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SUMMARY

!

The convergence rates of eigenvalue soluticns using
two finite plate-bending elements are studied. The elements
considered are the well-known 12-degree-of-freedom, non-
conforming rectangular element and the 16-degree-of-freedom,
conforming rectangular element. Three problems are analyzed:
a square plate simply supported on two opposite sides, with
the other two sides clamped, simply supported, or free. Closed
form, finite element solutions for these problems are obtained
by using shifting E-operators.

With few exceptions, eigenvalue solutions found
with the non-conforming element converge from below the
exact answers at an asymptotic rate of n~*, where n is the number
of elements on a side. However, since the array size needed for
such convergence is very large, little can be said about the
convergence rates for practical arrays. The conforming element
solutions converge from above at a rate of n~! for values of n
larger than 6. A comparison of the errors involved in using
these two elements shows that the conforming element is far
superior to the non-conforming element.

(iii)
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3.1.1 Two-root Approximate Solutions
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CLOSED FORM, FINITE ELEMENT SOLUTIONS FOR PLATE VIBRATIONS

1.0 INTRODUCTION

In recent years, a new, powerful approximate technique for solving complicated boundary
value problems has evolved. This is the so-called finite element method, and it has been extensively
developed for the analysis of structures. In this finite element technique, the continuous system is
replaced by a substitute system consisting of a number of finite elements linked together. Once the
properties, stiffness, mass, etc. of the individual elements have been defined, the whole substitute
system can be described by large matrix equations, readily soivable using modern computers.

The success of the finite element technique depends upon the behaviour of each element
and on how few elements it takes to adequately model a real structure. It is important that the finite
element solutions converge to the exact answers as the number of elements is increased, and that this

convergence be rapid. It is also desirable to have some estimate of the accuracy of any solutions
found using a specific array of elements.

For plate-bending problems, two of the most important rectangular elements developed
are the 12-degree-of-freedom non-conforming element and the 16-degree-of-freedom conforming
element. The first element, independently derived by several investigators, Lindberg", Melosh?,
Zienkiewicz and Cheung”, Dawe®, and Clough and Tocher” amongst others, was one of the first
successful plate-bending finite elements developed. This element is called non-conforming since two
elements linked together will have continuous displacements along their common edge, but will not
have continuous normal slopes. More recently, a 16-degree-of-freedom element has been inde-
pendently derived by Bogner, Fox and Schmit”, Butlin and Leckie”, and later by Mason®. This
element has the added property that two elements linked together have continuous normal slopes
along their common edge as well as continuous displacements.

Recent literature has clarified to some extent the criteria that assure convergence of the
finite element approximation to the true solution as the array is refined. A sufficient condition is
that the element be capable of representing a constant strain condition; in the case of plate bending
this should be a constant curvature condition, pure bending, or pure twist. This includes a condition
of zero strain that corresponds to rigid body displacements. A further condition is that the element
be conforming. This condition assures monotonic convergence of the total potential energy (Ref.
9,10,11). Both elements considered in this study satisfy the first criterion and, hence, yield results
that must converge to correct solutions. The 16-degree-of-freedom element also satisfies the second
criterion and, hence, must provide monotonic convergence of potential energy for static problems.
Indeed, it is possible, following the arguments presented by Cowper et al.'”, to show that the rate of
convergence should be proportional to n~! where n is the number of elements on the side of an

array. However, at this time, an extension of this general convergence proof to cover dynamic
problems is still lacking.

The convergence of the 12-degree-of-freedom model has been studied by Walz, Fulton and
Cyrus'® who show that for simply-supported square plates, both the static and dynamic conver-
gence rates should be n~2% For large values of n, they also provide an estimate of the errors involved
in using these clements. This convergence study is somewhat limited, since only one boundary
condition is considered, and the results hold true only for large arrays.



A more complete study of the dynamic convergence rates of these two elements is given in
this report. Three problems are studied; a square plate simply supported on two opposite sides,
with the other two sides simply supported, clamped, and free. The problems chosen all have exact
solutions, so that the finite element errors may be systematically studied. A closed form type of
solution using finite shifting E-operators is developed, so that solutions for large arrays can be
found with little computational effort. This type of solution also reveals results of general interest
that might easily be masked by a mass of arithmetical detail. Twenty eigenvalues are found for
each of the problems, using each of the elements. The number of elements on a side is varied from
2 to 20, and the effects of reducing boundary conditions on some edges are investigated.

2.0 EXACT SOLUTIONS

The method for finding exact solutions to these three problems will now be given. The
well-known differential equation governing the free vibrations of plates is (Timoshenko'”, p. 334)

W - LIW M
VW=t

where W(x,y,t) is the detlection of the plate, u is the mass per unit area of the plate, D is the plate-
bending rigidity, and t is the time. Assuming simple harmonic motion of the plate

W (X vy,t) =w (X, y) sin wt (2)
and substituting this into equation (1) leads to

d'w d'w o'w
S t2 == P
ax ox’ay ay

(3)

w

ok,

Consider the plate shown in Figure 1, with the two opposite sides y=0 and y =L simply
supported. These boundary conditions are satisfied by a sine wave in the y-direction, so that

w (X, y) = X (x) sin (pry/L) (4)

where p is the number of half waves in the y direction. Thus, the differential equation to be solved
becomes

2,2 4 :
X/ 2}_)14_7: X" 4+ (LP_ITT)-_ EI;_) X =0 (56)

where X'’ = 3'X /ox’, etc.

Thus, the partial differential equation has been reduced to a solvable ordinary differential
equation. Assuming that

X (x) = A exp (arx/L) (6)
. and substituting this into equation (5) yields the characteristic cquation

o -2 +p*' 1 -4%) =0 D
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where o' = uo’L'/p'r'D is a non-dimensional frequency parameter. Solving for the roots of this
quartic equation yields

o =p' (1+a) (8)

If > 1, then
a =+ k,wherek?® =p* (1 4+ &) 9)
and a = + im, wherem® = p* (@ — 1) (10)

and i is the imaginary unit.

Using these four roots, the solution for X becomes

X(x) = A cosh(krx/L) + B sinh(krx/L) 4 C cos(mwrx/L) 4+ E sin(mmrx/L) (11)
If & < 1, then
a =+ k,wherek’® =p* (1 +a) (12)
and a =+ /"where L =p(1-5) (13)
so that
X(x) = F cosh(krx/L) + G sinh(kwx/L) + H cosh (/7rx/L) + J sinh(./#rx/L) (14)

The constants A, B, C, and E or F, G, H, and J can be determined by consider-
ation of the boundary conditions along the two sides, x = +L/2. Two boundary conditions on
each side are used to give four equations in the four unknown constants, and elimination of these
gives a frequency equation for the particular case. '

It is easier to consider symmetric and anti-symmetric sclutions separately. For solutions
that are symmetric in x about the y-axis, equation (4) becomes

w(x,y) = |A cosh(kmx/L) + C cos(mrx/L)] sin(pry/L) (15)
while for the anti-symmetric case it becomes
w(x,y) = [B sinh(krx/L) + E sin(mwx/L))} sin(pry/L) (16)

Boundary conditions for the three types of edges considered are well known. For the clamped
edge, the boundary conditions are

w (X, y)l 0

X =L/2=
and a7

aw =0
ax} x=L/2



for the simply-supported edge, they are

w (X, y)l =0
x=L/2
and M, = (_0_3\_1 + v@) =0 (18)
ox’ ay”
x=L/2
and for the free edge, they are
Mx = (ft‘g VQB:Y) =0
ax’ oy’
x=L/2
and (19)

1
(=]

IM,,\ _ (oW ’w
Q- (V - _«W) (ax“ @) axay*)

x=L/2

The frequency equations for three types of boundary conditions are obtained by substituting
equation (15) into the two boundary conditions, and then eliminating the constants from the ensuing
equations. The transcendental equations are

k tan(imm/2) 4+ m tanh(kx/2) = 0 (20)
cosh(kr/2) cos(mnr/2) = 0 (21)
and ‘
2 - 2  _ —- 0
m (ﬁ-i,ﬁ——;?‘?-) tan(mr/2) + k (‘-‘——T(—z——")—?-) tanh(kr/2) = 0 (22)
m + vp k* — vp°

for the clamped, simply-supported, and free boundaries, respectively.

Similar transcendental equations can be found for the anti-symmetric cases and for the
cases where ¢ < 1.

The eigenvalues for the problems correspond to the roots or zero values of the trans-
cendental equations, and may be found by an iterative process. A value of p, the number of half
waves in the y-direction, is selected and values of the non-dimensional frequency parameter &
are used to evaluate the transcendental equation being solved. When a zero crossing is found, an
iterative procedure is used to obtain a precise value of frequency that makes the equation as close

to zero as required. The exact non-dimensional frequencies found for these three problems are
given later.

3.0 CLOSED FORM FINITE ELEMENT SOLUTIONS

The straightforward method of obtaining eigenvalues for various finite element gridworks
is to set up the large system of simultaneous equations for a particular gridwork, apply boundary
conditions, and solve the resulting eigenvalue problem on a digital computer. There are two diffi-
culties in using such a procedure for the present study. Firstly, the size of the eigenvalue problem



rises rapidly with increase of the number of elements used, and hence the present study would in-

}'()lve a prohibitive amount of computation time. Secondly, results of general interest can be hidden
in a mass of arithmetic detail.

A method of closed form solution utilizing shifting E-operators has therefore been adopted
for this study. This method was developed by Lindberg" in a comparison study of several different
finite elements. It was also used in a simplified form by Leckie'*. The procedures are similar to those
used in finding the exact solutions for the three problems. The equilibrium equations for an internal
point of an assemblage of elements can be written using the stiffness and mass matrices of the ad-
jacent elements. These equilibrium equations are expressed in terms of the generalized displacements
of the surrounding element corners, and shifting E-operators are used to express these equations in
terms of the generalized displacements of the single internal point. Expressions for these generalized
displacements, sinusoidal in the direction normal to the simple supports and exponential in the other
direction, are assumed and substituted into the equilibrium equations. A characteristic equation
for the assumed displacement functions is then obtained, and general expressions for the displace-
ment functions are found. These general functions can then be substituted into the generalized
force equations for an edge point, thus obtaining both force and displacement equations for an edge.
By selecting the appropriate boundary conditions, an approximate transcendental frequency equation
for each of the three cases is found. The roots of these equations are found using iteration procedures.

These equations are a function of the number of elements used in the problem, and it is easy
to vary this number and study the convergence of the approximate solutions. It is also possible to use
a large number of elements without increasing the amount of computing time required for a solution.

3.1 Twelve-degree-of-freedom, Non-conforming Element

This element has three degrees of freedom per corner, ¥,, ¥,, and w/a, a total of 12 degrees
of freedom. It is commonly called a non-conforming element, since two elements linked together
have continuous displacements along their common edge, but do not have continuous normal slopes
there. The element is well described in the literature (Ref. 1-5), so only the numerical values of the
stiffness and mass matrices used in this study need be given. These stiffness and mass matrices for

a square element of side a, and Poisson’s ratio of 14, are given in Tables 1 and 2 respectively, where
the displacement vector is

{#’xh ‘I’yly Wi/a, Yaoe o w.,,/a}

The problem to be solved is shown in Figure 2 for the particular element assemblage of
n=2q=6. Note that the co-ordinates r and s are not continuous, but rather are incremental and
refer to assemblage points. Consider the internal point 5 of the assemblage shown in Figure 3. Since
the displacements at the internal point are assumed to be continuous, it is possible to write a matrix
equation for the forces at this point as:

(M, 17 0 39 44 0 0 17 0 -39 5 0 192 272 0 O
M,} =D| o 17 39 o 5 192 0 17 39 0 4 0 0 212 0
1v.a), —39 -39 —66 O ~192 —408 39 -39 —-66 —192 O —408 O 0 1896

5 0 -192 17 0 39 44 0 0 17 0 -39
0 44 0 0 17 --39 0 56 —192 0 17 =39 (W}
192 0 -408 -39 39 -66 0 192 -—-408 39 39 -66



jofat | 730 —28-116 80 0 0 -30 28 116 -120 0 -548 320 0O 0
oEo00| 28 —80-116 0 -120 -548 28 -30 -116 0 80 0 0 320 0
116 116 394 O 548 2452 —116 116 394 548 O 2452 0 O 13816

-120 0 548 -30 28 —116 80 0 0 -30 -28 116

0 80 0 28 -—-30 116 O —120 548 -—28 —30 116]{W,} (23)
—548 0 2452 116 —-116 394 0O —548 2452 —116 -116 394

where
(WU = {1, ¥a1, W1/8, Y2, Va2, Wo/a,.......... Wro, Vo, Wo/a}
is a 27-component vector of the displacements at assemblage points surrounding point 5.

Since only dynamic solutions with no external loads are required, then for equilibrium at
any point these forces must equal zero.

A shifting E-operator (see App. A) is defined as
E: E:n Wes = Wrik,s+m

where w,, is the displacement w at the point (r,s) in Figure 3. Then, using the r and s co-ordinates
for points 1 to 9 shown in Figure 3, these equilibrium equations may be written as

[ (B! + EY (B + EY (17 + 30 v*) + EX (E;! + E}) (44 — 80 v*)
+ ES (E;' + E!) (56 + 120 v*) + E? E? (272 — 320 v*) } vus
+{ (E;' —E) (B! —ED (289 s

+{ Er + E) (E;' + E) (39 + 116 v*) + EJ (E[' — E}) (192 + 548 v*) jwy/a = 0 (24)

{ (B7' — ED) (E;' — E;) (28+4%) | vis

+{ B + E) (EX' + E) (17 + 30 v*) + E) (E;' + El) (56 + 120 v*)

+ ENE;' + E}) (44 — 80 v*) + E} EQ (272 — 320 v*) | ¥us

+{ (E7' + E) (B! — E;) (39 + 116 v*) + E} (E;' — E}) (192 + 548 v*) | wys = 0 (25)
{ (E;' — E}) (E7' + Eq) (- 39 — 116 v*) — EY(E;' — E}) (192 + 548 v*) | ¥is

+{(E7 +EY (Ef' — E} (- 39 — 116 4*) — EXE;! ~ El) (192 + 548 %) } ¥us

+{ (E* + EV) (E;' + El) (— 66 — 394 v*) — EJE! + E}) (408 + 2452 v*)

— E%E;! + El) (408 + 2452 v*) + E? E? (1896 — 13816 v*) | wg/a = 0 (26)

In these expressions, v* = uwa' / 560 D is a non-dimensional frequency parameter.



Since the problems considered are all simply supported on two opposite sides, it is possible,
as in the exact solution, to assume that the deflected shape in the s-direction is a sme wave, If it is
assumed that the deflection in the r-direction varies exponentially, then

(w/a)rs = A e°r sin(prs/n)

(wr)r.l

B e°r sin(prs/n) @27

(Va)rs = C eor cos(prs/n)

where p is the number of half sine waves in the s-direction.

One of the valuable properties of E-operators is that they obey the rule

F.(E,) Fa (E,) akr bm* = akr bm F, (ak) F, (bm)

where F,, F, are specified functions. Hence, it is easy to substitute exponential functions into
E-operator equations. A table of E-operator transformations is given in Appendix A. Substituting
the deflection equations (27) into the equilibrium equations (24-26) and using this transformation
table yields the following three equations

sinh o { -39 cos(pw/n) — 96 — ¥ (68 cos(pwr/n) +137)] A

+ {cosh ¢ {17 cos(p7/n) + 28 + ¥ (15 cos(pm/n) + 30) ]

+ 22 cos(pw/n) + 68 — ¥ (20 cos(pr/n) + 40)} B

— 14 ysinh ¢ sin(pr/n) C =0 (28)

sin(pmr/n) {cosh ¢ (-39 — 587) — 96 — 1375} A + 14 y sinh ¢ sin(pr/n) B
+ {cosh ¢ [17 cos/pr/n) + 22 + ¥ (15 cos(pmw/n) — 20)] + 28 cos(pr/n) + 68

+ ¥ (30 cos(pr/n) —40)} C =0 (29)

{cosh o [ —66 cos(pr/n) — 204 — ¥ (197 cos(pw/n) + 613) |
— 204 cos(pr/n) + 474 — 5 (613 cos(p7/n) + 1727)} A
+ {sinh ¢ [39 cos(pm/n) + 96 + ¥ (68 cos(pr/n) + 137)]} B
- 4 sin(pr/n) {coshe (-~ 39 -~ 587 ) ~96 — 1375} C =0 (30)

where 5y = y*/2.



. For a nontrivial solution for A, B, and C, the determinant of the coefficients must vanish,
and this determinant simplifies to an equation cubic in cosh o. This is the characteristic equation

these problems, the roots are found to be

coshe < 1

-1 < coshe <1

and cosho < -1
If cosh 6> 1, then ¢y = + « say, and so
| (W/&)eal, = (E cosh ar + F sinh ar) sin(prs/n) (31)
If -1 < coshos €1, thens, = + i3 say, and so
[(W/a)al, = (G cos 8r + H sin 8r) sin(pws/n) (32)
Lastly, consider cosh 3 < — 1. Say that cosh o3 = -3, so that o3 = cosh-1(8) + im = ¢ + ir. Then
[ (W/a)ea ], = (I (=1)r cdsh tr + J (—1)r sinh ¢r) sin(prs/n) (33)

Adding the three components gives a final expression for the deflection as
(w/a)rs = { E cosh ar + F sinh ar + G cos gr + H sin gr
4+ I (= 1) cosh ¢r + J (= 1)r sinh ¢r } sin(p7s/n) 34)

It is interesting to note that the first four terms are similar to those found in the exact solution,
while the last two terms arise as a result of the finite element approximation.

As in the exact solution, it is easiest to consider symmetric and anti-symmetric cases
separately. If only symmetric solutions are considered, the deflection becomes

(w/a)es = { E cosh ar + G cos gr + I (— 1)r cosh ¢r } sin(pws/n) (35)

By using the first two equilibrium equations, it is possible to solve for (y,)., and (¢, in
terms of (w/a),,. If the above expression for the deflection is substituted into these expressions, and
E-operator transformations are applied, then these expressions become

($e)rs = { E A sinh ar + G Mz 8in 8r 4+ I A3 (— 1) sinh ¢r } sin(pws/n) (36)

(Va)rs = { E Ay cosh ar + G X; cos fr + I \g (— 1)r cosh ¢r | cos (pms/n) (37)

where the )\ terms are complicated functions of a, 3, ¢ and p_r:_r . These terms are given in Appendix B.



.

Now the boundary conditions must be considered. The finite element assemblage for an
edge point is shown in Figure 4. Using the stiffness and mass matrices of these elements, it is possible
to write the equilibrium equations for this edge point as

"M,l D 17 0 39 22 0 -24 5 0 192 13 0 -222 17 O 39
)M, =45 0 17 39 0 28 96 0 44 0 013 0 0 17 -39
_V-a‘.‘.. -39 -39 -66 —24 —-96 —204 —192 0 —408 —222 0 948 -39 39 -66

22 0 -24 . -3 -28 -116 40 -42 -199
0 28 -96|(W, - "’;“50’2—0% -28 -30 ~116 42 —60 —274
-24 96 —204 “ 116 116 394 —199 274 1226

-120 0 —-548 160 0 -922 -~-30 28 -116 40 42 -199

0 80 0 0 160 0 28 --30 116 -—42 -—-60 274 (W.} (38)
548 0 2452 -922 0 6908 116 —116 294 -—-199 -274 122

where

{WZ} = {%l, \l/.l, Wi /a’ ¢r2o 41129 W2/a; ------------ ] V’rﬁv wnﬁv W(;/a}

Using E-operators, these equations for (M,),. (M,)),. and (V.a),, can be written in
terms of (¥,),.s (¥,)q. 8and (w/a), .. The expressions for these edge displacements are, sincer = q = n/2,

(Yedaa = {E A\ sinh aq + G M2 sin 8q + I A3 (—1)" sinh £q} sin(pws/n)
($a)ga = {EXg cosh aq + G A5 cos 8q + I A\ (—1)" cosh £q) cos (pws/n) (39)
(W/8)qa = {E cosh aq + G cos 8q + I (—1)* cosh ¢q) sin(prs/n)

Substituting these into the expressions for edge forces and using E-operator transformations gives
D .
(Mga = 45 (&t E + 2 G + ¢ I} sin(pms/n)

(M)

%1’64 E + e G + € I} cos(pms/n) (40)

(Vea)ys = -4%{67 E 4+ & G + ¢ I} sin(prs/n)

where the €’s are complicated functions of «, g and ¢, aq, 3q, tq, and p7/n. These functions are also
given in Appendix B.

Now both the edge forces and the edge displacements have been defined (eq. (39) and (40) ).
By selecting the appropriate boundary conditions from these, transcendental equations can be

found that yield the required eigenvalues of the three problems. These boundary conditions will
now be considered.



Since there are three unknowns in the edge expressions, three boundary conditions must
be satisfied. This is different than the exact solutions where only two boundary conditions could be
satisfied, and arises because this type of solution is approximate. In the continuous case, if a function
such as the displacement w is set equal to zero along an edge, then all the derivatives of w taken
tangent to that edge are also automatically set equal to zero, This does not automatically follow in
approximate solutions and, hence, it is reasonable to have to satisfy additional boundary conditions.

The boundary conditions for a clamped edge are
(w/a)q.s =0 > (wr)q.n = (O ’ %s)q,s =0 (41)

Note that in the continuous case the third boundary condition (¥,),. = 0 would automatically be

satisfied by prescribing the first boundary condition, (w/a),, =0, while in the approximate case
this is not true.

For a simply-supported edge, the boundary conditions are
(w/a)q.s =0 H (Mr)q.u =0: (‘/’a)q.u =0 (42)

Again, the first and third boundary conditions are intimately related. Finally, for a free
edge, the boundary conditions are

(Mr)q.u =0; (Mn)q,u =0; (V’a)q.s =0 (43)

The difference between the boundary conditions for the continuous case and those for the approxi-
mate case is greatest for this last problem. In the continuous case, a compound shear condition was
set equal to zero. This consisted of the shear force plus the rate of change of twisting moment. Here,
both the shear force and the tangential bending moment are set equal to zero (the second and third

conditions) but this tangential bending moment does not correspond to the twisting moment of the
continuous theory.

For each problem, the appropriate edge expressions are set equal to zero, and the con-
stants E, G, and I are eliminated to yield a transcendental frequency equation. As for the exact
solutions, iteration procedures are used to find the roots of these expressions, and hence the eigen-
values. Note that each transcendental equation is a function of q, the number of finite elements on
a half side of the problem. Thus, eigenvalues can be found for any desired value of q, and hence n,
so it is possible to study the convergence of solutions as n is varied.

3.1.1 Two-root Approximate Solutions

In the exact solutions, only two boundary conditions on an edge may be satisfied, It has
been shown that three conditions must be satisfied for the approximate solutions. An investigation
was carried out to find the effect of leaving out the third boundary condition.

Consider the deflection expression, equation (39)

(w/a)es = |E cosh ar + G cos 8r + I (—1)° cosh ¢r) sin(pws/n)
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The ‘ﬁrst two terms are similar Lo those used in the exact solution, while the third term appears to
be different. Assuming that it can be disregarded, the deflection becomes

(w/a)rs = |E cosh or + G cos 8r] sin(pws/n) (44)

and slopes and edge forces are the same as before, with the third term dropped. The boundary con-
ditions used in the two-root solutions are:

for the clamped edge
(w/a)q.n =0 H (\l‘r)q.ﬂ =0 (45)
for the simply-supported edge
(W/a)q.u =0 N (Mr)q.u =0 (46)

and for free edge M
(M.) qm i1 ( ")q.n—ll, =0 7
5 } (4 )

Mo),, = 0; 4 (Ve

Note that, in the free edge, the boundary condition used only approximates the classical boundary
condition. As before, the application of the boundary conditions yields transcendental equations.
The solutions of these two-root cases will be discussed later.

3.2 Sixteen-degree-of-freedom Conforming Element

This element, independently derived by Bogner, Fox and Schmit®, Butlis: and Leckie”,
and Mason®, is called conforming since elements linked together have continucus normal slopes
along their common edge as well as continuous displacements. There are four degrees o1’ ireedom at
each corner point, ¥,, ¥,, aw,_",, and w/a. The stiffness and mass matrices for a square viement of
side a, and Poisson’s ratio of }4 are given in Tables 3 and 4, where the displacement vec:or is

{W]/a, ‘I’xl: wyly a ‘pxyh Wg/a, ------ P - § \l’x'yd}

Closed form solutions using this element are focnd, following the same procedure as
before. Four equilibrium equations for an internal point are writien, and by assuming displacement
functions similar to equations (27), i.e.

(w/a)rs = A e°r sin(pws/n), etc.

and applying E-operator transformations, a characteristic equation for the problems is found. This
equation is quartic rather than cubic as before, and its four roots give values for ¢ that are used to
determine (w/a). For these problems, it is found that all four roots are greater than —1. Typically

coshey 210y ==

ta

cosho; 2100 = £
coshog21li03 =+ ¢

~1 Zcoshoy <104 = %18



—12 —

which yields the deflection expression

(W/a)esa = |A cosh ar + B sinh ar 4+ C cosh ér + D sinh ér + E cosh ér
(48)
+ F sinh ¢r + G cos gr + H sin gr] sin(prs/n)

In some cases, two of the roots are between —1 and 1, and the deflection expression then contains
four hyperbolic expressions and four trigonometric expressions.

As before, expressions for the slopes and twist are found in terms of the deflection using

the equilibrium equations. The expression for (w/a) is substituted into these equations and, using
E-operator transformations, they become

($e)re = |A Mo sinh ar 4+ C Ayg sinh r + E M2 sinh ¢r + G Ay sin gr] sin(prs/n)
(Ya)ra = |A Nig cosh ar + C A5 cosh or + E Mg cosh ¢r + G N7 cos gr] cos(prs/n) (49)

(8fra)ra = |A Ax sinh ar + C Ay sinh 8r + E Ao sinh ¢r + G Ny sin gr] cos(prs/n)

where only symmetric terms are considered. No details of the equations or definition of the \'s are
given, since the expressions involved are exceedingly cumbersome.*

Boundary conditions are then considered as before, and expressions for the edge forces
are found as

Mpgw = D (€10 A + €11 C 4 €12 E + €13 G] sin(prs/n)

Muas = D l614 A + €15 C + €16 E + €17 G] cos(pms/n) (50)
(Mu/a)as = D le1s A + €19 C + €0 E + €x G] cos(pms/n)

(Vea)gs = D [e22 A + €23 C + €24 E + €21 G} sin(pws/n)

Again, no details are given.

It is apparent that there are four boundary conditions to satisfy, rather than three as
before. These are:

for the clamped edge
(W/a)ga = 0; (Yr)as = 0; (Va)as = 0; (a¢rn)q.n =0 (51)

for the simply-supported edge

(w/a)q,n =0; (V’a)q.u =0; (Mr)q.n =0; (Mrn/a)q.- =0 (62)

*Full details will be supplied upon request.



and for the free edge
(Mr)q,s =0; (Mu)q.n =0 ’ (Mn/a)q.l = 0: (v°a)ll"' =0_. (53)

For each of these cases, a 4 X 4 frequency determinant or transcendental equation is obtained and
the zero values of this determinant, found by iteration, correspond to the desired eigenvalues.

4.0 RESULTS

Twenty eigenvalues were found for each of the three problens, five for each set of modes
with one, two, three, and four half waves normal to the simple supports. Of each five, three were

symmetric and » v other two were anti-symmetric in the direction parallel to the simply-supported
edges.

For the non-conforming, 12-degree-of-freedom element, n, the number of elements on a
side was varied from 2 to 20 in steps of 2. Some larger values of n were chosen in special cases. These
results are given in Tables 5, 6, and 7. In a few places, especially for small values of n, it was found
impossible to find eigenvalues because the characteristic equations had imaginary roots. Blanks
in the Tables indicate these points. It was also impossible to find solutions for the higher modes for

small values of n. No great effort was made to find these points by other means, since the results
would be very inaccurate in any case.

Since exact solutions fcr these problems are available, plots of error versus the number of
elements are given in Figures 5, 6, and 7. Negative error, that is, solutions below the exact values,
are plotted with a solid line, while positive errors are given by dashed lines. It may be seen that
most of the error plots tend to asymptote to a straight line as n becomes large. The slope of the
straight line is the rate of convergence, and for this element is —2. In a few cases, it can be seen
that this slope has not been reached, even though the number of elements on a side is very large.

For the clamped and simply-supported cases, the non-dimensional parameters sometimes
start above the exact solutions, cross, and then converge from below. This cross-over point occurs
at small values of n. Similar behaviour is observed in the free case, but the cross-over point some-
times occurs at relatively large values of n. Furthermore, for eight modes such cross-overs have not

occurred, even though n’s as large as 40 are used. It is not known whether or not these cross-overs
will ever occur for these modes.

Percentage errors in the solutions found for 10 elements on a side are given in Table 8.

With one exception, the errors are all greater than 19, and often over 109, even though a large
number of elements are used.

Little difference was found between the three-root and the two-root solutions for the
clamped and simply-supported cases. Some values changed in the fifth or sixth place. For the free-
edge case, the results were significantly different and the two solutions are compared in Table 9
for some of the eigenvalues. As expected, the eigenvalues are nearly the same at large values of n.
The three-root solutions are somewhat better at low values of n when the solution is converging
from below, but are worse when the solutions are converging from above.
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As mentioned previously, Walz, Fulton and Cyrus' have shown that the rate of con-
vergence for this element should be n™ for the simply-supported case. They fiave also given an
expression for the error in the solution for large values of n. Figure 8 gives a comparison of the
Walz, et al. predictions of error with the actual errors found for a few typical modes. It can be
seen that their error estimate is quite good for large values of n (n = 20) for the lower modes, but
not as good for the higher ones. Nor are their predictions accurate for smaller values of n.

It may be concluded that the convergence rate, n™*, predicted by Walz, Fulton and Cyrus'?
for the simply-supported case, is verified herein, and that this convergence rate apparently applies
to the other two boundary conditions as well (except for some modes in the free two sides case). It
must be emphasized, however, that this value only holds for very large values of n and does not
apply for array sizes that are readily useable in the direct stiffness method. For these realistic arrays,
it is clearly impossible to say anything general about convergence rates.

The results for the three cases found using the 16-degree-of-freedom conforming plate
element are given in Tables 10, 11, and 12, Again, 20 eigenvalues are presented for each case and the
number of elements on a side, n, was varied from 2 to 10. Solutions for small values of n were more
difficult to obtain for this element. Firstly, the characteristic equation often had imaginary roots
for small values of n, and this prevented solutions from being obtained. Secondly, the method
broke down whenever the number of half waves in the simply-supported direction equalled the
number of elements on a side. To complete these Tables, eigenvalues for the2 X 2,3 X 3and 4 X 4
arrays were found using the direct stiffness method. These results are indicated by a star in the

Tables. In many places results were found using both methods, and the values always agreed
perfectly.

Plots of absolute error versus the number of elements on a side are given in Figures 9, 10,
and 11. It is interesting to see that all these curves rapidly approach an asymptote as n increases.
The slope of these asymptotes is —4, which is the same as the rate of convergence predicted for the
potential energy in static problems.

It is significant that there are slope discontinuities in these error plots for small values of n.
This indicates that great care must be taken in extrapolating results calculated for small values of n.

It is particularly surprising to see that the convergence is not monotonic for several modes in the
free two sides case. Since this is a conforming element, monotonicity is expected. Closer examination
of the requirements for monotonic convergence indicates that finer arrays of element must be
contained within coarser arrays to ensure monotonicity; i.e., results from 2 X 2 and 4 X 4 arrays
should converge monotonically, but results from 2 X 2 and 3 X 3 arrays would not necessarily
have to converge monotonically.

Percentage errors in the solutions found for 10 elements on a side are given in Table 8,
These errors are less than 17/ for all but one mode and are especially small for the lower modes. In
general, they are all one order of magnitude or more smaller (up to three orders of magnitude in
some cases) than the errors found using the non-conforming clements. This Table clearly demon-
strates the superiority of the conforming element.



5.0 CONCLUSIONS

A closed form type of analysis using shifting E-operators has been developed to study the
dynamic convergence of finite plate-bending elements. Two rectangular elements have been studied,
the 12-degree-of-freedom non-conforming element and the 16-degree-of-freedom conforming
element. Three dynamic problems involving all three types of boundary conditions have been studied.
Exact solutions were found for these prohlems, so that convergence of the finite element solutions
could be considered. Twenty eigenvalues were considered for each of the problems.

The closed form analysis worked well, and large arrays of elements could be studied with
little computational effort. It was found that, with few exceptions, the non-conforming element
solutions converged from below the exact answers for large values of n, the number of elements on a
side. at a rate of n % However, the array size needed for such convergence was at least 20 X 20 or
larger, so this convergence rate does not apply for array sizes that are readily useable in the direct
stiffness method. The convergence rate of n~? predicted by Walz, Fulton and Cyrusm for square

plates simply supported all round was confirmed, but their estimates of the error magnitudes were
not good for small values of n.

The conforming element solutions were found to converge to the exact solutions from
above at a rate proportional to n™* for values of n larger than 6. This is the same rate as predicted
for the convergence of potential energy in static problems. Slope discontinuities in the error plots

were found for small values of n, indicating that great care must be exercised in attempting to
improve calculated results by extrapolation.

A comparison of the errors involved in using these two elements showed that the conform-

ing element was far superior to the non-conforming element in both magnitude of error and rate of
convergence.



6.0 REFERENCES

1.

10.

11.

Lindberg, G. M.

Melosh, R. J.

. Zienkiewicz, O. C.

Cheung, Y.K.

Dawe, D. J.

. Clough, R. W.

Tocher, J. L.

. Bogner, F. K.

Fox, F. L.
Schmit, L. A., Jr.

. Butlin, G. A.

Leckie, F. A.

. Mason, V.,

. McLay, R. W.

Tong, P.
Pian, T. H. H.

Cowper, G. R.
Kosko, E.
Lindberg, G. M.
Olson, M. D.

Lumped Parameter Methods Applied to Elastic Vibrations.
Ph. D. Thesis, Dept. of Engincering, University of Cambridge,
England, November 1963. ,

Basis for Derivation of Matrices for the Direct Stiffness Method.
AIAA Journal, Vol. 1, No. 7, July 1963, pp. 1631-1637.

The Finite Element Method for Analysis of Elastic Isotropic and
Orthotropic Slabs.

Proc. Instn. Civ. Engrs., London, Vol. 28, August 1964, pp. 471-488.

A Finite Element Approach to Plate Vibration Problems.
J. Mech. Eng. Sci., Vol. 7, No. 1, March 1965, pp. 28-32.

Finite Element Stiffness Matrices ior Analysis of Plate Bending.

IN Matrix Methods in Structural Mechanics.

Wright-Patterson Air Force Base, Dayton, Ohio, AFFDI-TR-66-80,
1966, pp. 515-545.

Addendum to: The Generation of Inter-Element Compatible Stiffness
and Mass Matrices by the Use of Interpolation Formulas.

IN Matrix Methods in Structural Mechanics, Wright-Patterson Air
Force Base, Dayton, Ohio, AFFDL-TR-66-80, 1966, pp. 441-443.

A Study of Finite Elements Applied to Plate Flexure,
Symposium of Numerical Methods for Vibration Problems,
University of Southampton, England, Vol. 3, July 1966, pp. 26-37.

Rectanglar Finite Elements for Analysis of Plate Vibrations.
J. Sound Vib., Vol. 7, No. 3, May 1968, pp. 437-448.

Completeness and Convergence Properties of Finite Element
Displacement Functions - A General Treatment.

ATAA Paper, No. 67-143, American Institute of Acronautics and
Astronautics, 5th Aerospace Sci. Mtg. New York, January 23-26, 1967.

The Convergence of Finite Element Method in Solving Linear Elastic
Problems.

Int. J. of Solids and Structures, Vol. 3, September 1967, pp. 865-879.

A High Precision Triangular Plate-Beﬁding Element.

NRC, NAE Aero. Report LR-514, National Research Council of
Canada, December 1968,



12

13.

14.

15.

Walz, J. E.
Fulton, R. E.
Cyrus, N. J.

Timoshenko, S.
Woinowsky-Krieger, S.

Leckie, F. A.

Milne-Thomson, L. M.

—17 —

Accuracy and Convergence of Finite Element Approximations.
Presented at Second Conference on Matrix Methods in Structural
Mechanics, Wright-Patterson Air Force Base, Dayton, Ohio, October
15-17, 1968 (to be published).

Theory of Plates and Shells.
2nd Edition, McGraw-Hill Book Co., Inc., New York, 1959.

The Application of Transfer Matrices to Plate Vibrations.
Ing. Archiv,, Vol. 32, 1963, pp. 100-111.

The Calculus of Finite Differences.
Macmillan, 1951.



IR FTRTART e

|
|
S, -~ e 1 !
Ly Hi- 110 Yo- Y- 96 99—  6i- 68 YOz— 96—  ¥2 ] m
' i
89 s1-  ¥g- @ 0 6 L1 n 9 8z 0 : |
| W
89 9%6- 0 8z ge— 0 LI V2 0 v ; |
| I
LY mi- i1  vg- 96—  ¥g- 99— 6L  6E- w |
| | !
i 1 W
, 89 Sy 96 8% 0 6t LI 0 _m |
: I
R )
7, 89 ¥e- 0 o 6¢ 0 L1 v |
I ! YO ; k
! i !
W, @ \%« py 11 LII- W0~ ¥ 96 w ,
' A w* i I
* W 8 si- ¥ @ 0 |
\ah. _
89 96 0 8z i |
3 [ _r )
° vLY 144 148 A
4 [} y
X - 89 18 !
fo—— ?
89 !
— - - - - - *
t |
ANIW3TI J1INIF WOA33Y4-40-33¥930-LL 803 ‘Q/Sh * 'XINAVYW SSAINGLLS u

L 318vL ‘ |
|

. . " L e G F e O R R e

el B 1l o PRI

. . L b ORI e by . - R o




20 —

,
I

2% 19 - 19% 961 661 - vLe - voe

08 $9- 661 - O (44 91 -

08 vLG oy - 09- 91t

yove 19V - 19— 9¢dl

7 b 08 9 LG~
/
Q& 08 661 —
K4
&
&y yope
A s
A
[3 *
[+]
X F ]
e

911

0e -

84

¥LG

8.|

oy -

19v

91—

|G

0§~

661 —

o¥

o¥

19% —

£9-—

9a¢l

VLG —

661

vee

911~

9L -

661

vLZ—

bore

vLé

ov

4

19v

661

v

or

9l

08—

vle

(44

8'

19%

€9

IN3W3T 31INI4 WOQ33¥4-40-33¥93G-TL ¥O4 ‘2,77 /00TSTX ‘XIULYW SSYW

 319vl




ARV LI

- !

€3T% LILTY LOLT1 — SEOLZ— G69— GTIST  899T1— SLE9 c66— 1IZv  11gh— €8Z€T  G69— L99T  CIST— GLBY ] !

GLCTL GE96C — T61ZET— ZIST— €208  SL89— T6L8T  T1Igh— €86S1 €8TET— LZIbE  L99I GIBIZ SL89  GLI6L , ,

gLcZL 1612€1 8991— GL89  SIBIZ TLZ6L— 1Igk ¢8ZEI— £86ST LZI¥E— CISI GL89— €30t  T6L8I—

£78Chy  CL89— 16L81 [LZ6L €£T061Z— €8TET LTIVE— LTIPC  GLLL—  GL89— TLI6L— 16L8I-— £20612— |

©ZZy  LOLZI— L9L31-— SLOLZ  G69— L991— QISI— 6L89— G66— 1Igb— 1lgb— €8eLi-—

c1egL  Se96t  I61TtI— L991— GI8IZT  SL89— GTLT6L 11g¥  ©86ST E£8T¢T L3I
GLeTL  T161ZE1-- TIST G189 €50t 1681 113k $8CET  €86ST  L3I¥L

, VY £Z8SPF  SL89 TLZ6L- 16LRT  £2061%— €£83CT— LTIVE— LZIPE— GLLL-

—21

9
/ ;
Q.\.W £2eh  L9LTT- LOLZT  SLOLG— S$69—  GISI— 8991 SL89 7
Lo ~ \n\& CLGZL  G96L— I6Igkl  CIST €40E GL89~ 16L81—
S

|
T SLSTL  T6IZ€T1~ 8991  GLBY  GIBIZ  1L26L _,
|
|
»

>+ £78CPY  SL89-—  I6L81— ILGEL— 20613~
¢oab  L9LTL  LOLZL  SE0LT
€ | 4
o GLezL  SE96t  1612¢I
| X -t : ! GLeTL  161TET
et £T8GYY

ANIW313 ILINI3 WOG33N4-40-233930-91 ¥Od ‘GQ/O0BLEX 'XINAVW SSINJIILS

£ Navl




e o P——— e ——
o ety
T
ST 18 8- €8V— 11— IS <9 8- 6 ge— 8¢ 89I—- TI- 69— G-  GBZ-— B
€79 ¢€8k— IevE— 15— 912 98¢z  88Il- 86 91— 891  Z0L— S9--  89b— S8F—  L30Z—
€29  IS¥¢ 99 98— 89— LZ0s  SE— 891  291— 20L 15 S8z 913 88II
9Ly  S8C  88IT— L203— ¥IKB  891— 0L  ZOL— 9162 S8  LZ0c 881l $3i8
ST 18— 18— €8 - <9 IS~ 8% 6 8t 8¢ 891
€29  €8F  IC¥— S9 89— S8  L303— 8€—  I9I— 89— QOL—
€29  I1¢ke- IS 68T~ 913  8BII— BE—  8OT— 9[- ZOL-
? v,u 9¢ebe  98C— L20;  88I1- ¥Z¥8 89T  BOL 0L 9163
m._a \Q&w <1 18— I8 ¢8v— 11— 18- S9—  G8%—
| | ?&C €29 t8y— Ig® 1S 912 8% @8Il
“ § €29  Ieke—~ <S9-  G8G— 89v—  LT0Z—
,m ﬂ ey 98¢ SSIl L3207  ¥ei8
Si L8 L8 £8¥
W ) . €29  £8Y  IgkE
W Y z €29 Itk
— 9eere

AIN3IW313 3JUNI WOQ33¥3-10-3389309L Y04 'O, ""/00V9L1X ‘XIULVW SSYW

¥ 319Vl




Jutt Lo

—93

W3 CDBONE AT o IO Lot o 1 OO -0

a4 IEEIE LS s i e

QIR

S

wtoan:m spdisg ¢y jounoN SOADM HDY N0y spoddng 9dwig o} _u:.:oz SIADM, JIOH Om)

29'891L61 ££'90LBTI Z1'6260L 69LZLIP 26 LI06E |....|..._._.u...w.w. LLVESITL CEOE0SS 45 SS6LT SLE 9VeH v%.wmﬂl-:.ﬂ._..u.uuw
F9'2S6981 09 ZHECIT €£S'998L9 98'8I8IP GI'GZ882 0z GL'655601 90°2LOYS  Z0'99SET 1L 9288 1V9°GL6T 0¢
9¥°SLIZBY SO PLLOIT +H'TL999 Z8'9CLIN GL'8TL8T 9l £L'66980T 99°L8GLS  86'09vtZ T6S I9L8 CGO HI6Z 91
IS PLSBLI I9°LILSOL 6665959 6V 'S860F 92°£598¢ 4 YO'LZBLOT CLP07ES  OUP6ILZ 066°L0L8 8L PS6Z 14}
9'BPLELT OI'SE6S0T £3'88ZP9 bL ZOPOY A 87} 0414 al tGT166901 85709928 PL'6V6LT 6L6'LII8 6LLGLEZ 4\
CTTGLLIT 6L°1L0ZOT 00°91EZ9 +6 0696E 6’10882 ol LYGLLYOT BSELBIS  9C'9LSTT 6S8T0SR LL8'9162 0l
SIPSPEST 681696 16'90S6S 8£9CGEE 0191282 8 SOISCFOI 97°9tL0S  BP'0861Z 92S 6878 128°GL82 8
GIGIT9S VO'6LOLE 6S°6118C 9 66'9L66 BBTLI6F 9L'CI0IZ 605°906L 0LV S6LZ 9
6L VLEVE 4 SOLETBL 669812 €86 0v9Z 14
4 [4

sy |I|||||.....||v||| =+ v emswvuo st vt e T U 1T episvuo

T T suewsyy TTOT T T T T T e s s o e sjuswa)y

Jgow 40 .3:52 Jaow j0 .o..E:z

spoddrg syduwiig o) jsuiopy seacyy JIoH saayy utoaa:m o_aE.m o} _u::oz FADM JIPH ocO

SCVIBEVT 18+0C8L  Go be66E G Swmﬂ.m.H_m&ﬂ.l..ueﬂ.w.“nw SIZEYPYE TU'LTVLY 99 9991 Gt7'908F 8IS SLe ..a...v:.um
ST'9GBBLT T69L9S. C9OLSBE ZOPNZ6I NS LLLOL 0c SL°LEQV6 CB'IZGLY  9T¥8Y9T [LEE8LY  OLLFLS 0¢
LB'GZYOLT £9CIVPL  16'S928C S LBO6I F6'CLe0l 91 08'688E6 I8'CZIEY 86 19591 926 0LLY Z68°768 91
I9T6SYET 8LLIVEL 66 TISLE VELZ681 6H10501 4] SELOBLE CIVSOLF  ¥6°L0S9T SLS09LF  80L°I¢R 4!
LE'V60CET LIFIOZL PL'ISILE SRIGYBI 69°v<z0l al G6TCYLE6 S6'CI60F  PB8SYIL 0LOSKLY  L68 878 ¢l
SP'O698C1 G6'96669 69LLIIE LLOLEBT 008101 01 T5°6L8L6 €O'9S8TY  I6°GBE9I VOL'0ZLY  0S6'bT8 o1
6L°SITYCl 98'00TLI 65 LLIYE OV TSLLT ¥9 19001 8 BULSPYE SV'68LZY  TLLLEIT £S08LIY  C68LIN 8
99°CS67IT 66'861€9 £2'8SKEC L991891 £T'TLBE 9 68°0706F  SO'SCI9 098°66SF POS L08 9
GG 6695 |4 90°vPLIS  FI'908ST ¥BOISHY 980'89L 4
K4 TYI81  £T10t99 4

st vttt Tt B N S e 1 11 epswuo

T T B T T T T e i.EO-W - - - - T T T Tt — I :G.EO-W

Jgow 0 sequinpy Jgow 40 Joquiny

SNOILNTOS ONIWHOINOI-NON
53015 OML Q3dWVTD 3LV IAVNDS ¥OJ SHILIWVEVS AININDIYS TYNOISNIWIA-NON

§ 31avl




RO TELEGT
z97eRect
99'9807<1
% 01T6H
09°¢60CH
1908665 T
EF 8BSt

16 #0921

9¢ 98801
6L°Gt0LOT
ST'Z19¢01
LEv9801
9068001
61°091L6

1L°L96¢6

spoddng apduiig 01 JDWION SIADM JIOH ..:oa

[69FL66  RYOBKRO9 FIE968L &7 1¢18G  suousjes
Pox3
0CCILYE z &% ® 02
99 17L16 fod = = 9l
¢6 59176 &= = = I
L IRE6R 5 % £ al
€9 06498 e = = ol
01" Z6¢78 c 2 e 8
[ [—
= = = 9
¢ N - ¥
£ - &
z
v ¥ T -.-._I_..v .-n,_uw v uo
o Tt i - o :COE.—&
atona:m apduig O} |DUION SPADA HOH 001Yy)
ROORRO9  FG09S1E £1TIPOT 6060VLE  suounies
Pox3
CLLLOGS  £TLISOE z o 0z
£0'1918S  0S'SZYOL A Z 91
05 18PLS TERTION = = al
00698 TIVC96T 5 % zl
Py 2osve  98°9868% =z Z 01
LV'LBSTS  9L'LSSLT m m 8
0V0'9eS6Y  ILTE19T = = 9
L1 T9LLS o - 14
[+] [
e
= €€ Tt 1€ epigwuO
- T - B :._—QE.—W

spoddng ajduwiig 0f |DWIOY SIADA DN 03.—

FOIGOIS  POCO68E  ©1G9V91 2817 1G9 LT CLhE  suounjos
~U°KW
CTREEIR  16°CIERE  (9'0GTOT 9% LT 2 07
TCO0REL  SLIBELY 1916091 GLLOLTY Z 91
GL6CTEL  TUTILLY  8LGBECE BEP 0019 = 1
OCLUTC8L  OL'VGELY GG 638G 8¥B'HC09 p 21
£CTSELL  POOVLOE  £6'YBSGT 617°T86C z o1
COTYIOL  V6HIRCY  SLOBISI $O9LCRS S 8
006SBPL  9UTHSHL  8B00SPT OLE4GIS = 9
6V SHYET 610°T91S = v
4
T st vz £t Tt 1T epswuo
e T T - || ﬂ.—-OEO—W
qow §0 Joquiny

utoa.u:m Jpdwieg Of JOUNION IADM HDH PUD
POBVESY GG IS8T 605 OFLE LGT'SEPE L9LO'6SE  suoMnios
Poxg
0v'v696 069'VTHC PLG'BSE 0z
LS'6996 L88'8I¥C 186°L8E 91
616596 C30PIVE 6LVLSE 148
90'6196 0S9'90¥% ZIL'98L Gl

0velS6 PYLP6LC oSV SBE 01

Py 06569 9%°9108¢
68'¢3FS9 LO'6V6LT
BI'BEEGY  L9'968LE
6V 'CPIS9  O1'PEBLA
05°'6L1SY oY ¥olle

0008899  £8309LE 95°96F6 SELBLLLG  TLIEBE 8
£5°60599 89 LIGLT 66°CLEG G6LGLES BTP 'BLE 9
6¢'SPSLL L5wd6 029'1¥ee  001°99¢ 14
9¢9°¢cat 4
. ..ml._, o |v|-. T nl—.l..; 1 Ad} -1 _epI§ ¥ uO
. T " Tttt T/ Ty U suawagy

100w 10 squiny

SNOILNTOS ONIWBOINOI-NON
GRNOY TIV QILY0dINS ATIWIS ILVId FWVYNOS ¥O03 SEILIWVIEVI ADNINDIAd TVNOISNIWIG-NON

9 319Vl




spoddng ajdwig 0f |DWION SOADMA JIDH 4no4

spoddng ajdwig o) |pwioN s2ADAL JIPH OM]

88'61188 SC01ESS G6'I8V9E SGGI69C 98'3GVIe u:o_..ua.““m ¥8'9¢G8¢ 0C'081G1  LBI'ZC6V 6L1°9FIC TI8'V0ST  suounjog
3 190x3
€1PGY9E 69°L969C S0 0056 oy $01°LF1IC 68L°C0CT ov
61°06¥9E L63C0LG 10°8ESYE 0¢ Gol'8YIG ©09°90ST 0g
9¢°85¥9€ LP'COILE G9°0S6VC 144 er9'6V1c 020L°LOSI ¥e
9L'9V198 1SCLIYS 68°G8FIE 88°LOGLG 668595 03 €0°C6I8C VI'180GI  9LI'LO6Y VCSL'ICIC 6916051 06
96°LYES8 92°6SPFS  ¥L'9SS9E L6VIPLE VI'L8BLYVG 91 98FL08¢ 1G9'980¢l  961°'606v €81°9S1G 160CIST 91
6L°I8LY8 6V ¥eerS  V0'6£996 0S'965L8 £C'868VG 4! VYO'EI6LE  €1°C00cI  961°668F £8€°091C 06S FIST 14!
98'1L0¥8 SC'LLIFS 66'S8LIE 09'FLBLG 1679065 4 16°GPLLE  TI'SS6IT  8¥C'968F LSV LIIC SPL'8ISI ol
G1'982E8 ©9'0V0YS 8E'BYOLE ¥4 80E8C SE0CEST o1 €6TISLE  95°06811  06£°S68F SOV'0816 230°95ST o1
VS'8IGG8  ©9°096CS 8I'9LYLE 6L°6568¢ 6V LILSG 8 69°96ILG 88 FOBIT 1L9606F 8S8°90¢C G61°0FS!Y 8
6T°LIOYS €9°6I8LE 0STOL6C LIBEEIT 9 LY'LE69C  ETFELTT  9Y0'FY6Y €L5°6966 868'ILCI 9
M GLYSOLE 986°GoLY 8I6°St¥e 964G€991 14
G
.t 4 L 2 4 2t 4 A 4 1-v apis v uQ S-C v-T 3t A AL A 1-T apis v U0D
sjuawa|y h sjuawajy
jgow jo Jaqunp iaow 30 1oquinN
spoddng ajduig oy _uE.oZ SIADM u_o_._ aa1y) utonm:m ajpdwig of _u::oz o>n>> JIBH 2uO
L09900S ¥9°¢G89C <COVILYVI owv G116 omw L69L suounjos’ cm mﬁwz :ou 1295 613 wo: giLl omc L8ES16 suonnjos
$PDX3 Pox3
8V'869F1 GLL'GG16 S80'90LL o¥ 161656 909S°16 ov
GL'069F1 95916 GIL'CILL 0t G15'¢S5¢ ¥BLG'16 0¢
FIF8IFT 16S°1S16 1L FCLL Fe £86°'¢6¢ L0916 €4
BL'LSI6F 99°€1S9¢ 00°089F1 964°GLI6 SGI'8LLL 06 6G°LYLLT  99L°L09G  OCP €l 908°6S6¢ 9€E9'16 03
69°8GL8F ¢8'91H9G  PL'O8IFT G6LVIG6 €81 GILL 91 60°CTILLT  T1G6°L6SS OL1'Coll  Eeb'6Se Pe69'16 91
EV I8y 60°VLE9G  C8'LBIFT GIL'HEE6 GIG 68LL Vi 60°989LT  €ST°06SS  9cl'IchT  8LS'GSG 99FL'16 vl
O0LOLOBF 6C°0€c9¢ 60 LOLYT ¢88°91t6 98L°LE8L ¢l 9r°6F9LT  FLE6'BLGS 9GL'6ICT  9CL'GSC CaGE8'16 6l
F6'GOCLE  06°L019G ¥SCCLET @IL'Coh6 L9 168L 01 GO86CLT  TEE'GISS  ELLLIET  9IT'E€SE €6B86°16 01
LS0c0Ly  6£°0009¢ ¢9eLSHT 999°H¢96 890°S008 8 GLORGLT  PPLOEGS €06 FICT  6E6°CSC G6LG G6 8
89CICLY @c'c019¢  <1°0FIST 9¢1'9866 FIS'¢1c8 9 SLILFLT  ©09'86FS O8F'TILT 8II'9S¢ 0L86G6 9
oht8res8 L3 COFIILT  OLTOLYS GBS FILT  CEI'H9C 8IIL'G6 [
¢ ¢19°1661 666 moﬂ N
m. £ V€ 2 3 [ A 3 1-¢ apis ¥ uQ S-i -t €l K2 - r apIs ¥ uo
e - - ’ sjuawaj3 T o B T T sjuawd)y
IqOW jo JaquinN Jaow 30 2aqunN

SNOHNTOS ONIWNOINOI-NON
S3QIS Oail 33¥4 31VId FYVADS YOd4 SUILIWVAVC AININDIAYd TVNOISNIWIG-NON

4 118Vl




i
p
i
;
e —— !
oLz oteg - OcL’ sol'Sl— L9t At N ] G Sr
e $62C — Log” riovl - Lr 68861~ L4
692 £6G°1 6vT’ UL A S 9t G686 — 5 4
1ee’ 0] Y 96T’ 860°L — L& 169G - Al 4
14 wse soe” t3re - G6%° 916'T - {84
-1 Y66y — 808" 18601 - ocy €oV'01 - St
oor 399C - Ly S6F 01 — 95T 9886 — e
980" 8T’ or ¥8t'6 — 950’ 05¢'8 - £t
SOt vov'e 60’ 8hL9 — ¥S0° £ot's - ot
1449 9182 L60° 995 — L80° oLt ~ 1€
891’ 095t — 956 ser's - L6’ 8I¥'S - §¢
990° a8ue — oty geL’e - Le 169°¢ - vz
| 6z0 Vs - 449 8GL'S — et £6e'S — €6
£ 150° L6S'1 H3l 596y — [10° oy - far
[}
_ (0 908’1 €0 897 — 146 G991 — e
, SLT SVl - 601 6£9°0 - 4¥A 1 SUN S S
0G0° ottt - 16b° sie'y - G630 9I6'T — i
110° o9 - 9L 6L9°1 - L8O’ oLt — €1
1500’ FLE (220 8Ll — 1200 72991 - ol
9100° vey’ 65900° SLS'T - LOOG vLOT — 1
.. u.ﬂ._w:”.c..::vl |Mﬂ:ﬂ..¢._:o,u.:c2 ulz_lEn..qM:.ou m....._:tc._.co,v..\_cz duiuuojuc’)  3Uluojuo;)-uoN {1
O sprongeag | spisomppadwe)  puncy |1y poreddng Aiduig Lopow
o |I-w.t|_m.a|:.o w..EME.m_o o.?.@lﬁw.n_lgﬂ L ..._w.oEEa..w _a:c_.w.p._.,.ﬂ_ﬂ-ccz ur stoda muSc.«P._ma—
: Ol = Y ‘SNOILNTIOS iNIWINI 3LINI NI SEONNI JOVINIDUYI
8 31avil
i

g

i L



—o7

it VT 1 TN S R AR ARSI 1 M 11 o ..-..i.____x.. e (M

[T T O LA N
! i

R Rl : T R e

=== =N N SOTLIULTEI S Coimmosonis mmeem | rmomIem smmmomnaoes e - R SE B0~ SR SN =. =SS e .ﬁ
G 01ty LAV RS TA 4 6LL9v1E 06°618L1 -eo...u-rm !

1S GLYKS 1L°G8EKS U0'089F T cL LISV bSLTICIT 086'L¥13 65°L¥LLL 8t8LLLT 03 _,
97 65PPS “oThLES L '089F1 90°C96¥1 LB1'951S Yr8'8PIZ 60EILLL S0°969L1 91
STLLIYS Yo '8vaTy 62" L0LYT LE'ESHPI L6V'L915 9LY'YSIT 9¥ 6¥9LI rd LA [
09' 096y L8°5600% 09'TLBYI 6I'EFIH 848'90¢3 FGIEGIZ croesLl v6ZTHLT
§16'GLH2 [ ERH AT £O°FIILE 02'9¢:L9t v
Tsuounjos  suounjog  suopmpog 0§ SuONAjO§ suounjos  Suounjog SuoNAOS  apIS \

- <IN

suoynjog suounjog suoynjog suoynjos “suoynjog aps ¥ uo
jooy-£ ooy-z ooy-¢ wooy-g o0yt jooy-z 1003-€ 10oy-7 suswin)y
3o sequiny

vy £t L A 4 st

T0L'LT9S 612931

sergge T T sesne | weewspes

99L°L0O9S £18°¥09¢ (115 ANAY | LY9gat1 B U NYAYTA 144 WAy 9tv9'[6
[S6°L64S (@4 &454Y ¥ AN 8690t 1 1N A oricsc P60 16 1659°16 91
vL6'BLSS 9v9°995S 9cL eIt 995911 91:L°G6 K 1°2Se o816 8I6GL16 al
b¥LOtGG 910°20%S €06 It ¢93°s0u ! 616'1:SC 801 ¢S &6LZ'C6 660026 8
0Ly 9LES 1N a4 cBGPILT sLL'tselt StIvSe LvG 16e BIIL'S6 ¥907€6 ¥

" suons T suounjes “suouniog suoynjos - W v

suoun|os suopnios  suoynjog ‘suounjog  suounjos  epis ¥ uO
jooy-¢ {ooy-7 {00y-¢ ooy-T Lidd e ooy-g 100§ 1ooy- Huswey
e r——— o S m m— L b e e e — mmn e e e - P [ PO — e e maem 3 jE’z

L4l €1 Tt 0 :

SNOILNIOS ONIWEOINOI-NON :
SIGIS OML 3383 31V1d YO4 SNOUNTOS LOOU-OML ANV LOON-33¥HL 4O NOSIEVIWOD
6 18Vl
R . , ol ) g ¥ sy B T SuR e T NS AP e = TP Ra R )




— 98 —

spoddng ajdunig o) jowiop seADp JjON N0y

7e'891L6I

CEYOLBIT G 6TLOL 69°VTLTY ©6LIV6T suonnios
pox3
1 L8C861 €6 IFI6LT O3 FOCOL £1LL8eh ob'90l62 ol

9F ¢US00T 8T 'BPLEII
99°¢6920% L0'9430T1

IG'61:L0L LV 0B6GY LO'8CG6T 8
EP'OI01L B88'8PILF SP'E9168 L
GO'LYSIL OV'6LECY 9L°6V963 9
LO'9BLEES 01 'C0LYel <
«OLLETHLE « OV 660SHT » 8O 6L8BL « PG L6I6P « 90 616 | 4

» [CEG16 « SS'69095 + 05 066LE S

sv v € (2 4 (4 o!w(zo‘
S A e SR, S A - ey
IQOW uo..oa.::z
atoas:w c_n::m o) _eE.oz seADp ._a: oy}
mm PESEYT E YOTBL STV Qmm. om h...”w,ml— Sr wvz: suonnjog
1I0x3
T9900SVT OF'9LEBL  SV'ESe6E 1662961 108SkOl  Of
8196551 GSI988L  LV'E900F Z9'66961 &0'GLEOL 8
YCOLZBYT TTCIEGL  tE'BSIOP £SLTLET 9L'88HOI L
CT8696FT PULBIOB  LLU'TSEOF 6L°CRLEL 15901 9
LTLEPI8  86'88L0V 8E'S066T 07 16501 g
62°08096 FI6LLIY « TLETG0Z « b1 18LOI L
«0T°00LYE] + TO'GITLIS « OP'9LTTT # £:1°LBETT €
«8L 90468 + LY ».wcm— G
ek .-i,...v.n...:.im.nul-... «-n - ..n ey vo
AU A A — — e e
jgow

30 1equny

‘POYIaw SSAUPLIS 10941p Julst punoj sanjep,

-toua:m u_n::m o} .goz u.)O! :oz om)
35'Ge6LT SLE'OVGS 1OB 9663

ELPZSTIL be0Lse “suounjos

-MOIW
2 16STIT G1YCTSS  FR686LT 1610968 98V 2665  OI
LEQIOFLE LE'ELS5C G6LEOVE 1SS'CS68 TEv'S663 8
9ULLECIT LT'6L64C FG'C60FS 0S8'1968 836662 L
SH692911 09'STI9S  GOTITHS GSOELES LILTOOE 9
LUGLETFL £R°LSELS  68'FLFFE 060'H006 $6C900E ¢
<TFOLOSLY . 6L°9680L OI'I6YT 0LV FBO6 £LZ6I0E ¥
+OF"S8LOT + ISTLLIE +09S'CHEG 1SO1908 €
+0D0TIET +69L0LYE 2

st vz tT Tt 1'T apig v O

st S i

gow §0 J0qunpy

spoddng spdwig o) |DUNON BADMA DY SO

TTEPFEE  TULZIEY  99°C9991 CT2908F GG1GEB  suounos

Poxy

SYELYS6  0SOMILP  20°S6991 8ZL'B0SF L0G8ES O
09'P2896 99FE6EY  99'9LLIT OCL'II8F 987'8LR 8
6419186 VI'SIZPP  LE'SBLIT 906'V18h 6LL'SCE L
SH685H6  96VL8PY 168891 FHZTI8F 1LS'SLR 9
99 16EuTl 26v2esk  LI'C60LT ZI1Z'668F BIO6L8 S
68'20FSST 06'0968S  SHISCLI 6S6'¥88F FSZ OV v
+6F'+9068 +00°069EC + 96 CO0S 999 18 ¢
JHEEET6L S8BT OLS z

L e z-l 'l epes v uo

LS A SR 2 S S S C

3gow 10 sequinyg

SNOWLNTOS ONIWNOINOD
530IS OML GI4WYT) LYTd FAVADS FOS SEILIWVEVY AININDIYS TYNOISNIWIA-NON

o1 31avl

St Mt PR MITE LT mha i) e

— . L ge—w

I N —




RIS I fooms o

”

L i a - Mt .t IR GO0 B G PR

LR e S Fetts o -

spoddng sjdwig o) _!Ecz a!'u; 2!! :.cu
SOPELEIL 16 9PL66  BO0BB0D FO v 968 77 1S187  suounjos

.ue:w
RSl T Osee T T T G gy
b.wvrvw— crmmmm W B 5 or
L'V6ISIT  §'LLIOOL 2 < 2 8
0081991  Z'6LFOOL ta & = L
> > >
w « n 9
96 2¥b201 2 z z g
.0 ) o
0'0rggIt ) 5 S 14
= = = t
o [\ p— I
S S S S
St [ 4n 4 L 4 [ 4 e 4 o!m < :O
———— LY - ST uewegg
gow 10 Jequiny
[ -toaa:m o_aE_m o _!Eoz 3»03 JIOH ooy h
”_ _m vcwn,,..: 8y me% va. ccm v €12 mﬁﬁ 606" c_,hm u..o..:.om “
Poxgz
021ILI TY'SL609  LOBLSTY % % (1]
8PIBCIL 0901119 ¢S 1091y “ Kt 8
ETCFIL BOOLTI9  pobe9lE T e L
L'SLI9NT  GHI6SI9  LL'9691% H W 9
F6'LOLT9  LYIPBIL = = ¢
+TROLOLT L8629 Wg'oLéct 2 2 3
SUREYEL LO0FOSE & = ;
LOBROTE T ¢
T st et et e '€ epis v uo
T ' ) sjuaway
jgow §0 Jaquiny

"POYIaW sSaUKNS 10aa1p FUISn punoy sanjeA,

-taaa:m ox_E_m o} _e..:oz -!53 IO om __.

vc —thm vwmwmﬂ K34 owvm: 8T WT9 L3T m.rvw | -co:.._on

Pox3
1201738 VO'8VO6Y 90 ILVOT 098'VLG9 7 T
O0L'6L0v8  OFP'9916¢ PB'¢8FII  G8'GLTO Z 8
OLevBE8  6G°VOL6E  00°66¥31 LZOLLTY = L
9866058  YPOBS6E 2662591 1Lb'6LT9 W 9
YO'L8IOF 19°00991 <BIGCFZS < <
096066 +61'8Z6cF SL'BLII 601929 m 4
«£°91808T T16'8LOBY +Z0'ZEPST .90°81F9 = &
+00'I6S1Z «00°0V0L m g
R i - TS
e e e 8% suaweg
Igow 40 J8quiny

-tonu:m o_nE.m o _a:_:az 2ADM JIOH !.O

FUBKBYY 60 ISING 6UGOFLE  LTT GUPE Or96EE | suounjos
Pox3

061199 YTHLTHG  BIGFLE  FOSGERE 6to6BE  OF
BYBBEYY  LOBFLST  9L'I9L6  OVO9LKG LYOE8L 8

T6'FLLL  LYUBISE  9P'CLL6  619°9LFE LFO68E L
TP'6PI69  SS6FLEC 86L086 £6L°LUYT LS9'68E 9
1L'9046c  SP'8986  10S'OFYC 6L9°68¢ S

VL3R  «@6RTE TELE001 006 LEFE OFL6RE L4
«PI60CTT SH'BIGYT «9TT6SIT BLL'GLYE L9668C £
+OSELEE  JO061FT +10'808T 8116 [4

SNOILNIOS ONIWYOINOD
ANNOY 1TV G3LHO4dNS ATdWIS ILVId JVVADS YOI SYILIWVHEVE ADNINDIYY TYNOISNIWIG-NON

it 3N8vl

st vl 3 S 1} "l spisyuo
} B B
IGOW §0 aquinNg




e e AIE

T PRA (P ISR R LR R IR T T LRI J IR L E AT I, e I S I L T T s SRR ] C e at ey [P T T B SRR FRRT LT rar et
i
PO 19w SsaUPNSs 1aaarp Juisn punog sonje mv
ntoaa:m o_aE.m o} .o::oz ne>53 $IDH anoy .toun.:m u_aE.m o _c::oz mo>e>> JIOH om) _
G BIINN  CTOINCG  C6 (9HOT CUTIEOn ORBSHET SUONRIOs  TWOTURT 07 '08IF1  LBIZE6F GEIOIZ 198'0ST suomos
: .uoxw .uvxm
, 9URGURY  1E OVFCS  G66LY9E 9L TO0LE LOFRGET Ol 6L'PLSST 9T BRIGI  LEVLE6V L8Y'OFIZ S1TC0ST  O1
67°0UuNe  TLTIOUC  CECILOL 9BETILT FLI99VT 8 SO'GL98  FO'YBIGT  LPI'SA6F LIZLYIG SIL'COST 8
[8'9L6RY 7 L0BCS  0C'9989%L OV POTLZ TL'GLYE L G8'8698C S8'ROGTI 101226V 8S6°LYIZ GIL'O0ST L
” 86'65C68  ELTRIOE  69LIILE 9TIRGLE LIF90SE 9 LL'6088E 1162501  LVEOE6P 7SP'ebld 126°L0ST 9
! F2 6E906 ¢ 1£°CR68%  CT69GCl 167 6v6F PU8TCIZ S8GOIST €
VYO 'CETU6 «BIATITY « 18'CLITH PV LISTE + LEELTOL ¥ 9L'0LL8E  VILWTl  B898°656F 66L'191Z OGLLIST ¥
VO'PR6LOL 62°99YS9 0T IT6SH T6GTEGL 4G6 ORIEL € ST'LOLTE OB LIETI  €L1°610C PSRI6IG PLIEFST €
<88 18LTF « 7 Y966E G + 18 CLOLT +B6L'YGES -BLELEST 6LIGIBT € ‘
sv v T ev Tzv T v epswuo ST vT BT T 1T episwvo
T CoTTTTe T o e . ﬂ-C.E'-W T mmerm T B = ﬂ.—-.E..W
i utonn..m ajdung 0 |DUIION -u>us> 2!1 LIII)Y .tonn:m o_a..c.m Of |DUMION PADMA JIOH on . ,
‘ S 099008 FOLZ89Z 20VILYl OSCII6 2GO'L69L wewnmes  06618LI GOLLT9C  6129GLl SILITEE LSLS16  suounios
: | e e ——_ 23 PO ciutoi. |
wwwm.sm 1018 mww S9'9GLPT 9G0° G216 L 90LL (1) N— Fé: €S089S 09L'9ZET ILITST TUFS'16 01 |
ZEELZOS CL'ORBIT TE'CPLYI OBE'8LI6 €RL'SILL 8 82 168L1 GIE'PEIC  PSGOZET PHBITST TG 16 8 f
BECEEUS GP9T69T THLILYL POGESI6  arlveLl L 9C'PE6LT  €LS8EIS  BLL'OTET LE61TCT SPPS'I6 L W
2820906 99'I00LC 1ZL0SKT 896¥8I6 SLOZOLL 9 PYITOST  8S99¥9S  ¥TTLALT SIIETYT 66VS16 9
BL'IS6OC € SSILT £8'688F1 POCYST6 6L6978L S £8°LE181 936799 161'82CT 82ST2CT BI9S16 g |
LE LOBOS + S8 96VLT +EV'BOTST +GZ6 TLVE » 160°SH6L v 80'9LUST  00L'V69S  TLGOLET £9673ST SP6S'16 3 |
-YS666YC « TO'6TT6T « VEEOBIT + 0L 60011 « 9EL 616 £ LZ'9SLIZ  ¥RO'GUOC  096°9LEl  VELTST LIIL'T6 & :
+99'9CLEE +STLIFT < TO'GHSETLLIDEIRIL 7 196 I6LVE +G09T6LY  LITGLEI  PETVET TTLETO Z
5t vt et ze€ 1t emswuo St vl gl Tl 1t spisyuo
...... .m0 i} S EL__ UL epsy ke
Joow ‘o equiny gow jo 1squinN
SNOILNTOS ONIWSCNOD d
$3GIS OML 33¥Jd 31Y1d JUVNDS W04 SUILIWVUVA ADNINDI¥4 TVNOISNIWIG-NON |
Tl 318Vl , |
{
, f
: !
h
|
' _




ST

R Ik TN

Yt g

L e

— T

[ T

SIMPLY SUPPORTED

CLAMPED
SIMPLY SUPPORTED
OR
FREE

FIG.1: CO-ORDINATE SYSTEM FOR PROBLEMS CONSIDERED




T

i 32 -

q:n/2
SIMPLY SUPPORTED |

i CLAMPED
SIMPLY SUPPORTED

- OR

FREE

I T T T = s v

e ey s

L - o
2
g S
:
'
E
’, FIG.2: FINITE ELEMENT ARRAY FOR PROBLEMS CONSIDERED
|
i




e sttt

_ = T — e e

— 33 —

\(\\‘t..gﬁl[{“i"{:ﬂml‘l‘umi.f'- N

Pl

St IR T

(=1,=1) (0,-1) (1,-1

(-1,0) (0,0) (1,0

4 POINT [5 6
(r,s)

(-,n {7 8(0, 9l

[T

FIG.3: FINITE ELEMENT REPRESENTATION OF AN INTERNAL POINT

AILHRRA g L




Mt s |

;
j e
?
b
. A
72
(“'g-l) (ol-')
1 2
POINT
(-1 ,0) (0,0) (Q.S)
3 4 ‘
(-1,n (0,1
5 6
S
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APPENDIX A
FINITE DIFFERENCE SHIFTING E-OPERATORS

(ses Reference 18)
In one-dimensional space, r, these operators are defined as
~k
Ef w, = w,,,

and provide a concise notation for the function, w,, specified at finite points. In two-dimensional
space, r and s, the operators are

k
Er L W, = Wik, ot m
These operators obey the rule
F, (E,: F, (E;: a* b™ = a*" b™ F, :a*' F, {b™

Using this rule, finite difference or finite element equations may be transformed into ordinary expo-
nential equations. For exampie,

E7Y - Bl singrr R) = (B - EN [ iR et Ry 2

o

- —l! —(,‘""l(’"r“— I.R—ev“R’(‘_l"R] ).

e
= — 2sinir R: cos:rr R

A list of the transformations needed in the analysis are given below.

SHIFTING E-OPERATOR TRANSFORMATIONS k is any integer
(E;* — ES e = ~2 sinh ko e
(E;* « E¥-¢® = 2 cosh ko e**

(B;* - Efve’?

~2 1 8in ke P

(E;* + Epre? 2 cos ko €7°

(E;* — E¥ sinh op = -2 sinh ko cosh op

(E,* + EX sinh ¢p 2 cosh ke sinh op
(E;* — EX: cosh sp = —2 sinh ko sinh op
(E;* + Eg cosh op = 2 cosh ko cosh op

tE;" — Eftsinop = —2s5in ko cos op

(E;* + Ebisinep = 2cos ke sin op




—44 —

i

(E;* — Ek) cos op

2 sin ko sin op

(E;* + EX)cosop = 2 cos ke cos op

(E;* — E}) (=1)®sinh op
(E;* + EX) (~1)" sinh op
(E;* — EX) (—1)"cosh op
(E;* + E}) (—1)Pcosh op

E;k evp = ea(p—k)

E cos op = cos(p+k)o

= 2 sinh ko ( ~1)” cosh ¢p

1

~2 cosh ko (—~1)P sinh op

2 sinh ko (—1)® sinh op

= —2 cosh ke (~1)” cosh op



APPENDIX B
DEFINITIONS FOR ) AND ¢

The constant terms appearing in the expressions for (¥¢)rw and (Yu)ru (eq. (36) and (37))
are as follows:

M o= —sinh o { [ 39 cos(pr/n) + 96 + 7 (116 cos(pr/n) + 274) | {cosh « (17 cos(pm/n)
+ 22) + 28 cos(pr/n) + 68 + 10 ¥(cosh « + 2) (3 cos(pw/n) — 4)]
+ 28 ¥ sin?(pr/n) |39 cosh a 4 96 4+ ¥ (116 cosh a 4 274)]} /M7

o =

» = sin g {[39 cos(pr./n) + 96 + ¥ (116 cos(pmw/n) + 274) | [cos 8 (17 cos(pm/n) + 22)
+ 28 cos(pr/n) + 68 + 10 % (cos 8 + 2) (3 cos(pw/n) — 4)] + 28 ¥ sin*(pw/n)

(39 cos 3 + 96 + F(116 cos 8 + 274) |} /Ns

M1 is the same as \; with sinh « replaced by — sinh t and cosh « by — cosh ¢. The denominator
is now X.

A = — sin{pr/n) {[39 cosh o« + 96 + ¥ (116 cosh « + 274)] [cos(pr/n) (17 cosh a + 22)
+ 28 cosh « 4 68 + 10 7 (cos(pr/n) + 2) (3 cosh « — 4) |
— 28 7 sinh?a [39 cos(pm/n) + 96 + (116 cos(pmw/n) + 274) |} /X;

An =

— sin(pr/n) { [39 cos B + 96 + % (116 cos 3 + 274) | [cos(pw/n) (17 cos 3 + 22)
+ 28 cos 3 + 68 + 10 ¥ (cos(pr/n) + 2) (3cos 3 — 4) ]

+ 28 ¥ sin23 [39 cos(pmr/n) + 96 + (116 cos(pr/n) + 274) |} /N\s

\; is the same as \; with sinh « replaced by — sinh & and cosh « by — cosh & The denominator
is now Xg.

i

g — 784 32 sinh2a sin?(pmw/n) —{cosh « (17 cos(pr/n) + 28) + 22 cos(pr/n) + 68
+ 10 3 (cos(pr/n) + 2) (3 cosh « — 4)} {cosh « (17 cos(p7/n) + 22)

+ 28 cos(pw/n) + 68 + 10 v (cosh a + 2) (3 cos(pw/n) — 4)}

s

784 42 sin?3 sin?(pmr/n) — {cos 3 (17 cos(pw/n) + 28) -+ 22 cos(pw/n) + 68
+ 10 5 (cos(pr/n) + 2) (3 cos 3 — 4)} {cos 8 (17 cos(pw/n) + 22)

+ 28 cos(pr/n) -+ 68 4 10 y(cos 3 + 2) (3 cos(pmr/n) — 4)}

M i8 the same as \; with sinh « replaced by — sinh ¢ and cosh « by — cosh &,
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The constant terms appearing in the expressions for (M;)q., (Mi)qs and (V-a),. (eq. (40))
are as follows:

& = \ |Z sinh alq—1) + Z» sinh ag + 10 5 Z3 (3 sinh a(q—1) — 4 sinh aq) |

+ 14 ¥ A4 (2 cosh a(q—1) + 3 cosh aq) sin(pr/n)

+ Z; cosh alq~1) — Zs cosh aq + 7 [Zs cosh a{q—1) + Z; cosh aq ]

€ = N2 |Zy sin B(q—1) + Zasin3q + 105 Z3 (3sin 8(q—1) — 4 sin 8q) |
+ 14 3 A\; (2 cos B(q—1) + 3 cos 3q) sin(pm/n)

+ Z4 cos B(q—1) — Zs cos Bq + ¥ |Zg cos 8(q—1) + Z7 cos q]

€2 = M [Z1 (=1)9-!sinh £(q—1) + Z2 (=D sinh tq + 105 Z3 (3 (—1)9~! sinh ¢(q-1)
~ 4 (—=1)7 sinh ‘EQ)] + 14 7 2 (2 (= 19! cosh (g —1) + 3 (—1) cosh ¢q) sin(pm/n)
4+ Z4 (=1)a=1 cosh g(a—1) — Zs (—1)7 cosh tq + 7 [Zs (—1)7~! cosh £(q—1)
+ Z7; (=1)7 cosh &q]

€ = — 14 \; ¥ [sin(pr/n) (2 sinh a{q—1) — 3 sinh aq) ]
+ Mg |Za cosh alq—1) + Zg cosh aq + 10 5 Zjo (cosh a(q—-1) + 2 cosh aq) |

~ sin(pmr/n) [39 cosh a(q—1) + 96 cosh aq — 7 (116 cosh «(q —1) + 274 cosh aq) )

e = — 14 \o 7 [sin(pr/n) (2 sin 8(q—1) — 3 8in Bq) |
+ s |Zs cos Blq~1) + Zo cos Bq + 10 ¥ Zo (cos B(q—1) + 2 cos Bq) ]

— sin(pr/n) [39 cos 8(q~1) + 96 cos Bq — 7 (116 cos 3(q —1) + 274 cos 8q) |

€ = — 14\ 7 [sin(pr/m) (2 (=1)9-! sinh &(q—1) — 3°(~1)4 sinh £q) |
+ e |Za (=Dt cosh (g —1) + Zo (—=1)7 cosh &q + 105 Zyo ( (=D cosh &(q—1)
+ 2 (=1)7 cosh zq) | — sin(pr/n) [39 (—1)7-1 cosh &(q —1) + 96 (—=1) cosh tq
— 5 (116 (—1)-1 cosh £(q —1) + 274 (~1) cosh £q) |

€& = — N [Zs sinh alq—=1) + Zs sinh aq + ¥ (Zg sinh a(q—~1) — Z; sinh «q) |
— A sin(pr/n) (39 cosh a(q~1) + 96 cosh aq + 5 (116 cosh a(q~1) + 274 cosh aq) |

— 37, cosh alq—1) — Zy, cosh aq — 7 (Z2 cosh a(q~1) 4 Z3 cosh aq)
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& = — N |Zygsing(q—1) + Zssingq + 5 (Zs sin 8(q—1) — Z7 sin 3q) |
As sin(pr/n) {39 cos B(q—1) + 96 cos 3q + ¥ (116 cos 8(q—1) + 274 cos‘bq) ]
3 Zy cos B(q—1) — Zy1 cos Bq — ¥ (Z2 cos B(q—1) + Zia cos 8q)

€ = — A |Zs (=1)a-'sinh &(q—=1) 4- Zs (=1 sinh ¢q + ¥ (Zs (—=1)9~! sinh £(q—-1)
— Z7 (=D sinh £q) | — g sin(pmr/n) {39 (—1)a-! cosh £(q—1)
+ 96 (—1)2 cosh t¢q + 7 (116 (—=1)a-! cosh t(q—1) + 274 (—1)v cosh £q) |
— 32y (=1)7-! cosh &(q~-1) — Zi (=1 cosh tq — ¥ [Zy2 (—1)a-! cosh £(q—1)
+ Zy3 (—1) cosh q]

where
7, = 17 cos(pw/n) + 28 ; Z» = 22 cos(pmw/n) + 68 ; Zy = cos(pr/n) + 2
74 = 39 cos(pm/n) + 96 ; Zs = 24 cos(pm/n) + 111 ; Zs = 116 cos(pmw/n) + 274 ;
Z: = 199 cos(pw/n) + 461 ; Zs = 17 cos(pw/n) + 22 Zo = 28 cos(pmw/n) + 68 ;

Zw = 3 cos(pw/n) — 4 ; Zy = 204 cos(pw/n) — 474 ;

Zin = 394 cos(pr/n) + 1226 ; Z;3 = 1226 cos(pr/n) + 3454



