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IB abstract

The uissertation considers the optimization problem of adaptive multicnannel 
reception of binary signals which are corrupted multiplicatively by random 
amplitude parameters with no known a priori distributions, and adoitively 
by wr.ite Gaussian no-se processes of known spectral densities which we 
allow CO be different among the channels.
A distinction is made between two modes of operation: "multiple processing,"
^n which the unknown amplitude parameters are estimated and usee "adaptively" 
to adjust weighting factors in a composite decision rule, and bas>^d on this, 
a decision is made within each observation interval; the otr.er, in vinich 
the processing is carried out independently at each receiver, arriving at 
an ultimate decision using "majority logic" cotablnang. T.'.i- latter oede 
is found to yield consistently higher error probability but i.iay be simpler 
in i.-.plenentation chan the former in that the requirement for estinaciun is 
obviated.
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ABSTRACT OF THE DISSE~TATIGN 
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Doctor of Ph ilosophy In Englnttrlng 
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Professor A.V. B1l1krlshn1n, Ch1lrm1n 

The dls1crt1tlon considers the optimization problem 

of 1d1ptlve multlchtnnel reception of blntry signals 

which tre corrupted mul tlpllcttlvclv by rtndom tmplltudt 

puamthrs with no known• priori distributions, and 

addltlvely by white aussltn noise processes of known 

spectr•I densltlu which wt allow to be d ifferent among 

tht channels. 

A distinction Is made between two modes of operation: 

",nultt plt pro cessing," In which the unknown amplitude 

puametr.rs arr utl m1hd and use d ''1d1ptlvelv" to adjust 

weighting factors In a composite decision rule, and btsed 

on this, • decision ts made within each observation 

Interval; the: other, In which the processing ts carrtrd 

out Independently at each receiver, arrivin g at an 
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ul tlmttr decision using "majority loglc" combining. This 

11ttrr mode Is found to yleld conslstentlv higher error 

prob1bllltv but m•v be simpler In lmplemcnt1tlon then 

the former In that the requirement for estimation Is 

obvltted. 

In the proof's we 1ppc1I to geom•trlctl lde1s, •nd 

evaluate the error probtbll I tics by Interpreting the 

aspect end vtrlttlons of the decision hypcrsurftcc with 

r espect to the coordln1tc •xes of N•dtmen1lon1I Eucltdc1n 

ptcc. 

The re1ult1 1how th•t under ccrt1ln schemes of multlplc 

processing opcr1tlon, the error probtblllty ts• function 

of the tottl received energy over 111 ch1nnels normtllzcd 

by their respective noise spectra l densities, and of• 

centrality perimeter which ls a measure of the angle by 

which the 1mpl ltude perimeters devl1tc from t he case of 

being 11 I equal. Under some other schemes of multl p lc 

processing, the error probablllty Is found to be sensltlvr 

to thc distribution or ene r gy amon g the various c hannel s . 

It ts shown that multl p lc processin g can be desi gne d to 

provide better performan ce than maj or I tv combinin g even 

I n the absence of comp lete knowled ge of the 1mplltude 

parameters, end ln der d, t his Improvement m&y be app rc c l1 b l e 

undcr cert1ln circumstances. 
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CHAPTER I 

INTIOOLCT ICN 

Whereas the subject of self·adj v.tlng or "adaptive" 

systems has been wldcly discussed In the llter1ture Insofar 

as It pu rains to Control systems, the subject of adaptive 

Com~unlcatlon has not found es wide 1n exposure. At least, 

adaptlvlt'v,where It relates to Communication systems has 

been a f1lrly recent phenomenon. The most noteworthy of 

these exposures ere Price's (16) and Balakrlshnan's l2] 

not to exclude the many other workers In the field. 

I• I THE ADAPT I VE ca1v1LN I CAT I CN PROBLEM 

The problem of optimum reception of data over 

transmission media which arc subJect to random disturbances 

has been largely discussed. The solutlon to the problem of 

combating fading In a corrupted sl3nal Is well known and 

consists of using several repllcas of the transmitted 

slgnal which have been subject to Independent disturbances, 

In order to achieve, by some processing scheme, a consls ♦-

entlv better performance rate. rhese processing schemes 

may be classlfled un der the general tltle of "diversity 

reception" ll9]. 



The concept of •n tdtptlvc communlcttlon 1v1tem m•v be 

described•• • 1v1tcm which monitor, Its own pcrformtnce 

tnd •dJu1t1 Its structure In some ft1hlon to optimize Its 

performance tccordlng to some criterion of performance 

chosen• priori. The criterion we consider 11 the mlnlmlz• 

ttlon of the error probtbllltv. Centr•I to th Ide• of 

tdeptlvltv l1, therefore, the 1lmulttnrous detection of th~ 

slgntl, Ind the e1tlm1tlon of the unknown p1r1metcrl1I I 

the received wtveform1, which reflect thr unknown channel 

partmetrrlsl. Their estlmttes ere then used In the 1lgndls 

processing 11 If they had perfect accuracy. 

Mlddleton(l7] and Middleton end Esposito ll8J consider 

the problem of 1lmultanrou1 detection and estimation of 

slgnel p1r1meter1 In noise from the point of view of r1d1r 

detection and with the criterion of m!nlmlzlng the 1ver1ge 

Baves risk. 

B1ltkrl1hn•n'1 thorough tutorlal paper l2] dlscussrs the 

theory of 1d1ptlve methods In communication sv1trms and 

defines thr ch1r1ctrrlstlcs and fe1turrs • system must 

possess In order to be termed adaptive. He considers three 

categorlrs of 1d1ptlvr communication systems. One, Is where 

the adaptive feature Is at the transmitter, an example of 

this Is• system which recognizes loss of performance (by 

fetdb1ck posslblvl and adjusts Its mode of operation, by 

2 



rcpc1tlng the d1t1. Another Is where the tdaptlvc feature 

Is 1t the receiver, •n example of which Is the present 

lnvestlgttlon. A third, Is• combination of both previous 

categories. This system recognizes for example, redundant 

data by a self-monitoring function and ad)usts Its trans­

mission by suppressing the redundant date. The theo r etlcel 

eveluatlon of such• system hes been tackled by Davisson 

l22), end In subsequent publlc1tlons (23) end [24). 

Price [16], described the operation of tn adaptive 

receiver for binary slgn a ls over• multlchannel llnk. He 

considers,•• we do, • pair of equal energy waveforms that 

arc either orthogonal or antipode!. He determines the 

probability of de c ision error as• function of the t otal 

energy received over al I channels, which he finds Independent 

of the distribution of signal strength among the channels. 

Hi s estimates of the chan nel parameters go over several 

past observation Intervals. Subsequently, Hlngoranl l26), 

[27J, Bello L28] and Proakts l29J, [30 J and [32] found 

s Im I I• r express I on s f or t he err or pro ba b II T t y for mu I t I -

channel binary slgnal Ing over channels characterized by 

specular end t1ylelgh-fadfng components. 

1. 2 THE PiOB LEM AND BJE CTI VES 

This study Is devoted to a theoretlcal Investigation of 

the adaptive communication pro blem discusse d bv Bal1krlshnan 

3 



[2]. We consider this 11 • major reference In t~1t It Is 

the p~lnt of departure for this study, whose main objccttve 

Is the adaptive optimization of the reception of binary 

Information vii • mul tl plc channel I Ink. 

We treat the problem with a partlcular view to multlplc 

receiver operation (space diversity), although the analysls 

may c1slly be gcncrallzed to other forms of diversity. 

The 1pcclflc problem we consider Is a P.C.M. system 

which uses either of two modes of transmission PCM-FM or 

PCM-PM. •1thln etch Interval [O,T] It trln i mlts a slgnal 

of the form, 

sit)= S cos [wt +Mtt) ) 
C 

where M(t) Is t narrow-band slgnal proportton a l to the 

modulattng waveform. This Is received at the '
th 

receiver 

coherently, In the presence of white Gaussian noise n . lt1 I 

of known power spectral density D1; In add 1 tton, It ts 

subject to a random multlpllcatlve change In amplitude due 

to channel fading. 

In view of the advanced stage of development of phasc­

loded loops l2 5) , the assumption that the reception Is 

coherent, Is made justfftablc. Thus the received waveforms 

ma y be expressed as, 

v
1
ttl=a

1 
s

1
tt l +n 11t l o, t ~ T 

J = I , 2 ; = I , ... ,N 

4 



One of the ob)ectfves or the study Is the derivation of 

the optimum decision end estimation rules, which ere then 

used to evelutte the performtnce or the 1v1tem under two 

basic mode• or operttlon: "multfple processing" In which 

the set of received waveforms over alt channels rs 

considered 11 • multlple 1toch11tlc process; and "m1Jorlty 

logic" combining, In which• decision Is made at tech 

receiver Independently of the others, and u1lng • m1Jorftv 

combining scheme to arrive at• decision within etch 

observetlon Interval. 

We utilize ltrgely geometric Ideas In the evaluation of 

system performance. We find the 1ppro1ch both appeal Ing 

and Instructive to explain the major divergence In conclusion 

with the work of Price [16). One major conclusion of this 

study rs that the probabfllty of error Is not only• function 

of the total normal fzcd energv received over all N·channcls 

as Price concludes, but ft, gencrallv, Is• function of how 

thrs tncrgv Is distributed among the various channels. Our 

concluslons colncrdc with those of Price only In two 

specific cases 

(fl that the srgnal strngths (amplitude paramchrsl 

arc known exactly and wlthout any uncertainty for 

each channel. 

( 11 l that they arc unknown In magnitude, but they 

happen to be cqua I to each other. 
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Considering, though, that the actual mtgnltudcs ere 

lmmtterlal, ts we shtl I presently sec, but all that 11 

required Is their ratios, case I I I l above reduces to 

cue Ill. With any uncertainty as to the ratios or the 

amplltude ptramchrs, our concluslon Is that the probabllltv 

of error Is a function of how the total r~cetved energy 

Is distributed among the channels. 

The other mtjor concluslon Is that al though multiple 

processing Is superior to majority combining, the degree 

of welghtlag used In the adaptive decision rule Is of 

llttle significance, and It turns out that, at least where 

antlpodal slgnals arc concerned, adaption does not const s t ­

ently yleld better performance, 

1.3 U~GANIZATllN OF Ht DISSER TATIO\l 

This Investigation Is or 9anlzed Into six cha pter s a nd 

three appendices. 

In chapter I I, we derive the optimum decision rule and 

the optfmal estimates of the unKnown amplttude para me t e r s. 

1·e derive the estimates within each observation In te rv a l , 

dnd use them In the decision rule to form what shat I b 

r e f er r e d to I n t h e s c q u c I a s th e .-: om po s 1 t e de c 1 s I on r u I e • 

I n c h a p t e r I I I , • e u t I I I z e t h e f or m s of t h e c om o s I t e 

decision rule to underhKe an error analy s ts of the pro ble m 

6 



and to obtain a slmplt bound on tht average probabllltv of 

tr r or. 

Chapter IV, Is concerned with the multlple processing 

mode for antlpodal slgnals. We present a detalltd discussion 

of the "estimation" phase of tht problem and the rtsultlng 

composite decision rult. lhe error probabll ltv Is obtained 

by geometrlcal Iv Interpreting the aspect and variations of 

the decision hypersurface In Euclldean space. 

The chaphrs, II through IV pertain to the "multlple 

processing" mode of operation. Tht "majority loglc" 

combining mode ts the subject of chapter V, In which we 

present tht conditions under which ma)orltv loglc vlclcs 

the maximum and minimum probabll lty of error. 

We present a few mlscellaneous results and the summary 

of concluslons In chaphr VI. 

In chapter IV, we utlllze a generc1llzed spherlcal 

coordinate transformation; a summary of which appears In 

Appendix "A". 

In the same chapter, we discuss an example In which a 

difference In probablllty content arises. We discuss this 

d If f e r e n c e a n d I ts a s vm p to t I c b c h a v I o r I n App en d I x " B " . 

In Appendix "C", we lfst some recursion formulae which 

are used In the evaluatlon or a certain lntegr~I. 
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CHAPTEi I I 

MATHEM~TICAL SlATEMENT OF THE PROBLEM 

2.1 INTiOOU:TICN -
In this chepter we shell describe, m1them1tlcol Iv, the 

problem to be considered, and set forth the 1s1umptlons 

which wlll enter In the derivation of the decision 

processing. 

Based on the discussion of the Introductory chapter, 

In which the Idea of diversity was described; we shal I, In 

this cheptcr, examine the problem with a partlcular view 

to receiver diversity. Nothing In the derivations, however, 

wll I prohibit Its extension to other forms of diversity. 

Much of the lnltlal Iv derived results wll I be based on 

considering general M'ary slgnallng. The optimum de c ision 

and estimation rules arrived at In thts fashion wll I th en 

be specified to the blnarv slgnal Ing case under Investi gation. 

The lnltlal formulatton, due to Balakrlshnan l2 ) ~nd [3) 

has already appeared tn the llterature. We present It here 

for the sake of cstabllshlng uniform notation and consiste nt 

tcrmlnolo gy. 

8 



2.2 0ESCRIPTICN OF THE PIOBLEM 

We consider, for example, a PCM system employfng "space" 

or "receiver" dfversfty. That fs to say, we consider the 

problem of communfcatfon by one of a set of M•possfble 

equal energy sfgnalfng waveforms {sltl}, vfa a multfplc 

I Ink lor channel or receiver) system, and received 

coherently at tht N receiving termfnals (or stations or 

antennas!. 

Spcclflc1lly, wt consfdu that we have avallablc a set 

{Yltl} of N corrupted versions of a transmitted stgnal 

s 
1
1tl, where each component of the set Is of the form, 

= I , .•. ,N 

= I , •.• ,M 

12. I l 

In which v. It) ts the received waveform at the , th receiver 
I 

and s
1
1t) Is the transmitted tnformatfon-bcarlng signal, 

whose waveform fs known at the receiver. Tht trans mltt,d 

sl gnal Is subjected to a multfplfcatfve disturbance a . , 
I 

and to an additive nois e proetlSS ,,
1
(t) on the 1th channel. 

We talc the set {Nltlj of the noise processes to be 

composed of components of white Gaussian noise processes, 

Independent of each other, and wl th known power spectral 

d ensities D 1, and we all ow the components {D
1

} to be 

unequal. 
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Tht transmitted signals s 1
lt), ) = I , •••• ,M wtl I bt 

taken to bt equal tntr~v slgnals, where the tntrgv, E, 

Is dtflntd by, 
12.21 

and wt take their correlation cotfflclcnts p 1 I to bt 

dtflntd by, 

Pt l = [s 1,s 1] / E 
12. 31 

wherein, the Inner product notation, 

[ f , g] • 1T f l t I g l t I d t 
0 

has bttn used. 

Wt tlkt the viewpoint, Initially that the amplltudt 

factors La
1

] art known, and procttd to dtrlvt the optimal 

receiver structure. 

t:,1 OPTIMAL RlCEIVER STRLCTUiE 

Tht optlmal receiver which minimizes the probablllty of 

error using all tht avallablt versions of v1ltl can be 

derived cast ly by considering the waveform stt {Yltl} as 

* 
a "multiple stochastic process" LI]. Thus setting, 

Y I t I = [ y I I t I , y 2 I t I , • • • , YN I t I J 

S ) I t I = [ a I s I I t I , a 2 s I I t I , • • • , aN s I I t l ] 

NI t I = [ n I I t l , n 2 l t l , • • • , nl\l I t I ] 

* Here, and In the seq ue l, al I vectors shat I bt 

understood to be column vectors. 

l 2. 41 



l rt, 

RNlo,t) • E [ Nlo) N*lt) ] (2.5) 

thr * drnotlng conJugttr trensposr. 

Thrn, with [ ~\It) ], thr srt of lvrctorl or thonormal 

functions corrrspondlng to thr covarltncc krrnrl RNlo,tl 

of thr Integral rquatton, 

[T RN I , t) {1\ I t) d t = \ ll)k Io) l 2 .61 
0 

It Is writ known that rtch mrmbrr of the signal srt may 

br expressed es, 

,2.1, 

Ordlnarllv, bJk = 0 fork> M, so that the slgnals 

s
1
lt) h1vr a flnltr numbrr of degrees of freedom, M. 

In terms of the samr set of orthonormal functions 

{ fi\lt)}, one mov wr I h, -
y' t, = L yk fl\ It l 12. 8 1 

k •I -NI t) = L nk fl\ It I ( ' . 9 1 
k : 1 

where, 

= [T Y* ( t I f.\ l tl d t 
0 

12 .10 I 

= f N-:i- , t l "\tt) dt ,2.111 

thus, 

Yk = b J k + n k ; k = I , • • • • , M l 2. 121 

so that we have a re duc ti on to a countable number of 

coordtnahs. 

II 



Assuming now, tht slgnals s
1
1t) art tqually llktly, 

conslshnt with thtlr btlng tqual tntrgy; It follows that 

wt should dtcldt on tht m
th 

slgnal If, 

~(vk-bmkl2/\ • 

-

min 
J 

12. 131 

or, equlvalentlv, 

~ b;khk • 2~ ykbmk/Xk = m;n ~ b1l\ • 2 ~ ykblk/Xk 

I 2. 14 l 

r, In terms of tht time functions, 

I 2. I 51 

htrt h
1
1tl Is the solutlon to, 

£T RN Io, II h J I ti d I = S J Io J 12, 16 l 

In tht case we consider, where the noise proctsse s are 

whltt Gaussian, the covarlanct matrix Is, 

1:?N Io, t l = D o Io - t I 12. 171 

where D Is a dlagonal matrix whose entries are the positive 

ower spectral densltlu D1, I= I, ••• ,N; correspondin g 

t o the posslbly different no ise temperatures at the recelv rs. 

He nce, the solution to 12 .1 6 1 ls, 

I a I a2 
h j I t l = / t5"'js JI t l , t>;s I I t l, • • • • , ( 2. 181 

12 



end we hive, 

T ,.. •2 /4 h~III s1111 di• E ~ ~ ; J=l, .. ,,M 12,191 

stnce we assume equal energy stgnals. 

Substituting Into our decision rule 12.15 1, they 

th 
I I mp I ' r y t O : d CC ' d e On t h e m I ' 9 n • I I r ' 

fol y*111 o•lsmlll di• m~x foT y*111 0· 1s
1

111 di (2.201 

or cqutvalently, 

or In terms of the Inner product notation, 

max [~•I ] = j 4,JD. y I , s J 
.. , I 

12,20 al 

The Interpretation of the above decision rule, Is tha t 

each received waveform v 11tl has to be weighted by the 

corresponding slgnal stren g th-to-noise ratio as refle c te d 

In a 1/D 1; a result which Is lntultlvcly satisfying. 

Actually, the decision rule docs not require the ex a c t 

~nowlcdge of all the parametus [a 1); only their rclatl ve 

ratios enter In the wei ghtin g , Even these, however, may not 

be available In a practl cal situation. We, therefore, 

proceed to r emove this res tri ct i on !n t he next secti on. 

13 



~ ADAPTIVE FEATURE 

We observe that the set of amplttudt Factors [a 1], or 

thetr relatlvt ratios are, tn a diversity svshm, usual Iv 

unknown or art subject to varlattons which may be regardtd 

as sl ow within the observation lnhrval [O,T], but may 

vary conslderably over periods longer than this. 

Thus, In the absence of knowledge of the actual value s 

of the a
1

•s we are led to Including In the syshm a 

"learntng" phase wherein the a 1 
's are estimated accordin g 

to some criterion, and then an "adaptive" phase wherein 

the weighting factors a 1/D 1 are ad)usted according to th e 

estimates [ 11 ] of [ a 1 ], which we use In the decisi on 

rule IS If they were perfectly accurate, yltldln g t he 

dectston rule: decide on the mth signal If, 

max 
j 

12 . 2 l 

Wt observe brfeflv, In passtn g, that In the above 

decision rule (2.21), when N = I, the rule re duc es t o, 

12 . 22 ) 

that Is, for a slngle ch annel, t he am p l itude paramet er a 1 

Is not require d for optlmal processing. This sug 9ests that 

If each receiver wer e to Indep en dently make a decision, 

t hen use some form of maj or it y lo g lc combinin g for the 



dtctslons of al I the Independent rccciv,rs; one may 1rrlvt 

at an ultlm1tc decision 11 to which 1f9n1I was present, 

without the ntctsaltv to Incorporating an ~stlmetlon ph1sc. 

We l cavt the discussion cf this subject, howtvcr, to 

chapttr v. 

Htnccforth, we shall consider the set [a 1] to be unknown, 

and therefore, we stek an estimate for c1ch a 1, the form 

of which we discuss In the next section. For this purpose, 

we essumc each a 1 Is constant tor s l owly varying! within 

tht slgnellng Interval [0,TJ, and we consider It to be a 

non-negative real number, I.e. 0 < a1 <•.Moreover, no 

priori distribution shal I bt assigned to the clements 

of tht s,t of numbtrs [a 1] . 

. 5 LEAiNlr-..G P~SE - ESTIMATICN OF [1
1
j 

Since we takt the point of view that no a priori 

Information Is avatlable (or assumed! about tht set [a
1

J, 

the probltm of csttmatlon of the p!ramct~rs a
1 

may 

convenlcntlv be handled by using the Maximum like I !hood 

criterion. This requfrts, setting for ,ach I, l=l, ... ,N 

(2.23) 

Based on our assumption that the si gnals arc tqually 

lncly, and If we further Hsume that the a
1

1 s are 

mutually Independent, we have, 

I 5 



12.24) 

but 

and slnct tht nolst proctssts trt whltt Gaussian, ell this 

amounts to taking for tach I, 

or, slncr thr log Is monotonic, 

which yltlds upon slmpllflcetlon, 

= 0 12.27) 

Using lnnrr product notation, and separating ter ms, we 

find thdt tht txprrsslon which tach &1 
must satisfy rtduces 

to, 

~[v 1,, 1Jexp/- k, l[v 1,v 1]-20 1[v 1,s 1J+O~[s 1,, 1J1 I= 

~· [ ] I I [ ] ,. ] ,. 2 I 
4,../I s 1,s 1 exp,-~,1 v 1,v 1 -2a 1[v 1,s 1 +a 1ls 1,s 1]1\ 12.281 

J 

and on multlplylng both sides by 

I I --2 ) 
exp / m5 

1 
I l v 1 , v 1] + a 1 ( s J , s J ] l I 

since It Is lndeprndrnt of J, we havr, 
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or, 

t 2. 30 l 

E 

A 

I.e. the maximum llkellhood utlmate a 1 of a 1 Is given by 

the non-trlvlal root of t2.30l. 

The above formulation and the result 12.30) are due to 

!3 alekrlshnanl2]. Based on this we shall, In the sequel, 

modify the form of the estimate to make It more manageable 

for Insertion In the decision rule and ultlmahlv, to 

effect the er ~ur analysis. 

2.6 VARIANTS CN THE FORM OF 

Denoting 

est I mah a 1 

t he quantity ex p 

of (2.30) may be 

~Y11 [y 1,s 1] 

i >'1 J l s J , s J J 

THE ESTIMATE 

A 

I a I I by YI J' the l°i lY 1,s 1J
1 

written, 

t 2. 3 1 I 

Clea r ly, the role of the Y
11 

Is to wei ght the ou t pu t 

l v1,s 1
1 of each fl lter matched to the different poss Ible 

signals at each receiver according to the relat i ve 

Importance of that output, I.e. It attaches mor e we i gh t 

I 7 



to those outputs for which the ratio a 1/D 1 Is higher, an d 

which respond strongly to th, Input. 

The form (2.311 of the esti mate clearly glvcs a biased 

estimate, and motivated by th~ fact that wt wish to obtain 

an unbiased estl~atc, we consider Instead, 

I 
M 

(2 • 31 d ) 

where, her~ we take the Y
1 

j to bt arbl trarv weight functlo s 

whose sum for each I Is unity. The choice of theY 11 will 

usually have to be made a priori as part of the slgnal 

design problem associated with the Und of diversity 

problem which wt consider. furthermore, since, by our 

choice, there Is no reason why they shoul d depend on rh e 

path or channel considered, we shal I su ppress their 

dependence on I. 

It Is quite dlfflcult to obtain an expllctt soluti on 

to 12.301, and so Balakrlshnan l3 ) pro po sed a variant on 

the estimate, motivated essentlally by t he fo.-m of 12 . 3 11. 

He Instead considers, 

I 2 • 32 l 

~ ~~ [sk,sJ) 

where the denominator was chos en In or der to make the 

estimate unbiased. This estimate Is Gaussian with varian ce 

I 8 



slvcn bv, 

(2.33) 

The form of the estimate given bv 12.321 may, however, 

be Justified bv the f'ol lowlng argument& 

If It was known at the receiver which 1l9nal was sent, 

or If there was only one slgnal as In on-off signaling, 

then It Is well known that the maximum llkellhood estimate 

for the 1mplltude parameter a 1 Is given by, 

[v
1
,,] 

,. 
I I = 

[ I ' s ] 
12.34) 

dnd since, vi = a rs + nl, WC have. 

,. [n
1
,s] 

a I = a I + 
[s 's ] 

12. 351 

so the estimate a1 of a 1 ls the true value a 1 plus a term 

due to the noise, and since the noise Is a zero-mean 

process, It Is seen that the estimate 12 .351 Is unbiased. 

The above was predicated upon the receiver knowing 

exactly which signal was sent. Since we assume the slgnals 

equally llkelv, It Is natural to remove the conditioning 

bv weighting the condltlonal estimates by the relative 

frequency of occurencc of the si gnals, and thus arrive at, 

12.36) 
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which 11 clearly biased, with 

E ( i ' , • • 1 • t2 ~ ~ [ I k , I J ] 

end to preserve unblescdncss, we take, 

I 
JJ 

exactly the form proposed by Balakrlshn•n (3]. 

2.7 SPECIF ICATICN TO THE BINAIY SIGNALING CASE 

12.37) 

12.38) 

As • prelude to using some or the results derived In 

this chapter, we shell specify their forms when the 

stgnallng 1s by two basic waveforms s 1tt) or s2 It l . 

The decision rule then reduces to: decide on s 1 If' 

H ,. 

~ 
a I lr., .. ,1 -

l > 0 12. 39) 

tri 
[v 1,s 2 ] \ 

,~. 
and on s2 otherwise. 

For a
1 

In 12.39), we arc to use any estimate given 

by the maximum llkcllhood criterion or any of Its variants. 

In chapter I It, we shal I use either one of the forms, 

" I I 
a I = ! / YI L Y l , s I ) + 

12.40 ) 

corresponding to (2.31), and In which the Y1
1 s arc taken 

to be arbitrary weight factors chosen to minimize the 

20 



probabflttv of drcfsfon rrror. Clearly, there ts no loss 

of genrralttv by taking, 

= 

or we consider an estimate of the form, 

,. 
I I = 

t 2. 4 I I 

corrrspondlng to the estimate of t2.31al, 

In chapter IV•~ shall usr another estimate for a 1 

In the case of antlpodal slgnals, corresponding top= -I 

In t~.411, which estlmah ts obvlouslv lndehrmlnah for 

p = -1, We shal I drfrr discussion of this estlmatr untll 

chaphr IV. 

2 I 



Cl-\4\PTER I I I 

MULTIPLE PROCESSl"-G OPERA TICN 

In this chapter, wt shal I ust tht results of the 

previous chapter In ordtr to bul Id the composite decision 

rult. 

Wt shall dtrlvt tht statistics of the decision varlablts 

and formulate expressions for tht probability of decision 

err or. 

Wt shell also dcscrlbt the two basic modes of operation, 

between which wt subsequently makt a comparison to 

determine tht better mode. 

h! COv-1POSITE DECISIQ\J RUL~ 

W~ determined In the previous chapter that the optimum 

decision rule for binary signaling Is: Decide on s 1 If 

0 I 3. I I 

Wt also noted that In th, absence of complete knowledge 

of th, (a 1] or th,lr relative ratios, we should estimate 

a 1 and use In the decision rule those estimates as If they 

22 



had perfect accuracy, In which case we have, 

I 3. I a I 

where for a1 we use any of t hose estimates discussed In 

chapter II. 

Upon Insertion of the estimate a1 In the decision rule, 

we obtain what shal I be referred to In the sequel as the 

composite decision rule. For example, upon Inserting 12.40) 

Into 13.la) and slmpllfvlng, we get: decide on s 1 If, 

and on s2 otherwise. 

We refer to this mode of operation, whereby a slngle 

decision Is made at the end of each observation Interval 

based on the slngle decision varlable Z In 13.21, as 

MULTIPLE P~OCESSlf\G, abbreviated IM.P.l 

On t h e o t h e r h a n d , th e r e e x I s ts a I w a vs t h e s I mp I e r mod e 

of operation, viz. the single channel operation, whereby 

each receiver makes a decision Independent of the others, 

and using ma)orltv logtc to arrive at the ul tlmate decision 

at the end of each observation Interval. We refer to this 

second mode a M.\J UQ ITY llGI C operation, abbreviated (M.l.) 

the advantage, If It can be called as such, with this mode 

23 



of operation Is that the need for the cstfmatc of the 

amplltudc parameter Is obvfatcd. 

3.2 PEIFOIMANCE MIALYSIS 

Considering equally llkely slgn1ls, It Is easy to sec, 

by svmmctrv, that the 1vcr1ge probabl 11 tv of error Is the 

prob1bllttv of error condltlonrd on s 1 bring sent. Thus 

wr mav wrltr, 

P,sP{Z<O I s1} (3.3) 

where Z ts the composite declsfon v1rf1ble. 

Prior to the determination of the average probabll ltv 

of error, we seek to evaluate the statistics of the 

decision varlables, thus let, 

= ,,, 
IE D 

1
) 

( 3. 41 

t he: n the s c t l x f J ] , j = I , 2 ; f = I , ... , N a r e Gau ss I an r • n d om 

varlables, being llnear transformatfons of the set [v,] 

whfch arc Gauss fan. The condltlonal expectations and 

covariances of the [x
11

] - condltfoncd on s 1 sent - arc, 

•11 = (!,j ., ' l = I 

(! /P • 1 , I = 2 I 3. 5 I 
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p 

t ~ m 

, Jak}t=m 

' J ~ k 
13.6) 

Thus the Gau11l1n random v1rl1blcs xtJ arc 1h ♦ lltlc1llv 

Independent for different channels; and for the stme channel, 

they have unity variances and covariance equal to the 

correlt ♦ lon coefficient of the 1lgnal1. 

We now focus our attention on the determination of the 

average probabll rty of error. We note ♦ hat the composite 

decision vtrlable Z may be written as a quadratic form 

by defining the vector X as, 

thus, 

Z = l X ,QX) 

whtre, Y. - YI 
YI 1 2 [ 

2 
Q = y - YI 

, 3 .a, 
2 I - i' l 

2 2 

wtth I, the N >e N Identity matrix. 

Pe = P { ( X ,QX j < 0 I s I } l 3. 9) 

where X Is a Gaussian random 2N-vector whose probabll ltv 

density function Is, 
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-N -\ [ I I • -• ] 
p ( X ) • ( 21t) I d c t A ) c x p - ~ X-M) A ( X-M I (3.10) 

with mc1n vector, 

M • { Ad , pAd } 13. II ) 

In which Ad 11 the column N-v,ctor 

Ad• {(!)\ ,(!J,2 • '"" ,(!}N} (3.12) 

and with covariance matrix, 

1 P I 
A • 13. 13) 

P I l 

One may express 13.9) by Invoking the famous Inversion 

formula [11] for the characteristic function Cv'•' of a 

random varlablt VI.) 

·luv 
lm[e CV~ du I 3. 14) 

u 

where the Integral Is understood as a Cauchy prlnclpal 

value In th, sens,, µ 

Lim f 
µ-• I/µ 

For this purpose, we need the characttrlstfc function 

of the quadratic form lX,OXJ wfth X distributed as In 13.10) 

above. This Is a well known result and can easlly be shown 

to be, 
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(3.15) 

whert, (3.16) 

Using 13.14), wt find that, 
• 

p = f lOl = 1 - l J .!.clfv.Ll!ll du 
e [ X ,QX) ~ 1l 0 u 

(3.17) 

which, upon Inserting lm[ Cvlul) reduces eventually to, 

du I 3 • 18) 

where, 
¢1 ul tan-I u JI 

= 2 
I + u 

µ = '2 Y2P 

Wt do not pr~pose to carry this I Int of approach 

further, except to note tht compltxlty of the expressio n, 

a fact which makes furth,r analysis very dlfflcult. Wt 

only refer the Interested reader to the work by Balakrlshnan 

and Abrams l7] where they used a slmllar type of Integral 
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for the spcclal c1sc N-2. Shin (8) confines discussion 

of a stmll1r Integral to only special cues of Interest. 

3.3 DECISICN RULE RE·CCNSIDERED -
In section l3.I) we dlscuss~d the multlplc processing 

operation mode with a partlcular estimate l2.40l used In 

the decision rule (3.11) which ylelded I composite decision 

rule (3.21. 

In this section we shall make use of I sllghtly 

different epproech In the decision rule, to obt1ln a 

slmple bound on the evcrtgc probtb111tv of error. 

Noting that the terms In the decision rule l3.la) and 

the estimate (2.41) lnvolvc sums and dlffcrcnccs of random 

v1rl1blcs that ctn be made Independent by choosing Y1= Y2 

we consider here an estimate of thc form, 

(3.19) 

At this point, ft Is not clear what to do In the case 

of antipodal sfgnals. We thus exclude them for the time 

being and defer discussion of this case untfl chapter IV. 

Inserting the estimate (3,191 Into the decision rule 

13.11), we have the new composite decision rule: decide 

on s 1 If, 
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[v 1,s 1 ]+[v 1,a2 ]} 

..Jo, 
> 0 (3.20) 

and on 12 otherwise. 

Herc, lnstced of a1 •c have put e function gla 1
) of It. 

Thfs function gl.) Is only e weight to be 1ttechcd to cech 

term In the summatfon, therefore we arc not restricted to 

using the a1•s themselves, but mty use eny function of them 

provided It hes the fol lowlng basic properties: 

II) Since the decision la btaed on the sign of• 

weighted sum of terms, It la lmper1tlve thet the 

weighting doc, not Introduce tny algn deatructlon . 

Hence we require gl.) to be non·ncgttlvc • 

• 
(If) Since lergcr velucs of~ reflect thet e chennel 

with that l ~dcx I hes a htghcr SNR, htnce more 

rel table, we :hould require gl.) to be monotonic 

non-decreasing. 

We observe thet rlnce the estlmtte considered In 13.19) 

Is unbiased wf th mean at the true velue a
1 

and vtrlencc 

eq ual to 2D 1/Ell +p ), we should expect that as o, Increases 

the probtbllltv den,ltv functfon of i 1 flattens. Hence a
1 

wlll be ncgatfvc wfth non-zero probabflftv which Increases 

w I th DI• We may thus consider one poss Ible Ch O ICC for g ( • ) 

g 'a' , = ~ ,., ~, =p f f a,>o I I • 
I • 

lo 
(3.21) 

ff a,<o 
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which 11vs that wt use In the decision processing only 

thet d1t1 errlvtng via the chennels [I] for which 

[v
1
,s

1
]+[v

1
,s

2
J Is grtthr than zero, tnd to Ignore the 

others 11 being too noisy to bt rel ltd upon. 

The above docs not preclude using the data from all 

channels, whether a1 bt positive or negative. Wt may do 

this by considering, 

(3.22) 

which gives a weight larger than ont for the data from the 

channels [I] for which lY 1,s 1J+[v 1,s 2 ] Is greater than 

zero, and a weight less th•n one otherwlst. 

A. BOLND CNP 
t 

For normalization purposes, wt shal I slightly modify 

tht dtclslon quantity Z of 13.20) to rcad, 

I [v 1,s 1)-[v 1,s 2 ] I 

/ l 2 ED 
I 

l I -p l ) I ~ \ 
(3.23) 

Considering wt havc equally llktlv stgnals, wt again 

havt, P I z p = < 0 
( I 

(3.24) 

Now, defining, 

v, = 
lv

1
,s 1 ]+[v 1,s 2 ) 

l2ED
1 

l l+p)) l/2 
13.25) 
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and, cv,,,,1-cv,,•21 
l 2 ED 

1 
l I •p 1 1 I /2 

(3.261 

tt can be teen that v1 
and w1 arc Gauss tan random va r lablcs 

with condttlonal means and variances given by, 

v1 -~1¥ m, 
l 3. 271 

•1 a ~1? m, 
(3.28) 

V1rlV 11 • V1rl'fl 11 • I (3.29) 

where we define, 

m, -a, • t 
(3.301 

To show that v
1 

and w1 
arc Independent for all I, 

v
1
+w 1 

consider, 
=! { )(,1•)(12+•11•x,2t 

~ ✓ I + p ✓ I - p ~ 

= ✓ I 2 l )( ' I l ~ +FP ) +,c 12 ( {l'=p +{I:;; 1 t 
2 l I •p 1 ~ 

(3.31) 

where x
11 

Is defined In (3.41, and therefore, 

VarlV +,i,· I= I /,FP +,Ji+P12vartx, I I 

I I 2 ll·p2 1( 

+ 21~ +{l:;;I I~ ...Ji♦p°I Cov Ix 11,x 12 1, 

= 2 
(3.32) 
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where we hive used l3.61. On the other hand, It Is known, 

Ver IV 1 +w I I • Ver l VI I + V • r l WI I + 2Co v l V 1 , WI I 

• 2 + 2 Covtv 1,w 11 (3.33) 

From (3.321 ind (3.331 we conclude the random verltblcs 

v
1 

end w
1 

arc uncorrclttcd, and since they arc Gaussian, 

they ire statlstlcallv Independent for all I. Moreover, 

there 11 complete statlstlcal Independence for •I I these 

variables over the different Indices [I] since the noise 

processes arc Independent, as can be seen from l3.61. 

Thus, In terms of v1 and w1, we may wrlh, 

(3.34) 

Now, given that each v1 
= p1

, the decision quantity Z 

Is a weighted sum of Independent Gausslans, hence Gaussian 

itself, and the condltlonal probablllty that thts sum be 

less than zcrrJ given the set lP 1] wlll be, 

P{z < 0 I s 1,~} = erfc ✓ ';e 

where we define, 

Lm,91p 11 

L 92 l p I I ] I /2 

(3.3 5) 

crf lxl 
2 cxpl-y /21 dy t 3. 361 

--

erfclxl = I - crflxl (3.37) 
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where, (3.39) 

Independence of the V 1 
1 s over the Index set [I], end 

by 

where, 

Pv l '3 I ) • .J_ exp I I l~ I - i , 2 l l 3 • 40) 

I ~ 
i - ~ I I 

with 1J 1, the expectcd value of vi given by l3.27l. 

It Is posslblc now to bound P from above and from 
C 

below; for since, 
(3.41) 

by the Schwarz lnequallty, we have, 

(3 .42) 

On the otherhand, for any set of non-ncgettve real 

numbers x1, It 1 s a I wa vs true that, 

1: .~ ~ [Lx 1)
2 (3.43) 

• 

hence, l:m 1 gl~ 1) l:m, g l ~ 1 ) 

~ 
(3.44) 

9
2 1~,,1 112 

[ ~ 
L gl~, l 

J 
J 
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end 

Moreover, since erfc(x) Is convex for non-negative 

arguments, therefore the rtght-h1nd side of 13.45) may 

further be bounded by, 

Therefore, 

P, ,!; ~crfcU-m 11 E { 

In which we use, ·w - - I - p 
R - 2 (3.47) 

end where the expectation In (3.46) ts wtth respect to the 

Independent Gaussian random var tables 13 1, each wf th mean 

given by 13.27) and unity variance. Now letttng, 

l E 
9113,, 

(3.48) = I 
~9(!31) 

.J 

then clearly each ll I s bounded by 0 < l' < I. 

It Is quite dlfftcult to obtatn a general expression 

for the expectation In 13.481. However, for the class of 

candidate functions we use for gl.l, for example g(~
1

) = 
expll3 1l, ft may be shown that as a first appro>ilmatlon, 

34 



the expectation m1v be taken 11, 

g (lJ I) 

~g (lJ I l 

with the second term of the order of, 

o ( 9 Im;• i I I ) 

Thus from (3.46) we m1v write, 

p 
e 

~ ~ i
1 

erf clR- m1 l 

l 

Combining 13.421 end 13.50) we have, 

(3.50) 

P e ~ ~ EI er f c \1 R - m I ) t 
• 

< max erfc 1,R-
I 

I 
m I I I 

= er f cl( R- m Ir ml l : I 3. 511 
I 

+ 
g(~ m11 13.52) 

~ glR+mJ l 
J 

The bound In expression 13.511 ls the bound we seek. 

It 1ppl les to the "multlple processing" mode of operation. 

To effect a comparison with the "majority loglc" mode 

would be Involved at this point. Rather than obscure the 

result with too many terms, we refer only to the case of 

two-channel operation. In chapter VI we show that for 
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N • 2, the probebllltv of error under M.L, mtv be written, 

l 3, 53 l 

For the 11me 1ltu1tlon, the bound of l3,Sll reduces to, 

It 11 eviden t thet the bound of l3,54l Is 1m1ller than 

the right aide of 13,53) bv virtue of the feet th•t the 

larger weight 11 1tt1ched to the amal ltr of the two 

qu1ntltle1 crfclR-m
1

l ind crfclt-m2l, The bound of l3.54) 

end the error probebl 11 tv of 13,53) coincide If m1 = m2 • 
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CHAP TE.~ IV 

MULTIP l E Pt0CE.SSIN3 OF ANTI POOAL SIGNA LS 

In the previous ch apter, we. exclud(d consideration of 

the c1se when the bln1rv slgn1ltng waveforms were 1ntlpod1I. 

The reason was the dlfflculty of reconclllng the form of the 

estlm1te tlken for a
1 

13.191 with a value of ·I for p, the 

correl1tlon coefficient. 

~e devote this ch1pter to the mode of multlple processing 

of binary 1ntlpod1I slgnels, by suggesting• sllghtlv 

different estimate for i 1, ind using It to form• new 

composite decision rule. 

In the following analysts, we shal I appeal to geometric 

Ideas In the determination of the probabllltv of error. 

The derivation wlll be based on geometrlcall y Interpreting 

the aspect and variations of the decision hypersurface 

with respect to the axes of coordinates. 

Although the 1nalysls that follows Is general, we shall 

concentrate our attention on odd·dlmensional E.ucl lde1n 

space, merely for reasons of convenience and In order to 

make I meaningful comparison with the other mode of 

operation of "majority loglc", In the next chapter. 
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4.1 SL.GG~STlt'G AN ESTl~TE -
In cheptcr I 1, we found thet the mexlmum llkcllhood 

cstlm1tc 1
1 

for 1
1 

w11 given by the root of the cquttlon, 

,,

1 

[v
1
,1

1
] + Y

2
[Y 1 ,1 2

] 

,,, + "2 

where, 
Y

1 
= up ( ~ lv 1,, 11) 

In the c11c of entlpodel 1lgn1l1 we htvc, 

which reduces l4.I) to, 

l 4. 3) 

and the estlmetc 1
1 

Is contained lmpllcltly In the solutlon 

to the trenscendentel equation l4.3) which ts dtfflcult 

to obtain expllcltly. 

It ts clcer, however, that the role of the quantity 

In (4.3) ts to weight the normallzed 

{ 
i 1 } 

tanh 15'7 [v 1,s 1] 

output (vi,s
1
]/E, of the single matched fllter by a (+) 

or t-) sign, according as which of the two slgnals was 

present, In addttlon to a magnttude weighting according 

to the strength of t he received signal. Again, mottvated 

by the form of this result (4.3) we consider Instead the 

fol lowlng estimate, 
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We may explaln this approxlmetlon by the fol I owing 

arguments: Equation (4.31 may be written es, 

I ~ z = tanh z 
(4.5) 

where we have put, 

and l 4 .6 l 

We seek• non-trivial root of l4.Sl. Hence If we plot 

the two sides of l4.Sl es functions of z, as In fig l4.ll, 

then the root Is cleerlv where the two curves Intersect. 

From the figure, It Is obvious that, If we conatreln 

the root z
0 

to be positive, then, 

I 
On the otherhand, z

0 
must satisfy (4.51, ind using the 

simple Inequality, 

log•~ x - I 

It Is readily shown that, 

z
0 
~ C - I 

We see from the above that 

C-l<z <C 
C'.) 

l 4. 7 l 

that Is to say, the root of 14.51 Is within one unit 

Interval of C. We choose to take It as being equal to C, 
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or In terms of the fllter outputs, 

Of course, there wtl I be two roots as can be seen In 

ftg 14.11 according as [y 1,s 1) Is positive or negative. 

To account for both cases, therefore, we Introduce 

Furthermore, from the physlcal point of view, this Is 

a Justlflable approximation; for If It was known at the 

receiver that s 1 was sent, then ft Is well known that an 

unbiased utlmate for the amplitude parameter Is the 

matched fllter output normal lzcd by the slgnal energy as 

con be seen In 12.34). The fllter output, however, wll I 

be post ttve or negative depending on which stgnal was 

present. It Is reasonable then to take the magnitude as 

t h e c s t I ma h . 

The estimate a1 of 14.4) Is unbiased with mean at the 

true value a 1 and variance D1/E, however, ft Is no longe ,r 

Gaussian. 

4.2 COAPOSITE DECISICN euLE 

Using (4.2), the composite decision rule of 13.lel 

may be written, 

4 I 



l o 

which upon lnacrtlng the catlmttc •, of (4.41 reduce, to: 

decide on , 1 

sgn[v 1,, 1] > 0 
(4.10 ~ 

tnd on s2 • • , 1 other•f••• 

Since 1gn[y1,, 1] l1 not 1ffected by chtnge1 In E or 

D 
1
, I 4. 10) mt y s I mp I y be wr I tt en, 

(4.101) 

where, 

In the next chapter, we con s ider the "m1Jortty loglc" 

mode of operttlon. There, It Is shown thtt the composite 

decision rule for 1ntlpodtl sfgntls reduces to, 

"' z
0

• 1: sgn x, > o 14.11, 
.::, 

• These expressions suggest thtt one might consider, In 

genertl, tn tlternttc composite decision rule of the form, 

z,, • > 0 (4.12) 

* This ••s suggested to the •uthor by Dr. Robert Price. 
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wherein the parameter~ may be 111lgncd different vtl c1 

to determine If, posslblv, any p1rtlcul1r value of 

leads to a unlformlv lower prob1bllltv of error. We 

Investigate this posslblllty ts we proceed In the 

dctrrmlnttlon of the prob1bllltv of error In the 

rollowlng section,. 

Ag a I n , con• I de r I n g c qua I I y I 1k c I y I I g n • I 1 , the •,er• g c 

probablllty of error Is the condltlon•I probtblllty of 

rrror given that s 1 ••s sent. Therefore, conditioned on 

s , we have, 

We reel 11 [c.f. l 3. 5 J and I 3 .6 J ] t h1 t the random 

varlables [ X I ] In (4.12) Ire Independent G1u11l1n, c1ch 

with mean, 

ml • if. I I 

and unity varl•nce. 

Thus, the random vector, 

ls normally distributed In N-dlmenslonal Euclidean space, 

with mean vector, 
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end cov1rl1ncc m1trlx I, the N x N Identity m1trlx, end 

we hive, 

hl PIOBABILITY Of EttOR lN • 2) 

for the c1,c of' two ch1nncl oper1tlon, th prob1blllty 

of error Is simply, 

We observe that the above event coincides ldcntlcllly 

with the event [ x
1 

+ x2 < 0 ), It being understood that, 

for the c1sc ~ • O, equallty to zero me1ns that either , 1 

or s
2 

could be present. Thus 

p e - p [ X I + •2 < 0 I I I] 
(4.17' 

which la c11lly shown to be, 

(4.18) 

The slgnlflctnce of this result Is discussed In the 

concluding chapter. 
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4.4 MULTIPLE CHt\N'JEl OPEIATIQIJ IN• 3J -
We begin with two b1slc definitions which wlel be 

required In the subsequent discus si on. 

Definition: The vector Mor ~h e me1ns shill be 

referred to ts the POLAR AXIS. 

Definition: The vector 8 In the positive orth1nt 

(oct1ntJ which Is equidistant from the 

coordln1te exes shill be referred to 

1s the ~JOI AXIS. 

GE~ETRICAL DESC~IPTICN OF THE DECISIO'J HY PERSURFACE 

It wl 11 be observed th1 t the decision hypersurf'1ce 

which Is described bv the equ1tlon, 

divides the probabllltv volume (or spacel Into two regions, 

the bound1rv between which Is• surf1ce pissing through 

the origin or space, and has an undulatorv 1ppe1rence. 

N 
In general we have 2 orth1nts, one or which Is 

bounded by the surfeces Joining the ell-positive exes, 

namclv the positive orthant• end one Is bounded bv the 

surfaces Joining the ell-negat i ve axes, nemelv the 
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( 

negative rthent. The declalon hyper1urf1ce p1sse1 through 

the remaining t2N • 21 orth1nt1 whose bounding 11es ere 

dls1lmll1r In sign. 

If N Is odd, there wlll be 
I N ,,2 • 21 orthant1 which 

ire bounded by m1Jorlty positive 1111, ind 1n equtl number 

of orth1nt1 bounded by mtJorltv neg1tlve axes. 

If N Is even; In 1ddltlon to the positive end ncg1tlve 

orth1nt1, there wll I b1(N;2) orth1nt1 whose bounding ••e• 

ire cqutlly positive and ncg1t:ve. This lc•ves 

2N • 2 • ~;
2
) orth1nt1, h•lf of which •re bounded by 

mtlorlty positive 1xe1, end htlf of which by m orlty 

negttlvc 1xe1. 

For example, In 3-dlmcnslontl Euclldctn sp cc, this 

undulating tor w1vyl surface 11 made of conlcal segments 

In etch of the six octant, whose bounding axes arc 

dlsslmtlar In sign; and with respect to any point In the 

spice, this surface wlll change Its curvtture from 

positive to negative ind so on,•• It pa11e1 from one 

octant to the adjoining one. Fig t4.21 

Slmllarlv, In S·dlmenslonal Eucllde1n space, the 

decision hypersurfacc Is made of segments of hypcrcones 

tn each of the thirty orthants whose bounding axes ire 

dlsslmllar tn sign. 
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Furthermore, the decision hy persurface forms an Ingle, 

m, wit t he maj or a,cls , wh i ch os c lllahs 1bout the value 

, and t he r e ts comp lete ymmet r y with respect to this 

val ut , i .,. t he dec i s i on hypers urface Is 11 much ab ove 

as lt Is below t he tN - 1)-flat described by~=!• 

We shal I make use of this fc1turc In cv1lu1tlng the 

avera ge prob1bl llty of error. 

B "N1EEN THE DECISI CN HYPERSUfHACE 

E MAJOR AX I S 

odes r lbe t he varia t i on s of the dec ision hypers urfa e 

f r any T/ , co ns I tr any ort han t In E( Nl bounded by p 

01t tlve a,ce s and IN - pl nega ti ve axes. In parttcular, 

c nsld er t he ort hant , 

x 
1 
> 0 , I = I , '2 , • .. •.• , p ; x I< 0 , J =p+ I , ••• , N ) 

Let t h is orthant be cal I d "G". The equation of t he 

1 cl sl n hypu s urface In t he: or thant G, may be written, 

,, " Z:lx/1 I: 
'I 0 )x ti = 

.,, i. .,.., 

or eq u lvalently, 

,. "' 
~ 

'l - ( - I ) 'I I: 'I 0 
X I = 

I 
~•I 

t ~,-, 

14. 201 ) 

.onsld er a ny po i n t P on t he: hy ersurf dc t t4. 20al. Le t 

I t s coo r d i nates be, 
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XI = X I •p+I :II - 6 X I 

X 2 = '3 I x, X • • p+2 6 )' I X I 

X3 = '32 x I X = • p+3 6 ,,2 X I 

htr t 6, [~
1
], [ Y

1
] art r~al non-ne91tlve numbers. Then 

from the equation of the decision hypersurf1ce (4.201t It 

,as 11 vulfltd t hat, 

6 = + 
I + 

I + 

\ 
1f 

accordln as ~ is tvtn or odd Integer. 

14. 2 11 

e note that any s ~alar multlple of tht coordlnltts of 

t h f poin t P rtsults In anoth u poi nt on tht hypu su rfa c • 

Ith B, ♦ ht - v,ctor wost coordinates art, 

8 = l I, I, I, ••• •••••••••••• , I] 

It dlrtctly foll ows t ha t the angle CD subtended at tht 

ori g in by t he v, c tor P and the major axis B, Is gi ven by, 

(4. 22 ) 
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For any "l , It Is evident that the angle Q) wl 11 be 

equal to, 9re1hr then, or smaller than f 1ccordlng as 

I+~~, 

l I+ E ~" I I /'I 
I 

gre1hr than 

ls res pectively equal to, smaller than, or 

'I+ E ,,,, ) 1/'I 
I 

• 

For 'f7 :m I, Q) 11 alw1y1 equal to i, end the decision 

hvpcr1urf1ce 11 simply• hyprrpl1nr which p11srs through 

t he or i g in orthogonal to ~hr ma)or axis. 

For any 'f7 ~ I, the decision hvprrsurfacr I.. an al pha-l e 

ypers urfacr 11.,. of order al, and this svr acr undu late s 

out the hyperplane corresponding to 'f7 = I. 

On t h e o t h tr h a n d , b y con s I d r r I n g a n or t h a n t " H" , w h I c h 

Is Image-through-the-origin to the orthent "G", I.e. th e 

orthant H Is that lc h .Is bounded by, 

[ x 
1 
< 0, I= I , 2 , .•.• , p ; x ) > 0, J =p+ I , •••• , N J 

It c an be shown b y si milar reasoning that the an g le <DH 

sub tended at the ori g in b y t he major axis Band any ve ctor 

Po n the decision hypersu ,· f.:.c: ~, Is thr complrment with 

res pect to~ of the ang le <DG, I.e. 

(4. 23) 

Thus the decision hypersurface for any ry In the 

orthant " H" Is a continuation of that In the orthant 
II I , 
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and where Q) wa1 greater thin J In the orthent "G", It II 

now smaller th,1 n ~ In the orthent "H" by the 11me amount. 

In summation, we note that the decision hypers u rfa c c 

for any T/, Is an envelope of r1y1 lor vectors) that 

oscl I late about i from the ma)or 1ils 11 they describe 

the ran g e of the other orthooon•I coordtnetes of the 

- d t menslonal g eneralized sphertcal coordinates of the 

spa ::: e. 

We shal I deter mine th e average probabllttv of error 

ba se d o n this geometri c al lnhrpretatlon of the deci s i on 

hy pcr s urface. Hence, If a transformation Is ma d e of th e 

p rob a b ility density fun c tion plX) of l4.15l In term s of 

gener a lized s pherlcal coordinates [r, 8, (1) 1, m2 , •• , ~-2 ) 

th e error probability wlll be seen to relate dlre c ly to 

pt(l)
1
), t he p r ob a b l 11 tv d ens I ty function of the prc f trre d 

a ng le (l) I from ,he polar axis. 

4. S T ~ SF O~MATI CJ\I OF plX) N T~~MS Of GENE~ALIZ ED 

SPHE~ICAL COO~DI ATES 

In hr ms of t h e d ecisi on vHtables [x 1] the p r ob a b ll lt v 

o f err o r Is, 

p = 
C 

whcre_J, 1s the re g ion of error, 

5 1 

l4. 24 1 



d = { X : L \x 
1
1 '1-

1 x 
1 

< 0 } 

Makin g the orthogon I tr i ~. ~1r orm1tton T ( r otati on of 

axes) su ch t hc,t , 

X = T Y Y = r* X 14.2 5) 

, , ,1 d u s t n g t h e w e I I k n own r e I a t I o n s , 

·:1-
T T = I 

( 4 . 2 l 

tna the operator · 'i et., f, •it norm lnva 1!l't ii, ~nd w, hav e, 

l Yl 
-N/2 

{ 
I 2 + IMll

2 1} e X p { y":~ ( T -:i-Ml } - 12n: l exp - ~Ir 
( 4. 2 7 1 

where, 

2 * * = L 2 
r = X X = y y v, 

IIM11
2 1t' L 2 

= MM = mt 

Introdu c ing a compl et , ort honormal set of ve c t or s 

I I .:,. 

, • , ' N ] w I th e I t n the d t rec t I on of T M, 

* t hen T M Is th, polar axis of the distribution 11,t. t he 

axis through the centroid of the distribution.) 

Ma k I n u st of th e gt n er a I I z e d s p h tr I ca I coo r d I n a h 

ch an g e of varlables and the Jacobian of transfor mation 

asso ,: tahd with It, which are given In appendix 1 ', t h 
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r es u l In g pro bab ilit y dtniltv function Is, 

r) 0 ; 0 < 8 ~ 2~ 

0 ~ (Dk °' 1t for k = I , 2 , , •• , N- 2 

sin e• by constructi on, 

* :l 
Y lT = r11Mll cosm 1 

n d I t f o I I ow s t h a t , 

p ( r , , I , • • , <D _
2 

) = p l r , (I) I ) pl 9) fl pl k l 
l . 291 

w trt , 

p l 
I 

= 21c 

I t I s wt ll kn own ( 13) , how tvtr, t hat, 

] 
/?. 1 l /

2+U Mll
2 
l} 

pl r l = 111-rifu- t p -
I _2 t 

r II II , I • 3 I 

T 

r ~ 0 

On th t o t h tr han d , t ht pr ob ab I I I t y d t n s I t y u n c t I on 

alon g t ht prtftrrt d dlr,c t l on m1 Is glvtn bv, 

pl 
1
1= 

1 u p - ~ IIMl\ 2 1•, -I up{- !r
2

+r 11M ilco dr 

I • 32) 



(4. 33) 

Invoking an Identity In [12], we have, 

Using 14.34) In (4.32) we have, 

I 4. 3 l 

w I th, 
14. 36 l 

whtr t D lz) ls tht Parabollc Cy llnder functi on, a nd /'I ~) 
n 

Is tht Gamma function. 

Tht dtnsltv function p(<D 1
l of 14.35) may bt pu t In 

two sli gh tly dtfftrtnt forms which wt shall havt occasl o 

to ust subsequently. Thu s ltttlng, 

wt ha vt, 
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N-3 

t t l = ~ tl-t2 l~- txp{- ~IIMll
2

12-t
2

1} D_Nl\lMlltl 

I ti < 

or, provld td UMII~ O, ltttlng, 

z = IIMII t 

; N ~ 3 

lzl < IIMII N ~ 3 

l 4. 37 I 

14. 8) 

Tht dtnsltv function l4.35) or Its equivalent 14 . 381 

ts plotted for stltcttd valuts of N In flgurts 14.31 

through 14.6). 
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4.6 REGICNS OF ER~Qe 

Wt tnvtstt gatt th is stctlo~ t t regions of trr o r 

corrts pond ln g to he gcntral composite decision rult 

14.12), reptated btlow, 

l 4. 12 l 

4.6. I REGl(..N OF E~iOi - 77 = I 

Based on the description of the decision hypersurfact 

discussed In section 14.4) and the transformation T 

Introduced In (4.25) we first note that the region of 

error corrupondlng to 77= I, Is given by, 

,d, = {x: L x
1 

< o} = {x: [B,X] < o} 

whert B, the major axis, Is the vector, 

B ={I, I, I, ••••• , 1} 

Thus, for 77 = I, the re g ion of error ts, 

= { X [ B, TY] < 0} 

= {x [T*B,Y] < o} 

(4. 39) 

Invokin g tht general I zed spherical coordinate chan ge 

of varlablts, It t t he coordtnates of y be, 

y J = r [}j' s I n (Dk ] cos (l) j = I , •.. j) N-2 
... , 

r [ f/ s I n (l)kJ 
r ~ 0 

YN-1 = cos 0 0 (Dk 
~. I 

~ ~ 1t,k=I ,. , -2 

YN = r [ f s In IDk] s In e 0 4i e ~ 21t (4.40 ) 

60 



{t 

slmllarlv, let the coordinates of' the vector F =TB, bt 

g iven bv, 

f j = p [ fj' s In Ip ~J cos it, I 
"" ::: I , ••• ,N-2 

f N-1 [ rl I In it,k] COS II 
p ja 0 

= p 
"' • I 

0 ' t/Jk ~ 1t,k=I,., -2 

fN = p [ii'sln it,k] s In II 0 ' II .; 21t I 4. 41 l 

~., 

Let the angle subtended at the origin by the m~Jor 

and polar axes be denoted by, 

cos -1 l [B,M] 
~ IIMII 

(4.42) 

t ~ 

Then since e
1 

Is In tht direction of TM wt have, 

(4.43) 

and the region of error Is that f'or which, 

rr ''s,YJ = IF ,YJ = coslli, cosµ+ stnlli, sinµ I coslli2 cos\/,2 

l 
+ ..•. + st n~_2 s In l/,N_2cos te - 11 l \ 

ls less than zero. 

No w, since the only constraint ts that the an g le 

between Band M be fixed atµ., It ts always poss Ible t o 

suppress the other var labl ts In (4.44) by arbl trar l I y 

choosing it,
2 

= O, I.e. choosing It as the rtftrence from 

which m
2 

ts measured. Thus wt may express the region of 

error as that for which, 
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any othu cholct for 1/1
2 

only rtfltcts Itself In a cycllc 

shift of reftrcnct. The choice wt havt madt corresponds 

o m11surlng (1)
2 

from the hyperplane formed by Band M, 

·:t 
I.e. from t ht pro)ectlon of TB on the lN-11-flat 

descrlbtd by, 

In e.' 3! corrupondlng to (4.451 wt may wrlh ·He 

region of error 11 that for which, 

l4.45al 

which ref Itch choosing "• 0 11 the reference. These 

rtglon1 mav, .tlhrnttlvclv, be written 11, 

i; < (DI < 1l 

to < (D2 < 1l 
~ l 4. 461 

10 < (DI 
< 1( 
~ 

,; < (1)2 < 1l 

and for E. l 31 , 

tan (l)I > - cotµ Ste 8 
I ; < (I) I < 1t 

t 31t < 9 < 1t 

2 ~ l4.46 al 

tan m, < - cotµ sec e I 0 < (I) I < 1t 
~ 

I 1t < e < 31t 

~ ~ 
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F or rJ =2 , t h t: r t g I on of tr r or c a n n o t be uc pr e ss t d I n 

t,r ms of a sln g lt t:xprt:sslon as was th, case with rJ =I. 

For this cast, ,ach st gm tnt of th, dt:clslon hyptrsurfac, 

must bt exemlned separately by considering the dlfftrent 

ort 4nts through which the hypt:rsurfacc passts; and for 

thf s purpose we lntroduct: the followlng notation: 

Consider a specific orth6nt, and note the signs of Its 

bounding axes. Let the vector, 

[t,, ±1, ±1, ......... , t,] e : - (4.47) 

be tht vtctor whost: tltmcnts arc tither +I or -I according 

as tht: signs of tht bounding axts. ltt 

!1 
!1 

Q = 
t 

±, (4.48 1 

b t a diagonal matrix, not al I of whose dlagondl ,ntrits 

art posltlvt or nt gatlvt, and whi c h corrtsponds to the 

v t c tor t I n t ht: s t: n s ,~ th a t , 

If ,
1 

= +I 

if = - I t I 
l=l, ... ,N (4.49) 

Then, In ,ach orthant, th t t:quatlon of t h, dec isi on 

hypersurfac, may bt written, 
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14. 50) 

Tht rt g lon of error corresponding to each orth nt is 

thtn, ,d, ={x } • lX, X] < 0 . e 

= {Y [TY, TY) < 0} 
f 

= {Y [Y,T*Q.!TY] <O} 
I 4. 5 I l 

Introducing th, generallzed spherlcal coordlnat, chan ge 

o f v1rl1blt1 g iven In 14.40), the quadratic form 

;i, l Y,T TY] leads t hen to• quadratic equation In ton m1, 

th t roots of which dellniate the region of error for the 

orthant. 

By c y c I I ca I I v cons I de r I n g • I I the poss I b I t or than ts 

which art bounded by axes not al I of whose si gns art 

pos l tlve or negatlvt, one arrives at a comp lete dts crl pt ton 

of the error re g ion. 

i.\n ex1mple, presented In detall In section 14. 8 1, 

consldtrs these transformations In e.
131

• 

e rtmark at this point that since tht anglt (1) 

su b ten ded at the ori g in by the ma)or 1,cls B, and any 

vector within the decision hypersurface, osclllahs abou t 

'ff t h t v a I u e ~, t he de c I s 1 on v per s u r f ace for 17 =2 u n du I a t t s 

about and Is symmetric wl th res pect to that for 17 = I. 
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The region of error corresponding to T/ = 2, wlll 

therefore not untformlv contetn or be contained In that 

corresponding to T/ = I, but wt 11 undergo changu from one 

ort hant to anot her. 

For T/, other than equal to I or 2, there Is no 

mathematical Iv compact way of expressing the region of 

error. Wt note, howevtr, that for etch orthant, the 

dectston rule Is a real-vtlutd continuous function on the 

connected space which ts the orth1nt. Hence, the dec ision 

hy persurfact separates the orth1nt Into two subspaces, 

one on which z17 1.) > O; the other, on which Z77 1. l < O. 

We do not lnhnd to Investigate In detall He merit s 

of t he composite decision rule for general T/; we slmpl v 

remark at this Juncture that since the decision hy ptr ­

surfa c t for T/; I undulates about that for TJ = I, t he 

po ints of lnhrest can bt studied for T/ = I and T/ = 2 , 

th e ln f trcn c t f or TJ > 2 can then bt drawn fro m the 

qu4dratlc rule. 

4.7 PP OBABI LITY OF EP.R~ 

In ttr ms of tht decision varlablts [x 1], we ex pres s ed 

t he average pro babllltv of error In l4. '2 4l as, 

= f p lXl dX 

TJ - ' 
~ Ix 11 x 1<o 

p 
t 
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Based, then, on the transformation to generallztd 

sphtrlcal coordtnat,s and on the arguments deltn,atlng 

I Nl 
the region of error In E , we may txpress 14.521 ln 

the form, 

P • =I dr /.,. d8 / dl!l2 

0 0 0 

where h
17
1.,., .•• ,.l ducrlbes the functtonal relattonshl p 

governing tht vartattons of the decision hypersurface 

wlth the orthogonal coordlnahs [e,CD 1,<D2 , ••• ,~_2 ]. 

In Et 3 ) , for ex amp I t, th I I I s I I mp I y, 

2~ - 1t 

P < = 1 d8 1 d r f dlll I p l r , 8, Ill I l 

0 0 hTJ10l 

whlch upon lnhgratlng ovtr r re duces to, 

21t 

P, = h J d 
0 

for TJ= I, the function h 118,«>2 , ••• ,~_2 1, In 

genrral, ls glvtn bv, 

••• 

whllt In E131 , tt ls g lvtn by, 

-I 
= ©

1 
= tan I- cotµ. sec8 ) 
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It ts u:tn, thrrtfort, that tht tfftct of tht variation 

of thr dtclslon hyptrsurf ac, with tht othrr coordinatr 

vor l ab lts ©k , k ~ 3, havr brtn supprrssrd. This Is no t 

co lncldrntal, for by construction, wt havr mad, al I thr 

o t hrr varlablrs In thr grnrraltzrd sphrrlcal distribution 

14. 29 1 lnsrnsltlvr to thr rnrr gy pa amthr IIMII. The only 

variations with IIMII arr with rrsptct tor, which Is 

l nh gratrd out, and to a, 1, which ls rtflrchd in thr 

s krwnus of thr drnsl ty function p((I) 1 I as a functlon of 

thr location of thr ctntrold of tht dfstrlbutfon. 

For ry = 2, the dtclston hyprrsurface h2 te,a,2 , •• ,a,N_2 1 

l s a fu nction of all thr grnrralfzrd sphtrlcal coordlnatr 

varla b lrs. Thr probabill ty of trror, strlctlv speakin g , 

wl 11 then dr prn d on thr txa c t varlatlons of the decision 

hyper s ur f a c t wi t h t htSt va r la b lrs. Furthermore, t hr trr or 

roba b lllty Is not only a function of thr angle, µ , by 

wh i ch tr po lar and maj or axrs dlvrrgt, but, to a c r r t al n 

mras urt, wl II d t prnd on t h, rrlatlvt ma gnt tu d rs of t he 

tltmrnts of t hr mtan v, c t o r M. Thus exa c t eval ua ti on of 

t h, trr o r pro ba b il it y may bt accompllshtd compu tati on al I v 

I n ln d lvl d ual c as,s. 

ts p lh this srnsltlvl ♦ y of thr error pro ba b lllt y to 

the actual valurs f t hr mran paramttrrs, It ls d r s l ra It 

t o ob tain an ap proxl matl on for the pur pose of com pari son 
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with the ma)orltv loglc mode of' operation discussed In the 

next chapter. It Is f'ound that because the variations with 

respect to the energv parameterlMlarc largely concentrate d 

along (D
1

, that the error probabl llty may be approximate d 

bv, 

p e ~ P ( !• µ ' (DI ' ff ] + ½ p [ ; -µ ' (DI ~ ; +µ) 
(4. 56 1 

In hrm1 of the new v1rl1ble 'z' of lai.381, equation 

14.561 may be written, 

I 
Pe~ P[IIMII sinµ< z < IIMII] +, P[-YMII 1lnµ<z<IMII sinµ) 

(4. 571 

Now, f or ' n ' a po s I t I v e I n tc g er , the PI r ab o I I c 

Cvllnder function D_ntzl can be expressed [15], Jn ter ms 

of the error f'unctlon defined In (3.361 and 13.37), 

Invoking thf s relatlonshfp, plzl of' 14.38) may be 

exprused as, N-3 

[1 -(~rr~ " expl- IIMU
2 
/2 l 

N-1 l • z 
2 

/
2 

er f c I z I 
p lzl = ~ 

d 
N-l 

II MIi dz 
(4. 59 ) 

where, 
II (-1 lN-I 

KN = N-3 
2 2 rt~) 

Expressions of the probabllltv of error may be put In 

closed form onlv for N, odd. We restrict consfderatl on to 
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this case onlv, and for this purpose we e•1mtne the 

fol !owing general Integral, 

[ 

¥JN-~-21 N-1-1 l 2 l 
I- (~ :,N-1-I •• 

12
,rfclzl \d z 

1 ~ b E HMH 

whue P
1

1zl ts I polynomtal In z of degree I , with P0 1zl=I. 

thus, 

Hence, 

1 I l a, b I = 
I 

= 

N-1-11+1 I 
dz 

14 .611 

14.62 1 

N-3-2 I I ♦ 

2 { [1 -(m~nJ2) P;1,1 

- lN- J -211irfu P11zl }dz (4 .63 ) 

N- 3- 2( 1+ 11 

b 
j \i +lizl [1 -(ml) 

2 

u i y i '" -
I 

-1-1 I + 11 
{••

2
/

2 erfclz l} dz 
-1-( 1+11 

dz 

b 

u Iv i ti 
- I N, i+I la,bl 

I 4. 4 l 
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where, 

Pl+llzl = [1 -(1~nt ] P;lzl - 1~3-2tlfflP 1tzl 
l 4 . 6 ) 

The Integral we scck for the ~valuation of thc 

tpproxtmate cxpresslon of P t 

on pcrformlRg (N-3) repcatcd Integrations by perts, we 

f lnallv have, 

where, 
b 

IN,N•Jla,bl= f PN•Jlzl 

• 

14.66) 

N-3 

[ 
2i 

2 
2 I z 

2 
/2 l 

I -(m) J -½ C crfclz) l dz 

dz t4. 67l 

It ctn e1sllv bc shown, howcvcr, that PN_ 3tzl alwa ys 

reduces to, 
N-3 

-3 [ 2)2 
= t-l )2 (N-3) ! I - ( z ) 

IMfJ-3 N1J 

with the result thai', 
N-3 
2 b 2 2 

I I b
) I - I I l N-3) ! I d \ z /2 f l l ) d 

N ,N-3 a, = .N-3 7 1' er c z I 2 

IIMir · a dz \ 

• 
14.68 ) 

But 1
3

,
0

,a,bl Is eastlv Integrated to yleld, 

14. 9 l 
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We note th1t es• result of the reduction of IN 0 t1,b) , 

we get tcr ~s lnvolvlng up to the (N•2)nd. derlvetlve of 

2 
ez 12 crf c (z). Therefore, In order to hive a general 

formul1tlon for these derivatives, consider t he function, 

(4.70) 

where f
1
(z) Is a polvnomlal In z of degree I, with f 0 (z) 

= I; and g
1

tz) Is a pol ·,, ,o, lal In z of degree lt-11, wit h 

g
0

lz) = O. 

On differentiating ,,_,lll(z) once, we obtain, 

Hence, we have the follo wi' ng recursive relations, 

g lzl = 0 
0 

( 4. 71 l 

14. 72) 

14 . 73) 

These polvnomlals are ta bulated In ap p ndlx 'C ' f or 

sele c ted values of I. 

Combinin g t hese results, It fol lows t hat, 

"e·IIMll2 \ I I 

Pei=:dCN llMH 
1
1N, Ollt MUslnµ,H Mlll~ IN, OI-II Mllsln µ.,IIM Us ln µ. l \ 

I 4 . 74 l 
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With this formulatlon we find, for example, that for 

N = 3, 
I '2. 2 / I 

Pe~ tr f c I NM II) + s I n µ exp I - 2M M Q cos µ I [ ~ -er f c ( IM Us I n µ l] 

14.7 

and Ifµ.= O, the second hrm vanishes. It Is evident 

that, since the second term Is non-ne gative, the probabll ltv 

of error achieve s Its minimum when al I the channels have 

reccfved signals of equal normalized energle~. 

4.8 EXAMPLE 

In this section we present c1 detall-zd outline of the 

transformations and the resulting region of error In 

terms of the spherlcc1I coordinates In E13 '. We consider 

three distinct cases for the locatlon of the mean vector. 

Case I: 

M = [m
1

, 0 

B = [ I, 

, 0 ] 

, ] 

, m1 # 0 

, µ = cos -I~ 

The region of error corresponding to '1= I, ls that 

for which [B,X] < O. Clearly, the rotation of axes trans­

formation, T, Is not required for this case since M 

coincides with one of the c1xes; or we simply let T = I 
tnd Y = X. Thus, Introducing the spherlcal coordinate 

change of variables, 
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'I I = r cos CD I 0 ' r 

y2 = r s In w, cos e 0 ' (I) I ~ 1t ( 4. 76 l 

Y3 = r s I n <D, s In e 0 , 0 ~ 2-« 

yields, 

[B,X] = [B,Y] = cos<D 1 cosµ+ slnW, sinµ cosl8 - 11) < 0 

Choosing v = 0 1s the reference, leads to, 

a>, ~ hn-' l - cotµ sec@ I 14.77) 

the equallty, giving the equation of the decision surface 

To determine the varl1tlon1 of the decision surface 

corresponding to 11 = 2, consider the octant bounded by, 

The region of error for this octant Is that for wh i c h 

-:~ 
[Y,T QeTY] < O, where, 

Q• = [ +I - I -I] T = 1 

Using the change of varlablcs (4.76), this condition 

corresponds to the region of error being, 

(4. 78) 

In the Image-through-origin octant, It Is evident t hat 
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Q! C [ -I + I + I ] 

ind the region of error becomes that for which, 

l 4. 79 l 

Consider next the orthant, 

[ el> 0, c2 < 0, c3 > 0 ] 

Herc 1911n, the region of error Is th•t for which, 

'11th the chtng t! of v1rleblc1 of (4,761, this condition 

Is equivalent to, 

In the tm1ge·through·orlgln octant, It Is evident that, 

,1; < 8 < 1i ! I 4 , 8 1 l 

Slmlltrlv for thc octant, 

[ e
1 

< 0, e2 < 0, CJ> 0 ] 

we have, 

and the region of error reduces to, 
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.J," jai,,e : «>, > ... -~.o~
1
28 • i < 

8 
< 1 ! (4 .. 82) 

and In the Image octant, 

(4.83) 

These regions trc summed up by the figure 14.7) which 

la• development of the error regions corresponding to 

"] = and '1 = 2, In terms of the lntcgrtls over the 

m
1 

end 8 verltblcs sptcc. The probtblllty of error being 

the Integral of ptm 1
,e, over the region to the right of 

the decision surface vtrlttlona. 

The average probebtltty of error may then be written, 

14.8 5) 

These expressions arc gra phed In fig 14,8). 
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~ 
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Case 2: 

M = [ O, m2 , m3 ] 

B = [ I, I, I ] 

, 

The transformation T of (4.251 that takes [el'e2 ,c 3 ] 

I I I 

Into [e 1
,e

2
,e

3
] Is readily found to be, 

0 

0 

0 

(4. 86 ) 

It Is evident that the region of error corresponding 

to 11 = I Is given by (4.77) except for the value ofµ 

which Is given above. This region Is shown In fig (4. 91 . 

The region of error corresponding to "'I = 2, ls 

determined In the same manner as with the previous cas e. 

Thus consider the octant, 

and we have, 

and In terms of the spherical co ordinate varia b les, the 

portion of the decision surface In this octant Is 

ducrlbed by, 
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and the sam, relation appl lu In th, lmag, octant. By c9 

similar procedure we find that for the ochnt, 

el > o, e2 > o, '3 < 0 ] 

Q• =[+I +I -IJ l r *Q,T = [+I +I +I] 

thus, 

h 
2 

I 0 I = ([) I = tan - I [ -2 tan 9 sec 9 ] ; 

and the same rel•tlon app liu In the lmoge octant. 

By symmetry, slmllar relatlons apply for the other 

octants. The region of error corresponding to 'YI= 2 ts 

summed up I n f I g I 4 • 9 I . 

The average probabtllty of error for this case may then 

be wr I tt en, 

211: 1t: 

p = [ pl0 I d8 / pllD 1 I dm 1 (4. 891 
el 

0 tan - I\ -,Jf s ec9} 

- I I 
t an {2 1t 

= 2 [ pl ld8 fl plml I d©I 
e2 

tan- fee 29 

1t/2 1t 

+ f pl81 d0 

f -I 
p ( ([) I I d I 

- I I 2tan9 secs} tan {2 tan { -
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Thtse 

Case 3: 

tan-I -I 1t 

{"'1 

I pl81 d8 / 
pl <DI l 

1e/'2 tan -I{ '2 s e.ce} tan0 

1t 
1t 

·! pl0ld0 /, pl<Dll 

-I -I 
tan 
~ 

tan-{se.c'28 

expressions are. graphed In fig (4.10). 

M = [ m1
,m2 ,m 3 ) 

B • [ , I, I] 

, m1 = m2 = m3 

, µ. = 0 

= m 

d(l) I 

d(l) I 

(4.901 

that Is the polar and major axts coincide. The r ot ati on 

of axes transformation for this case may be taken as, 

The decision surface correspon d in g t o 'Y'l = I ts now 

simply, t 4 . 9 1 l 

and that correspon d ing to If/ = 2 , I s rea d ll y fou nd to be, 

3 cos9lcos9 

-.J3cos91 

0 < 9 < 1t/3 
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ind for the adjoining octant, It Is given by, 

} 

These two descriptions suffi ce for this case, for by 

the symmetry of the variations of the decision surface we 

have the s1mc functional rclatlonshlps shifted In 9 by 

t ¥• Further mor e, we observe that 1•.921 ts Itself 14.931 

shifted In 0 by J• These relttlonshlps are summed up In 

fig 14.lll. 

The average probabll lty of error for this case may be 

expressed as, 

1t 

p = f p((l)I l d(l) I (4. 941 
e I 

1t 

~ 

1
/ 3 1t 

p = 3 p l 8 l d8 

_L-1
1 

P l<D I l d[) I 
' 2 0 

2{? sin~ + ✓ 12s1n 2e - 3 
2 3 - 4 sin 9 

2,c/3 1t 

+ f pl9l d9 f PI[) I I d(l) I 

'lf./3 ta n - I 2{? sln9 + ✓ 12sl n ~0 - 3 
'2 3 -4sln9 

14. 9 

These expressions are gra phed In fig 14.1 21 . 
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p 

F 19 (4.12) P vs IMII 
t 

N • 3, µ. • 0 

M = [m,m,m) 

10 -

/0 

0 2 4 6 8 10 IIM 
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4.9 OBSERVATICNS -
One of the m1Jor 1tcp1 of this chapter Is the 1olutlon 

of the problcm of finding the prob1bllltv that 

I: I x 
1 

1" 1 g n x 
I 

b c I cs I t h In z c r o when t he x 1 
1 

1 1 r e 

Independent G1ussl1n v1rl1ble1 with unity v1rl1nce1 but 

non-zero mc1ns. The geomctrlc1I 1ppro1ch we hive taken 

11 novel ind may be gencr1llzcd to v1rl1blc1 wl th other 

distributions or forming othcr functlon1ls Involving the 

sgnl.l function. 

We observe that the error prob1blll t y under M.P. 11 a 

function not only of IMR, the total normallzed ener gy 

recclvcd over 111 channels, but In addition Is I func ton 

of how this total energy Is d stributcd among the channel 

1s rcflectcd Inµ. The case, when thc stgn1I strengths of 

111 ch1nnel1 1ri equal, yields the least error pro babllltv. 

Asµ lncre1sc1 from O, t he probabtllt I of error also 

Increases. However, thcre Is no uniformly consistent 

dcctston rulc for •I I combinations of the slgnal 

strengths of the channels. Wc note that "I = I I s 

prcfcr1ble for certain combi nations, whlle ~ = 2 ts 

preferable for others. For the c1sc whenµ= O, we 

observe that t hc rc Is I lttl c diff erence between thc two 

decision rules z1 
and z2 , alt hough z1 yields I sllghtly 
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lower error probabll ltv than does z2 • A bound on the 

difference between these probabll lt1ts Is presented In 

appendix 'B', for the case N = 3, µ = O. 
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CHAP ERV 

~ JOR I TY L IC OPE AT I 

E.arllcr In ch1ptcr Ill, we m1de noh oft c slmpler, 

albett lnef;lclent, mode of operation wit h multtple 

channels, n1melv, "majority log i c" operation. It w1s 

mentioned that with detecting singly •t each receiver 

1nd using majority declarations for t he ul tlmate decision, 

the decision rule reduced to testin g whether, 

l 5. I l 

resulting In dispensing with the "e stimation" phase of 

the system, • feature which may be des irable In Itself, 

but as we shal I presently se c , wt II result In degradati on 

of performance. 

~ ca P(JSlTE. DECISl Cl'J 
RUBABlll TY 

It h a decision made at edch re cei ver i ndepe ndentl y 

of the othus, accordin g to t h rule (5.11, the compos it e 

decision rule for the majorit y log i c mode may be expr es sed 

as: de c ide on s 1 If, 

> 0 ( 5 . 21 

, .. , 
and on s 2 otherwl e. 
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Ltt e I den oh the evtn t, 

I l I + sgn ( [v
1

, ~ 1
] - (v 1,s 2 ] l l l 5. 31 

e 1 = ~ 

then e I ls elthtr O or I • an d c on d tttontd on s I ' wt have;, , 

P1 =P[e 1=0] = trf C ( R m1 l 
=trfctci 1l I 5. 4 l 

where R and m
1 

ere given In 13. 471 and 13.30 1 and wt have 

defined, -
(1 = e m, 

I 

D~flne the; vector, 

a:[e,," ... ...2, ••• 

l 5. 5 1 

where the e l ements e
1 

are as I n 15 . 3 1, then, It ls 

evident tha t the resultln g aver a e pro babi l ity of err or 

ls given by , 

Pe = L 11 - ~ 6d N 
l r} '2 

I 5 . 6 l 

where 6
1
,j ls a rnodlfl d roneck r de lt a all owi ng or 

non-Intege r subscripts; an d, 

i f e 1 
= 0 

l 5. 7 l 

If = 

T h e s u mm a t I on I s t a k e n o v e r a I I v e c t o r s [ e ] w I t h 

the property that their we l g ts di .I obey, 
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d ( e , s .a, 

The hrm In front of the pr od uc t I n 15.6) 11 to r efl ect 

the feet that when N 11 even, an half the number of 

ch1nnel1 declare 1 1, while th e o ther half declare 12, 

either slgnel can bt preatnt. 

The number of hrms In the summat i on wl II bt, 

If N Is odd 

ff N Is tven 

Evidently, the average probabllltv of error Is 

minimized by minimizing each ter m I n ( . 6 1 and t his t s 

achieved by choosing p = -1, i .e. anti pod al sl gnals. 

This Is not the onl y mlnlml z t n however, for no t e t h t, 

whereas the average proba b ility o f err or with mu l ti p le 

processing of antipodal si gnals acc ordin g to th e comp o s ite 

decision rule z1 was foun d In cha p t er IV t o be a fun cH on 

of the toh I norma 11 ze d r ec e I ved ener g y RMl\2 and the 

2 
an g leµ by which the Indivi du al ene r g ies [ m

1
] dev iate 

f r om t h c c a s e of be I n g a I I e qua I ; I t I s c I ca r t ha t u n de r 

majority log ic opHatlon, It Is a f un c t ion of the 

individual m. 1 s. 
I 

In order, therefore , to make a me aningful compari son 
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wt sttlc the minimum of tS.6l subJect to constr1lnts on 

IMII and µ. 

s.2 MAXI~ AND MINIMA. OF P Lf\lDE R CQ\ISTRAINTS 
t 

Let A be defined as the vector, 

A. = ( Cl I ' ci 2 ' Cl 3 ' • • • • • ' ciN ] 

where the ci 1 
's arc defined by 15.Sl. 

THE.UR E.M 5. I 

For the probabl 11 tv of trror g l vcn by I 5.61, the 

minimum, under the constraint that I I bt fixed, Is 

P~OOF: 

Consider, 

U = P + 'A IIAII 
e 

l 5 . 9 l 

where P Is that given by ( S. 61 and 'A Is the Lagran ge 
e 

multiplier. 

Taking the N partial derivatives with respect to a , 

k = I, ••• ,N and settin g them equal to zero, we have, 

, k = 1, 2 , ••• ,N l 5 . IO l 
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Solvlng the set of equations IS.IOI for A, It rcadlly 

fol lows that an udrcmum Is attained when al I the ak 1 s 

arc equal to each other. 

To show that this Is a minimum, let the quantity 

within the first bracket In IS.IOI be denoted by CIA ~ ak) 

where A-cik la to Indicate that Cl.I Is a function of 

• I I th c c I cmc n ta of A. c x cc pt a k, th c n, 

(5.11) 

which Is clearly non-negative, since Ct.I Is non-negativ e , 

o n d t h e r e I u I t f o I I ow s I mm e d I a h I v • 

THEOREM 5.2 

For Nodd, the extrema of the probability of error 

I 5. 6 ) under the two con s tr a I n ts t ha t NA II be f I x e d and µ 

be fixed, are attained when al I a 1 excep t one ar e equal 

to each other, the one bein g determined by t he constr int . 

Furthermore, a minimum Is achieved when the one I s 

smaller than the remain der, and a maximum Is achieved 

when the one Is greater t han the remainder. 

PROOF: 

We choose to regard t his as an ordinary problem of 
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finding txtrtma without constraints, by making a slmplt 

transform•tlon which lncorporatts t ht constraints Into 

tht varfablts. 

For this purpost, consldtr tht set of basis vtctors 

(,2) In EINI, whtrt, 

~J = [0,0,0, ..... ,0,l,0, ... ,0] , J=l,2, •.. ,N 
1th J pl act 

Is tht unft vtctor In the 1th dlrtctfon. Thtn, tht m1Jor 

axis, B, and tht polar axis, A, may bt written, 

It 

B = I: .2 J 
I 5. 12) 

j" ,. 

A = L a j .2 j I 5. I 3 l 
>' ' 

Consldtr tht same spact, spanne d by the set of vector s 

[z:] dtflntd as, 

.! I = B . 
.! J = 0 1 = 2, 3, N I 5. 14) , -J , • ••• , 

henct, ,., 

.2 I = ..!1 - I: !. J 
j ; 1 

" T; 112 = N . 11.,!J II = = 2, 3, N , , ... ' 
, J = 2, 3, ••. ,N 

I 5. I 51 

Then, tn hrms of the nu, set of vectors ( T ], 
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"' 
A • a I !1 + ~ la J - a,) !.1 

Jll 

(5.16) 

and the con1tralnt1 arc, 

"' 
[A,.!1l • IAII ..JN COi 1-4 a L a, ,,, 

lS.17) 

,, 

II A 112 • L a.2 
'., I 

(5.18) 

be fl1<cd. 

Furthermore, 
'4 

[A,.2 1] = a. 1 = [A, .! I -I: ! J l 
j• a 

" 
= IIAII ...jN cos µ. - L a J 

j: a. 

(5.1 9 ) 

and, 

[A,,2 1] • [A,,!J] = al 
15.20) 

In E( N), since there arc two constraints, we arc left 

wt th lN - 2) degrees of freedom; we, therefore, ma y 

arbltrarlly let a
1
, J=3, .•• ,N be the free varta b les, 

then a
1 

and a
2 

arc determined by t he constraints 15.17 ) 

•nd 15.18) 

Setting, 

= 0 l 5 . 2 1 l 

= 3, ••• , N 

and using 15.19) and 15.20 1, we obtain the set of IN - 3 l 

equations, 

94 



~ 
I• lt I 

l i ..l... e -a~ /2 l 
i l~ . ,, ., • e,~ o 

l s o 
\ 

-a2 /2 
l .:.L e J 

i ~ 

or In short, 
-a~/?. 

-a2/2 

ClA ......... a 1l e - ClA ...- ci)l e ) =- 0 

J =- 3, 4, ••••• , N , s .231 

where Cl.) Is defined In t heorem l S.ll 

To s1tl1fv t he se t of equ1tton1 l S. 2 3) simultaneousl y 

we must satisfy the followin g conditions, 

ClA _, a 1 l = , )= 3, ... , N 

The only way this Is possible Is when, 

a
1 

= a I ; J = 3 , 4 , ••• , N 

lS . '2 4 1 

with a
2 

dehrmlned by l S.1 81 . Th is proves t he first part 

of t he theorem. 

Clearly, this ch o ice Is no t un ique, for by a c ycli c 

relabeling of the axes, we can have ?. N extrema, of 

which wt I I be minima, and N maxi ma. 

Undu these conditions, I f we take, 

= '2 , 3 , •••• , N 

and for any g iven II AII and µ, It 1s easy to determine, 
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II A II -{N ! cos µ 
_ sin .I! l 
✓ - I (5.25) 

a 1 = IIAII {N cosµ - lN .. IJ a2 

Thus, we mly wr I h the cxtrcml of the probabllltv of 

error 11, 

p = pl I: (N-1) N-1 - J 
qJ 

t 
P2 

j &O J 

+q,}: C') N-1-J 
qJ (5.26) 

P2 
j =• 

The second part of the theorem fol lows lmmedf ahl y 

by using the condition a 1 < a 2 In (5.26) for which we hav e 

a minimum, and a 1 > a 2 for which we have a maximum. 

Theorem 15.2) gives rise to an Interesting geometric 

configuration for the locus of t he probability of error . 

The locus of al I vectors A with fixed norm and fixed 

angleµ about the major axis Is an N-dlmensfonal hyper­

cone. The Intersecti on of t he hy percone and the 

2-dlmensfonal plane orthogonal to the major axfs ts a n 

IN-1 )-dfmenslonal hypersphere. To each point on t he 

hypersp~cre wl I I correspond a set of the N Inner product s 

of A. wf th the axes of co or d inates, and to t.ach set wl 11 

corrupond a value for the probabllf ty of error which 

can be vfsuallzed as a d istanc e I to s om e scalel fr0m t he 
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center of the hypersphere. The locus of •II these points 

11 an (N-1)-dlmenslonal closed surface with N projections 

(mountains) corresponding to t he maxima, •nd N depressi ons 

lv•llcysJ corresponding to t he N minima. 

On the othcrh•nd, for •nv v•lue ofµ l•rger th•n the 

complement of cos· 11V/N), we consider only those 

combfnatlons of the a 1 's for which A f s entirely wl thin 

the positive orth1nt, I.e. we consider only tho se points 

belonging to the lnhrsectlon of the positive orthant 

and the hyp~rcone of ffxed µ; In which case the m•xfm• 

are stlll gfven as btforc, however, the minima arc 

obtained for the extremal pofnt1 •t the boundary of 

any of the surfaces bounding the posf t fve orthant 

To lllustrah th e worUn gs of theorem (5.21 an d the 

associated geometrical confi guration of the locus of 

probability of error, we examine the 3-dlmcnsfonal ca se 

Let 1/1 be the 1tngle subhnded at the origin by the 

major axis •nd any of the mutually orthogonal coordin ate 

•xes, then, 

I s .2 7 l 

Let the positive octant be viewe d along the major axis, 

then the locus of al I vector s A with ffxed norm and ffxc d 
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"" 11 1 cone. The Intersec tion of the cone ind the plane 

surface perpendlc ul•r to t he m1Jor exit 11 • clr c ~ wl ' 

radius IAI sinµ, 11 shown I n f ig tS.11, To every pv .. it 

on the clrcle t here cor res pond• set of Inner products 

of A and the axes of coordlnetes. Thett ere given by, 

= IAft s 1 n tlf 11 nµ cos8 I 
[A,• I ] 2 a 1 

lcc-stlf cosµ + 

[A,x 2 ] II Al 1 cos tlf cosµ + 1 In tJJ s 1 nµ cos'~ - el I 
I 

• a2 = 

[A, x J] = a 3 = HA I\ \ cos tlr cosµ + slntlfslnµ cos,¥, + 8 l I 
I 

t S.281 

where we hive Introduced 8, the angle between the pl ants 

formed by (8 and•,> and l8 and A). We hive thus 1n co r ­

porahd the constraints Into the new varlablc 0, wit h 

re1pect to which we now seek t he extrema of, 

p = P1 P2 + P2 P3 ♦ P3P1 - 2p I P2P3 
e 

l5 . '2Y l 

where, p = I 
crfcla 1) 

Thus settin g, 

a P 
J 

~ 
aP aa' 

e C 

mr = ~ ~ 6 : I 

to zero, we hive, 

-a2/2 
O• e I sln8[crfcla2

)+crf c la 3 l - 2crfcla2 lcrfcla 3J I ~ 

2 
-a.,,/2 2. 

- e stnl,- - 0) (erfcla 1l+trfcla 3l-2trfcla 1)crfcla ) ] 

-a2 /2 
+ c 3 sin!¥ - 8l [erf c la 1l +crf c la2 l-2erfcla 1lcr f la, I ] 

98 



Thia 11 1ttl1fl1d for I• k !, where k-0,1,1,3,4,5; 

which 1how1 th•t the•••••••• 

2• 
periodic with period,-. 

1•1•• trc 1l1w1old1llv 

The geo■etrlcal co•flgwr•tfo• r11vltl•1 fr•• thl1 11 

the 2-dlm1n1lon1I tmocbold pttter•, orthJ9011I to the 

m1Jor 11f1, with 3 outw1rd projection, 11d 3 fnwtrd 

deprc11lon1 corre1pondl1g to the m11fm1 ind ml"fmt. Thu1 

If I point on the locu1 of fixed~ Is Joined to the 

m1Jor 1111 fflg fS.IJJ, the• where the tine Intersects 

the locus of P Is I m111ure (to some 1c1le) of the 
e 

problbll lty of error obt1ln1ble for th1t comblnttlon 

[a 1, a2, a 3] corresponding to the point chosen. 

For~ l1rger thin the complc•ent of co,- 1 1 .JT/3>, the 

m1xlm1 of P ire I tt 11 found •• before, but the minim• of 
e 

P, ire obttlned for those comblnttlons of [a 1, a2, a 3) 

found by considering the Intersection of the ~one of 

fixedµ ind the pl1nc 1urf1ce1 formed by •ny two of the 

coordln1te 1xu. It ctn e1sllv be shown th1t for given 

IAI ind µ 

the corresponding a 1 '• Ire given by, 

a 1 = a 1 = !!¥ [..[Tc osµ +✓ 2 - 3 cos 2µ) 

ak = 0 1,J,k = 1,2,3 l 5. 31 l 
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Ftg lS.ll locus of Prob1btl;tv of error 

N = 3, M1Jorttv log~c mode 

100 



0 

F
ig

 
15

.2
) 

M
ax

im
a 

an
d

 
M

in
i

m
• 

o
f 

P
 

• 
N

 
=

 
3 

~
 

I 



which when used In 15 .291 yteld the minimum prob1blltty 

of error for this c1se. 

5. 3 ANTIPOOAL SI GNALS 

To mike the require d comp1rlson with the results of 

t he previous chapter for t he multlple processing mode 

of 1nttpod•I slgnals, It ls only necess1rv to use 

lv
1
,s

2
] = - (y

1
,,

1
] In the composite decision rule 15.21 

thus re ducing It to: decide on , 1 If, 

I 5. 32 I 

The probabllltv of error cxprtsslons and their extrema 

arc corrcs pon rt ng ly obtained by usln p = •I In 15.61 

In which case t he ve c t or A reduces to t he vector M of 

c hapter IV. 
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01APTEi VI 

MISCELLANEA N-IJ CCN:LlDIN:; RE~llk:S 

We hive, for rc11on1 of keeping I gcomctrlc•I outlook, 

omfttrd to simplify the aver1ge error prob•bllf ty exprc1-

sf ons correspond i ng to the else ry =I.Wt note th•t the 

comp osf h decision rule 14.121 for ry = I Is a Imply, 

16. I I 

wl t h t he x 1 's II dtflntd In ch1phr IV, befng Independent 

aussl•ns ea ch wl t h mean m1 in d unity v1rl1nct:. The 

r esul t in g pro b1blllt v of error Is re1dlly found to br, 

( I: ml ) 
Pel = trfc {N = trfc( IIMII cos 1,1,I 16.21 

Of cou rse, one ma y comp•re 111 these decision rules 

wit h t he u ltl mahl y most op tlm1I composite decfsfon rule, 

wht n 111 t he a 1
1 s ar r ~no wn uactlv, for which the rult 

I s , 

rts u ltln g In the pr obabflltv of error, 

P = rrfcl II MU I 
e 
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6.1 CCNCLLDlf\G REMi\lKS 

It ts lnstructtvc to cx1mtnc • specific c11c, n1mclv 

t he two-c hannel opcrotlon, In order to 1pprcct1tc the 

meaning of the superiority of multlplc processing over 

ma}orltv loglc combtnlng. For 1ntlpod1I btnorv sfgnals, 

usi ng ma}orltv lo gfc, we have from lS.61 

whllc for multlplc pr ocustng we found fn l4.18, that, 

p = 
'M. p • 

F i g l6 .ll shows t he crfcl.l sketched for non-negattve 

ar guments. 

crfc I xl 

X 

F i g 16 .ll 
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Comptrlson of the two expression, ebovc t6.SI end t6.6) 

hows thtt not only II P lc11 thin P by the 
cM.P. cM.L. 

co nv exity of ufcl.l, but ft Is •110 less then the mid­

po int of erfcl.l corresponding to l6.SI by virtue of 

the monotone decreasing ch1r1cter of erfct.l. In short 

(6 • 71 

In f lg ures (6.21 to (6.51 we htve summarized the 

r uu lts of the previous two chapters. From the figures 

t may draw the fol lowlng con~luslons. 

First, that under the bcst of conditions, when all the 

c han nel s tren g ths arc equal, multlplc processing Is better 

han ma )orlty loglc comb ining. 

econd , t hat as µ Increases, the probabllfty of error 

Incr eases under both schemes of processing. M1Jorlty 

l og ic , and multiple processing for other thin equa I to 

I, beg in to show the variations between the best and 

ors t casts ; yet, multlple processing Is better than the 

btst that can be obtained under majority logic. 

s µ Increases further, the disparity between the best 
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ind worst cases of maJorlty loglc combining becomes 

more and more 1ccentu1ted; and Indeed, If the combination 

of m
1 
'• was such that It ylelds the maximum (worst) 

prob1bl 11 ty of uror, then mul tlple processing offers 

1n apprccl1ble Improvement. The degree of this Improvement 

obvlously depends on the tot•I normal lzed received energy. 

One concluslon th1t has been evident throughout the 

discussion Is that the prob1blllty of crror l1,genu1llv, 

• function of the total normallzed received energy Ind 

of a central tty factor, which Is a me11urc of the 

d fspersfon of the sfgnal strengths of the various channels 

about the c•se of being al I equal. This Is a m•Jor 

divergence from Prlcc's (16) result. We reiterate that 

the prob1blllty of error fs • function of Just the total 

normalfzcd enugy rc c cfved over all channels and of no 

other p1r1meter, only under the fol I owin g conditions: 

I II that t he sf gndl strengths for each channel arc 

no wn exac tl y with ou t an y eq uivocation. r 

111 I t hat t hey arc un~nown but they happen to be 

e u1 I t o ea ch o ther. 

I th any un utalnty 4s t o t he u:t of m. 's, the error 
I 

pro babfllty wf 11, b•t f or ce, reflect In varying degrees, 

t ht d istri bu t io n of t he t n tr v among t he channels. 
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Our flntl obscrvetlon 11 that, although the question 

c1nnot be conclu1lvclv enswered, •• to whether to Introduce 

adaptivity 17 = 2) Into• 1yshm or to leave It non-

adaptive I ~=I), we do propose, however, that the 

outputs of the N chennel1 should be processed multlplely 

In preference to dctectfng slngly ind using majority 

combining. The multlple processing of the N 1lgnal1, 

according to theory Is to be carried out et pre-detection 

level; however, suboptlm•I post-detection combining Is 

stl II preferable to majority loglc combining. 
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APPEt-OIX 'A' 

GENERALIZED Spt.-1EtlCAl Tt>NSFOIM-\TICJIJ 

Among the m1ny gcnerll lzcd 1phcrtc1I tr1n1form1tton1 

In N-dlmen1ton1I Euclldc1n spice E(Nl, we hive occ11ton 

to use only one, which•~ present brleflv below, omitting 

the dctll Is which can be found tn [13]. 

let [c 1, e2 , •••••• , ~] be I complete orthonorm1I 

set of vectors for ElNJ, and let X be I vector of norm 

'r', with components x1, x2 , ••••• , xN with resp~ct to 

this b1sls; then It Is possible to choose (N - I) Ingles 

m1, m2, ••••·•• , ~-2, 8 which ire Independent of e1ch 

other, ~nd which, when combined with the norm 1r 1 

completely describe the vector X with respect to the 

given orthonorm1I b1sls. Thus let, 

[ 
N - & 

(l)k ] xN-1 = r fl I In COi e , k = , 2, ••• ,N-2 ~., 

[ 1'1- l 

<Dk ] ~ = r fl s In sin 8 , 0 ~ (Dk ' 1t 
lu , 

r ~ 0 , o ~ e ~ 211: 

In which, the v1cuous product Is to be Interpreted IS I. 
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The Jecobl•n J of this transform1tlon 11, 

N-1 = r 
,.,_, N-1-k 
fl •In G>k 
L., 

(A . 21 

In cha p ter IV we require the product, 

wh ich may be shown [13] to be equ•I to, 



APPEl'OIX 18' 

SIMPLE BOl.J'JD O\J A PROBABILITY DIFFEiEl'JCE 

In section (5.Bl we cx1mlncd the else, for N = 3, 

when the pol1r end m1Jor axes were coincident. We found 

th1t the prob1bllltv of error for ~ = 2 w1s higher then 

t ha t r or ~ = I • We pr es en t , her c, • s I mp I e bo u n d f or 

the dfffcrcnce In these prob1bl 11 tics. 

WI th referen ce t o f lg (8.11, the dfffcrcncc fn 

prob1blllty 6 mty be written 1s, 

I B. 11 

where P1 ind P11 Ire the probability contents with respect 

to the density p(8,m 11 over the regions Indicated. 

e 

2n 
T 

ff 

l 

0 
( B. I l 

1t a> I 
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/

/3 ~'J. 

Pl • d8 J pl8,(DI J d(DI 
0 h2 teJ 

2 .. /3 w/2 

·l3 d8 / pl8,CD1 l d(DI ,e.21 
1t-h2 18) 

2,c/3 h2 t8J 

PI I • / de / pte,CD1 I d(DI (8.3) 

w/3 w/2 

where h2 teJ Is the functlon•I re~ a tlonshlp of the decision 

surf•cc rel•tlng (l)I toe, for 1l • 2. 

Using the rot•tlon of •xca tr•nsform•tlon given In 

section l4.81 - C11e 3; •nd fol lowlng It by• 1phcrfc1I 

coordln1te tr1nsform1tlon, we arrive •t equ1tlons l4.92J 

and l4.93) •• descriptions for h2 l81 

Now It Is clc•r that the difference In prob1bllltv 

content IP 1-P 11 J Is• function of the uniformity or lack 

of It 11.,. • function of the slope) of pt(D 1J In the 

region about m
1 

= ff/2. We therefore, 1pproxlm1tc pt(l)
1
J 

In this neighborhood by• first order Taylor series 

exp1nslon, 

or more slmplv, ustng p(t) of (4.371 
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' pltl ~ plOJ + t p ,o, 
Now, using the Identity (12], 

r1 I J 
on (0)• 

, 
re 1 

ind the Identity [I~], 

where, 
I I J • m 

re 1+mJ 
rt 1 > 

It cln be shown th1t, 

2n/2 

- n 2 , 

18.41 

ind In terms of t, h2 teJ now rel1tcs 8 to the new v1rlablc 

't', end Is given by, 
-I 

t = ! 1 + (2 fi • I n8 + ✓-l2-,-,-n2,,....8 ___ 3_J_2 l ~ t B .6 l 

l3 - 4sln2e, 2 

Comblnln these results, we have, 

/

'lf./3 a fl81 d0 

'lf./3 

where fl8) Is the squirt of the qu1ntlty In ( 8. 6 ) 
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Hence, 
l B .e) 

wh er c, 

K !
2,c./3 

= 3 {! f (0) d8 
1t n/3 

I t 1 s c Is I I y sh own th It, 

K < 0.07 

Thus the beh1vlor of J as I function of IMI ts 

Ravlelgh·llke, and 1s IIMII Increases, the difference 

v1nlshc s . 
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A p p END I X 'C I 

LISTING OF POLYI\JO.AIALS USED IN Tf1E £VALU\TIQ\J OF IN 111,b) , 

( z) = 
' \ 

~ 1 It I = z 

f 1 1 l\ :7:) :. + z2 
,. 

fl , , T, = 32 + 23 

4' L = 3 + 622 + z4 

f ,~,r J = 152 + I 0z 3 ◄ 1 ~ 
·5 

f
6

(z) = IS+ 4Sz2 + 1Sz 4 + z 6 

f 7 lz) = I0Sz + 10523 + 21z 5 + z7 

fglz) = 105 + 420z2 + 210z4 + 28z6 + 8 z 

gO(I) = 0 

9 I I z) • I 

e2 l z) = 2 

93lz) = 2 + 2 z 

g4 lz) = Sz + z3 

g51z) = 8 + 9z2 + 4 z 

96 l z) = 33z + 14z 3 + 5 z 

g7tz) = 48 + 87z 2 + 20z 4 + 2 
6 

g8 lz) = ':? 79z + 18Sz 3 + 27z 5 + 7 z 
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