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The potential flow about a prolate spheroid in axial horizontal
motion bencath a free surface is treated analytically. Whiie the free-
surface boundary condition is iinearized, the boundary condition on the
surface of the body is satisfied ezactly: Thus, an "exact" solution,
within the theory of infinitesimal waves, is obtained. The solution
is sought in the form of a distribution of sources on the su-face of
the sphercid, of unknown density; the analysis yields an infinite set
of equations for determining the coefficients of the expansion of the
density function in spherical harmonics (and therefore for determining
the coefficients of the expansion of the potential in spheroidal har-
monics). An expression is derived for the wave resistarce of the
spheroid in terms of these coefficients through application of the
Lagally theorem. The expression for the wave resistance given by
Havelock in 1931 is obtaincd as the first approximation in the present
analysis.

Numerical evaluations were performed using an IBM 350/65 computer,
for a Froude number (defined with respect to the distance between foci)
of 0.4, a focal distance equal to twice the depth of submergence, and
several values of the eccentricity. The numerical solution of the in-
finite set of equations was obtained keeping an increasing number of
equations (and, therefore, calculating an increasing number of coef-
ficients of the series expansions), up to a maximum of twenty. The
wave resistance and the density of the source distribution were eval-
uated at each stage, the latter along meradian planes of the spheroid.
For a prolate spheroid with a slenderness ratio slightly larger th~ .

five the wave resistance is larger than Havelock's by about 347%. For
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slenderness ratios of 3.64 and 2.4C the corrections are as much as 90%
and 368%, respectively, of Eavelock's approximation (the spheroid corres-
ponding to the latter slenderness ratio is very close to piercing the
free surface).

An infinite set cf equations, essentially equivalent to that ob-
tained in this work for determining a source distribution on the sur-
face of the spheroid which satisfies exactly the boundary condition on
its surface, was obtained by Bessho using an entirzly independent deri-
vation. The coefficients of Bessho's system of equations, however,
appear to be incorrect, possibly because of typographical errors, and
his numerical evaluations are rather inaccurate. The value of the
wave resistance obtained by Bessho, for a Froude number of 0.395, a
focal distance equal to twice the depth of svbmergence, and a slender-
ness ratio of 4.17, exceeds Havelock's approximaciou by 1467%; according
to the numerical evaluations reported here, the correction should in-

stead be in the neighborhood of 60 tc 55% of Havelock's value.
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INTRODUCT ION

Even the simplest problems involving free surface waves are
difficult to treat analytically when formulated exactly. In dealing
with these problems, therefore, one must introduce simplifying assump-
tions intc the equations of motion and the boundary conditions, and
replace the original problem by a new cna which is more amenable to
mathematical treatment and which should approximate the origiral one in
some prescribed way. If viscosity is neglected and irrotational flow
is assumed, the problem reduces to finding solutions of the Laplace
equation. The free-surface boundary condition, however, is nonlinear,
even if surface tension is neglected, and moreover it must be applied
on a surface of unknown location. As a result, further simplifica-
tions are still needed in most cases. For flows about submerged ob-
stacles, the assumption of irrotational flow may lead to a new problem
which does not approximate the original one; such is the case, for exam-
ple, with flow about circular cylinders ahd spheres, tiiese two shapes
be%ng very attractive to the mathematical researcher because of the
simplifications they bring about in the mathematical expressionms.

In order to deal with the nonlinear free-surface boundary condition,
special apprcximation techniques have been developed. For flows about
submerged bodies, these techniques transform the problem into a series

of linear problems with nonhomogeneous boundary conditions (with the
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exception of the first order or infiritesimal wave approximation, for
which the corresponding boundary condition is homogeneous), to be ar
plied on the plane of the undisturbed free surface. Even within the
theory of infinitesimal waves, however, an exact soluation is difficult
to obtain. An additional approximation is involved in many researches,
since the boundary condition on the surface of the body is not satis-
fied exactly. If one assumes that the shape of the body is such that
perfect fluid theory can yield results of practical significance, the
determination of the errors due to the failure to satisfy the nonlinear
frece-surface boundary condition on the one hand, and the boundary con-
dition on the surface of the body on the other, is of great practical
interest.

In the present work, the wave motion produced when a stream of
constant velocity is incident upon a submerged prolate spheroid with
its axis parallel to the free surface and in the direction of the
stream will be treated. This shape is of interest in connection with
the wave resistance of submarines; moreover, perfect fluid theory can be
expected to yield results of practical significance when appiied to
determine the flow about slender prolate spheroids. The free surface
boundary condition will be linearized; the boundary condition on the
surface of the body will be satisfied exactly. Thus, an answer will
be provided, for this particular shape, to the latter of the two pro-
blems bosed in the preceding paragraph.

A short summary of past researches dealing with the theory of
infinitesimal waves in flows about submerged obstacles is included be-

low. Only streams of infinite depth are considered.
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The first detailed evaluation of the wave motion caused by a fully
submerged obstacle is contained ir a paper by Lamb (1913) in which the
disturbance pcoduced in the fiow of &z uniform stream (of infinite depth)
by a submerged circular cylinder is dealéiwith. The evaluation yields,
actually, the disturbance produced in the flow of the stream by the
dipole which generates the cylinder in an unbounded fluid. The boundary
condition on the surface of the cylinder is not satisfied and an anom-
alous moment on the cylinder results (Wehausen 1960, p. 576; see also -
Havelock 1929). As Tuck (1965) has shown, no closed body is actually
generated. Thus, Lamb's analysis provides only a first step in the
solution of the linearized problem.

Let ﬁo be the velocity potential of a uniform (unboundad) stream.
Let ﬂl be the velocity potential of the image of ﬂo in the sub-

merged body; that is, . is such that ﬂo + gl satisfies the boundary

1
condition ox the surface of the body. Let ﬂl(s) be the velocity po-

T3t (S)
1

tential of the image of ﬂl in the free surface; that is, ¢ is

such that ﬂl + Ql(s) satisfies the free-surface boundary condition
and the radiation condition at x = -0, Let in general Qn(s) be
the velocity potential of the image of ﬂn in the free surface and
¢n+1 be the velocity potential of the image of Qn(s) in the sub ;erged

body. The sequence

(s) (s) '
R A A Y LAY I

’

if convergent, yields the complete solution to the linearized problem.
This program has been ca-ried out by Wehausen (Wehaisen & Laitounsz

1960, pp. 574 et seqq.) for the case of the circular cylinder. 1In
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this case, Gn(s) can be obtained from ¢£ by wmeans oi a formula of

Kochin, and ¢5+1 f;on Qn(s) by usirg Miine-Thomson’s circle theoream;

Wehausen has shown the series ¢ be convergeat. Cylinders of other

shapes can probably be handled by a combination of this technique and

coaformal mapping. 3
A complete solution fc- the submerged circula% cylinder was also . ‘

given by Havelock in 1936. 1in previous papers (1917, 1927, 1529)

Havelock had applied to this probiem the method of successive images

later used by Wehausen to give a complete sclution, evaluating the

second set of images within the cylinder and the corresponding image

in the free surface, and thus carrying the computations two stages

further thar. in Lamb's solution. In his 1936 paper, however, he used

a different approach and obtained the solution by expanding the compiex

potential of the system of sources and sinks within the cylinder in a

Laurent series, Z Anz-n, about the origin. The free-surface boundary

E condition (and the radiation condition) can then be satisfied by adding

] a suitable expression in terms of the coefficients An of the Laurent

series, and the boundary condition on the surface of the body yields

an infinite set of equations for the coefficients Ah' The procedure,

which lends itself well to approximate computations, amounts to pro-

ducing the flow outside the cylinder due to the systeu of singularitiec

: inside by placing at its center an infinite number of multipoles, mod-

ified to satisfy the free-surface boundary condition (and the radiation

e e

condition), and whose strength is chosen so as toc satisfy the boundary
condition on the surface of the body. Havelock found, for the wave

resistance of the circular cylinder, the expression

A TR




- sortr

e :'-mv-r

> AT I,y ore = PO M — - ——

(.

/

/
R = 6";’:U2(koa)3 e.2k°d {I-Zrl(koa)2 - (r2-3r12+52) (koa)a + .. .}
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and 1i denotes the logarithmic integrai. The first term in this c«-
oression is that obtained by Lamb for the wave resistance of the circu-
lar cylinder.

The approximatic.: to the wave resistance of a submerged body which
is obtained by evaiuating the flow about the siagularity distribution
that produces the body in an unbounded stream has been calculated by
Havelock for the spherz (1917), for prolate and oblate spi2roiss moving
in the direction of the axis of symmetry and at right anmgles <o it
(1931a), and for an ellipsv.ic with unequal axes moving in the direction
of the longest axis (1931b). Havelock evaluated the wave resistance af
the sphere by direct integraticn of the horizontal component of the
pressure on its surface; the method of successive images was appiied to
compute the second set of images within the sphere, needed 1in order to
satisfy the boundary condition on its surface to the required degree
of approximation. The computation of this secord set of images can be

dispensed with if Lagally's theorem is used to obtain the wave
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resistance to the same degree of approximation. This fact was no:iced
by Havelock in his 1929 paper on the circular cylinder, in which a proof
of Lagal'y'é theocem for the steady two-dimensiomnal case in which only
sources, sinks and doublets are precent is given. Tne proof is based oun
the Blasius formulas for the force and moment on a closed coutour in
two-dimensional, incompressible, potential flow; the name of Lagally is
not associated with the result. To compute the wave resistance for the
spheroid and the ellipsoid, however, Havelock made use of a previous
result for the wave resistanne of an arbitrary set of doublets in a .
uniform stream (1323: see alsc 1932) obtained using an artificial method
due to Lamb (1926). The method consists in making use of Rayleigh's
artifice of ircluding a fictitious dissipative body force, -pu'V,
proportivnal to the disturbance velocity, calculating the energy dissi-

pation as

RU=u'p/ ﬁ%ds
S

where the integration is taken cver the boundary of the fluid, and
interpreting the finite limiting value of this expression, when ' is
made to approach zero, as the rate at which energy is propagated out-

1 wards in the wave motion.

In his 1929 paper on the circular cylinder Havelock pointed out
alsc that the second set of images within the cylinder is needed if
Lagally's theozem is used to verify (to the degree of approximation
afforded by the first image within the cylinder and the correspondirg

image in the free surface) that the moment about the center of the

cylinder vanishes. 1Indeed, application of Lagally's theorem shows
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immediately that a contribution of the required order of magnitude
arises from the interaction of the excernal uniform stream and the
second set ‘'of images. For a prolate spheroid moving aiong its axis,
the contribuéion to the moment arising from this interaction was calcu-

lated by Havelock (1952). The same task was undertaken by Pond (1951)

: for the Rankine ovoid and later (1952) for the more general case of an
elongated body of revolﬁtion. Pond does not obtain the second image
system exactly. Instead he uses Munk's technique and obtains, with
some additional simplifications, an approximate image system in the
form of a distribution of doublets along the axis éf the body between
the limits cf the disiribution that produces the body in the uniform
unbounded stream. Lagally's theorem yields then immediately the re-
quired moment. Pond's result agrees with the approximation that
Havelock, based upon his analysis for tke prolate spheroid, proposes
for long slender bodies of revolution.

The case of the fully ;ubmerged prolate spheroid, which will be
dealt with in this work, was treated analytically by Bessho (1957),
who tried to satisfy exactly the boundary condition on the surface of
the spheroid using a distribution of sources on it. Bessho considered
first an ellipsoid with three unequal axes and was thus able to use in
the solution of the problem several results on Lamé's functions given
by Hobson (1931, Chap. 11). His final expressions, however, appear to
be incorrect, possibly because of typographical errors, and his numeri-
cal evaluations are rather inaccurate. In the present work, a more

direct attack using spherical coordinates yields an equivalent set of

equations for determining the source distribution, but with certain




significant corrections. Furthermore, the numerical evaluations are
performed to a high degree of accuracy, avoiding the rough approxima-

tions employed by Bessho.
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BASIC EQUATIONS
For convenience of reference the equations describing the
irrotational motion, under gravity, of an incompressible fluid having
a free surface are collected here. Derivations of these equations
can be found elsewhere.
Let Oxyz be a right-handed rectangular coordinate system and
let the y axis be directed vertically upwards. Since the motion is
irrotational, we have
v=vd (1)

where V is the velocity vector and é is the velocity potential.
Since the fluid is incompressible, it follows from the equation of con-

tinuity that %5 must satisfy Laplace's equation

vV2$ -0 (2)

The Euler equations of motion, on the other hand, yield the integral

2
2 y_ = - g§ q
gy + ) + 2 t (i)

where g 1is the acceleration of gravity, p is the pressure, [ is
the mass density of the fluid, and t 1is time.

To these equations we must add the appropriate boundary condi-
tions for the problem on hand. Let S(t) be a boundary surface and

let it be described by F(x,y,z,t)=(. Since no transfer of matter takes

et et ettt e
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place across S(t), we must have at every point of the surface
OF OF OF , OF _
ng;+vy§;+vz§;+sz—0 (4)

where Vx’ Vy, and Vz are the components of the velocity vector V.

At a fixed boundary, condition (4) reduces to

0P _
g;-o (5)

d/0n denoting the derivative in the direction of the outward normal to

the boundary. If

y = M (x,2,t) (6)

describes the free surface c¢f the fluid, condition (4) takes the form
o a] =
qulx vy +V, (z +'/(t 0 (7)

Let P, be the constant pressure above the free surface. Then,
in addition to the kinematic condition (7), we must have at every point

of the free surface

p(x,y,z,t) = P, . (8)

since we neglect both surface tension and viscous effects. When use is

~

made of Equation (3), this condition becomes

2
g’Vl+-‘2L+%i'é=0 (9)

to be satisfied on vy =’1(x,z,t), the additive constant having been
merged in the value of B&/Bt.

In the following, the perturbation produced by a submerged obstacle

aimre on
RSO PRRE S ot e o
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in the flow of a stream of constant velocity U will be considered. It

is then convenient to write
% =Ux + 0 (10)
where the perturbaticn potential @ catisfies the Laplace equation
2
Vg=0 (11)

and to let u, v, and w be the components of the perturbation

velocity, that is

u=%‘g:: v=§%’ w=gg (12)

85_ ox ., of _
-B_H_UTn+§;_O (13)

on tne surface of the body, and, since the motion is steady,
(U-Hx)”(x A w"lz =0 (14)

and

]
N =

=]
o

g/"( +-2]: f\(U+u)2 e I wz} (15)

on the free surface y = 4’( (x,2).

The boundary condition that the velocity potential must satisfy
on the free surface can be obtained by eliminating "z between (14)
and (15), as was done by Landweber (1964). It is more convenient, how-

ever, to proceed as follows. On the free surface

. P(x,y,2) = p_




- R

1 12
and thereforse
; D _ 5 -
, e - V- Vp=0 (16)
E Substituting p from (3) into (16) we obtain
18= 2 -
gv+ 3V V=0 (17)
3
This is the nonlinear bour.ary condition to be satisfied by the
velocity potential on the free surface. If we let
q2 a8 V2 % W2
since
V2=U2+q2+2U}1
we can write (17) in the form
2 2 2
7 :
o U ul% ....\-(u?_,%-;-«r‘_(f:-a-w/)_c}_ =0
2 ~ = (18)
IR = Px 99 i
or, making use of {(12),
’J_;é 2 _ v 0F gy
4-9 = - --L(V--—-+- ——-4- ) (19)
Gg ox 2 % Q} e :

to be satisfied on y = ”((x,z). )

For a stream of infinite depth we also have as a boundary condition

lim grad # = 0 ' (20)

s
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that is, the perturbation vanishes far below the body. 1In addition to

the boundary conditions (13), (14), (15), and (20) we must also have

lim grad § = 0 (21)

X - O

that is, the motion must also vanish far ahead of the body. This so-
called "radiation condition" need not be imposed if Rayleigh's artifice
of introducing a fictitious dissipative body force proportional to the
disturbance velecity is used (Lamb 1932, p. 399; see also Wehausen and
Laitone 1960, p. 479) or if an initial value problem can be formulated
(for which the boundary condition at infinity is simply that the motion
vanishes everywhere).whose solution yields the steady-state solution
sought as t—e o (Stoker 1957, pp. 174-181; see also Wehausen and
Laitone 1960, p. 472, for additional references).

Although Laplace's equation (11) and the boundary condit“on (13) on
the boundary of the body are linear, the free surface boundary condi-
tions (14) and (15) are nonlinear. This nonlinearity precludes the use
ofiteqhniques of solution based on the principle of superposition.

Thus, the method of separation of variables and expansion in cigen-
functions cannot be used, and neither can the method of Green's func-
tions or singularity distributions. Moreover, the free-surface boundary
conditions are rather inconvenient because they are to be applied on a
surface of unknown location.

Under these conditions, special problems in the theory of surface
waves have been treated by using approximation techniques (actually

perturbation procedures) of which a fairly complete account has been




given by Wehausen (Wehausen and Laitone 1960). Since only the first
order approximation will be treated here, the perturbation analysis
applicable in our case is ,°t included and the reader is referred

to Wehausen's treatise for details of the method. The first order
approximation consists of neglecting all second order terms in the
free-surface boundary conditions and applying them on the plane y = 0
instead of on the free surface y = 7 (x,z). Equations {14), (15), and

(19) beccme, respectively,

U"(x -v=20 (22)

]
o

g+ lu (23)

and

z S
u_é+7izg_o (24)
“4
to be satisfied on the plane y = 0. Equation (24) can be obtained
directly from (22} and (23) by eliminating "7 between these two equa-
tions.
It is interesting to note the boundary condition that the second-

order contribution to the perturbation potential must satisfy. This is

)
UzZ Sﬁ(z—-\iZé
d

TR~

D

D x= +9 D‘J
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to be satisfied or the plane y = G, Once the first-order approximation
1 . . . : .
ﬁ( ) is known, therefore, the second-order contribution -an be obtainad

by solving another linear problem with a nonhomogeneous boundary comn-

dition on the plane y = 0.
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ANALYTICAL TREATMENT

The soluticn will be sought in the form of a distribution of
sources on the surface S of the spheroid. The determination of che
surface density o of this distribution is the object of the follow-
ing analysis.

Let the x axis coincide with the major axis of the spheroid
situated at a depth d below the free surface. Choose the y axis
vertical and upwards and let the origin be at the center of the sphe-
roid. Let the stream, of constant velocity U, flow in the positive

X direction. The velocity potential corresponding to the three-

dimensional motion past a unit source at (E,"],\S) is given by

+ G(x,y,2;§,7,§) (26)

)
= [

where

2 —kki’?)

2T
C amnn) - R [ bkl

n./é c{}ﬂ,/«[(x-}) 6osi'+\z—‘§ cml‘:} -g .
: e dk dE]| + @sz@ seft
m
z

% < ke, sec f.'(d"] QSec{'[? d +c, X—E)(ogt'.‘,,:\g ‘S)sw(] .l
€ it | (27)

y<2d - ”Z
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*
Here Re denotes the real part of a complex number, ko = g/Uz, g is

the acceleration of gravity, and
2 2 2 2
R™ = (x-5)° + (y-"P" + (z-3)

The harmonic function G(x,y,z; %, 7 ,5) 1is sometimes called the
Havelock potential since Havelock (1932) was the first one to express
it as a double integral in terms of Rayleigh's fictitious viscosity.
We have then for the veldcity potential §. corresponding to the dis-

tribution of sources on the surface S of the spheroid the expressicn
— — b C_ = o
§ = Ux—[ L ol593) dS+[otyy) Sepe;zs
S S
y<2d -b

whera 2b is the length of the minor axis of the spheroid and the
integrations over the surface S of the spheroid are performed ir.
the variables % , "I , and Y.

Since (26) satisfies the free-surface boundary condition, the
boundary condition at y = -o0©, and the radiation condition at
x = -0, so does the velocity potential %% given by (28). The
unknown surface density ¢ must therefore be determined so that the

boundary condition the surface of che body,

A

e e e S

*
The symbol Re could be left out since the imaginary parts of the
two expressions within brackets are ideutically zero.

- 1‘4\
3
2

i
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j<ls (28)
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is satisfied. Vhen % , as given by (28), is substituted into this
boundary conditicn, a Fredholm integral equation of the second kind is

ohtained for o,

a1

+ C—-(x,a =¥ '7,\5)}45 = —U;l (29)

The solution of this integral equation will be sought by expanding the
functions involved in series of spheroidal harmonics, thus tzking ad-
vantage of the particular shape of the body.

On changing the order in which tha i'ixtegrations are performed, we

can write % in the equivalent form

—

A‘- il(o 'Jéc_: L

= Un-[ Lolsny)as + K| Lf pvf kakozdt =
o 9

-

S
/;;J.;.ik(xtqsi’-;-as&.‘{-) » -ilz(‘gmf',p}snl,%)
e {/ 3 G(%rmwsz gl

J

ir 2 2 5 Ay
2 -ZAOCL sec b /eo cE C{xect 250t

+ﬁe[2/«i/ sect e ¢ e * [;+ e {! .
-
Z

by selb | m-(East+ st
{/ ¢ S Bo'(‘s,wctsldf S
>

We will denote the length of the major axis of the spheroid by 2a and
its focal distance by ¢. Let "’I , ©, and (‘0 be the orthogonal con-

focal coordinate system defined by

x=ccosl1')l cos 6 ,
y=¢ sinh"f‘ sin & cos ‘-f , (31)
z=c sinh')’( sin & sink(J . .
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Th surfaces ”Z = constant are confocal prolate ellipsoids of
revolution, with common foci at the points (+c,0,0). The surfaces
© = constant are confocal hypervoloids of revolu%ion, with the same
foci. Let ”io be the value of the confocal coordinate ”{ that

corresponds to our spheroid. We have
a = ¢ cosh ”to, b = ¢ sinh ”lo (32)
Let f(9,lf) be the value of the Newtonian potential
g = Lofxy,y)ds

on the surface of the spheroid, and let it be represented by a series

of surface spherical harmonics,

Hobson's notation, which is also the one chosen by the National Bureau
of Standards in its Handbook of Mathematical Functions, is used in this
work. We have

m
2 d"P (z)
P(z) = (z2-1) —==5
(dz)
m m
2 d'P (x)
B0 = COP ) —E
(dx)
m m
2.dQ (z)
2y = (2-1) —B—,
(dz)
'n_l m
23dQ (x)
e = (D" (1) —B—,

(ax)"

where 2z 1s any complex number not reral and between -1 and 1, x is
a real number in the interval -1<x< 1, n and m are positive inte-
gers or zero, m < n. The only points of discontinuity of the functions
Pﬁ(z) (m # 0) and Qg(z) are on the straight line (-1,+1).

R

g

4

?,.

sy ﬂ

SRS




-

20

N

_ \_ ‘o) fon
ﬁ“ﬁ,‘ﬂ=2 ; a, . (s8] smif (33)

Mz=0 m=0O

We assume this suries to be absolutely and uniformly convergent over

the surface S. We can then write (Hobson 1931)

- .
=~ L) Z Z P (050) tro s __&t"____’ (34)
}{ LR 1z0 M= Q ( AOI)

this being the potential function for the space external to the spheroid
which converges to f(é?,i?) on the boundary. For the potential func-
tion for the internal space which converges to f(é?,(f) over the

boundary we have the corresponding series expansion

oo ~m

mz0 MmM=zO Pm {%Aqlo)

The surface density o can be expressed in terms of the coefficients

a: of these expansions. We obtain (see Appendix A)

M-H m-s
=, Z ZA P, (w8} s M( S
S S A’?) siuh 7], (tech ] -638) <

MO M=0

where, for convenience, we have put

A = a, (nt) ' @37
(-}l Ve QT=b)

o e oAbt B A LM st b
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in the surface integrals contained

in the third and fourth terms on the right side of (30), we find for

) oo m
/('l[—(:é.(?mt-'f‘\ssbvﬁb) U ZT T M|
f e (534S = = / / (-4
= m=Q :—:O
My = ' —
[ A f(se(tJ't-QM{') 5 ‘ ‘ Z‘,‘_TE_ : (38)
ml (Stci'*'f'am Hmj \‘iZA ]:hfi\A)
where
A=k ccos t,
since (see Appendix C_, Equation 22 with replaced by -1i)
k)~ (:/e,(\g cos{'+§sd4(') -
( ¢ ‘ PM(&’SS}%M,“-O SR <152 A
s c® suah a0 (losL 1), -los O)F
S 2 /Qloa;&gwsﬁo_é/\a(a(os@mh.és&gsd« siui‘}m _
-], ¢ 2 Blosm s 44
o'o
nEm  mpot L
= 21‘5’(.!) L am(bsk"]o)'{(sectptub)-i-——l—— Iirjt T KA) (39)

(see h.émé-)""s ¥za mtd
(We assume that the integration can be carried out term by term.) The
surface integral contained in the fourth term on the right side of (30)
is given by (38) with k replaced by koseczt.

Finally, using (38) and the corresponding expression for the sur-
face integral in the fourth term, and expanding the functions

ekosecztry+i(x cos t + z sin tﬂ

-t

eky+ik(x cos t + z sin t),

in series of spheroidal harmonics, we can express the velocity poten-

tial %ﬁ in the form

’
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. NZO ml:OI =5 M‘
= -—2!<Q o H
1 /"féo ‘? I T L < my {f P onti {
+‘Ze ﬂ'f P\// /\k’oﬁez € IL (7";'"110 (( JO ! !
| = Mz m=0 3
oy

- oSO ”\’
om 2 i M’-b”V!. e —_— 741-
'I?_.(w:h‘)] {UL > > (-2‘ L A lomt(f)\"—__~(l_seci.]s dt (40)

where the coefficients Cn o are given by (24) of Appendix C, with
S0

= C_, the coefficients B have been omitted because the po-

n,o n n,m

tential is an even function of 2z, the coefficients Co are ob-
n,m

tained from the coefficients Cn ” by putting k = ko seczt, and,

>

for brevity, the functions i

..e.cf' B —-——-—-—-—-) W '
T () = { Fat] (&‘“&MM&QM £) "

and

m _ ., 2 l
Ton(t) = Tn(xosec t,t) .

have been introcduced. Again assuming that integration of the series

term by term is possible, and replacing the coefficients Cn " and
?
C° by their expressions in terms of tﬁe functions T: and Tom,
n,m n
m
GRS (’:‘..ﬂ_(z +.), AT (e E)
(’me /”cLa" =
mem ‘ m
Co =/ |le=m (z |2 T )
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we can write (40) in the equivalent form ) |

b= Ucwhq e + uc>: ) A2 8 o )

\M+m\)
n=0 1" ‘=0

" . ‘ ’ | . i Mrn
+Uc E XE IMQ}@SM‘{’ Faa b2l il % = &TM’J) i ’\‘L

o ml MTO MO ..jifi. !

Y— Y—.'n F ol M‘l/ L-f—»é sec & M_o Mk‘ dkd€
LL Fv/ k-Losec /(60."" MV\,(‘)T(If') (g1

mlzom'=0 0 m - ) 5 ? ( ,_7"' mem
4 CZ za(ésg) (asmvt() PM\CJ.,&(‘; Z . :l?-(m+m‘)‘ ( poprey ) Jt~.€l_L
- T
Mm=0 m',,,l rn’~H m'm oy j%_‘e Zl\oc{S{cf " __/w’ ._i o,
z Z(- m( I e {_"'"——[;éf') l%’(f) C{ \.J
mo ml=0

where the factor 1/2 is to be used for m = 0. Substitution of this

expression for the velocity potential into the boundary condition on

the surface of the spheroid,
a$--0 or é§= 0
on 57

yields

2

m

5059+22} (caVS)Co.-fm(fA ﬁ)__’ Q 4,*/,"7) Z

|
o) temp Bl | 1 el g [

4] 2 (rem

3
0
.3.

[\/18 3:9;
l\fl?_
q
°\z
x~|x
\2‘\
O
({%

) [P 2 ~2kel
Y [Pv 2 el T i e el
- "y g sec € ke tos - Mk Ayt i
mo':o M':o
o 'Mfol g ) A (m M1) vy .M+'W\“ e
o ((=8) Lsmip P s,]o) 25 m(zmu) Kl ¢ 41
mzQ ’n?f.—'o
= & el alpam! it g 8-2/\’051. *ecé— o ml
2 X (-_I) L A’M’ - o _I;Mké) Toml\t) d 6l = 0 (43)

mz=g mheo
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whera we have now assumed that the series can be differentiated term
by term; the dot above the Legendre functions P and Q indicates

differentiation with respect to the argument cosh/”l . Equation (43)

is equivalent to the infinite set of equations .
"\ m 2 A m oam! amd ‘
Am = ',—'m +§- T MBmI Aml (44)
o -
M=o M'=Q
where ,
{_..__ ! ) ifn=1,m=230
"™ Q, (wsh),
— ]
[, =
() ' otherwise
\
and
) I
m md P ((ASA " | M o aml
wB = T 5.1_1 ?Z'-{Zmﬂ} (1) IM!
QM bsl"?") 1 < S
with
ntmpaim! T oo o -2k i
(=) = 4| v kthkosect e 1 )T (t) dkdt
. k_koselt kost ™ '
m__m! (nt+mtn'+m') even

<

gy m! o'l _g _2kocl sec € :
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CALCULATION OF THE WAVE RESISTANCE

Lagaliy's theorem (Lagally 1922) yields for the norizontal component
g g

of the force on the spheroid the expression
On: _
R’:-L/ﬂ'(»/ i éé A (45)
SRR

where Qz is the Havelock potential for the source distribution on the
surface of the spheroid, giveu by the third and fourth terms on the
right side of Equation (3¢). We have

‘ T 5O = akel
/ ¢ 2% ds - Re| L f fethoset L g

.
L

S

kg + e xboty 230t l k7f-¢ /z(\:'Cas F+Tsi é) 2 ,
J{ 2 T, 313}‘{5 '. e T&Iq},‘g) A el
S , !

)

l'—21: ‘Zkodsezé' L;,*:eczf‘[cj# «:'\xic:;h- 2—::(‘,{':)] l
/ 5&26{: i/(,sec(' {e cr('x,alz)t{s

n S J
2.

@ . —1
¢ w(3],3) 4= 4€ “

where both surface integrations are performed over the surface of the

spheroid, in the variables x, y, and z when we denote it by S, and
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in the variables ?Z, ”{, and 3 when we denote it by S'. The

contribution to the wave resistance from the first term on the right

side of (486) is zero. Tc see this we need cnly write

r mA(xzo«mm Lkt )
Tlxg 2S¢ =(%73) = l
j\s’ ' )i

k(af :
// SM[/E(X*‘E —o.'t‘Y‘L( -‘S;S«-‘H U'P—‘ ‘oﬁ) (x,“:a/\ s C(Sl

./-
and observe that if we interchange x, y, z, with %, 9] ?’ the
integrand changes sign while its absolute valce remains unchanged. To
evaluate the contribution to the wave resistance from the second term
on the right side of (46), we make use of (38) with k replaced by

koseczt. We obtain

% ~2k,dsec & L=
j ‘/” dS — ‘:zéoc sel b e ¢ ey sect (({fé}
io m ii‘iﬁ". : l.\‘
w+luw1m M+’M+M (i 2T =l
X VTR Tl ) ) A R T
[ 0 " ‘Z_L i
-or;n—o ) )\fn'zOfM':O 5—‘

The wave resistance is then given by

K=Tege ZXZ E— T i jTQZ, 1)

M=0 m=0 m'=o mizo

(otmtn'4m') even
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NUMERICAL TVAI.UATIONS

All numerical evaluations were performed with an IBM 360/65 com-
puter. The corresponding programs car be found in Appendix E and will
be discussed in this section. Subprograms which are common to various
programs appear only once in the Appendix.

In order to evaluate the single integrals in the coefficients of
the infinite system of equations (44), wé~introduce the change of
variable

tan t =

Let

% Zko{sezf :
I, =38T L e oy T uﬂ-)T ((:) (48)
We have ; )
—Zg,d
Ep= ?Te'z'(od'[o .2\1__%_; tuj(U)I%’(V)Ju (49)'
where

+
ot~

ouV” {(«?;;E+u) (QTI%%+UYW} 3- (kQCVTIUE)

Since the integrand in (49) is an even functiom of u, we can write

_2/(0;{ == M\ % ) ,ml

I-. == BT i"?‘—'
k.l

Yo (vm n'\"\léﬁﬁ-) o %
\Z«
\ '+ =)
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where we have further changed the variahle of integration to

The integral in (50) can be evaluated by Hermite-Gauss quadrature. A
twenty-point formula was used, for which the zeros and weighting factors
can be found in Abramowitz and Stegun (1964). Actually, since the

integrand is an even function of x, only ten ordinates are evaluated

B S T STHEN

in the corresponding ¢ mputer program, which yields the value of I1

and includes a function subprogram (BESSJ) to evaluate the Bessel
functions whicii appear in the integrand.

The evaluation of the Bessel functions J of order n + 1/2 was
carried out using the series expression

,V'l{-..o.

- =1 ?
4 = = &

| - = | (51)
2.4 (2me2)(2mt 5) g

r(’"** i_) ]\ z(2m+3}

m$

] f—

for values of the argument less than five, and the recurrence relation

(52)

HT -

M-
Nw

g
-—

T.@e= 2= T, -7,
for values greater than five. 1In this manner, the large round-off
errors associated with the use of (51) for large values of the argument
(especially for small n), and with the use of (52) for small values
of the argument, are avoided. The cut-off value of five is a rough
estimate of the value necessary to minimize these errors. The sub-
program, which was written in doubl: precision further to reduce round-

off errors (only six, or at most seven, significant digits are supplied

by the IBM 360/65 computer in single precision), was checked against

A e R 2R R Y,
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tables included in Watson's treatise (Watson 1944, pp. 740-743). The
results were found to be accurate to the number of significant figures
given in these tables (six or less) for values of n up to 18; most
of them are probably accurate to several more significant figurez. The il
round-off errors associated with (52), however, increase with increasing
n, and this high accuracy should not be cvxpected to obtain in the eval-
uation of Bessel functions of much larger order.

in view of the difficulty of estimating the error in the Hermite-
Gauss quadrature formula, the calculations were spot-chacked using
Simpson's rule, which requires longer computing times, but allows for
a ready estimate of the error at each stage of ap_ roximation. The sub-
routine SMPSN wused in the corresponding prcgram is part of the IBM
System/3560 Scientific Subroutine Package, Version II, and is not in-
cluded in Appendix E. In this subroutine, Simpson's rule is used with
interval halving until the difference between successive valuzs of the
integral is less than a given tolerance. The Hermite-Gauss quadrature
formula was found to provide at least five significant figures.

To evaluate the double integrals in the coefficients of (44), we

make use again of the change of variable

tan t = u

and we put further

Let ’ i
__Zl'fcé {

e " -
I, = ‘/I“?v( //<<+kos“2t Tt =Yt LBt dhdt
s = - Ko Sec R s

P et b i @ e s it o




rew ey e

e

’ {
{
2
!
We have then
o o< = 2Ll o \ "
i __[ V{ K+l+u?) e - {(\AHAJZ-FU} + -\
27 ), lo K-(1+v?} K\N1su* Z '\\:‘Hu:"'-}-u: 3 .
nn, !
——— N l —— ‘-l;}c!(\‘l lll\"ack [ -
(NH-U?"}'U;-J- -————\—;;l? J '-—‘————:} I ,\ .———-;} CLI'\C!LJ 4 ;
(YMU2+UI \m+z l+usl M2 Ylfu‘ (54) ;
i
For numerical evaluation, it is better to write (54) in the f-rm i
oD an l ‘(M+01’+2—/,u_m\’l
V) —
I—_z: A’Oc/ {(l#"——)f ? (Vf-i—l)z)
o Yi4+u2 g z
(H- ) i+u®)
v
' EdK

|y )
(

)o 5{-1\;+u2}

mim l’ﬁ, K -
kek] Lol G Lo

)

[o}

\}74—_{/2} c{Kgdu = Ky (Zu) dv  (55)
2

where the function

];-}-.%\2)_ ‘ gl_':'_z_._.;....z (56)
2 2™ M) | 222 )

is continuous at z = 0. A simple modification of the function sub-
program used to evaluate the Bessel functions yields the function sub-
program (BESSJM) used to evaluate (56).

The evaluation of the Cauchy principal-value integral in (55) was
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carried out using Simpson's rule, modified according to a techaique
' suggested by L. Tandweber (Kobus 1967, Appendix 1) to take into account i

the singular point in the integrand. It can be shown that any composite

integration rule, obtained by dividing the interval of integration

into subranges and applying in each subrange any of the Newton-Cotes

integration formulae, can be used to evaluate a Cauchy principal-value

e R

integral,

b
i j iéfl dx, a<c<b
t a

as long as the singular point c¢ 1is either an end point (excluding a

and b ) or the middle point of a subrange, and the value of the inte-
grand at c¢ 1is taken equal to the derivative f'(c). In the function
subprogram that evaluates the function G(u) defined in (55), there-
fore, the derivative at the singular point k = 1+u2 is obtained first
using a five-point differentiation formula. The two function subpro-

grams FM and F evaluate the integrand of the principal-value inte-

gral and, at the singular point, replace the integrand with the corres-,

ponding derivative. The calculations were carried out to an accuracy
of three significant figures.

The solution of the infinite system of equations (44) was obtained
by using the so-called method of reduction (Kantorovich and Krylov 1958,

pp. 25-26, 30-31). In this method, the solution is found by solving a

sequence of finite systems, each of which is obtained from the infinite
system by discarding all equatious and unknowns beyond a certain number
N. The solutions of this sequence of systems, under certain conditions,

converge to the (principal) solution of the infinite system. Although
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it is difficult in our case to show that the conditicns of the theorem
are satisfied, it is reasonable to assume, on account of the significance
of (44), that the method does yield the solution sought. A numerical
verification of this assumption is obtai;ed if, when the number N of
equations kept is increased, the coefficients A: approach limiting
values.

Such a numerical verification has been included in the computer
program for the solution of (44). The number of equations has been
taken equal to 2, 5, 9, 14, and 20, equivalent to keeping, in expansions
(34) and (36), only those terms containing Legendre functions of degrees
up to 1, 2, 3, 4, and 5, respectively. The program containc a sub-

. . Qi .. m_m
routine subprogram for compliting the cocfficient matrix an. from the

. i
symetric matrix formed by the double and single integrals :I:, . No
table was found to give the values of the Legendre functions and their

derivatives in the interval of interest to our work, and their evalua-

tion is carried out in a second subprogram. The derivatives occur in

m_m'

the coefficients an, ; the Legendre functions of the first kind in
expansion (36). No use is made in this second subprogram of the re-
currence relations for the Legendre functions, on which, for example,
the tables published by the National Bureau of Standards (Lowan 1¢..5)
are based; severe round-off errors were found to be associated with the
use of these relatioms, in particular near x = 1. Instead, since only
the functions of deg.'es up to five were needed, tﬁe explicit expres-
sions of these functions were derived and used in the computations.
These expressions were checked, using the National Bureau of Standard

tables, for several values of the argumentj all significant flgures
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given in the tables were found to be cor;ect. The subroutine GELG
used in the program for the solution of (44) is part of the IBM System/
360 Scientific Subroutine Package, Version II, and is not included in
Appendix E. In this subroutine, the solution of a system of general
simultaneous linear equations is obtained by means of Gauss elimination
with complete pivoting.

Once the coefficients A: are known, we can evaluate the densicy

) of the source distribution making use of (36). A progran was prepared
to obtain plots of this density along meridian curves of the spheroid.
The subroutine PNMXGl used in this program, which evaluates the
Legendre associated functinms of the first kind for values of the argu-
ment greater fhan one, is simply part of the subroutine LEGF; the
subroutine PNMXL1, which computes these functions for values of the
argument less than one, was obtained by introducing the necessary
changes 1in sign in the expressions in the subroutine PNMXGl. Neither
subroutine is included in Appendix E.

The evaluation of the wave resistance is carried out in the T.:st
program in Appendix E. A simple modification of the program for the
evaluation of the single integral in the coefficients of (44) yields
the program for evali,iting the single integrals in the expression (47)

for the wave resistance; the modified program is not included.
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RESULTS AND DISCUSSION

M o R B M P

1
The double and single integrals :I:, in the coefficients of

system (44) depend on the Froude number U/ 2gc = 1/\&2koc, and on

S e e

the relative depth of submergence d/c, and are independent of the
eccentricity c¢/a of the spheroid, which occurs in the derivatives of
the Legendre functions. This property of the coefficients of system (44)
is of interest because most of the computer time required in order to
evaluatc the coefficients A: is spent in the evaluation of the double

integrals; once these integrals have been computed, for given values of

the Froude number and the relative depth of submergence, the coefficients
m . - .
An can be obtained for several values of the eccentricity without

practically increasing the total computing time. The numerical evalua-

tions reported here were carried out for a Froude number U/\;ch = 0.4,
a relative depth of submergence d/c¢ = 0.5, and reciprocal eccentrici-
ties a/c = 1.01, 1.02, 1.04, 1.06, 1.08, and 1.10, correspoading to
slenderness ratios a/b = 7.12, 5.07, 3.64, 3.02, 2.65, and 2.40, re-
spectively. (For the relative depth of submergence chosen, the spheroid
pierces the free surface for a/c = QETEE.) The practical interest of
tﬁe smaller slenderness ratios is probably limited; they are included
here for purposes of comparison and discussion of results.

The first approximation to the solution of system (44) which con-

sists of neglecting entirely the infinite series on the right side, thus
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keeping only the first term of expansion (34) with

a; 0 | )
—_— = A= —— = (57)
Ue Qg R (- a/c L G B/ct]
IN® e I R e

©

o
|
N

corresponds to the source distribution that produces the spheroid in an
unbounded uniform stream without a free surface. Indeed, the potential
for the motion of a prolate spheroid parallel to its axis (in the nega-

tive x direction) in an infinite mass of liquid is given by

o~

55 — Uec -t _Pluse) Q (e=h ) (58)

or

Uc \
i i plET a1

with \So = cosh"zO = a/c, §'= cosh??, L = cos O, For this first

approximation, the wave resistance is given by

= Il,:‘ 'l (= z 2
— 2 0"'(_ - z R L Je,
K=Teg i) 67‘;’/0-5556% Tislae on

Equation (59) was obtained by Havelock (1931a) using the axial source ’

distribution corresponding to the motion of the spheroid in an infinite

i
3
|
mass of liquid and applying Lagally's theorem to evaluate the wave re- ;
i
sistance (without, however, mentioring the name of Lagally in this %

3
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connection). Of course,.neither the axial source distribution nor the
source distribution on the surface of the spheroid actually produce a
spheroid in the presence of a free surface. They avre two different
first approximations. It is interesting to note, however, that both
first approximations yield the same value as a first approximation for
the wave resistance. Haveleck's app-oximation has been included in
Tables 1 through 5 for purposes of comparison.

The values of the coetficients A:, obtained keeping 1, 2, 5, 9,
14, and 20 equations {and an equal number of coefficients) in (44),
are presented in Tables 1 through &4, for four values of the ratio a/c.
Table 5 contains the corresponding successive approximations to the wave
resistance (the two additionai a/c¢ ratios investigated are also in-
cluded in this table). Three significant figures are given for all

elements in the tables, since the double integrals were computed to this

accuracy. When 20 equations are kept, 92 double integrals must be evalu-

. m_m , . m_m m . m
ated (the integrals I', satisfy the symmetry relations ==l T
n n n n n n
mm' _m'_m . ]
and nIn' = L I o'’ and this reduces the number of double integrals to

be evaluated from 202 to 92); the required computing time is a little
less than two hours. The corresponding computing time for the evalua-
tion of the single integrals is less than half a minute; for the solution
of (44), for the six ratios a/c investigated, including the evaluation
of the derivatives of the Legendre functiens which appear in the coeffi-
cients of the system, less than one minute. Also less than one minute

is the computing time required for the evaluation of the wave resistance,

using (47); only single integrals appear in this expression. A reduction

in the time required for the evaluation of each double integral, at
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rresent about 75 seconds, would therefore reduce practically in propor-
tional form the total computing time. This reduction is believed possi-
ble and is part of a future program of work.

As should be expected, the closer tﬁe spheroid is to the free
surface, the larger the number of coefficients that must be kept in
order to obtain the limiting values to a given accuracy. Most likely,
not all products :B:: A:: in (44), corresponding to a given number of
equations, need be kept in order to obtain the solution to that same
accuracy. Moreover, not all coefficients A:, up to a certain one in
the order in which they appear in expansion (34), need be computed in
order to obtain, for example, the wave resistance, also to that same
accuracy, since not all terms in the summation in (47) contribute

significantly to the final value. It is difficult, however, to esti-

mate beforehand the error associated with such approximations, a point
of practical interest since a significant reduction in computing time
could result thereof; no attempt has been made in this work to obtain
such estimates. It is interesting to note that when only AO

1

(one equation), despite the fact that the resulting approximation for

is kept

0 ., .. . . .
A1 is close to the limit value, the correction for the wave resistance

is rather small, since it turns out that some of the coefficients ieft

out contribute rather significantly to its final value. Moreover, keep-

ing A1 in addition to AO

1 1° does not improve the ‘approximation to the

wave resistance, which remains unchanged to the three significant fig-
ures given in Table 5.
A set of equations essentially equivalent to (44) for determining

the density -f the source distribution on the surface of the spheroid
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was obtained by Bessho (1957), using an entirely independent derivation.
Bessho considered first an ellipsoid with three unequal axes, and was thus
able to use in his solution several results on Lame's ..ctions given by
Hobéon (1931; Chap. 11). The coefficients of his set of equations, bow-
ever, appear to be incorrect, possibly because of typographical errors,
and his numerical evaluations are rather inaccurate. His approximation
to the solution of the infinite set of equations, which contains only six.
of the coefficients of the system, all belonging to the first five equa-
tions, introduces, in the light of the present numerical results, a sig-
nificant error. Moreover, rather than using the singuiar solution for a
source in the form of a.double integral and a singlg integral as done in
the present work, the coefficients of the infinite system of equations
are expressed in terms of Rayleigh's "fictitious viscosity" u, and are
not therefore in a form suitable for numerical evaluation; the calcula-
tions are performed using asymptotic expansions, with which large errors
'

are associated unless the Froude number is small enough. For a Froude
number lV'qEE: = 0.395, the relative depth of submergence used in the
present calculations, d/c = 0.5, and a ratio a/c = {1772 ~ 1.03, Bessho
obtains R/lutpUzc2 = 7.165x10-4, a 1467 increase over the value corres-
ponding to Havelock's approximation, 2.91x10-4. For Froude number 0.4,
Table 5 shows a 34% increase over the value corresponding to Havelock's
approximation for a/e¢ = 1.02, and a 90% increase for a/c = 1.04.

The relative density o/U of the source distribution on the sui-
face of the spheroid, corresponding to the successive approximations

obtained keeping increasing numbers of equations in (44), for z/c = 1.02,

is presented in Figs. 1, 2, and 3. These figures show that, although

N
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Figure 1. Density of source distribution along a horizontal meridian
plane near rear of spheroid (a/c = 1.02)
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for an integrated quantity like tha wave resistance, twenty equations
are enough to obtain the solution, the convergence is slower for the

surface density. Since the limiting values of most of the coefficients

.

A: in Table 2 have been practically attained (with the probable excep-

tion of those in the last row), this implies that some of the coeffi-
cients left out have a significant effect on the value of the density

ni the source distribution. It is interesting to note that the surface -
density oscillates about the final value:; the approximation obtained
keeping five equations in (44) is worse than Havelock's approximation
over a large portion of the surface of the spheroi&. fhe approximation
obtained keeping twenty.equations in (44) is depicted in Fig. 4, where
the relative density is plotted along meridian planes of the spheroid,

together with Havelock's approximation.

The solution obtained in this work is an "exact" solution within i

ik

the theory of infinitesimal waves. The determination, for the same
L]
particular shape, of the error associated with the linearization of

the free surface boundary condition, using the approximation techniques

leading to (25) for the second-order contribution to the solution of the

Ll AL i o L] 5 i i’ an3 T

nonlinear problem, constitutes a natural continuation of the present
study. For the circular cylinder, Tuck (1966) has shown that the error

associated with the failure to satisfy the free-surface boundary condi-

s s s 30 b

tion is larger than that associated with the failure to satisfy the

g

boundary condition on the surface of the body. The circular cylinder,
however, is a shape of little practical interest, aud the corresponding
result for slender prolate spheroids should proves a valuabie contribution

tc the general knowledge in this area.




CONCLUS IONS

The flow about a.submerged prolate spheroid in axial horizontal
motion beneath a free surface has been treated in this work and an
"exact" solution within the theory of infini‘_simal waves has been
obtained. Comparison of this solution with Havelock's approximation
reveals that significant errors are associated with the latter, in which
the boundary condition on the surface of the body is not satisfied
exactly. For a prolate spheroid with slenderness ratio (the ratio of
major to minor axis) slightly larger than five, a fo;al distance twice
the depth of submergence, and a Froude number (defined with respect
to the distance between foci) of 0.4, the wave resistance is larger
than Havelock's by about 347%. For slenderness ratios of 3.64 aund 2.4C,
the same relative depth of submergence, and the same Froude number, the
corrections are as much as 907 and 3687, resp=2ctively, of Havelock's
approximation (the spheroid corresponding to the latter slenderness
r;tio is very close to piercing the free surface). |

The successive approximations computed in order to obtain the
final values of the coefficients of the required expansions in sphe-
roidal harmonics, and the corresponding values of the surface density
of the source distribution and the wave resistance, show that‘the
corrections are small when only a few terms in the expansions are re-

tained. The convergence is slower for the surface distribution, which
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oscillates about the solution, and the approximation obtained by
keeping only a few teri- in the expansion is, for some portious of.the
spheroid, farther from the solution than Havelock's approximation.

An infinite set of equations, essentiaily equivalent to that obtained
in this work for determining a source distribution on the surface of the
spheroid which satisfies exactly tne boundary coandition on its surface,
was obtained by Fessho using an entirely independent derivation. The
coefficients of Bessho's system of equations, however, appear to be in-
correct, possibly because of typographical errors, and his numerical
evaluations are rather inaccurate. %The value of the wave resistance
obtained by Bessho, for a Froude number of 0.395, a focal distance
equal to twice the depth of submergence, and a slenderness ratio of
4.17, exceeds Havelock's approximation by 146%; according to the nu-
merical evaluations repor:ed here, the correction should instead be in
the neighborhood of 60 to 657 of Ilavelock's value.

The solution obtained in this work is an "exact" solution within

4 the theory of infinitesimal waves. The determinatiou of the error

TR PRPP

associated with the linearization of the free-surface boundary condi-

tion constitutes a natural continuation of the present study.
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APPENDIX A
EXPRESSION.FOR SURFACE DISTRIBUTION IN SPHEROIDAL COORDINATES

The surface density om corresponding to the external potential

Sm = P (Lo G) tosxmLf Q U""')Z}
" ext "(tosh 1 [O\

is derived in this Appendix. The corresponding internal potential is

S™ = P(«s6) s my B (esh)

T Rl
We have
- - o | J
bwe™ =2 < 25
m Pm ex b O luf
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that is Z ”?o

e = Bl e T.Q”:(“’S‘\”?o\_P;"(&sL”),)k e |
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since the length ds of the element of arc in spheroidal coordinates

is given by

ds) = (k|- )
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We have moreover (see Appendix B)

m s ) | : & !md,.nm'!.]
(/‘-\)[\QM(/“’ i B Quplt < )

The final result is then
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APPENDIX B

PROOF OF A RELATION INVOLVING LEGENDRE FUNCT IONS

The relation

-.{Q),) /«) P;‘)Q}u) %

required in Appendix A, is here derived. Since

A S R
17{('7“2)—%%4—}”('"“} ~— t—/{) 0

and

and therefore

2 ™ e _ ?3”“ ;“1 N cant
U/‘t ){ QM)H) PMX«) M){‘) g’)m/“)} constant.

N | )
This formula is obtained b
the relationship

Q:(E—) = k—i;w‘-("—"ﬂ.)_' P \2) d=
| - f

¥y Lamb in his Hydrodynamics (p. 142) from

2
M”‘L?) } ( '

the proof of which, however, is not given.
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To evaluate this constant, we use the expansions

1
S = mim o
Pmk) = —:\-l—’ k{ll) <t (/.4.{.”
2 m. G{. L it W
A
% = ‘;2"1;"’ )(4?.;"5“ {/M-m_ "““”"‘1(’““"“") /Mm-w_:..:.
§ 2z m.‘tn-rmj! l 7’(2"‘") 4
(Hobson, p. 91), and
Lom
m ) | 2
QM)(‘) = (—-’) zm’"‘i(""""‘ /qu-l)
(@mer)!
{ - " I '
+ i+ +1) {mimaz) S —
ma et 2(Zm+3) /4
/u

(Hobson, p. 108), which hold when/‘-& is not real and between 1 and

-l. The result follows immediately.
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APPENDIX C

L e e

xBy+yz 2 2
EXPRESSION OF e

» @48%7% = 0 IN sPEEROTDAL HARMONICS

We require the eéxpansion of the function

(1)

in a series of sphervidal harmonics in the region interior to an
arbitrary spheroid centered at the origin. Here the x axis is assumed
to be the axis of the spheroidal coordinate system.

In the particular case

@ =k, B =ik cos t, 7 = ik sin t

(2)
this exp.asion can be obtained without much difficulty using the rela
tionship

P(X+L',‘/£ost-+{;25;«41")

g <

= R (woh) R (ass)

M

+ Zi L‘_M‘LM“.”"_)_)',' 'P‘“M\‘ocl\”[) Fi""(&m ®) s m({f-¢)
(m+m)]
Me|

(3)
(Hobson 1931, p. 414) and expanding

fxrik(yestizeit) ke xeiljestrzsit]
e = e = e

in a series of Legendre Polynomials in the variable u,
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e
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Unfortuzacely this derivarion cannot be applied to the case of
interest in the present problem, the expamsion of the function
~ky+ik(x cos t + z sin t)

e (8)

since Hobson's result applies to

g+ Zx(oc.f‘+i%si~'f)
B < =
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only if the y axis is the axis of the spheroidal coordinate system.
3
) y
The technique to be used here to obtain the expansion f (8) is based i
k
again |

on results of Hobson and yields a more general expansion of (1).

et f{x,y,z) be a potentiai function over 2 bounded region R '

. > T L3 = - 3 - s - E
containing the origin. Choose any spheroid ”2 = "11 contained in R, E
*]. being arb
{1

itrary. We obtain the expansion of f£(x,y,z) in sphe-

roidal hammenics by first expanding the vaiue of this function on the

surface S of the spheroid in a series of surface spherizal harmonics,
=i Blee bt 0.0 ook 4t
PABR] = Jleosh a8 csub o 5i 8o

-
e
P

f i i T
C o 4B simd) B, (@sp)

£ ﬂ!."

(9)

. +§j§:(d @WW+B'SMM{)QQ£)S§EEQ (10)
o v P o)

(Hobson, pp. 417 et seqq.). We assume the series expansion (9) to be

uniformly and absolutely convergent over the surface S. Its coeffi-

cients are given by
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It should be noticed &hat the expansion for the space internal te an
eliipsoid has been used. The expausion for the external space, which
involves %m(cc\sh J() instead of P'::(cosh "( }, camndot be used since
the funiction to be expanded is not regular at infinity and therefore

Hobson's theorems are not valid.

Put
x' =cos O,
y' =sin & cos ({7 R (12)
z' =]

sin € sin ({1 .
The value of the function £(x,y,z) on the surface of the spheroid is
then given by

f(ax',by',bz')

where use has been made of the relationships

a = ¢ cosh "’h, b = ¢ sinh /"(1

and the repeated integrals in (11) become

r‘?{a*,’ 52" sz) ‘)/MM\ 'a/’g’) el (13)
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ordinary spherical harmonics of degree n:
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with E S

These functions, as is well knmown, are homogeneous polynomials in
x', ¥y', and 2", -
To evaluate the deouble integral {13} we use a theorem of Hobson.

We have (Hooson, p. 161}
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where

and, on the right side, x', y', and z' are put equal to zero after

/ 0 o " 3 \ . b-
\@x', dy' az'/ 2219

. m
the operations are performed. The operator Yn

tained replacing x', y', and z' in the homogeneous polynomial

m . . d o d
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respectively.

It can be easily shown that the conditions of the theorem are

. satisfied for our function,
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where
A2 = a2a2+(62+72)b2 = a2<a2_b2) . a2c2

Since, moreover (see Appendix D),
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where the factor i and the minus sign within the braces correspond to
the n lharmonics containing sin mLP, and the factor 1! and the plus

sign to the remaining (n+l) harmonics, we obtain finally
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If we write the requir2d expansion in the form (6) the coefficients

are given by

~m | k= li 3
Cm= Z m. O(MCMjl-F-L—-i— & —1*-'\(,
(2x)! [ 2(2m+3) 2.4{2ms2) (204 5) )
= {
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(Zm)' \M*ﬂ\M)! \ s 2( ms 3, 5
where
A2 = a2c2
In the particular case of interest to this work, we have
a=1dk cos t, B =k, ¥y =ik sin t (18)
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Equations (15) and (16) becowme then
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where we have now put

AH=%ke cos t
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and therefore
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Making use of (21), we can write (19) and (20) in the more compact form
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The coefficients of expansion (6) for the function
|
ky+ik(x cos t + z sin t) <
€ {
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using the general exprassioms (17). We have

A5 & chack on the validity of the expamnsicns here derived,

reobtain the coefficients corresponding to the particular case (2
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of order

form (7) ac we wanted to show.
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where In + denotes the modified Bessel function of the first kind

the coefficients (25) can also be expressed in the
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APPENDIX D

S \ Qax+3by+ybz
EXPRESSION FOR Y: & 5 52 e

We shall prove that

°(a)(+£é 1‘-"</>2' ) L | — -
\/M(-”-,l 2le ! 77) :Jﬂj.?of : h_r’(:'gi’\’%)
" 19x ?319;# zZ LS '\
‘ o ‘ml xax+Lbylz
q [ . g
l(/}“ﬁ i+l e
where OF+§2+72 =0, a-=c cosh ,rl’ b = ¢ sinh G?l

and Y: denotes any of the 2n+1 independent spherical harmonics of

degree n

n n .m n _m )
r Pn(cos e), r Pn(cos @) cos ml.?, r Pn(cos ©) sin mbp,
m=1,2, ..., n

with r2 = x2 + y2 i 22

The factor i and the minus sign within the braces correspond to the
n  harmonics containing sin m\f; the factor 1 and the plus sign to
the remaining (n+1) harmonics.

.

For the proof of this formula we make use again of a result put

forward by Hobson. We have (Hobson, p. 93)
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Let us write, for shortness,
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Again, for shortness, put

f = caxtBby+tybz

We have
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Moreover, since for all values of//u which are not on the real line
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When use is made of (6), (7), (8), and (10) the required result i

follows immediately.
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COMPUTER PROGRAMS

Ay onsmr

o

o a1 IR A T e

73




T

C
C.............................’..........................-...-....
C
c EVALUATIAN OF SINMGLE INTEGZAL S8Y HESYWITE=5ASS 2 A0 2ATE0NS
C
C............................C..................Q...B.".*.......
C
NDOGRLFE PRECISTION B3£SSJ, ARC, FX
DIPEMSITN X{10) 9 W{I0) sFLLD) 3 SINTHLZ2003),IM0(20 30,
1IMNENGA(23G0)
C
READ (5,3) NIUADG{X{T) s {T)s[=1,NCUAD)
3 FOPMAT (I110/(2F32.15))
WRITF {(&y4) (X{D)n(1),]=1,NYUAD)
4 FORMAT (1HL 158X 4HX{I) 33AXs4HW{I)//7{YH 473041954127, 022,.15))
C .
PI = 3.141%93
C
"READ (5,27) ERR, LIMIT, MUMINT
T FORMAT (F20.192,2110)
READ [5,1) FR, DOC
1 FORMAT (2F10.5}
C
GCOUZ2 = 1.0/(2.0%FR%%x2)
GOoCU2 = GCDU2*=UDC
WRITFE (6,2) FR, 5C0OU2, 0IIU2, OO0, =12 ‘
2 FORMAT (1H1,21HFR = U/SCRTH{2%GxC) = ,FlJu.5,10X,
11MHG=C/UF%R2 = ,F10.55 10X 1IHGRD/UR%? = LF1D.5,1CX%,
s 26HD/C = 4F1l05,10X/1HCyHHFRR = ,F23.15)
C
H= 1.0/ SQRRT(?2.0%GD7U2Z)
FACT = 8.0%PI% EXP(-2.0%GDCU2)*H
c ”
DO 29 J=1,NUMINT
C
READ {(5,19) N, My, NP, MP
19 FORMAT (4110)
INDNUM(J) = 100D0%N+120*M+10*NP+MP
INC(J) = N#V#NpP+MP
C
I (IND(J)/2%*2=IND{J)) 15,16,15
16 SIMNT{J) = 9.0
GO T+ 29 ¢
[
15 WRITF (6,61) N, M, NP, MP
61 FOFMAT (//7/71iHD34HN = ,12,10X,4HM = ,12,10X,5HNP = ,12,
110X,5HMP = ,12)
SUM = 3.0
c
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N3 3¢ I=1,\N0UAR

)

RH X1y =
PC SART(la)eXHEX2)
[ (FC+XH) %%
RMP = (RC+XH) =xMp
ARG = GCOU2#RC
FER = ERP
FU1) = C.25%(R1+] O/RUIE(RMPHLLO/RYP)FEESSY( N 4 AR5,CF 4L IHIT)
1%23ESSIINP LARGL,EXLLIMIT)/RC
30 SUY = SUMsF(I)*4(1)

ool

SINT(J) = SUMHFACT
WRITE (6,5) SINT(J), SU%, (I,F(I1,1=1,NCUAD)
5 FOFMAT (1HD, THSINT = ,F20.15,20X,6HSUM = ,E27 .15/ 1HC,9%,
11HI . 20X ¢ IHF//7(iH 4110,F30.15))
C
29 COMTINUF
C : .
HRITE (6,499) (SINT(I), INONUM(I), I=1,NU~I%T)
499 FORYAT (LH1,17¥ o4HSINT 325X s 4HNMNM/ 7/ (1HO 15X, F2).15,10%,
1110))
WRITE (7,599) (SINT(I), INDNUM(I), I=1,%UMINT)
599 FORMAT (E£20.10, 20X, 110)
CALL EXIT
END -

.

@ 0 0 00 00 PO O OO O OO OO OO OO OO OO O OO O PO O OO O OO P OO OO P TGS SSe s SO0V

FUNCTION 8ESSJ

BESSFL FUNCTION J OF GRDER N#1/2

® 0 O O 00 O OO0 OO0 OO OO OO OO OO OO OO OO O OO OO O VOO OO OO OO OO EOS OPEYT BSOS S SNPSEE SN

OO0

DOUBLE PRFCISIGN FUNCTION BESSJ(NMyX,ERRLLIMIT)

NDAUBLE PRECISINN X, ERR, PI, FACTOR, TERM, SUM, X2, DSIN,
10C0S, DSORT, DARS, BESJ, FACT

DIMENSION 8ESJ{100)

PI = 3.1415926535898

IF (X-5.0) 242,43

(@]

3 NP1 = N+l ¢

THE RECURRENCE RELATION

JIN+L X))+ IJIN=1,X) = (2%N/X)*J(N,X)
IS USED

OO0

IF (N=1) 13,11,16




o
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13 SESJ(1) = ISIN(Y)
GO T 113
11 AFSJ(2) = 9SINEX)/X=1,0NS(X)
GOy TR 18
16 AFSJI(1) = ISINIX) q
AESJ(2) = ISIN, X)/¥Y=ICHSIX)
D0 19 [=3,NP1
Al = I
19 RESJII) = (2.0%A1=2,.0)/¥*ACSG(I=1)~=ESIJ([=-2)
18 RESSY = RESH{NPLI®DSYZT(2.n/(PI%X))
50 TO 101
2 FACT = 1.0

THE FXPRESSINCN OF A BESSEL FUNCTION J AS A SORI=S AF

ASCFNDING POW4EKS NE THE ARGUMEMT IS YJSEN
IF (M) 3,7,8
8 DO S I = 1,N
A2IPL = 2514}
S FACT = FACT®X/AZIP1
7T FACTOR = DSQRT(2.0/PI)#(X#£(0.5))#FACT
TERM = 1.0
SUM = 1.0
ANZ = 2%N
X2 = X#%2
D 10 I = 1,LIMIT
AI2 = 2%]
TERM = (-1.0)%TERMEX2/(AI2% (ANZ+A12+41.0))
SUM = SUM+TERM

IF (DARS(TERM)-DARS(EPR*SUM)) 12,12,13
13 COMTINUE
WRITE {6,113) TERM, SUM, X
113 FORMAT (1HO,4OMREQUIRED ACCURACY NOT MET IN LIVIT STE9S/1i ,

LTHTERM = 47 20.15410X46HSUM = 4F20.15,10X,4HX = ,F20.15)
12 RESSJ = SUMXFACTOR
101 RETURN .
END
L4 ' v
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PI = 3.141593

READ (5,11) FRE, FRRSES, ULIMITL, LIMITZ2, LIYBES, MUYINT
11 FORMAT (2F20.10,3110/110C) ¥
REAL (5,)) FR, DOC
1 FNRYAT (?F10.5)

GCcruz 1e0/(2.0%FR%%2)
GhCU2 = GCauz=inC
WRITE (6,2) Fi#y GCOU?2, GDOAW2, DL, EIR
2 FORMAT (1H1,21HFR = U/SORT(?2%G%L) = ,F10.5,10X,
L11HG®C/U*%2 = ,F10.5, 10X, LIHGFD/U%%2 = ,F10.5,10%,
26HD/C = 4F10.5,10X/1HC,6HERR = ,F20.15)

FACT = 8.0%PI* EXP({-2.0%GDCU2)
H = 1.0/ SQRT(2.0%GD.JU2)

DO 7 I=1,NUMINT

]
REAT (S5521) N, ™4, NP, Mp
21 FORMAT (4110)
INDNUM(TI) = 1000%M+100%M+10=NP+MPpP
IND{]1) = N#M+NP +MP

IF CIND(TI)/2%2-IND(1)) 25,26,25
26 SINT(1) = 0.0
GO Tn 7

61 FOFMAT (//7/71H0,4HN = ,12,10X,4HM = ,12,10X,5HNP = ,12,
A= 0.0
B = SQRT(10.0)%H
SUKrS = n.0
ERUSED = ERR

DO 16 K=1,LIvIT1

S S B 2 et Sy ovaUtio R Kk 7

C
C......‘.............................O...’....IQ..I.....D..I....I
C
C EVALUATION NF SINGLE INTEGRAL BY SI¥PSDM S fyte
C
C.......I........................l..ll........l......I.I.I.......‘
C
EXTEEMAL F
COMMON M, 4, NP, MP, GNF?2, GCJUZ, EXRRIES, LIMFES
DIFENSION SINT(100C), IND{IDACH, INDMU%{1302)
C

T

A
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50 CALL S“PSM(F, A, 8, ERUSED, LIMIT2, SI1, S, XNy, [7v)
WRITE (64291) SIl, S, NU4, IER, ERUSED
201 FORYAT (1HO,6HSI1 = ,520.15,10X,4HS = ,F20,168,104,6:00.) = ,
1LI5,1CX.5HIFR = ,15/140,9HERUSED = ,F?0.15}
Ir (IfR2-4) 5,6,5
6 FRUSED = £RUSEN=*10,.0

GO TC S0
C
5 SUMS = SUMS + §
1€ ( A3S(S)— ABRS(ERF#SUMS)) 13,13,144
144 A = R
AKPl = K+l .
14 B =  SORT(AKPL*10}*H
c
ARITF (6,15) :
15 FORMAT (1HO,4YHREQUIREND ACCURACY NAT MET IN LIMIT1 STZ2S)
C o
13 SINT(I) = SUMS®FACT
WRITE (6,91) SINT(I), ERUSED
91 FNRMAT (1HO, THSINT = ,F20.15,19X,SHERYSED = ,E2),.15)
c
7 CONTINUE
c
WRITE (6,499) (SINT(I), INDMUM(I), I=1,NU“I4T)
499 FNRMAT (1HL 17X ,4HSINT 25X g&HNMNH///(1HO510X,523.15,10X,
1110))
CALL EXIT
END
c
c..............O...o............0..00.0................0.......-.
c :
C FUNCTION F(X)
@ .
C...O.....O..l-.........ooooo..0...........0..0.0.00.00..0...0 -e o0
c
FUNCTIC. F(X)
C
COMMON N, M, NP, MP, GNDOU2, GCOU2, ERRAES, LIMBES
DOUBLE PRECISION BESSJ, ER, ARG, DEXP, GDOU2D, X2
o
X2 = X%%x2
RC = SORT(1.0+X2)
RM = (RC+X)%#%M ¢
RMP = (RC+X)%%MP
ARG = GCOU2%RC
Nl = N
N2 = NP
ER = ERRAFES

LIM = LIMBES

s BRI - T
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GRCL2D = GINY?
X2D = X2 .
F = Ca25%(R741.0/RM)2(QUP+ 1. 0/AMO ) XRESS JUMT (ARG 450, L] %) &
LBESSIIN2, ARG, Ty LI/ RECFDEXP (=2 LCHGHMI2D%X2 ))

RETURN

NP
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&
c...‘.........................-...............I....II..........I.
c
c FVALUATICGN OF ODURBLE INTEGRAL 3Y SIvPSNN S RYLF
c
c..............................................I......IJ..I...."‘
c

EXTFRNAL G

DIMENSTON DINT(1000), IND{I00D), INDWMI4(100D)

COMMON Ny, M, NP, MP, GDN:2, GCOU2, ERRIES, LIYBSS, HANER,

1ERRD_ R, LIMDER, ERR, LIMIT1, LIMIT2, X0, FP, R(C, NTMTB

PI = 3.141593
NTMTB = O

READ (5,11) ERPR, ERRRES, LIMITl, LIMIT2, LI“BZS, NUMINT
11 FORMAT (2F20.10,3110/110)

READ (5,47) 4HODBER, ERRNER, LIMDE®R
47 FORMAT (F10.5,F20.10,110)

READ (5,1) FR, DNOC
1 FORMAT (2F10.5)

GCru2 1.0/7{2.0%FR%*%2)
GnNou2 GCOU2=*nNIC &
WRITF (6,4?) FRy GCOU2, GDNU2, DNOC, ERR
2 FOPMAT (1H1,21HFR = U/SQRT(2*G*C) = ,F10.5,1NX,
S111HG*T/U%%2 = ,F10.5,10X,11HGXD/U%%2 = ,F10.5,10X,
26HND/C = 4F10.5,10X/1HO, €& .ERR = ,F20.15)
WRITE (6,701) LIMIT1, LIMIT?, IRRBES, LIMBES, HINER,
1ERRDER, LIMDER, NUMINT
701 FORMAT (1HO,9HLIMITL = ,I15,10X,9HLIMIT2 = ,I5/1H0,
19HERRBES = ,F20.15,10X,9HLIMBES = ,15/1H0,34HIDER = ,
2F10.5,10X, 9HERRDER = ,F20.15,10X,9HLIMOER = ,15/1H0,
39HNUMINT = ,15)

DO 7 I=1,NUMINT

READ (5,21) N, M, NP, MP

21 FORMAT (4110)
INDNUM(I} = 1000%N+100%M+10%NP+MpP
IND(I) = N+M+NP+MP

IF (IND(I)/2%2-IND(1)) 26,25,26
26 DINT(I) = 0.0
GO TO 7

25 WRITE (6,61) N, M, NP, MP c
61 FORMAT(////1H0,4HN = ,12,10X44HM = ,12,10X,5HNP = , 12,
110X, SHYR = ,12//)

o

R ——

s =
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A
B
SUMS

6.0
5.0
cRUSED

0.9
= 10.,0%ERR

(g

DO L t=1,LIMIT]
50 CAtL SMPSN1(5, A, B, ERUSED, LIMIT2, SI1l, S, NUM, IER)
ARJTE (6,201) SI1l, S, NUM, IER, ERUSED, A, 3
; 201 FORMATY (////1HD,6HSI1 vF20.15,10X44HS = ,F20.15,10X,
i L6HNUY = ,15410X,6HIFR 2»I15/1H0,SHERUSFD = ,F20,15,10X,

24HA = ,F20.15,10%X,4HS vF20.15/777)
IF {IFR-4) 5,6,5 °
6 FRUSED = ERUSED*10.0
IF (FRUSFD.GE.O.1) CALL EXIT 2

50 70 50
5 SUMS = 5SUMS + S
IF ( ARS({S)— ABS({ERR%SUMS)) 13,13,144%
144 A B .
14 B B + 29.0
BR = B - 20.0
ARITE (6,15) BR
; L5 FORMAT (1HO,41HREQUIRED ACCURACY NOT MET IN LIMIT1 STEPS,
110X94HB = ,F20.15)

€
13 DINT(I) = SUMSk*GCOU2 -
WRITE (6491) DINT(I), ERUSED, B, SUMS
91 FORMAT (////7//71HO,THDINT = ,F.0.15,10X,9HERUSED =
IF2C.15410Xy4HB = 4F20.10/1HO,7THSUMS = ,F20.1%)
C : .
T CONTINUE
C

WRITE (6,499) (DINT(I), INDNUM(T)y T=1,NUMINT)
499 FORMAT (1H1,17X44HDINT 925X 4HNMNM/// (1HO,10X,F20.15,10X,
1110))
WRITE (7,599) (DINT(T), INDNUM(I), I=1,NUMINT)
599 FORMAT (E20.10, 20X, I10)
C

CALL EXIT

END
C
C.............'.....Q....t....."..'..'..........‘)...............
c
c FUNCTION G(U)
C
C.......'.........Q‘.........Q.....'....'Q..QQ...................
C

FUNCTION G (U)
EXTERNAL FM
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REAL KO, X _
COMMOGN N, M, NP, MP, GDOUZ2, GCOU2, ERR3IES, LTMBES, HNNFR,
1ERPNER, LIMDER, ERR, LIMIT1, LIMIT2, X0, FP, 0, MTMTR Al

N SRE e e e

THE DPERIVATIVE OJF THE FUNCTION AT KO = 1.0+4%%2 TS
EVALUATED BY DIFFERENTIATING AN INTERPOLATION POLYNOMIAL -
JF THE FNIJRTH DEGREE : £l

eNeRealeaNe!

KO 1.04U%%2

RC SQRT (KD)

ERNDEP = FRRODER
3 H = HODER

PFP = 0.0

0N 10 J=1,LIMDER

H= H/?2.0

FP = (F(K0-2,0%H)~8.0%F{KO~H)+8.0%F (KO+H)-F{KO+2.N%H))

1/(12.0%H)

IF ( A3S(FP-PFP)- ABS(FP*ERDER)) 4,4,10
10 PFP = FP

o)

WRITE (6,60) Uy FPy, H
60 FUORMAT (///771HO,41HREQUIRED ACCURACY NIT MET IN LIMDER STEPS,
15X'4HU = 'FZO-IS)‘SX'SHFP = yFZO.lS,SX,‘fHH = ,‘:20.1‘5)
IF ( ABRS(FP).LE.1.0E~-14) GO 7O 4
ERDFR = ERDER*164.0
IF (ERDER.GT.0.1) CALL EXIT
GO TC 3

4 SUMS = 0.0
ERUSED = ERR
| A 0.0
B 0.0
U2 = ix%2 .
DO 9¢ 1 = 1,LIMIT]
A L
8 8 + 2.5/GD0U2
IF (R.GF.U2) B=U2
91 CALL SMPSN (FM, A, B, FRUSED, LIMIT2, SIl, S, NUM, IER)
IF (TER~-4) 77,88,77
88 FRUSED = ERUSFD#*10.0
IF {[ERUSEN.GE.O.1) CALL EXIT
G0 TO 91
77 SUMS = SUMS + S
IF (B-U2) 96,492,92
96 IF ( A3IS(S)~- ARS(ERR*SUMS)) 97,737,90
20 CONTINUE

WRITE (6,93) U
93 FORMAT (1HO,32HKMAX GREATER THAN 2*LIMIT1/GD0U2,10X,




14HU = 4F20.15)

CALL EXIT
c
97T A = U2
R = 2.0 + U2
FRUSED = ERR
[MAX = 5
CALL SMPSN (FM, A, B, ERUSED, IMAX, SIl, PVAL, NUM, ICR)
IF ( ABS{PVAL)~- ABS(ERR*SUMS)) 13,92.92
c

92 A = U2
B = 2.0 + U2
CRUSED = ERR
94 CALL SMPSN (FM, A, B, ERUSED, LIMIT2, SIl, ®PVAL, NUM, IER)
*IF (IFR-4) 55,66,55

66 TIF { ABS({PVAL)- ABS(ERR*SUMS}) 55,55,606
606 ERUSED = ERUSED*10.0

IF {ERUSEN.GE.O0.1)} CALLFXIT
GO TO 94

55 SUMS = SUMS + PVAL

st st |

A =B
B = B + 2.0/GDOU?
FRUSED = ERR n
DO 14 L=1,LIMITL !
56 CALL SMPSN (FM, A, B, ERUSED, LIMIT2, SIl, S, NU™, I[ER) |
IF (IER=4) 5,645
6 IF ( ABS(S)— ABS(ERR®SUMS)) 5,5,6666
6666 ERUSED = FRUSED*10.0
IF (FRUSED.GE.O.1} CALL EXIT
G0 TD 50
5 SUMS = SUMS + S

IF { ABS{S)}- ABS(ERR%SUMS)) 13,13,144 )
la4 A '

14 8

"

A ke80T

e oo G

R
B + 2.0/GDNU2

1

i

WRITE (6,15) U, 8 i
15 FORMAT (1HO,41HREQUIRED ACCURACY NOT MET N LIMITI STEPS, :
110X,4HU = 4F20.15,10Xy4HR = ,F20.15) |
NTMTR = NTMTB + 1 i

IF (NTMTB.GT.S0) CALL EXIT :

13 RM = (1.0+U/RC) %M ;
RMP = (1.04U/RC)%*¥MP

G = (RM#1.0/(RM*(KO*%M)))*(RMP+],0/ (RMP*{X0%%42)) )/ . i
1RCHH(N+NP+2-M=MP) ) XSUMS ;

WRITE (64301) SUMS, U, Gy 8

301 FORMAT (1HO,THSUMS = ,F20.15,10X,4HU = 4F20.15,10X,
14HG = ,FZOQIS'IOX'?Q'{K“AX = ,FZO-IO)

o

i

i
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BETUERN

TNE {
C
C.........................................................l...... %
o
C FUNCTION FM(X)
c :
¢ -3

FUMCTION F¥(K) :
2FLL KO, K :
CO¥M{& N, My NP, %P, GDOU2, GCUU2, FRRBES, LIM3ES, HODER,
152kDER, LIMIEX, 2P, LIMIT1, LIMIT2, X0, FP, 2C

IF {K-Kn) 2,2,3
*3 FM = FIR)/IK-KC)
RETURN
2 F¥ = FP
RETURN
EnND
C

C‘.‘......................G.......................l..............
FURNCTION FILK)

aXaNaNaNel

FUKCTION F(K)

REAL KO, K

COMMCN Ny M, NP, 4P, GDCUZ2, GCOUZ, FRRBES, LIMBES, HODER,
1ERKDER, LIMDER, ERR, LIMITL, LIMIT2, KO, FP, RC

DOUBLE PRECISIGN BESSJM, ER, ARG, DEXP, GDOU2D, XD

ARG = GCOU2*K/RC

Nl = N
N7 = NP
ER = ERRBES

LIM = LIMBES

GDCU2D = GDhoU2

KD = K

F = {(K+EKOY*DEXP (=2, 0xKD*GOCUZ2D ) * ((GCOUZK ) * = (N+NP) ) *
1BESSUM(N]y ARGHERILIM)*BESSUMINZ yARG 4ERH LI M)

RETUEN

END

P e T S S T EA TR SY S R e
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FUNCTION BESSJM !

RESSEL FUNCTINN J OF ORDER N+1/2 DIVIDFD 3Y THE
ARGUMFNT RAISEN TO THE N+1/2 PDOWER

OO0 N

DDURLE PRECISITIN FUNCTION BESSJMIN,X,FRR,LIMVIT)

DOUBLE PRECISION X, ERR, PI, FACTOR, TERM, SUY, X2, DSIN,

10C0S, DSORT, DARS, BESJ, FACT

DIMENSION BESJ(100) ’
PI = 3.,141592653539¢8

IF {X~5.0) 2,2,3

(m)

3 NP1 = N+l

THE RECZURRENCE RELATION
JIN+L o X)+JIN=-1,X) = (2%N/X)%J(N,X)
IS USED

OO0

IF (N-1) 13,11,16
13 RESJI1) = DSIN(X) .
G0 TO 18 .
11 3ESJ(2) = DSIN(X)/X=DCOS(X)
G0 TO 18
16 BESJ(1) = DSIN(X)
BFSJ(2) = DSIN(X)/X=-DCOS(X)
DN 12 [=3,NP1
Al = 1 .
19 RESJ{I) = (2.0%AI-3,0)/X*8ESJ(I-1)-BESJY(1~2)
18 BESSJM = BESJ(NPL)*DSQRT(2.0/PI}/(X¥%(N+1))
G0 TO 101

(m)

2 FACT = 1.0

THE EXPRESSION OF A BESSEL FUNCTION J AS A SFRIES OF
ASCENDING POWERS OF THE AXGUMENT IS USED

OO

IFE (M) 8,7,3 .
"8 DN S5 1 = 1,N
A21P1 = 2%1+1
5 FACT = FACT/A2IP1
7 FACTCR = DSQRT(2.0/PI)%FACT

TERM = 1.0
SUM = 1.0
AN2 = 2%N

e D 4

e
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X?2 = X%#%2
DO 10 I=1,LIMIT
Al?2 = 2%]

TERM = (-1.0)*TERM&X2/(AIZ*(ANZ+A12+1.0))
SUM = SUM+TERM :
IF {DABS(TERM)-DABS(FRR*SUM}) 12,12,10 ;
10 CONTINUE ;
WRITE (6,113) TERM, SUM, X . :
113 FORMAT (1HO,4OHREQUIRED ACCURACY NOT MET IN LIMIT STEPS/LH , i
1THTERM = ,F20.15,10X,6HSUM = 4F20.15,10Xs 44X = ,F20.15) i
12 BESSJM = SUMSFACTOR
101° RETURN
END
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VT

A0 D

c
1

C
2

C
61

C
991

C

C

C

C

C
10

C

C

C

c

SOLUTION OF THE SYSTEM OF FQUATIONS

(I-R)A = R

DIMENSION AINT(20,20)y D(20,20)y IND(?20,20), INDNUM{2),20)
DIMEMSION N(20420), M(20,20), NP{20,20), %P(20,20)
GIMENSION 8(20,20)y BB(20,20), BCOL(409), R(2))

READ (5,1) EPS
FORMAT (F20.10)

READ (592) NUMAOC, NUMSYS, MNUMEQ
FNRMAT (3110)

READ (5+61) ((AINT(I+J)oN(ToJ)sMUToJ)oNP(T,J),MP(1,J), ;

1d=191)91=1,MNUMEQ)

FOPMAT (E20.10926X,411)

ARITE (69991) ((AINT(I¢J)yN(TsJ)sMIT,J)oNP(I,3)eNP(]1,4),

1J=1,1)91=1,MNUMEQ)

FORMAT (1H1/(1HO0,F20.10,10X,411))

MNEQM1 = MNUMEQ-1
DD 10 I=1,MNEQM]

IP1 = [+1
00O 10 J=1P1,MNUMEQ
AINT(I,J) = AINT(J,ID

N(1sJ) = NP(J,I)
M(14J) = MP(J,yI)

NP(Isd) = N(J,I)
MP(I.J) = M(J,I)
CONTINUE

D0 20 I=1,MNUMEQ
00 20 J=1,MNUMEQ

INDUTsJ) = NUToJI+MUT,J)#NP(T,3)¢MP(],J)

INDNUM(I9J) = 1000%N(14J) +100*M(T4J)+10*NPL[,J)}+MP (1,4}

o Bk ek et A S e PRI L Sor Ao u\;,z,wm&w




&

B s s

IF VIND(I,3)/72¢2-IND(1,J)) 25,26,25

c
26 Diled) = ANINTUI, ) *(-1)**(IND{I,J)/2+NP(1,J))
GO 70 20
(o
25 D{led) = AINTUT,J)*(~1)2x((IND(T,J)+1)/2eNP(1,0))
c

Z0 CONTINUE

WRITE (6,662)
662 FORMAT(1HL, 11HMATRIX AINT///7)
WRITE (6,62) U(AINT{I,J)+J9=1,MNUMEQ),I=1,MNUMEQ)
62 FORMAT (1HO0»9E14.6/1H0,9FE14.6/1HC,98X,2E14,5)

C
WRITE (6,31)
31 FORMAT (1H1,8HMATRIX D///7)
WRITE (6413) ((D{I,4)9J=1sMNUMEQ), I=1,“NUME])
13 FOPMAT (1HO0,7E14,6/1H04y9E14.6/1H0,98X,2F14.6)
o
DU 501 K=1,NJMAOC
c

READ (5,213) ADCML
213 FORMAT (F20.10)
AOC = AOCM1+1.0
WRITE (6441) ADC
41 FORMAT (1H1,6HA/C = ,F10.8}

c
CALL MATRIX{D,B88,QD0T1i,MNUMEQ,ADCM1)
(o :
WRITE (6,73) ((BB(I,J),J=1,MNUMEQ),I=1, MNUMEQ)
73 .FORMAY [////1HO,8HMATRIX 3///7/021H049E14.6)/1H0,9E14.6/
11HC,98X ,2E14.6)
c

D0 515 I=1,MNUMEQ
DO 515 J=1,MNUMEQ
515 B(I,J) = -1.0%8B(1,J)

c
DO 51 I=1,MNUMEQ )
51 B(I,1} = 1.0-BBI{I,I) .
c
WRITE (6,74) ((B(1,J),J=1,MNUMEQ) »T1=1,MNUMEQ)
14 FORMAT (/7//1H0, LZHMATRIX (1-81////01H0,9E14.6)/1HO,
19E14.6/1H0,2E14.6)
c

‘ WRITE (6,14) QDOT1

14 FORMAT (////1H0,8HQDOTL = ,El14.6)
R(1) = -1.0/QDOT1
WRITE (6,99) R(1)

99 FORMAT (1HLl,THR(1) = ,E14.6)

i - . S W L Danol  DardViiinl daare; e ST T T a0
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o
NUMEQ = 0 .
DO 501 KK=1,NUMSYS
C
NUMECQ = NUMEQ ¢+ (KK+l)
C
DG 2222 1=1,NUMEQ
2222 U1Y = 0.0
R(1) = -1.0/79D00T1
C
DO 97 J=1,NUMEQ
D0 97 I=1,NUMEQ !
L = (J-1)*NUMFG+]
97 RCOL(L) = 8(1,J)
C
CALL GELGI(R,BCOL,NUMEQ,]1,EPS,IER)
c
WRITE (6,16) IER
16 FORMAT (////7/1HO46HIER = ,]15)
WRITF (6,17) (R{I),]I=1, NUMEQ)
17 FORMATY (//1H)6HALD0 = ,E14.695X96HAL]l = L,E14.6/140,6HA20C = ,
1E14.645X+6HA2]1 = (E14.6¢5X96HA22 = ,F14.6/1H0,6HA30 = ,Fla.6,
1 5X36HA3] = 4El4.69 SX96HAI2 = LE14.6, SXy6HA33 = ,E14.6/71H40,
16HAGQO = sE1l4.69 SXy6HALL = (Fl4.69 5X96HAG2 = ,E14.6, S5X,
16HA43 = ’Ell!ob’ 5‘;6HA44 = ’El§o6115'0.6HA50 = 'Ellt.b' SX'
16HAS] = E14.69 S5Xs6HAS2 = 4Elé4.69 S5X,6HAS3 = ,El4.6, 5X,
16HAS4 = 4E14.6/1H0,100X,6HASS = ,El4.6i}
c
WRITE (7,717) (R{I)y, I, KKy ADOC, I=1,NUMEQ)
717 FORMAT (E20.10,110520X5110410X,F10.6)
c
501 CONTINUE
c
CALL EXIY
END
c
c.....................................................9..........
c
C SUBROUT INE MATRIX(D,B,QDOT1,NUMEQ,AOCM] }
c
(o PURPOSE
C
C OBTAIN THE AUGMENTED MATRIX OF THE SYSTEM DF EQUATIONS
o
C (I-8)A = C
c
c.........................‘...................ﬁ.....’......l...l.
(o
SUBROUT INE MATRIX(D,8,QD0OT1,NUMEQ,ADCMI )
— ”?m‘«u.‘f‘-w-u.'.\x.o--v 5 e Vb AN
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DIMENSION N{(20,20), B(20,20) z
DIMENSINN POL(EO), DPOL(10), QOL(10j, DONL{10), P(1D,10),
10P(10,10), Q(10,10), DQ(10,10), DPDQ{10,10), DPLOOL{1D)
DOUBLE PRECISION QO, POL, DPOL, QOL, DQOL, P, DP, 0O, DN, X411,
10P0Q, DPLNDOL : 5

XMl = AQGCM1 |
CALL LEGF(QO,POL,DPOL,QOL,"COL+P +DP9Q4DQyXM1)

NDEG = 5

WRITE (6,432)
32 FORMAT (///7/1HC,11HFUNCTIONS P)
WRITE (6911) (POL({I)o(P{1¢d)eJ=1e1)sI=1,NDEG)

WRITE (6433) :
33 FORMAT (/7/71H0, 11 HFUNCTIONS Q)
WRITE (6411) (QOL(I)o(Q(19J)+J=141)91=14NDEG)

WRITE (6434)
34 FORMAT (/771HD 4 30HDERIVATIVES OF THE FUNCTINNS P)
WRITE (6511) (OPOL(I)(DP(I4J)sJ=1e1)41=1,4NDEG)

WRITE (6,35)
35 FORMAY (/71HO,30HDERIVATIVES OF THE FUNCTIONS Q)
WRITE (6,11) (DQOL(I)y(DQ(I+J)9J=141)49I=14NDEG)

11 FORMAT (1HO42F25.15/1H043F25.15/1H044F25.15/(1H0,5F 25.15))

0N 87 I=1,NDEG
OPLDOL(I) = DPOL(I)/0QO0OL(I)
D0 87 J=1,1

87 DPDQ(I+J) = DP(I,J)1/DQ(1,J)

WRITE (6437)
36 FORMAT (//1H0,20HPDOT DIVIDED BY QDOT)
WRITE (6411) (OPLDQLUI),(DPDQ(T19J)eJ=191)eI=14NDEG)

0N 50 J=1,NUMEQ

B({l,J) = DPLDQL(1)*D(1,J)%3.0/4.0
B{2,J) = DPDQ(1,1)*D(2,J)%*3.,0/2.0
B{2,J) = DPLDOL(2)%D(3,J)%5.0/4.0
Bl4eJd) = DPDQ(2,1)%D(4,4J)%*5.0/2.0
B(5¢J) = DPDQ(2,2)%D(5,4J)%*5.0/2.0
B{6sJ) = DPLDQL(3)*D(64J)%*T7.0/4.0
B(T74J) = DPOQ(3,41)%D(74J)*7.0/2.0
B(8,J4) = DPDQ(3,2)%*D(84J)*7.0/2.0

8(9,J) OPDQ(3433%D(9,J)*7.0/2.0

B T e P o -




N POL(1G), DPOL(10), QOL(10), DQOL(1G)y P(1,10),

B(10.+J) =
R{ll.J) =
R{12,J) =
B{13,J) =
Rl14,J) =
Bl1S,J) =
Bl16,J) =
B(17+J) =
B(IBQJ) =
B(19,J) =
B(20.,J4) =
c
50 CONTINUE
C .
QDOT1 = 0QOL(1)
c
RETURN
END
C
C
LiC
c
C
¢ PURPOSE
C
c
C
C
€
LIE
C
DIMENSIO
i1DP(10,10), Q{10,10), DQ(i0,10)
DOUBLE PRECISIIN QO,
C
X = 1ls0+XM1
X2M1 = XM1%(2.0+XM1)
X2M12 = X2M1%X2M1
XZM13 = X2M12%X2M1
RC = LSQRT(X2M1 1}
RC3 = X2M1%*RC
RCS = X2M12%*R(
RCT = X2M13#*RC
PoOL(1} = X
POL(2) = 1.5%X2M1+1.0
POL(3]) = 2.9%X®*X2M1+X

R R TN B e Ay e S efer i} ey TR 1Y NN

-

DPLDOL(4)%D(10+J)%9,.0/4.0
NPDQ(4+1)%D(11,J)%9.0/2.0
DPDQ( 4,2)*D(12,J1%9,0/2.0
DPNQ(4+3)*D(13,4)%9,0/2.0
DPDQ(4+¢4)*D(14,J)%9,0/2.0
DPLDQL(S5!*D(15,J)%11.0/4.0
DPDQ(S5+1)%D(164J)%11.0/2.0
NPDQ(5+2)%D(17,J:%11.0/2.0
DPDQ(5.,3)%D0(18,J)>11.0/2.0
NPDQ(5,4)%D(19,J)%*11.0/2.0
DPDQ(5+5)*%D(20,J)%#11.0/2.0

POL, GPOL,

SUBROUT INE LEGF(Q0,PO' ,DPOL,Q0L,DQOL 4P+ DP¢Q,40Q, XM1)

SUBROUTINE LEGF{QD,POLDPOL,QOL+DQOLyP+DP4QyNIeXM1)

Qe

09,
1Xy XMl, X2M1, X2M12, X2M13, RC, RC3, RCS5, RC7, NDLOG, DSQRT

© OO OO0 O OO O OO P OOOPOO OO OO OO0 O PO OO OO OO OISO PO OOOEEBECCEOOSOSESEOSCST O .

EVALUATE THE LEGENDRE FUNCTIONS AND THEIR FIRST DERIVATIVES
FOR VALUES OF THE ARGUMENT GREATER THAN 1 AND DEGREES UP TN 5
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¥
POL(&4) = 4,375%X2M1245,0#%X2M1+1.0
POL(S) = X¥(T.8T75%¥X2M124T.0%X2M1+41.0)
C
DPCL(1) = 1.0
DPOL(2) = 3.,0%X
DPOL(3) = T.5%X2M1+6.0
DPUL(4) = X¥(1T7.5%X241+10.0)
DPNL(5) = 315.0/8,0%X2M12452,5%X2M1+15,.C
c
Plls1) = RC
P(241) = 3.0%X*RC
P(2+2) = 3.,0%X2M1
P(B'l) = T«5%*RC3+46,0%RC
P(342) = 15,0%X%xX2M1
P(3,3) = 15.0%RC3
C
P(4,1) = X*(17.5%RC3+10,0%RC)
P(442) = TS5%(T7.0%5X2M12+6.0%X2M1)
P(443) = 105.0%X*RC3
Plasa) = 105.0%X2M12
C
P{5,1) = 315,0/8.0%RC5+52.5%RC3+15.0%RC
P(592) = 52.5%¥X*(3,0%X2M12+2,0%X2M1)
P(543) = 52.5¥%(9.,0%¥RC5+8.0*R(C3)
P(Se4) = 945,0%X*¥X2M12
P(S545) = 945.0%R(CS
C
DP{l,1) = X/RC
DP(2+1) = 6.0*RC+3.,0/RC
DP(242) = 6,0%X
CP(3,1) = 1.5%X*(15.0%RC+4.0/RC)
DP(342) = 45,0%X2M1+430.0
DP(343) = 45,0%X%R(C
c
DPl441) = 7T0.0%RC3+72.5*%RC+10.0/RC
DP(442) = 30,0%X*(T7.0%X2M143,0)
DP(443) = 105.0%(4.0%RC3+43,0%*RC)
DP(444) = 420,0%X%¥X2M1
C S
DP(541) = 15,0/8.0%X%(105.0%RC3+84,0*RC+8,0/RC)
DP(542) = 52.5%(15.0%X2M12+18,0%X2M14+4.0)
DP(S543) = 52.5%X*(45.,0%RC3+4+24.,0%RC)
DP(5¢4) = 945,0%(5,0%X2M1244.,0%X2M1)
DP(5¢5) = 4725.,0%X*RC3
c
00 = 0.5%(DLOG(2.0+XM1)~DLOG(XML))
c
QOL(1) = X*Q0-1.0
= (1.5%X2M1+41.0)1%Q0-1.5%X

QoL(2)
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QoL (3)
A0L(4)

X¥(2,5%X2M1+1,0)*Q0-2,5%X2M1~11.0N0/6.00NC
(463T5%X2M12 +5,0%X2M1+1.0) *¥Q0-X%{4,3T75%X2M1+

125.000/12.000)

COLIS) = X*X(TBT5¥X2M12+4T7,0%X2M1+1.0)*Q0~7.375%X2M12~
19.625%X241-137.000/60.000

DADL(1) = QO-X/X2M1

DOCL(2) = 3,0%X*xR0-3.0-1.0/X2M1

DEOL(3) = (ToS5*FX2ML1+56.0)1%Q0-T «5*X-X/X2M1

DAOL{4) = 2.5%X*(T.0%X2M1+4,0)1%Q0~17.5%X2M1-95.0N00/6.0D0~-
11.0/7X2M1

DGULS) = 15.0/8.0%(21.,0%X2M12+28.0%X2M1+8, 3)*00-105.,0/8, 0%
IX%(3.0%X2M1+2.0)-X/X2M1

Qf{ils1) = QO*RC-X/RC

Q{2y1) = 3.0%X*RC*00-3,0%RC~-1.0/RC

Q(2+2) = 3.0% X2M1%*Q0-(3.0%X*x*%3-5,0%X}/X2M1

Q{341) = (T5%X2M1+6.0)*RC*Q0-7,5*X*RC~X/RC

Q(342) = 15.0%X%Q0*X2M1-15.0%X2M1-5.0+2,0/X2M1]

0(343) = 15.0%RC3*Q0-X*(15.0*%RC-10, 0/RC+8,0/RC3)

Q{&,1) = X*(17,5%¥X2M1+410.,0)*RC*Q0-17,5%R(C3-95,.000/6.0D00%
1RC-1.0/RC

Q{442) = (52.5%X2M12+45.0%X2M]1 ) *Q0=52.5%X*X 2M1-10 . 0*X+
12, 0%X/X2M1

Q{443) = 105,0*%X*RC3*Q0-105.,0%RC3-35,0%RC+14.0/RC-8,0/RC3
Ql444) = 105.0%X2M12%Q0-X*(105,0%X2M1-70,0+56.0/X2M1-48.0/
1X2M12)

A(5,1) = 15.0/8.0%(21.0%X2M12+28,0%X2M1 +8.0 ) *RC*QO=X* (
1315.0/R0%RC3426,25%RC+1.0/RC) .

QUS¢2) = 52,5%X%(3,0%X2M1242.0%X2M]1 } *Q0-157.5%{X2M12+X2M1)~
114.0+2.0/X2M1
Q(593) = 52.5%(9.0%X2M148.0)*RC3I*Q0~4T2 ¢ SEX*RC3-105,0%X*

1RC+28,0%X/RC-8,0%X/RC3

Q(5+4)

945, 0%X%¥X2M12%Q0-945,0%X2M12-315.0%X2M1+126.0-

172.0/7X2M1+48,0/X2M12

Q(5,5)

945.0%RC5%Q0-X* (945, 0%RC3-630.0*%RZ+504. N/RC-

1432.,0/RC3+384.0/RC5)

DQ(1.1)
DO(2,1)
DQ(2,2)
DQ(3,1)
DQ(3,2)
DQ(3,3)

DQ(4,1)

oo onn

X/RC*Q0-1.0/RC+1.0/RC3

(6. 0%RC+3.0/RCI*Q0-6.0%X/RC+X/RC3

6. 0%X*Q0-6.0-2.0/X2M1-4.,0/X2M12
X#(22.5%RC+6.,0/RCI*Q0-22.5*%RC-13.5/RC+1.0/RC3
(45.0%X2M1+30.0) *¥Q0-X*(45.0+4.0/X2M12)
45.0%X*RC*Q0-45.,0%RC-15.0/RC+6,0/RC3+24.0/RCS

(7T0.0%RC3+72.5%RC+10.,0/RC, -Q0O-X*(TO0.,0*%RC+

115%.000/6 .090/RC~1.0/RC3)




T

DQ(442) = 30,0%X*(T7,0%X2M143,0)*Q0-210.0%X211-1460.0-2,C/

1X?M1=-4.0/X2M12
DQ({443) = 105.0%{4,0%¥X2ML+3,0)*RC*QO0-X*(420.,0%RC+35.0/RC+

114.0/RC3-24,0/RCH)
DO(44%) = 420,U%X*¥X2M1%Q0-140.0-420.0%X2M1+56,0/X2M1- H

132.0/%X2M12-192.0/X2M13 {

c
DO(Sel) = 15.0%X%(105.0/8.0%X2M1L+10.,5+1 .0/X2M1)*RC*Q0- ;
11575.0/8.,0%RC3-1785,0/8.,0%RC-165.0/4.0/RC+1.0/RC3 g
DQ{542) = 52.5%{15.0%X2M12+18.0%X2M1+4,.0)2Q0-787, Sk X%xX2M11- B
DQ(S543) = 15T7.5%X%(15.,0%X2M1 48,0 )*RC*Q0-2362,5%RC3-2047.5%
1RC~105.0/RC~12.,0/RC3+24,0/RC5 ~
DQ(544) = 945.0%(5.,0%X2M12+4,0%X2M1 ) *Q0-4T25,0%X*X2M1~
1630.0%X+144,0%X/X2M12-192.0%X/X2M13
DQ(5+5) = 4T725,0%X*RC3%Q0-6T725.0*%RC3-1575.0%RC+630.,0/RC~
1360.0/RC3+240.0/RCE+1920.,0/RCT
c ;
- "RETURN -
- END
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c
C
c

DENSITY NF SOURCE DISTRIBUTION

|
;

P S L

C......U...................'...'...............................'..

s XaKaks

31

2

32

10

33

PLEASE DRAW WITH BLACK INK

DIMENSTION POL1(10)y PL(1C,10), POL(10),
DIMENSION A(20,6)y N{20), M(20)

DIMENSION FACTOR(20,181), SIGMAU(181), THETA(181),

1THEDEG(181)

DIMENSICN DATA(400), X{(1000), Y(1000)
NDUUBLE PRECISION XM1, POL1l, P1, POL, P
CALL TRAPS{-1,-1)

- CALL PLOTS(DATA,400,THDENSITY)

READ (5,1} AOCM1

FORMAT (F20.10)

AOC = AOCMI1+1.0

AOC2M1 = AOQCM1*(AQCM1+2.0)
FAC = SQRT(AUC2ML)*12.566372
WRITE (6431) AQC

FORMAT (1H1,6HA/C = ,F10.8)

READ (5,2) MNUMEQ, NUMSYS, NTHETA, NUMFI
FORMAT (4110)

WRITE (6,32) MNUMEQ, NUMSYS, NTHETA, NUMFI

FORMAT (1HOy 9HMNUMEQ = ,T13,10X, 9HNUMSYS
19HNTHETA = ,13,10XyBHNUMFI = ,13)

I =0
NMAX = NUMSYS-1

DD 10 L=1,NMAX
LPL = L+l

DD 10 LL=1,LP1
I = 141

N(1) = L

M{I) LL-1

WRITE (6433) (N(I)yM{I),I=1,MNUMEQ)
FORMAT (////1HOy4H N M//(1H ,212))

XMl = AOCM1
CALL PNMXG1l{POL,P,XM1)

P(10,10)

2 13,10X,
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177

2717

DO 17 K=1,NTHETA

NTHEM]
ANTHM]
KMl = K-1

AKMl = KM]

THETA(K) = 3,141593/ANTHM]1%AKM]

THEDEG(K) = 180/NTHEM1%*KM1 .
X{(K} = THEDEG(K)

FACT = SQRT((A0C+ COS(THETA(K)))*(AOCMLl+1.0-

1 CCS(THETA(K))))*FAC

NTHETA-1
NTHEM]

XMl = COS(THETA(K))-1.0
CALL PNMXLL1(POL1,P1,XMI)

00 17 J=1,MNUMEQ

MJ r{J)

NJ N(J)

IF (MJLEQ.D) FACTOR(J,4K)
SSIGN = (~1)#%%(MJ+1)

IF (MJ.NE.O) -FACTOR(J,K)

~1.0#%POL1(NJ)/POL (NJ)/FACT

SSIGN*PL(NJSyMJ)/PINJI,MJ)/FACT
CONTINUE

NUMESL = 0

00 277 K=1,NUMSYS

NUMEQ = NUMEQ+K

READ (5,17) (A(I4K) s I=1,NUMEQ)

FORMAT (E20.10)

WRITE {(6,77) NUMEQ

FORMAT (1H1,40HCOEFFICIENTS ANM, NUMBER OF EQUATIONS = ,12)
WRITE (64777) INCI) M) yA{T4K) ,I=1,NUMEQ)

FORMAT (///7(1H041HA,212,4H = +£20.10))

IF (K.EQ.1) NUMEQ = 0
CONTINJE

N1
N2
N3
X{N2)
X{N3)
Y{N2)
Y(N3)
WRITE

NTHETA
N1+1
N1+2
OIO
9.0
°0. 10
0.02
6+500) X(N2), X(N3), Y(N2), Y(N3), N2, N3
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500 FORMAT {7///771H0,4F1C.5,2110)

c

D3 27 KFI=1,NUMF] -
C

NUFIMI = NUMFiI-1

ANFIML1 = NUFIM1

KFIM1 = KFI-1

AKFIM1 = KFIM1

FIDEC = 180/NUF IM1=KF [M]

FI = 3.141593%AKFIM1/ANFIM]

NUMEQ = 0

CALL PLUT(6.09-10.5,-3)
CALL PLOT (0.0,0.75,-3)

CALL AXIS(0.0,0.0,11HANGLE THETA,—II'Z0.0'0.0'X(NE),X(N3)'20.0)

CALL AXIS(0.0'0.0,7HDENSITY,7'10.0'90.0'Y(N2),Y(NB)'?O.G)
CALL SYMBOL(2.0,8¢5y0.14,5HFI = v0.0,5)
CALL NUMBER(3.0,8.5,0.14'FIDEG'0.0'1)

DO 26 KK=1,NUMSYS
NUMEQ = NUMEQ+KK

DG 211 K=1,NTHETA
SIGMAU(K) = 0.0
DO 21 J=1,NUMEQ
AMJ = M(J) .
21 SIGMAU(K) = SIGMAU(K)+A(JyKKI*FACTOR(J,K)* COS( AMJ%FI)
Y{K) = SIGMAU(K)
211 CONTINUE

WRITE (6,22) NUMEQ,FIDEG

22 FORMAT (1H1,22HNUMBER OF EQUATIONS = v12,10X,5HF1 = ,F10.5)

WRITE (6,222) {SIGMAU!K )y THETA(K) yK=1,NTHETA)
222 FORMAT (IHO'IOXv7HSIGMA/U'23Xv5HTHETA//(IHOyFZO.IO'IOXv

1F20.10))
&
CALL LINE (X9YsyNLy1,0,0)
C
IF (KK.EQ.1) NUMEQ = 0
26 CONTINUE
C
CALL PLOT(20.090.0¢-3)
C
27 CONTINUE
CALL EXIT
END
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c..............................Q......Q...‘.. » ® 50 9 55 5 50500 5005 SS e
=
c EVALUATICN NF THE WAVE RESISTANCE
c
C..‘............. 0 0 0 00 20 0 00 O O 000 9S00 O O OO OO PO OO OO OSSN S S S SO S
¢ :
DIMENSTON AINT(20,20), (20,20), IND(20,2G), 1¥7NUM(20,20)
OIMENSION N(20,20)s M(2042C)y NP(20,420), MP(23,20)
DIMENSION NN(20), MM(20), A(20,6), AA(20,20)
DIMENSION S(20,20), SUM(20)
c
READ (5,201) NUMAOC, NUMSYS, !.NUMFQ
201 FORMAT (3110)
C
READ (5461) ((AINT(TeJ)eN(IoJ)sM(T4J)yNP(ToJ) MP(1,4J),
1J=1,1),1=1,MNUMEQ)
51 FORMAT (E20.10,26Xy411)
c
WRITE (6+991) ((AINT{IoJ)eN(ToJ) s M{I4Jd)yNPUL,J)yV¥P(I,J),
1J=1,1),1=1,MNUMEQ)
©91 FORMAT (1H1/(1HO,F20.10,10X,411))
c
MNEQM1 = MNUMEQ-1
N0 106 I=1,MNEQM]
c

IPL = 1+1
. /
D0 10 J=IP1,MNUMEQ

c
AINT(T4,J) = AINT(Jy1)
N{I;J) = NP(J,1I)
M(1,Jd) = MP{J,I1)
NP(IsJd} = N(J,I)
MP(1ed) = M(J,I1)
C
10 CONTINUE
C
DD 20 1=1,MNUMEQ
C .
D0 20 J=1,MNUMEQ
C
IND(I,J) = N(I9J)#M{T,J)+NP{I,J)+MP(],4)
INDNUM(I4J) = 1000%N(1,J)+100%M(T1,J)+10%NP(1,J)+MP(1,J)
c
IF (INO{1,J)/72%2=-IND(1,J)}) 25,426,425
c

26 D{I,J) = AINT(I,J) % {=1)*%x(IND(TI,J)/2¢NP([,J)+M(],J))
GO TO 20
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25 DU1,J) = 0.9

20 COMYINUE

O O

WRITE (64+662)
662 FORMAT{1H]1,11HMATRIX AINT////)
WRITF (6462} ((AINT{1,J)9J=1,MNUMES),I=1,4NUME])
62 FORMAT (1HO,9E14.6/1HD49E14.6/)1H0,98X2E14.5)

WRITE (6,31)
31 FORMAT (1H1,8HMATRIX D////7)

WRITE (6,13) ((D(I,J),J=1,MNUMEQ), I=1,MNUMED)
13 FORMAT (1HO0,9E14.6/1H0,9E14.6/1H0,98X,2E14%.6)

1 =0
NMAX = NUMSYS-1

DO 11 L=1,NMAX
LP1l = L+!
DO 11 LL=1,LP1] .
1 = I+l
NN(I) = L
11 MM{I) = LL-1

DO 5555 XANC = 1,NUMAOC
C .
READ (5,5554) AOCM]
5554 FORMAT (F10.5)
AQC = 1.0 + AOCM]
WRITE (6,5253) AQGC
5553 FORMAT (1H1,6HA/C = 4,F10.5)

c
NUMEO = 0
c
DO 277 K=1,NUMSYS
c

NUMEQ = NUMEQ+K
READ (5,7) {AtI,K),1=1,NUMEQ)
7 FORMAT (E20.10)
WRITE (6,77) NUMEQ
77 FORMAT (1H1,40HCOEFFICIENTS ANM, NUMBER NF EQUATIONS = ,12)
WRITE (64777) INNLI) ;MM{I),,A{I,K),1=1,NUMEQ)
TT7 FORMAT (///(1HO,1HA,212,:,4H = ,E20.10))

C
IF (K.EQ.1) NUMEQ = O
277 CONTINUE
C
C

————cr
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NUMEC = 0
N SO0 KK=1,NUYSYS

NUMEC = NUMEQ+KK
SUM(KK) = 0.0

WRITE (6,102) NUMEC

102 FORMAT (1HL,22HNUMBER OF EQUATIONS

101

41

103

50

5555

1&4HTERM, 22X , 4HNMNM)

DO 41 K=1,NUMEQ
D0 41 I=1,NUMEQ ‘

AA(I,K) = A{I,KK)*A(K,KK)
IF (92(1,K).EQ.0.0) GO TO 41
S{I1,K) = AA{I,K)*D(1.K)

WRITF (6,101) SUI,K), UNDNUM{I,K)
FORMAT (1HO0,E20.10,10X,110)

SUMIKK) = SUM(KK) + S(1,X)
CCONT INUE

WRITE (6,103) SUM!KK)
FORMAT (////71HO,6HSUM = ,E20.10)

IF {(KK.EQ.1) NUMEQ = C
COCNTINUE

CUNTINUE

CALL EXIT
END
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