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CONFIDENCED NORMAL AND LOGNORMAL RELIABILITY 

FOR ANY SAMPLE SIZE 

ABSTRACT Cross-Reference Data 

For a given mission     Reliability 

life (x), an exact 100C%     Confidence Interval 

lower confidence limit on    Neyman 

population reliability is    Normal 

found. Lognormal 

The conditions and/or   Estimator 

assumptions underlying this  Parameters 

analysis are: (1) The popu-  Exact Sampling Distribution 

lation is either normal or   Independence 

lognormal, (2) A sample of   Jacobian 

two or more representative 

failures is available. 

Neyman's general classical 

method of confidence inter- 

vals is used.  This is pos- 

sible because the distribu- 

tion of the reliability 

estimator is a one parameter 

distribution which is inde- 

pendent of both failure 

density parameters and 

mission life. 
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1.   INTRODUCTION 

Important aspects of this analysis are: 

a. Two-parameter distributions are dealt with. 

b. Both parameters are estimated from the sample 

(i.e., no parameter is "assumed to be known)'! 

c. A representative sample of size 2. or greater 

is acceptable data. 

The results of the analysis will be presented first 

for the sake of brevity. 

The derivations will be carried out for the normal 

population only, since the lognormal case is only trivi- 

ally different. 

The general procedure in the derivation of equation 

(1) will be: 

1. Find the joint  density  of ^C<-     and &" 

2. Obtain the density and distribution function of 

O        by making a change of variable. 

3. Use Neyman's method to obtain a one-sided con- 

fidence interval for f\ 

4. Simplify the resulting expressions. 



2.   NOTATION 

n    = sample size 

sCC} 0~~ -  normal population mean and standard deviation 

yC^, )   &~   -   estimators ofy/st  ancj CT~ 

x    = mission life 

(\        = Population reliability 

(\        -   estimator of f\ 

^[fa)  = —!— I        £? * /^   = standard normal dis- 

2 
tribution function 

= standard normal fractile function (inverse of 

distribution function) 

y/^~  > Cs = estimates of A^C   and £* 

//\ = estimate of f\ 

C__ = confidence level 

y^Zjf y (7J? = paramaters of the lognormal distribution 

A*.        £fc = estimates of s^if %    ^7      (mean and standard 

e deviation of the logs of the data) 

= confidenced reliability 



3.   RESULTS 

a.   Normal population: 

The equation which yields confidenced reliabi- 

lity   Ke   
is: 

/•» 

^L e *mdf30-iAA (1) 

Equation (1) is solved for   O    and then — 

<e-/-*ft,0 
The inverse problem may just as easily be solved, 

i.e., if one stipulates desired confidenced reliability, 

one can solve equation (1) for the necessary mission 

life x. 

b.   Lognormal population: 

The equation which yields confidenced reliabi- 

lity £ ... fi-c)rfr')_ 
_ /vu^- T) z. 

U'-e 5 -JjJ^A-3 \ JUM 
% I- ^c 



The foregoing remarks apply equally to equation (2). 

In order to implement the numerical solution of 

these equations, the following programs are needed: 

1. A program to evaluate the standard normal dis- 

tribution function. 

2. An integrating program (such as Romberg inte- 

gration) . 

3. A univariate nonlinear equation solver (a reli- 

able method being the bisection or midpoint 

method). 

Needless to say, thtse equations are of very little 

value if one does not have a digital computer available. 



4.   DERIVATION OF RESULTS 

Let "pC^      (it -m. />Z> > • ' s^j       be normally distributed 

with mean^C^. and standard derivation O"   . 

If    ^C is the desired mission life, population 

reliability is given by: 

e-\-&( •^x-   —ycA 

0- 
(3) 

and the reliability estimator is given by 

-   I - i( i tr («0 

Equation (4) gives (f\ as a function of A^- and Cr \ 

therefore the distribution of f^ may be obtained if one 

first finds the joint distribution of J/^~   and & 

Form a bivariate change of variable using the dummy 

variable "^/(     . 

k>-   /-i 
-ar —/C* 

(u) 

^ = ^ 
(5) 



Finding the inverse of this relation: 

$ -\-P 
yc —/c+ 

A. 
- = % & 

= yc-J-3,_a 
(6) 

the inverse relation is: 

S* ^   -pc — -zx 
'<-# (7) 

cr -   7A (8) 

now , 

*&«)•-JP'V/mzi 
P/&>0L) 

I 

(9) 

Where h     and *-y  are joint density functions. 

The Jacobian is obtained first, using equations (7) and 

(8): 



2^   ^ 

qA   9^± 
3&     9-u 

2? 

o 

=   -H (10) 

•      J?4 

^ol 

*?tr - 1(3. J' 
& J? 

(ID 

w   — y» 
^  i(3. 

o( 

st-*- 



but 

(•*)- 

iXC? 

&*). ^ e 

- ir* 

\ 

D SF<f 

= y^ ^ 
±3. 

M 

^ 
(12) 

Using equations (10) and (12)     j_  <2     A 

-  /* FT    ~ZA   (^ 

Therefore from equations (9) and (13): 

(13) 

^J^y^trjT^rU 
-R 

10 



Kb-lfa*)***^'-* 
After *~~V/[JCA    0~) ^s   determined,   0~ may 

integrated   out   (in   equation   (14))   to   obtain   the   densi sgrated   out   I in   eq 
A. 

(1U) 

be 

ty 

of ft      . 

Now, /C- is normal with mean y<^ and standard 

deviation  £T~      .     „ T. 

'      ~*A =  ———       is chi-square distributed 
'  '      J £T 

with A*'— /    degrees of freedom: 

\ $te) 

St" 

-  , ^ 
Wt- I 

^ 

1^1 j 

-)     — 

The density of   (J~      is therefore given by: 

tr(*>fa)\% 
J?*i 

but 

<T" 

li 



I     t a-) 
rfc) 

,-» 

The   density   of     ^7~~      is   given   by 

/V7 /H-2. 

dT /?%•!) 
<? 

-«£)' 
(15) 

Now, •Od- is normally distributed with mean </**•    and 

standard deviation (J~    ; therefore, the density ofy*-^~ 

is given by: 

HA)-      ' & 

cr e •2- 

^i-v*« 
(16) 

Now, since /^-  and £T~      are independent random vari- 

ables, equations (15) and (16) yield the joint density of 

12 



/* 
an d      &T     : 

,3-     fg> 
cr rfe-') we 

/ •*•» 

<T~    Iz-TT e 
i-   I 

/*-Z- 

\   r (?) '<r\ 

(17) 

Substituting this expression into equation (14): 

//£A   ^7^ (^ /A   -?\Lrj+(r^) -J 

13 



(18) 

but  y^*-    =   -^T 

and y^i   -  ^ 
"^ Equation (6) 

^XA 

AJ^ = O-^-*3,- 
a~ 

?-«- (19) 

let >f- 
(20) 

Therefore, using equations (18), (19), and (20): 

M 

Now, £J~       is integrated out to obtain the density of K 

///&£> 

14 



^im'e^'^^H^,, 
let    <^t   — 

tsx0- = cSr^K^. U£ 

t '        The   density   of    tf\      is   given   by: 

'«• ^•V+^lti*^ •a. 

Since »—-^ is a dummy variable of integration and /\  is 

the argument of r)       , the only numbers upon which the 

form of ^?  is dependent are /V\     and \j\       .  Therefore, 

the density of the reliability estimator is a one para- 

meter ( f^    ) density which is independent of the failure 

density population parameters and mission life. 

Changing the argument of r)       to avoid confusion and 

adding the subscript j-^    to /f   to indicate its depen- 

dence on the population reliability fS  , the density of 

$       is: 

15 



faytue 
2. 

^L  4- ^-•un^i ̂
 

(24) 

The distribution function of f\      is therefore given by 

(25) 

The Neyman method of finding a one-sided confidence 

interval for A^    may be explained through the following 

diagram 

(L   £ 

16 



The curve ^yK^      is determin ed by: 

&rj<?) = e 
or 

hf(r) - e (26) 

The information in the failure data is introduced at this 

point: 

/?-/-£ (27) 

<€* s then determined by solving equation (28) 
/^*>c (28) 

In order to solve equation (28), the distribution function 

of /Cs    given by equation (25) should be simplified. 

O     6 

17 



Changing the order of integration: 

0 0 

v- 

(29) e 

But from equation (12) 2- 

'i 
(30) 

,_-2^ 

Substituting (30) into (29):   r    . ^ 

Hrf -XT 

Now let 

A- 

(31) 

(32) 

(33) 

18 



Substituting   (32)   and   (33)   into   (31) 

o 

"a       -fi izw J 

<^   r ~Li<t' 

Hfi-jrlrefi- if^l^Jf-* „., 

19 



Separating (34) into two integrals: 
-z. 

y '       ^ 
*<&-£• TeX* - 

1* J (35) 

Let     T ^  /.   J       (0> J(^ (36) 

o 
To evaluate I, make the change of variable:  &{=- 

-^ 

<nz3  •*< /7 

S*1 

\L (?) e^ 
f 

- ±m^-'eJ~ 

- ^ vr^ (37) 

20 



but from (20) , K = 
Z.T"' 

_ i 

r{-+') 
- I 

/•»-? 

(38) 

HM- /- 

using (38) in (35) 

(±J(re^Mi-^u. 
r/^> (39) 

Using equation (39), equation (28) now becomes: 

f*y _ 1 

c-i-*M ir 
rfeO 

^i^ls-leSJA 
or 

^-?3A, 40) 

21 



But from equation (27), 

-# 

Therefore equation (1) is obtained: 

^.\re%kfr£tf- 
@ 

Equation (2) is obtained analogously; one simply thinks of 

working entirely within the domain of the logarithms  of 

the data points. 

22 
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