FOR PERMUTATION ON RADIATION NUMBER (RN), 

RN=-5, 

ICCilINT = 0 

O0 ].OR I~=I~JSTOP 
OIIEDNT I I = ) = 0 . 0  
TE~P&V (14 )=0 .0  

IOR CnNT[Nl lE  

GO TO i q O  
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2.000 CrlNT [~UE 
rlr) I001 ~4=I,JSTnP 
SI IN=O o 0 
nil l l O l  MM= 1,1 
S(It4=Stt~+CAPLAe4( Mt M~)* I ( I . ÷ (  | TRATC)-I.O)STHETAI Ni,i) ;8,~4) 

l lO1 CiINT ]NilE 
r)n 1102 ~M= I ~ , 1 3  
SI; I~:SUM÷CAPLAM(M,NM) * |  { I . + {  | TAATC ) - I  oO)STHETA( MN- I  ) ),~841 

L102 CCINT | NIlE 
Dr) l l 0 3  ~H--14,15 
SUMaSUM÷CaPLAM(MtMM) 

! 1 0 3  CnNT |NIJE 
SlJr.~= SlJM÷C A PL AI~, ( M ~ 16 )~, I T~ATC88,t ,)  
I3|JEi')OT (N)  = AN*S|IM 
B I F F I M ) - -  oI.JEI'JOT(N)- OLeLST(N) 

lO01 CONT INiJF 
C PRI'IGRAM LOG|C FOR CHECK|NG ON CONVERGENCE OF ITERATTVE NETHOD FOLLOWS 

I LI30K =0 
151 ILOOK = ILOflK + 1 

IF  ( I L O F J K -  13 )  1 5 2 t 1 5 2 t 1 5 4 0  
152 IFIDABSIDIFF(ILOOK))-OABS(OUEDOT(ILOOKIS.001))ISIt151,153 
153 CONTINUE 

OSTAA =AN* ( ( E P S I ( I o ) ÷ E P S 2 ( I o ) ) / 2 . ) ~  ( ( I T H E T A I K ) , I =  I T R A T C - I . 0 |  
1 + 1 .  ) ~ * 4 ) - ( T A A T C ) 8 8 4 )  

150 CONT |NILE 

C NUI~ERTCAL ]NTEGRATTON T61 EV&I.UIkTE Z H 2 { I )  
CONST = ( l . l C l ) 1 3 .  
Y I N = (  (OLIEOUT ( ! ) - (  IOUEDOT ( | - 1  )-OlJEDOT ( T ) ) 1 2 .  )~t( ( I . + O Y I D X  ( 1 .  ) st,=2 ) =~'~ 

1 . 5 ) + ( O U E O O T (  I 3 ) + ( O U E D O T (  I 3 ) - O t I E D O T I  I 3 - 1 )  ) ! 2 .  ) '~l  ( 1 . + ( O Y 2 D X (  I .  )=~'~L~) 
2 ] ~ * o 5 ) ) * l  1 , - G M 5 )  

EVEN=O.O 
f}l)D=O,O 
ISTOP = I - 2  
NC=N 
O0 120 KK =2,.ISTOP,.2 
CKK=KK 
EVEN = E,VEN+ ( ( ( O U E D O T ( K K ) ÷ O U E O O T ( K K + I ) } I 2 °  ] 8 | ( 1 o +  D V I O X ( C K K I C I ) = ~ t  

I2)v~w',5)+((OIIEOOT(KK+T)+FJUEDOT(KK+I+I)}/2°) w~ ( ( 1 . +  OY2DX(CKKICI}W~w~ 
2 7 ) w ~ * , 5 )  ) ~ ( ( (CKK/C [ ) ~ 3 o  ) -GMS=(  (CKK/C I ) 8 ~ 2 )  ) 

CKKO-CKK+1 . 
I')OD = ODD + ( ( I  OUEOOT ( K K + I ) +  OUEDOT(KK+2))I2.)===I(l°+DYIDXICKKOIC 
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I I ) ~ 2  ) = 8 . % ) e (  | D|IFr)I']T ( K K + ] + i )  +r-)IiGI)."JT ( KK+I  +? ) I / 2 .  I s |  t ]. ,,,.+DY20")X ( CKKi ] IC 
EI)~.)os,5))'~(I(CKKilIC[)~'4)-Gle%~(ICKKI)/CI ) s = ~ ) )  

1.~.0 CnNT INIJ~ 
YL l = (  | (r)IJFDOT ( l )+QUEI}OT I ~ ) ) 1 2 .  I S |  ( I . + D Y I I ) X I  l .  I C I  )m*~)~s. , ,  ~ Iv,.( I 

lhiJEX)l'iT ( l÷ ' t  ),.I.ClilI=I'}OT | I +2  i ) i 2 ,  l e t  I 1.+l )Y21)X ( 1 . 1 C I  )~, ;~  I a * . 5  ) i s  
~.1 I I , I C f l S O 3 , ~ -  G M S S I l t , I C I ) e e 2 ) )  

C •PPLICATI I ' IN I'lF SIMPSONS ROLE GIVES FOR Z H 2 I I )  THE FOLLOWING 
Zl-~2(1) = CONST e ( 4 . 8 ( Y t | +  [)ODI+2**EV~.N + VIM) 

C NIJPtERTCAL INT;GRATION TO EVALUATE ZM2KK) K= 2,,N 
O0 I ~ I  KEXQ=2,NC 

C VKIT~RI') )61~I}  Y , ( ( N )  = ZERFI 
OI)11,= 0.0 
EVEN= O , O  
DO 122  KK= 2 t I S T U P , ~  
CKK--KK 
O=CKK/C I 
CKKO--CK<+I ,, 
[ ) I I=CKKOIC I 
AKEWP = KEXP 
EVEN = EVFN + ( ( I O i J E D O T I K K ) +  O I J E O O T ( K K + I ) I I 2 , ) * I ( I , +  D Y I D X I O )  

I * e 2 ) * * . 5 ) + | ( O U E O O T ( K K + I ) +  OLIEDOT(KK+I+I)II2.I*III.+OY2DX|O) 
2 e e 2  ) e e .  5 ) ) • ( I Dee ( AKE XP+ I • ) - 2 .  • ( Dee ( AK EX P } ) + D e e  ( AK EX P-  1 .  ) ) ) 

OnD = or)o + I I I O U E : ' ) O T I K K + L ) +  OtlEDOTIKK+2))/2.),k((1.+OYtDX(OD),e2) 
l e ' x , 5 ) +  ( ( O(JEDOT ( K K + I + ! )  + OIIFDOTIKK + ] + 2 )  ) 1 2 ,  } e l  I l , + l ) V 2 O X ( D O ) * e 2  
2 ) e e . 5  ) ) e ( r ) o e e ( A K E X P + l  • ) - 2 . * ( I ) D e e A K E X P ) + O O V ,  ,~,l AKEXP-1 ° ) ) 

122 CONTINUE 
Y K t = ( (  IO|l¢DOTlt)+QtJFf)OTI2))/2.)e((l°+DYIOX(l~,lCIIe.2)**.Sl+ 

t ( (OIJEOf}T ( I + l  )+OUEDOT ( I +2  | ) 1 2 .  ) * I ( L .  +OY2DX ( 1 .  IC  I ) * ' ( '2  ) * e .  5 ) ),(, 
2 ( ( I . / C I  ) s e ( A K E X P + I . ) - 2 . * (  ( 1 . / C I  ) *~ 'AKEXP)+ (  1 . / C  I l e e ( A K E X P - I .  ) ) 

APPL ICAT ION OF SlMPSONS RULE GIVES FOR Z H 2 ( K I  THE FOLLOWING 
Z H 2 I K E X P ) =  CONSTe I ~ , . , I , ( Y K I + O D D ) + 2 . e E V E N )  

121 CONTINUE 
C EVALUATION OF THE COLUMN MATRIX ELEMENTS Ff)LLOWS 

Oil 123 K K = I , N C  
CI'iLI, J t~NIKK)= Z H ( K K )  - ( O S T A R e Z H ' I ( K K ) ) / A K X  + Z H 2 ( K K )  

123 CONT IN|IF. 
C ee*~,**e,peeeee,ee**eee,e,e**eee,ee***e,eee**e**eeee,ee**e*****,~****e, 

C EVAI.I.16.TION OF TH;_ A ( H ) , S  FOLLOWS 
C K~[ i  = K t IGO = I 

00 127 KGO =I ,N 
A(KGO)=O°O 
O0 127 IC, O = I ,N 
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A(KGO)=AIKGO)÷COLUMN(IGO)~ZiKGOtIGO) 
127 CONTINUE 

C EVALUATION OF CAPPSIIMO) HO=l tK 
CONST2 =4S~TGS - OSTAR/AKX 
nO 129 MO=I~K 
CKK=K 
AHO=MO 
EX(NO)= ( ~ o * A H O - I . ) / ( 2 . ~ C K K )  
CAPSI I  = A ( I I S ( E X I M O I - G M S ) * I E X I M O ) * * 2 . )  
CAPPSI (Hn |=  CAPS[ I  
00 L2A NOD =2 .N  
AMO0 = MOO 
CAPPSIIMO)= CAPPSI(MO)+ A(MOO)*IEXINOI~S(A~OO+I.)-2.e(EXIMO)e,AMO0 

1 ) +  E X I M O ) ~ * I A M O O - I o ) )  
128 CONTINUE 

C EVALtlATION OF THETA ( l )  
THETA(MO)= CAPPSIIMO)+ CONST2 • (EXIMO]=~Z-EXIMO} )  
TRATIMO)=THETAIMO)8(TRATC-I.0)+I°O 

129 CONTINIJE 

C CHECKING FOR DIVERGENCE OF SOLUTION 
OO 12R2 RA=I ,K  
IF ( T H E T A ( N A ) + I ) I 2 8 0 t 1 2 R O , 1 2 R I  

12R1 IF ( T H E T A | M A ) - 2 . 0 ) 1 2 8 2 , 1 2 8 2 , 1 2 R 3  
1280 T H E T A ( M A ) = - I . 0  

GO TO 1282 
1283 THETA(MA)=2.0  
1282 CNNTINUE 

C AVERAGING THETA FOR THE NEXT ITERAT|ON 
FCOUNT= ICOtlNT+I 
nn 12R5 NIIB=19! 
THETA ( N|JR ) = (T EMPAV (N| IB)~(  FCOIJMT-1 o0 )+THETA ( NLJR ) ) / FCOUNT 
TFNPAV(NtlR ):THETA (MU~) 

1285 CONT INUF 

C==eeeeeeeeeee~ee~eeeeeeee~e~e~e~ee=eee~eee~ee~ee 
C THE NFXT CONPUTATION SAVES THE N-TH OLIEOOT ITERATION ~EFORE GOING ON 
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nO 140 T~ =1~ I3  
OLAST( IO)=  OUEOOT(IO) 

140 CONTINUE 

C ICDUNT IS THE COUNTER FOR KEEPING TRACK OF THE NUMBER OF ITERATIONS PERFORNED 
ICOUNT g ICnUNT ÷ 1 
I F ( I C O U N T - 3 0 ) 2 0 0 0 t 2 0 O O t 1 5 6  

[560  HRITE(6~6D3)  [COUNT 
603 FORNAT |O|THE ITERATION CONVERGED ON THE ( e I ~ O ) T H  ITERATION, RESLIL 

ITS FOLLOH. e ) 

C CALCULATION OF THE FIN PERFORHANCE PARAMETERS FOLLOWS, 
C DRSUN REPRESENTS THE ACTUAL FIN HEAT TRANSFER BY RADIATION, 

156 DRSU~ = O,O 
DO 190 LA =I,I 
FLA=LA 
ORSUH = QRSIJN +(OUEDOT(LA)/CI)~III.+IDY1DXI(FLA-oS)/CII)e~2)~oS) 
ORSU~ = ORSU~ +(OUEDDTILA+I)ICI)~III,+IDY2DXIIFLA-.S)ICI))~2)~ 

1 , 5 )  
190 CnNTINUE 

~RStlM = ~RSU~ + OSTA~ • ( Y 1 X I ~ . I - Y 2 X ( I , ) )  
C OCSUH REPRESENTS THE ACTUAL FIN HEAT TRANSFER BY-CONVECTION. 

OCSU~ = O.O 
O0 191 L B = I ~ I  
FLB=LB 
OCSIJ~= OCSUM +(~ICI)~ITHETAILB)-Io)~(HIX(IFLB-oS)ICI)~I|lo+IDY1DX( 

I I F L B - , 5 ) I C I ) | ~ 2 | ~ o S ) +  H2X((FLB-,5)/CI)~I(I,÷(DY2DX(IFLB-o5)ICI)) 
2 ~ = 2 ) = ~ , 5 ) )  

191C~NTINUE 
DCSUN= OCS(IN ÷ ~ (THETA(I)-I.I*(IHIX(I,}+H2XI1.))/2,}*(YIX(1.)- 

I Y 2 X ( l o ) ~  
C ORBASE REPRESENTS THE ACTUAL BASE HEAT TRANSFER BY RADIATION 

ORBASE = O . O  
ARE~R = BASE - ( Y 1 X I O , O ) - Y 2 X ( O , O ) )  
O0 192 L C = I ~ I 5  

OqBASE = ~RBASE ÷ OUEDOT|LC)~ (AREAR/FIq)  
192 C~NTTNtJE 

C OCBASE REPRESENTS THE ACTUAL B~SE HEAT TRANSFER ~Y CONVECTION, 
OCB~SE =-R~|(H1XIO.O)+H2X(O,O))/2oI~AREA~ 

C ORBED IS THE IDFAL BASE ~ADIATION HEAT TRANSFER, 
O R B I D = R N ~ | I o - T R A T C ~ ) ~ A R E A ~  
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C OCRID IS THE ]OFAL BASE CONVECTION HEAT TRANSFER 
aCBIN : OCBASE 

C ORFIn IS THE |OFAL FIN RAOIATION HFAT TRANSFER. 
QRFIn I O . ~  
n|! 193 L O = l e I  
FLD=L I) 
~RFIO=ORFID+RNe(1.-T~ATC~4)~I(I.+(OYIDX((FLO-.5)/CI)W~)O~.S)/C|+ 

[|lo÷(DYZIIX(IFI.I)-.5)/CI)~2)s~.5)/C|) 
I q 3  CnNT|NUE 

~RFID:~RFIt]eRN~(1.-TRATC*~4)~(YIXIIo)-Y2X(1.)) 
C DCFIO IS THE |OEAL FIN CONVECTIVE HEAT TRANSFER. 

OCFIf)=O°O 
DN I94  LF = I t |  
FLE =L~ 
OCFI~ =QCFIn-BSIHIXI(FL~-.5)/CI)~III°+DYIOX((FLE-.5)ICI)~e2)s,.5)+ 

IH2X((FLE-.5)/CI)~I(I.+DY2OX((FLE-o5)/CII~eZI~°5))sII./C]) 
I g 6  CONTINHF 

OCFIrl =OCFID-8~(IHIX(|.)+H2X(I°))I2°)~(YIXII.I-Y2X(I.)) 
~TA=(~RSIJM +OCSUM)/(ORF|O + OCF]D) 
APENIT= (DRStlN +ORBASE -OSTAR~ I Y I X ( I . O ) - Y Z X ( I . O ) ) ) / | R N ~ I L ° ÷  

I T R A T C ~ k ) ~ B A S E )  
FFL(JX=(ORSUN+ORBASE+OCSUM+OCBASE)/IIORB|D÷OCB|O)~IBASE/AREAB)) 
WRITE | 6 t 6 6 I )  ORSUN eOCSUMtOR~ASEeOCBASE,ORFEDeOCFIDt ORAIOtOC~l~ 

h¢1 FORMAT ( / / '  ACTUAL FIN RADIATIVE HEAT FLUX = ' E l ~ . 5 . 1 O X e '  ACTUAL F 
I I N  CONVECTIVE HEAT FLUX = ' E I 3 . S e / t '  ACTUAL BASE RAOIATIVE HEAT FL 
?U~ = ~ ; 1 3 . 5 e 9 X t '  ACTUAL BASE CONVECTIVE HEAT FLUX n ' E I 4 . 5 ~ / ~ '  |OEA 
~L F [~  RADIATIVE HEAT FLUX = ' E I ~ o S ~ I 1 X t '  |DEAL FIN CONVECTIVE HEAT 
4 FLUX = ' E I 3 , 5 . / t '  IDEAL'BASE RADIATIVE HEAT FLUX = 'EL~oS~ IOX,  
5t  ]DEAL BASE CONVECTIVE HEATFLUX = ' E | ~ . 5 )  

~ R I T E ( 6 t 6 6 0 ) '  ETAtAPENIT~EFLUX 
~ 0  FORMAT(' FIN EFFICIENCY : ' E l 3 ° 5 ~ l t '  APPARENT EMITTANCE ~ ' E I 3 o 5  

1 ~ / ~ '  EFFECTIVE HEAT FLUX = ' E 1 ~ o 5 )  
155 DO 1 ~  I T = I , I  

NTmIT +! 
HRITE 1 ~ 6 0 4 )  IT .OUEDOT(IT)~ITeOIFFIIT)~NT~OUEDOTINTIeNT~DIFFiNT) 

~04 FORMAT ( '  D U E O O T ( ' 1 2 ' )  : ' E I 4 . 7 , 4 X ~ D I F F I I I 2 ' I  = ' E I 4 . T ~  OUE 
I D O T I ' 1 2 ' )  = ' E I 4 * 7 ~ 4 X ~ ' O I F F ( ' 1 2 ' ) =  ' E 1 4 o 7 )  

138 CONTINUE 
NRITE(&~4R)(OUEOOT(NU)tNU=14~I6) 

4B FORHATI6E20°5) 
O0 ~ 9  IA= | t N  
~ R I T E I 6 ~ 6 O S ) I A , A I I A )  

~05 FORMAT(' A ( ' 1 2 ' )  = ' E 1 4 . 7 )  
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1~9 

1~1C{0NTINI IF 

77R 

777 

779 

78O 
49 
50 
51 

Cf}NTINIJ~ 
I~ALF =I f? 
l.J 1&l IT=I,IHALF 
I~=IT+IwAL~ 
wRII~(6,6~)IT,TH~TA(IT),IT,TWAT(ITI,IS,THFTAIIS),IS,TRATII~I 
FIIRYAT(' TWFTA('I~') = 'EI¢.7,4X,,TRAT(OIEO) = OEt&.TO==*=* THFTA( 

'T¢AT | * I2 ' )  = 'F16.7|  

WRITr(6,77~)~ 
FRR~AT(' THE CONVECTION NUM~R='F6.2) 
wRITF(6,777)RN 
FORMATI o THF RADIATIO~ N(JN~ER=*F6.?) 
WR11F(~,77q)BASE 
F~RMAT(, THE FIN PITCH TO LENGTH RATIO. IS 
WRITF ( ~ , ? B O ) E F I N  
FORMAT(= FIN SURFACE FMISSIVITY = eFt.A) 
CONTINUE 
CONT INL/E 
CONT INLIE 
~0 T~ 135 

a F 6 , ~ )  

156 WRITE (~,hg~) 
626 FORMAT ('ITHE ITERATIOn SCHEME FAILED TO CONVERC,~ IN 30 ATTI=NPTS A 

IND HAS REEIV TFR~INATEI~. vAn.IIE~ EXISTING AT TERMINATION FOLLOW. n ) 
~0 TN i 5 4  

135 STOP 

C 
C 
C 
C COMMENTS ON StpI~ROUIINES 
C 
C 
C 

C 
C 
C 
C SUBROUTINE VERTOR IS AN AEI)C IBM 3 6 0 / 5 0  LIBRARY SUBROUTINE MOOIFIEO TO RELAX 
C CERTAIN INTERNAl. ACCURACY RESTRAINTS. VERTOR IS A OOUBLE PRECISION MATRIX 
C INVERSION SU=~ROUT INE. 
C 

C 
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C 
C 
C SI)P, qNUTI~'F FACTIIR IS A OtIIIRLE P~FCISINN SIJ~RI")|iTINF F(IR CAI.CIJLATIP, tq THk." 
C SHAPF. FACTr)~¢, II, F THE VA~]Ot/S ,=t.F,'.;FI~T~ IrSE'l) IN THF RAI'J[JTIQN ANALYSIS,,. .FACTOR 
C IS A,,~ API~LICATInN C)F T~E ¢;TRING I,=ttLVGI1N ~.THOrl I'lF CALCIILAT|NG SHAPFFACTI")RS. 
C FACTr]~ wa, S I~FVFL=IPFD ~Y I'tkt,, N~LTE~ ~ , t . ~T  C~F THE |JN|VERSITY i'lF TENNE.CSEE 
C SPACF |~,.,$TTTttTF. ANI'~ WILL SOON I~F. PLoRt. ISHF: O Acj AN AI::I)C TnR. 
C 

C 
C 
C 
C SIIRR(IIJT]hiE VEI~TO IS AN AFOC IqM 360150  LIBRARY SII~ROLJTINE FOR I1OIIRLF 
C PRECISION MATRIX INVERSION, 
C 

ENO 
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