- -

AD 686643

MULTIPLE-SFRVERS OUEVE WITI TUL! ARPIVALS

by

D.Z. “ittwoch and B. Avi-Ttzhak

Operations Research, Statistics and Feonomics

Himeograph Series No. 30.

This research has been sponsored in part by the Logistics
and Mathematical Statistics Branch, Office of Naval

a
Research, Washington n.c, under Contract F61052-68200i4.,

December 1968,

Reproduced by the
CLEARINGHOUSE
for Federal Screntific & Techmical
information Springfield Va. 22151



ABSTRACT

'The transient and steady-state behaviour of the MM/r
queueing process with bulk arrivals is analysed. The transient
behaviour is treated in terms of Laplace transforms, ard steady-
state behaviour - in terms of generating functions and prebabili-
ties. The influence of the bulk-size variance on the expected

queue size is discussed st some length.



MULTIPLE-SERVERS QUEUE WITH BULK ARRIVALS
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INTRODUCTION

In many queueing situations, customers arrive in bulks and are served
individually. Such is the case, for example, in an airport, where passengers
arrive as a single group in a plane but are served individually at the passport-
contro) and customes counters. The present paper deals with a system where bulks
with randomly distributed size arrive, in a stationary Poisson stream, at a single
queue attended by r servers, the queue discipline being first-come-first-served.
Members of a newly-arrived bulk join the end of the queue in a random order.
Service times are assumed to be mutually independent, with an identical negative
exponential distribution. The transient and steady-state behaviour of the system
is analysed, and some closed-form results concerning queue sizes are derived.

A similar bulk-arrivals model, in which service is provided in batches,
was derived by Loris-Tegham [1] who formulated the Kolmogorov equations and
obtained sclutions for special cases. The case r =1, a single-server system,
was studied extensively by Gaver [2] using the imbedded Markov chain method.

Here the solution is approached through Kolmogorov's forward differential-
difference equations, using generating functions and their Laplace transforms.
In the steady-state situation, particular attention is given to the effect of the
mean and distribution of the bulk size on the average queue size.



MATHEMATICAL MODEL

a. Transient bLehaviour

The bulk arrival rate is denoted by A and bulk size is assumed to be
arbitrarily distributed as a random variable N, possessing a probability mass
function fN(n), n=1,2,... . ‘Ine service rate for each of the r servers is

denoted by .

Let Pji(t) denote the probability of there being i customers in the
system at time t, given that at t=0 their number equals j. For simplicity,
we omit the subscript j and use Pi(t) instead of P.i(t). Kolmogorov's
forward differential-difference equations take the following form:

i-1
P = ) £,Gmp, () + Mintiel, sl (8)
- (A+min(i.r}u)Pi(t) , i=1,2,... , (@)
and
T P8 = - 2 (8) + up (t) . @)

Note that fN(n) = 0 for n«<l.

We now define two generating functions:

6z,t) = ;E2tp (1) lzf <1 . ®

Gy(z) = Ea"gm) , lz2] <1 . )
The Laplace transforms of G(z,t) and Pi(t) are defined as

G*(z,s) = Ze'Sth(z,t) , Re(s)>0 , (5)

and
PI(s) = Ze'Sthi(t) , Re(s)>0 . (6)



The Laplace transform G*(z,s) is obtained from Eqs. (1) and (2) by taking
first the generating functions and then referring to relations (5) and (6):

221 uﬁ:;(r-i)zip;(s)

sz+Az(1-GN(Z))¢(z-l)ru 'y

G*(z,s) = ™

where j is the number in the system at time t=0.

In Eq. (7) the Laplace transforms P;(s), i=0,1 ...,r-1 are unknown.
The following method is suggested for determining these functions: define a
generating function

Q(z,t) = zzz Py(t) , [z] <1 . (8)

From Eqs. (1) and (2), we obtain
2 2
it Azt - u(l-2) 52 Qz,t) =
-2 4 ]
ALk ofN(i-m)Pm(t) - QO - 1 . (o)

This nonhomogeneous partial linear differential equation can be solved for Q(z,t)
in temms of Pi(t), i=0,1,...,r-2. The solution is obtained in the form
f(u(zoth). V(Z.t.Q)) = 0, where

u(z,t,Q) = C, » C, = constant ,

v(z,t,Q) = C,, C, = constant ,

and

satisfy the equations

dt _ _dz - dq(z,t)
1°06D ° an- AE AR e (Lm0 - (DT P (1)

(20)

The functional form «€ £ is obtainable from the initial condition of the process
(For details ses Snedd... [3]; the same method is used by Saaty [4] in solving the
M/M/T process).

After some rather .sngthy manipulations, the desired solution is obtained
in the following form:
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Qz,t) = 35 15 {te“t'")(1-(1-z)e'““'“))‘fN(i-m)pn(u)du

. Q(z.op(r-n{‘e“"“)(1-(1-z)e"‘("“))"zpr_l(u)du (1)

where

0 if jor-2
Q(z,0) -{j
z otherwise .

Taking the Laplace transform of Eq. (11), we have (note that the right-
hand side of Eq. (11) is given in forms of convolutions):

02 1§ RODQGEDIY
i=]l m=0 w=0 s+(I-w)ye ]
3 1)

r:2 ‘'w

*+ Qz,0)+(r-1) Lk, ey Pra(®) - 12)

Equation (12) is an identity of two polynomials of degree r-2 in z. The
coefficients of equal powers of z on boti sides must be identical, hence, (r-1)

e rpes -

linear equations are obtainable, relating P;(s), i=0,1,...,r-1; these are
conveniently derived by repeated differcntiation with Tespect to 2z at 3= 0,
and yield

A£ () () ()
o)+ 5 ol fyuewrgert I et BEORC0 b
Y (1)
+ UP;_I(S)(T'I)( i ) Eto (’1) m’ Y, 1-001"""‘.2!
where
‘e { 1 if i3
0 otherwise.

Note that in Eq. (13), and throughout this psper, & sum in which the upper limit
is less than the lower limit is defined as equal to zero.

We now have r-1 1linear equations and r unknowns, namely Pi'(s),
i=0,1,...,r-1. The missing relation is obtained from Eq. (7). G*(z,8) is
analytic with respect to z in |z|§ 1. The denominator of Eq. (7) has exactly
one zero in |z|_< 1, vhich must also be a zero of the numerator yielding the miss-
ing linear equatjen in P;(s), i=0,1,...,r-1. To prove that our denominator has

-



one zero as above, let

8(z) = - MGy(z) - 1y,
and

£f(z) = (A +r1p+8)z,
For |z| = 1 we have

l£Cz2 | > la(2) |

It follows then from Rouche's Theorem that f£(z) + g(z) (which is our denomina-
tor) and £(z) have the same number of zeros in 2<1, and since f£(z) has
exactly one zero in |z|< 1 (at 2=0), the denominator of (7) has exactly one
zero in  |z]< 1. On |z| = 1 the denominator cannot equal zero, since

I£Cz) + g2 | > [£(2)] - [g(2) | >0,
and the proof is complete.
The single zero in question is real for s = Re(s). If we denote it by L
the additional linear equation takes the form

j+1

rtl
o

(z,-1) WEg(r-D)z) Pyes) + 2l a0 (14)

Clearly, only numerical solutions are possible for the general case, since z,
is unobtainable in closed form. For bulk sizes not exceeding 3, z, can be dcter-
mined in closed form as a solution of a polynomial whose degree is the maxipum

bulk size plus one.

Tue form of P;(s), i>r, 1is readily obtained from Eq. (7)

P3(s) = u:Eé(r-n)P;(s) [%‘2 - %Q]

1 if 1i=j
where n '{o otherwise,

2=0

’ (15)
2=0

A(z,wW) = iw—w (szdz(l-(;N(z))o(z--l)t'u)'l ,
a2

and A(z,w) = 0 1if w<0,



b. Steady-state behaviour

The steady-state generating function for the number in the system, denoted
by G(z), 1is obtained as follows:

-0yl r-n)z'p,
S0 * iy 6009 - pE RIS - ey

where Pi - %.:l.: Pi(t).

The values of P i=0,1,...,r-1, are obtainable as the solution of the

i:
following set of r 1linear equations:

A€, (n-w) (M (")
izl re2 Ngl ned E N i
wzo £ (1-w)P o n!1 wgo Eso(-l) _r*_TE_‘_

ek, (r-z-i)
ce-nw OIS e, ae0,1,2,00,102 ,an

Pi-

and
WIo(r-10P, = Tu- AEQN). (18)

The (r-1) equations given by (17) were obtained as ths limit of equations (13),
and the r-th equation, (18), is obtained by setting =1 in equation (16). It
can be shown that the steady-state condition is

o = MM ., (19)

Ty

For example, for r = 3, the solution of (17) and (18) is:

P = 3 - rp
[ A A LA
3e2le g 0ol M)
20)
A 1 A A A (
Pl = ;IPO' and lei((I*? a-ifN(l))PO.

The expected number of customers in the system, denoted by L, is readily
obtained from Eq. (16) as

2
L 5109 1552 ik «E{Si— +1)e + 24(1-p)) (r-1)P, @0



and the variance of the number in the system, denoted by V, is obtained as:

E(N2 E(NS E(N? 2
g1 (so(gfml * 11 +o(Efed - 1) ¢ 31(1-1) (1-p) L PMEfR ¢ D )
0

= 3r(l - p)° 2r(1 - 0)°

Ve

. (r-i.)l’i + L(1-L) . (22)

In the special case where N is a constant, say N = C, Pi' i=0,1,...,r-1,
is obtainable in closed form as follows:

r(l - p)
* < -N n= ’ (23)
reth G ol G o w
and
I,o i-1 .2
Pi " .Eo (‘-‘ +m), i=1,2,...,2r-1 .

Substitution in (21) and (22) yields closed-form expressions for L and V.

Figure 1 gives the value of L/r as function of the expected bulk size,
E(N), for different values of r with p kept constant at 0.9. The solid lines
represent the case of constant bulk size and the dashed lines that of geometrical-
ly-distributed bulk size. The figure shows that L increases approximately
linearly with E(N). Also, for the geometrical distribution L is greater com-
pared to the constant bulk size case.

Intuitively, one would expect L %0 be smallest when the bulk size is
constant, tha® is fN(E(N)) = 1. This conjecture is also supported by Figure 1,
vhere L for the constant bulk size was found to be smaller than for its geometric-
ally distributed counterpart with identical mean. Here, only one sufficient con-
dition will be proved, a more general proof being too complicated.

paper, identical in all respects except for the bulk-size distribution. If the
bulk sizes in A and B possess probability mass functions fy,(.) and £ng ()
respectively, such that ":(NA) » B(NB) =C>r-1, and fNA(i) =0 for i=0,1,...,r-2,

then I.A>l.B if and only if V(N )>V(N

A B)'



Proof: Let Pi(A) and Pi(B)’ i=0,1,2,... denote the steady-state probabilities

of there being i customers in system A and B, respectively. From Eqs. (17) and
(18) it follows that:

Pi(A) = Pi(B) » i=0,1,...,r-1 . . (24)

Substitution of Eq. (24) in (21) yields:
V(NB) V(N

) .
_TU—FA_ A CEV NI (25)

From Eq. (25) it is seen that (L - LA) is an increasing lincar function of

(V(N ) - V(NA)) For the special case where the bulk size in system A is constant,

we have
v (NB) Ty

L rm—v i’O (r-i)P (A) > o . (26)

il
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