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DYNAMIC PROCESSES IN LIQUID-FUEL ROCKET ENGINES 
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\ 

Ye. K. Moshkin 

Introduction 

This book is devoted to an examination of dynamic processes in liquid- 

fuel rocket engines, i.e., those processes which must be described through 

the use of dynamic equations. These equations characterize the movement of 

operating bodies (fuel components, the products of vaporization and combustion), 

and separate assemblies and systems (the rotating parts of turbo-driven systems, 

the moving parts of valves, and the like), under the influence of forces acting 

upon them. The utilization of the suggested methods of investigation should 

help to improve the organization of the intermediate processes in the design 

and development of an engine. 

This book utilizes material intended for a wide circle of readers, published 

in native and foreign literature, and also the results of several investigations 

conducted by the author. In order to avoid unnecessary repetition, widely 

known methods of investigation and theoretical principles have not been included 

by the author in the contents of this book. Therefore, it is recommended that 

for best comprehension the material of this book should be used in conjunction 

with several books published earlier by other authors (see the bibliography at 

the end of the book). 

In order to present in three small chapters, insofar as possible, a general 

picture of the relationships between processes, it is necessary to omit a series 

of problems. At the same time, with the purpose of establishing links between 

separate equations, several relationships have had to be stated in an abbreviated 

form. In this connection, we have been forced to decline to generalize and to 

analyze the views of various authors, since this would have led to a significant 

increase in the size of the book. 

The first chapter is devoted to an examination of dynamic processes which 

occur in the combustion chamber. A description of processes is given and the most 

important stages of operation are examined: the starting routine, operation, 

transient processes, and switching-off of the engine. The derivation and 
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analysis of the basic equation of the combustion chamber are presented. A great 

deal of attention is devoted to equations describing internal chamber processes. 

All the equations characterize the movement of a two-phase fuel — the combustion 

flow consisting of atomized components and gaseous products. 

Partial differential equations permit the investigation of the combustion 

stream element in time, and during variations within the internal cavity of the 

chandler. The intake of gaseous products upon vaporization of the liquid fuel is 

defined in the course of the derivation of the equation of the law of the conserva¬ 

tion of matter, with the aid of the divergence of the vector of relative component 

consumption. Combustion stream motion is characterized by Euler's equations. 

The general energy equation of the combustion stream, the equation of the 

conservation of mechanical energy, the first law of thermodynamics, and the 

energy equation of a motionless gas isolated from its environment, are examined 

in detail. Equations of the law of the conservation of momentum have permitted 

the determination of the combustion stream velocity, the dissipation of mechanical 

energy and the derivation of a generalized thrust formula. At the end of the 

chapter, the problem of the gasification of fuel components and the changes in 

the relationships between components with respect to time and with respect to 

chamber coordinates are examined. 

The second chapter is devoted to the feed system. In contrast to the first 

chapter, where a series of questions were examined from theoretical positions, 

basically the engineering method of design is discussed in the second chapter. 

The structure of the book has been chosen not only from a desire to show various 

approaches to the calculation and investigation of the processes, but also in 

connection with regular generalities of certain processes which occur both in the 

combustion chamber and in the assemblies of the feed system. 

The theoretical principles stated in the first chapter may be applied to the 

investigation of the feed system, and the engineering methods examined in the 

second chapter may be applied to the study of the combustion chamber. 

First, the derivation of the equation of the motion of an elastic fluid in 

a deformed tube Including a changing volume is examined. The wave equation obtained 

permits us to solve with a sufficiently high degree of accuracy many complex pro¬ 

blems, which at the present time have a great deal of practical significance. 



Notwithstanding the fact that this equation allows for both fluid compressibility 

and pipe deformation both in radial and in axial directions, and for the presence 

of an input or an output of fluid, it also proves to be very useful in engineering 

calculations insofar as proper tolerance acceptance is concerned. 

In an analysis of particular cases of the application of the equation 

examined, the engineering equation for a hydraulic circuit is derived, and this 

permits the establishment of the energy relationship between processes of separate 

assemblies of the feed system. 

A small part of one of the sections is devoted to a determination of 

hydraulic losses in circulating channels. The method of determining hydraulic 

resistance has not been stated in detail, since a great deal of work has been 

devoted to this question, and it has been described in native publications. The 

definition of mass forces in circulating channels of an arbitrary form has been 

examined. The operating formulas obtained are very convenient for the study of 

fuel component dynamics. 

Further, a detailed derivation of the equations characterising the filling of 

the hydraulic systems is presented. The influence of countar-pressure and of 

the gasification of components having a low boiling point are considered. An 

investigation of the process of filling lines permits solving a series of very 

important questions concerning the conditions of fuel input into the combustion 

chamber before ignition and during the initial combustion period. 

At the end of the derivation and after several investigations related to 

fluid motion in circulating parts of the feed system, operating conditions in 

the pressure system are examined. The derivation of two equations based on the 

funeimental laws of the conservation of energy and mass is suggested, for a 

conditionally-accepted "universal" system. These equations are employed in the 

design of a feed system with a gas, powder, or a heated accumulator. 

The sixth section of Chapter II is devoted to the derivation of the equation 

of a centrifugal pump pressure characteristic. The derivation is givan in an 

engineering form. The equation, which takes into consideration the action of 

mass forces and fluid leakage, is suitable for design and investigations. 
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An examination of the processes occurring in the assemblies of the feed 

system power drive — in the turbine and in the generator -- are outside the 

scope of this book. However, in order to carry out a complex engine evaluation 

it is necessary to know the equation used to determine turbine power, which is 

also examined in the seventh paragraph. I 

The eighth paragraph of Chapter II is devoted to the study of the order 

of the application of the equations obtained in investigating operating con- i 

dltlons of the feed system. Conditions are examined in which, during trans¬ 

ient processes, the velocity of change in the composition of products of 
e 

combustion equals zero (K > 0). 

In section 9, Chapter II, an approximate method for determining thermal 

losses in tanks is examined. 

In Chapter II all of the basic sources of energy leading to fuel component 

motion, and the most important forms of resistance opposing liquid motion, are 

examined. Insofar as the equation of the law of conservation of energy in the 

form of a balance of pressures is concerned, the basic relative forces imparting 

motion to the fluid are: surplus pressure produced by pumps, the pressure in 

the tanks, and the pressure produced by external mass forces. 

The basic relative forces of opposition are combined from: hydraulic losses 

in hydraulic circuit elements, the pressure force caused by the action of internal 

mass forces, the pressure expended on the increase of fluid kinetic energy, and 

the pressure in the combustion chamber whose characteristic variations are 

examined in Chapter I. 

The third chapter is devoted to an examination of the interrelationship 

between processes occurring within the engine. The graphic-analytic method of 

calculation gives a general presentation of the relationship between processes. 

Here the relationship between basic parameters during engine starting and f 

running operations is established. Although the graphic-analytic method does 

not take mass forces into consideration, it does give a sufficiently complete » 

and graphic presentation of the non-steady state, and of the nature of the 

relationships during parameter changes within a wide range. 
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The graphic-analytic method is employed in carrying out engineering designs 

for an engine, in calculating the adjustment process and the actions of external 

factors during quality evaluation of a projected engine, and for preliminary 

evaluation of the operating stability of separate assemblies and of the engine 

as a whole. The graphic-analytic method of calculation is defined more accurately 

in relation to the design of the engine under investigation. The size of the 

graphs presented are established with consideration for the accuracy required. 

The graphic-analytic method may be successfully applied in engineering practice. 

The third section of Chapter III is devoted to an investigation of the 

relationship of chamber parameters and of the hydraulic circuits. First, the 

derivation of a calculated equation is presented, which permits an investigation 

of a wide range of questions. The results of investigations of the starting 

and operating conditions are noted. With the aim of obtaining a more graphic 

presentation of basic parameter relationships, the solution to the equation is 

examined without considering the delay parameter. 

A good deal of attention is devoted to investigation of the Interrelationships 

between average parameter values and dynamic processes in liquid-fuel rocket 

engines through the use of the method of small finite deviations. The investiga¬ 

tion of processes is based on a system of linearized equations. Dynamic equations 

differ from static equations through the presence of terms comprising time 

derivatives of the deviations of parameters from their nominal values. It is 

convenient to preface an investigation of an engine with the aid of differential 

equations with an investigation employing static equations. The method of 

linearization and the order of the determination of equation coefficients are 

discussed. 

For engines with loaded tanks and for engines equipped with a turbine pump 

assembly, a system of algebraic equations has been formulated which serves es 

an aid in engine adjustment for a calculated (or a specified) condition, and 

it also aids in the definition of the action of external factors and in conducting 

an analysis of manufacturing accuracy. After a thorough investigation of the 

system of algebraic (static) equations, terms consisting of derivatives of 

variables are added to them. The dynamic equations obtained are employed in 

the investigation of transient processes during engine operation. 
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The lut section is devoted to an examination of the possibilities of employing 

automatic computer technology in the investigation of liquid-fuel rocket engines. 

As examples, several problems are solved on electronic models and digital 

calculators. 

In working on this book, our attention has first of all been directed toward 

the clarification of the interrelationehlps between processes; we have attempted, 

within the limits of the tolerances accepted, to mathematically describe more t 

exactly these processes, and to point out a method of analysis and of further 

development of the equations obtained. 

The author considers it a pleasant duty to express his gratitude to the 

Doctors of Technical Sciences, Professors I. I. Kulagin and V. A. Makhin; to the 

Doctor of Technical Sciences, I. I. Ivanoc; Professor L. S. Dushkin; to the 

Candidates of Technical Sciences, B. F. Glikman, V. D. Kurpatenkov, V. V. 

Filipenko, D. A. Shushko, and V. D. Khar'kov; and to Engineers A. G. Grlgor'yev, 

B. Ye. Moshkln, and V. A. Zadontsev for a careful examination of various sections 

of the book and for valuable advice. 

The author requests that all comments concerning this book be sent to the 

addrus: Moscow, 1-51, Petrovka, 24, "Mashlnostroyenlye" Press. 
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Conventional Symbols 

X—Linear dimension 

L;Z—Length 

d~Diameter 

R;r—Radius 

• F—area 

S—Surface 

} V—Volume 

M;m;Y—Mass 

G--Mass rate of flow per unit time (per second) 

t—Instantaneous time 

T—Combustion time delay 

e—Gas residence time 

W;u—Gas velocity 

C—Liquid propellant velocity 

P~Force, thrust 

p—Pressure 

Ap~Hydraulic losses 

Cg—Gas density 

c^--Liquid density 

K~Propellant reactant ratio 

T—Temperature 

0—Momentum 

Principal Indexes 

t—Tank, In the tank 

V—Mass forces 

j—External forces 

c—'Confcustion chamber 

p—Pump 

ex—External 

1— Oxidizer 

2— Fuel 

1—Equation Index number 

k—Parameter index number 

0—Initial value 
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c—Emitted quantity; discharge 

l—Liquid 

g—Gaseous 

sp—Powder; solid propellant 

a—At the nozzle tip 

dr~Drop 4 

The International System of Units, SI, is used in the book. 

n 

xll 



CHAPTER I 

THE DYNAMICS OF THE COMBUSTION CHAMBER 

S 1. The Dynamics of Intrachamber Processes 

If we exclude secondary factors In our examination, then we may con¬ 

sider that Intrachamber processes ire generated at the moment of the exit 

of fuel components from the Injector. For the chamber, the following are 

typical: starting (sustained condition), operation, transient processes 

during the operating condition, and swltchlng-off of the engine. 

During the course of the entire period of engine operation. Intra¬ 

chamber processes to a certain decree are caused by the action of mass 

forces, the parameters of which are constantly changing. If we adhere 

to a chronological order, then our examination of the dynamic processes must 

begin with the starting condition. However, more uniform dynamic processes 

occur during the operating condition, therefore, in conformity with these 

conditions it is convenient to begin the study here [3, 21]. 

1. Operation (sustained condition) 

The engine has started. From a power point of view, the operating con¬ 

dition is the main mode. Here the engine operates for the longest period of 

time. The operational time limit depends on a series of factors, Including 

the specific thrust value. The higher the specific thrust, the longer the 

engine may operate. 

If we direct our attention to average values of the parameters, unchanging 

w th respect to time, then for each point In the volume of the chamber the 

dynamics of the processes appear In such a manner that the velocity of the 

motion of fluid and gas masses will change mainly with respect to the length 

of the combustion chamber and the nozzle; forces arising mainly as a result 

of expansion of the products of combustion act on each elementary particle of 

the gas or liquid burning fuel within the chamber. Due to the presence of 

wave processes, the parameters of every point of the chamber volume are con¬ 

stantly changing, and low frequency and high frequency oscillations are ob¬ 

served. During the decrease in pressure noted, a low frequency stability 
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threshold appears — a sharp, almost step*wise increase in the amplitude of 

oscillations in chamber pressure. The study cf the operating condition is 

complicated by the fact that the frequency and amplitude of oscillations 

undergo continuous changes with respect to complex, insufficiently studied 

principles of oscillatory processes. 

Thus, during the operating conditions, the dynamic processes lead to 

parameter changes with respect to both chamber coordinates and time. There¬ 

fore, in order to study dynamic processes even under "sustained" conditions, 

it Is necessary to include a system of partial differential equations. The 

processes which occur during the operating condition are characterized by 

relatively small parameter changes. On this basis, it is possible to apply 

equations with small deviations, and to subject several differential equa¬ 

tions to linearization. This permits the study of processes which occur 

under operating conditions in greater detail than those during the transient 

condition. 

2. The Starting Condition 

Parameter changes during the starting condition will have a much more 

complex nature than during the operating condition. During the starting 

procedure, the average pressure in the chamber changes from a certain small 

pressure before the start to a calculated or nominal value. The starting 

process is complicated by the fact that it is usually organized on a step 

by step basis: during the processes several commands are carried out. 

During the starting process, significant accelerations in the motion 

of fuel components and the products of combustion are observed. These 

processes most actively occur during the initial period, from the moment 

of fuel arrival in the chamber until ignition, during ignition and the 

development of cosfcustion, and until the pressure in the chamber reaches 

approximately 40-70%. After this the pressure in the chamber Increases 

somewhat more slowly. Sometimes uneven changes in pressure are observed in 

this area. The reasons for the possible temporary decreases in pressure will 

be explained later. 

A change in chamber pressure occurs as a result of the action of geo- 

w*tric factors, as a result of the presence of wave processes, of a change 

in the condition of delivery of fuel component to the chamber (here one must 

consider a change in the general mass of the fuel, end a change in the 
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relationship between components and a derivative of this relationship with 

respect to time), and of the quantity of fuel located in the chamber in liquid 

form. 

The sensitivity of the delay period to pressure and the speed of change 

of component relationships [25, 28] are very Important in the organization 

* of processes during the starting operation. High values of the derivative 

of the delay period with respect to chamber pressure leads to a double change 

' in the sign of the pressure derivative with respect to time during the 

starting operation, which may promote the formation of detonation effects. 

During an increase in the speed of change of the relationship between 

components, the process of fuel burning Is accelerated, which promotes the 

formation of low-probability detonation effects or of unusual high frequency 

[25] oscillations. 

3. The Transient Processes During Operation 

The average parameter values of the combustion chamber during operation 

aré r.ot constant. They change as a result of changes In engine thrust with 

altitud«., as a result of the Intensity of the effects of external forces, 

and as a result of changes In the operating mode of separate engine assemblies, 

as well as changes in the physical-chemical composition of fuel components, 

and in the incoming commands from the control system [30]. 

A change in parameters during transient processes of engine operation 

occurs slovly, or, if rapidly, then by relatively small amounts. In the 

study of transient processes this permits, just as In the study of operating 

processes, the employment of equations with small deviations. 

4. Switching Off the Engine 

After the main fuel valves are switched off, the delivery of fuel com- 

\ ponente to the chamber Is significantly reduced. Small amounts of fuel enter 

the chamber as a result of displacement in the operating parts of the valves, 

, deformation of hydraulic lines and other factors. In an evaluation of the 

conditions of the delivery of the last portions of fuel Into the chamber, It 

is Important to consider the effects of mass forces. As a result of the 

sharp pressure decrease, the quantity of liquid fuel in the chamber decreases 

rapidly and additional feeding of the chamber is effected by combustion 
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products• This phenomenon is explained by the influence of the pressure on 

the value of the delay period of fuel burnup. During the course of the 

process described, changes in the thermodynamic parameters are often observed, 

both as a result of a pressure change and as a result of a change in the 

relationship between fuel components. 

After almost complete pressure decrease in the chamber, a new, rela- 
t 

tively small pressure increase in the chamber is often observed, lasting 

for tenths of a second, or occasionally for several seconds [3, 21], The 

Indicated phenomenon is explained by the entrance into the chamber of burn¬ 

up vapor components from the chamber cooling channel. 

The switch off period, Including the time of fuel afterburning, is 

called the aftereffect period. It is characterized not only by the average 

value of the pressure pulse, but also by its dispercion. 

5* Operation of the Engine after Switching Off 

If a repeated start-up or the utilization of the engine as a brake is 

foreseen, then after switching off, the operation of temporary closing down 

is performed. Then the engine is prepared for a new, repeated operation. 

During this time the pressure in the accumulators is normalized, fuel is 

transferred to the tanks, and automatic equipment elements are prepared for 

the execution of new commands. 

External Characteristics of Dynamic Processes 

The nature of intrachamber processes is judged in accordance with their 

external manifestations. The basic source of information is the oscilloscope, 

which shows changes with respect to time of many parameters, including thrust, 

fuel component expenditures, and pressure in the central part of the chamber. 

An oscillogram or a group of oscillograms or a set, where the nature of the 

changes in the basic parameters are recorded during the course of the entire 

operating period of the combustion chamber, may be termed the external chamber 

characteristic. Figure 1 shows one of the oscillograms obtained during a 

test of an experimental prototype model of a liquid-fuel rocket engine. In 

order to obtain a sufficiently accurate representation of the operation of 

the chamber, the recording of the parameters must be accomplished through the 

use of a modern quick-response apparatus possessing high resolution. 

i 
i 





In examining the oscillograms, our attention is first of all directed to 

the presence of three periods of engine operation, which we have already dis¬ 

cussed: the starting period, the operating period, and the switching off. 

Often, instead of the term "operating", we use the term "sustained condition". 

However this term, which assumes an average of varying parameter values, is 

considered to be arbitrary. In fact, various changes in their instantaneous 

values are revealed in the oscillograms. They occur during the starting * 

period, during long, uninterrupted operation of the engine, and during the 

switching.off period. « 

The nature of the change in the parameters with respect to time, 

especially chamber pressure, is exceptionally complex. We shall examine, for 

example, several oscillograms. Figure 1 represents a record of the change 

in pressure at a certain point in the chamber and the pressure in front of the 

injectors, as obtained during engine tests on a stand. Before fuel ignition 

(left of the line 1 - 1) a temporary increase in pressure is established pre¬ 

ceding the oxidizer injectors, caused by liquid movement through the hydraulic 

channels. 

Before starting, a sudden pressure increase preceding the oxidizer 

injectors is noted. After this, some decrease in pressure in the chamber 

and high-amplitude progressively-damped pressure oscillations preceding the 

fuel injectors are observed. It is usually difficult to establish a clear 

line between the end of the starting function and the beginning of the 

operating function. On the oscillogram which we have examined, after line 

1-1 chamber pressure slowly increases to a nominal value; rated pressure 

is gradually established in proportion to the movement toward 2-2. The 

curves included between the lines 2-2 and 3-3 represent an engine function 

during the operating mode in the first seconds after starting, and the curves 

to the right of the line 3-3, correspond approximately to the one hundredth 

second of engine operation. 
/ 

Figure 2 represents examples of oscillograms obtained during a test of 

a small experimental liquid-fuel rocket engine. Depending on starting con- t 

ditions, the various curves (A, B, C, D), were obtained. During operating 

conditions (curves E, F, G, H), low-amplitude high-frequency oscillations 

are observed, superimposed on low-frequency oscillations. Sawtooth oscilla¬ 

tions (I, K) and oscillations, the amplitude of which periodically changes 
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with time (J, L), are recorded. A record made with the aid of more accurate 

devices (M, 0, P, Q, R, T) permitted a more precise determination of the 
nature of the os ell.'at ions. 

AA/V 

w_ WlM, 

T=r 

R T 

Vv/VW 
Figure 2. Oscillograms obtained during 
a liquid fuel rocket engine test. Pressure 
changes against time are shown. 
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We shall examine the processes occurring within the engine in accordance 

with average parameter values, i.e., without considering rapid changes or 

oscillations. Now it is necessary to distinguish between a "slow" and a 

"rapid" start. If 95% of the nominal thrust is achieved in 1 ~ 3 seconds, 

then the starting process is considered to be slow. Additional feeding of the 

chamber by fuel, accumulated during the starting period, exerts no noticeable 

influence on the nature of parameter changes with respect to time (Figure « 

3A). 

During a rapid start, when tenths of a second are sufficient to reach ' 

95% of the thrust, it is frequently possible to detect a segment of abrupt 

change in the indication of the derivative in the form of so-called "peaks" 

(Figure 3B), or "teeth" (Figure 3C) on the curve of the change in chamber 

pressure. 

Figure 3. Changes in average values of chamber pressure 
versus time. 
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After the starting period, engine operation may proceed according to 

various routines. In some cases the average chamber pressure is maintained 

at a constant rate (Figure 3D); in others, the pressure changes with re¬ 

spect to time (Figure 3E) under the Influence of external factors or 

even in compliance with incoming commands from the control or regulation 

system. If stage switching is carried out, then the average pressure 

changes comparatively rapidly (Figure 3F). 

The switching off of the engine, as has already been pointed out, is 

accompanied by the curves of a series of distinctive processes. Oscillograms 

help to study the aftereffect period. Time tj^ corresponds to the delay in 

the operation of the fuel cut-off valves (Figure 3G). During the short 

interval of time - tj, the main bulk of the gases from the Internal chamber 

cavity are discarded. Initial warm-up of tue internal side is observed until 

time tj. During the relatively long period of time, equal to t^ - tj, burning 

of the component boiling away in the circulating channel of the cooling system 

continues within the combustion chamber. It is apparent from Figure 3G, that 

the burning is of an undefined nature. The curve p(t) represented in Figure 3G 

is called the aftereffect curve, and the area defined by it is called the 

afternulse. 

Due to a lack of definition in the process examined, the afterpulse is 

characterized by a variation in its values. Various values of the pulse may be 

recorded not only for a test of several engines of one and the same series, 

but also for a repeated test of one and the same model. The presence of a 

variation in impulse values leads to a decrease in the accuracy of rocket 

flight with respect to distance. The variation results from many causes. 

Figure 3H reveals a displacement of the curve p(t) in a repeated engine 

te t as a result of the variation in the moment of closure of the fuel valves: 

during the second test the valve was closed At^ seconds later than in the 

first test. With the aim of decreasing the significance of the aftemulse and 

its variation, the accuracy of the operation of fuel cut-off valves is 

increased, and measures are taken to exclude fuel vapors from the internal 

cavity of the chamber. Thus chamber evacuation will occur rapidly and with 

sufficient uniformity (Figure 31). 
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7. Several Reasons for the Formation of Oscillations 

The Investigation of oscillations begins with the study of oscillograms 

on which pressure, temperature, gas velocity and other parameters must be 

recorded with the aid of quick-response, sensitive devices. The form and 

nature of the oscillations may be quite different, as has alreadv been 

illustrated in Figures 1 and 2. However, after an examination of many 

oscillograms it is possible to distinguish separately the characteristic 

forms of oscillations. 

"Shock" low-frequency’oscillations are often observed (Figure 4A); in 

some cases high-frequency oscillations are superimposed on these (Figure AB). 

Low-frequency oscillations may be "sawtooth" (Figure AC), or close to 

sinusoidal (Figure AE). High-frequency oscillations (Figure AD, F) mav also 

be superimposed on these types of oscillations. 

¡ 

AAAA/V 
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t 

Figure A. Various types of pressure 
oscillations in the combustion chamber. 

/ 
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More complex types of oscillations are also encountered; non-uniform 

and non-recurrent figures appear, and continuously occurring pulsations 

(Figure 4G), caused by resonant phenomena, occur both in the chamber and in 

feed-system subassemblies as well. In some cases, during the course of the 

entire period of an engine test, the pulsations appear only one time. If the 

» amplitude of the oscillations is relatively low (Figure AH), the preceding 

condition is reestablished. Excessively powerful oscillations, caused by 

, resonance (Figure AI), lead to engine destruction. 

There are several types of low-frequency oscillations. In addition to 

oscillations generated as a result of the connection between the chamber and 

the hydraulic circuits, pressure oscillations, caused only by Intrachamber 

processes, are also observed. The nature of the oscillations depends on the 

effects of pressure on the combustion delay period, on the Inertia of the 

hydraulic circuits, on changes in the reactant ratio with respect to time, 

on the absolute value of the chamber pressure, and on other factors. 

Let us examine oscillations generated as a result of the existing 

relationships between the chamber and the feed system. We shall assume that 

the reactant ratio is constant and that the combustion delay is equal 

to zero. Thus, the simplest case of the relationship between the chamber and 

the feed system is examined. Under the influence of randomly appearing 

external Influences, the chamber pressure Increases from nominal value p^ to 

some new value p^ (Figure 5). Since gas discharge from the nozzle, character¬ 

ized by line Lwill be greater than the fuel Intake into the chamber, which 

is defined by line 2, then chamber pressure will begin to decrease. 

After the effect of the perturbation factor, the pressure change in the 

ch unber with respect to time may be exponential or oscillatory. If the 

factors damping the system prove to be sufficiently intensive, then the move- 

^ ment will be aperiodic with an exponential change in parameters. In an 

opposite case, oscillations will be generated. Since the moving fluid and the 

combustion products are inert during a reduction in pressure, point a, which 
« 

corresponds to the established cycle»will be "passed", and the pressure will 
« 

decrease to value p£ (curve 1). If damping occurs, then the pressure P2 will 

be less than pj. Now the fuel intake will be greater than the discharge of 

gases. This leads to a new increase in pressure. Thus, low-frequency damned 
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oscillations will be observed In the system. 

Figure 5. Schematic diagram 
of oscillations generated by 
virtue of the relationship 
between the parameters of the 
chamber and the hydraulic 
circuit. 

In fact, the fuel burns with a delay. Let us examine the instant when 

the chamber presssure decreases to value P2 (see Figure 5). The intake of 

fuel into the chamber is now at a value aGj greater than the nominal value, 

which is defined by point a. An additional quantity of fuel does not burn at 

the instant corresponding to pressure p^, but with a delay. The system 

receives additional excitation, leading to an increase in amplitude (curve 2) 

in comparison with the amplitude that would be obtained if the oscillations 

were damped. When a pressure close to p^ is achieved, the fuel input into 

the chamber, as shown in Figure 5, is less than the nominal amount. However, 

considering the delay, the effect obtained from the combustion of a quantity 

of fuel reduced by AG^ appears with a delay when the pressure is less than 

Pq¡ this also supports the generation of oscillations. If deviations in r 

consumptions AG^ and AG^ are not equal, then the nature of the pressure increase 

in the oscillatory process will differ from the nature of the pressure , 

decrease. 

It is known that the delay period decreases with an increase in pressure. 

This relationship exerts an influence on the nature of the oscillations. 

Finally, under the influence of all of the factors examined, during the 
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period of oscillations the mass intake into the chamber is equal to the mass 

expenditure, just as the energy intake is equal to its expenditure, by virtue 

of which the amplitude of the low-frequency oscillations are maintained 

constant during engine operation. 

Low-frequency oscillations may also occur without the presence of 

1 perturbation and damping factors from the feed system. Let us assume that 

the feed system delivers ingredients into the combustion chamber uniformly 

.» and with a constant relationship between these components. It is necessary 

to note, however, that when intrachamber perturbations are present, they are 

partially transmitted to the hydraulic circuit. They may be detected in the 

circulating part of the injectors and, sometimes in the head, before the en¬ 

trance into the Injector. Intrachamber instability arises as a consequence of 

periodically recurring feeding of the chamber, caused by the influence of 

pressure on the value of the delay period. * 

Let us assume that the chamber operates with constant pressure pc, which 

corresponds to a certain constant value of the delay period t. Therefore, 

a constant quantity of liquid is located in the chamber, prepared for 

combustion. When the pressure increases, period t decreases, which leads to 

a decrease in the quantity of liquid in the chamber, and therefore to 

an increase in the input of gaseous products. However, formerly, the 

transition from the liquid phase to the gaseous occurs with a delay. With 

a pressure decrease, the reverse phenomenon is observed, i.e., an increase in 

t, and an increase in the quantity of the liquid phase. 

In the foregoing cases, feeding of the chamber with fuel occurred under 

the influence of mass forces, moving the liquid, and as a result of the 

Influence of pressure on the delay. Intrachamber instability is explained 

only by the latter factor. Therefore the power of the intrachamber 

oscillations differs from the power of oscillations caused by the relation 

between the chamber and the hydraulic circuits of the feed system. 

The entire mass of gases in the chamber takes part in the generation of 
« 

low-frequency oscillations. During the Investigation, gas parameters are 

considered to be unchanging with respect to chamber coordinates. Under this 

assumption, the study of low-frequency oscillations includes differential 

equations to the zero degree. In fact, gas velocity and the pressure change 
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in accordance with the length and the section of the chamber, and even 

counter-currents are observed in the area of injector placement. Prepara¬ 

tion of the fuel for combustion and fuel combustion occur in such a manner 

that the intensity of gas generation changes with respect to time and 

differs at various points within the chamber. Combustion products, having 

formed in various places of the chamber, intersect the critical nozzle 

section for only certain time intervals. A definite amount of time passes 

from the instant of the beginning of combustion of a certain amount of fuel 

to the instant of detection of the greatest pressure increase. The starting 

instant of combustion does not coincide with the instant of the discharge of 

those gases which are formed during combustion of that portion of the fuel 

which feeds the chamber during the oscillatory process. The indicated shifts 

in time are considered to be a preface to the "chamber relaxation time", 

which determines the delay in the influence of the combustion velocitv on 

intrachamber processes. As a result of deformation in pipes and the com¬ 

pressibility of liquid, a time displacement in the injection velocity is 

observed. This displacement is considered a preface to the "feed system 

relaxation time". 

The presence of the factors examined indicates the necessity for studying 

the low-frequency oscillations with the aid of equations which take into 

consideration the parameter changes in the length of the chamber. 

The behavior, with respect to time, of the reactant ratio K exerts a 

definite influence on the nature of the oscillations. If K = const, then the 

product RT, which characterizes efficiency, is practically independent of 

time. If the reactant ratio changes with time, then the derivative of RT 

with respect to t appears, which has an output dimension. Thus the intra¬ 

chamber processes are characterized not only by parameter K, but also by 

parameter K, which represents a derivative of K with respect to t. 

The parameter K differs fundamentally from K. The reactant ratio 

characterizes the composition of combustion products (with a specified fuel 

and with specified combustion conditions), but K defines the velocity of 

the changes in composition of combustion products. As is known, the com- 

’bustion velocity depends on the reactant ratio. If K equals zero, then with 

the given pressure in the chamber, the combustion velocity is constant; if 
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K is non-zero, then accelerated combustion will continue. The accelera¬ 

ted gas formation causes an accelerated movement of gas masses. If the value 

K is sufficiently large, then due to gas movement acceleration, a noticeable 

localized pressure increase or a pressure increase in the entire chamber 

volume may occur. 

With reduced engine throttle, i.e., with reduced pressure in the chamber, 

the so-called threshold of stability is observed, which is developed due to 

the fact that with a pressure decrease in the chamber at a definite moment 

in time, comparatively rapid and sharp increases in the amplitude of oscilla¬ 

tions occur [12). At least two factors contribute to the formation of the 

threshold of stability. When the engine is throttled down, a decrease in 

hydraulic losses at the injectors occurs, due to a decrease in propellant 

consumption. Even if the period i - 0, then, as has been pointed out earlier, 

the expo: il nature of the attentuation of the pressure, generated under 

the influ' of an external disturbance, becomes periodic. With a decrease 

in hydraulic losses the quality of atomization worsens, and therefore the value 

of the combustion lag period increases. Thus an increase in t and a decrease 

in the stability of engine operation as a whole also leads to a sudden Increase 

i the amplitude of pressure oscillations. 

In addition to low frequency oscillations, high frequency oscillations 

are also observed in the chamber, which owe their origin to wave processes. 

If the frequency of oscillations is sufficiently high, the wavelength will be 

commensurate with the length or the diameter of the combustion chamber. Under 

these conditions one may not consider the pressure to be uniformly distributed 

throughout the entire chamber volume. An individual pressure value, con¬ 

tinuously changing with time, will be observed at each point of the chamber 

volume. If in an investigation of low-frequency oscillations we were Interested 

in the lag period t, then it would be necessary to also know the distribution of 

burning drops throughout the chamber volume. 

The study of low-frequency oscillations may be effected in some cases by 

using ordinary differential equations, but for the investigation of high- 

frequency oscillations partial differential equations must be Included, inso¬ 

far as the process takes place in time and in space. In Chapter I partial 

differential equations will be examined which characterize intrachamber 
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processes. These equations may also be used to a certain extent in the studv 

of high-frequency oscillations. However, this is a large independent problem 

which exceeds the limits of this book. 

High-frequency oscillations may be described by the following highly 

simplified model. Let us imagine a standing half-wave distributed along 

the axis of the chamber. Let us assume that in the area of the head, the • 

pressure will continuously change with time. During the period in which the 

lowest pressure is predominant in the upper part of the chamber, conditions t 

will be produced suitable for the delivery of an additional portion of 

propellant to the chamber. The propellant particles delivered, burning with 

a delay, will support the oscillating condition. The nature of the oscilla¬ 

tions is also defined by the distinctive distribution of the burning propellant 

throughout the chamber volume. 

Another type of high-frequency oscillations is caused by the presence 

of longitudinal pressure waves. Let us assume that due to accelerated burning 

in the upper part of the chamber, localized increases in pressure have 

developed. A single wave pulse, in the process of its movement along the 

axis of the chamber, is cut off from the walls of the nozzle entrance, and 

is directed upward toward the head. In intersecting the burning front it 

accelerates there a transformation leading to an intensification of the burn¬ 

ing, and to the appearance of a new pulse. The process examined, depending 

on a combination of parameters, may become attenuated with time, or it may 

develop and lead even to the destruction of the chamber, or as more often 

happens it may become stabilized and continue at a constant amplitude. 

The third type of high-frequency oscillations is to a certain extent 

analogous to that already examined, but it is supported by transverse (radial) 

waves, which develop mainly in the upper part of the chamber. 

In an investigation of intrachamber processes, fundamental frequency f 

oscillations are most clearly revealed. In a majority of cases the remaining 

frequencies are not multiples of the fundamental frequency. ( 

8. On the Systems of Equations Describing Intrachamber Processes 

The conditions of engine operation examined reveal that the number and 

type of equations are determined by the problems of the investigation. If 
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the starting function, the operating function, or the switching off function 

is examined without considering the oscillatory processes, then we direct 

our attention to ordinary non-dimensional differential equations. In the 

study of low-frequency oscillations, ordinary differential equations are 
used, but one of them contains a delay parameter. 

In addition to differential equations, algebraic equations are included, 
but particular solutions are also shown in tabular or graph form. 

In the study of parameter changes not only in time, but in space as 
well, partial differential equations are used. 

The system of equations must be closed. In its formulation, the orienta¬ 

tion must be toward the possibilities for solution available to the investi¬ 

gator; however the choice of equations and the methods of solution must not 

be detrimental to the accuracy of the results obtained. Simultaneously with 
the formulation of the system, adequate boundary conditions are required for 
determining the solutions. 

A large quantity of experimental data, the analysis of statistical 

material, and the results of independent investigations permit the refinement 

of design equations. With each instance, practice makes new and increasingly 

more stringent demands on the results of theoretical investigations, which 

occasionally are too modest with respect to practical recommendations. This 

is explained by the fact that in a majority of cases, exceptionally complex 

intrachamber processes are studied with the aid of simplified equations. 
As a result of the neglect of many factors, which seem at first to be 

secondary, the equations employed in investigations do not reflect the true 

picture, and naturally theoretical investigation could not lead to the desired 

results. Therefore the refinement (and not simplification) of equations must 

be combined with the development of new methods of mathematical analysis. 

The equations discussed in the foregoing paragraphs, notwithstanding 

their relative complexity, approximately reflect the nature of the processes. 

They contain a whole series of limitations; the equations do not consider 

all possible forms of heat exchange, vortical and circulating phenomena ... 

not examined, the influence of friction forces is insufficiently detailed, 

fuel flame equations have been simplified, and so on. In organizing an 

investigation these equations may not be used without a preliminary critical 
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analysis. 

The processes which occur in engine assemblies are so complex and 

distinctive that in the organization of new investigations, the employment 

of resultant equations, developed by other authors, is completely inadmissible. 

It is possible to formulate the required system of differential and alge¬ 

braic equations only after a thorough study of all of the peculiarities in the 

relationships between the processes. 

While organizing an investigation, we must direct our attention to , 

fundamental objective laws, but in this connection we must also carefully 

study other equations and factors typical of specified concrete problems. 

§ 2. Derivation of the Law of Conservation of Mass for J:he Combus ti on 

Chamber 

It has already been noted that propellant entering the chamber burns 

with a certain time delay. Before the engine is started, the pressure in the 

chamber is equal to the pressure of the surrounding medium, that during which 

time delay t * -Tq. In deriving the combustion chamber equation, time is 

computed from the time of combustion initiation. 

1. Entrance of Propellant into the Chamber 

Time t = -Tq corresponds to the initiation of propellant delivery into 

the chamber. In the course of Tq seconds, a definite amount of liquid pro¬ 

pellant has already accumulated in the chamber (Figure 6). 

At arbitrary time Y mass units of propellant will have entered the 

chamber. The nature of the accumulation Y(t) with respect to time is approxi¬ 

mately as follows. At first, in sec, while the pressure in the chamber 

is equal to the pressure of the surrounding medium or to some other nominal 

value, the propellant input into the chamber will depend on the method of 

operation of the feed system. If the feed system pressure is constant, then 

the input per second will be practically constant, and the propellant accumula- t 

tion is represented by line Oa. 

During the process of an increase in chamber pressure, which begins after ' 

the moment of combustion initiation, the chamber resistance will increase. 

In this connection a change in input pressure is often noted due to a change 

in the number of revolutions of the turbine shaft, and it often happens that the 
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propellant input per second into the chamber decreases somewhat at first, and 

then increases to a nominal value. The resultant quantity of propellant 

which has entered the chamber is characterized by the curve abc. At point 

b, which corresponds to minimum consumption, a change in the sign of the 

derivative Y occurs. After the engine starts,the propellant input to th« chamber 

on the segment c'd' does not change with respect to time; therefore the function 

Y(t) is presented as the straight line cd. 

Figure 6. The nature of the change of certain 
parameters and their time integral values. 
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Switching off of the engine occurs at time t^, and propellant deliverv 

to the chamber ceases. Then the value Yfln remains fixed for all times. 

For a certain interval, this is present as de. 

2. Preparation for Burning and Burning of the Liquid Propellant 

At first, the propellant constituents which are atomized bv the injec¬ 

tors (during the time delay) are warmed, deformed, and divided; some 

vaporization and diffusion is observed. Then the period of intensive 

vaporization occurs, and the propellant constituents change from a liquid 

to a gaseous state. Vaporization is accompanied by diffusion, and at high 

pressures, exceeding a critical value, it exerts a decisive influence on 

the mass exchange process. As a result of the reactions which occur between 

vaporization products, combustion products are formed. We call the mixture 

of liquid propellant with inter-reacting combustion products the burning 

propellant or the burning stream. Let us examine the nature of a change 

with respect to time of a quantity of liquid propellant within the chamber. 

By the time of initiation of burning (t = 0), the quantity of still unvanor- 

ized liquid propellant is equivalent to (Yz)0 (See Figure 6). The value of 

the time delay decreases in proportion to the increase in pressure, which 

leads to a decrease in the quantity of liquid propellant Y^ in the chamber 

in a preparatory stage for burning. Bum-up of the remainder of liquid 

propellant begins at the moment the engine is switched off, and is completed 

during the period equal to (T)fin sec- 

In addition to the liquid propellant in the chamber in the stage of 

preparation for burning, burning liquid propellant is also present. Here 

we have in mind that part of liquid propellant Y^, which has been trans¬ 

formed into a gaseous state as a result of vaporization. After the initia¬ 

tion of combustion, the quanity of liquid burning (vaporized) propellant, 

located within the chamber, will constantly change. This quantity depends 

on the intensity of propellant delivery to the chamber, on the rate of 

preparation of the liquid propellant for burning, and on the rate of vapor¬ 

ization. 

After the engine is switched off, during time interval Tfin «11 of the 

propellant which was in the preparatory stage for burning will be consumed, 

and the entire burning process will cease At^n sec later. This time is not 
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long since it consists of hundredths or thousandths of a second, but it must 

be considered in a study of the aftereffect. 

3. A Change in the Quantity of Gaseous Products 

The quantity of vaporization products will depend mainly on the rate of 

vaporization and the mutual speed of response of the gaseous products, i.e., 

on the burning rate which occurs mainly in the gaseous phase. 

The total quantity of vaporization products and combustion products 

located within the chamber and designated by Yq will increase to agree with 

the equation of state in proportion to the increase in chamber pressure. 

During the engine operating function, Yq * const, but after the engine is 

switched off the quantity will decrease rapidly. 

4. The Emission of Combustion Products 

During engine operation the emission of combustion products from the 

nozzle is observed. The longer the time interval involved, the higher the 

value Yg. The nature of the change Ye(t) depends on many factors. Including 

the change in the values examined above with respect to time. After the 

engine is stopped, the total quantity of emitted combustion products will 

equal the total quantity of propellant delivered to and burned within the 

chamber for the entire period of engine operation. 

5. Derivation of the Equation 

The law of the conservation of mass for the chamber is expressed as 

follows : 

Y-Yi-V’'»-’'.-0- (1-l> 
In this equation any total quantity Y^ supplied to or accumulated within the 

chamber or a product emitted is an integrated value, in which 

i 

Yt^ (1.2) 
0 

Differentiating (1.1) with respect to t, we obtain: 

Y - ñ - V VY. - 
Let us define the terms of this equation. 
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An aggregate quantity of fuel introduced into the chamber at time t, 

considering that fuel delivery began at time (“Tq). comprises 

I 
Y-- \Gidt, (1.4) 

where G^, “ ^i + ^2’ mass Per seconcl oxidizer and fuel through the 

exit areas of the injectors. 

Differentiating with respect to t, we find: 

Y = Gy * G1 + G2. 

The reactant ratio is defined by the value 

G1 
K * -r=- . 

(1.5) 

(1.6) 

The derivative K changes with respect to time even during the operating 

function. 

(1.7) 

The quantity of fuel in the chamber in a liquid state, and in the stage 

of preparation, equals: 

i 

Y r jjüidt. (1.8) 
i — t 

Therefore, 

Yl=.Oi-(Oi)-r-0~ñ (1.9) 

Here the index (-t) reveals that the flow quantities (G^,) * (G^ + G2) must 

be introduced into the calculation referred to the time (t - t). 

In the initial starting period, when t * tq » const, the aggregate quantity 

of liquid propellant accumulated within the chamber is 

(Y^O — J °idt. (1.10) 
-u 

If (Gj) ■ const, then 

<Vo ’ (1-u> 
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The equation for the first two terms (1.3) is expressed thusly: 

Y - YZ - «V-T * - T>* (1.12) 

Let us determine the quantity of burning liquid propejlant. A detailed 

study of propellant combustion within the chamber is outside the limits of 

this book. Much work by native and foreign authors has been devoted to 

intrachamber combustion of liquid fuel rocket engines. Propellant vapori¬ 

zation conditions within the chamber are separately examined in § 8 of this 

Chapter. Let us assume that the process of vaporization is described by 

the equation introducted in (12): 

(1.13) 

where is the burning surface; 

Y is the burn-up parameter. 

An investigation of the burning stream reveals that the shape of the 

burning drops differs from the spherical; frequently they are lenticular. 

In the process of flying and burning the drops are deformed — their shape 

changes and their division into small parts occurs. For a drop of random 

shape 

(1.14) 

where £g is a coefficient which takes into consideration the shape of the 

drop, i.e., 

(1.15) 

rg is the radius of a spherical droo, the surface of which does not differ 

in value from the surface of the drop observed; 

R is the instantaneous value of a certain characteristic drop dimension. 

Utilizing (1.13) and (1.14), we find: 

(1.16) 

where RQ i8 the initial value of the characteristic dimension. 
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Parameter f depends on the nature of the course of intrachamber processes, 

the properties of propellant constituents, the conditions and quality of 

atomization, the reactant ratio and so on. Sometimes in carrying out a first 

approximation, Ÿ is considered a constant. In this case in place of (1.16), 

we have: 

k (Rl :/1-/)° 
(1.17) 

We determine the area of the burning surface and the quantity of the 

burning propellant through various methods. Often we direct our attention 

to several characteristic drop dimensions or use the continuous law for the 

probability distribution of the appearance of various values of drop 

dimensions. Let us assume that characteristic drop dimensions m have been 

chosen, and the number of drops of each dimension equals n^; the area of the 

burning surface will equal: 

HI 

l 

If Ÿ « const, then 

(1.18) 

5=4r ar'Rl-Wi). (1.19) 
i 

Even if Ÿ ^ const, then 

5=4* V'I'd/ j. (1.20) 

If all of the drops are identical and when t * 0 and radius R = R^, then 

the law of mass change of one drop with respect to time is expressed as: 

i 

If Ç - const, then 
8 

Ydr (1>22) 

where is a coefficient which takes into comideration the shape of the 

drop. 

(1.21) 

i 
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Since 

(1.23) 

then 

where is the radius of a spherical drop, the mass of which is equal to the 

mass of the drop examined. 

The coefficients Ç and f are time functions, since, as has already been 

noted, the shape of the drop in the process of its flight is continuously 

changing. However, due to the exceptional complexity involved in the study 

of the nature of the deformation of burning drops, these coefficients are 

accepted as constant, and average values are assigned to them. In carrying 

out an approximation, the number of drops within the chamber in the burning 

stage may be determined from the formula 

(1.24) 

where ^ is the average initial mass value of a burning drop. 

The total burning time tg is easily determined from the expression (1.16), 

if R * 0 is assumed. Then we obtain: 

(1.25) 
U 

In determining tg, which is the upper limit of the integration, it is 

necessary to know the function Cs(t) ' 'i'(t) and to find the integral (1.25). 

If Ç Y ■ const, then s ’ 

(1.26) 

If (Çg'1') t const, then with given Rq and in the absence of further division, 

the average arithmetical value is 

(1.27) 
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If (ÇY) * const, then, using (1.26), we find: 

Ydr =- Y r'l¿r '' I(tà - WD313 dt. 

F ¿ 

After integration, tQ is replaced in accordance with (1.26) and after 

transformations, we obtain: 

(1.28) 

fi .-1 —- ü;)' 
dr 15 

If m initial values are examined, and, just as before, if their 

(1.29) 

quantities ni are known, then for = const the total quantity of burning 

liquid propellant comprises 

g 15 I (1.30) 

If we direct our attention to one typical dimension, then in 

accordance with the formulas (1.23), (1.2A), (1.26) and (1.30), we find 

Therefore, 

2A- 
Y =—-G*, 

g 5=,11- 

Ÿ G, 
g 5îf»r 

(1.31) 

(1.32) 

The quantity of gas in the chamber, consisting of vaporization and 

combustion products, is determined in accordance with the equation of state: 

P V 
Y + Y = Y = vap co 0 RT (1.33) 

where V is the unoccupied chamber volume. 

Designating the constant volume of the chamber, determined in accordance 

with the geometric dimensions (from a diagram), by the symbol VQ, we obtain; 

v-V 
Yz *Y* (1.34) 

Employing (1.8), we find: 
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V — V,—- 
°l U-* 

Differentiation with respect to t gives: 

• i 
\üidt+yo 

V 8 

h 8 

(1.35) 

(1.36) 

If the product RT is a time function, then in differentiating (1.33) with 

respect to t, we find: 

K0 --= ~ p c+ pc 1/ - J&L ± (kT). 
kTyc^RT (RT)'* dt ' ’ (1.37) 

If the time of the flow of intrachamber processes is commensurate with 

combustion time, then it is necessary to consider changes in gas composition 

caused by an increase in the completeness of combustion. In this connection, 

according to the results of calculation, burning of the gaseous mixture may 

be given as [2]: 

RT“RT(t). (1.38) 

During the time under consideration, a change in the reactant ratio may 

occur, and consequently a change in gas composition may take place. The 

circumstance indicated is the second reason for a change in gas efficiency. 

Thus, 

RT ■ RT(K, t). (1.39) 

If the product RT, which characterizes gas efficiency, changes due to 

a change in the reactant ratio, then 

The partial derivative 

dt ’ 6K 
k. (1.AO) 

*-fW(/o (l.Al) 

may be computed for any propellant, if the functional graph is known (1.39). 

Thus in employing equation (1.37), it is also necessary to include 

equation (1.39) and (1.40). 
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In order to determine the last term of the equation (1.1), we shall 

employ the equation 

y e 
(1.42) 

where Gcr is the mass flow of combustion products from the nozzle. In 

differentiating with respect to t, we find: 

Y 
e 

As is known (see [7]), 

cr aF (RT) -0.5 
cr pc’ 

(1.43) 

(1.44) 

where Fcr is the area of the exit nozzle throat; and a is a polytropic ex¬ 

ponential function, expressed as 

i 

(1.45) 

The specific pressure pulse 

(1.46) 

is a ratio of the pressure to the flow rate of the combustion products 

through a unit of area of the exit nozzle throat. It depends on propellant 

constituent properties, on the reactant ratio, and on combustion complete¬ 

ness. The function a teflects little change with the change in the 

index n and usually a « 2. 

Now in accordance with (1.44) and (1.46) we determine: 

(1.47) 

For further transformations it is Important to note that gas residence time 

is : 

o 
(1.48) 
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where is the distance from the head to the exit nozzle throat; 

F is the instantaneous value of the cross-sectional area of the 

chamber. 

Directing cur attention to average values of the parameters, we find 

that [7, 46]: 

e 
F RT cr (1.49) 

It is convenient to employ equation (1.48) in those cases when the 

oscillations are studied under the assumption that the parameters are chang¬ 

ing with time and with respect to the length of the combustion chamber. 

Having utilized the expressions (1.12), (1.32), (1.37), (1.47), and 

(1.49), the equation of conservation of mass for the chamber after trans¬ 

formation is expressed as follows: 

rcr cr (RT)i dt (W)] = (1.50) 

The equation (1.50) is solved together with the equations which charac¬ 

terize the change in flow rates Gi and in the chamber parameters (c, 6, t 

and so on) with respect to time. 

§ 3* Application of the Combustion Chamber Equation 
in the Solution of Several Problems 

The fundamental equation (1.50), which characterizes the law of the 

conservation of mass and supplementary combustion chamber equations which 

have aided in the determination of e, ß, t, V, £, Ÿ and RT, are employed 

successfully in the calculation and investigation of many processes, occurring 

within the chamber, notwithstanding the fact that in the process of their 

derivation certain assumptions were made. 

In § 1 a description of processes involving two categories was given: 

those processes which are studied through the employment of average para¬ 

meter values, and those processes which are characterized by instantaneous 

parameter values. Included among the processes of the first category are 

the filling of the chamber with propellant up to the time of combustion 

initiation, the starting function, the operating function, and switching off 

the engine. Here the oscillations are not considered and therefore the 
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influence of the delay parameter is disregarded. The processes of the second 

category include pressure oscillations within the chamber and propellant 

consumption. These investigations are carried out with the aid of differ¬ 

ential equations with a delay parameter. 

1. Filling of the Chamber with Propellant before Ignition 

After the command to begin the delivery of propellant constituents to the 

chamben ■ the accumulation of liquid propellant in the internal cavity is 

observed as a result of force exerted during the indaction period. The time 

lag assumes a definite and constant value, depending on chamber pressure. It 

is usually considered [28], that 

n 
(1.51) 

where is the value of the time lag which corresponds to normal pressure. 

It depends on the properties of the propellant constituents, on the reactant 

ratio, and on conditions of propellant injection into the chamber. The 

time lag up until the beginning of the moment of ignition is 

T 0 
(1.52) 

where Pg is the chamber pressure before the start. 

Provided that during the entire period under consideration pressure p^ 

does not change, then Tq * const. Before the beginning of combustion fuel 

will accumulate in the internal cavity of the chamber, the quantity of which 

equals : 

(Vo ^ iGidt' Gll==G'+0*- (1-53) 
— to 

If (Gj^ + G2) * const, then 

(Yj)0 =Ost0=Os^. (1.54) 

The method of determination of the flow rate (G^ + Gj) is examined in Chapters 

II and III. 
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Starting of the Combustion Chamber 

1. In the case of a rapid start, as has already been noted, besides 

considering the fuel entering from the feed system, it is also necessary to 

consider additional feeding which the chamber obtains as the result of burn- 

up of part of the liquid propellant located in the chamber in a state pre¬ 

pared for combustion. A decrease in the liquid phase is caused by a 

decrease in t with an increase in pressure. 

In order to determine t, it is necessary to use formula (1.51). If it 

is possible, it is recommended that the influence of the drop in pressure 

at the injectors be considered. Good agreement between experimental and 

calculated data is observed in the case when in expression (1.51) it is 

understood that the pressure changes as a result of a change in propellant 

consumption (while maintaining K ■ const), and not the result of the change 

in Fcr* We note t^lat every given combustion chamber requires an experimental 

determination of t^. In place of formula (1.51), we may record: 

T=i,(‘^CI)WrM’ (o.r. (1.55) 

The quantity of liquid propellant in the chamber, both in a state of 

preparation and in the burning state, comprises: 

h + \ = jo.rt+r. (1.56) 

If we consider Gj. - (,G1 + G2) - const, then 

yL+yro,^+y^ 
av 

(1.57) 

if “ (Gi + g2) ■ const and in this connection the propellant flow rate 

before combustion is equal to the flow rate during the burning period, then 

the quantity of propellant consumed for additional feeding during the period 

of increased pressure from pQ to p^ taking into consideration (1.31)„will 

equal: 

1 

pS 
1 ' _ iii] 

Sis* 
Ox. 

(1.58) 

The equation for the determination of the propellant input flow rate, which 
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arises as a result in the change in t, is obtained by means of differentiating 

the expression (1.58); it is apparent that 

(;adcr -¾ . 
(1.59) 

If after the initiation of combustion a change in propellant input to 

the chamber from the feed system is observed, then 

"'“(«d.-S-- \0*dt-Y. 
t-X 

(1.60) 

In order to determine the additional feeding it is necessary to differentiate 

the expression (1.60). In this connection we obtain: 

0ad4=0ï + (C/ï)-,(l-T)-K. (1.61) 

It Is necessary to keep in mind that t = i(p ). 
c 

2. The equation derived in the preceding paragraph is a reference for 

the investigation of the combustion chamber's starting function: 

.3/=-1 
‘ cr (0^-,(1-1)+^ Le V-i-Ÿ 4- 

RT ' R (Rip (1.62) 

Before we begin the calculation, we shall evaluate separatelv the 

influence of the derivatives of the last term in the expression (1.62) on the 

resultant solution expected. If the last member of the equation may be 

disregarded, then the equation will be simplified and will assume the follow¬ 

ing form: 

c+ ^ c~ -¾ ' (1 - T); = 0. 

(1.63) 

3. In order to plot a curve of the starting function without considering 

the oscillations (Figure 7b), it is necessary to employ the equation (1.63), 

but to remove the sign (-t), while maintaining in agreement with (1.8) and 

(1.9) the derivative i. Employing the equation (1.51), we obtain: 

T = 
(1.64) 

Therefore, in place of (1.63) we have: 
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(1.65) 

It is not difficult to see that the equation (1.65) contains the term 

(1.66) 

In agreement with (1.59), it represents a pressure increase as a result of 

the additional feeding. The equation (1.65) reveals that the influence of 

the additional feeding is especially noticeable for high values of the 

derivative Pc> Therefore in the case of a slow start, the last component 

in the equation (1.65), i.e., the derivative 

may be disregarded. If the starting function occurs fairly rapidly, then the 

effect of the additional feeding is more apparent at the beginning of the 

period, i.e., when chamber pressures are low, than at the end of the starting 

function, when pressures are high. In the use of (1.65), it is necessary 

to calculate c according to formula (1.49), and to calculate, according to 

formula (1.46), the specific pressure nuise ß and to determine the values F , 
cr 

n and x,; we note that equation (1.65) comprises three variables: p , G, and 
1 cl 

g2. 

If the constant reactant ratio 

G 
1 

* const 
2 

is provided in the transient state, then only one additional equation is 

included. At the beginning of the time period when t ■ 0, the chamber pressure 

Pc ® Pq* However the flow G^. at this time usually differs from zero. 

4. Pressure oscillations during the starting function (see Figure 7a) 

are investigated with the aid of equation (1.63). Since the chamber pressure 

during the starting process changes within wide limits, the time lag (-r) must 

be considered as a variable. The solution of the differential equation (1.63) 

with a variable delay parameter presents a considerable amount of difficulty. 

Figure 7c shows the time base of oscillations — pressure variations during 

the starting function from the corresponding p(t), obtained without consider¬ 

ing oscillations. In order to plot the time base from the solution to equation 
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(1.62) or (1.63) it is necessary to deduct the solution to equation (1.65). 

Figure 7. Time base of 

oscillations during the 

engine starting function. 

3. The Operating Function 

After starting (sustained condition), the average chamber pressure is 

maintained constant, or deviates from the nominal pressure under the influence 

of external factors, or changes to correspond with commands issuing from 

the control system. During the operating function, pressure oscillations and 

propellant consumption are observed. 

1. If the pressure shows practically no change with respect to time, 

then all of the derivatives in the expression (1.50) becomes zero, and we 

proceed to the well known algebraic equation: 

p - 6F"1 Gv = 0. (1.6?) 
' c er E 

The calculations are preceded by a determination of the value of the 

pressure pulse from the formula (1.46) or from experimental data. The thermo¬ 

dynamic parameters are determined from the results of thermodynamic calcula¬ 

tions. It is necessary to point out that for a given propellant, the value 

of the specific pressure pulse is practically independent of chamber pressure, 
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but changes substantially with a change in the reactant ratio. However during 

pressure changes due to control over the feed system components, the reactant 

ratio and therefore the specific pressure pulse may change. This relation 

will be considered in Chapter III. 

2. The equation (1.67) is employed in an analysis of small deviations 

in chamber parameters. We shall rewrite expression (1.67) as follows: 

V^cr^i-r^). (1.68) 

The expression of the total functional differential is written in the follow¬ 

ing form: 

dP<ri 
Í&. 

d? 

Passing on to small finite deviations, we find: 

cr cr òí> ÒF dG, ÒG2 

(1.69) 

(1.70) 

In solving problems with small finite deviations, the values for the partial 

derivatives are calculated for several given parameter values. Thus the values 

of the partial derivatives are presented in the form of numbers. The indicated 

expression is written as follows: 

“'“(i?)- (1.71) 

; A>. 

j — 
I 
! . i 

Therefore the number a1 is calculated for values xi » x^q. Usually the 

composite index in equation (1.71) is replaced by one symbol or another, for 

example, by an asterisk. The equation for the determination of partial 

derivatives is expressed using the usual rules of differentiation. In the 

example considered 

(1.72) 

(1.73) 

(1.74) 
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(1.75) 

The calculated equation finally assumes the following form: 

A pc= a i A,3-f-r-r *r (1.76) 

3. In the case of a comparatively slow change in chamber parameters 

during the operating function, the derivatives appearing in the last term of 

equation (1.50) may be disregarded. The equation assumes the following form: 

(1.77) 

In order to solve the problem it is necessary to know the nature of the 

change G^, (t), which depends on the operating conditions of the feed and 

control systems. At the initial moment, before the feed system exerts any 

influence on the chamber, quantities pc> and G2 show nominal values. 

If we consider a change in the quantity of liquid propellant, located 

in the chamber in a stage prepared for combustion, then in place of equation 

(1. 77), we write : 

zPctPc-}F~c¿¡> (1-1)=0. (1.78) 

Employing equation (1.64), we find that: 

(1.79) 

4. If small pressure deviations and flow rates are examined during the 

operating function, then it is convenient while disregarding t to employ a 

linear homogeneous equation obtained from (1.78) by means of substituting 

0 

we obtain: 

ey + y - 6F 
.-1 

X * 0. (1.80) 

36 



Here G£ m Gi + G2» 

Gr is the calculated flow rate value; 

Pq is the calculated pressure. 

The equations (1.79) and (1.80) each have three variables. Therefore, for a 

solution, the hydraulic circuit equations are included. If K - const, then, 

just as in the former case, one additional equation is sufficient. 

5. Pressure oscillations during the operating function occur with a 

constant value of average pressure. It is therefore convenient to conduct 

an investigation of oscillations with equations with small deviations. The 

delay parameter is considered, but in some cases it may be considered as a 

constant. Let us consider the following variations in notation of the com¬ 

bustion chamber equation. In case it is necessary to obtain possibly a more 

accurate solution, with relatively large oscillation amplitudes and the high 

sensitivity of the time delay to pressure change, we must consider the 

differential equation with a variable time delay value in the form: 

£¿c+^c_^cr(Gl)-,*con*‘(1 ^)=^- (1.81) 

Less accurate results will be obtained if we employ the equation in the 

form: 

PQ (^ *—x) = 0. 
(1.81a) 

It is easier to solve equation (1.81a) than equation (1.81). It is valid 

for relatively low amplitudes of oscillations and for low sensitivity t to 

pressure change. At low amplitudes, i.e., in those cases when small pressure 

changes occur, a determination of t may be made by using a linear approximation 

in the form: 

i » a -bp . 
rc 

Here the values a and b depend on the average pressure pQ. If in the oscilla¬ 

tory process the time derivative of the pressure is small, then for the cal¬ 

culation we may recommend the formula 

to D —'¿F 1 (Gl)—T-const — 0. 
c c ' cr 

(1.82) 
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Thus depending on the nature of the oscillations, on the pressure change, and 

on the properties of the propellant constituents, assumptions are made in 

relation to the derivative (t) and the propellant lag (-t) at the combustion 

chanber. 

The statements in relation to the assumptions discussed may be tabulated. 

_Table of Recommendations_ 

Process Derivative Propellant Lag 
characteristic (t) (-t) 

The pressure changes within Exerts great influence Pressure influence 
wide limits in the range of low on the value of 

pressures the time delay 
must be considered 

The average pressure shows The linear dependence The linear depen- 
little change of t on p mav be dence may be 

employed employed 

High-amplitude oscilla- A linear dependence It is desirable to 
tions may not be employed consider the 

pressure effect 

Low-amplitude oscillations The linear dependence t = const mav be 
during the operating may be employed assumed 
function 

Sinusoidal oscillations. The effect of t mav be 
The value p^ is small disregarded 

Shock oscillations. High Acceleration of t may 
values of pc not be disregarded 

t is relatively insensi- The effect of x may be t = const mav be 
tive to pressure change disregarded assumed 

It must be noted however, that resorting to the use of assumptions must be 

done very carefully. In the course of investigation it is necessary to 

compare a series of solutions obtained through the use of assumptions with 

solutions obtained while considering t and when (-t) j const. 

Deviations in parameters and in their derivatives from calculated values 

are designated as follcws: 
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•'■i — — öw; 

Xl — Üi', 

JCj == üj; 

y-p-Pco, 
y=^. 

c 

Employing (1.83) in place of the equation (1.81) we have: 

(1.83) 

*y +A)+y(Gw)-t- ^(^,+^)-,+^^010)-^+^^1+^)-^=0. (i.84) 

Flow values G^q + G2Q G^.^ do not change with time, therefore the sign 

(~t) in the fourth and sixth terms loses its meaning. 

Under statistical conditions [3, 4] 

P<, ^‘G.o-O. cr (1.85) 

Subtracting (1.85) from (1.84), we obtain: 

Eÿ + V-'?F~¿ (a-,-x2).,(1 -t) + ,3/=1 ~¡Oi0t=0. (1.86) 

Although we are examining the behavior of the deviation values from their 

nominal values Pq, the absolute quantity of liquid propellant located 

in the chamber also exerts an influence on the nature of the process. 'Hiere- 

fore in the equation (1.86), there has oeen included not only the term 

but also the term 

cr 

^cr (°io+GM)T. 

Their sum, which equals 

.^(0, + 0,)-,+ 

characterizes the effect of additional feeding of the chamber as a result 

of a constantly changing quantity of propellant, located in the internal 

cavity of the chamber in the stage prepared for combustion. Chamber supply 

conditions from the feed system are characterized by the term 
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i 

Equation (1.86) contains four variables: x^, x^, y and t. Therefore 

in solving the problem it is necessary to include the additional equation 

(1.64) and two hydraulic circuit equations, with small deviations. These 

equations will be discussed below. 

It is sometimes convenient to express equation (1.64) with small devia¬ 

tions. Let 

T — T, (1.87) 

where Tq is some constant value of the ignition time delay. 

Employing equations (1.64), (1.83) and (1.87), we find that: 

z—ni (1.88) 

Taking into consideration that y is negligibly small in comparison to p^, it 

is completely permissible to state: 

z=nrl —_ 
y 
n+i 

cO 

Now equation (1.86) takes the following form: 

(1.89) 

ey -r y - / (*i+*2)-, + F“ +(*i -rxi)-1] -"St y=°- 
cr cO cr (1.90) 

It must be kept in mind that t for the oxidizer (-^) may differ from t for the 

fuel (t2); thus in place of (x: + x2)_t it is better to state: 

(xi> + (x ) 
1 ¿ T2‘ 

With a constant time delay value the equation may be simplified to: 

3 ey-ry — —0. 
cr (1.90a) 

4. Influence of the K Parameter on the Dynamic Processes 

As has already been pointed out, accelerated combustion is observed 

during a rapid change in the reactant ratio. 

I 

I. ) 
I 

I 
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Let the nature of the combustion velocity dependence on the reactant 

ratio and on pressure be expressed in the form: 

It is apparent that 

U - U(K, pc). 

0^k^-U-p. 
oK Op C 

'c 

(1.91) 

Having taking the partial derivatives from (1.91), we obtain: 

ÒU a 
\U(K,pc))-, 

OK OK 

OU 0 

(1.92) 

(1.92a) 

are During the operating function when propellant flow oscillations 

present, the rate of change of propellant composition in the chamber may 

reach high values. 

Let 

Ga=Gj+I2<r'(-'+*>f 

where G^, are nominal flow rates; 

, 4>2 are phase shifts; 

is frequency of oscillation. 

After differentiation we find that: 

Since 

then for “ Ü) 

Ò2=-j^1Ãie~J (“‘'+Ÿ,). 

K " S1 (G1 ' KG2}» 

2 * <i), after a series of transformations, we find that! 

K—~_1—_y 
-r Atf" I*1 1 T + > } 

(1.93) 
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Equation (1.93) is employed for the investigation of dynamic processes 

occurring during the operating function. 

Thus when perturbations are evident in the hydraulic circuits a con- 
• • 

tinuous change in K(t) occurs. Not only K, but also the nature and the 

principle of change in K with time determines the dynamic processes. The 

nature of the change K(t) depends on the nominal values of the propellant 

flow rate G, the reactant ratio K, phase shifts the frequency of oscilla¬ 

tion and on amplitudes A^. In the case of sinusoidal oscillations 

Ár=-r 
Gj cos i»t -}- JU^ sin -¡-/It cos ç; — ja? sin X 

X — /Ij cos <í| JrJAl sin uj -|- 

+ -Í 
G i cos -f~ /G] sin cos y] — JA] sin 
Gj cos ut A- jü2sUi iu/cos 92 —• JA2 sin 92 

XMaCOS 92 — y^2sin?2)!- 
(1.93a) 

_ In order that K ■ 0 during the operating function, it is required that 

A1 
— * K, ■ u)2 and The forces resulting from the presence K(t) and, 

A2 
as a consequence, from combustion acceleration U(t) mav, as is known, lead to 

the appearance of oscillatory processes and detonation phenomena. An 

example employing the equation (1.93) in the investigation of dynamic pro¬ 

cesses is shown at the end of Chapter III. 

In an investigation of the influence of K on engine operating conditions, 

it is necessary to remember that K changes with time due to the operating 

characteristics of the feed system already considered. K changes along the 

chamber section due to irregularity in propellant atomization and mixing, and 

along the length of the chamber due to non-uniformity in propellant vapori¬ 

zation or diffusion. Thus 

Af^+ÏFgradtf. (1..94) 

Concerning the Random Nature of Certain Dynamic Processes 

We shall distinguish between simple and complex chemical reactions. A 

simple reaction occurs in one step and fully corresponds to the original 
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chemical formula. A complex reaction is characterized by the presence of a 

series of successively and simultaneously occurring steps. If an active 

center develops within a complex reaction, which generates a new or similar 

complex reaction, then it is called a chain reaction. Active centers are 

chemically saturated particles, for example, atomic hydrogen, atomic oxygen, 

or the radical OH, which develop in the combustion chamber as a result of 

dissociation in great quantities as the temperature increases and the pres¬ 

sure decreases. The generation of the chain reaction is more probable when 

the propellant heat capacity is higher. 

The reaction rate in the initial period Is 

£/=i/0vexp I — y- , 
i la 

where v is the average chain length; 

t is the lifetime of the active center, a 

Dampening of the chain reaction occurs after termination of the genera¬ 

tion of active centers, during which 

t/=£/„>expj—C . 

The average chain length is 

v * o(l - ea)”*, 

where e is the average number of active centers in one link of the chain; 

a is the probability of chain continuation. 

The lifetime of the active center is 

AiHt’i-H’srWi-'a)'1; 

v¿ is the number of interrelated steps of the i-th particle par unit 

of time, which is defined as the work of the velocity constant of a corras- 

ponding elementary process on the concentration of molecules reacting with the 

particles discussed (molecules, atoms and radicals). An exponential increase 

in reaction rate is typical for a branched chain reaction. 

For sufficiently large values v^ c and a, the rate U for a short time 

interval becomes so large that the reaction acquires the nature of an explosion. 
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In the kinetics of chain reactions a large role Is played by catalysts 

and the initiating action of surfaces. Chain reactions are very sensitive to 

very snail quantities of catalysts, which may accelerate or decelerate the 

process. The active center, having been produced on the surface (for example, 

on the chamber wall), may shift into the combustion space. There are indi¬ 

cations concerning the catalytic effect of silver, to the extent that the 

generation of radicals on a catalytic surface is thermodynamically more 

advantageous than their generation in the process of dissociation. In order 

to decrease the probability of the generation of chain reactions, it is 

reconmended that an inhibitor be introduced into the reactant mixture. The 

addition of an Inhibitor to the propellant mixture does not lead to positive 

results. In particular, nitric acid is recommended as an Inhibitor. In 

order to decrease the probability of the generation of chain explosions it 

is reconmended that the surface of the vessel (chamber) be treated with 

potassium chloride, potassium tetraborate or some other products. 

The shape and dimensions of the combustion chamber exert an Influence 

on the nature of the Increase in the reaction rate. Through a series of 

simplified assumptions, we obtained the average chain length for a cylinder 

v=(iOirwa. 
pa 

For a spherical combustion chamber 

v-(20<7)-W2, 
oa 

where d is the vessel (chamber) diameter; 

X is the mean free path; 
pa 

q is the probability factor. 

Thus the generation of unusual phenomena in a spherical chamber for 

the reasons considered is less likely. It is important to note that quantity 

V, and therefore rate U increase in proportion to an Increase in the chamber 

diameter. Therefore low-probability unusual phenomena are not encountered 

in small chambers. The probability of chamber destruction from chain explo¬ 

sions Increases with an increase in the size of the chamber. There are 

published Indications that during a steady-state reaction, an increase 

in temperature, prtssure or a change in the composition of the mixture may 



initiate a sharp increase in the reaction rate, terminating with a chain 

explosion (see [S, 25, 26, 32, 39, 44]). 

6* Switching Off the Engine 

The fall in pressure in the combustion chamber is a result of: the 

discharge of combustion products accumulated within the chainber; the discharge 

of products formed as a result of the burn-up of liquid propellant located 

within the chamber at the time of switch-off; the discharge of products formed 

as a result of the burning of additional portions of propellant constituents, 

entering the chamber after Issuance of the connand to switch off the engine. 

During operation on the gaseous components and with no additional 

portions of propellant entering the chamber, the chamber evacuation equation 

may be obtained from the equation (1.77), if we substitute (Gj.) ■ (G^ + Gj) * 0. 

Here the chamber equation may be expressed as follows: 

• 

ep + p "0. (1.95) c c 

At the time the engine is switched off the chamber pressure equals Pq. 

Therefore 

Pc =A>exP (1.95a) 

If liquid propellant is used in the engine, after the hydraulic mainlines 

are disconnected a quantity of propellant remains in the chamber in a liquid 

phase. Propellant transition from the liquid to the gaseous state as a result 

of a change in t Is determined in accordance with the equation (1.9). If 

during the last t sec the propellant flow rate remains constant, then the 

equation (1.9) assumes the following form 

^ =(Ox)0T. 

Employing (1.64), we may state the chamber equation in the following form: 

‘i'c+^c'^‘i/rcr/ÏT,Oï0'^r==0* (1.96) 

In carrying out engineering calculations of the switching off process, 

we may assume that n ■ 1. Here 
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‘4 "c+^cr' 
(x.96a) 

When the engine ie switched off, delivery to the chamber of supplementary 

amounts of propellant la observed. When the main or cutoff valve to the 

combustion chamber is closed, during time Interval tj the following amount 

of fuel will be delivered to the chamber: 

(1.97) 

the nature of the change G^t) may differ from the nature of change G2(t). 

The burning of this portion of propellant will be characterized bv specific 

pulse ßj. As a result of deformation of structural elements during a 

pressure drop, during time interval tn the propellant will be delivered to 

the chamber in a quantity given by 

j Gindt. (1.97a) 

It cannot be excluded that G^(t) will differ significantly from Gjit); 

the burning will be characterised by the specific pulse Sjj. 

Soon after the command to switch off, propellant spray from both portions 

of ÍU.1 is observed. If tj and tn coincide and are equal or almost equal, 

then we may consider that ß. ̂ _ ßjj. During the course of a certain time 

interval commensurate with t^ and t^^, boiling of propellant constituents mav 

begin in the circulating part of the cooling system, 

products enter the combustion chamber in quantity 

As a result gaseous 

MU 
(1.97b) 

Time tjjj is usually greater than time tj. The change G^(t) has the 

nature of an ill defined process. The integrands (1.97), (1.97a) and (1.97b) 

are detiued by experimental means or with the aid of supplementary calcula¬ 

tions. The chamber equation may now be stated as follows: 

•/y>c+p[- - - 'ÿcr 2 S<01'=°' (1.98) 

where 
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2 hG*¡—(0|+öj)j+?ii (O,+Ga)«-}- rto (Oj+Gj)n|. 

In calculating a first approximation, the bum-up of propellant which 

had previously accumulated in the chamber la disregarded, and the flow ratea 

of new portions of propellant are considered to be constants. In solving 

the chamber equation, we obtain 

(1.98a) 

In plotting a graph of the function (1.98), we must set time Intervals 

for the delivery of separate portions of propellant constituent, through the 

use of experimental or calculated data. In an evaluation of the organization 

of the switching-off process, it has already been noted that a great deal 

of significance is attached to the afterpulse pressure 

(1.99) 
0 

and dispersion AI^, which is characterized both by engine uniformity and 

by the results of separate tests. If equation (1.98a) is used in a determina¬ 

tion of the pressure, then the afterpulse may be calculated from the formula: 

gj 

+‘i.[?.(O,+Oí)„f-'-Í0)exp|-iU + 
cr i cu 

4-%PhiF l — /¾]exp j ——i. 
cr I *ni| 

The approach considered for the determination of the afterpulse is approx! 

mate. 

7. Examples 

Employing approximate relationships and assigning a definite nature for 

the change in propellant consumption with time, we plot curves of the starting 

process, of the pressure change during the operating function, and a curve 

of the pressure drop during the removal of the propellant feed. 
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Example _1 

Plot a graph of the pressure tine variations in the chanber during the 

starting function. 

Given: 

Specific pressure pulse ß - 2600 • sec. 

2 The area of the exit nozzle throat F * 0.0319 m . cr 
Propellant flow rate during the operating function - 122.8 kg/sec. 

Gas residence time in the chamber c - 0.02 sec. 

During the calculation we assume the period of the time delay t ■ 0. 

Solution. 

In order to plot the graph of the function Pc(t) we shall use the 

combustion chamber equation in the form: 

‘¿c+V^"0- cr 

If we consider a sufficiently general case when the functions e(t) and 

Gj,(t) change with time during the starting function, the original equation 

may be stated as follows: 

at ^t(t) (b) 

The solution of the linear differential equation (b) has the following 

form: 

>C>exp ! f d‘ 
\ J *<<) 

I Í* (It p0 rGr(t) 

+‘XT ^ 

P0 CGr(t) j/1 r at 

«lõ 
at, 

(c) 

where C is a constant integration. 

During an exponential change in propellant consumption : 

Pc«C*exp ! fj"_L i Ç dt \ r ‘“««P —r I r 
I J‘wrexpl 7¿j—Hi; «PMrfl'«- 

(d) 

We shall assume that the gas residence time in the chamber during the 

period of the starting function is a constant and is ■ 0.02 sec. 

Here in place of the equation (d) we have: 
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or 

Jc«C»exp 
(e) 

In order to determine the constant integration we shall assume that 

p - 0 when t ■ 0. According to (e) we find that: 

Substituting the value of the constant obtained in (e), after trans** 

formations we obtain 

Pa ( 
«n 

a — *o 
exp a 

a—cu (f) 

The condition a ■ 0 corresponds to constant consumption. From (f) we 

find that: 

t 
Pc=Po fl —exp 

*o )• 
<<> 

Let us examine equation (g). Substituting given values, we find that: 

2 2600 2 
Fo = Gi = ^-^-122,8-10-6» 10,0 Mn/m Î 

'cr 
/>c»10,0^1-e: exp 

■¿j!) m,ml- 

Calculated results are tabulated below: 

t, sec. 0,002 0,004 o
 

g
 

0.008¡ 0,010 

1 
0,016 0,020 0,040 0,060 

Pg Mn/m2 i ! ! 
0.952; 1,813 2.592 3.297 

i 1 1 
3,935 5,507 6,321 8,647¡ 9.502 

1 

If fuel consumption is exponential then we must use formula (f). 

Let us show the results of calculation for a case when a » 0.01. 
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Operation 
number 

_'iec._ 

Parameters ¡ 
1 

0.01 j 0,02 ! 0.04 j 0.06 j 0,08 

» « • 
1 

I 

«—i -0,01 1 
1 

—»OjOi i -0,01 -0,01 -0,01 

2 '« («-*)“! -2.0 -2,0 1 
! 

1 

-2.0. -2,0 -2.0 

3 
1 * ! 

•xp|-T| 
j 

0,6065 

1 

0,3679 
! 

0,1353 0,0498 0,0183 

4 (2)-(3) -1,213 -0,7365 -0,2706 1-0,0996 1-0,0366 
i ! 

5 ■ «(«—«)-» -1.0 -1,0 -1.0 -1.0 1 —l.o 
1 

6 
! 1 

"p|-T 
0,3679 0,1353 0,01832 

1 
0,0025 ! 0,0003 

1 

7 (5)-(6) -0,3679 -0,1353 j—0,0183 1-0,0025 ¡-0.0003 
1 1 

8 j (1)-(7) j—0,8451 
I 

-0.6003 —0,2523 1-0,0971 
1 ! i .- 

j—0,0363 

0 H(*) j 0,1519 i 0.3997 1 0,7477 ¡ 0.9C29 | 0,9537 
! 1 1 1 

10 ! Pc,**!*2 1 1,549 
1 

1 3,997 1 7,477 j 9,029 j 9,637 

Let us plot from the results of our calculations a graph of the function 

p (t), which characterizes the chamber starting function. Figure 8 shows 
c 

curves of the increase in chamber pressure for various values a. 

Calculation reveals that for exponential fuel delivery, the chamber 

pressure increases more slowly than when Gj. * const. The time duration of the 

starting function increases. 

In the investigation of the processes occurring within the combustion 

chamber, simplified relationships of the change of propellant consumption with 

time were accepted. Therefore the results obtained with the aid of materials 

cited in § 2 must be regarded as approximate. Fairly good agreement of cal¬ 

culated data With experimental data is obtained during a comparison of the 

solution of the engine equation system as a whole with the results of process¬ 

ing of accurately recorded experimental data. 
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Figure 8. Calculated changea in chamber 
preaaure. 

Example _2. 

Make an approximate evaluation of the influence of additional feeding of 

the combuation chamber by propellant, due to a decreaae in the time delay 

during the engine atarting function. 

Given: 

tj — 0,2 aec; 

. n = l; 
G, = 122,8 kg/aec. 

Solution. 

In order to obtain a sufficiently accurate reault, it is necessary to 

use equation (1.65). An approximate evaluation may be made with the aid of 

equation (1.59) in the following manner. In the previous example a graph 

of function p(t) was plotted while disregarding additional feeding. We must 
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deternine p(t) from the graph or from calculations. According to formula 
1 r i 

(1.59) it 1* easy to calculate the additional feeding 

t. 

/- c 

Since in the previous example the calculations were made in accordance 

with a formula,, in agreement with whl ch the chamber pressure depended 

linearly on propellant consumption, for a recalculation of the pressure we 

shall use the formula 

P* °i + Gadd 
^ * 

where pA is the pressure, taking into consideration additional feeding; 

Pc is the pressure, disregarding additional feeding. 

The calculation is tabulated below. 

t. sec 0.005 0,01 0.02 0,04 more - 
—than_ 

PC 2,2 3,9 <i,3 
I 

8,(> j - 

j> Mn/^-sec 
0 

395 300 140 ,5 — 

0 add 
ot 

1,63 0,394 C.071 

, 

0,02 Insignificant 

fa Mh/^2 5,8 5.5 6.8 d,8 P* * Pc 

.* Let ua plot a graph of the function p*(t). The calculation reveals 

(see Figure 8) that in a rapidly occurring chamber starting process, in the 

course of several time Intervals (in the region ab) a change in the sign of 

the derivative p is observed twice. In the initial starting period (line Oa) 

the pressure increases most rapidly. A continuation of the starting Interval, 
• 

after point b,t occurs more slowly with continuously decreasing values p . 

Example J. 

During the engine operating function a decrease in the value of rocket 

flight velocity was detected. With the aim of correcting the error, the 

control system issued a command to Increase the propellant flow rate. 
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Determine the nature of the change in chamber pressure with time, if it is 

known that the propellant flow rate increased by 1 kg/sec. The values 0, 

Fcr> e are Identical with those in the preceding example. 

Solution. 

In order to plot a graph of the function y(t) we must use the equation 

B 
•y + y—ÏT *0“®» 

r cr 

where Xq • 1 kg/sec. 

The solution when Xq const has the following form: 

y = I)- 

Remember that y - pc - p0; Xq - Gj. - Gj. , 
n ca 

where G. is the new flow rate value; 
^n 

G_ is the calculated value. 
¿ca 

Substituting numerical values we find that: 

y 8,119*104^1 — exp — I)-- 0,021 ) Mi 

The calculation is tabulated below. 

¿.sec. 0,01 0,02 0,04 0,06 0,08 

t 
t 

0,5 1,0 2.0 3,0 4,0 

exp 
t 

0,6065 0,3679 0,1353 0,0498 0,0183 

1—exp 
c 

0,3935 0,6321 0,8647 0,9502 0,9977 

y• 10-4 n/*a 3,20 5,13 7,02 

1 

7,71 1 8,05 

Example 4. 

Determine the pressure variation in the chamber from the calculated 
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pressure with a 1% change tr parameters which make ud equation (1.67). 

Solution. 

We shall use equation (1.70). In carrying out transformations (1.72) to 

(1.75) with the aid of (1.68), we obtain the reference equation: 

A/>p A? &Fcr A (G, -f O';) 

/>c “ ß _ <Gl + °2) 

Thus with an increase of 1% in specific pulse ß and in flow rates 

(Gj^ + GjK chamber pressure will also increase by 1%. With a 1% Increase in 

the exit nozzle throat area, chamber pressure decreases by 1%. 

Example J>, 

Plot a curve of the change in chamber pressure after the engine is 

switched off. 

Given: 
"S/-' • 2 

The prestare at the moment the engine is switched off p * 10 Mn/m . 
V' •, . c 

2 Exit nozzle throat area F - 0.0319 m . * w. cr 

The specific pressure pulse in the initial switching-off period ß » 

■ 2552 n/kg * sec. Gas residence time in the chamber during the initial 

swltching-o.ff period is c ■ 0.02 sec. 

Simultañeously with the issuance of the command to switch off, and as 

a result of movement of the working parts of the valves and deformation of 

structural components, propellant begins to enter the combustion chamber. 

Let us conditionally accept that the flow rate is a constant and equals 5.0 

kg/sec. The duration of propellant delivery is 0.06 sec. In 0.04 sec, after 

termination of delivery of the indicated portion of propellant, gaseous 

products from the circulating channel of the cooling system begin to enter the 

combustion chamber. The flow rate is conditionally considered to be constant 

and is equal to 10 kg/sec. The specific pressure pulse ß ■ 1276 n/kg * sec. 

Duration of delivery of the portion in question is 0.08 sec. 

Solution. 

The formula (1.98a) corresponds to the condition of the problem. Sub- 
Hi , 

stltutlng numerical values we find that: 
- • „.'S 

■S.■ ""S' 

,Sfi' 
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! 0,4 (- exp : — 
0,02: 

10 exp I — 
j_\m 

0,021 m'i ' 

In order to calculate the process associated with the additional feed¬ 

ing of the chamber by gaseous products, again we must use formula (1.98a). 

Since the specific pulse decreases by a factor of two, the gas residence 

time In the chamber Increases by approximately a factor of two. This Is ex¬ 

plained by the fact that changes ln B and c are due mainly to a change In the 

product RT. The specific pressure pulse Is directly proportional to the 

quantity (RT)^‘^, but gas residence time Is Inversely proportional to It. 

(RT)°* 

aF. 
cr 

1276Tc5'8ec; 

PJL 
'rt aFcr(RT> 

0^- = 0,04 sec. 

The calculation is tabulated below. 

t, sec. 0 0,01 0,02 0,04 0.Q6 

e 
0 0.5 1 2 3 

i ' ! expi-T-l 1 0,6065 0,3679 0,1353 0,04979 

1—exp ±1 
“ « 1 

0 

■ 

0,3935 0,6321 0,8647 0,9502 

0.4 ^1—exp -7-I) 0 0,1574 0,2528 0,3459 0,3801 

lOexp 
e 

10 6,065 3,679 1,353 0,4979 

P .Mn V*5 
c 

10,0 6,2224 3,9318 1,6989 0,8779 

The subsequent process In the course of 0.0A sec occurs without additional 

feeding. The calculitlon is made in accordance with the formula 

p =0,8779 exp 
c 

55 



The calculation is tabulated below 

.<* sec. 0,06 0,08 0,10 

/-0,06 0 0,02 0,04 
. 

/-0,06 

0,02 
0 1 2 

/-0.06 1 

eXP 0,02 i 
1 0,3679 0,1333 

Pc< Mn '*2 0,8-79 0,3230 0,1188 

For subsequent time intervals the reference equation is stated as 

follows 

/7 c= 0,4(1-exp <-0.1 
0,04 

)+0 ,1188 exp 
<-0.1 I 

0,04 1’ 

The calculation is tabulated below. 

/, sec. 0,10 0,12 0,14 0,16 0,18 

/-0,1 0 . 0,02 0,04 0,06 0,08 

/-0,1 

0,04 
0 0,5 1 1,5 2 

exp 
/-0,1 ] ' 

0.04 1 
1 0,6065 0,3679 

■ 

0,2231 0,1353 

1—exp 
/-0,1 

0,04 
0 0,3935 0,6321 0,7769 0,8647 

0,4 ^1—exp 
/-0,1 

0,04 ) 0 0,1574 0,2528 0,3108 0,3459 

• 

0,1188 exp 
/-0,1 

0,04 
0,1188 0,0722 0,0440 0.0262 0,0167 

p , Mn/M* 
c 

0,1188 0,2296 0,2968 0,3370 0,3626 
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The last stage -- chamber evacuation — is considered in accordance 

with the formula 

p — 0,3626 exp j —. 
C 0,04 

The calculation is tabulated below. 

sec. 0,18 0,20 0,22 
r 

0,24 

/-0,18 0 0,02 0,04 0,06 

/-0,18 

0,04 
0 0.5 1 1,5 

! /-0,18 

“H 0.04 
1 0,6065 0,3679 0,2231 

Pc* Mn/m^ 0,3620 0.2374 0,1332 0,0830 

Let us plot a graph of the function pc(t) from the results of our 

calculations for the engine switching-off period (the afterpulse) in linear 

and logrithmic scales (Figures 9a and b). 

5 4. Partial Differential Equation of the Conservation of 
Mass for the Combustion Stream 

This and subsequent paragraphs of Chapter I are devoted to an examination 

of several problems in the theory of the parametric fields of intrachanber 

processes. 

In the combustion chamber, especially in the region near the head, complex 

mass and energy exchanges take place between propellant constituents which 

enter the chamber* their vaporization products, and a gaseous mixture formed as 

a result of the burning process. Let us examine the volume element abcdefjh, 

shown in Figure 10. During the burning of liquid propellant, this element will 

be filled partially with liquid and partially with gas. Individual propellant 

drops with various dimensions move in a certain direction and will have 

axial, radial, and tangential component velocities, the values of which depend 

on the location of the volume element considered and on time. Due to vapori¬ 

zation of the drops or diffusion of the liquid in gas, the liquid flow, 
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velocity, density and other gas parameters in the element will change -with 

respect to the element coordinates, and will also depend on time and on element 

location. 

Figure 9. The calculated change in chamber pressure during the 
afterpulse period. 

The largest quantity of ¿luid will be in those elements which are 

located close to the head. If preparation for burning of propellant con¬ 

stituents is observed in this region of the chamber, then the size of the drops 

change very little with respect to element coordinates. At a slightly greater 

distance from the head, where intensive vaporization occurs, the size of the 

drops is rapidly reduced. If the element is located at a sufficiently large 

distance from theuhead, close to the nozzle, then its volume will be essen- 

tifilly filled with gas. As a result of reactions occurring in the gaseous 

phase, the gas composition may change constantly. 
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Figure 10. Volume element in the combustion stream. 

Thus an attempt to describe mathematically the complex process -- the 

movement of the combustion stream — may lead to positive results if we 

direct our attention to partial differential equations. However, the equations 

cited below are approximations, since in their derivation many peculiarities 

of the interaction between fluid and gaseous products in a two-phase flow were 

not considered. 

1. Gas Flow through the Element 

The area abed is equal to drr d<t>. The fluid passing through the same 

area has the total sectional area equal to S drr di(i. The side section abed, 

through which the gas passes, will equal 

dF -(1- S )drr d<t>. (1.100) 
•» X 

The ratio of the sections which are filled with liquid and gas will 

equal 

Therefore is a coefficient which characterizes the section occupied 

by fluid in the limited area abed. 

With a lack of fluid Sx - 0{ if the entire section is filled with 

fluid, then S - 1. 
’ X 
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In an examination of the existing process, in which the movement of 

drops of finite size occurs, it will be necesoary to direct our attention to 

the finite area of the element abed, which equals ArrA<£, and the area 

SxArrA* occupied by fluid. However, the transition to a conditional plan 

of calculation through elemental areas does not introduce errors, if in the 

assignment of limits the mass flow rate per unit time (per second) through 

the cross-sectional area of the element will equal 

dw,=, ( 1 - S,) i/rr </<p, (1.101) 

where mx is the gas mass, moving in the direction of the x axis. 

On the element dx of the path, a change in the flow of gas, which moves 

within the element in the direction W , comnrises: 
x’ 

drnx~ dmx +dx --- £7 [el'/, {\-Sx)Urr dv]dx. (1.102) 

The quantity drr d(J> is not a function of x; the area Sxdrr d4>, which 

is occupied by the burning propellant while in a liquid phase, decreases due 

to propellant depletion in the direction W . The area occupied by the fluid 

on the sideefjh, differs from area 

da * S drr d<J> 
XX 

on side abed by the value 3Sx/3x • dx drr d4>. 

Thus in place of equation (1.102) we may state: 

dmx-dmx+dx =[AU,^)- f (t^A) 
IÙX Ox 

dxdrrdo. (1.103) 

The first term of the right side of the equation (1.103) character¬ 

izes the change in the mass flow rate of the gas, flowing through an element 

of constant area; the second characterizes a decrease in the difference of 

the mass rate of the flow observed, due to a restriction within the transfer 

section of the element. Due to the burning of propellant, flow restriction 

by liquid is not identical for the various sections distributed along the 

x axis. In the section abed it is determined by the quantity 

dax - Sxdrr d<t>, 
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and in section efjh, by value 

(1.104) 

If there is no propellant burn-up along the length of the element, then 

in place of the second term in equation (1.103) we must write: 

(1.105) 

Thus as a result of ar increase in the gas transfer section, due to 

burning of the propellant, the difference under consideration is increased 

to the quantity 

dmx +dx—aWjgj^Sjfdxdrr d<f. 
(1.106) 

Due to burning accompanied by a decrease in the mass of the liquid phase: 

--- Sx < 0. 
dx * (1.107) 

The direction W is fundamental; the velocity W constantly Increases 

along the length of the chamber and the nozzle, although speed fluctuations 

and even negative values of Wx in the area of the head of the chamber are 

possible, duo to localized counter-flows. 

If we consider the gas movement only in the x direction, then the problem 

is unidimensional. In conducting accurate investigations we consider and 

W^. The radial component is generated under the influence of geometric 

factors, due to the presence of radial velocity components of particles of 

fuel injected into the chamber, owing to flow turbulence and the presence of 

counter-flows, as a result of Interaction between individual propellant and 

gas particles and for a whole series of other reasons. If the perturbation 

factors enumerated did not exist, then the velocity component in the central 

section of the chamber would equal zero. In the entry section of the nozzle 

it is negative, i.e., it is directed toward the axis of the chamber (see 

Figure 10), and in the exit section it is positive. 

At the time under consideration let > 0. The unit mass gas flow through 

the side aehd will equal: 
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dm = pW (1 - S ) dxr d(}i. r r r 
(1.108) 

On a segment of path dr, a change in the gas flow moving in r direction 

comprises: 

dnir — dmr+a,~ --f (0^/)- 1 f (^,V) 
r Or r Or 

dxdrrdy. (1.109) 

The tangential velocity component is mainly dependent upon the rotary 

exit of propellant constituents from swirl of other types ot centrifugal 

injectors. 

On a segment of path r dij>, a change in gas flow moving in direction, 

will equal: 

dmi—dm^j. - 4 - -•* (ß^Ä) ! äV, 
rfrj r tlf (1.110) 

where 

dV = dxdrr d<J>. 

The equation for the determination of the total change in gas flow within 

the element is expressed aa follows : 

dV- [ 

XdV^ [div (oW') - div (ç#S)] dV. 
(1.111) 

2. Functions Characterizing the Transition 
from the Liquid Phase to the Gaseous Phase 

Propellant flow through the ring located perpendicular to the x axis 

in possessing width dr, is: 

dGx= — G.dr, 
Or 

(1.112) 

where Gx is the mass rate of propellant flow per unit time (per second), which 

corresponds to the side abed. 
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Due to nonuniformity in the distribution of propellant along the chamber 

section, to a change in the area of the chamber section with respect to its 

length, and to propellant burn-up in the direction of the x axis, derivative 

3/3r Gx ■ f(x, r). If on the ring examined the sector is isolated by an 

angle d<t>, then a unit flow of 

(i.in: 

will pass through it. 

The supply of gas in the element equals 

dGjt+¿x — dGx = ~ (1.1U) 

Let us examine the process which is flowing in the direction of the r 

axis. The flow rate element is: 

d Gr— - ö, dxr do. (1.115) 
dxr ùf ' 

The supply of gas in the element is 

dG^r-dO'^l. ± (l*°!ldV. 
r dr dxr df 

(1.116) 

The unit flow in W direction is 
9 

(1.117) 

and the supply of gas is 

(1.118) 

The x derivative in the formula (1.114) characterizes propellant bum- 

up along the length, but derivatives r and <t> determine unit flow quantity. 

When propel]ant is burning, the x-derivative is non-vanishing. When burning 

ia not present (for example in the area of the injectors where preparation 

of the fuel for burning occurs in the course of the induction period or during 

a cold passage through the chamber) , the x derivative equals zero. We may 

similarly consider processes flowing in W and WA directions. We shall be 
r 

63 



limited by an examination of (1.115), which characterizes r direction. Here 

the unit flow is determined by the x and <J> derivatives, and the burn-up pro¬ 

cess by the r derivative. 

The full supply of gas to the element resulting from propellant burning 

will be: 

A Míüi+J- -f H u,) 
*1 dtX dxdrrdy ~ r Or àxrùf r 0<f \dxOr ) Kl.W) 

The first component in equation (1.119) characterizes local (not result' 

ing from a change in coordinates) gas delivery to the element and x is deter 

mined according to (1.151). 

The propellant mass flow rate through the element with area abed is 

dOt— 
OW, 

ùrr ùf 
drr d<f—QW xdrr d<f. (1.120) 

Gas delivery to the element is 

dGx+dx — dGjf- W'x)dV. 
Ox drr Of Ox 

(1.121) 

The propellant mass flow rate through any section F, which corresponds 

to area abed is 

Gx=¡WxdF, 
> (1.122) 

and gas delivery on path dx comprises 

Q,+d*-Qx=-£^WxdF-dx. ■ (1.123) 

3. Calculation of Specific Consumption Rates 

We shall find the specific mass consumption rates 

0Xjx dOx . 
q* drr Of dFx ’ 

_ OX}, __ dCtr^ . 
q'~dxrdf~dF, ’ 

Qr- 
qïG9 ¿Gq 
Ox dr ~ dFa ' 

9 

(1.124) 

(1.125) 

(1.126) 
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Now we may introduce the equation for « while utilizing the divergence 
of vector q: 

d +01½ I- dr (1.127) 

Let us examine the gas flow from evaporating particles of a propellant 

constituent. In the spherical system of coordinates with a condition of flow 

symmetry with respect to the origin, a continuity condition over distance 
r Is noted as follows: 

\y/— $äG 
475/1¾ (1.128) 

The velocity potential is designated by ¢. In the spherical system of 
coordinates 

W w —SUL 
w r~ a. • (1.129) 

therefore, 

d<B= dr 

4it/-ÎQ 

The required velocity potential is 

Substituting 

we find that: 

4k/-q 

(1.130) 

(1.131) 

9 = (1.132) 

let us examine one of the possible methods of experimentally determining 

the derivatives of the propellant flow rate. The height per unit time of 
liquid in test tubes which collect the liquid (Figure 11) is computed 

according to the results of passage through the head. 

From the results of processing experimental data, it is necessary to 
establish that 
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H - H(r). (1.133) 

Figure 11. Diagram of an 
apparatus for determining 
the distribution of the 
liquid flow rate of the 
chamber section. 

The mass flow rate will equal: 

therefore, 

j r/i dr; 
Ü 

dr 
-2r. p JrH» 

(1.134) 

(1.135) 

where Pj is fuel density. In passing from unidimensional to three-dimensional 

flow, in place of the usual derivatives we shall have partial derivatives; in 
our case: 

^=2«0Zr/y. 
(1.136) 

Similarly, we may compute the value of other partial derivatives, which 
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enter into equation (1.119) from the results of processed experimental data. 

According to the equation of continuity 

i dig, 
O^c, drrôf ’ 

or 

where Cx is the propellant velocity component. 

In order to determine the derivatives we have: 

dSj, _ 1 d_(±_ àiGx \ 

dx Oj dx \C^ drrd<f)' 

(1.137) 

(1.138) 

(1.139) 

or 

dx Q I dx \Cjr / (1.140) 

Similar to equation (1.138), we find that: 

OA 
T 

The values S , S and S. may be approximately determined by means 
X r ij> 

calculation of the total area of the imprint of the drops obtained upon 

atomization of the liquid by the head injectors. 

(1.141) 

(1.142) 

of 

4. The Equation of the Conservation of Mass 
(The Equation of Continuity) 

After transformations the equation (1.111) assumes the following form: 

= dtv (qW )—di V (pUP S). (1.143) 
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The expression in the first set of brackets characterizes a change in the 

gas mass without considering constraint. Expression in the second set of 

brackets reflects a decrease in the mass change, generated as a result of 

gas flow constraint in the length of the channel. The expression in the 

third set of brackets reflects a reduction in this effect along the element 

length. It must be kept in mind that the derivatives, in the case of fuel 

burn-up in directions corresponding to the axes, will be negative. 

Ù 

Ox 
<0; 

I 
r 

rdy 
-/, <0. 

(1.144) 

(1.145) 

(1.146) 

Thus equation (1.143) characterizes mass change occurring along the 

element, but equation (1.119) characterizes a mass change of combustion pro¬ 

ducts occurring within the element. As a result of the liquid mass change, 

a gas mass change will be observed within the element. 

According to the law of the conservation of mass, the change in the 

quantity of gas in the element is defined as a local time change in density 

and relative volume per unit time: 

dw,——(1.147) 01 

where x^V is liquid volume in the element. 

This volume may be determined for a case of variable area values of the 

fluid on the sides , using 

OS dx 
Ox. )( 

« 1 àSf 

' 2 dr 
(1.148) 

Having calculated the area values and their derivatives, we obtain: 

X 

lx 1 a r <tx \ 
2 òx [cxJ dx 

0,5. 

a—±±±tJ!-r\drVx 
Cr 2 r dr \Ct ) J A 

£K- 2 rd<f (1.149) 
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If we may disregard a change in the instantaneous values of the fluid 

areas in the element, then equation (1.149) is simplified and assumes the 

following form: 

Qjt Qr Vf-6 
. Cx Cf Cf I * (1.150) 

Subtracting term by term (1.149) from (1.150), after transformations 

and integration we obtain: 

10,5 

(1.151) 

The equation (1.150) reveals that the area of the sides and the liquid 

volume in the element depends on the ratios of the flows through the element 

to the corresponding velocities. If the flow and velocity equal zero, then 

the fluid volume in the element may be non-vanishing (Figure 12). 

Gr*0. Gt „ - zQ, 
Cr'O, Cr Cx-0] 

ÍL 
Cx 

««; V*A 

Cn*0; 
Cn-0, CxAO; 

Cx •ti\ V*A 

Gr*0\ 
cr*o; 

Gx+0-, 
Cx+0; nia; 7"2A 

Gr*0, 
Cr*0, 

Gf^O, 
Cr*0; 

Gx*0¡ 
Ct*0; V*A 

5**0; 
Cx*0; ^-a¡ V*lA 

Figure 12. Explanation of equations 
(1.152) and (1.153). 

We note that since 

the following relation then occurs: 

àOi 1__£/_ 
dFi C¡ C¡ ‘ 

(1.152) 

(1.153) 
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Therefore the ratio examined characterizes the gravimetric density. 

The equation (1.147) is rewritten as follows: 

il 
Cr 

(1.154) 

In the most general case, when it is necessary to consider a change in 

instantaneous fluid areas within the element (which is especially important 

during rapid burning), in formulating equation (1.154), we must direct our 

attention not to equation (1.150), but to (1.151). 

In the case of burning drops of the propellant constituents 

|-te(l-X)l = f(l-X)-C^. (1.155) 

During preparation of the propellant for burning, x * const; therefore, 

(1-4 (1-156) 

Utilizing equations (1.143), (1.119) and (1.147), we shall write the 

equation of the conservation of mass for the gas in the element of the com¬ 

bustion stream, formulating it thusly: a change in the density and volume of 

the gas within the element per unit of time is equal to a change in the gas 

mass, moving through the element, and to the gas mass which forms during the 

period of the same unit of time as a result of burn-up of propellant which is 

located within the element. 

Ate(1_z)H[«ap,+iÄ+i£p] 

!’'i-(c-íií)+«'T¿(e!rr)+ 

, Wr 1 d{q,r) . W, à 

Cr r dr C9 rò<f 
= Q. 

(1.157) 

5. Range of Application of Equation (1.157) 

The presence of functions characterizing and reflecting gas flow con¬ 

straints, and functions defining the supply of gas as a result of propellant 

burn-up»is a characteristic of the equation of the conservation of mass for 
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the combustion stream which distinguishes it from the analogous equation for 

the gas flow. The constraint is due to the presence in the stream of the 

liquid phase, which is characterized by the specific mass flow rates q , q , 

and q^. Since the mass flow quantity changes in the process of liquid move¬ 

ment, the derivatives — çx, (¢,), are considered, which charac- 
u.x r or roy 

terize the burn-up intensity. Constraint is considered along with two 

functions. The first of these is expressed as^follows: 

'‘l " 1 - X. (1.158) 

In expanded form, and in agreement with equation (1.151), the first 

function is written as follows: 

jO.» 
(1.159) 

If the transition of the liquid phase to the gaseous phase is not 

observed, then in agreement with equation (1.150) we shall have: 

1 k c,c,\- (1.160) 

It is convenient to record che equation for the second function in the 
form of a sum: 

(1.161) 

The first term takes into consideration the presence of the liquid 

phase, and the second, its change according to the coordinate axes. 

The equation (1.157) may be used for an investigation of processes in 

separate sections of the combustion chamber. In the highest section of the 

chamber, near the injectors, the propellant is prepared for combustion. 
Here, if - const, then 

71 



(1.162) Ql ¡( + div q^ O. 

Equation (1.157) is written as follows: 

~ [l»(l-z)]-fdiv(#T) = 

In the combustion area, where the liquid phase is present, equation 

(1.157) must be used. However, if it is possible to consider that here the 

process of gas formation is the main, predominant process over the channel 

processes, if this area is essentially constrained by the liquid phase and if 

an Increase in gas density occurs as a result of burning, then the equation of 

the conservation of mass assumes the following form: 

£ [0(1-/)1 = 2. (1-16A) 

After the termination of gasification, but during burning of gaseous 

products, all functions characterizing constraints must be disgarded and the 

equation assumes the following form: 

£+div<#>-=2. (1.165) 

If conditions are created which support p = const, then in place of 

equation (1.165) we shall have: 

QdivU/ —2. (1.166) 

For a uniform flow, we obtain: 

{¡dW—dq. (1.167) 

After completion of all the chemical transformations, we come to the 

well known equation which characterizes gas movement: 

^--{-dlvfeï^O. (1.168) 
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§ 5. The Equation of Combustion Stream Motion [16, 29, 34. 55] 

1. Derivation of the Equation 

Let us examine the previous combustion stream element. The gaseous 

phase mass Is 

(1.169) 

The liquid phase mass Is 

nf=lQlxdV' (1.170) 

The total combustion stream mass is 

ff‘=|[e(l-X)+^x]^- (1.171) 

Let the total force acting upon the gas stream equal P, and the total 

force setting the liquid in motion equal P^. As the result of the effects of 

these forces, gas velocity W and liquid velocity C may be different. 

For a gas mass element, Newton's second law may be stated as follows. 

P=*^Q(\-X)WdV. (1.172) 

For the flow of liquid particles 

(1.173) 

In carrying out a term by term summation for the entire combustion 

stream element, we obtain: 

= J [ß(l —X)VÍX-f(^xCjrfl^. (1.174) 

The forces setting the combustion stream in motion are composed of 

mass (volume) and surface forces. As a result of the effects of external 

forces, the velocity of the mass of the gas flow will change with time. If 

a rocket is in motion, in order to determine the mass force, we have: 

?=ie(ir+7)(1-/)^, (1.175) 
V 

where g is the gravity acceleration; 
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j is rocket flight acceleration. 

For components in a coordinate system moving with the rocket, we 

obtain: 

=Icte,-f;,)( 1 -X)di'=(£,-f],) feO-xW 
v V 

Fr= (gr + Jr) Î 0 O — x) dV; 

^=(^+yV).fo(i-x)^- 

(1.176) 

(1.177) 

(1.178) 

Mass forces are potential forces, if a coordinate and time function 

e(x, r, <J>, t) exists such that its partial derivatives with respect to the 

coordinates respectively equal: 

(1.179) 
ax 

(1.180) 
dr ' 

(1.181) 

Let us examine one-dimensional flow. The equation (1.179) is stated 

as follows: 

(1.182) de » -F dx. 
x 

We obtain through integration: 

6=-J FX dx. (1.183) 
o 

Thus e characterizes the potential energy stored within the system in 

the process of mechanical motion in the direction of the x axis. 

Under the Influence of a difference in the hydrodynamic pressure, the 

surface force appears. 

For the x component we have: 

(1.184) 

and similarly, for the other components we obtain: 



(1.185) 

V 
(1.186) 

Due to interaction between the gas flow and the liquid flow, ballistic 

forces are generated. A drop located in the space under consideration has a 

certain characteristic size Rq. As a result of combustion, this dimension 

changes with time. 

The ballistic force acting on one drop is: 

C)’. (1.187) 

The ballistic coefficient cx is specified by burning conditions and 

depends on the shape of the drop, on velocities W and C, on the parameters and 

composition of the propellant and the gas, on the quality of atomization and 

mixing of propellant, as well as on many other factors. Often the value of 

the ballistic coefficient is specified as a function of the Reynolds number 

Re and of the parameter D, which characterizes drop deformation. In certain 

specific cases we accept that 

-0.5 
(1.188) c ~ Re 

X 

The value of the ballistic coefficient changes with time, since it 

depends on the size, the shape and the relative velocity of the drop. Much 

work has been devoted to an investigation of the coefficient cx, and in 

complete calculations the problem of determining the ballistic coefficient 

must be examined separately [1, 27, 41, 55]. 

In addition to ballistic forces, viscous friction forces also Influence 

thf' drop. They produce satellite flows, the investigation of which is 

applicable to any flow movement, and is outside the scope of this book. 

The cross-sectional area of any flying drop is 

(1.189) 

where R^ is the nominal radius of the center section of the drop. 

The drop volume is 
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(1.190) 

where r is the radius of a spherical drop; 

Is a coefficient which normalizes the magnitudes r and R^, namely 

(1.191) 

The number of drops, relative to the volumn examined, equals 

(1.192) 
J V, 

Thus the ballistic force per volume element under consideration Is: 

d/^l-Qc* k. l-(W-C)>dV. (1.193) 

Directing our attention to well known functions In hydromechanics and 

considering constraints of the fluid volume element, frictional coordinate 

forces of the viscous compressible liquid are established as [41]: 

and 

V=je(l-z)v(y-|-divr-{-vW,)dK; (1.195) 

Tf=f c(l-x)v (-L-l-divir + vW^dV, (1.196) 

I à".\VÀ. , 1 ÒWX , 1 dwx 

àx* Ú/-2 ' r dr r* à<pï ’ 

VW — Wr I dWr I 1 d]Tr-_ vr, , 

r dx2 ^ d/-2 dr~ r* ' 

,J_ diWr_2 àW9 
r'l dy 

V^f- 
d*Wf d*W9 j dWf 

dxi ' dr* "* r dr 

i 1 dlWf , 2 ÒW, 
^ r* dy2 ' r2 dv • 

(1.197) 

(1.198) 

(1.199) 
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The conditions of gas movement within the chamber are so complex and 

distinctive that equations (1.194) to (1.199) prove to be suitable only for 

calculations made as first approximations. 

Now we may write the equation force projections for the total element: 

X(^-C^+v^-^-dlvr+7^)(1-X)] dV\ (1.200) 

=|»[ (1 -*><*,+n - j ^-0 -T X 

X (^,-0,).+, (I <Uvr fv^jd-x)] dv, (1201) 

/>, - X)(i.+ /.) -1^-0 -S.) 

Before conducting calculations, it is necessary to establish through 

experiment the dependence of the ballistic force on velocity differences for 

the propellant atomization and combustion conditions considered. 

The differential equations of gas notion, projected on their corres¬ 

ponding axes, are written as follows: 

+àWjLW . +, )_ 
dt Ox dr 0<f r 

_L ^ (^-Cx)a i 
c VJf 1 —X 2 ^ ' 1 —X nR ' 

_X (Wr-Cr)' , 

® dr 1 —X 2 1 —X nR ' 

+v(4”^d,vr+v2^); 

(1.203) 

(1.204) 
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I 

dW dW õW, 
dt — dx x r Or ' 

±ùJiZl+ -I W ^,=(5,+Jf)- 
üf r r 

_L ÚP 1 3 . _/ __ (ff,v i 
C rdy 1-x 2^vl-i 

+ ’íi 1 O 
\ 3 rci'f 

divr-i-v^v (1.205) 

2. Des1ro Equations 

At a certain distance from the head, where the liquid phase is lacking», 

motion equations assume the well known form: 

o'ff 
ut 

U7\ , 
,-r ~ W, -f -- -1 = itf-c + lx) - ox or O’i r 

X _0)J7J i oWr 

1 Op 

o Ox 
- Tv[----u¡vU/-fv2^; 

’H 
! _o 
3 ox 

(1.206) 

Ot ox x or ■ Of r r 

_-L it +, ( i ill V IT - r,) ; 
0 dr \ 3 dr / 

(1.207) 

dW’ OW _T_ • 
Ot 

dU7 dVt' IP i 
dt.Wx+^Wf+-^+±WrW^{gi+J,)- 

—Li£- -j-vf—— divUZ-j-v2^). 
Q rd<i ' \3 rd<t * v/ 

(1.208) 

Let us examine the liquid flow. The projections of the mass force elements 

satisfy: 

dFxre 

tâ^ —QliëÆJr) ißV' 

d%î = 0 i£i + i^LdV' 

(1.209) 

(1.210) 

(1.211) 

The projection differentials of the hydrodynamic pressures are expressed as: 

Op (1.212) 

(1.213) 

(1.214) 

The ballistic forces are determined according to equation (1.193), but 

iP, SXV-, 
' or 
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they are taken into consideration as part of a general motion equation with 

an inverse sign, in comparison to those cases in which they are determined 

in accordance with equations (1.203), (1.204) and (1.205). 

The differential projection equations of the liquid phase motion 

are expressed as follows: 

ÙC, dCx. rtC, „ , OC- c 

dt ox Or 

1 ¿)/> S. , 3 ■ (V,-C,V 
QZ ÒX I + 2 nR 

dCr 1 C.-f c, 
ax ^ dr ' 

UC f jr\ I ÚO f ~ 9 

dt ^ C~ - -^=(8,+/,)- df r /■ y 

J_ AL1J-JL± ; r n W'-C'* 
til dr X ^ r r ' 

dt ' dx * 1 -- ' ‘ or 
4— CrCf=(gf-\- j9) — 

(ur-r )î 
rdf X nR 

(1.215) 

(1.216) 

(1.217) 

It must be kept in mind that the calculation in accordance with these 

equations is carried only up to the time of the complete transition of the 

liquid phase to the gaseous. 

§ 6. The Equation of Conservation of Energy 

The general (full) equation of the conservation of energy contains terms 

characterizing both mechanical energy and the energy of heat processes. The 

equation of the conservation of mechanical energy is obtained from Newton's 

second law by an examination of the movement of an ideal fluid. The equation 

of the conservation of energy of heat processes is obtained from the first 

law of thermodynamics. We obtain the general equation of the conservation of 

energy of the combustion flow from a combination of these two equations. 

1. The Equation of the Conservation of Mechanical Energy 

With the aim of clarifying the meanings of separate terms of the equation 

of the conservation of mechanical energy, let us examine the flow of an ideal 

gas, excluding any liquid particles. The fact la that when viscous friction 

forces are present, a part of the mechanical energy will be transformed into 

heat. This phenomenon is called dissipation of mechanical energy. Equations 
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(1.206), (1.207), and (1.208), which we shall accept as reference points, are 

expressed as follows [34, 41]: 

0 ox 

+/, 
I» or 

^-=(8,+/,)---^. 0 rôt 

Let us multiply the right and left sides of the equations bv the 

corresponding velocity components. We obtain: 

^,=(8,+/,)^-7-^+ 

^,=(8,+/,)^ -7V r': 

^,=(8,+/,)^,-7-^-7- 

After term by term addition, we find that: 

^+^,+ 1(/,0/,=2(8,+/,)^,- 7(7^+^ -t)’ 

however, 

wxwxTwrwr^w,w9 

Utilizing the rules of product differentiation, we find that: 

Therefore, 

djc *' or ' ' d<t r dx x V dr Ky 

: à (PW,) _/àWx , ÒW, , 0WA_ 
1 à<f r y dx 1 dr rdy J 

= div (pW)-p<ttvW. 

7+(0^)=2^+^)^-7 ^ 

(1.218) 

(1.219) 

(1.220) 

(1.221) 

(1.222) 

(1.223) 
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Equation (1.223) is an energy equation, which takes into consideration 

the types of mechanical energy under observation. 

The external mass volumetric forces that are potential in nature (g) per 
form the following work in a unit of time: 

or 

J. i di rc'v 

* or ' 1 ò<f r dx (1.224) 

V]j(W'<=r—(W^ grade). (1.225) 

If the forces under consideration are not potential and depend neither 

on the coordinates nor on time, then we shall specify the condition 

(1.226) 

_ Finally• with forces which are not potential, but which depend on time 
(j), we have 

Vn,W\=ji,IF( = K(/). 

In this manner, we obtain in the most general form: 

(1.226a) 

= K (/)--^-: (1.227) 

= grade). 

Let us assume that the equation of rocket flight is under consideration. 

At each point on the trajectory, forces due to the presence of the gravita¬ 

tional field will have different values of the potential function, independent 
of time. Therefore, here 

— (W', grade). 

In an examination of the chamber equation, if the coordinate system is 

"bound" to the engine, then the same forces may be considered to be indepen¬ 

dent of the location of the combustion stream element in the chamber. If the 
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engine is in flight, then 

v*,r, = KW. 

During test stand operation 

K. 

Let us return to equation (1.223). After multiplication by pdV and 

integration, we obtain 

-L— f (MW = - f div(/W) dV+[ pálvWdV. ( 
2 Jt J J 4mm ï ■ t 1 

According to Ostrogradskiy's formula [33]1 

j divt/^W7) dl/ — j //(W, u)dF, (1.229) 

where F is a surface limiting volume V; 

n is the unit vector of an external normal to the surface F. 

Thus the integral (1.229) represents the work per unit time of pressure 

forces applied to the surface F. The integrand p div W of the last integral 

in the equation (1.228) represents the work of pressure forces expended on 

the change of volume V per unit time. 

Since the meaning of the terms of the equation of the conservation of 

mechanical energy is clear, we may approach the composition of the equation 

of the conservation of mechanical energy for the combustion stream. Let 

external volumetric forces influence the stream. In the most general case 

work, produced on the gas included within a certain volume V, is: 

¿ = j 0(1-/) [K (/) — :] dV, (1-230) 
B V 

and work produced on liquid is: 

Ll^^iy.lK(i)-‘s\dV, (1.231) 

where e and K(t) are congruent functions. 

1 See p. 186. 
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The work of the pressure forces, applied to the surface, and limiting 

the gas, is : 

LFg ^ i p^' ^ = J* (1 - yjdiv (pW) dV, (1.232) 

and the work of the pressure forces applied to the surface and limiting the 

liquid is: 

Lf1 = J ¿úlv(pC)dV. 
(1.233) 

During the liquid phase the work of the pressure forces expended on a 

gas volume change is: 

LvpâWWdV. 
6 V 

(1.234) 

As a result of work carried out on volume V the change in the kinetic 

energy of the gas equals: 

V 
(1.235) 

and the change in the kinetic energy of the liquid is: 

^ i” í (1.236) 
V 

The equation for the conservation of mechanical energy of the combustion 

stream in a case when the liquid is incompressible is expressed as follows: 

V 'y ^ 

j 0 —y)d\'i(pW)dV—^x &iv(.pC)dV-f- 

pd\wWdV. (1.237) 

During a combination of flows, the law of the conservation of mechanical 

energy is not satisfied; in this connection, the method of determining the 

heat release is considered in the second part of § 7. 
i 
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2. The First Law of Thermodynamics 

The aggregate quantity of heat obtained bv the volume element in a unit 

of time equals the change of the internal gas energy, of the heat content of 

the liquid, and of the work of gas expansion, all accomplished within the same 

time interval. Thus it is possible to formulate the first law of thermo¬ 

dynamics for a moving system of coordinates applicable to the combustion 

stream. The aggregate quantity of heat obtained by the element per unit 

time is 

lit 
j QRdV 

-V V r 
(1.238) 

where Q Is heat released during propellant burning; 
8 

Q. is heat supplied by means of thermal conductivity and through 
A 

other thermal transfer processes; 

Qd is heat released due to the dissipation of mechanical energy. 

Since during the combustion of a mass unit of fuel, joules of heat are 

released and conversion of the liquid phase to the gaseous phase is 

characterized by div q, then 

V 

The heat supply by means of thermal conductivity is [35]: 

£ 
Qu(liv q/dV. (1.239) 

(1.240) 

where Ç is a coefficient which considers the role of convection and radiant 

thermal transfer. 

If it is more convenient to describe the process of thermal conduction 

in the spherical system of coordinates, we obtain: 

_L _L — in I X JÜ J- 1 à 
/■2 (ty \ tty / r*sin<{» tty r^sinStty (1.241) 

Heat generated as a result of Internal friction is: 
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/ 

J 
dt x>V1' (1.242) 

where is the friction coefficient; 

is the dissipation function. 

The first integral of the right side of the equation characterizes the 

boat supply due to the ct of viscous friction forces. Part of the total 

wo-k which is produced b .*.aal and tangential components of frictional 

forces is transformed into mechanical energy, and part into heat. The latter 

is determined by the first integral of the right side of equation (1.242). 

The second integral on the right side of this equation characterizes the 

heat supply as a result of friction in the liquid part of the element, and 

the third term considers heat released during equilibrium of the velocity 

of the gas stream and the stream of liquid particles. In order to determine 

the dissipation function it is necessary to use the equation whose 

general form in Cartesian coordinates is expressed as follows [55]: 

1-,= 2 

+(^+^)+(^)+(^+^)- 
_2 / dWx . 

3 \ d* ^ dy + dz ) ’ (1.243) 

In order to determine the dissipation function ¢^, it is necessary to 

use the same equation, substituting by corresponding values of C^. The 

dissipation of mechanical energy observed during the mixing of gas and liquid 

flows will be examined below. 

The change in the internal energy of the gas and the liquid comprises : 

A f =A Je(.-mv++ ^(cTjäV. a-2M) 

The work of expansion, in agreement with (1.234), will be: 

S==i(1“z)/,dlvWál/- (1.245) 

Now we may formulate the equation for the first law of thermodynamics 
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in the following form: 

»/ r 

+—xi-ldiz+Arf;, (i-x)a> uv + 
r (V J ' d/ J ‘«v K g ' 

Li' 

j = ~ [0(1-/)(^)^ + 

+ ~ j 0Z‘/{rt'jjdV + ^(1-/)/nliv WdV. 
(1.246) 

The equation (1.246) permits us to determine the work of expansion of 

gas produced due to the flow of thermal processes. Equation (1.237) reveals 

possible methods of the transformation of mechanical energy. Replacing the 

last term in equation (1.246) with the similar term from equation (1.237), we 

obtain: 

f Qai^qdV -1+ fi [+(*+)+-?- (1— )+-i- /i-^U •J 11 .J. L Ox \ dx ) dr \ dr j rd f \ rùf j ' 

+-7 x+ j c (1 - z) [K (0-+ f Cj / [KW - ¿] rfl/- 

■=! ll~/)iliv(^)6(1^+j x<Üv{pC)dV+ 
k V V 

1 d 
2 dt ' 1 dt ,\ 

_d_ 

dt 
foil-/) KOu 1/ + ^-f <y/ (cTJdV - 
V 

^-[f iAr ( 1—/.) "v m r^n/.^v+j ¡“i'rfv'j. (1.247) 

The general equation of the conservation of energy of the combustion 

stream (1.247) is read as follows: the quantity of heat obtained by the 

volume element of the combustion stream as a result of propellant burning 

and thermal transfer processes, plus the work produced on the element by 

external forces, equals the work of the pressure forces acting on the 

surface which limits the volume, the increase in the kinetic energy of the 

combustion stream, the increase in the internal energy of the mass of the 
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combustion stream and the heat released due to the dissipation of mechanical 

energy. 

3. A Determination of Discharge Velocity 

Let us write the energy equation for an element which does not contain 

the liquid phase. We shall consider that the heat supply is lacking and 

that external forces are not acting upon the element. It is apparent that 

equation (1.247) will, in this case, assume the following form: 

-j-í;jll!W-JV + -¡LU,rJV+\i¡v(¿W)dV=(l. (1.248) 
V V V 

Let us examine the integrand of the last integral in equation (1.248). 

It is apparent that: 

(1.249) 

However, 

(^^.4-i • _d£.# 
\ àx dr r ) dt (1.250) 

Employing the equation of continuity in the form 

0+ediv ^=0, (1.251) 

we find that: 

yvdlv W = —ò —. 
0 

(1.252) 

Let us add to the right side of equation (1.252) and subtract from it the 

term: 

dt (i)- 
According to the 

Therefore, 

rules of partial differentiation, we have: 

(1.253) 

(1.254) 
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Keeping in mind equation (1.250), we find that: 

Let us employ the equation of state in the following form: 

p * pRT. 

Therefore, 

(1.255) 

(1.256) 

(1.256a) 

The equation (1.2A8) may be written as follows: 

-L-LUwW+^vfäV +±^mäV-l%ä^0. 
V V V V 

Since 

(1.257) 

then 

(1.258) 

(1.259) 

If the parameters of the integrands do not depend on the coordinates, 

then under conditions where 3p/3t * 0, we find that: 

¿ (1.260) 

After integration and solving the problem, we obtain the following equation: 

^ = [2(c/)0-2(r/) (1.261) 

We shall designate by the symbol o the ratio of the heat capacity at tempera¬ 

ture T to the heat capacity at T^: 

c 

In this connection 
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(T'a-o'/')+^û]0,5. (1.262) 

The equation obtained permits us to calculate the average value of the 

gas flow velocity during engine operation. 

The equation 

, T 

1 ~ 3 "To =71< (1.263) 

represents thermal efficiency. 

A. The Heating of Stationary Burning Propellant 

If the gas is stationary (W » 0) and is bounded by the walls of the 

combustion chamber (div)pW| ■ 0), then the energy equation assumes the 

following form: 

{Qj.^qdV~-t\Q(l-x)(c?)dV+-ÍÇl,ir(cTl)<tV. (1.264) 

V V 

Thus during propellant burning within a closed constant volume, all of 

the heat is expended in increasing the internal energy of the combustion 

stream. In the process of burning, the liquid phase quantity decreases to 

zero, and all of the heat developed will be transformed into internal 

energy of gaseous products. 

Let us examine the process of combustion stream heating in a certain 

closed but varying space. Maintaining the assumptions given 

above, and directing our attention to equation (1.246), we find that: 

faMqdV^^Q(\-/.)(cJ)dV+^^Q^cTi)dV+j(\-tipálvWdV.a.265) 

Considering (1.254) and (1.258), we have: 

dV 

Here the noteworthy point is the last term, which takes into consideration the 

expansion characteristics for changing pressure. If the expansion occurs 

at a constant pressure, then: 

J QoX cl; V i/dK = ! e ( 1 - y.) (cj) dV + JLj 0ZX (cT t) ^PdV- (1.266) 
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(1.267) f QoXdlv 4-JL j* ^(cTJdV. 
V ■ 1' ' k’ 

If the liquid phase is lacking, we have, in place of equation (1.266) 

the following: 

fQodiv^y-^-J tiicpT)dV- f }>dV. (1.268) 

Here div q characterizes the heat supply as a result of the burning of gaseous 

propellant. 

If p » const, we find from equation (1.268) that: 

^Qüâiv qdV jo (^/0 dV • (1.269) 

If the parameters of the integrand do not depend on the coordinates, 

the burnt propellant per unit of mass is 

1 “ CpT’ 
(1.270) 

where T is the temperature increase produced by the combustion products. 

5. The Adiabatic Flow 

The energy equation permits us to investigate the flow without heat 

transfer, i.e., the adiabatic flow. The energy equation without consider¬ 

ing dissipation is written as follows: 

Í *e(i f'tQjxdV= 

=1(1-X)div(p\\/)dV+fzdiv(pC) dV+ 
V 

+-¡¡^V-xHcj)dv +4f()jz(rrj)iK 

When the liquid phase is not present we have: 

(1.271) 
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(1.272) 
j*nidV=jcliv^U/)[<fX"dV +^[^cJ')dV. 
V y . y V 

If we employ equation (1.237), having written It for the gas flow with 

exclusion of liquid components, and solve it jointly with equation (1.272), 

then we obtain the following equation: 

dt j t>(cj)dV +\pá[vWdV=Q. 
v V 

(1.273) 

Employing equations (1.254), (1.256a) and (1.258), we find that: 

~\^{cpr)dV-\pdV^0. (1-274) 

V i' 

Let us divide the integrands by p. In those particular cases when 

volume V does not depend on time, and the parameters of the integrand are 

constant within the space under investigation, the equation (1.274) may be 

presented as: 

(1.275) 

Employing the equation of state, we find that: 

Therefore, 

^ (ci>1 ) tip 

RT ' " 7’ 
(1.276) 

or 

cp dT dcp ,1p 
(1.277) 

h-i (1.278) 

The equation (1.278) describes the process, allowing for a possible 

change in the characteristic k. If we accept k ■ const, then we obtain the 

adiabatic curve equation in the form: 

* dT_dp 

*-l T 

Integrating and normalizing, we find that: 

(1.279) 
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(1.280) 

*■- i 

6. The Equation of State 

Let us successively reduce the range of the possible applications of the 

equation of the conservation of energy. 

If we disregard heat transfer and dissipation, on the basis of equation 

(1.247) for a case of burning of gaseous propellant, we nay write: 

fQ0divÿ</l/+ \t&V=Yt^c'T)dV (pW)dV-r\ (1-281) 

Since it has already been shown that 

div (pW) = p—itE-Jç- pùiv UP ; 
dt 

P^W~-p+q±WT), 
tit 

therefore, 

div <W) 

the energy equation for the gaseous burning propellant assumes the following 

form: 

je, div qiV+^<idV~±[ticJ-)dV+\~ I Q\VW-j £ uv. 
(1.283) 

After burning ceases, when heat transfer and external effects are not 

present, the energy equation assumes the following form: 

i^'S)äv+-L±^dv-^äv=o. (1.284) 

Since [see (1.323)] 

dt ^QW)dV=j<i-¡L(cJ)dV, 
(1.285) 
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fou/w-U —uw, 
dt .) J dt 

r r 
(1.286) 

Then ln place of equation (1.284) we have: 

(1.287) 
V V V 

If the gas element Is fixed, l.e., W - 0, then the energy equation 

(1.287) has the following form: 

^-¿7 WW(1.287s) 
V l' 

and equation (1.281) is written as follows: 

(pJ)dV + j*div (pW)dV=0. d.288) 
V V 

Equalizing the left sides of (1.287a) and (1.288), we find that: 

{l!±(Kr)dV=[i\v(pV!)dV + \^;-dV. (1.289) 
V V V 

Under steady conditions work is not expended on a volume change, there¬ 

fore p div W » 0. In this connection, in place of (1.289) we obtain: 

^±(RT)dV=yPdV. (1.290) 
i’ V 

The equation (1.290) characterizes the relationship between the volume 

parameters under consideration at a given moment of time. 

If the parameters which appear In the integrands do not depend on the 

coordinates, then in place of (1.290), we have: 

pRT - p. (1.291) 

§ 7. The Equation of the Conservation of Momentum 
for the Combustion Straam 

1. The Determination of the Average Velocity 
of the Combustion Stream 

At a certain arbitrary moment in time, the mass of the gas is located 
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within the volume element dV, distributed within the internal chamber cavity, 

comprise : 

dm = 0(1-,),/1/. 
g (1.292) 

At the same time and in the same volume element, the mass of the liquid Is: 

dnii=QÿdV. (1.293) 

Combustion stream momentum d0 within the element Is determined by the 

sum: 

d<)=o(l- /) WW -j- o7 yCdV. 
(1.294) 

Combustion stream momentum occupying finite volume V at time t, will be: 

°= ie(l —7.)WW-|-J (.'i/CdV. (i. 295) 

During integration it must be kept in mind that the integrand parameters mav 

depend on x, r and ¢. Since they also depend on time, at time t + dt the 

combustion stream momentum will be: 

6 + ^ = 10(1-/.)^4-10//^^+^.1 0(l-/.)\W + dJ Qi/CdV. (lt296) 

According to the law of the conservation of momentum, we must equalize 

the right sides of equations (1.295) and (1.296). The change in momentum 

comprises : 

d0=d Í 0(1-/) ww+d fo/zC^=o. 
i i' ti./y/; 

The law of the conservation of momentum may be written in another form, 

if we examine two points in time: t^ and t2, which differ from each other 

by a finite time period. Denoting the parameters of the integrands by their 

corresponding indexes, we may write the equation of the conservation of 

momentum insofar as average values are concerned in the following manner: 

¢:(1-/1)^+^1^=^(1-^)^,+0^. 

For a finite volume we have 
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¿0,(1-/,)UVK + j0zi/iC= j 02(1 -Zj)(1.299) 

If the liquid Is Incompressible, then 

°n s PZ2 “ con8t- 

If one or another parameter does not depend on the coordinates, then, just 

as for pz in the case of an incompressible fluid, it must be taken out of 
the integral sign. 

It is convenient to employ the equation of the conservation of momentum 

for a determination of gas flow velocity, corresponding to the termination 

of the propellant burning process. If p, x, Pz, W, C, and p0 are known, 

then the gas flow velocity U is determined in accordance with the following 
equations. 

If the calculation is carried out with average values, then 

ti(l—:¾^. (1.300) 

Therefore, 

^ + (1.301) VU 

The equation (1.301) permits us to determine U for any point of the chamber 

volume according to the parameters calculated for any instant in time. 

For finite volume 

¿e(i-z)UW -i-J ^/tCdV =-- J ¡¡juay. (i. 302) 

2* The Determination of Heat Released during Flow Mixing 

During the mixing of moving flows, the law of the conservation of 

mechanical energy is not fulfilled. Let the mechanical energy of the com¬ 

bustion stream be presented only in the form of kinetic energy. The equation 

of the conservation of energy insofar as average values are concerned assumes 
the following form: 

(1.303) 
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In an examination of a finite volume we have: 

JC(1-Z)U^W -{-J J QiJU^äV-f2QÄ. (1.303a) 

By inserting the velocity value from equation (1.301) into (1.303), we 

obtain: 

j.J?L ycV 
L ‘ ^ (iu • / 

i/K. (1.304) 

For a finite volume according to equations (1.301) and (1.303a), we obtain: 

(].305) 

During the burning of gaseous propellant, and pQ must be replaced 

by the value p. Then equation (1.305) assumes the following form: 

^=Ycfo-z)/.(^-C)W. (1.306) 

Equation (1.306) reveals that during the initial period of combustion, when 

X * 1, just as at the end, when x “ 0, dissipation of mechanical energy is 

not observed. The greatest heating effects occur when x * 0.5. If W and C 

are constants with respect to the volume, or are averages, then 

¢#0,.,=0,1250(^-0^. (1.306a) 

The change in combustion stream momentum with respect to time comprises: 

i=£Je<l-/)lW+-^0,1/. (,.307) 

When only gas is present 

(,.308) 
v m 

3. Reactive Force and Thrust Formulas 

The leading vector of all the external mass forces applied to the 

combustion stream, which are included within the combustion chamber in the 

nozzle, comprise: 
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(1.309) 
P=jXQdV, 

where X is the externei force per unit of ness. The lending vector of surfece 

forces applied to elementary flow particles distributed along the surface, 

and bounded by the walls of the combustion chamber and the nozzle, is 

determined by the integral [33, 34]: 

(1.310) 

where p is the pressure modulus; 

n is the unit vector of the external normal to the surface F. 

The surface F, which limits volume V, may be presented in the form of the sum 

F - F + F , 
c a’ (1.311) 

where F^ is the combustion chamber and nozzle surface; 

F is the surface of the exit area. 
cL 

In place of (1.310) we may now write: 

(1.312 
c « 

The first Integral in the right side of equation (1.312) represents a vector 

of pressure forces applied to stream particles distributed along the surface 

and bounded by the walls of the combustion chamber and by the nozzle. 

The vector which is equal in value but opposite in direction represents 

reactive force: 

The equation (1.313) clarifies the meaning of reactive force. The second 

integral in the right side of equation (1.312) represents the vector of 

pressure forces on stream particles, located on the surface of the nozzle 

exit area. Now, following the theorem concerning the momentum change, we 

have for the combustion stream: 

c 
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Employing equations (1.313) and (1.314) we find the equation for the deter¬ 

mination of the reactive force vector in the form: 

(¿{X-ÚWdV+^L^CitV-S AW- f 'pdF (1.315) 

If we do not take into consideration the effects of mass forces and 

consider that only gas is contained in the external chamber cavity, then the 

reactive force vector is expressed as follows: 

—£ f iWdV - j* PadF. (1.316) 
V 

During an examination of the forces acting on the combustion chamber, 

the law of momentum change must be applied to two streams, which wash the 

sides of the chamber. The first of these — the combustion stream — we have 

already examined. The second is the gaseous medium which washes the chamber 

from outside. The surface force vector, applied to the surface of volume 

V, is: 

(1.317) 

where pgx is environmental pressure. The first integral in the right side 

of equation (1.317) represents an external pressure force vector, applied 

to the outer contour of the chamber and nozzle. The second integral 

reflects the effect of external pressure forces on the surface Fa, which 

limits the gas discharge flow. 

Let us specify that: * 

(1.318) 
c 

The direction of vector P is opposite to that of the reactive force vector; ex ’ 
therefore, the thrust 

P * R + P . ex (1.319) 

Taking environmental effects into consideration, we obtain: 
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The thrust vector equation (1.320) describes the interrelation of the com¬ 

bustion stream and the environment with the combustion chamber. 

The time derivative with respect to the first integral of the right side 

of equation (1.320) characterizes the momentum change of the gaseous products. 

I'he second term considers a fluid momentum change. The third term reflects 

the effect of external forces, and the following two reflect the effect of 

forces from both the discharge flow and from the environment. 

With both a conical and a shaped nozzle, the lines of flow intersecting 

the surface Fa are not parallel with the axis of the chamber in the nozzle. 

Uniform flow is observed only in the simplest cases. 

If the liquid phase in the chamber is not considered, then we must 

write in place of the first term of the right side of equation (1.320): 

(1.321) 
i' 

This equation may be rewritten as follows: 

(1.322) 

According to the law of conservation of mass, 

dt 
(QdV)=0\ 

(1.323) 

therefore, 

(1.324) 

It is convenient to write the integral (1.321) in the following form: 

(1.325) \ 
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The first integral of the right side of equation (1.325) mav be rewritten as 

follows : 
*0 r * xa 

~ j QWdV - ~ j* f vWdF j* G (t> x) dx, 

V 0 .Fix) J 0 
(1.326) 

where x is the distance from the head to the exit area along the chamber 
a 

axis. 

If the parameter field is stationary, then 

-^-jeWW = 0. (1.327) 

In this connection, 

± JQWdV- \QWWndF ^ü(t,xa)W, ( . 328) 

where G(t, x ) is the gas flow through the nozzle exit area. 
SL 

Thus if we do not consider the liquid phase and disregard the effect 

of external forces, then for the established condition in a case of substi¬ 

tution 

, j PJF - Í Pe*F = F 
ra a 

the equation (1.320) assumes the following form: 

P=G(t, xa)W + Fa(/)'-p). (1.329) 
ex 

§ 8. Approximation Equations Characterizing Propellant Combustion 

The preparation of propellant constituents for combustion begins even 

before their entrance into the internal cavity of the chamber, within the 

injector channels where the constituents are pre-warmed, and where their 

delivery and rotary velocities are Increased. If centrifugal injectors are 

used, vaporization will be observed in the central part of the internal cavity 

of the chamber. The liquid enters the chamber in the form of conical sheets, 

which quickly collapse, form relatively large drops, are deformed and divided 

into smaller drops. Atomization is accompanied by the intermixing of pro¬ 

pellant constituents, during which time the Intrusion of smaller propellant 
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constituent masses into larger masses is observed, drop mixing and parti¬ 

tioning occurs, all accompanied by a change in the velocity and direction of 

motion. The liquid entering the combustion chamber is subject to the action 

of heat fluxes. The heating is accomplished through radiant energy and con¬ 

vection fluxes. The latter results from a difference in the average velocities 

of liquid and gas, from the presence of large scale vortexes which accompany 

the inverse motion of gas masses in the head area (the counter flux phenome¬ 

non), and from gas flow turbulence in the immediate vicinity of the moving 

drops. 

Ass a result of the Intensive action of heat fluxes, the thin surface 

layer of a drop is quickly pre-warmed to the burning point, but the tempera¬ 

ture of the central part of the drop does not increase at the same rate. 

Further, the heat flux energy is expended on fluid vanorization from the 

surface of the drop and on heating the entire mass of the drop to the boiling 

point. The vaporization products form a distinctive cloud near the drop, 

completely surrounding it. The chemical reaction between the vaporization 

products of the propellant constituents, i.e., combustion, occurs along the 

surface of the cloud. The combustion products formed and to a certain degree 

the vaporization products diffuse within the basic gas volume. If the chamber 

pressure exceeds a critical value, then mass transfer depends not on vapori¬ 

zation, but on the diffused liquid within the gas. 

When a cloud is present, the nature of the heating of the drop la more 

complex. The flow of radiant energy, penetrating the cloud, reaches the 

surface of the drop and heats it. Convection fluxes transmit heat to the 

external surface of the cloud, which as a result of thermal conduction 

reaches the surface of the drop. In engineering calculations, which are 

directed toward conventional design, it is usually considered that convec¬ 

tion heat transfer is caused by direct contact between combustion products 

and the drop surface. 

In a combustion calculation it is necessary to consider non-uniform 

atomization. It depends on propellant constituent quality, on the condition 

of flow from separate injectors, and on the frequency and nature of the 

distribution of injectors in the head. Non-uniformity in the atomization of 

a single injector is characterized by a function of drop distribution with 
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resnect to drop size (by radius). Non-uniform propellant atomization bv 

all nead injectors is characterized by similar distribution functions for 

each of the propellant constituents, by a distribution function of each of 

the constituents by radius and in direction Vi of the upper section of the 

chamber, taken at a certain distance from the head and as a result, by the 

distribution (also by radius and in direction W ) of the reactant ratio. Due 
<P 

to drop partitioning, the distribution pattern changes along the length 

of the chamber. In addition to non-uniform atomization, non-uniform gas 

formation is also examined. It is a consequence of non-uni form!tv in the 

course of the processes of atomization, preparation of propellant for burn¬ 

ing, and combustion. 

1. Heating and Vaporization of Separate Drops 

Initial heating of the drop as a result of thermal conductivity from 

the cloud may be described by the well known equation of thermal conduc¬ 

tivity, which in spherical coordinates assumes the following form [35]: 

~ [r, T(r, t))-= a ~ [rT (r, /)], (1.330) 

where a is the thermal conductivity coefficient, and 

A a - —. 
CQ 

The boundary conditions are written as follows: 

T(r, 0)-7-: 
ex 

or 
T (r, 0)=0: 

r (0. /) / o. 

The solution and the analysis of equation (1.330) are well known [35]. 

In the study of the mass transfer through the cloud, the equation of the 

conservation of mass for the vaporizing drop is included. For each of the 

propellant constituents at a given point in time, the following relationship 

is true: 
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(1.331) m-, + m , + m, l cl 1 
0, 

where is the instantaneous value of the mass of liquid In a drop; 

mc^ is the mass of the vaporization products in the cloud; 

mD is the mass of the vaporization products, diffused from the cloud 

into the surrounding medium. 

The mass of the drop is 

(1.332) 

where r is the characteristic size — the radius of the drop, the latter 

having an approximately spherical shape. 

The derivative of this expression has the following form: 

m 4-ç rV. (1.333) 

The mass of the vaporization products in the cloud is 

mcf T^i^-'3). (1*33A) 

where R is the characteristic size of the cloud; 

Pcj^ is cloud density. 

The derivative is 

(1,335) 

According to the Pick law, the derivative of the diffused mass is 

-FdDvC, (1.336) 

mD——4kR*DvC, (1.337) 

where Fp is the cloud surface; 

D is the diffusion coefficient; 

C is the concentration of the diffused mass. 

Substituting (1.333), (1.335) and (1.337) in (1.331), and after transforma¬ 

tion we have: 
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{Ql-^r'-'r+QcWR-WDvC^ 0. (1.338) 

Since a new variable has been introduced into the equation the concen¬ 

tration» it is necessary to include the diffusion equation [32]: 

rtL.-Dv’C. (1.339) 
ot 

Vaporization and further pre-heating of the drops may be described with 

the aid of equations of the conservation of energy. We shall direct our 

attention to the conventionally accepted plan for convection heating. 

The heat element transmitted to the drop by the combustion products, is: 

UQ^a(Tc-Ts)F(!t. (1.340) 

The heating surface for a spherical drop is 

F * 4irr2. (1.341) 

Under conditions of complex turbulent flow, which is characteristic 

for contemporary combustion chambers, the shape of the drops is variable. 

Sometimes they have a lenticular shape, they move forward with extensive 

lateral movement, they are deformed, change their shape, and are divided. 

In order to determine the relative heat transfer coefficient from the 

combustion products to the drop, we shall employ the usual formula: 

Nu * a'RenPrm. (1.342) 

Now the equation (1.340) is written as follows: 

<¿Q,=4itaZ (C—W)nri+I,dt, (1.343) 

where 

2-7 Pr-(T -7-,). (1.344) 

Some authors [3] in place of (1.342) recommend the formula 

Nu » B + a" RenPrm, 

where parameter B characterizes the heat transfer, independent of velocity 
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difference (C - W). 

The heat expended in pre-heating of the mass element from a certain 

initial value of temperature Tq to temperature Ts is [35]: 

dQ'^cfls-T^zQfdr. (1.345) 

The following amount of heat will be consumed in vaporization of a mass ele¬ 

ment from the surface of the drop: 

dQ^r^xtyr'dr, (1.346) 

•k 

where r is the latent heat of vaporization. Employing the law of the 

conservation of energy, we find that: 

aZ (C-W)n r'+'dt^ -[ci(rs-T0)+r*]Qir*dr. (1.347) 

Taking the mean values of the parameters by the sign of the integral, after 

integration we arrive at an equation which characterizes the vaporization of 

an individual drop of the liquid component: 

i 
P — ^^2—A __ qf —n (1.348) 

where 
r_ (2-n)aZ (C- U7)" 

0^-/-0)+^ (1.349) 

Under conditions when the determining factor is not vaporization, but 

diffusion, equation (1.349) cannot be employed. The time for complete vapori¬ 

zation of a drop is 
S-n 

t —±- 
10 V ' (1.350) 

If the heat transfer does not depend on the Reynolds number, then n ■ 0; 

thus: 

r = (rl~ V/)0-6. 

(1.351) 

When forced convection is involved, if we adcept the value n ■ 0.5, 

recommended by several authors [12, 13], then we obtain: 
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r = (rf- (1.352) 

In this connection 

m if. (1.353) 

During the determination of the heat flux from the combustion products 

to a drop, it was accepted that the relative velocity c - W ■ Const. In fact, 

the velocity changes with time, i.e., (C - W) = f(t). 

According to Newton's second law 

m7C = P , (1.354) 
l w 

where P is ballistic force, and [13]! 
w 

P r*r>nlC-W)i U.355) cxxr% - 

The drag coefficient satisfies 

c - f(Re) (1.356) 
X 

and is determined experimentally. 

Directing our attention to the mean value cx, we obtain 

dC = JL Oo_ c dt . 

(C - W « ' , 2 
4 (ri " — Vt)‘~n 

(1. 357) 

If for part of the vaporization of a drop W = const, then 

c = M/ -1-1_L_ 4._3_ JLo_ _£i_ 'trJL x I r\-n_,ri-n_ y,ySr -1 
(1. 358) 

Equation (1.358) reveals that C « Cq, if t^ * 0. The greater t, the 

closer C is to W. However, for a determination of the finite-time value of 

C, it is necessary to solve the system of equations examined. 

2. Equations Characterizing the Burn-Up of Propellant Constituents 

A characteristic of propellant burn-up is the function 

¢(/) = 1- "fr^ (1.359) 
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where 

m., 

f r 

is the initial mass of the drop; 

is the instantaneous value of the mass of the drop; 

is the relative (per second) quantity of drops possessing mass m^; 

is the instantaneous value of the drops with mass m^, calculated 

upon consideration of their partitioning effect. 

It is apparent that 

(1.360) 

The equation of the burn-up curve of a unitary propellant, when the 

masses of all drops at the initial point in time are equal, and without 

considering partitioning is written as follows: 

('o'"- V‘) 
<p (/) = 1. 

a 
2-/1 

(1.361) 

For a dual-component propellant, under the same assumptions, we obtain 

<?(/) = . i _ Q,i 

3 

*-»• 

(1.362) 
Ci^riü— 

The reactant ratio of propellant in the gaseous phase may change with 

time, therefore, 

or 

A' (/) = ~ t 
m2Q — "'ll ' 

(1.363) 

K(t)=^ 
02 Z (1.364) 

As a result of the investigation of the atomization of propellant con¬ 

stituents, we have shown several characteristic drop dimensions. If the 

relative number of drops possessing mass m^ is designated by the symbol n^, 

then the mass flow at the initial point in time will be: 

nlOmiO- (1.365) 
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At any time 

0 -=2 n,m„ 
(1.366) 

or 

0=TKo¿2Mr«r,,-‘If02~ (1. 367) 

The equation of the burn-up curve for a unitary propellant is written 

as follows: 

9(/)-1- 
nIOniIO 

(1.368) 

For a dual-component propellant we have: 

9 (/) = ¢71 S/l'i(rio~'l|-Ufi02~"‘ +¾ 

i 2 w<ior?io +C^3 2 niiorno 
(1.369) 

The expression for the determination of the instantaneous value of the 

propellant reactant ratio assumes the following form: 

K(t)=Oh ^n^rno~ 'Itnn(r]Qn' 

2 n^2o ~ 2 «/3 (rlon' - 

(1.370) 

If the size of the drop of the liquid propellant constituent changes from 

m . to m , then the number of drops min max K 

fOnux 
«o^j / (inj diii^ (1.371) 

For any continuous range of distribution, even when drops possessing mass 

0 < iUq < n>m^n and ramax < m < 00 are not present, the number of drops may be 

determined by the integral 

«0* j’/i'HoW'Wo- (1.372) 

The amount of propellant constituent in a liquid state at an arbitrary 

point in time is : 
ao ‘ 

(m0)m(t)dm0. (1.373) 
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Directing our attention to the vaporization principle accepted above, 
we obtain: 

N 

Oj as j1 / (m0) y itQ — '¥t?l2-ndma. 
b (!• 

For a unitary propellant, the equation of the burn-up curve assumes 

the following form: 

» _3_ 
j/(>*o) (r¡-*-W)3-* dm0 

9(/)-1-5--. (1.375) 
j7(«o) «0rf«û 
b 

For a dual-component propellant: 

? (/)-1 
— a 

Oji + 

~ 3 
+2 J /2(^20) *’ - Vitf-1" dmK QhX 

00 00 

X j/1 ('«10) f7(rriK)m%dmK 

-1 

(1.376) 

The expression for the determination of the instantaneous value of the 

propellant reactant ratio is written in the following manner: 

|7i («10) mi0ttni](¡- f/, (/h,o) (r2i0 n' —(Iml0 

m 00 m 0 
2 J /2 (/”2o) m2(ldm2Q — J /2 («20) (/xT"' — IV)5“''" <//«2« 

(1.377) 

It mv.st be noted that in plotting ¢(1) and K(t), it is necessary to 

employ well developed and widely published methods, and to consider the dis¬ 

tribution of propellant constituents along the section of the chamber. 

§ 9. The Wave Equation 

We are not always successful in solving a system consisting of several 

complex equations. Therefore it is necessary to direct our attention to 

simplified equations. As an example we shall examine the wave equation. This 

equation usually links the following variables: sound pressure p, density p 
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and velocity potential \p, the latter being differentiated to find the 

velocity components: 

it- 
Ox 

. 

dr 

\Vv 
0^ 
rdf 

(1.378) 

(1.379) 

(1.380) 

In contrast to the cylindrical system accepted previously, the wave 

equation is written in the Cartesian system of coordinates. In order to 

determine the five variables p, p, W^, and W^, we employ the five 

equations: the equation of state, three equations of Newton's second law, 

and the equation of continuity. 

The equation of state is often employed in the following form [27, 34]: 

dp ==c2 
ÙQ 

(1.381) 

The equation of Newton's second law is written without considering the 

liquid phase, the effects of external forces and viscous friction forces. 

In this case we obtain: 

QWx-= dp . 
dx ' 

or,- 

dp_, 

dy 

op 
OS 

(1.382) 

(1.383) 

(1.384) 

Further, stipulating the presence of small amplitudes only, we replace 

p with the value Pq = const. The equation of Newton's second law contains 

the local accelerations 

dt 
r, —U/.grad r,. (1.385) 

and the transfer acceleration 

V^gracir, 
dx x 

oW, 

dy 

oW_i 

02 
r. (1.386) 
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Local acceleration produces an external field of forces which varies 

with time, and the transfer acceleration is due to the fact that in a time 

Interval dt the gas element changes its position in the space the velocity 

field is characterized differently. We shall further consider that the 

transfer acceleration may be disregarded. Therefore we have [47]: 

Oo ~~+— °; (1.387) 
ot Ox 

dwy 3o 
0«—^ + ^--0; (1.388) 

Ot oy 

(1.389) 
ol Oz 

We must point out the fact that in equations (1.387), (1.388) and (1.389) a 

series of very important factors have not been considered, which may, under 

operating conditions of liquid-fuel rocket engines, cause important changes 
in the nature of the oscillatory processes. 

The equation of continuity is written as follows: 

—-^- + divr=-0. (1.390) 
Oo àt 

It is evident that in the same manner equation (1.390) represents the 

equation of the conservation of mass (the equation of continuity), written in 

the same simplified form. The system of reference equations has the following 
form: 

àp 
ÒQ 

— '*—0: 

dWx . dp 
0(,-:--1--- 

dt ÒJC 
--0-, 

dWv 
Co 

Co 

dt 

dt 

1 do 
Oo d/ 

dp 

dy 

dp 

=0; 

dz 

4-divU? 

=0; 

=0. 

(1.391) 

Replacing the pressure in three of Newton's equations with the density 

through the use of the first equation of the system (1.391), we obtain the 
new system: 
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(1.392) 

-^+Cûdiv^-0. 

Let us multiply the right and left sides of the equations of the system 

(1.392) by the operators in the following manner: the first equation, by the 

operator 3/9x, the second equation, by the operator 3/3y, the third 

equation, by the operator 3/3z, and the fourth, by the operator 3/3t. Now 

we obtain the system: 

(1.393) 

Combining term by term the first three equations and simplifying with the aid 

of the fourth term 

(1.394) 

we obtain the wave equation for the density: 

(1.395) 

where 

(1.396) 

The wave equation for the sound pressure has the following form: 
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(1.397) 

The wave equation for the velocity potential is 

(1.398) 

In cylindrical coordinates, the wave equation for the velocity potential 

is written as follows: 

(1.399) 1 o'ty __1_ djf_J_ __ Q 

f¡/2 dx? Or* r dr r- dfl 

The presence of a large quantity of literature devoted to the analysis 

and to the solution of wave equations frees the author from the necessity of 

setting forth well known methods. In the paragraph under consideration two 

extreme cases are examined: a system of nine equations and the wave equation, 

obtained by means of elementary transformations of five equations written 

in simplified form. 

Practice makes the most diverse demands on the researcher, including the 

necessity for formulating an effective system of equations. Differential 

equations of the system describe the relationship between time and spatial 

parameter changes of the intrachamber process. 

It is necessary to know the boundary conditions in order to solve the 

differential equation system, i.e., to find the parameter values at any 

moment in time. The boundary conditions represent a combination of initial 

and limiting conditions. Parameter distributions within a body at an 

initial point in time are called initial conditions. For the example under 

investigation, the parameter distribution condition in a general form is 

written as follows: 

p(x, r, V\ 0)-/,(*, r, 9); 
T(x< r, 9, 0)--/2{x, r, o); 

0(*. r, 9, 0)--/3 (*. r, 9); 

W {x,r,9,0)^/r, 9); 

C{x, r, o, 0)=/r, (x, r, 9). 

(1.400) 
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The conditions in (1.A00) are set according to the results of the pro¬ 

cessing of experimental data, on the basis of preliminary calculations, or 

on the basis of other considerations. It is necessary to note that the 

determination of initial conditions is occasionally linked with considerable 

difficulties. Two methods of stating the initial conditions have achieved 

widespread acceptance. In those cases when it is possible, uniform distri¬ 

bution of parameters are given at the Initial Instant in time, for example: 

p(x, r, ¢, 0) - pQ ■ const. (1.A01) 

If the solution to the static problem is available, then the initial 

conditions are given using the static condition. Let us assume that switch¬ 

ing off of the engine is being examined. At an initial instant in time, corres¬ 

ponding to chanfeer operation during the operating function, the nature of the 

parameter distribution along the length of the chamber (along x) is known from 

the solution to the algebraic equations. 

Further, we know the geometry of the combustion chamber, and the con¬ 

ditions of the Interaction between the parameters of the intrachamber process 

and those of the chamber enclosure. Including the head of the nozzle, are set. 

In other words, conditions on the boundary, or boundary conditions, are set. 

These conditions are set in the form of the distribution of parameters or their 

derivatives along the Internal surface as a function of time: 

/>(()=‘MO; 

no==MO; 
o(/)=‘MO; 

M/)=M/); 

C(/)-‘M/). 

(1.402) 

The system of differential equations, under a condition when the geo¬ 

metry of the chamber is known, and when initial and boundary conditions are 

given, is solved to its conclusion, i.e., the function of the distribution 

of parameters along the chamber volume for any instant in time is determined 

[47]. 
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CHAPTER II 

THE DYNAMICS OP THE FEED SYSTEM 

S 1. The External Characteristic» of the Peed System 

Just as in Chapter I, which was devoted to dynamic processes occurring 

within the combustion chamber, the study of the internal properties of sub- 

assemblies of the feed system more completely characterizing their specific 

features, is carried out by means of an investigation of the change in their 

basic parameters with respect to time. 

An external characteristic of the feed system represents a record of 

the change in basic parameters with respect to time. The external charac¬ 

teristic is obtained by means of oscillographs of the outputs of measur¬ 

ing devices during the testing process. 

1. Types of Feed Sys terns 

Two basic types of feed systems are known. In literature they have 

several different designations. The first type is called the system with 

loaded tanks, or the gas pressure system (which is not always accurate), or 

the pressurized propellant feed system. The second type is called the system 

with unloaded tanks, or the turbopump assembly (TNA) system, since in corn- 

temporary engines other power devices are not utilized. 

In the system with loaded tanks (the pressurized system), propellant 

constituents are expelled from the tanks into the chamber by the pressure 

of gases which enter the upper tank cavity from an accumulator. Accumulator 

types are gas, powder, or liquid, sometimes called hot. Pressure in the 

propellant constituent tanks will be higher than in the chamber. Therefore 

the thickness of the walls and the weight of the tanks with such a feed 

system are usually quite significant. The gas accumulator, which represents 

a high pressure cylinder, is heavier than the powder chamber with a load. 

The liquid accumulator is lighter than the powder accumulator, but is 

significantly more complex in construction. However, the weight of the entire 

system is determined not by the accumulators, but by the tanks. 

An investigation of a feed system with loaded tanks revealed‘that their 
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relative weight is practically independent of engine thrust and increases 

insignificantly with an increase in chamber pressure. Feed systems with 

loaded tanka ara employed most often in stationary installations or in 

low»thrust engines. 

Pressure accumulators (mainly liquid) are employed not only to force 

liquids into the combustion chamber. They are also used in pressurization 

systems to provide for the normal movement of liquids from the tanks to 

the pumps, and sometimes to improve the stability characteristics of un¬ 
loaded tanks. 

The pressure within the internal cavities of feed systems with unloaded 

tanks is not great and changes only by several atmospheres. This is explained 

by the circumstance that the relative weight of the tanks for this system is 

practically Independent of both chamber pressure and engine thrust. Investi¬ 

gation has revealed that the weight qualities of engines equipped with the 

unloaded tank system improve in proportion to the increase in engine thrust 

and rocket dimensions. It proved to be the case that engine weight qualities 

also improved somewhat in proportion to an increase in chamber pressure, up 

to specified values. Therefore the feed system with unloaded tanks has 

occupied 4' lasting position in contemporary rocket construction. 

For the time being the turbopump assembly is employed for propellant 

transfer from tanks to the chamber, but other pressure systems are possible, 

i.e., injectors, cyclic pumps, electromagnetic pumps, electric motors with 

pumps, and so on. We shall study the advisability of their employment. 

The turbine obtains its working medium from the generator, which may work 

both on the basic propellant constituents, or through the employment of a 

special working medium. In the majority of cases, the generators of con¬ 

temporary liquid-fuel rocket engines employ the main propellant constituents. 

The products exhausted in the turbine are thrown off through supplementary 

nozzles or are burned up in the main or in a supplementary chamber. Designs 

are encountered in which the turbine feed is obtained not from the main pro¬ 

pellant directly, but by means of a power take-off of part of the heat energy 

from the combustion chamber. Investigations have revealed that the employ¬ 

ment of the combustion chamber as an intermediate link in the process of 

generating the working medium for the turbine leads to construction complexity 
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and to an increase in engine weight. 

2* Feed System Subassemblies 

The feed system includes pumps, pressure system elements, the hydraulic 

lines, automatic equipment elements, and the tanks. 

In contemporary liquid-fuel rocket engine, pumps are the basic 

assemblies which transmit energy from the turbine to the moving liquid. Their 

characteristics determine the entire operating condition of the feed system. 

The imppllers of the oxidizer and fuel pumps are usually located on the main 

shaft or are closely coupled to each other through a reducing gear train. 

The presence of such a connection leads to the fact that the parameters of the 

oxidizer circuit prove to be dependent on the parameters of the fuel circuit. 

A deviation in pump parameters from their nominal values exerts a noticeable 

effect in distorting the engine operating function. 

The pressurization system transmits energy from the accumulator to the 

moving fluid. This energy is less than that produced by the turbine, and it 

is usually applied to the segment from the tanks to the input section of the 

pump impeller. In this manner the pumps and the pressurization systems prove 

to be sources of energy. The combustion chamber and the hydraulic lines, 

including the hydraulic circuits and automatic system elements, are energy 

consumers. 

In order to determine the required turbine power, given the chamber 

pressure and knowing the propellant flow rate, we must determine the total 

hydraulic losses for each propellant constituent; then, considering the 

pressure produced by the pressurization system, we may determine the required 

pump pressures. We find the required turbine power from the pump characteris¬ 

tics. 

In this manner, we must study first the hydraulic line calculations, then 

determine the output parameters of the pressurization system, and finally 

choose the required pump characteristics. 

3. The External Characteristic of the Feed System 

The starting function of the feed system is more complex than that of 

the combustion chamber. It Is composed of a series of successively 

accomplished operations, each of which may be described by its own equation 
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system, and which Is solved within the specified limits of a change in para¬ 

meters. Each successive operation is begun after a full completion of the 

former operation is achieved, which is characterized by the presence of stationary 

values in the parameters values. If the operation is studied with the aid of 

equations solved by a computer, then the transition from one operation to 

another, i.e., from one equation system to another, is conducted in conformity 

with the results of the calculation. 
. 

A single starting sequence for the liquid-fuel rocket engine does 

not exist. 

Let us examine, as an example, one of the possible variations (Figure 13). 

At first, with the aid of the pressurization system, the pressure rises in 

the tank (0 - 1). During this time, the main valves of the hydraulic lines 

are closed. If we direct our attention to the gas pressure accumulators, 

the process is described by equations which characterize the gas flow from 

the accumulator to the tanks and the filling of the lines from the tank to 

the main valves with propellant. 

Figure 13. One of the possible variations of a 
change in engine parameters during the starting 
function. 

Let us assume that the next operation is the unwinding of the turbopump 

assembly shaft to a certain number of revolutions having an intermediate value 

(2 - 3). During this operation, the main valves remain closed. This unwind¬ 

ing occurs as a result of the fact that the generator or the poder starter 

begins to operate (if the generator begins to act later and is fed by main 

propellant constituents,which enter the generator after entering the TNA 

pumps). 

When the turbopump assembly shaft attains a certain number of revolutions, 
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the main valves partially open. As a result, propellant constituents fill the 

pipe lines connecting the main valves with the engine head. We note that the 

main valves may not open simultaneously. The discharge of propellant (4 - 5) 

into the chamber, ignition, and a partial increase in chamber pressure (6 - 7) 

begin. 

Then the full opening of the main valves occurs; the conditions of their 

opening may differ for each. The turbine is shifted to feed from the main 

propellant constituents, after which propellant consumption in the main 

chamber attains nominal values (10). 

In attainment of the operating condition, almost all the engine sub- 

assemblies play a part. The processes occurring within the engine are des¬ 

cribed here by the most complete equation system. 

§ 2. Hydraulic Circuit Equations 

The hydraulic circuit is one of the elements of the feed system which 

exerts a significant influence on the operating condition of the engine as a 

whole. The majority of contemporary engines contain two circuits: the 

oxidizer and the fuel circuits. The processes occurring within the hydraulic 

circuits are exceptionally complex. In order to study these processes we 

must include equations which describe them with the degree of accuracy required 

for the solution of a specific problem. 

1• The Movement of an Elastic Fluid in a Deformable Pipe Line 
with Supplementär; Variable Volume 

Let us examine the unstable movemett of a compressible liquid through 

a pipe line, which under the Influence of static and dynamic loads is deformed 

in both the radial and also the axial directions. Let us assume that a 

supplementary volume, filled with liquid, is connected to a section of pipe 

line under examination (Figure 14). The equation of the conservation of mass 

may be written as follows: 

yl-y2-yf-yf-yx^y9^oi (2.1) 

where is the quantity of liquid which entered the hydraulic system under 

consideration by time t; 

Y2 is the quantity of liquid which was discharged from the system by 

the same time; 
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Yp is the quantity of liquid which accumulated in the system during the 

same time interval as a result of an Increase in the liquid density; 

is the quantity of liquid which accumulated in the system during the 

same time interval due to an Increase in the pipe line radius ; 

Yx is the same, but due to pipe line stretch; 

Yv la the quantity of llqqld which entered the supplementary volume 

during time t. 

Figure 14. Diagram of an elastic pipeline with supplementary volume. 

Differentiating with respect to t, we find that: 

(2.2) 

We note that in the problems examined it was assumed that by the initial 

point in time, theentire internal cavity of the hydraulic system had already 

been filled with liquid. 

The liquid flow through the first (input) section will equal 

(2.3) 

The liquid flow through the second (exit) section will equal: 

^,= 0,(2.3a 

The change in liquid quantity between sections 1 and 2 as a result of 

a density change with time is: 
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(2.A) 
ÿ — J!!, f Xo. 
Y>- dt rx°- 

The change in liquid quantity due to an increase in the pipe line radius 

will equal: 

Y^qFxs. 
(2.5) 

The change in liquid quantity due to pipe line stretch is determined 

according to the formula: 

dxn 
dt (2.6) 

The change in liquid quantity in the supplementary volume will equal: 

W0 K.-C 
dt ' 

(2.7) 

where Vq is tne supplementary volume. 

Now equation (2.2) assumes the following form: 

F d^Wj,) 
llo. f+qF 4- 

dx ' at Xq dt jffl dt (2.8) 

or 

¿ i dWx i À j_1_ J_1 av0 
0 ' dx ' F ' Xq dt V dt ' (2.8a) 

Equations (2.8) and (2.8a) represent equations of a moving compressible 

fluid in the case of a change in the geometric dimensions of the channel if 

the pipe line is not deformed , and if supplementary volume is lacking 

then in place of (2.8) we obtain the equation of continuity in the usual form: 

(2.9) 

Let us examine the most general case. Let the moving liquid fill cer¬ 

tain arbitrary volume V, which is limited by surface S, such that volume V 

will change with time under the influence of factors of one type or another. 

The equation of continuity in cylindrical coordinates is written as follows: 
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t+ 
dir. 
dx 

I d(Vrr) . 1 ^ 
r dr r d<f 

+T-0. (2.10) 

For a cylindrical pipe line with no supplementary volume, for a case when 
• 0, in place of (2.10) we have: 

0 [ dx 
*(«V)1 i r . i óx0 

dr + F+ Xo ot ~ 
(2.11) 

In the future this equation will be examined in detail, since it may be 

employed in the solution of many problems having practical significance. 

If we consider only radial deformation, then the equation of continuity is 
written as follows: 

- + 
d\rx A 1 d(xr,r) 

+ - nx r dr 
+4-=0. 

(2.12) 

We note that during an examination of the processes which occur in the 

vicinity of a certain steady state condition characterized by the constant 

density value pQ, we may write the value p/p in equations (2.8a) - (2.12) 

in place of ratio p/p# For an examination of uniform flow, we shall assume 
that Wr - 0 in equations (2.11) and (2.12). 

Let us carry out the derivation of the equation which characterizes the 

condition of pipe line deformation. In a majority of cases it appears due 

to the effect of static and dynamic loads. We may put the proportionality 

condition between elementary changes in pressure and density in the form 
[19): 

dp _dQ 

El to' (2.13) 

where is the modulus of the fluid, proportional to the pressure derivative 
with respect to density, 

E =-p- 
I dQ^ (2.14) 

For an evaluation of the pipe line deformation, we employ the law of 
elastic deformations: 

P - eEF, (2.15) 

122 



! 

: 

where P is the force stretching the pipe line; 

E is the modulus of elasticity of the pipe line material; 

F is the area of the section; 

e is the relative stretch. 

Force P is determined in accordance with the value of the static pressure 

and according to the kinetic energy difference. In direction on section 

(2.16) 

In direction W on section r : 
r 0 

p,^p+ewj^r-±^ar' Fr (2.16a) 

With the aim of simplifying the form of the equations, for forces P 

and Pr will be further defined under the assumption of full flow stagnation. 

Under such an assumption, the force which may stretch the annular segment 

of the pipe line in a radial direction on segment Xq Is defined according to 

the equation : 

p,={p+qy)2w 
(2.17) 

the area of the section being 

Fr » 2x06, (2.18) 

where 6 is the pipe line thickness. 

The relative stretch is 

r—r0 
ro (2.19) 

The law of elastic deformations (2.15) is expressed as follows: 

(p+Oy)2VCo= =2£jr0$ Zulu 
'o 

(2.20) 

or 
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(2.20a) 
. K Ftr-ra 

P+QT=n-rl ■ 

Differentiating, we obtain after transformations: 

(2.21) 

If - 0, or if the influence of the dynamic radially directed loads may 

be disregarded, then 

r——p. 
El r (2.21a) 

The force which may stretch the pipe line in the axial direction equals: 

the area of the section being 

The relative stretching is 

"o': 

F = 2^-0. 
X 0 

JC —*0 

*0 

(2.22) 

(2.23) 

The law of elastic deformations is expressed as follows: 

(p+Q^y rl-2*Er0i JC—JCq 

*0 

(2.24) 

or 

W 
P-{-Q—z-—2£ 

.■ J_ *--*0 
r0 x0 (2.24a) 

Differentatlng, ifter transformations we obtain: 

If the Influence of the dynamic load may be disregarded, then 

(2.25) 
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(2.25a) 

In agreement with equation (2.13) 

Ei 

Equations (2.21) and (2.25) correspondingly are written as follows: 

r =- 

a 

x=-Ä 
2£& 

In place of equation (2.27) we may write: 

£ £8 

(2.26) 

(2.27) 

(2.28) 

(2.27a) 

Let us carry out a transformation of equation (2.11). Employing 

equation (2.27a) and (2.28), we obtain: 

+0^, + 'o 2£i 

0(^) 

dr + 2r0 
£8 1('+S?)>+ 

1 +j- 
(2.29) 

or 

(2.29a) 

If from the results of supplementary investigations it is clear that , 

in the vicinity of the factor p, the velocities and may be assumed to 

equal their average values, then formula (2.29a) may be rewritten as follows: 
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(2.30) J_ d(Wrr) 

r dr 

where 

(2.31) 

If Wf ■ 0, then 

(2.30a) 

(2.31a) 

In the case of incomplete flow stagnation, in the derivation of formula 

(2.30) we must employ formulas (2.16a) and (2.16) for a determination of 

forces Pr and P^, rather than formulas (2.17) and (2.22). 

In order to solve the problem of the movement of an elastic fluid in 

a deformable pipe line, since the formula (2.30) contains three variables, 

namely p, W and W , we must include two more equations of Newton's second X r 
law. These equations are examined in detail in ordinary and specialized 

courses in hydrodynamics. In the choice of equations, we must consider 

both the possibility and also the necessity for calculating the effects of 

viscous friction forces. 

In a solution of a uniform problem without considering linear deforma¬ 

tion, liquid viscosity, and dynamic loads, the reference equations are 

simplified and are reduced to the known system [19]: 

(2.32) 
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2. An Approximate Solution for the Hydraulic Circuit Equation 

The equation for Newton's second law for a uniform flow while taking into 

account the effects of external forces and the viscous friction forces is 

written as follows: 

vyW =--0. (2.33) 
Q OX 

We shall consider that the process is examined for a certain segment 

of length 6x, and that during the calculation of this segment we may direct 

our attention to average parameter values. Therefore, in place of equation 
(2.33), we may write: 

Wx --- Xlx - — ip+^Wlx. 
H (2.34) 

In writing equation (2.34), the pressure drop ratio of the chosen line seg¬ 

ment appeared in place of the pressure partial derivative with respect to the 
coordinate. 

For an entire hydraulic circuit having a length L, where 

L=yix, 
we find that: 

(2.35) 

Q^mx^Qi 2^--(^-^+0 ^(Wfc). (2.36) 

Equation (2.36) represents a pressure balance along the circuit; the 

combined hydraulic losses 

Cz2(W8a:)=2aa=A/> (2.37) 

may be calculated through approximation or determined by experiment. 

The extreme pressure drop is determined in accordance with circuit 

construction; if the hydraulic circuit includes the pump, the tank and the 

combustion chamber , then under static conditions 

- (?1 - P2> " Pt + Pp ’ P - Aph, (2.38) 

where pfc is tank pressure; 

Pp is pressure produced by the pump; 
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p is combustion chamber pressure; 

is pressure expended on liquid kinetic energy change along the 

circuit length. 

External forces acting on the system produce an external force pressure 

in the circuit [29]: 

Pl^Q^Xlx. 
(2.39) 

Mass forces lead to a pressure change [29]: 

The balance of pressures may now be written as follows: 

(2.40) 

P. + P t o 
p - — P) -\-\p-r Pv -f- A ph — 

- y xix + y wmx) h- y mx+~{wi - u/t) 0X\ 
(2.41) 

lhe derivation of the equation examined is not unique; the equation of 

the conservation of energy in the form: 

= (2.42) 
ÆÊâ 

may serve as a basis for the derivation of the equation of the balance of 

pressures. 

Where is elementary work which is accomplished on the moving liquid; 

Lci is the elementary work of resistive forces. 

The elementary work is 

dLt - PdS, (2.43) 

where P is the force; 

S is the path. 

Since 

W - dS 
dt ’ (2.44) 

128 



in place of equation (2.43) we have: 

dL - PW dt. (2.45) 

If the area of the section of the circuit channel under consideration is 

designated by the symbol F, then 

dL - pFW dt, (2.46) 

where p is the corresponding pressure. 

For an Incompressible liquid and a non-deformable pipe line we have, in 

accordance with the equation of continuity [27]: 

PZFW - G, (2.47) 

where C is the mass liquid flow rate per second. Since one and the same 

quantity of liquid passes through any section of the circuit at a given point 

in time, the deformation coefficient is 

A “ FW. (2.48) 

It must be kept in mind that A, which does not change in accordance 

with the circuit length (within the framework of the assumptions accepted 

earlier), may certainly change with time: in all dynamic processes the co¬ 

efficient of deformation undergoes a change due to a change in the liquid 

flow rate with respect to time. Now the energy equation (2.42) is written 

as follows: 

yiAp^dt^^Mcidt- 
(2.49) 

It is apparent tlu ■: equation (2.49) for A ■ const may be presented in 

the form of a balance of pressures : 

^ Pg~ y Pc' (2- 

If liquid or pipe line deformation exists, then the quantity A becomes 

a variable and in place of equation (2.50) we must write: 

(2.51) 
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The solution of (2.51) is possible with supplementary equations in which 

functions are included to characterize a change in liquid density and a • 

change in geometric pipe line dimensions due to pressure. 

3. Pressure Losses in Elements of the Hydraulic Circuit 

In agreement with equation (2.37), hydraulic, losses in an element are: 

bp^Q^WZx. (2.52) 

It is known that for any element of the lines, the pressure losses are 

proportional to the kinetic energy: 

w) y 
The coefficient of resistance is 

where X is the coefficient of friction; 

d^ is the equivalent diameter, 

and in this connection 

(2.53) 

(2.54) 

(2.55) 

Here is the cross-sectional area of the channel; is the effective 

perimeter. It represents the perimeter which "plays a part" in the process 

under consideration. For a circular pipe, for example, H - Ttd; for an annular 

section, II« 2ïïd. 

It is known that [27]: 

X - X(Re); 

For smooth pipes in a laminar flow [41]: 

X 
64 

Re 

For smooth pipes in a turbulent flow [41]: 

i_0,3164 

Reü,ï5 * 

(2.56) 

(2.57) 

(2.58) 
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In a turbulent flow with a square-law dependence of hydraulic losses 

on the flow rate, the coefficient of friction is practically independent 

of the Re number, but increases significantly with an increase in relative 

roughness, and [41]: 

(2.59) 

where A is the average height of the irregularities of the flow channel. 

The laws of friction have their ranges of influence: equation (2.57) is 

correct up to log|Re| - 3.3; equation (2.58) is limited by log|Re| - 3.7 and 

log I Re I = 4.8; equation (2.59) for sufficiently smooth pipes is effective 

from log I Re I = 5.8. 

Employing the equation of continuity 

(2.60) 

we obtain 

(2.62) 

(2.61) 

In a laminar flow we shall consider that: 

const e m —-— 
(2.63) 

and in a turbulent flow with a square-law variation: 

(2.64) 

i.e., e shows little dependence on the Re number. 

Thus in a laminar flow 

(2.65) 

where 

aiai V? ' 
__ (const) la 

(2.66) 
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; 

In a turbulent flow with a square-law variation (log Re > 5.8) 

where 

M-09(1 t G , 

a =l“"ÍÜ af| i 
sq i 2q^ F] 

(2.67) 

(2.68) 

For the entire hydraulic circuit 

'*pa¡Gn « üaC/2-.----- G'2. 
20j (2.69) 

Coefficient Ç in equation (2.69) takes into account the influence of 

perturbations, which are generated in local resistances, on the value of the 

hydraulic losses. The exponent n^ 1 in a laminar flow, n* 1.75 in a tur¬ 

bulent flow, n ■ 2 in a turbulent flow with a square-law variation, and 

n ■ 1.8 - 2.2 for a complex composite channel. 

The pressure expended in a change of liquid kinetic energy is: 

•Vi"-- W. I''! 1 \ 
(2.70) 

in 

In processing experimental data n = 2 is often accepted in equation 

(2.69); the sum of equations (2.69) and (2.70) for the entire hydraulic 

circuit is written as follows: 

(2.71) 

Let us examine the hydraulic channel in an arbitrary form. Let the cross- 

sectional area change along the length of the channel so that F = F(x). 

On an elementary length segment, the liquid mass will equal: 

dm ■ p^F(x) dx. 

The mass forces element is 

(2.72) 

dP ■ F(x) dp . 
w 
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According to Newton's second law 

dP ■ Adra. (2.74) 

Employing the equation of continuity in order to determine accelerated 

fluid movement, we have: 

_fi__ 
>(*)CZ' (2.75) 

\V: 

Substituting equations (2.72) and (2.75) in (2.73), we find, after 

transformations, the pressure element which is due to the Influence of 

the mass force: 

dPw¡—G 
dx, 

!:(x)i 

On a segment of the length Z,the pressure will be: 

Pwi 
J F(*)i 0 

(2.76) 

Let us specify that: 

Thus, 

J Ft*)! 

Pwi ‘ blG- 

(2.77) 

If we examine the complex hydraulic channel, which consists of a series 

of successively connected elements of any shape, then we shall find that the 

total pressure of the channel will be: 

’.=d2) 
C dx, 
f(x)i (2.78) 

Specific Cases 

1. For a channel segment of constant section (F - const) with length l: 

pw - zrt. 
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2. For a channel consisting of successively connected segments of 

constant section: 

Pm- 
i , 

therefore, 

3. For a pipe line segment with diameter d and length h 

Pw r. 

A. For a channel consisting of successively connected pipe line 

segments: 

5. For a conical channel having radius r^ at the input and radius at 

the output, it is apparent that 

therefore, 

tan a= dr_ 
dx 

dr 

it tan ar 

The solution has the following form: 

ïïtanct \r\ r2 / 

therefore, 

irtanav '’i 'a / 
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6. For the cooling channel of a cylindrical chamber: 

=ü l 
2*rA ’ 

where A is the circulating channel width. 

7. For the cooling channel of a conical chamber: 

'i 

The solution has the following form: 

therefore, 

p ■ G (ZirtanoA)-^ lh 1-^- w I /-, 

b ■ (ZntanaA) . 
I 'i 

8. Parallel connection of channels. If any nund>er of channels is 

connected in parallel, then the pressure drops at the chamber head, for 

example, will be equal for all channels. The pressure drops are presented 

in the form of the sum: 

Pl — Pw+^P+^Pn, 

the refore, 

where G1 is the liquid flow rate through the channel under consideration, 

n identical channels, connected in parallel, are involved, then 

Thuò, here 

Pt* 
2 ni ~7T 

t 

If 
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Now equation (2.41) of the balance of pressures for the hydraulic cir¬ 

cuit is written as follows: 

Pt + Pp + Pj ** P + aC2 + bô. (2.79) 

Chamber pressure p may be expressed with the aid of equations presented 

in Chapter I, »nd the terms of the left side of equation (2.79) will be 

considered below. 

§ 3. Filling of the Hydraulic Lines 

In preparing an engine for the start, a series of preliminary operations 

are carried out. Their content and sequence depend on the design under which 

the engine was manufactured, on the tactical-technical problem at the rocket 

start, and on many other factors. Several operations, however, are tvpical 

for the majority of contemporary liquid-fuel rocket engines. Among these are 

included: a preliminary pressure increase in the tanks, starting of the 

generator, shaft acceleration of the TNA, opening of the main valves of the 

hydraulic lines, and filling of the main lines with propellant constituents. 

The operation of filling of the pipe lines depends on the nature of the 

pressure rise at the main valves, on the sequence of their opening, on the 

dimensions and the hydraulic resistances of the lines, and on the properties 

of the moving liquid. 

The nature of fluid entrance into the combustion chamber is based on 

its dependence on the filling operation. It is limited by the values of the 

flow rates and component ratios at the moment of propellant entrance into the 

combustion chamber and at the moment of ignition, and by the nature of their 

change with respect to time. 

After propellant ignition, liquid movement will depend not only on the 

feed system parameters but also on chamber parameters. 

The interrelationship of processes occurring in subassemblies of the 

feed system and the chamber are examined in Chapter III. However, in order 

to solve similar problems, it is necessary to know the liquid behavior up 

to the moment of ignition. Here a change in flow rates with time depends 

fully on the parameters of the feed system. 

Let us examine the movement of one of the propellant constituents from 
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the main valve to the find of the injectors, assuming instantaneous opening 

of the valve. The equation of the balance of pressures is written as 

follows : 

p-u+p.+P" (280 

where p is the pressure at the valve; 

Ap are hydraulic losses in the pipe line, which is filled with liquid; 

£F^pw^ represents mass forces; 

pco ls Pressure generated due to gas contraction in the pipe line at the 
injectors. 

The pressure at the valve depends on the value of the tank pressure, the 

pressure produced by the pump, and hydraulic losses and mass forces in the 

channel from the tank to the main valve; this pressure is a function of time 

t. 

The hydraulic losses are 

(2.81) 

but here, in contrast to equation (2.71), 

where d^ is the equivalent diameter, determined according to the formula 

and n is the perimeter of the channel section. The length of the channel 

filled with liquid, when the cross-sectional area F of the channel is con¬ 

stant, equals: 

(2.83) 

If F is a function of Z, which occurs in an examination of the circulating 

part of the cooling jacket, then the determination of Z must proceed from the 

relationship 
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(2.84) 

Thus, 

(2.85) 

The pressure expended in overcoming mass forces in one element is: 

<2-86) 
0 

Taking equation (2.83) into account, we find that: 

Pw = û(Qi F2)~l j 0 dt. (2-87) 
Ù 

In order to determine p it is necessary to employ the equation of the 
r co 

conservation of mass: 

(2.88) 

where is the mass of the gas in the pipe line, formed as a result of 

propellant constituent gasification; 

Yq is the mass of the gas located in the pipe line; 

Yu is the mass of the gas flowing through the injector into the 

chamber. 

All these values pertain to an arbitran' point in time. 

Gasification takes place during the movement of a propellant constituent 

with a low boiling point. We shall consider that the propellant constituent 

is at the boiling point and that gasification occurs as a result of an 

instantaneous transmission of heat from the channel walls. 

Heat given off by the wall [37] equals: 

q—Kdlli}tc (T—Ts), (2.89) 

where d is the channel diameter; 

6 is the channel wall thickness; 

c is the specific heat of the material; 
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X is the initial wall temperature; 

T is the temperature of the propellant constituent equal to the boiling 
S 

point. 

Heat obtained by the propellant constituent [37] equals: 

q “ r Y. in 

where r is the latent heat of vaporization. 

Thus 

rm^-.-*dihQcc(T-Tsy, 

K*=-V * dies (T—TS)W— “MlLnIsL g. 
r räCl 

(2.90) 

(2.91) 

(2.92) 

Employing the equation of state and considering that RT » const, we find 
8 

that: 

(2.93) 

Therefore, 

(2-1 

The derivative of the quantity of emitted gas in the case of small pressure 

drops at the injectors for a sub-critical discharge may be approximately 

determined as follows: 

(2.95) 

where y is the discharge coefficient; 

Fin is the total area of the injectors; 

Pc is the chamber pressure before starting. 

Now equation (2.88) may be written as follows: 

4[r*dOj]-1 (íocc|T-T’jl)0-(qRT,)-1 (pcg + 40|0j -^(o!^-^1)0,5-0. (2.96) 

The initial equation (2.80) has the following form: 
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(2.97) 
p—a(f¡ fr'G* i G dt- (Qi FT' ¡Gdt.ò-P'-0. 

In order to determine G and pcQ, it is necessary to solve simultaneously 

equations (2.96) and (2.97). 

Let us introduce a new variable, which characterizes the rising 

quantity of propellant constituent: 

Z - / G dt; (2.98) 

In this connection 

Z - G; (2.99) 

Z = G. (2.100) 

The equation system for one propellant constituent is written as 

follows: 

4 \r‘d nrl (iQ'C \T-TS\) Z - (qRT5)~1 (pj - 

-p Z)-v.F (Q\p —p |)0,5=0; 
to rinv 1 co c 

p - (CF)-' a¿*Z - (e/72)-1 ¿Z - pc= 0. 

(2.101) 

We note that in order to determine density we have: 

from 

into 

P (2.102) 
s 

Let us determine the conditions which ensure that K * 0 in the period 

the time of opening the main valve to the time of propellant entrance 

the chamber. We shall consider that p << p. rco r 

If K - 0, then 

(2.103) 

Employing the second equation of the system (2.101) and applying it to both 

circuits, we find that K - 0, if 
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(2.104) a¡ 02 Fi 

(2.105) 

P\ -- Pi- (2.106) 

Such are the conditions which ensure that instantaneous values K are 

constant during the period of filling of the lines. 

As has been noted earlier, the designer is interested in the nominal 

value of the reactant ratio at the time of ignition. It is completely clear 

that this condition is necessarily fulfilled if K corresponds to its nominal 

value in the course of filling the pipe line. However, the possibility of 

providing the required value K at the time of ignition and during a different 

condition of filling of the lines cannot be excluded. Here the system of 

valve opening exerts a great Influence. If the necessity of considering the 

effect of the valve arises, then it is necessary to add to equation (2.80) 

still another term — ÄPvi» which characterizes the value of the hydraulic 

resistance of the circulating part of the valve. 

It is apparent that 

(2.107) ^Vr^vi')02- 

where the Hydraulic loss coefficient a^ (t) is a time function and depends 

on the valve opening system. 

§ The Equation of the Conservation of Energy 
for the Pressurizing Sys tem 

In the design and investigation of feed systems, it often proves desirable 

to know the change in parameters of the tank pressurizing system with time. 

Equations of the conservation of energy and mass are included in order to 

solve many problems, and the system consisting of the pressure accumulator and 

tank is examined. The equations of conservation of energy may be Introduced 

in a general form, since it will be useful in studying the process of extract¬ 

ing liquid from the tank by means of any type of accumulator. 

For the system presented in Figure 15, the law of the conservation of 

energy is written as follows [1]: 
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Q - U + L, (2.108) 

where Q is the quantity of heat supplied to the working medium (the gas) of 

the system per unit time; 

U is the internal energy of the working medium; 

L is the work accomplished by the gas. 

Figure 15. Diagram 

of the tank pressur¬ 

izing system. 

• 

Gas, entering the upper tank cavity from the accumulator, expands. If 

the liquid is motionless, then the gas accomplishes no work; the flow of gas 

from one closed vessel to another is considered according to throttling 

formulas. If expulsion of liquid from the tank occurs, then the work aciom- 

plished by the gas in the process of expansion (the work of expansion), will 

be expended on overcoming the resistive forces at the tank output and on 

increasing the kinetic energy of the flowing liquid. 

If as a result of propellant combustion and heat processes in gas 

mixtures, heat Qq is released within the internal cavity of the accumulator, 

and heat transfer with the surrounding medium is characterized by the quan¬ 

tities Qa for the accumulator and Qt for the tank, then 
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(2.109) Q " Qq + Pa+ Qf 

Internal gas energy is determined by the sum 

u - Ua + ut, 

where for gas included within the accumulator, 

(2.110) 

U - Y c T . 
a a va a (2.111) 

For accurate computations we assune that c y const; here we find that: 

Üa=C,a -¿¡(YJu) + YaTa = ~ O'Ja). (2.112) 

where is a coefficient which takes into consideration the influence of 

a specific heat fluctuation. 

We note that the product YaTa is in the right side of the equation under 

the differentiation sign, since in the process of operation of the system 

both gas quantity in the accumulator and gas temperature change with time. 

For the gas included in the tank, we have: 

Ùt~;tr* tTt (2.113) 

Employing the equation of state, we obtain: 

* 1 • • 

U ~ + 0 ap)-\-C9t(VTPtJt.0tP^ + PaV aKa-'r PtV (2.114) 

The expansion derivative of the gas in the tank is expressed as follows: 

L - Vf (2.115) 

We are reminded that [1]: 

c - c ■ R; 
p V ’ (2.116) 

c 

- k 
c 
V 

(2.117) 

The equation of the conservation of energy may now be written as follows: 
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(2.118) 
^{Va'pa+ paVa)-\-VtPt-\-kpÿt=jL {Ùa+Qa+Ù)-paVtcf--pV ±L. 

cvt x cvt t t 

1. The Energy Equation Expressed Through the Propellant 
Constituent Flow Rate 

The free volume in the tank Is 

Vt - Vln (2.119) 

where V . Is the Initial free volume; 
t ¿n 

is the liquid density; 

G is the mass rate of liquid flow. 

It is apparent that 

v‘"- 

The energy equation assumes the following form: 

(2.120) 

2 u 

where 

. _ 'VII . 

f~7~' * « ‘®t 

5=1 — p<ya ~r~+py^ — 
vt t t c vt 

A.( 
'vt 

-l 

2. The Energy Equation for the Gas Accumulator 

Considering that for a system with a gas accumulator, thermal flows are 

directed from the surrounding medium into the system, we obtain: 

(JP I 

n 
In some cases it is more convenient to write 

polytropic exponent: 

= 5-^-(Qfl+0). (2.122) t 

equation (2.122) with the 
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•yj. (2.123) 

and in this connection the polytropic exponent is: 

n-k-i-ß-(2.124) 

vt 

It is apparent that Qa and Qt are time functions; therefore n - f(t). In 

engineering calculations attention is often directed to a certain average 

value of the polytropic exponent for the process. 

If heat transfer is not present, then 

Qa - Qt - 0. (2.125) 

In this case 

n~k+jl- + 

pt Cvt Cvt 

(2.126) 

The condition (2.126) will also occur when heat transfer is present, but 

only if 

Qa + Qt - o- 

During an isothermic process n - 1, in this connection 

(2.127) 

‘•t °'t 

as is known, 

(2.128) 

k - 1 

Therefore, in the isothermic process 

V t 

or 

0Í 

SW.+4)== 

(2.129) 

(2.130) 

(2.131) 
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Let us determine the required accumulator volume. Directing our attention 

to formula (2.118), we shall write the initial equation as follows: 

(2.132) 

With the aim of simplifying the nathematical means in carrying out appro¬ 

ximations of accumulator pressure, sometimes we consider that 

In this connection we obtain * 1 and Ç * 1. In this connection if 

the polytropic exponent is determined on the basis of the processing of 

experimental data, then error introduced by assumptions is excluded. 

Let us examine a case when p. ■ const. Stipulating that c = c 
t r a va V t 

■ 0, we find that: 

(2.133) 

Integrating, we obtain 

(2.134) 

The solution has the following form: 

Va — k VtPf R Qa + Qt 
Pai-Pa cv Pa^-Po (2.135) 

or 

V — nVtPt . 

PaíñPa (2.136) 

in this connection 

n = k—~ Ra-T0t 
c, ptyt 

(2.137) 
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(1.138) 0äA-(a-i) Qi±9tQl 
p&t n 

Thus one need not equip the accumulator and the tank with thermal 

insulation with the aim of decreasing accumulator volume. It is necessary 

to raise the initial pressure in the accumulator and to decrease the final 

pressure p . It is apparent that p will always be greater than p . We 

nust employ reducers operating at a sub-critical condition with the aim of 

bringing the values pa and pt closer together. It is advantageous to employ 

a gas delivery system to the tank which consists of a valve controlled 

with the aid of a pressure relay. 

The polytropic exponent in equation (2.136) is often determined experi¬ 

mentally. In the process of liquid displacement, the exponent n is initially, 

when t - 0, equal to the adiabatic exponent. Then it decreases rather 

rapidly and sharply, after which it begins to increase, and asymptotically 

approaches (according to the data of theoretical calculations) the value of 

the isothermic exponent, which is equal to one. In calculating the required 

accumulator volume for realizable systems we accept: 

1.1 < n •' 1.2. (2.139) 

3. The Energy Equation for a Solid-Reactant Accumulator 

In agreement with equation (2.118), and considering G« const, we have: 

tÀVaPa + PaV'U VtPt+kïet — (¾). (2.140) 

• • 

Here Qa and Qt have minus signs, since the thermal flows in the case 

examined are directed from the system to the surrounding medium. 

The elementary quantity of heat per second released during charge com¬ 

bustion will equal: 

% ■ cvTlV «-I«) 

where T^ is the combustion temperature; 

Ygp is the mass of the charge, and 
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(2.142) 
Ò 

9T) 
(2.143) 

For a cylindrical charge with burning from the end 

r/)2 
-p (/);=— = const; 

•V nZ)“ 

For the combustion velocity we shall assume the law [45]: 

(2.144) 

(2.145) 

u * Uq + ap (2.146) 

Now in place of equations (2.142) and (2.143) we have: 

F —c i*9(/)(u0-*-ap')i//; 
so sp^ 

K =C ?(/)(«o+û^)' 
sp sp 

Let us examine the equation: 

(2.147) 

(2.148) 

—¢0=-^// c„° ’ 1 sp 1 sp (2.149) 

Considering that the force of the solid powder [45], i.e., the 

efficiency of the solid propellant gases, equals 

f = RTlf (2.150) 

in place of equation (2.149) we find that: 

(2.151) 

or 

--0,,-= A/o0 ?(/)(«o + û/)*), 
cv sp (2.152) 

where f^ is the cited solid propellant force. 

The law of combustion velocity depends on the quantity of solid pro¬ 

pellant, on combustion conditions and on other factors. Therefore equation 

(2.146) may be not employed in all cases. In carrying out calculations, the 
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law of combustion velocity is chosen while considering the specific 

situation, and while directing our attention to the results of special 

investigations [13]. 

Equation (2.141) may also be written as follows: 

(2.153) 

In place of equation (2.149) we obtain: 

Considering that 

(2.154) 

RT 
a 

(2.155) 

we obtain, just as in equation (2.151) 

R 

CV 
Qo—Wp • (2.156) 

The energy equation has the following form: 

(2.157) 

Powder force f^ is a reference value and a constant, whereas va^ue 

RT may change with time. Therefore after the introduction of the value 
a 

of the powder force into the calculation, the equation assumes a quasi- 

statistical character. 

If pt = const, then equation (2.157) is written as follows: 

PtdV=rSf<flYt 
sp, (2.158) 

where coefficient n takes into consideration thermal losses and accumulator 

parameter changes; 

7¡==1 
f (¢.7-0,)+f^(,.r.) 

(2.159) 

sp 

Integration of equation (2.158) is possible if n is established accord¬ 

ing to the results of the processing of experimental data or if the average 
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value Is computed and employed. In the latter case 

Pt ■ n 
^0Ysp (2.160) 

4. The Energy Equation for a Hot (Liquid) Accumulator 
• • 

accept p ■ V * 0, then the energy 
a a 

the combustion time lag is written as follows: 

If we accept P. “ V * 0, then the energy equation without considering 
a a 

V'pAkp V (Q0-Qfl-Q ) 

The quantity of released heat [11] will equal: 

t 

(2.161) 

(2.162) 

where and G2 are mass propellant constituent flow rates feeding the genera¬ 

tor. 

If G. ■ const, G« ■ const, then also c T = const. 
12 pa 

With a constant pressure in the tank, and considering that the thermal 

flow is directed from the system to the surrounding medium, we have: 

£/7 K %; 
t t 

£(0, + 0,)^--^(^4-6) . (2.163) 
vt 

After transformations under the condition that Vt - const, we obtain: 

(»7, + (7,) RTa 
Pt=1,-JT-• 

where the coefficient taking thermal losses into account will equal: 

71, = ( 

(2.164) 

1-Çÿ-Qt ,1 
CpTa (0¡ f (7,) J Qo J' 

(2.165) 

Coefficient nt is the coefficient of thermal efficiency, since it 

represents a ratio of effectively employed heat. 

• • 

Q - Q0 - Qa - Qt 

to the general heat quantity released in the hot accumulator: 
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(2.167' 
(¿o=(Gj + Gj) c¿T a, 

where 

We note that in engineering practice r - const is often accepted for 

solid-reactant and hot accumulators; the assumption that p «V ■ 0 is 
dL 3 

acceptable only for a hot accumulator, but for the solid-reactant accumula¬ 

tor the admissibility of this assumption must be investigated in each 

separate case. 

§ 5. The Equation of the Conservation of Mass 
for the Tank Pressurizing System 

The law of the conservation of mass for the accumulator without 

considering ignition time lag is written in the following manner: 

(2.168) 

where Y is the propellant mass, which has entered the accumulator by time t; 

Yu is the mass of the products discharged by the same time; 

Ya is the mass of products, having accumulated within the accumulator. 

The equation of the conservation of mass for the tank may be written as 
follows : 

(2.169) 

where T,. is the gas mass in the tank by time t. 

The equation of the conservation of mass for the entire pressuriaing 
system 

(2.170) 

follows from equations (2.168) and (2.169). 

Let us return to equation (2.168). In order to make further transforma¬ 

tions we shall employ the equation of state; we find that: 
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y.“ HJa P<ÿa i ^aPa PtYa 

"•d 
~(RJa) 

RaT, aJ a 
(2.171) 

The main mass of discharge gases Is 

therefore [7], 

ru=\Gdt, 

> = Per0 
“ (Wu¡i 

(2.172) 

(2.173) 

where, just as formerly, 

(Ä) 

The derivative from the total flow Is 

'i+i 
2 (2.174) 

Y “ G1 + G2, (2.175) 

where Gj and G2 are mass flow rates for propellant constituents feeding the 

generator. 

Substituting the values of the derivatives obtained in equation (2.168), 

we find that: 

F a 
d d _ 

—- (paVa) .. —WaTa) 
dt a M 

(0, + 0*) (W5-6 Pa RJa wã R°r° ' (2.176) 

Now we employ equation (2.169) and the equation of state for the gas 

included within the tank; we find that: 

f Odt = ^. 
‘ Vt J R*-Ti (2.177) 

If the liquid flow rate from the tank changes with time, then 

(2.178) 

where Vt is the initial fr*.3 volume in the tank; 
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is the mass rate of flow per second of liquid from the tank; 

is the fluid density. 

Therefore, 

[Gdt 

V J +—fo-rf/ 
t.in djJ t 

(2.179) 

Equation (2.179) establishes the connection between gas input Into the 

tank and liquid flow from the tank. 

1. The Equation of Mass for the Gas Accumulator 

Let us employ equation (2.176). During engine operation the accumulator 

is not replenished with gas, therefore (G^ + G2) ■ 0. The accumulator volume 

V * const, therefore, when R ■ const, a ’ ’ a ’ 

(2.180) 

If the process of gas flow is considered to be polytropic, then 

^ n ~1 P • T =T 
Ta n p0' '• ^Apati 

Now in place of (2.180) we may write: 

n — 1 
n (2.181) 

Fc£WaTa, 0.5— _ VJL JL 
n pë 

(2.182) 

After transformations: 

3/.-. 
Pa=-ZpaU , (2.183) 

where 

Z --= n _Fçra(/?«lnTa In* 
0.5 

- T-i .. 2/1 
V0P0 in 

(2.184) 
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Having separated the variables and integrating, we find that: 

t 

n — 1 

__- 

7a-l)'€r«(«a inTa tn) 0.5 
(2.185) 

Equation (2.185) permits us to plot a curve of pressure change versus 

time in the accumulator. Further, through equation (2.182) we may find 

temperature change Ta versus time, and from equation (2.173), in a case of 

super-critical discharge, we may establish the relationship between the gas 

flow rate and discharge time. In order to make such a calculation, graphs 

of functions ^cr.(t) and n(t) are required, which are obtained through 

calculation or through the evaluation of experimental data. 

2. The Equation of Mass for a Solid-Reactant Accumulator 

Let us take advantage of equation (2.176). Considering that 

f 
0 R T , a a’ (2.186) 

Gl + V (2.187) 

we find that: 

If 

/</. sp p<yu 

0, then 

Ÿ = 

sp 

a 
•Pa- 

(2.188) 

(2.189) 

Equation (2.160) permits us to determine the required weight of the 

charge, and equation (2.189) together with (2.143) and (2.146) make it 

possible to determine the required geometric dimensions of the charge, if 

pressure conditions have been chosen and if the powder characteristics are 
known. 

§6. The Pressure Characteristic of a Centrifugal Pump 

The centrifugal pump is one of the most important subassemblies of the 

feed system, which provides for movement of the propellant constituents 

through the hydraulic lines. The pump is driven from the turbine and provides 
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the rated head (pressure) and the required flow rate at the rated number of 

revolutions. Upon deviation from the rated number of revolutions, changes in 

the head and in the flow rate occur. If the rated number of revolutions 

are maintained, but the head changes, then the flow rate will also change. 

In all of these cases, the power required by the pump and the efficiency 

will, as a rule, also change. 

A change in the operating condition of the pump occurs for various 

reasons. All these reasons may be grouped in the following manner: 

a) those that depend on the characteristics and peculiarities of tur¬ 

bine operation; 

b) those that depend on the hydraulic line parameters and the pressur¬ 

izing system; 

c) those that depend on the parameters of the pump itself. 

Pump parameters are chosen during design and are refined experimentally. 

Under conditions involving an unsteady operating condition, they change with 

time. Small deviations from rated values occur under the influence of 

external factors and also under the influence of production, technological 

and operating factors. 

The study of an unstable engine operating condition and the influence of 

internal and external actions are possible in case the interrelationship between 

the power required by the pump, its efficiency, produced by the pump, and the 

liquid flow rate are known. This interrelationship is centrifugal pump 

characteristic. 

The complexity of the mathematical equation of the characteristic de¬ 

pends on the theory accepted and the assumptions made, which, in their own 

turn, are determined by the aim of the investigation and the required 

accuracy of the calculation. In the paragraph below, one of the possible 

engineering methods is given which permits us to obtain a solution in the 

form of convenient engineering formulas. 

During an unstable operating condition the law of the conservation of 

energy for a liquid in motion in the circulating part of the pump is written 
as follows: 

<‘E=ä(E»+EL±£.+E,+£,+£„+£„+£,). (2-l,0) 
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where dE is the elementary energy supplied from the drive to the pump shaft; 

a ener8y change due to an angular momentum change in the 

circulating channel; 

is a liquid energy change due to a change in the radial velocity 

component in the channel; 

dEu is the elementary energy expended in changing the angular velocity 

of rotation of the liquid in the circulating part of the impeller 

with time; 

dE^ is the elementary energy expended in changing the radial velocity 

component of the liquid with time; 

dEc is the energy change due to the effect of mass forces in a spiral 

chamber; 

dEhk an elementary change in energy which is expended in overcoming 

viscous forces in the circulating part of the impeller; 

dEkc is the same, in the circulating part of the spiral chamber; 

dEy is an energy change due to leaks. 

1. The Head Created by the Pump 

Let torque M be applied to the pump shaft; if the angular velocity of the 

shaft is u>, then the elementary energy transmitted to the pump is 

dE * Mtodt. (2.191) 

If sll this energy is transformed into liquid energy, then 

dE - HtGdt, 

where Ht is the theoretical head, produced by the pump; 

G is the mass rate of flow of liquid per second. 

Therefore, 

(2.192) 

(2.193) 

The effective head 

(2.194) 

where np is the pump efficiency. 

156 



We must keep in mind that 

np - n(H, G, ü>). 

In order to determine power, we find that: 

(2.195) 

Nt - H^G - Mai. (2.196) 

If we take equation (2.194) into consideration, we obtain: 

N (2.197) 

The liquid head is computed from the static and the dynamic; the static 

head is 

H •* , 
c p 

l 
(2.198) 

C2 

and the dynamic is: 

lhy ~ 2 ' 

The sum (total) head is expressed as follows: 

(2.199) 

w=f+?-. 

but the head increment at the pump is 

Ql 2 
(2.200) 

ri ri 
_Pi~P\ i Li 

o? 2 
(2.201) 

where the indexes 1 and 2 characterize the input and output parameters. 

2. The Liquid Energy Increment Generated as ¿ Result of 
A Moment Change in the Channel 

Let us examine the starting and operating functions but under the 

condition that the entire circulating part of the pump Is filled with 

liquid and that cavitation is not occurring. The design diagram is shown in 

Figure 16. 

Let us assume that the head develops only as a result of the reason 

under consideration; the condition (2.193) is written as follows: 
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H AÍJ-JW, 
AI G' 

•ü). 

Figure 16. Diagram of the circulating part 
of a centrifugal pump. 

At the output of the impeller 

M2—G'Cu2l'2i 

where G' is the flow through the impeller; 

Cu2 i8 the tangential velocity component of the liquid at the 

the impeller. 

At the input to the impeller 

Therefore, 

Mi*=G'Cu¡ri. 

^Afi—(Cuj/j—Cuir\)to. 

By the velocity triangles we find that: 

CU2—U2 

C»\=V\ 

C,2 
tan. 62 * 

Cm 
tan ßi 

By the equation of continuity, we have: 

2r 

(''i —*1 
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(2.202) 

(2.203) 

output of 

(2.20A) 

(2.205) 

(2.206) 

(2.207) 

(2.208) 
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(2.209) 

where 

c»= 
«0 

2^2½. *2 

e * g" 5 (2.210) 

b2 is the width of the circulating part of the impeller at the exit; 

Tq is the hub radius ; 

is the coefficient of the decrease in section dimensions. 

According to the moment equations we have: 

U\ = -j-Uv 
r2 

Effecting a substitution and transformation, we find that: 

(2.211) 

- 2;n (2.212) 

If the coefficients are calculated then equation (2.212) is presented 

as follows: 

H M—Dm*>—DjuuG. 
(2.213) 

3. A Liquid Energy Change. Generated as a Result of a Change 

in the Radial Velocity Component in the Channel Length 

As a result of a change in the radial component, a change in the kinetic 

energy of the flow is observed, thus the true head decrease will be: 

AS 
n u-r- (2.21A) 

Employing the equation of continuity, after transformations we obtain: 

/// = 
_ÎÜ_[i_/ 2r¡bnbj \i 

2 (2*'2*2*20 ^)2 [ \(^ —/q) / GW, (2.215) 

or 

HL " DlG * (2.216) 

159 



A. Head Decrease as a Result of Energy Expenditure 
on a Change in the Angular Velocity of Fluid Rotation with Time 

Under unsteady operating conditions, the energy expended in overcoming 

mass forces in rotary motion is expressed as follows: 

(2.217) 

where dJ^ is the moment of inertia of the liquid which is filling the ring 

with width dr. 

The energy increment on this elementary path is 

£,==11 GdHudt. (2.218) 

In agreement with equations (2.217) and (2.218) we may write: 

(2.219) dHu I Y»dJv 
since 

then 

The elementary mass is: 

dj^=ridm. 

dm=2zrbkQidr; 

the angular velocity for the liquid is: 

r 
the tangential component is: 

Ct=ior— tG 

(2.220) 

(2.221) 

(2.222) 

(2.223) 

tanB’ (2.22A) 

where u is the angular velocity of the Impeller (but not the liquid). 

The radial velocity component 

(2.225) 
at 
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cannot change the moment balance, since is perpendicular to C ; 

'U . 

U) -J- (D rnmm .-1.11 - I I—I ..1 I !■ 

L 2rrn‘bk(^taní 

Finally, in place of equation (2.221), we obtain: 

(2.226) 

(2.227) 

iG 
'¿T.r2ikQ 7 ta 

iò 
2r.rm^t&Tí 

r'bhr^ dr. (2.228) 

It must be kept in mind that b, k and ß are functions of r. Considering 

that w, G and derivatives do not depend on r, we write equation (2.228) as 
follows : 

^+b:)»+(o; ^+0-)6- (2.229) 

In order to determine D^; D^; D^; D^' it is necessary to solve the integral 

(2.228). If the variables are given in functions of r, then the solution is 

most easily obtained through numerical integration. 

5. The Pressure Decrease jji the Circulating Part of the Impeller 
Due to Energy Expenditure on the Change with Time of the Liquid 

Radial Velocity Component 

The change in power — a derivative of energy with time ~ is: 

j QdHr. (2.230) 

From the other side this equation will equal: 

Nr=\C,dP. (2.231) 

for a mass element we have 

dP - Crdm. (2.232) 

Thus 

dH,t^~-dm, (2.233) 
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Crèr 
dm. 

(2.233a) 

Since 

C,~- 
tG 

2iírbk(¡ ï (2.234) 

then finally we have: 

Hr _2*c l j V'rbk (2.235) 

If the integral solution is obtained, then equation (2.235) is written 

in the following form: 

H - D G. 
r r (2.236) 

6. The Pressure Decrease Due to the Effect of Mass Forces 

in jj Spiral Chamber 

Analogous to equation (2.233\ after integration we have: 

The elementary mass is expressed as follows: 

(2.237) 

Usually we accept that 

dm^rbQ^dr. (2.238) 

ui' 

(2.239) 

(2.240) 

Just as formerly, 

/#2=<i)ra—; 
iG 

2r.r2b2k^ tanß j 

Considering the propositions already stated, we find that 

(2.241) 

wr. 
tG 

2K/-j4j*se2tanß’ 

l',, _ Ã« 
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(2.243) 
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Finally we obtain: 

2« r. 
tG 

t anß d(f dr' (2.244) 

First it is necessary to take the internal Integral and considering that 

r^ is a function of angle ¢, before executing the second integration we shall 

place 

“30 _ I - 

ir?+r*’ (2.245) 

in the integrand. Where d3Q is the diameter of the exit throat. 

After completing the integration we have 

w.=(o.^-+o;)í+(o;^-+o;)ó. «-zw 

7. A Head Decrease Due to the Effects of Viacous Forcea 
In the Circulating Part of the Impeller 

As Is known 

àHk.=K~dl, (2.247) 

wheie W is the 

d is the e 
l is the 

A. is the k 

relative velocity; 

equivalent dimension; 

length of the track washed by the fluid; 

friction coefficient. 

From the velocity triangle we have: 

IK/— cr . 

sin p ’ 

slnß 

In agreement with equation (2.234) 

C_ ‘tí 
r 2xrb/tQ i 

Since 

163 

(2.248) 

(2.249) 

(2.250) 

(2.251) 
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(2.252) d r=4 
e 2*r + Zb 

Therefore, 

or 

(^)2 fT 
32«2C» J11*« 

L '» 

2*r + 
(ríApsin^fi 

dr 
(2.253) 

h^o^g*. (2.254) 

8. A Head Decrease Due to the Effects of Viscous Forces 
in the Circulating Part of a Spiral Chamber 

Analogous to equation (2.247) we may write: 

dHhe = \ —dl. 

From the equation of continuity we have: 

C=--^± 

and in this connection if 

'V 

(2.255) 

(2.256) 

G‘=iG< 

(2.257) 

(2.258) 

then 

—=const. 
F¡ (2.259) 

For an average line of the spiral 

r=Ta+a<p. (2.260) 

Therefore, 

d/—2nadcp. (2.261) 

If we accept that 

F‘=<=£F- (2.262) 
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then 

r 
C 

Accepting that 

11-2^ = (2^5. 

(2.263) 

(2.264) 

we obtain 

d ^ (2^)1 
e 9o 

,0.5 
(2.265) 

where F is the area of the circulating channel section of the spiral chamber, 

corresponding to 2tt. 

After integration of equation (2.255), we obtain 

H Ac" 
OJ 

It is apparent that 

),5 ‘ ^ 

Hkt=DktG\ 

(2.266) 

(2.267) 

9. A Head Change Resulting from Leaks 
ÍB Area of the Operating Impeller 

If the dimensions of the gap in the packing rings are l and 6, then the 

leakage through one seal, when o « 2irr6 will be: 

AOy=l«(2<?ztf )0-5; (2.268) 

the coefficient of discharge is 

Hr+irr (2.269) 

where A is the coefficient of friction for the seal channel; 

e is the coefficient of resistance for the coannel, calculated without 

considering losses in the seal. 

Under stable conditions, in agreement with equations (2.213), (2.216), 
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(2.236), (2.254) and (2.267), and with no leakage, we have 

H?= + (D£ - K - Dh c)6'2. (2.2 70 ) 

Differentiating equation (2.270) and passing to small deviations when 

u ■ const, we obtain: 

Atfpi = t—0Mw + 2(D¿ —DAe)0]AG. (2.271) 

Considering the presence of two leakage channels in determining the 

loss of head, we obtain: 

A//0=//y<="2[2(£,i“öA«~DAc)--öMyj0A0y. (2.272) 

Keeping equation (2.268) in mind, we obtain: 

=2 [2 (Ot - O. . — O, J — Ol j] (2(¾^ X 

X [ß.«.’ - D„ »0 + (D£-0,,-0,,) Of-1. (2.273) 

Head is incommensurably small in comparison to the full head produced 

by the impeller. Therefore for transformations of equation (2.273) it is 

permissible to accept the static equation of the centrifugal pump: 

G - kpu). (2.274) 

Now we obtain 

//,=--2 2(^-0..-0,,)-^ !*01!y (20^-5 X 

(2.275) 

In place of equation (2.275) we may write: 

Hy - D/- (2.276) 

10. Design Formulas 

Under unstable operating conditions, in agreement with the functions 

already obtained, the head, produced by the pump, will be 
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(2.277) 

where 

/•/p = Dy -D»»G- Dl kcû2 - Dyu> - 

rD “ 
L ■* 0 

0, 0. 

KC D/.~ Dh*~Dllt' 
Du c=/)M -j- Dq, 

A stable operating condition is characterized by the equation 

• • 

U * G * 0. 

In this connection the head will equal: 

ny — Ou u)0 — 0L „G* -Z7yw. (2.278) 

Equations (2.277) and (2.278) will be employed in a simplified form in 

the next chapter. 

In organizing the investigation, with the aim of simplifying the 

equation system, it is necessary to employ a separate calculation to 

evaluate the "specific weight" of individual terms in equations (2.277) and 

(2.278) and to exclude some of these from consideration. 

§ 7. Determining Turbine Power 

An examination of the processes occurring within the subassemblies of 

the power drive of the feed system, i.e., within the turbine and the genera¬ 

tor is outside the scope of this book. However, in order to conduct a com¬ 

plex engine calculation, it is necessary to know the turbine equation which 

establishes the connection between the power (or the moment), developed by 

the turbine, on the one hand, and the generator agent flow rate and the 

angular velocity of shaft rotation, on the other. 

In the circulating part of a one-stage turbine, let the mass element of 

the working medium dm be in motion with velocity C. Elementary momentum d0 
will equal: 

d0 - dmC. (2.279) 

A change in element momentum is : 
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d(dm ‘ C). (2.280) 

The elementary force moment dP will equal: 

d2I - dP dt. 

Equalizing equations (2.280) and (2.281), we obtain 

dPdt * d(dm * C), 

(2.281) 

(2.282) 

and it follows that: 

dP— —(dni’C). 
dt v 

(2.283) 

Since 

we find that: 

(2.284) 

dP - GdC + CdG. (2.285) 

For the entire circulating channel 

/>=JC¿C+jC¿0. (2.286) 

Equation (2.286) determines the force acting on the blades of the 

operating impeller. Circumferential force 

' ^^—JOdfCcoso) —JCcosodO, (2.287) 

will act in the direction of motion toward the blades. Where a is the angle 

which determines the direction of motion of the working medium in the channels 

between blades. 

Axial force acting on the blades equals: 

^0= — jGd(Cslna)—JCsinadO. (2.288) 

The minus signs in the right side of equations (2.287) and (2.288) are 

placed there because ?u and Pq represent forces acting on the blades of the 

operating impeller, in contrast to force P in equation (2.286), which 
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characterizes a pulse leading to a change in momentum of the working medium. 

The second integrals of the right sides of equations (2.286), (2.287) and 

(2.288) characterize a change in the corresponding forces under conditions 

when G 4 const. During a constant flow of the working medium through the 

circulating channel of the turbine, the circumferential force 

C,COS a, 

Pu-—Q j ¿(Ccosa). (2.289) 
C,cos >, 

Thus, 

^u —G(C, cosa,-f Cjcosotj). (2.290) 

Here a2 = a2 - 180°. 

If the angular velocity of the operating impeller of the turbine is 

designated by the symbol to, in order to determine turbine shaft power we 
have: 

(2.291) 

where DT is the average diameter of the channels between blades; 

n is an efficiency factor. 

Substituting the value of the circumferential force acting on the blades 

of the operating impeller from equation (2.290) in (2.291), we find chat: 

jVt —tu ~T- (C, cos a, -f C2 cos a2) Gt). (2.292) 

From the velocity triangles at the nozzle output, it follows that 

C, cos Oj—u>j cos ,3,—u> y- . (2.293) 

The relative output velocity of the working medium from the circulating 

part of the channels between the blades equals: 

u’)0,5, (2.294) 

where iMs a coefficient accounting for losses in the channels between blades; 

H is the heat differential at the turbine; 

p is the degree of blade reaction; 
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u!^ is the relative entrance velocity of the working medium in the 

circulating channel of the turbine. 

From the velocity triangle we obtain 

Cl COS Q| —i 

cos ßi 

¿>t 

After the required transformations we find that: 

(2.295) 

2 
C} COS Qj 2Hq- 

( uT \210.5 
Cjcosaj—u- ' I 

X COS — m Or. 
* 2 1 ‘ 

(2.296) 

In some cases, with the aim of simplifying the mathematical equipment, 

we accept that 

L>: 
CQ COS Uj Cj COS Uj ui ” 

In this connection the power equation assumes the following form: 

(2.297) 

d7 
^2C, cos a, — U> j Gr,. (2.298) 

If all parameters except w and G are constants in equation (2.298), then 

for a determination of turbine power we may employ the following formula: 

NT~(A — ßo>) u)(j, (2.299) 

where 

A — DjCi cos a,!;; 

ö = —-T. 

Discharge velocity from the turbine nozxle is calculated from the 

formula 

(2.300) 

(2.301) 

Cl=9(2A/4C2r, (2.302) 

where 4> is a coefficient which takes into consideration losses in the nozzle 

apparatus ; 
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Ai is the differential in the turbine nozzle apparatus; 

Cq is the working medium velocity at the turbine nozzle approach. 

The working medium flow rate under static conditions is: 

U -'rr* - crd 
/u’ 

(2.303) 

where [ is the total area of the critical sections of the turbine 

nozzle ; 

R0’ V p0 are workin8 medium parameters at the entrance to the nozzle 

apparatus. 

Engineering calculations are conducted, as a rule, according to formulas 

(2.299), (2.302) and (2.303). In an investigation of the operating function 

of the turbine, the following power formula is used, which has been obtained 

on the basis of the information stated above: 

N, o(2a/-(_Co) ’ coscij-j- 

2Hq- 
/ y(2A/ + Cj)t),&cos Oj— <•»—£-- 

V 

2 

cos h / . 

0.8 

X 

D, I NV u 
X cos jij — m-Í -rH.cr - 

j (koTrf* (2.304) 

where Ç is a coefficient which takes into account the influence of the 

difference in the operating method of the turbine from the design 

condition. It must be kept in mind that n and £ are functions of 

u and G. 

During conditions involving a variable flow rate, we must employ 

equation (2.287), which may now be written as follows: 

~D \ * 
Nt—-^0^((1),0)0((0005 0) +J ^(^, O) Ceos a ¿Gj. (2.305) 

In carrying out a complex engine calculation, the necessity of determining 

the turbine shaft moment appears, which during unstable operating conditions 

equals : 
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MT=2x(Nr^-j;,), (2.306) 

where is the moment of inertia of the rotating part of the turbine. 

§ 8. The F ed System Equations 

At the beginning of this chapter one of the variations in engine start¬ 

ing was examined as an example. As has already been pointed out, a single 

standard succession of commands cannot exist. Therefore, in adhering to 

the order of the fulfillment of operations stated above, we shall write for 

each of these a system of design equations. 

At first, the pressure in the propellant tanks increases. In order to 

investigate this phase of engine operation, we must include a series of 

equations, including the equation of the conservation of energv, the conser¬ 

vation of mass and a reducing equation. Depending on the design of the 

feed system and its operating conditions, the first two equations are 

simplified and made more accurate. In general form they are presented as 

equations (2.121) and (2.176). These equations may be rewritten as follows: 

Cpt aPa T PaVa) T ^ 
t 

pt—x 
to? 

I 

Í Gdt + k (‘P{ R ./, 
~~ ' (Qq 

c°t 
cQ. :r(^); (2.307) 

(0. 
di(PaVa) P a 

RJa 
dt{RdTa) 

(2.308) 

The number of equations required for an investigation of the pressure 

increase process in the tanks will depend on the design of the pressurizing 

system, on the operating conditions and on assumptions made. §5 4 and 5 of 

this chapter were devoted to an analysis of the equations of the conservation 

of energy and mass. In solving the system of pressure equations, it is often 

necessary to include a reduction equation and a valve equation, which many 

authors have examined in detail (see, for example, [3, 21, 46]). 

ifit us assume that the second operation is the turning of the turbo- 

pump subassembly shaft to a certain value of angular velocity a). During this 

operation the main valves of the hydraulic lines are open. In the process of 

preliminary turning, it is possible to obtain both nominal propellant 
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circulation and a zero flow rate. If nominal circulation occurs, then the 

liquid energy delivered by the pumps is expended in overcoming hydraulic 

circuit losses of the nominal circulation and on the change of kinetic 

energy of the flows. Under conditions involving a closed nominal circula¬ 

tion, the influence of external forces riay be disregarded. Keeping in mind 

equation (2.79), we may write the following for the hydraulic circuit: 

Ppl=^p;C; = ûiGi “¿A; I (2.309) 

In order to determine surplus pressure produced by the pump, we must 

employ equation (2.277). Removing the second degree elements, we obtain: 

■D* r.0' - nL KC ¡Gj _ o ,ov - d: c;. (2.310) 

Substituting the value Hp t from equation (2.310) in equation (2.309), 

we now have two equations. We shall employ a turbo pump subassembly equation 

for the third equation. We shall write the moment balance as follows: 

AÍT-SAíp,. (2.311) 

where is the turbine shaft moment under unstable operating conditions; 

■^p ¿ moment discernible by the pump shaft (also under unstable 

conditions). 

A determination of the turbine shaft moment was examined in § 7. If we 

direct our attention to equations (2.306) and (2.299), which corresponds to 

the assumptions discussed in § 7, we obtain: 

A/t= [(4 

The moment, discerned by the pump shaft, will be: 

(2.312) 

Mp.= \^G‘ 

“'rtiCl 
] ■ (2.313) 

Employing (2.310), after inserting value H ., we have 
Pi 
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I 

w (Dhí"! — Du¡uiQ¡ —Dlkc fi*—Dy V —D*uu)G; ,,.] 
Mpi- I --+yp^V 

(2.314) 

The turbo pump subassembly equation has the following form: 

(A-B*)G-JT¿>-Vy V 

The sum 

/Am /u; Am ,0,0/ 0¿ *c IG f — Dy¡'¡> —c<.j 
0; (2.315) 

(2.316) 

characterizes the moment expended on a change In angular velocity of the 

rotating part of the turbo pump installation. 

It is apparent that 

(2.317) 

If the angular velocities of the turbine and pump shafts are equal, 

then: 

y =yr+vy ,. 
pa T 1 -d p' (2.318) 

As has already been noted, turning of the turbo pumps subassembly is 

possible without circulation. Under these conditions we must write the 

following in place of equations (2.309) and (2.310): 

% '= il'V - Dy - D'u c'„) T,.. (2.319 ) 

where n* is the coefficient of agreement. 

The turbo pump subassembly equation is written as follows: 

T„0; j . (2. 320, 

In calculating from equation (2.320) it must be kept in mind that G| 

represents the flow rate through the circulating part of the impeller. If the 

flow rate to the pump under the conditions existing in the problem under 

consideration is equal to zero, then differs from zero. A decrease in 
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efficiency is observed in proportion to a decrease in the flow rate through 

the pump. Therefore, during a complete cessation of liquid circulation 

through the pump due to the presence of extraneous circulation in the 

circulating part of the impeller and a sharp decrease in efficiency, the 

power required by the pump may prove to be significant. 

In agreement with the design conventionally accepted, the next operation 

is the filling of the lines with propellant. This process has been examined 

in detail in § 3. 

Further, the discharge of propellant constituents from the injectors 

begins. The hydraulic circuit equation may now be written as follows: 

(2.321) 

The pressure change with time in the tank is determined from equations 

presented in §§ 4 and 5. Surplus pressure produced by the pump is computed 

in accordance with formulas cited in § 6. 

Let us examine a method for determining the pressure produced bv external 

forces. If the engine is operating on a test stand, then external forces 

are due only to the gravitational field. In this connection 

(2.322) 

In flight 

pii - nij (g + V), (2.323) 

where V is the velocity of the rocket's flight . 

The liquid mass in an elementary segment of a pipe with an arbitrary 

shape will equal: 

dm = F(x)p^dx, (2,324) 

and the pressure 

Pa- (£+ (2.325) 

If the channel has a complex shape, then 
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(3.326) Pi-ië+WxQZ*. 

During an unstable operating condition the propellant reactant ratio mav 

be maintained as a constant or it may change in accordance with the principle 

selected previously. 

Let us examine the conditions for which K * 0 during an unstable 

operating condition. Non-fulfillment of the conditions examined leads to the 

fact that the propellant reactant ratio K will change with time. 

Since 

K = pi , (2.327) 
G2 

then, under a condition when K = const, 

¿1 = KG2. (2.328) 

The hydraulic circuit equations have the following form: 

D'^KOi-ptl-«,/C-CíH-r-, P\ 0; (2. 329) 

b2U2 — Zlji'r 4- Ü*»(J2 — />tj — tfjOi -r p Pi o, (2.330) 

where p^^ and p2 consider the influence of the terms removed. 

The condition K » const obtains if the coefficients in equations (2.329) 

and (2.330) are equal for the terms comprising G2 or its derivative in 

identical degrees. 

During a stable operating condition, the first terms of equations 

(2.329) and (2.330) equal zero, therefore conditions established by the 

given value K during stable operation will be: 

(2.331) 

(2.323) 

(2.333) 

If the operating condition is unstable, then the fourth condition 

appears : 

Ü¿ KÜÙ 

a 2 K:a¡ 

b 
2 (2.334) 
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In designing an engine it is rather difficult to satisfy condition (2.333), 

since usually the hydraulic losses in the fuel circuit are greater than in the 

oxidizer circuit. It is possible to correct the situation, for example, by 

employing the oxidizer for cooling the generator chamber or by using the 

oxidizer in heat exchangers, or by cooling the main chamber wfth both pro¬ 

pellant constituents. 

It is possible to provide the required value K during unstable operating 

conditions in another manner. Let us stipulate that - 0 and solve the 

equation system as follows: 

- ^rjJKfV“)2 ^ 4ai (it1 -^1^-^)111,5 

2flj 

- -, ¿y- - />))"■* 
2a¡ 

(2.335) 

(2.336) 

Let us divide both sides of equation (2.334) by K and then,, by equalizing 

the less sides of the equation obtained and equation (2.336), we find that: 

^Y“ ~~ [(¿V1 J2 f 1<J¡ (/<£; + £>,"1- — /> J0'* 

o:., - ¡(d3~4«27«7v “• (2.337) 

However, if under stable operating conditions the given value K is pro¬ 

vided with the aid of equation (2.337), then under conditions of unstable 

operation a deviation from the nominal value of K may be detected. The fact 

that we have examined a method for establishing K - const under unstable 

operating conditions does not imply a requirement that K » const in all cases 

Cavitation may occur during the engine starting function, in the case 

of a sharp decrease in hydraulic line resistance at the pump or an increase 

in pump input resistance, under the influence of mass forces in the circula¬ 

ting part of the operating pump impellers. In this connection a significant 

decrease in propellant consumption and discharge of the turbine will be 

observed. The abnormal phenomenon described may be eliminated by increasing 

the cavitational qualities of pumps, by decreasing the values of mass 

coefficients b^ by increasing the starting time, by a temporary pressure 

increase, and by other means. 
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§ An Approximation Method for Determining Heat Losses 

and the Quantity of Vapor Condensing in the Tank 

The investigation of tank pressurizing systems revealed that the heat 

transfer between gases entering the tank from the accumulator and with the 

surfaces limiting gas volume exert a significant influence on the process of 

liquid displacement. In addition to the change in heat balance considered 

in § 4 through the introduction of the derivatives Q and Q , in some cases 
3 t 

a decrease is observed in gas quantity in the tank cavity adjacent to the 

liquid surface, due to vapor condensation on the cold surfaces. The process 

of condensation will also continue on the liquid surface. 

Let us consider heat transfer without considering vapor condensation. 

A detailed calculation may be carried out if information is present con¬ 

cerning the specific design of the tank, the pressurizing system, the engine 

in general, and given operating conditions. We shall examine a simplified 

problem with the aim of illustrating the approximation method. 

A gas enters the upper tank cavity with temperature T higher than the 

temperature of the internal wall surface Tc and will heat the upper surface 

of the tank, the displaced liquid, the walls and the fixtures located in the 

tank. In the case of convectional heat flows alone, we have 

IQ kS ■'V- W7'-7; )-. «A-(/'--/> (2.338) 

where is the heat transfer coefficient; 

is the heated surface. 

As a result of heating, the tank wall receives heat 

‘'’Qc=ÇrO<A «V Cc(!T, , (2.339) 

where £c is a coefficient which takes into consideration the difference 

between the mean wall temperature and temperature Tc, the tempera¬ 

ture of its internal surface; 

6c is the tank wall thickness; 

cc is the specific heat of the tank wall material. 

For the bottom and for the fittings we have: 

Ç.PvS. 6,c, dT, ; 
D D D D D D 

(2.340) 
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(2.341) ctQa ¡Sa n’ 

where is the mass of the heated fittings. 

The heat expended in heating the liquid equals : 

WrhYfidrv <2-342> 

Since the mass of the liquid is quite high, the liquid temperature 

increment usually proves to be insignificant. 

A change in internal gas energy is observed as a result of the heat 

transfer. Considering that the gas quantity in the tank constantly changes, 

we find that 

dU—cl(YcvT), 

where Y is the quantity of gas in the tank at a given moment; 

cv is the specific heat of the gas. 

The thermal balance equation is written in the following form. First, 

the quantity of heat emitted by a heating surface is equal to the heat content 

of the heated masses, therefore 

— V-bVbV^b1 
ulSl^T~Tl)lit *’ipisihcidTi 
"A (T - rcí¡i ’v-AYVc dTc'• 

ü„Sa(r-T()(¡t dTa. 

(2.344) 

(2.345) 

(2.346) 

(2.347) 

Secondly, the heat quantity obtained by the heated masses is equal to 

a change in the internal gas energy: 

X <"c dT, -I- \amuca <ITa d (YcJ). 
(2.348) 

The bottom surface 

Sb-tbnr-\ (2.349) 

where e. is a coefficient which takes into consideration the variance in 

shape of the bottom from a plane; 

r is the tank radius. 
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The liquid surface is 

Sl=--n*r2' (2.350) 

where is a coefficient which takes into consideration the liquid surface 

increase as a result of its unevenness and the deviation in the 

vector of full flight acceleration from the direction corresponding 

to the rocket axis. 

The volume of liquid expelled from the tank by time t, will equal: 

/ 

K (2.351) 
0 ¿ J l 

0 

where is the mass liquid rate of flow per second from the tank. 

The volume occupied by gases is : 

t 

1/ K.[g «dt. (2.352) 
in (., ,) 7 

^ u 

The surface of the tank wall is 

5C= sc 
in * ? iV' (2.353) 

where ec is a coefficient which takes into consideration the variance in the 

shape of the tank from the cylindrical; 

is the initial free volume of :he tank. 

The gas quantity in the tank at time t, without considering condensa¬ 

tion, equals 

. r /■’tí: 
Kh' (2.354) 

where pt, Tt are gas pressure and temperature in the tank. 

Let us examine one of the possible sequences in the calculation of heat 

transfer between the gas and the tank sides, without considering condensation 

on the walls. Let us analyze the tank along its length at separate angular 

sections, each with altitude M (Figure 17). The liquid flow rate from the 

tank will be considered constant. Here identical time intervals At correspond 
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to the evacuation of each section. The calculation will be made according 

to average parameter values, assuming the intermittent displacement of 

liquid within the tank. 

Figure 17. Diagram illustrating heat 
transfer in the tank. 

After liquid displacement by value AZ the internal surface of the first 

annular section is exposed, which will interreact with the gas in the course 

of At seconds. Heating of the first ring in the course of the first time 

interval is characterized by the following equations. 

The heat transmitted from the gas to the wall: 

Q0--uc2itr\l (¡f0 —7'c0) A/, (2.355) 

where index "zero" denotes the beginning of the process. 

In order to determine the temperature increment of the wall we have: 

- \¿c2r.r±rotcc\Tc. (2.356) 

The wall temperature of the first ring by the end of the first time 

period is: 

The gas quantity in the tank at 

>'u 

Trl = ^ r0 +AT". 

(2.357) 

the time under consideration will equal: 

~~(V -fieri/). /0 „0. 
RTu in' (2.358) 
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The decrease in gas temperature in the tank is : 

A/',, 
^ nr V 

The new value of the gas temperature will be: 

T'i = Í o' A7o. 

(2.359) 

(2.360) 

With this we shall conclude our calculation of heating of the first 

ring in the first time interval. 

In the second interval of time the heating of two more rings is 

observed, however the initial temperature of the first upper ring T* is 
II cl 

higher than the initial temperature of the second ring having just 

appeared from under the surface of the liquid. 

The mass of the gas, having entered from the generator during time At, 

equals : 

Y'o-i^Odt. 
0 

The gas mass in the tank is : 

Y' ; 
U 

The gas temperature in the tank at the beginning of the second heating 

interval, under an assumption concerning the constancy of the specific heat 

(since in the process under consideration the temperature change is not 

great) will equal: 
M 

yj,-; r0\ a c/t 
r,r.r---• (2.363) 

' i 

The heat transmitted from the gases to the first ring are: 

Ql- A/. (2.364) 

The heat transmitted from the gas to the second ring will equal: 

Ql1 ^2:^/(7^2,-TV,) A/- (2.365) 

(2.361) 

(2.362) 
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The heat transmitted from the gas to the wall, is equal to the sum: 

¢: O-rQ':1. (2.366) 

The decrease in gas temperature in the tank equals: 

o!1 
(2.367) 

The new gas temperature value in the tank will be: 

TWi-ATY (2.368) 

The pressure in the tank will equal: 

/V 
A*'/.. 

t’ -, '\~rSI In 
(2.369) 

In the third time interval we consider the heating of three rings, but 

the method remains analogous to that which we have examined above. 

Let us examine several relationships which characterize the formation of 

condensate. The gas quantity in the tank at an arbitrary point in time is 

determined according to the formula: 

ï - 
\ RTt 

a Jt, 
fin 

(2.370) 

where G^n is the quantity of condensate which is formed per unit time. 

The mass gas flow per second from the accumulator to the tank is: 

y^j'Gdt. (2.371) 
Û 

In conducting experiments, if the operating condition of the accumulator 

is known, i.e., G(t), and the gas constant is R, then according to the 

results of measuring pfc and Tt, it is possible to determine the quantity of 

condensed vapors according to the formula: 

_K -- -*¥- 
fin RTt 

Cidt. (2.372) 

Or, if we employ equation (2.352), then we obtain: 
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(2.373) 

The mass input per second of condensate in a general case, when p , T , 
• 

and G are variables is: 

fin (2.374) 

If pt and Tt are constants, then 

f) 1 

“Gfin RTtQlat~ü- (2.375) 

The appearance of condensate is possible in that part of the boundary 

layer where the gas temperature is less than the value Tg, calculated for a 

given tank pressure. The wall temperature increases in proportion to the 

distance from the surface of the liquid, and at distance lQ reaches the value 

Tc ■ Tg. Upon displacement from the center of the tank to the side, the gas 

temperature will decrease and at a certain distance 6g from it, the value will 

be T * Tg. The farther (higher) from the surface of the liquid, the lower 

6g will be. At distance 1$, the value 6g = 0. Therefore, the gas volume 

within which condensation of vapors contained within the gas is occurring at 

a given point in time will equal: 

l/=2.Trjás (/)<//. (2.376) 
0 

We note that calculation of the value l is made from the liquid surface. 

The thermal balance equation, with condensation present, is written in the 

following form: 

d (ScTc)-d(r*V 
tin t (2.377) 

This equation may be presented by the following two expressions: 

dQf±l?d(r*YtÙ (2.378) 

d® fin (■W-^Kf^/j.). (2.379) 

In equations (2.377) and (2.378), the concealed heat of condensation 
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r* is introduced under the differential sign, taking into consideration a 

possible change in tank pressure. Keeping in mind equations (2.373), (2.374) 

and (2.353) and assuming that specific heat cy - const, we obtain in place 

of (2.377): 

- * -'t - 

Í°t *)*•«+*•. -Jîol+ 
\ 0/0 

+«• 7-(^ 7i I °iäj-£ (¾ - ' t-fí)x 

-^-kn+iM-h dr*. 
(2.380) 

If the calculation is carried out according to time periods At and 

utilizing the concepts concerning annular sectors, having a length AZ, 

then in. carrying out engineering calculations we may stipulate r*-pt« 

» Tc « Tt « 0. in this connection in place of equation (2.380) we have: 

°Z 

Gi+t.ort=ociit7>tf-L,o 
r Ql (2.381) 

The first element on the left side of equation (2.381) characterizes 

a derivative of the total quantity of heat contained in the gases occupying the 

upper tank cavity. The second element characterizes a derivative of the 

heat quantity introduced by the working medium entering the tank from the 

accumulator. The first element on the right side of the equation repre¬ 

sents a heat quantity derivative of the wall material. The last element . 

equals a derivative of the quantity of heat consumed in condensation in the 

boundary layer. 
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Footnotes 

1. To p . 82. Tr. note: Gauss divergence theorem. 

4 
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