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SUMMARY 

An investigation of the postbuckling behavior of sandwich plates compressed 
beyond the general instability load into the plastic range has been under- 
taken.     The study is a natural extension of previous work which led to  the 
establishment of maximum load-prediction capability relative to conventional 
plates.     The purpose of the present investigation is to assess the effects 
of transverse shear deformations  on the maximum strength of sandwich plates 
when the primary mode of initial buckling is that of general instability. 
The analysis utilizes a modified version of Reissner's variational princi- 
ple and a deformation theory of plasticity in conjunction with computations 
carried out on high-speed computing equipment.     The results  indicate that 
for the particular plate problem investigated  (for example,  aircraft wing 
or stabilizer plate element),  the postbuckling  load-carrying capability is 
essentially independent of transverse shear effects in the presence of 
inelastic behavior of the sandwich faces.    The implication is that perhaps 
designers will not have to be as conservative in sizing sandwich plate 
sections for maximum load-carrying capability as purely elastic theory 
results would indicate. 

ill 
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FOREWORD 

The work reported herein constitutes a portion of a continuing effort being 
undertaken at Stanford University for the U.S. Army Aviation Materiel Labo- 
ratories under Contract DAAJ02-68-C-0035  (Task 1F162204A17002) to establish 
accurate theoretical prediction capability for the static and dynamic 
behavior of aircraft structural components utilizing both conventional and 
unconventional materials.    Predecessor contracts supported investigations 
which led,  in part,  to the results presented in References 2,3,5^6,  and 8. 
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INTRODUCTION 

The postbuckllng and maximum eitrength analysis of square and rectangular 
plates has been carried out by Mayers et al.-'-'2^ with the use of a two- 
element model (see Figure l). In Reference 3, Mayers and Nelson state: 
"The core separating the faces of the plate is considered rigid in shear 
in the present investigation, but provides a means to extend the current 
analysis to include transverse shear deformation when postbuckling behavior 
of sandwich plates is of interest." The objective and contributions of 
this report are to extend the earlier work and to establish the magnitude 
of the reduction in load-carrying ability of postbuckled sandwich plates 
due to transverse shear effects. The study of sandwich plate and shell 
behavior has been undertaken by Mayers et al. for over a period of almost 
twenty years (References k,^,  and 6). With ever-increasing interest being 
shown by designers in sandwich construction for primary structures in 
aerospace vehicles, a theoretical prediction capability is required. 
Although much progress has been made in stability analysis of sandwich 
structures, very little information is available for the prediction of 
maximum load-carrying capability. This report, then, may be considered as 
a small supplementary portion of a much greater research effort aimed at 
developing accurate prediction capability for the bending, buckling, post- 
buckling, and maximum strength of sandwich plates and shells. Most of the 
notations used here are the same as those in Reference 3. This makes it 
more convenient to compare the equations, expressions, and curves presented 
here with those appearing in References 1, 2, 3, and 7« These comparisons 
show the effects of transverse shear on the maximum load-carrying capability 
of infinitely long sandwich plates with a type of edge condition representa- 
tive of aircraft wing panels. Although calculations have been carried out 
only for very long panels, the theoretical development presented herein is 
established for retangular plates in general. Thus, only the computational 
procedure must be applied to produce load-shortening curves for such plates. 
The results contained herein for long plates indicate that transverse shear 
effects reduce the postbuckling load-carrying capability to much the same 
degree of magnitude as does the phenomenon of buckle wavelength change in 
long conventional plates. The combination of postbuckling waveform modi- 
fication, buckle wavelength change, and transverse shear flexibility leaves 
little postbuckling load-carrying capability in sandwich plates with rela- 
tively lightweight cores. For aircraft operating in the low and medium 
subsonic speed range, where some buckling of the wing surface is tolerable, 
only a more detailed comparison study can disclose which of the two types 
of plates (conventional or sandwich) is the more competitive on a maximum- 
strength-to-welght basis. 
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PROBLEM DESCRIPTION AMD GENERAL THEORY 

STATEMENT OF THE PROBLEM 

The general problem considered here is the determination of the buckling 
and postbuckling behavior of the two-element rectangular sandwich plate 
shown in Figure 1. All of the four edges are simply supported, and both 
the loaded and unloaded edges are constrained to remain straight. A unit 
shortening is applied in the x-direction, which up to buckling corresponds 
to a uniform axial compression Nx0. For convenience and with justification 
obtained from the quantitative results of Reference 3, the translation of 
each point in the y-direction is assumed to be zero. The transverse shear 
flexibility of the core in the xz- and yz-planes is considered, thereby 
relaxing the rigid-core assumption inherent in References 1, 2, and 3. 
Material compressibility is neglected; thus, Poisson's ratio is taken as 
0.5 throughout this development. 

The material selected is 2024-T3 aluminum alloy (see Figure 2). For this 
aluminum alloy, the material constants in the Ramberg-Osgood uniaxial 
stress-strain curve representation 

• • I+ «f) 
are 17 

with 

K = 5.1k  x 10' 

n = 8.60 

E = 10.7 x 10 psi 

0  = ^3.6 ksi. 

Two different plate cross-section geometries are studied. For the purpose 
of direct comparison with earlier work, the two-plate cross sections 
correspond to those of Reference 1, which are designated as 

and 

plate 1: o /o  = 0.6 
cr cy 

plate k:    a    /o  =0.3. 
cr' cy 

The different plate critical stresses define different ratios of h/b. For 
each plate, the values of Y = 0, 0.25; and 0.5 are used to establish the 
required load-shortening curves. The curves for Y = 0 (equivalent to a 
core rigid in shear) are introduced so as to provide a check with the load- 
shortening curves for plates 1 and k  (transverse shear effects neglected) 
in Reference 1. The main jDurpose of this research is to study the variation 
of (Nx) /(NXO)   with u/ucr in the postbuckling range to assess the 
magnitude of the reduction in postbuckling strength caused by finite shear 
flexibility of the core. 

_- i. 
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GENERAL THEORY 

The basic problem is formulated in terms of a variational principle.    As 
demonstrated in Reference 1, Reissner's variational principle is an 
alternative to the potential energy principle.    In References 3 and 8, 
Reissner's principle is  shown to be a better alternative than the potential 
energy principle for nonlinear problems in plates and shells.    In terms of 
both stress and strain components^  the complete Reissner functional for the 
case wherein displacements are prescribed at the boundaries is simply 

U" =    / fö e +cr e +T   7   +T   y   +T   y   -F')dV 
J      x x   y y    xy xy   xz'xz    yz yz (1) 

where F'  is the complementary energy density for a nonlinear elastic 
material and may be shown to be given by 

eff 
eeffd<Jeff 

The relation between effective stress    a „„   and effective strain    e __ 
eff eff relative to the uniaxial stress-strain curve for the material may be 

expressed in the general form given by the Ramberg-Osgood formula 

^ff x „feftf 
eeff " — + K(—) 

where   K   and    n   are constants which depend on a given material.    With 
these relations, the functional can further be expressed as 

U" = [[a e J       XX ■hj e +T    y   +1   y   +-v   y 
y y    xy 'xy    xz 'xz    yz 'yz 1 ¥ * ^^^ (*) 

Next, the coordinates are nondimensionalized by introducing the quantities 
I  = 2mx/L    and    t) = 2ny/b;    the total volume is given by   V = 2tfLb.    For 
convenience in computer calculations,  the functional is rewritten as 

„„      rr< <*' T« a" a" T" 

EV    J J   lE     x      E      y       E    rxy     E     x      E      x       E    rxy 
0 0 

+ 1 Vc, 2     .     2   )      lrr
fftffN    + .öeff^2 K      r,

0eff.n+1 

Of.*, n+1 
+ (-p)b     ]}d6dTi (3) 



where from Appendix I, 

el   'ki<fj   + (o ) ] 

L 1    2 + - w 
x ,x      2    ,x 

-I 
Z 

y 
L i   2 

*y       2    ,y 

xy ■ I« v', * «vV 
xy 

u      + v     + w   w 
^y ;X        ,x ,y 

*[(0  - (ö„). ] 

h/ 
" 2kW,xx 

x b 

Y        ) XZ;X 

" l[<0
y't ■ '0yV 

xy 

" 2(w,yy " Tyz;y) 

= i^Vt -(vV 
Y"    = h[w - i(Y + Y        )] 
'xy ,xy     2wxz,y      'yz^x' 

and the functional has been separated into the contributions of the direct 
and bending stresses and strains in the two faces, and the shear stresses 
and strains in the core. 

The functional given by equation (3) may be utilized in the indirect 
variational approach to develop the Euler equations and boundary conditions 
of the problem, and in the direct variational approach (Rayleigh-Ritz 
procedure) to determine the generalized stress and strain distributions 
compatible with the geometric boundary conditions stipulated for the 
problem. The two approaches are utilized in Appendixes I and II, respec- 
tively. 

~^~t. 
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METHOD OF SOLUTION 

ELASTIC SOLUTION 

In the elastic case,  the functional (equation (3)) may be written as 

L b 
1    2 1    2 U" = / /   {N (u      + ± vf    ) + N (v      + i w^  ) + N    (u     + v      + w    w    ) 

J J       xv   ,x      2    ,x'       yv  ,y      2    ^y'        xyv  ,y        ,x        ,x ^y' 
0 0 

-M(w        -Y       )-M(w        - y        ) 
xv   ,xx      'xz,x'        yx  ,yy        yz^7 

+ 2M    [w - i(y +7        )]   - ^-^-[N2 + N2 - N N    + 3N2   1 xyL   ,xy      2wxz,y      ryz^x/J      4Et~L x       y       xy xyJ 

-^—[M2 +M2-MM   +3M2]+iGt(72    +/ ))dxdy 
Et h      x        y        x y *&        2 c cwxz       ryz 

CO 

With the forcing function taken as the unit shortening, u, the generalized 
displacements and forces satisfying at least geometric boundary conditions 
(see Appendix l) are assumed to be 

U = UX 

v = 0 

v = C  sin -=— sin --»■ 
L      b 

s nutx     .    rmy y      = D cos -=— sin -r*- 'xz L b 

w    ■    "MX rmy y      = E sin —=— cos -r*- yz L b 

N    = F cos ^r^ + N x b xo 

..       ■= 2mnx N   = G cos -=— 
y L 

N      = ö 
xy 

,,       =    .     nutx     .     rmy M    = I sin —?— Bin -r^- x Lb 

(5) 

• 

• 
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M = J sin -=— sin -rf- y       Lb 

M  = K cos 
xy 

nutx raty 
cos -rf- 

b 

where C, D, E, F, G, I, J and K are arbitrary coefficients whose magnitudes 
are to be determined from application of the variational principle. Sub- 
stitution of the assumed functions into the functional (equation (h)) and 
subsequent integration over the given limits yields a function indepen- 
dent of x and y. Application of Reissner's principle (variation with 
respect to both assumed stress and strain states) yields 9 simultaneous 
equations from which the 9 coefficients can be determined explicity in 
terras of the applied unit shortening. A detailed development is given in 
Appendix II. With the coefficients established for any given value of 
unit shortening, the stresses and strains at each point of the plate and, 
thus, the stress distribution are known. The average stress or load per 
unit length at any cross section of the plate may be plotted versus end 
shortening to produce the load-shortening curve in the elastic postbuckling 
range. Ttypical load distributions (nondimensionalized with respect to the 
critical load (N ) ) for several values of the applied shortening param- 
eter u (nondimensionalized with respect to the critical shortening ucr) 
are shown_in Figure 3. The average load ratio (Nx) /(Nx)   is plotted 
against u/ucr in Figure k.    For 7 = 0 (infinite shear rigidity in 
core), the results shown in Figure k  are identical with the elastic- 
solution results obtained in References 1 through 3 for square or infi- 
nitely long plates. The reduction in load-carrying capability for y  = 
0.25^ 0.3)  and 1.0 is vividly portrayed in Figure k.    It should be noted 
that the load-shortening curves appear as straight lines only because a 
one-term approximation has been utilized to represent the buckled shape. 
In reality, this one-term approximation is exact at buckling and less and 
less accurate as u/ucr increases. As shown in References 1 through 3, 
for example, the straight-line approximation to the load-shortening curve 
for square or infinitely long plates overestimates the exact average stress 
by only about 10 percent when u/ucr is as great as 9« Since the large- 
deflection plate theory is being utilized, the lateral deflection of the 
plate can be determined. The effect of transverse shear on maximum 
deflection is shown in Figure 5- 

PLASTIC SOLUTION 

In the plastic range, K is not zero; therefore, the exponential terms 
will appear in the functional. This makes it impossible to apply the 
variational principle to obtain an analytic solution for the 9 coefficients. 
However, the variation can be carried out numerically. For a certain value 
of unit shortening, approximate numerical values of the coefficients may be 
obtained by taking the numerical value of the coefficients of the elastic 
solution as initial trial values for the Newton-Raphson iteration method in 
the plastic solution. When the differences between the elastic solution 
and plastic solution values of the corresponding coefficients become large, 

• i.. 
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the coefficient values of the preceding plastic solution point may be used 
as initial values for the following point. The principal steps are 
detailed in Appendix III. After the approximate values of the 9 coeffi- 
cients are found for an assigned value of unit shortening, then, using the 
same process as in the elastic case, the stresses and strains at each 
point, as well as the total energy, can be calculated. Stress distribu- 
tions, average stresses, and load-shortening curves follow directly. Load- 
shortening curves for plates 1 and k,  with 7=0, 0.25, and 0.5 and 
plasticity effects included, are shown in Figures 6 and 7« 
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RESULTS AMD DISCUSSION 

The main objective of this report is to establish the effect of transverse 
shear flexibility on the postbuckling load-carrying ability of both elastic 
and inelastic plates. As can be seen from Figures 3 and k,  based upon the 
all-elastic analysis, both the load (stress) distribution across the plate 
and the average load are markedly changed by transverse shear effects. In 
fact, the slope of the load-shortening curve of the rigid core is reduced 
from l/2 (the classical result for conventional plates with straight un- 
loaded edges) by more than 20 percent as soon as y    reaches tha  value of 
l/3. Nevertheless, Figure k  indicates that a substantial load-carrying 
capacity exists in the elastic sandwich plate. Now, from the results of the 
inelastic solution (Figure 6 and J),  it can be seen that plasticity affects 
a rigid-core plate to a much greater extent than it does a plate with 
finite shear flexibility in the core. In other words, at the same end- 
shortening ratio, the effective strain levels in the conventional plate are 
sufficiently high to reduce the stresses and, hence, the average stress, 
such that the postbuckling-range load ratio is much the same for a conven- 
tional (y = 0) and sandwich plate (7 = 0.25, 0.5). The results shown 
in Figures 6 and 7 indicate that the usual load-carrying capability 
associated with conventional plates in the well-developed inelastic post- 
buckled range is not too greatly affected by the presence of transverse 
shear in the case of the postbuckled sandwich plate. 

In this Investigation, considerations of the face-wrinkling (Reference 5) 
and face-dimpling (honeycomb sandwich only) instability modes have been 
neglected. At the same time, both waveform changes and buckle wavelength 
changes during postbuckling have been neglected (see Reference 3). The 
effects considered in Reference 3 reduce postbuckling strength and cause 
the occurrence of well-defined maximum loads. Thus, it appears from the 
results presented herein that there is some justification for designing 
sandwich plate structures for the postbuckling range, since the plasticity 
and waveform-wavelength change phenomena (Reference 3) reduce load-carry- 
ing capacity (maximum strength) to a greater extent than does transverse 
shear. Of course, in any design exercise, the other modes of Initial 
buckling must be considered. ' i 

^  
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CONCLUDING REMARKS 

An investigation of the postbuckling behavior of sandwich plates loaded 
into the plastic range has been undertaken. In the absence of inelastic 
behavior, it is demonstrated that transverse shear effects significantly 
reduce the load-carrying capability. However, when inelastic deformations 
are taken into account, the load-carrying capability becomes almost inde- 
pendent of the transverse shear flexibility of the sandwich core. This 
result indicates that, barring initial buckling in other than the general 
instability mode, the main effect of transverse shear on the postbuckling 
load-carrying capability of a plate is to precipitate failure (maximum 
strength) at a lower value of end shortening, with little change in the 
ratio of maximum to buckling load. Future work should be directed toward 
establishing the magnitude and effect of inelastic effects in the core on 
the maximum strength of plates. 

• ■ 
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Figure 1. Plate Geometry and Coordinate System. 

10 



'■' ■*""^> '  ™-— 

m 

eor- 

501- 

401- 

J2 

b 

c^y = 43.6 ksi 

OVJ 

Plate 

^  1 .6 

20 -     /\_ -  2 .5 

- 3 .4 
■■ 

10 

t       i 

- 4 

1        1 

.3 

1        1 1        1        1 
.004 .008 .012 .016 .020 

€ or €, eff 

Figure 2. Corapressive Stress-Strain Curve and Initial Buckling 
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(From Reference 1, Figure 2.) 
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Figure h.    Variation of (Nx) /(Nx0)  with "ü/ücr for Several Values of 
the Transverse Shear Stiffness Parameter y. 

13 



■■ 

_u_ 

Jcr 

Figure 5.    Variation of wmax/h With u/ücr for Several Values of the 
Transverse Shear Stiffness Parameter   y. 
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A, A/: y = 0  (ref. I and present analysis) 
B.B' y = 0.25 

r = 0.50 

Elastic 
solutions 

Plastic 
solutions 

Figure 6.    Variation of (Nx)av/(Nx0)cr With ü/ücr, Plate 1,  a^/a 
0.6 cr'   cy 
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Figure J.    Variation of (N ) /(N )  With ü/ü , Plate k, a    /a 
Q 2 x av  xo cr       cr or cy 
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APPEMDIX I 

EULER EQUATIONS AND BOUNDARY CONDITIONS DERIVED FROM 
THE VARIATIONAL PRINCIPLE 

1.  REISSNER FUNCTIONAL 

For a sandwich plate as shown in Figure 1, the Reissner functionals are 

U"      =     {{a e  )        + (o e )   + (T 7 )   - F! ^)dV 
t,b j   v x x t,b  y y t,b  xy xy t,b  t^b 

for the face plates and 

U" = / {T Y  + T Y  - F'jdV c J  xz'xz   yz'yz   c* 

for the core. The total functional is given by 

U" = U" + U" + U" t   b   c 

The strain-displacement relations for small strain, moderate-rotation 
plate theory, with transverse shear effects included (see Reference j), 
become 

(ej  = u  + i w2 ± |(w   - y      ) x -t t,   ,x  2 ,x  2V ,xx   xz,x 

(e )   = v  +i w2 ±|(w   - T   ) 
y t,b     ^y    2   ^y   2   ^yy     yz^y 

(Y )   ■ u  + v  + w w  ± h[w  - -{y + y        )] 
^y t,b   'y   'x   >x >y W      2v,xz,y  'yZfX' 

where the + and - signs correspond to the top and bottom faces, respec- 
tively . 

The complernentaiy energy density in the facings and core, respectively, is 

c      ^ 
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With these relations, the functional in the elastic case becomes 

J x t    ,x     2    ,x      2V  ,xx       rxz,x/J 

V 

+ (cr  )   [u      + - w2     - -(v        - y        )] 
^x;

b
LU,x      2 W,x      2^,xx      YX2,X;J 

+ (cr  )   [v      + i w2    + ll(w . y )] 

+ (cr  )   [v      + i w2    - 5(W        - 7        )] 
7 b    ^      2    ,y      2^   ;yy       ryz.y;J 

+ (T   r)   [u      + v      + w    w      + h(w        - ify +7        ))1 
xy t    ^        .x        ,* ,y        K   ,xy     2vrxz,y      Yyz,x,n 

+ (T   J   [u     + v      + w    w      - h(w        - »(7 +7        ))] 
xy b    'y       'x        'x ^ >xy     2vrxz,y      ryz,x'n 

+ "x),2 + (»,'' - KVVb 
+ 3'v^ 

+ T    7      + T    7      - ^(T
2
    + T

2
   )l(JV 

xzrxz        yzryz      2GV xz        yzn (6a) 

Introduction of the average stresses and bending moments 

<   = kiaj   + (a ) ] x        2lv"x x b' 

/ 

°y ■if'Vt^VJ 

^ ■ i" Vt 
+ (vV 

Mx    - "tf It«".), -  (\)bl 

My    - -tf f[(.y)t . (3y)b] 

19 
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into equation (6a) yields 

Lb 

u» - ttJ[Uax)   * (.x) l(uix + | ^)+[(cx)t - (eg 1 PiXr - yxzJ 

00 

+ [(o )   + (ö ) ](v     + i w2 )+[(cr )   - (<J ) l|(w      - Y      ) u y t       y b 
v ^y    2   ^y'      y^       y b 

2   »w     yz>v 

+ [(T    )    + (T    )   ](u      + v     + w    w    ) 
xy't xy b  

x   ,y        ,x        ,x ,y 

+ [(T    )    - (T    )   ]h(w _ - ky_ „ + 7     „]) 
xy xy xy     2  'xz^y       yz,x- 

gBf[(ö )2 + (<J )2 -  (o ) (c )    + 3(T    )2 

2ELV x^ y't x't' v t ^ t 

+ (ö )2 + (0 )2 -  (ö  )  (o )    + 3(T    f] 
x b y b x b    y b ^ b 

f 12 2 + 7-[TY      -T7      - ■^-(T      + T    )]dxdy t     xz'xz        yz yz      2G x xz       yz'        J 

or,  in terms of local average stresses and moments, 

L b 

(6b) 

U"    = t. {2öI(u      + i w2  ) + 2(J'(V      + J w2   )  + 2T
1
   (u      + v 1    xv  ,x      2    ,x/ ys ,y     2    .y' xyv  ,y        ,x 

0 0 
M M 

+ w   w    ) - T^(W        + Y       ) - x^(w        - 7        ) ^x ,y'     tf
v  ,xx      'xz^x'      tf

v  ,yy      'yzrf' 

M 
+ 2 ^[w -hy +y )]   - i[cj'2  + ö'2   - O'ö'   + 3T'

2 

tf      ,xy      2wxz,y      ryz*x/J      EL x y xy xy 

+     1    ^(M2 + M2 - M M   + 3M2 )] 
(tfh)c x    y     x y     ^y 

+ _£[T Y  + T 7  - ~(T2
 + T2 )]}dxdy 

t  xzrxz   yz ryz  2G v xz   yz' J (6c) 

2.  EULER EQUATIONS AMD BOUNDARY CONDITIONS 

The vanishing of the first variation of equation (6c) with respect to öS 
<Jy> f^y, M^, M^, M^, u, v, w, 7x2 and 7yz gives 

20 
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f 

L b 
1 ..2 8U" - t- /  /   (25a1 (u      + ^ w"  ) + gtf»(Öu      + w    5w    ) 

f,/./ x    ^x     2    ^x' xv    ,x        ;X    ,x' 
0 0 

1    2 
+ 260'(v      + i W    ) + aa'CBv      + w    6w     ) 

y    ^y     2    ,y yv    ,y        ,y    ^y' 

+ 2&T1   (u      +v      +ww    )+2T,   (8u      + 8v      + w    Bw      + w    6w    ) 
xyv ,y        ,x       ,x jy' xyv    ,y ,x        ,y    ,x       ,x    ^y' 

6M M 
_Ji(w        . Y        )  . -^(öw        - 57        ) 
tf      ,xx      'xz,x'      tf

v    ,xx        'xz^' 

5M M 
r-Hw       - y       ) - ABW        - 57       ) 
tf     ^yy      yz^y'     tf

v    ,yy       Vz^y' 

5M 
+ 2-r2äC[w       - i(7        +7       )] + 2 J2[öw       - J(57       + 5Y       )] 

tf      ,xy      2wxz,y      ryz^/J tf        ,xy      2V   rxz,y      ryz>x/J 

da'      x    da1    y    dT1      xy    dM     x    dM     y    dM       xy 
x y^xy^x yxy^7 

+ T^[6T    7    +T    57    +5T    7    +T    67    - =-(T    5T    +T    5T    )]]dxdy = 0 
t^      xy xz    xy    xz      yz'yz    yz    yz    G.v xz    xz    yz    yz'   J    ^ .f      xy'xz    xy  'xz      yz'yz    yz    yz      . 

(7) 

After integration by parts and regrouping of terms, equation (7) becomes 

L b 

5U" = 2t-. \   \ {W    + iw2 - S-)6a'+(v + ^w2 - |^-)5a 
f J J  v ,x 2 ,x day x v ,y 2 ,y da^' ; 

0 0 

OF' 
+ (u  +V  +W  W  - ^£7-)5T, 

^y ;X ,x ,y dT^' xy 

^2tf     2tf 
+^r;0Mx^tf     2tf 

+^r;bM: 

dF1 
1
 tf  2tf^xz,y Vz.x^   xy t^,   2tfl

x'xz^''yz.x'  dM_r
J xy 

(continued) 
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t T "t T 
+ _£_fv   _ _^)6T   + —(y   - -^)5T 

xy   2tf' yz   uc •    yz 

-(a'    +1'       )6u-(al    +T,       )6v v x,x   xy^y' y,y   xy,x' 

• [(a'w    )    +(0'«    )    +(T   w    )    +(1' w    ) u x ,x',x v y ^y^y v Xy ,ySx     xy ,x',y 

+ ^(M„'     +M, -2M 2tf
v x,xx    y,yy      xy,xy 

)]5W + -^.[-M      +M        +t T    ]by n w      2tf
L    y,y    xy,x    c yzJ   ryz 

+ sr-[-M     +M       +t T    ]&Y   Idxdy 2t       x,x    xy,y    c xz      xz; 

T b 

+ 2tf/(a;5ul05dy + 2tf/{TiySu|
0

)dX 

+2t . fu'eiul  }dx + 2t. TU'  6v|  )dy 
j    y    0 I J    xy    0 

r L 
+ /  {[2^0^    +2t^T,  w    +M      -M        ]6   I   )dy J   lL    f x ,x      f xy ,y   x,x   xy,y   w'   J 

0 

r 
+ /   ([St^a'w    +2ti.T, w    +M      -M        ]&W    )dx 
J   K      f V ,V      f xy ,x    y,y    xy,x       '^ 

L 
r 

+/tM
x^xzl ^y-/tVYxzl0^

x 

0 0 

+/{^%8
|
0

}ax-/{V%lo)äy 

{M 5w J   )dy + /   (MOW J   )dx x    ,x n j       xy    ,x 0 
0 u 0 (continued) 
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11 >, D T /Dp h 
(MOW     |   )dx + /   {M   6w    |  )dy    =    0 

y   >y Q        j     xy   >y Q 
o 0 

(8) 

For the above expression to vanish for arbitrary states of stress and 
displacement consistent with the geometric boundary conditions, each of 
the terms must vanish identically.    These terms lead to the Euler 
equations and natural boundary conditions as follows: 

Stress-displacement relations: 

L 1    2 u      + T- w 
,x     2    ,x 

^ !    2 
v      + ö w 

^y      2    ,y 

OF r - o 
X 

OF' = 0 

U       + V      + w    w 
^y        ;X        ,x ,y 

OF1 

= 0 
xy 

Moment-curvature relations: 

—(w      -y 
2t v  ;xx  'xz^x 

OF1 

W 
X 

) +^ = 0 

2tf^,yy Vz,yy    ^M" 
•7 

tf
[w,xy " 2(Txz,y+ yyz,x^ 

bF' 

xy 

Shear stress-shear strain relations: 

2tf
KYx7.      Gc  ' 

Inplane equilibrium equations; 

y'      + T' 
x,x       xy,y 

= 0 

y'       + T' 
y^y       xy,x 

= 0 

23 
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(10) 

(n) 

(12) 
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Out-of-plane equilibrium equation: 

rl + ax' w   +0^   + 7^-(M 
x ,xx   xy ,xy  y ^yy 2tf

v x,xx 
of'w 2M    + M   ) 

xy,xy  y,yy 
0  (13) 

Core shear equilibrium equations; 

-M       +M +tT      =0 
x,x       xy,y       c xz 

-M       +M +tT      =0 
y^y      xy>x      c yz 

Stress (natural) boundary conditions: 

T'    = 0 at y = 0, y = b 
xy 

M      = 0 
x 

M      = 0 
y 

at x = 0, x = L 

at        y = 0, y = *>    ^ 

The geometric boundary conditions that have been enforced are 

x = L  "^ 

y =b 

w = 0 

w = 0 

u = 0 

u = uL 

v = 0 

v = 0 

at 

at 

at 

at 

at 

at 

x = 0, 

y = o, 

x = o 

x = L 

x = 0, 

y = o, 

(i^) 

(15) 

x = L 

y = b 

(16) 

2h 
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APPENDIX II 

ELASTIC ANALYSIS 

1.       DIRECT VARIATIONAL METHOD 

Substitution of the assumed trigonometric functions given by equation (5) 
into the functional (equation (h)) and use of the following integrations 

J cos (^Z)dy = 0 

cos(^-)sin i^f-W - - { 

/cos2(Hi:)dy=| 
0 

b 

/sin^dy-l 

/coS
2(f£) dy = 2 

as well as corresponding integrations with respect to x,  yields 

2 2, 2 2, 2 2, n m b -^2- , « m b -^2-.    jt nL T;^ 
xo  16 L      o  L   xo  16 b U" = LbuN.._ - TT :V:: CF + £- ~ CTN._ - ^ ^^ CTG 

2 „2, 2 ..2, 
+ ir-jrIC-]?mbID + ir^-JC-^nLJE 

+ |-mnKC-JnLKD-JmbKE 

-Ärf^-^^^-r^^^-J'^i 
+ f Gotc ^ + #, 

Etfht 

(17) 
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The variation of U" with respect to the parameters gives 

w ■■£&**£$***> 
J-    2T 

5-¥" 
2    2 2    2 2 

+ ir-irI +r-b-^-"^ 

SgU" = - J mb I - J nliC + J GctcLbD    = 0 

5gU" = - J nLJ 

tT'-i^* 

mbK + ^G t LbE = 0 

LbF = 0 

(18a) 

(18b) 

(18c) 

(I8d) 

bgU" 

BjU" 

P    2 
«    n L ^2        1_     ? 

^ ■ ^ LbG 15   b 
= 0 

it    m b ■= 

rTrc 

2    2 

| mbD L_ Lb[2I - J]        =0 
Etfh' 

^u" = J- ILi C - J nLE - -J^ ^[2J - I]        = 0 

8^J" = |- mnC - J nLD - TJ- 

Etfh 

mbE 
1      Lb 

Etfh 2r' 

xo 

,.,-.«   nib rß        Lb    ., 
r — 2Et      xo 

6K = o 

= o 

(l8e) 

(I8f) 

(l8g) 

(l8h) 

(l8i) 

First, consideration is given to the linear (excluding    N    )    part of 
equation (l8a) and equations (l8b),   (iBc),   (l8f),   (l8g) and (l8h).     These 
6 equations are linear and homogeneous with respect to the parameters 
C,  D, E, T,  J and K.    A nontrivial solution exists only if 

26 
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«^K 0 
4    L      xo 

k Vc™ 

J G t Lb 
c c 

2  a n    mo 

2    2T n    n L 
r-b" 

mm 

mb 

,r2 m
2>. it    m b 

- Jrab 

0 

1      Lb 
2 2 

n   njCi 
V   b 

Etfh 

^ nL 

1      Lb 
2r Etfh' 

nL 

nL 

mb 

Etfh 

1     Lb 
2r 

1      Lb 

Etfh, 2 2 

2.      CRITICAL STRESS 

With the introduction of the parameters 

mb 
ß = nL 

Ds 

2Etfht 

3 

DQ -Vc 

Y 
Dn2 

s 

V2 

k 
X 

N   b2 

xo 

expansion of the above determinant leads to 

k 
11 D^ Lbv2ß2 f       ^2+1)2 

4Ds ß2[l+n27(ß2
+l)]      n2 ^) 

27 

mn 

nL 

mb 

S= 0 

1      3Lb 
2    2 

Etfh 

= 0 

(19) 
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T^ 

or 

(ß^l)2 

2  /„2 rtwvosi)] (20) 

For the critical value,    n = 1    and    k      is minimized with respect to    ß', 
that is,     dk /dß = 0.    This gives x 

Substitution of the initial wavelength parameter value into equation (20) 
gives 

(k  ) 
{UyY 

(21a) 

If   Y = 0,     that is,    D-    approaches infinity, then 

(kj     I =-h x crlr^o 
(21b) 

The negative sign simply indicates that    u   has been taken positive in 
tension. 

3.      STRESS DISTRIBUTION 

The values of all arbitrary parameters may be found in terms of    C   as 
follows:    First, from equations (l8b),   (l8c),  (l8f),   (l8g) and  (iBh), 

- _    fln27ß(ß2+l) 
u ~ b/n 

2  ,„2 =     nxfyiF+l) . 
b/n 

[l+n27(ß2+l)] 

[l+n2Y(ß2+l)] 

DQn2Y(2ß2+l) 
J = Js  c 

2[l+n27(ß2+l)] 

D n2
7(ß2+2)        _ 

J =    ■* C 
2[l+n2Y(ß2+l)] 

Second,  equations (l8d),  (l8e) and (l8i)give 

(22) 
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f 5"2Dsß2  rC 2 3 n    2    P.C.2 

8(b/nr 

- 3"D6     ^2 3 n    2  ,C 2 

8(b/n)< 
(23) 

3D
S _     S«2»-?2 c.2     3D

S -     3       2   ?r2 

xo v2vh; HV 'h' hc 8(b/n)4 "•       h" - ^ 

Substitution of F,  G, I, J and K into equation (l8a) then yields 

,2 . P 

YO +i)] 

M C = 0 

or 

3 (ß^l)(g)2 + ß2,    2 1^ f; li+i£ 
ß£[l+n2

7(ß2
+l)] » 

(24) 

When    ß = 

- 2 

(1-7 and n = 1, the critical value for k  exists and 

(C)   = 8iiV2[(k )    _ 
h 3(lV)      Xcr       x 

32(1-Y) r  Nxo 
3(l-fT

2)(H7)K? '] (25) 

Here, it should be mentioned that when equation (25) is substituted into 
the expressions for the parameter coefficients, all ß's should take the 
value of \l{Hy)/{l-y)    when the plate is long. For finite length plates, 
integer values of ß must be utilized, just as in the case of conventional 
plates, to find the lowest critical k . Thus, 

x     ' 

N B F cos(%^) + N x      v b '   xo 

■^y(Hrfe-]-^)+^ 
29 
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W^^^HW 

or 

xo      (H7 ) L   xo'cr        J v xo 
(26) 

cr 

To find the relation between    u    and    ILj Nx0    must be substituted into 
equation (l8a) also.    Then,  equation (loa) becomes 

sA) Lb        . «2      3jt2D Lb        . f 2,2 ,„2    v2 

6Mb/nr h ^h2(b/n)2       1        3(b/n)2      ß2[l+n27(ß2
+l)] 

(C) = 0   (27) 

This leads to the critical value of u, 

k 2,2 
it h 

or 
3(b/n)d  (H-Y)' 

(28) 

when C is set to zero, n = 1, and_ ß = N/(1+Y)/(1-Y)« It can be shown 
here that this is in agreement with ü  = (J /E where a      = (N ) /2t„. ^:, cr   cr cr  v xo'cr' f 

Now,  C, in terms of u and u , is cr 

^.üVnfjl^L.- (1.L.) 
n*       (YS+1)   ':' ücr 

(29) 

On the other hand, equation (l8i) may be rewritten as 

3D 
N 

5*\      02,C,2 

xo  ,2 h 

S Ü + 2^ ß-(^) 
8(b/n)' 

(30) 

Then, with 0=0 and u = u , cr 

3D 
(N )  =^ü 
xo cr  n2  cr 

(31) 

Next, N  can be expressed in terms of u and u   as x cr 

N = F cos Ä) + N x       v b     xo 

30 
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or 

3D 

^5#S^-lw^,t" xo 
cr 

(32) 

Nondimensionalization of N   with respect to (N    )        gives 
x xo cr 

N 

(Nvo)    2(YVI)VÜ xo cr cr xo^r 
(33) 

But, in view of equations (30) and (31), 

N xo .  = ü- + (m)  /.  u V 
xo  cr  u   2(7 n+D   u 

(3^ 

Finally, 

Nx 
TfCJ xo^ 2(7C4Y+1) 

%^:[(l-|.)+(|-.)co.(^)]+I. 
cr u   u cr   cr cr 

(35) 

For different values of 7(0,0.25^0.5,1.0) and u/ü^ (1,2,10), the 
variation of N /(Nxo)   across y is shown by the curves in Figure 3. 
The average value of N along the y axis is 

(w ) v x'av       1 

xo 
IMl 

cr      hJ
0\2{y2*Y+l) 

t^-r-W^-Dcos^j.^dy 
Ucr      ucr %rJ 

J^£L(1 . i_) + iL_ 
2(7 47+1) Ü 

cr 
u cr 

or 

(N ) ^ x^v    _ 

xo cr     2(y'1-iy+l) ü_„     2(7 -17+1) cr 
(36) 
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For   Y = 0,0.25,0.5,1.0,  the relation between (N )    /(N    )        and   ü/u 
is shown graphically in Figure k. x av     xu ci cr 

I*.  MAXIMUM DEFLECTION 

From equation (5); the lateral deflection is 

7; . mnx . nny 
w = C sin -7— sin -r*- 

L     b 

The maximum value occurs at x = L/2m and y = b/2. Thus, 

w   = C = 
max [: SiU&l 

3(l-HY2)(ln) ^NxoT cr 

or 

!2ax , r 32( W)    f /xo  . ^f 2 (37) 

From equation (3^), w  /h can be expressed in terms of u/u , that Imax cr 
8, 

Vx _ f   16(1-7) .( ü_ . A]1'2 

h L3(H7)(YVl)   Vücr        Ü 
(38) 

Equation (38) agrees with equation (25) when c/h is expressed in terms 
of u/u cr 

For different values of    7(0,0.25,0.5,1.0),    the variation of   w      /h 
with    u/u       is shown in Figure 5« max' 
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APPEMDIX III 

PLASTIC AMALYSIS AND NEWTON-RAFHSOH ITERAOIVE TECHMIQUE 

In the plastic case; K Is not zero. Therefore, analytic expressions 
for the assumed displacement and stress coefficients are not obtainable. 
The Newton-Raphson iterative technique is utilized to obtain the numerical 
solutions corresponding to vanishing of the first variation of the func- 
tional given by equation (3). 

In the computer program, it is more convenient to write the functional 
corresponding to equation (6) for the elastic case in the following form: 

1 1. 
Hü 
EV 

0 0 

o-    a'    T«     a" a" 

E  x  E  y   F 
,~" ^      -■ xy  E 

2 

E 

2 

:"    +   JSL   -" 
E rxy 

i- *     n+1  «  n+;L-r\ 

(39) 

Programming of this equation constitutes the main subroutine. Also, the 
following expressions are used in the program. New coefficients, 
designated by a tilde "~", are introduced. For the elastic portion. 

-£ ̂   « J(TVi) cr    ücr 

D = D = ^(ß2 +i) g 
[l+n27(ß2+l)] 

E = E = ^{P2*1) 
[lkn2y{ß2+l)] 

Etr 

? --1 

2 2 
« ß 

«2 r 

c?2 

c2 

^ 

/ 
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I = 

3 = 

tm 

I n2(2ß2+l) 
Etfh " 3[?+n2Y(ß2

+l)] 

J     7t2(ß2-f2) 

^n  3[l+n^(ßSl)] 

_K n2ß 

Etfh '3[l+n
2Y(ß2+l)] 

N 

xo  2Etf  
U -U +-5— 

h 

h 
bTii 

h 
bTn 

o^ 
(W) 

It should be noticed that ß's here must take the va^ue of ^(l-fyVCl-'y), 
so that the coefficients vill agree with those taken earlier in the 
expressions (25) and (29). This is also true for the following expressions, 
Then, the stresses and strains in equation (39) are 

^ = Ü + i ß^^COS
2^ |)cOS2(f T,) 

tf' 
/ = |Scos(nO 

,  1 2>*2 . 2/Tt. v  2/« v 
€' = ^ « C sin (^|)cos (-T)) 

JSL  -y»  =0 
E rxy 

a 
Jl = . J sini^hrnqn) 

€x = ^V^1'^ + ^^»(fi)»^) 

^= -7.1n(|ft)ela(fn) 

«; -f(^)[-«S+»]»in(fe)iin(fn) 

^ 
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V 

■ 

•f^Kco.cfeWfn) 

V " S7^ " ^ + ß^)Jeos(|5)cos(|r1) 

* ' ^xz +i) -^Vcc^W^) 

+ E2sln2(|g)cos2(|T1)] 

.1 .11 /T"     T-  \ 

^ 
(kl) 

Because of symmetry, the functional integration is performed for a 
quarter of the plate. For a specified material, for example, one of 
202h-T5  aluminum alloy (Figure 5), 

K = 3.14 x 10' 

n = 8.6 

17 

E = 10.7 x 10" psi 

a     = 43.6 ksi 
cy 

For plate No. 1, 

a   /a     = 0.6 
cr' cy 

whereas for plate No. k, 

or /or  = 0.3 
cr' cy 

From these given values, u   and h/b are 

cr 
er ~  E 
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v   / 30        , ' [50 h   /   cr      l-Hy / cr 
b = /S(k )   = 2W E 

»   v x cr 

Hence, with assigned values of y    and u/u   (elastic case), the 
stresses and strains at each point can be determined, and the integration 
of equation (39) can he made numerically by applying Simpson's rule in 
two dimensions. The corresponding coefficients of the plastic solution 
can be found numerically by using the elastic-solution coefficients (or 
known plastic coefficients of a previously calculated neighboring point) 
as initial values and by applying the Newton-Raphson iterative technique 
to obtain a stationary value of the functional. This involves the 
solution of 9 simultaneous nonhomogeneous linear equations. 

The functional U"/EV after integration is designed by Ü", and the 
9 coefficients of the plastic solution (?L S, E, f,  'S, 1^ J, K, and iJ ) 
are designated by x^. The quantities b\j"/bxi    and Zptj' /bx^bx*    are0 

designated by V".    and U"    .    Then, the set of equations is 

ü;
,
11AX1 + üj^AXg + + ü;

,
19AX9 = - ü;^ 

v';21äx2 + ü;22AX2 + + ü;29AX9 = - uj'g 

u;,
9iAx1 + U;

,
92AX2 + + U;99AX9 = - u;9 

where Ax. are the unknown increments in the iterative process, and all 
of the U" , U"   can be found by the numerical expressions 

Ü"(x. + 6x ) - ÜM(x. - 6x.) 
U,i = 26x1 

Ü'^x, + 6x,) - 2Ü" + ÜM(x, - 8x, ) 
n"  - 11 

'ii= (5x.)2 x i 

Ü"(x. + 6x., x. + 6x.) - Ü"(x. + Bx,) - Ü"(x, + Sx.) + Ü" 
TTH   _  1 1   1 J 1 1_ j] J  

,ij "      "'~ ~   8xi6xj 

_ -3 —  —  — The increments bx^    are taken as Xj^ « 10 , All of the U", U^', U^ are 
evaluated with the assigned initial coefficients. This involves signif- 
icant computational effort since different values of y for the desired 
range of u/ucr have to be assigned. 
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After sufficient iterations, the approximate numerical value of each 
coefficient can be found to a desired degree of convergence. Then, the 
stresses and strains at each point of the plate can be calculated. Thus, 
the average value of <jx can be determined by numerical integration of 
the stress distribution across y. The variation of (cOD,r/(cO 
which in this problem is_the same as (Nx; ANX0J  ; with respect to 
the assigned value of u/ucr can be plotted in graphical form. This 
curve determines the load-carrying capability of the sandwich plate in 
the postbuckling range. Load-shortening curves for plates 1 and k,  with 
plasticity effects included, are given in Figures 6 and J,  respectively. 

With reference to the actual computer programming, it was found that the 
more digits employed (in Algol W, long real numbers must be used), the 
better the convergence. The Newton-Raphson iteration technique is 
basically a very effective method of numerical minimization. However, 
initially, seven-digit calculations led to a very poor convergence. A 
simple test program based on a quadratic form in three variables showed 
that the convergence became remarkably rapid when 15 digits were employed. 
Of course, since the actual problem reflects 9 arbitrary coefficients and 
a high degree of nonlinearity in the functional that was varied, con- 
vergence was slower but, nevertheless, quite satisfactory. 

.■  ' 
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APPENDIX IV 

EFFECTIVE STRESS AND STRAIN 

The complementary energy density for linear elastic behavior of plates 
is (see; for example, Reference 3) 

F1 = i=r{a2 + o2 - 2ncr o + 2(1 + M-W2 ) 
2El x   y    x y   v    rxyJ 

This can be easily verified by enforcing the generalized stress-strain 
relations 

35"  2E- x 
x 

E x 
^1-= ^{20^-2,0 *& 

y 
El y 

dF1   2(l+n) 

xy xy = Y. xy 

no ) 
y 

(^2) 

Than, from any one of References 1 through 5, 

ee.Täöeff " ^ 
(^3) 

In linear elasticity, cr  /e   = E; thus, 

/ 
eeffdöeff = i ,/öeffdöeff =,/dp, 

(H) 

Integration gives 

1   cy2_ = F'  = ^(ö
2
 + a2 - 2ncr cr   + 2(1 + nty2 ) 

2E    x       y x y xyJ 2E eff (^5) 

In nonlinear elasticity (References 1 through 3), the same equations 
hold. For [i =  0.5; the expression for the effective stress is 

eff 
12 2 2 =  Ja   + a   - a a   +3Y 
V x   y   x y   rxy 

(46) 

This expression may be transformed into effective strain simply by using 
the relations (^2), with E replaced by E ; that Is, 
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hE 

E 

xy       3     rxy 

(^7) 

and 

öeff = Eseeff 

Substitution into    cf gives 

'eff = 3 JiT ex 
,32^3 32 
+ ^ ey + ^ Vy + TE V 

or 

"eff 
2 

/3 
fe2 + e2 + e  e    + IS! 

x        y        x y        5 (48) 
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