o0 NOLTR ¢69-44
<t
o
youl
g @p]
P o) LINEAR THEORY OF BOTTOM REFLECTIONS
By
James R. Britt
N O | 12 MAY 1969
UNITED STATES NAVAL ORDNANCE LABORATORY, WHITE OAK, MARYLAND

ATTENTION

This document has been approved for

public release and sale, its distribution (‘j

is unlimited. O " TWE \
- ¢ 1

NOLTR 69-44




NOLTR 69-44
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James R. Britt

ABSTRACT: This paper gives a detailed mathematical development of
a linear, spherical wave theory for the reflection of underwater
explosion shock waves from plane bottoms of either fluid or rigid
materials. The Laplace transform method of L, Cagniard is used to
obtain integral solutions for the pressure which can be evaluated
numerically.

The paper begins with linear equations of motion and proceeds
in steps through the derivation of the wave equations and finally
to solutions of the wave equations. Two methods of integrating the
integral solution are discussed. First, the real part of the integral
is separated from the imaginary psrt to allow integration using
real arithmetic., Second, a method of integration using complex
arithmetic is described., To aid the readers' understanding of the
problem many important details are included in both the text and
the appendices.
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This report is part of a continuing study of the interaction of the
undexwater explosion shock wave with the ocean bottom. This paper
was written to clarify several questions arising in the mathematical
development of the linear, spherical wave theory of bottom reflection
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not usually included in the literature are included in this report

to make the theory more accessible for the practical user.
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LIST OF SYMBOLS OCCURRING MOST FREQUENTLY

General Notation

D depth of water

h height of source above bottom

r radial distance from axis

z vertical distance, positive down-
ward from the source

R = (£? + 27)2/3 slant distance from source to
receiver

T time

P excess pressure

Py free-water (direct) pressure pulse

F(1) pulse shape of direct wave

P, = % H(Tt - R/¢q;) spherical step wave pressure pulse

H(T - R/q) = {g gg; :;&52; Heaviside unit step function

o3} sound velocity in water

Ca sound velocity in liquid bottom

Cs sound velocity in rigid bottom

Ca propagation velocity of shear waves
in a rigid bottom

P1 density in water

Pa density in bottom

v particle velocity vector

" velocity potential in water

™ velocity potential in liquid bottom

P excess pressure in water

Pz excess pressure in bottom

A (xr,z,7) step wave pressure response in

water
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Ag(r,z,T)
— (over a symbol)

(over a symbol)

Re

By = (s%c]” + A3)2/3

b = py/pa

- 3 3,1/3
nRm (r™ + ndm)

a; = (u® + c;a)x/a

6
nm

-2 : -] -3
= -itr + T° -
u an [ iTr ndm( C

Yy = [u’ra + (7 - ndm a;)"]‘/a
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step wave pressure response in
bottom

Laplace transform except in
Chapters II and IV

complex conjugate
Laplace transform variable
separation variable

Bessel function of the first kind
and of order zero

integration variables

imaginary part of a complex
quantity

real part of a complex quantity

reflection coefficient

ratio of density of water to den-
sity of bottom

number of times a wave has been
reflected from the bottom

one of four waves for each n

step wave pressure response for
wave (n,m)

height from receiver to image
source (n,m)

slant distance from receiver to
image source (n,m)

arrival time of the first response
for wave (n,m)

a limit of integration
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General Notation

’ o
an integrand of an
ROSENBAUM NOTATION USED IN CHAPTERS II AND 1V

R =
m nm
dm = n%m
6 = b

n m
6m = 6/Rm
L ‘r/Rm
4 = arc cos (dm/Rm) angle of incidence of wave (n,m)
X imaginary part of u when u is pure

imaginary

w = (cl—a _xa)l/a
= (x° - cl-a)1/a

-2 3\1/3 _.
Mm = 7., cos lm + (e ° - Tm) sin lm
L~ (ef? - 13)2/3 gin 1

Nm = T, cos Lo (e Tm) sin f

=T L
mcos m

e X
]

3 -a snd
T -
( < ) sin

] integration variable for precursor
defined by
ull
w= (o + Mm)/2 + [(a - Mm)/Z]sin 2
D =172 cos 2L+ c;? 8in® 1
m m m

.2‘ 2 3 3_‘3
E = 4 (sin m €08 tm) L ('Tm )

m
F =12 -c" sin’L

Y1 vy for positive real m

Ys vy for negative real o)

1 y for positive imaginary o
Y vy for negative imaginary o
Fo residue of singularity of nPé

at infinity
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NOTATION USED ONLY IN CHAPTER Il
_ c;3)1/3

_ C;a)x/a

reflection coefficient for real
a; and imaginary oz

reflection coefficient for imaginary
oy and real as

NOTATION USED IN CHAPTER IV

a _ c;z)t/a

c;-al)x/a

A= uw(ce?/2 - c;? + 32

B~ w(ci® - w®) (0y? . wa)x/a(oaa . wa)l/a
kT % cet (02 - wa)x/n

By = wic;? - 0%)(0y? - wa)x/a(lwa - o2 )3

w|
]
€l
—
Q

SRR STCUIRE JLATCLINE SEE

C = P-Si-‘- (03 % + T»J)l/a

Kk = l/bST reciprocal cf Stonley wave
propagation veiocity
K reflection coefficient for real
a; and a4, and imaginary aj
K reflection coefficient for real
oy and imaginary as and as
K reflection coefficient for
imaginary o3 and o and real o
Rixs R_jx Stonley pole residues
e (k3 _ o—3y1/3
gi (x Li )
3 : . -3 ]
a=r° - (X = ¢° cos zm)
f = 4 1’:‘ N QCOlalm
2 . 203 - 0y - Mpg a limit of integration for
= = arcs .
" n e [ 0 - Mp ] T < me and Cs > C¢ >

X
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General Notation

18, contribution to , P from the Stonley
pole resides

NOTATION USED ONLY IN CHAPTER III

¢ displacement potential in water

u, radial component of displacement

u, vertical component of displacement

! Lamé's elastic constant of normal

stress

n Lamés's elastic constant of shearing
stress

L - component of stress normal to water-
bottom inter face

Trz component of stress tangent to
water-bottom inter face

L potentials used to express
displacement and stress in a rigid
bottom.

g potential related to U by
U= - 3¢/3x

Jy (Ar) Bessel function of the first kind
and of order one

Js (Ar) Bessel function of the first kind
and of order two

NOTATION USED IN CHAPTER V

X = Re(u)

Yy = Im(u)

"1 lower limit of integration de‘ined
in paragraph 5-1

Ys upper limit of integration defined
in paragraph 5-1

o = (g™ + (x + 13(,)‘]‘/a lower limit of integration

g = [cx-b + (x + iya)al‘/a upper limit of integration

xi
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LINEAR THEORY OF BOTTOM REFLECTIONS

INTRODUCTION

The reflection of underwater explosion shock waves from the
bottom »f the sea is an interesting, but difficult problem. The
mathematical model used today employs the acoustic approximation,
namely the assumption of small amplitudes and a constant propagation
velocity. This approximation permits the use of the linear (acoustic)
wave equation which has implicit solutions. Certainly, shock waves
from explosions are high amplitude (non-linear) waves, and a strict
treatment requires an entirely different approach.

The accuracy of the acoustic approximation can, however, be
improved somewhat by replacing the sonic velocity of the media with
a correspondingly higher velocity which accounts for the increase
of the actual propagation velocity with pressure. 1In the same way
the decrease of the pressure with distance can be calculated for a
non-linear rather than acoustic wave. Although these linearizations
used with the acoustic method are crude approximations for high
pressures, much can be learned about the salient features of the
reflection process,

The calculation of the reflection of a plane, exponential wave
from a homogeneous, plane bottom is relatively simple (Arons and
Yennie [l1]). Since this treatment has shortcomings, such as the pre-
diction of an infintely long precursor wave, solutioans for spherical waves

have Lecome of interest, The introduction of spherical waves considerably
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complicates the problem. Even the highly simplified problem of the
reflection of a solitary spherical, acoustic wave has a very involved
solution.

One of the best treatments of the spherical wave is given by
J. H. Rosenbaum [2). In his Naval Ordnance Laboratory report
Rosenbaum uses the method of L. Cagniard [3) to obtain integral
solutions which are suitable for numerical calculations. Rosenbaum's
report is concise and accurate, but is not very explicity written,
It leaves the reader, especially a beginner in the field, with many
unansviered questions. The paper is also out of print and not
generally available.

The present paper has been written for the benefit of the
practical user who needs a good understanding of the methods
involved in the derivation of these equations to intelligently use
and manipulate them and be able to attack more complicated problems.

The li..e of attack used in this paper is close to that of
Rosenbaum, but many details omitted by him are included here.
Rosenbaum's notation is used, whenever practical, to allow comparison
with his paper. Additional equations are derived, and a brief
discussion is given on the use of complex computer arithmetic in

evaluating the integral solution.
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CHAPTER I
SOLUTION OF THE LIQUID BOTTOM WAVE EQUATION

The purpose of this Chapter is to develop from basic hydrody-
namic principles the acoustic wave equation in a fluid and obtain,
using the method of Cagniard, an integral solution for the pressure
from an underwater explosion over a liquid bottom.
1-1. GEOMETRY AND HYDRODYNAMIC RELATIONS

It is assumed that a spherical acoustic wave propagating through
a laser of homogeneous fluid (water) of thickness D interacts with a
bottom consisting of the lower half space of either homogeneous, non-
viscous fluid or homogeneous, isotropic, and perfectly elastic solid.
Because of the axial symmetry, a cylindrical-polar coordinate system
is chosen with the source of the wave at the origin (r,z,¢) = (0,0,0).
Being rotationally symmetric, the probliem is independent of the polar
éngle ¢, The task is to find the pressure at a receiver with coordi-
nates (r,z) as shown in Figure 1-1.1l. The source is at a distance h
above the bottom and emits a free-water (direct) pressure pulse given
by

P, =0 for TsR/cy

a (1-1.1)

Pd = F(1 - R/a1)/R for T™>R/c

The time T is measured from the instant of explosion 7 = 0. The slant

distance from source to receiver is R = (ra + zz)l/a, and the sound

velocity in the water is c¢;.
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The simplest case, that for a liquid bottom, will be treated
first. 1The more complicated equations for a bottom with shear
strength (rigid bottom) will be derived later in Chapter III.

We assume that the water and the liquid bottom are ideal fluids
in the sense that effects of viscosity and heat conduction may be
neglected. We also assume that the waves are of small amplitude,
that is, acoustic waves,

The equation of motion of a ideal, homogeneous fluid not affected
by any external forces is then
v

Tt (V) V= -

o

v P, (1-1.2)

O |

where P is the excess pressure, v is the particle velocity vector,
and p is the density of the fluid. For irrotational flow the particle
velocity V can be expressed by v = - \?cp, where ¢ is the scalar velocity
potential. Equation (1-1.2) can then be written
a - l - 2 ;- - _
- 37 (V) ts Vv =~ 5 vP. (1-1.3)
Space and time differentiation are interchangeable and the

above equation can therefore be integrated with respect to the space

variables. This gives the Bernoulli Equation which in the absence

of external forces reads

(1-1.4)
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where we have assumed that the changes of p relative to its initial
value po are insignificant. We also have assumed that the fluid at
infinity is at rest and has zero excess pressure,

In the acoustic approximation the particle velocity v is small
compared to the sound velocity c¢c. Since the term P/p is of the order

of magnitude vc, the term v®/2 is small compared to P/p and may be

omitted to give the equation for the pressure

- o 20
P =ps37 ° (1-1.5)

The equation of continuity for ideal fluids is

where we have again assumed that the changes of p relative to its

initial value p, are insignificant. Further we neglect all dissipative

processes, This means an element of fluid cannot exchange heat with

its neighbors and that no energy dissipation occurs. Hence changes

in the physical state of the element take place at constant entropy,

and we write

ap _f[dapr) 3
2 '(d—‘")s % (1-1.7)

where S denotes changes at the constant entropy of the undisturbed
fluid. The expression V(dPVﬂp)s is called the sound velocity
and is denoted by c. In the acoustic approximation changes of c¢

relative to the initial value c, are ignored.

6
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Combining equations (1-1.6 and (1-1.7), we obtain
Do Vev = ST 37 (1-1.8)

Substituting v and P in terms of the velocity potential yields the

acoustic wave equation:

H]
Va ¢ - c—:.T g—.rsaa [ ) (1"1.9)

We now seek solutions of the acoustic wave equation which, with
the aid of the Bernoulli Equation (equation (1-1.5)), can be used
to construct the pressure-time history of a low amplitude underwater
explosion shock wave.
1-2 WAVE EQUATIONS FOR WATER AND BOTTOM, BOUNDARY CONDITIONS

It has been assumed that the motion in the water and in the bottom
can be represented by velocity potentials « and ¢;, the subscripts
and 3 will be used generally to denote, respectively, quantities of
the water and of the bottom. In cylindrical coordinates ¢1 and ¢;

satisfy wave equations as follows:

2% 13 , 3° 1 37

in the water 'a?'x- + T 3r + ~ = ;,- -a—_rﬁi- (1-2.1)
2% g l 3¢ A% 1 2°

in the bottom 37 + T >z + g;? = 3.1- —?-BT 7 (1-2.2)

where c; is the sound velocity in the water and c3 is the sound

velocity in the liquid bottom. The particle velocities are then
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V. = -V ¢ , i=1, 2. (1-2.3)

To comply with the physical picture of our problem, the
following boundary conditions must be imposed:

l(a). At the surface of the water, z = - (D - h), the excess
pressure P; must vanish since we consider the water-air inter face
to be a free surface.

2(a) . Near the source of the explosion the effects of the
surface and the bottom do not contribute., The pressure is then that
of the direct wave Py given by equation (1-1.1) as R approaches zero.

3(a) . At the bottom-water interface pressure and normal velocity
must change continuously from one medium to the other. This requires
P, = Py and 3¢, /3z = acpa/az for z = h, Hence differentiating with

respect to time, we have

1 9p _ 1 2P
P dz P 3z ° (1-2.4)

4(a). The disturbance must vanish for z - ® so that P; approaches

zero as z goes to infinity.
1-3 LAPLACE TRANSFORMATION
To solve the wave equafions we use the Laplace transformation
method. The Laplace transform f(r,z,s) with respect to time T of
any function f(r,z,7) is defined
o

(r,z,8) = j £(r,z,7) exp (-s7) dT , (1-3.1)
<}
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where s is real and is the transform variable replacing the time
L

Taking the transforms of equations (1-2.1) and (1-2.2) and noting
that F(1 - R/c;) is zero for 7 s R/c;, we get

3%, Y s _
i % a ¢, =0, i=1,2, (1-3.2)

Similarly the transform of the pressure Pi = pi(awi/af) is

Substitution of equation (1-3.3) into equation (1-3.2) yields

3%P. 2P 3°pP, 2
W tra ta -es P =0 il L
1

The transformed boundary conditions are as follows:

1(b) At z = -(D - h), the water surface, we have Fi = 0,

2(b) Near the origin P, approaches P, = exp (-sR/c) F(s) /R,
where F(s) denotes the Laplace transform of F(T).

3(b) At z = h, the bottom-water interface,we have P, = Py and
(3P, /Az) /p = (3Pa/34)/p_.

4(b) As z tends to infinity P, becomes zero.
1-4 SOLUTION OF THE LAPLACE TRANSFORMED WAVE EQUATIONS

Subject to the boundary conditions imposed on ?i above, the
wave eguation (1-3.2) can be solved by the method of separation of

variahles. Assuming a solution
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-P-i(rlzls) x Rl(r) zi(z)o (1‘401)

equation (1-3.2) can then be written

o

r-' |.--
x

3

l i
Y IR, Tcos

i i

N| N
(TR PO

(1-4.2)

2

At present s is considered a constant. Since the terms on the left
are functions of r only and those on the right are functions of z
only, we can have equality only if each is equal to a constant
independent of r and z. Let the constantbe -A®, We then have two

sets of ordinary differential eguations:
" ' .8 = pul
rwi + Ri + A rﬁi = 0 (1-4.3)
s® a
Zi - (E—i-2 + A%) zi = 0. (1-4.4)

Equation (1-4.3) is Bessel s differential equation of order zero.
It has the solution Ri = quo(Ar) which is finite at r = 0, The
Bessel function Ko (Ar) is also a solution of eguation (1-4.3), but
this function is infinite at r = 0. The function Jo is the Bessel
function of the first kind and of order zero. For our purposes

Jo(Ar+ (3 best defined by the following integral representation

(Dix {4]):

n/2
|

Jo(lr) = Re [2'

= exp (-iAr cos w) dwj.* (1-4.5)

J
*Throughout this paper Im and Re denote respectively the imaginary and

the real parts of a complex variable or function.

10
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Equation (1-4.4) has solutions

s 1/3
= £, exp[(g—; + 29

Z
i i

2]+ g exp ['(gib * “')1/.‘]°'?1-4.6)
The constants fi‘ gy and q; are to be determined from the initial
conditions.

The "eigenvalue" A can take on values from zero to infinity.
Since equation (1-3.4) is linear, Fi(r,z,l) may be written as a
continuous superposition of the product Rizi in the form of a

Fourier -Bessel integral as follows:
_ K 3 1/3
Pi(r.z.s) = Jo{ai(k) exp E(:—i, + A% zJ

3 1/a
+ bi(x) exp [’(':—3 + A?) z-’} Jo (Ax) Ada (1-4.7)

-

This is a general solution of the transforned wave equation for
cylindrical symmetry. To apply this soluticn to the problem of bottom
reflections, ai(x) and bi(k) must be determined so that the boundary
conditions are satisfied.

The above general solution Fi does not satisfy the boundary
condition 2(b) pertaining to the wave source. Hence, the solution
is incomplete for the water layer. The expression P; can be
interpreted as that part of the wave which results from the bottom

reflection but does not include the direct wave. The complete

B ] 1/2 —_—
**Throughout this paper the symbols ( ) and \/ denote, unless

stated otherwise, the positive square root.

1l
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solution in the water is the sum of P, above and the transform
of the direct wave Ps which satisfies the wave equation (1-3.4) and
the source condition 2(b).

An examination of the boundary condition 4(b) which refers to
the signal strength at infinity shows that the coefficient aj; (1)
must be zero for the wave in the bottom.

Abbreviating

/
R, = (saci_a + Aa)1 ’ (1-4.8)

the complete solution in the water is
— m -
P, = j {a;\A) exp(By; z) + by (A) exp(-B;z)} Jo (Ar) AdA + ﬁa'(1_4.9)
o

and the bottom solution is

Fa = | {ba(0) exp(-Baz)} Jo(Ar) Aah. (1-4.10)
o
To obtain a solution of the bottom reflection problem an

appropriate expression for the transformed source Pd must be introduced.
A convenient form of the source is that of a srherical step wave
because by means of the convolution integral, explained in Appendix D,
solutions for any other wave form can be obtained. The subscript A
will be used when reference to the step wave response is made, We
choose the wave form Py defined by

P, = % H(v - R/cy). (1-4.11)

12
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where H(T - R/c;) is the Heaviside unit step function defined
H(T - R/cy) = 0 for 7 £ R/c; and H(T - R/cy) =1 for 1 > R/c3. The
expression R/c; is the arrival time of the direct wave. The Laplace

transform of the step source is

S 1
PA === exp(-sR/c;) . (1-4.12)
Sommerfeld has derived the following identity for the transformed
step wave:

é; exp (-sR/c;) = % fo Jo (Ar) exp (-B,lz[) gr ar .*(1-4.13)

This expression can be combined with the first integral of equation
(1-4.9). The complete solution for the step wave and its reflection

in the water is then
A (r,z,8) = j {a;(x) exp B12) + b (A) exp (-B;z)} Jo (Ar) AdA
o
1 AdA
v 2 jo Jo (Ar) exp (-By [z]) g= . (1-4.14)
In the bottom the solution is

Ra(r.z.s) = [ {ba(r) exp (-s.z)} Jo (1r) AGA . (1-4.15)
[}

*A good derivation of this expansion is given by Ewing, Jardetzky,

and Press [5).

13
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The boundary condition 1(b) at the surface z = -(D - h) requires

that P, (r,z,8) = 0 at z = -(D - h) and hence

a; exp [—B, (D - h)] + b exp [B; (D - h):]
+ 525 exp -8 (D - n) | = o. (1-4.16)

At the bottom-water interface z = h the boundary conditions 3(b)

require P, = Py and (ai;;/az)/p1 = (af",/az)/p3 and hence

a, exp (B h) + by exp (-Bh) + g}; exp (-Bih) = by exp (-Bgh)
(1-4.17)

and

Q*-[a; exp (fh) - by exp (-Byh) - T exp (-th)j = ZBay, exp(-Bgh),
Pl B s J p
(1-4.18)
Solution of these three simultaneous equations yields
i { K [exp (-2B;h) - exp (-28,D }
1 " B s 1 + K exp (-28,D (1-4.19)
b, = 2XP [-28, (D - h)J,{l + X_exp (-2B; h)
B, 8 1 + K exp (-2B;D) (1-4.20)
- (1 +K) f(exp (h(B; - 8 - exp [h(B; + B3) - 2B,D
bs B, s { 1l + K exp(-28;,D } ’
(1-4.21)

where the ratio of the density of the water to the density of the

14
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bottom is abbreviated by
b = px/p8 (1-4.22)
and K is given by
k= [(8,/80) - b)/[(B/8s) +B]. (1-4.23)

In later discussion (Appendix E) we will show that K can be interpreted
as the plane wave reflection coefficient.
The solutions A, (r,z,s) and Az (r,z,s) can now be written:

In the water

= ]} [exp (-2B,h) - exp (-28;D)] exp (B;2)
A = IOE;; Jo (Ar) A T+ K exp (-26; D) .

exp [-28, (D - h)]J[1 + K exp (-2B,h)] exp (-B; 2
- 1 + K exp E-za,ﬂ (1-4.24)

exp (-B1|z|)} dx |,

+

and in the bottom

A, = Io F%E Jo (Ar) A {(1 % K)[EﬁELhiﬁlj' Bi)] - exp[h(8;, + Ba) - 28;0[}

+ K exp(-28, D)

exp(-Baz) } di . (1-4.25)

These are the solutions of the transformed wave equation which

satisfy the boundary conditions of our bottom reflection problem for

a step wave source, 15
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1-5. PEKERIS RAY EXPANSJION

Since we are primarily concerned with the solution in the water

we now restrict the discussion to A; only. After some rearranging,

equation (1-4.24) may be written

+

Iog%; Jo (Ar) A {exp (-8, |z]) - exp (B, 2) (1-5.1)

(exp (Byz) - exp [-By (2D - 2h + 2)])

l + K exp (~-28, h)
l +K exp‘(-ZE:D)]} da .

Note that the term in brackets is the only term containing K. This

expression can be expanded in a Taylor series about X exp (-28,D) = O,

Since IK exp (-2B;D) |<l, this series is uniforml s ~onvergent. We

obtain the following expansion for A, (r,z,s) in powers of K:

Ay

+

+

(1-5.2)

%f“ Jo (Ar) 87 {K° [exp (-8, |z|)- exp (-B,[2D - 2n + z])]
o
x‘[exp (-8, [2h - 2]) - exp (-By [2D - z]) + exp (-By (4D - 2h + z))
exp (-8, [2D + z])] + K[~ exp (-8, (2D + 2h - 2])
exp (-8, (4D - z] - exp (-B,[6D - 2h + z])

exp (-B; [4D + z])]+ ...} da .

16
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Since this series is uniformly convergent, it can be integrated term
by term. The above “ray expansion" is credited to Bromwich (6]

and is used by Pekeris [7). The K° terms contain the direct wave
and the negative surface reflection. For each exponent n of Kn, n2l,
there are four terms which can be represented by four separate rays,
denoted by m = 1, 2, 3, 4. These rays will be explained in more
detail below. Physically, n denotes the number of times the ray

has been reflected from the bottom.

1-6. IMAGE SOURCES

Each term in the above series expansion can be visualized as the
signal from an image source located at (O, ndm), where ndm is the
height between the gauge and the image source (n, m) as shown in
Figure 1-6.1. Each term in equation (1-5.2) can be written
(-n" + omgn exp (-8, ndm)' To find the path of multiple reflections
we can make use of the images and the "images of the images" with
respect to the surface or the bottom as shown in Figure 1-6.1. We
must remember that this method of images is based on the requirement
that the angle of incidence equals the angle of reflection,

From equation (1-5.2) we can derive the following formulae for

the four values of ndm for a given n2l:

nd; = 2(n - 1)D + 2h - z (1-6.1)
d =2nD - z (1-6.2)
ng
nda = 2(n + 1)D - 2h + 2z (1-6.3)
d =2nD + z ., (1-6.4)
N4

17
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~ IMAGE
T (1.3

% IMAGE SURFACE 2

__macer
f (1.4 | »

LY IMAGE BOTTOM
R, e, e

15 N AIR

SURFACE
IMAGE

—

SURFACE

WATER

GAUGE

ol i e i i

BOTTOM INTERFACE

IMAGE SURFACE |

FIG. 1-6.1 REFLECTED RAYS AND IMAGES

The wave trains from the source to the gauge
propagate along the rays shown as solid lines., To an
observer at the gauge the trains seem to emerge from
the various images. For instance, the wave train S-B
appears to originate at IMAGE (1,2).

The location of IMAGE (1,2) can be determined by
constructing the IMAGE SURFACE 1 which is the water
sux face mirrored in the bottom interface. IMAGE (1, 2)
is then IMAGE (l,1l) mirrored in the IMAGE SURFACE 1,
and IMAGE (1,1) is in turr the source mirrored in the
bottom inter face.

18
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For n = 0 the surface reflection and the direct wave are denoted
respectively by m = 1 and m = 2, The equations above then reduce

to the following:
d =2D - 2h + 2 (1-6.5)

d = |z| . (1-6.6)

The significance of the four values of m becomes evident if we
use the following notation (Rosenbaum [8]). Let B represent a
reflection from the bottom and S represent a reflection from the
surface, Then, for n = 1, we have the following reflections for
m=1, 2, 3, and 4 respectively: B, S - B, S - B - S, and B - S.
Similarly, for n = 2, there are the following reflections for
m=1, 2, 3, and 4 respectively: B- S - B, S -B -S -B, S -B -
S-B-S,and B-S -B - S.

It is interesting to note that for a given value of n2l the four
values of m represent the combinations of alternately S and B

which contain the letter B repeated n times,

15
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1-7. INTRODUCTION OF AN INTEGRAL REPRESENTATION FOR THE BESSEL
FUNCTION Jo (Ar)

Each term in equation (1-5.2) is the Laplace-transformed step

wave pressure response resulting from image source (n,m). For
nzl we denote these transformed pressures by n?ﬁ. The total
transformed pressure in the water is then

- - - 4 oy —

A, (r,z,8) = op1 + opa + Z z P, (1-7.1)

m=l,2,... n=1,2,...

where oii and 03; represent respectively the surface reflection and

the direct wave terms. The general expression for nﬁﬁ is then

obtained from equation (1-5.2):

- -]
- n+m 1 -1,,0N 5
B (DML o) 8 TIAK” exp (B dpar L (1-7.2)
o
The Bessel function Jo(Ar) may be written as the following
integral:

n/2

Jo (Ar) = Re [% | exp (-ir cos w)dw] . (1-7.3)

0

Substitution of this integral for Jo (Ar) in equation (1-7.2) yields

- enm 7 e [2 M
(]

exp(-iir cos w)dw]
[+

B, ~1AK™ exp (-s,ndm)}dx. (1-7.4)
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Making the change of variable su = A with u real and interchanging

the order of integration, nﬁﬁ may be written

n/2 »
I ua,"1 Kn
o o

= n+m 2
nfm = (-1) Re {n I

exp [-8(01 ndm + iur cos w)jdu dw} . (1=7.5)

1/3

where o = (u® + ¢ ~%) (1-7.6)
1/a

ag = (u?® + c372) (1-7.7)

K = (0’; - baa)/(01 + bag) . (1-7.8)

Although u will be later treated as a complex variable, u is real in
the above integrals because both s and A are real. This means
the integration above is performed along the real axis of the complex
u - plane. To carry out the integration the path will later be
changed to pass over complex u,
1-8. THE CHANGE OF VARIABLES (u,rT)

In equation (1-7.5) the term in brackets suggests the change

in variables at constant w defined by

T=o 4 +iur cosw . (1-8.1)

The integral of equation (1-7.5) then becomes
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[ I - uoy ! K" (%%)wqpxp (-s7) dfj dw} . (1-8.2)

In the second integral the formal change of variables (u,T)
leads to an integration path in the first quadrant of the complex
T - plane. However, it is shown in Appendix C that the path of
integration can be shifted back to the real axis of the T - plane.
That is, the integration is performed for real values of 7, This
variable v, defined by equation (1-8.1), is shown in Appendix F
to be equivalent to the time T when an is evaluated for n = 0,
that is, for the direct wave and surface reflection.

1-9. THE INVERSE LAPLACE TRANSFORM OF P
A change of the order of integration in the above :quation is

permissible and yields

nfﬁ = (-1)™ Rre {% I .
¢~ ndm

n/2
[ I ua;'x K" (%%) dw} exp (-sT7) dT} s (1-9.1)
) w

This integral may be interpreted as the Laplace transform of a function

with the following properties:

-1
T < d
nPm ™ 0. 1 n%m

n/2
_ n+m 2 -1 ,n [3u -1
B = (-1)™T Re{Z _|0 uoy =} X <—a*)w aw} . 12t d . (1-9.2)
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It is shown in Appendix B that the press. ¢ an is also zero

-1 -1 , .
for 1 < nbm where c, ndm S *ca R The -agnitude nbm is the

n6m
earliest arrival time of waves (n,m) reaching the receiver and is
discussed in detail, along with other characteristic times of the
pressure response, in Appendix B. Therefore, the above expression
for an is the desired solution of our problem. The change of
variable (u,T) and the interpretation of equation (1-9.1) as a
Laplace cransform is the vital step of Cagniard's analysis which makes
trivial the inversion of the Laplace transform niﬁ and eliminates
the integration to infinity.

In the following paragraph a further change of variable is made
which simplifies the integral (1-9.2) ard its interpretation.
1-10. THE CHANGE OF VARIABLE (w,u)

A change of varioble from w to u at constant 7T yields for

T 2 6
nm
P = (-1)""™ Re {3 ju' -t P (2u) (3w du} (1-10.1)
n'm n ua T du ' y
131 w T
1/34
- p=3 | _: 3 _ -3 3 . u
where u = nFm it + ndm (7 ¢~ Ry ) I (1-10.2)
1/3
ug = nd;“ (12 - o -‘nd; ) ; (1-10.3)
R s 1/a
and Ry = (r* + ndm ) .
From equation (1-8.1) we can write (1-10.4)

u d =
(%E)T = (ir cos w + gtm)/(iur sin w) = [(%%)w (iur sin w)] s
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From equation (1-8.1) we also obtain

1/3 1/3
sinw = (1 - cos® w) = [uara + (7 - oy ndm)°] / /ur . (1-10.5)
Hence for v 2 _6
nm
n+m 2 [Ys -1 N
Bo= (-1)™ pe {Z j uoy ~* K (1-10.6)

uy

[uara + (7 - ndm ag)a]-l/a du} .

1-11. ELIMINATION OF THE OPERATOR Re
The above expression for nPp €an be further simplified by
eliminating the operator Re which can be accomplished as follows:

Any complex quantity W has a real part given by
Re(W) = (W + W) /2 , (1-11.1)

where the tilde denotes the complex conjugate. Let an be

denoted by
Ug
P = Re I £(u) du. (1-11.2)
nm uy
We can then write
N
1 (Us 1 s
P =3 qu £(u) du + 3 Iu; £(u) du , (1-11.3)
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where the tilde over the integral denotes the complex conjugate., In

general, the complex conjugate of an integral can be written as

follows:
Vi -
Uz Ug ,~ -
[7 £ au= [ Fu av . (1-11.4)
Uy Uy

But for the present case each expression in f(u) is composed of sums,
products, quotients, and powers of polynomial functions of u and u®,

Each component function g(u) of f(u) satisfies the relations

g(u) w+ iv (1-11.5)

g(v) w - iv , (1-11.6)

where w and v denote respectively the real and imaginary parts of
g(u). But f(u) also has the constant factor l/i = -i which does not

satisfy equations (1-11.5) anc (l1-11.6). Hence we write f(u) in

the form

f(u) = -i(W + iV) = -iW + V , (1-11.7)

where W and V denote respectively the real and imaginary parts of

i f(u). The sum W + iV satisfies equations (1-11.5) and (1-11.6) and

we obtain

£(0) = -i(w - iv) (1-11.8)
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and

T~

7~
f(u) = -i(W -iV) = iW + V., (1-11.9)
Equations (1-11.8) and (1-11.9) yield
I~
£(4) = - £(u) . (1-11.10)
We can then write
Ug Uz
=27 £ oau-2 [ @ av. (1-11.11)
U u
Interchanging the limits of integration in the second integral and
noting that U; = u;, we have
(M
_ 1 b 1M o
po== [ fw au+z [ £® o, (1-11.12)
W Ug
These integrals can be combined into one
Uy
P =2J £ du (1-11.13)
n"m 2 "y d :

since the integration variable u in the second integral of (1-11.12)

can be replaced by u., Substituting the expanded expression for f£(u)

we have
P =0 T <
nm nm
n+m 1 _ Fai -1 ,nl 23 a1"/?
an = (-1) 71 Ju;u oy K Lu r° + (v - ndm ay ) ] du , Tt 2 nbm
(1-11.14)
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where K = (a3 - bag)/(oy + bag). Setting

o

Yy = [u‘r‘ + (1 - d m)']x/a , (1-11.15)
the step wave response an can be written
ntm ™ 0 T < nbm
Bo= (- L tr‘u f:—: du JEINCIE (1-11.16)
The above expression for an is the solution of the wave
equation for the reflection of a step wave
P, = H(T - g 'R)/R (1-11,17)

from a liquid bottom. The notation (n,m), introduced in paragraph
1-5, identifies the number of the reflections from the bottom, n,
and a particular path m., Solutions for an arbitrary pressure pulse
can be obtained from the step wave solution by means of the

convolution integral explained in Appendix D.

The solution (1-11.14) or (1-11.16) can be evaluated in two ways:
(a) by analytically separating out the real part as done by Rosenbaum
and described in Chapter II or (b) by a numerical separation of the
real part as proposed by Eichler and Rattayya [9) and explained in
Chapter V,

The integration must be made numerically in either case, and

the characteristic times explained in Appendix B must be taken into
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account. In the first case only real variables are involved in
the final computation. The second case requires a computer program
which uses complex variables such as provided for FORTRAN IV. The
first method takes less computer time although the machine program
is more complicated. On the other hand it will be seen in Appendix A
paragraph A-13 that the expressions for multiple reflections from
rigid bottoms become so complicated that Eichler and Rattayya's
proposal becomes almost essential.
1-12 CONCLUDING REMARKS

In the derivation of the solution nPns EdQ. (1-11.14), a number
of mathematical details have been bypassed for the sake of a straight-
forward presentation., These details are described in Appendices B,
C, D... and the reader interested in a complete picture is urged
to read these at this point.

Many of the mathematical operations use complex variables. For
the sake of the reader unfamiliar with the theory of complex
variables a few salient points of the theory are summarized

in Appendix A.
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CHAPTER 1I
THE LIQUID BOTTOM SOLUTION IN THE FORM OF ROSENBAUM

In this chapter we derive the equations given by Rosenbaum [2]
for the ster wave pressure response 1Pm when the bottom is a fluid.
General equations for n>1 are not derived in this paper. The general
equations for a liquid bottom only are given in Rosenbaum's paper,
but since they are complicated and since corresponding equations
for a rigid bottom would be exceedingly complicated, it is suggested
that an for higher ordered reflections be calculated by the method
explained in Chapter V.

We begin with equation (1-11.14) which correspcads to equation
(15) of Rosenbaum's paper except for the factor (-1)n+m which
he neglects and a scale factor G which he includes but we set equal
to unity. To simplify the notation we will usually drop the subscript
n (except in an), and the variables Rm, dm, etc. will be understood

to mean an, ndm, etc., Also & will be taken to mean _6 Even

nm’
though it may be confusing, we will continue to use Rosenbaum's

notation and let Tm = T/Rm and bm = 6/Rm.
2-1. PRECURSOR INTEGRAL (Case c3 > <)

When T < ¢, ! Rm the limits of integration are imaginary since
1/3

e R ) is imaginary. The branch cuts for

the square root (1 - ¢
the square roots oy, o3, and y are made respectively along the

1

imaginary axis from -ic; =" to icy ™}, -icg”! to icg”!, and y to Y

as explained in Appendix A, The integration is performed on the

29



NOLTR 69-44

Riemann sheet on which the radicals have positive real parts for
positive, real u. The integration is then carried out along the
imaginary axis from uy; to U; as explained in Appendix B and

diagrammed in Figure 2-1.1 below. It is also shown in Appendix B

i Im(u)
. -1
ICI

Ul =

()

(2

Re(u)
(3)

(4)

-iC‘

FIG. 2-1.1 INTEGRATION PATH FOR LIQUID BOTTOM
PRECURSOR (c, > c) AND S <7 <c R)

! make no

that paths (2) and (3) of this figure from -icg ™} to icy”
net contribution to the integral since the square roots o and a3

are real along these paths. The pressure an is then the sum of
contributions from paths (1) and (4) which approach the imaginary

axis from the right in the limit. The end paths which join the
vertical paths (1) and (4) to the integration limits u; and 4, approach

zero length, as the vertical paths approach the imaginary axis, and

do not contribute to the integration.
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Let P’ denote the integrand of P . Then
n n nn

~

nd i

i :,.Ul ! P—ica ) [
= j Podu= (1 Rl du+ (4)] P! du . (2-1.1)

npn
‘ n icg u

Since the integrand is a function of u® only, we may replace -u by
u. Then after interchanging the limits of integration on path (1),

1

ng -
P’ du . (2-1.2)
n' m

~

icg 7}
T = (l)jﬁl np$ i & (4)Iu;
The labels indicating the paths are retained so that the proper signs
can bhe chosen for the square roots.

The square roots o; and y are real on paths (1) and (4), but
az is imaginary. The imaginary part of ag is positive on path (1)
and negative on path (4). Since o3 is contained in K,
we must determine the real and imaginary parts of K to evaluate the
real part of an.

Since the algebra becomes increasingly complicated, from this
point the derivation will be specialized to the case n = 1. As will
be explained in Chapter V, pressure histories for n > 1 can be more
readily obtained using complex arithmetic to evaluate equation
(1-11.14). It must be remembered that the n = 1 case represents
rays which have been reflected once from the bottom and that this
case, particularly for m = 1, makes the most significant contributions
to the pressure time history.

The liquid bottom reflection coefficient K when «a; is real and
positive, but o is imaginary and positive, can be written using real

square roots as follows:
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ay - ib [=(u® + c3—2)]*/3
K= o T l-(u” + cf‘a%%T77 y {25:153)

Separating real and imaginary parts of K, one obtains

-2b a3 [-(u® + cz=?)1/2
Im(K) = aia { b’TF‘T)c_.l:;T and

3 a 3 -3
Re() = DTl -

(2-1.4)

The real part of 1Pm comes from Im(K). The imaginary part of
an is identically zero since an is the real part of a complex
integral. (See equation (1-10.6).) Since Im(az) is positive on
path (1), but is negative on path (4), Im(K) has opposite signs on
the two paths. All other expressions in the integrand lPé do not
change in sign from path (1) to path (4). Hence nPé also has opposite
signs on the two paths, and the integrals of equation (2-1.2) can
be combined into one integral. Equations (2-1.2) and (1-11.16) then

yield

iC. 1
u Im(K) 4, | (2-1.5)

m 2
R S L a Y

Uy

Making the change of variable u = ix and substituting Im(K) from

above, le becomes

-1
m 4b [ x* - ca=*)'/? x ax
P = LT R] T T ol

m Im(Ty)
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whereé y and o; are expressed as functions of x and
~ -3 _ -3 o3 _ .3 1/3]
Im(uy) Rm [Tr dm(c; Rm ™) s

After Rosenbaum, we introduce the following notation:

d

m r - 1
m m
- - T & "
o= (q 2 - Ca 2)1/3. Tm =R 6m =g =Cs ! gin ‘m + o cos lm,
m m
& f) -3 _ 3 1/3
Mm T, €08 & + (o L ) sin zm,

- L - -3 _ 2 1/3 i
N, = T,c0s 4 (a1 ot ) sin ‘m’ and

w=(c+M)/2+ [(s -M4)/2] sin '-'5‘1 .

Making the substitutions u, Tm! O sin tm' and cos ‘m in

equation (2-1.6), we obtain

;Pm = (-1 m+1 4b I {w(o _ wa)x/a dw}/{[wa + b%(d? - wa)]

[(wa - c;'a) 8in® 4 + 1% - 27t wcos t + uw? cos® s ]1/3} o
m m m m m
(2-1.7)
Substituting N M., and dw = [(n(c - Mm)/4] cos (nv/2) dy , we find

b(c-Mm) ¥Ym2 w(o?-4?)2/? cos %} dy (2-1.8)

m+l
Fom D™ [ ey e e T

m 'ml
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3 -3 3
where we have used NmMm =T -a sin lm and Nm + Mm = 21m cos tm.

The limits of integration must now be determined. At x = c,",

we have w = (¢ 2 - c,")l/a = 0. Since w= (o0 + Mm)/z + [ (o - Mm)/2]
sin my/2, we get that sin ny/2 = 1 at w = ¢ and hence tmz =1, At

x = Im(U; ) it is easily shown that w = M and consequently that

Yy ="1-

Returning to equation (2-1.8), it can be shown using trignometric -

identities that

(w - M )‘/a

cos 31 [1 - sin 1}} (2-1.9)

Thus the change of variable to y was made so that the factor (w - Mm)
of y could be eliminated, removing the singularity of y at u = 3§

(or w = M and Yol = -1). Substituting the above expression for

cos my/2 and canceling (0 - w)*/?(w - Mm)‘/° from numerator and

denominator, we obtain

;Pm =0 (Tm < bm)
blo-M ) 1 w(o+w)'/[1-sin G ] ay
R I-l [(1-b’T3’+o’S’](w-Nﬁ)‘/r

m

m+l
;Pm = (-1)

(6, s, sa ) (2-1.10)

The above equation is Rosenbaum's form of 1Pm(-rm) for v < cq ?

m+l

(except for the factor (-1) and the scale factor G). When

e < 6m' we have 1Pm('rm) = 0 since the precursor, the first arrival,
has not yet arrived. Replacing the terms in equation (2-1,10)
resulting from Im(K) by corresponding terms from Im(K") one can
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obtain Rosenbaum's results for higher ordered reflections since

Im(K") has the same sign dependence on a; as does Im(K).
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2-2 MAIN WAVE INTEGRAL (Case c3 > ¢;)

The main wave integration is quite similar to the precursor
integral except that u; and U, are now complex. The branch cuts
for oy and a5 are the same as pefore, but the branch cut for y is
made from u; in the fourth quadrant to U; in the first quadrant.
The square root y now has a positive real part left of the cut and
a negative real part right of the cut. The initial integration

path is shown i'n Figure 2-2.1 as the line uy Ay, .

i Im(v)

Re(u)

FIG. 2-2.1 PATHS OF INTEGRATION IN THE u-PLANE FOR

-1
T> N R, (LIQUID BOTTOM cy> cl)

Since Re(y) is positive on u; Al;, but negative on uyBuU; , and since

a; and ag have the same signs on both paths, we can write
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I § ' _
P =3 f; P! du . (2-2.1)

Cauchy's theorem allows us to write

= 1 ' N S ' / } .
P =32 L praus-2{f plau+fs P oau}. (2-2.2)
As the radius of I, tends to infinity, nplm has a pole at infinity

which in Appendix A is shown to have the residue

R = = (-1) ™0 (1 = b)n . (2-2.3)

® in Rm l +Db

Since the contour I; is in the positive (counterclockwise) direction,

we apply the residue theorem to obtain

nm R

n+m n .
p = =1 (1 = b) E %— f, B! du . (2-2.4)
m

For more details of the procedure used to obtain the above equation

see Appendix A,
Denote the integral on i3 by I;. Then, dividing % into the paths

(1), (2), (3), (4), (5, and (6) shown in Figure 2-2.1, the integrals

1 1

along (5) and (6) between -icy ' and ics ' add to zero as in the
precursor leaving
iC; el .icg =
L, =] _ prau+ (@] P! du (2-2.5)
icg ? i
T." Cs -1 , i a ,
+ (3) _ nP du + (4) _ an du .
.-iCI : 0 -iC. 1
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Replacing -u by u on paths (3) and (4) and interchanging the

limits of integration on paths (1) and (4), we obtain

=1 =1

ng iCa
I, & = (1)j L Pldu+ (2 _ e du (2-2.6)
ic 7} "ig, !
iCa -1 .iCa =
+ ([ P! du - (4)] P’ du .
J . -1 nm . -1 nm
1Cy 1Cy

The labels indicating the original paths of integration are retained
so that the proper signs can be chosen for the complex square roots.
Again we restrict the derivation to the case n = 1,

On paths (2) and (4) o is real and positive, but on paths (1)
and (3) it is real and negative. Let y, denote the value of y for
positive a; , let y, derote the value of y for negative o;. As
in the precursor the real part of an comes from Im(K), and the
integrals on paths (1) and (3) can be combined since Im(K), given by
equation (2-1.4), is positive on (1) and negative on (3) because of
the imaginary square root aoz3. Similarly the integral on paths (2)
and (4) may be added. On all four paths v, and y; are real and
positive. The four integrals of equation (2-2.6) can then be combined

into one integral and I; may be written

=1

m 4b_ %3 u|-§u3+cg-3!|l/aa} 1 1
Ig = (-1)" 22 jicl-l oy Ty T-b* (u¥+c; ™ = v,} du . (2-2.7)

Making the substitution u = ix and canceling the o; 's, we have

-1
_ m+l 4b 2 x(x*-ca 3)1/? i 1
e 0™ T oy - b e e
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The following Rosenbaum substitutions are used: L T/Rm,

w= (¢~ x’)l/a, o= (g ? - c.'a)i/', cos L =4d /R, sin L =1/R,

K, =7 cos s, andL = (1m° - ¢ %) sin® L . At the lower limit,

Xx = ¢ ', wbecomes w, = 0, and at the upper limit, x = cg ', w becomes

wg = 0. Thus the integral I on Ig can be written

- wa)l/a

4b (
L = (-1" f e (2-2.9)

{tw-x)2+ Lm]'i/’ - (o +K )+ Lm]"/°} dw.

Substituting I above into equation (2-2.4), we get Rosenbaum's

result for T > ¢, !} R and c3 > ¢

m+l
B = é:ll i = g (2-2.10)
m
1/3
£ 0™ R f g RITRE LRSS

- e+ k)? 41177} au .
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2-3 MAIN WAVE INTEGRAL (Case c, > Cg)
When the velocity of the bottom is less than the velocity of the
liquid above the bottom, there can be no precursor. The integration

paths are slightly different from the case cg > ¢; and are shown

in Figure 2-3.1 below.

Re(u)

FIG. 2-3.1 PATH OF INTEGRATION IN THE u-PLANE FOR

>c, Ry, (LIQUID BOTTOM ¢, >cy)

In comparison with the previous case, o; and a3 are real on paths

(5) and (6), and, as before, the integrals on these paths cancel.

Thus we can write

n’m = TR T+ b) -3 f“ P dup. (2-3.1)
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Let the integral on path .3 be denoted Ig. We then replace -u
by u on paths (3) and (4) and interchange the limits of integration

on paths (2) and (3) to get

des ™t I.ic:, v icg 7} .

Iz = (1) P'du - (2) P'du - (3) P’du (2-3.2)
. -1 J . -1 . -1
1Cy 1Cy 1Cy
. -1
1C3

(@] " plau .

iC1 1

On paths (1), (2), (3), and (4) ag is real, but o; is imaginary.
The liquid bottom reflection coefficient for «; imaginary and positive

but a3 real and positive is

-  i[-(u® + cL-a)]l/2 - baa

K=ilT(wd * -2 K, 7 + bag ° (2-3.3)
Separating real and imaginary parts of K, we obtain
=y 2@&__&3 i Cl-ﬂ)ll/a
Im(K) = beas? - (s + C; -3) and
(2-3.4)
] -2 3 3
Re(K) = it )a' Boa |
bz - (U + q )

Let ¥, and ¥, denote respectively the values of y for which
(1) oy is imaginary and positive and (2) «; is imaginary and negative.
The square root o3 , being imaginary, is positive on patts (1) and
(2) , but negative on paths (3) and (4). Hence Re(K) is the same
on all the paths, and the contributions from Re(f) cancel.

In contrast to the case cg > ¢;, the square root y is now

complex so there may be contributions from both the real and the
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imaginary parts. In the contributions from Im(K) the imaginary oy's
cancel out the numerator and the denominator of ‘Pm so that the real
contribution to ‘Pm comes from Im(y) .

The integrals along paths (1) and (2) and along (3) and (4) may
be combined to get an equation analogous to equation (2-2.7) when
Cs >C1. Since y3; and 73 are complex conjugates, 1/v and 1/y; are
complex conjugates, and there is still symmetry about the real

axis. The a; 's may be canceled, and we obtain

icg 7}
m 4b g 1 1
R R S = {zntdo-tngy Jau . (2-3.9)

The substitution u = ix yields

—l
m+l 4b Ca Qa X 1l 1l
- (- _‘ _,._,.__g___.,_{ 2 )-Im(= .(2-3.
Is (-1) - e+ (x0-c; -7} ] Im(.%) Im(y.)} dx .(2-3.6)

The following Rosenbaum substitutions are now used: L -r/Rm,

o 2 -]
cos "'m -dm/Rm. sin "m = r/Rm, Dm = T ° cos 2 l.m +q sin "m'

3 3 a 3 -3 3 -3 a3
Em = 4 (sin ‘m cos lm) L) ('rm - ¢ ), and Fm =T, - sin ‘m'
Also let W= (x* - ¢; ?)* and 7 = (ca™? - a ~2)1/3 pne limits of
integration then become § = (¢ ? - ¢ ")‘/a = 0 and
T = (cs~® - c "')‘/a = @ . After applying these substitutions to

equation (2-3.6), we obtain

m+l 4b 7 S(f-w?)/3 1y .1 _
Is = (-1) - Io rTIéSgTE,;ggsgj {Im(;i) Im(75)} do . (2-3.7)
The term Im(l/ Vi) can be written
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1
?1—::

C -(E‘+D&+213m cos’tm+27miE'cos sz‘/°= w73
R l’.(?o"+Dm)°+Em]‘/a ph[ ('6’+Dm)'+Em]‘/"

(2-3.8)

The complex square root V*/? can be written v*/? = IVII/3 {cos[e('y',)/z:l

+ i sin [9(7,)/2]}, where

-3 - 3
-(w* + Dm) + 21m cos tm}

(2-3.9)
[(o® + Dm)2 + 1'-:m]‘/a

6(YVy) = arccos {

Since sin (6/2) = [(1 - cos e)/z]‘/’, we obtain

-(@+D )+2'r cos®L

e AL 4[1'°°’["°°°“{W hps
(2-3.10)

Simplifying, we obtain
Im(v*/?) = ¥2 {{(m +D)* +E ]1/3 + (& - F )}1/a (2-3.11)
m( ) = 2Rm W+ m) + = w' = F . -3.

The terms ¥; and ys are complex conjugates so 6(ys) = 8(W;) + n and

L) - - Im(&
Im(va-) = Im(“) .
Hence we can write
(2-3012)
-3 3 1/2 —
1. _Q ((w +Dm) +Em] + (T° - Fm) x/..
[I“‘( o I“‘( )] ‘Rm{ (@ +D )" J

Substituting equation (2-3.12) into equation (2-3.7), we get

S 2 1/2, ;=
m+1 5 g (T2 -T° 1/3 [(m2+Dm) +Em] +(w -Fm) 1/3 _
I = (-1) é%;_m Jo ;’-ba +T3Db { (T“+D_) °+E } w .
m m
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Equations (2-3.13) and (2-3.1) then give the pressure equation for

C; > Cp:
PalTg) =0 (1. < a )
_l)m+l 1 -b _
Ipm(‘rm) = LR (l + b) (Tm > C 1)

m

2 a P
T - a1/ ((T*+D ) *+E_J°+(3°-F )\ %
_qym 2420 wga‘-u, ) I m m m

{(1-b®)w*+0°p*] ¢

(2-3.14)
The above equation concludes the derivation of Rosenbaum's

expressions for 1Pm over a liquid bottom. Similar equations for a

rigid bottom are derived in Chapter 1V.
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CHAPTER 1III
SOLUTION OF THE RIGID BOTTOM WAVE EQUATION

The derivation of the ster wave responses A, (r,z,T) and
Ag(r,z,7) for a rigid bottom is quite similar to that for a liquid
bottom and will be treated briefly.
3-1 WAVE EQUATION IN THE WATER

In the water we choose a displacement potential ¢ such that the
displacement of an element of fluid is 8 = 3¢. This potential is
related to the velocity potential ¢ of Chapter I by the equation
9 =-3¢/3T1. Substituting this expression for ¢ in the velocity
potential wave equation (equation (1-1.9) and integrating the

resulting equation with respect to 7, the displacement potential

satisfies
]
Va¢ = éT; -g-'-l’% ' (3-1.1)
[}
where
a _ 3 12 3?
V =37 *rartazs (3-1.2)

and where c; is the sound velocity in the water. The potential ¢ and
the other potentials used in this chapter are taken to be zero as T
and R approach infinity. The radial and vertical displacements and

the pressure are then
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3
q. = %% , and P, = - p 2 ¢ q (3-1.3)

1 oT3
where p; is the density of the water.
3-2 WAVE EQUATION IN THE RIGID BOTTOM

In the rigid bottom* the equations of motion can be expressed
in terms of the displacements u, and u, in the r and z directions
as follows (Ewing, Jardetzky, Press [10]):

3%u d3%u d%u d%u 2%u
7 r r r z r z) r
( +2“)(31's +trw "=t azar) + “(aza T dzor P 78 (3-2,1)

[
o
=
=4

Azar r 32 8za3
3 H] 3
) ur 9 u, . u,
“#\3z3r " 37 )" Py 313 (3-2.2)

where A’ and . are Lamé's elastic constants and p. is the density

%y
(A'+2p)<--—£ + ==L

-
o
[+
o/
»
[
N
v
[}
at\ g
3’|°’
Nl £
la]
]
o/
"] =
N
S

of the bottom.
We can define potentials §y and U such that the radial and
vertical displacements (ur and uz) and the normal and tangential

stresses (Tzz and Trz) may be expressed by the following equations:

- oy _au -1 -1 A ) 1
U or 2z ' Yz Y E r & r (3-2.3)

*The rigid bottom solution given here is similar to those given
by T. W. Spencer [11], Eichler and Rattayya [9]), and Roever, Vining,
and Strick [12].
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_ g3 a’! 1 aagrU) =
Taz = AV ¥V + 20 {623 * ¥ ozor } & (3-2.4)
- 2%y _ ., 2°u . 1 2% 5
Trz “{2araz <328 Y 5.3 31s) ¢ (3-2.5)

where c; and ¢, are respectively the velocities of propagation of
sound and shear waves in the bottom. Lamé's constants A’ and . are

related to c3 and ¢, as follows:

p

, /
cs = <L—+-3*‘->1 " and = (k)7 (3-2.6
2

Then the potentials § and U satisfy the equations

a, _ 1 o7y
VY = Se3 373 (3-2.7)
and
3 U _ 1 3%
Equation (3-2.8) may be replaced by a wave equation by using a
potential £ defined by U = -3§/3r., We then obtain
3
vig = L 2% (3-2.9)

Ce® T3 °

3-3 BOUNDARY CONDITIONS FOR A STEF WAVE SOURCE
As for the liquid bottom we now seek a solution A, (r,z,T) for
a pressure source H(T - R/c;)/R. The boundary conditions which must

be satisfied are as follows:
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l. The pressure A; (r,z,T) in the water must vanish at the
surface z = -(D - h),

2. The tangential component of stress Ty must vanis:> at the
interface z = h,

3. The normal component of displacement u, must be continuous
at the interface z = h,

4. The normal component of stress Tzz must be continuous at
the interface z = h,

5. Near the source the solution for A, (r,z,T) must approach
P, = H(T - R/a)/R.

6. As z tends to infinity ¥y and U must tend to zero.
3-4 TRANSFORMED POTENTIALS ¥, V, U

Using the same Laplace transform method we used in the liquid
bottom solution (see equations (1-4.14) and (1-4.15)), we find that

the transformed solutions are
¥ = I.{f; (A) exp(Bz) + g1 (M) exp(-B, z)} Jo (Ar) AdA (3-4.1)
o
= ‘5%.1‘_[:{-70(&) exp(-8; |z|) 3—1 ar ,
T = j'. gs (A\) exp(-Bsz) Jo(Ar) AdA , (3-4.2)
°

U= - %5' = Io ge () exp(-B42) g—r- (Jo (Ax)] Aax , (3-4.3)

where £, gy, gs, and g, are functions of A to be determined from a
transformed version of the boundary data and where B, = (s'ci'a + A%)2/3

for i = 1, 3, 4. The last term of ¢ is obtained from the transformed
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pressure source §A written as a Bessel function integral (equation
(1-4.13)) by using the pressure relation P = - pd%¢/37® and its
transform P = - s®pp .
3-5 TRANSFORMED STEP WAVE RESPONSE IN A RIGID BOTTOM
Since A, (r,z,s) is a transformed pressure, we can write from
equation (3-4.1):
A = -8 ¢ =
1
(3-5.1)

J' {a‘ (k)exp(ﬂx z) +b (A)exp(_ﬁl z) }JO (Axr) AdA+ %‘j Jo (Ar)exp(-ﬁx |z|)-k'g-‘2" )
0 o

where a; (1) and b, (A\) are respectively -saplfl(k) and -s’olgz(X) .
The application of the transforms of boundary conditions (1)

thru (4, yields the following equations. The requirement of the

vanishing of the transformed pressure A, (r,z,s) at the surface,

namely
Xi(r,z,s) = - s’pla =0 at z = -(D - h),
yields the equation

(1) £ (A)exp[-B, (D-h)]+qg; (A)exp(B, (D-h)]- ;—;%gr exp( -8, (D-h) ]=0,
1
(3-502)

The vanishing of the tangential component of stress Trz and its

transform 6;2 at the bottom-water interface, namely

e 337 3
q4 oy _ , 37U s -}_ ”
Trz b {2 3L3Z 2 323 + ces U =0 at 2 h,
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yields the equation

2{-B3 Ags (A) exp(-Bsh)Jo “(Ar) } - 2{B¢*Age (M) exp(-Beh)Jo “(Ar) }

.,..'_3...{;\ (A) Beh)Jo ‘(A }— 3-5.3
oo LA (M exp(-B¢h)Jo “(Ar) | = 0, (3-5.3)

where the prime in Jo ‘(Ar) above and in J, ‘(Ar), Js ‘(Ar), and Jo" (Ar)

below denotes the derivatives d/dr and d°/dr®. sSimplifying the

above equation, we obtain

(2) 2Bs gs(A) exp(-Bsh) + (2A® + 8%c¢ "?)ge (M) exp(-B¢h) = 0. (3-5.4)

The continuity of the normal component of displacement u, and its

transform G; at the bottom-water interface, namely

Uy Y e dr + r 3z at z =h,

yields the equation

{-8ahas (M exp(-831) o (Ar) } + {Agy (Mexp(-Ben)To" (Ar)} +

{Z9¢ (M exp(-8e1) T “(Ar) } = {B12fa (M) exp(Bah) - By Ay (M) exp(-B; h)

¥ 33; exp(-B1h) } Jo (Ar) . (3-5.5)

Simplifying the above equation using the Bessel function recurrence
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formulae for Jo ' and J; ' listed below, gives

(3) -Bs gs(Ar) exp(-Bsh) =~ A®ge (A) exp(-B¢h)
(3-5.6)

= By £ (A) exp(Bih) - Byqgy (A) exp(-Byh) + exp(-B, h).

p, 83

The continuity of the normal component of stress T,z and its

transform Téz at the bottom-water interface, namely
T =-2(,z,8) at z = h,

2z

leads to

r1ga— 3%y L 13*(0)) _ s, -
AT + 2k {SE; *t ¥ 3zor } =8"p, ¢ at z=h,

Using the transformed wave equation obtained from equation (3-2.7),

we obtain
s
A'za )\g;(k)exp(-ﬁah)a’o(kr)} + 2..{£e.°>.g,(x)exp(-aah)Jo(kr)]
+ [-B4%9.(k)exp(-8‘h)Jo'(Rr) - 54*94(X)exp(-8¢h)Jo"(Ar)]} (3-5.7)

= 8% {A[fs Q)exp(Bih) + g (M) exp(-Byh) 130 (Ar) - LY exp (-8 h) Jo (Aa),
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Applying the recurrence formulae for Jo ' and Ji ’ below and using
cs = [(A + Zu)/p.]‘/' and ¢, = (p/p')‘/a, the above equation can
be simplified to the following expression:

(4) 20ee® {F (22% + 8%c™)gs (A) exp(-Bah) + A*Bege (A) exp(-8¢h) }
= o% {f (V) exp(Bih) + gy (M) exp(-B1h) - —2— exp(-Bih) } .
1 9" |
(3-508)
Recurrence Formulae
Above we have used the following Bessel func*ion recurrence

formulae (13]):

Jo(u) - Ja(u) = 2 $= (3 (w)], (3-5.9)

Jo(u) + 3 (u) = 23, (w), (3-5.10)
and

&30 ()] = - 31 (w) . (3-5.11)

Solving for £, (A) and q; (A\) from (1) thru (4) and using

x; = —..p‘; s W8 £ind

s 1 exp(-28,h) - exp(-28; D
a3 (A) =-s P, f1 (A) = m- {W}' (3-5.12)

and
3 -expl-28; (D - h) ][l + K exp(-2B,h)
by (\) = -8 93 N (A) = _E.Leﬁi__u{l + K expl- 1D) - (3-5.13)
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where the reflection coefficient K is now defined

a3 3 3 3 =
= 61[(2xa+sag._a)a-4xasg_ﬁ_¢l - bp,a:g_‘ . (3-5.14)
By [(2A%+8”cq 72)%-42%B3Be]) + bBys*cy ™

3-6 THE STEP WAVE PRESSURE RESPONSE an FOR A RIGID BOTTOM

The coefficients a; (A) and b (A) have exactly the same form
as equations (1-4.19) and (1-4.20) for the liquid bottom. The
function A, is then in the same form as equation (1-4.24). The
expression |K exp(-28;D)| can be shown to be less than one (Spencer
[(11)) so that the ray expansion is still valid. The derivation
leading to equation (1-11.14), written below, can then be duplicated
for a rigid bottom provided we use K as defined by equation
(3-5.14) above and make the proper branch cuts for the multiple-valued
functions involved.

As for the liquid bottom, the step wave pressure response

an resulting from ray (n,m) is

npm =0 0 ('I’ < nbm)
+m ..'J;
_ ptm -1  noroa 3 - 31-1/a N
P = g Julua; K= [(u’r® + (7 ndmal) ] du , (3-6.1)
(r 2 _8)

The transformation u = A/s renders K in the form necessary

for substitution in the above equation:

= o [(2u+c4 72) 2~ 4uop04] - bascy Tt

- = [ (3-6.2
a;[(2u3+c4 a)3- 4uaa,a‘] + bagce ¢ )
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- cl-a)1/a 3 -2)1/3

, a3 = (u° + cs 4+ Cc-a)l/a.

where o, = (u® , and a4 = (u
3-7 STONLEY POLES

In the following calculations we must now consider the branch
poiuts of ¢ , a3 , o¢ and y and the poles *ik of the reflection
coefficient K. The branch cuts are made in the same manner as
before. The poles %ik, called the Stonley poles, are the zeros of
the denominator of K. It has been shown by Spencer [14] that the

b

Stonley poles are beyond the branch points tic; ' , %ics ! , and

tice "} on the imaginary axis of the u-plane and also that tik are
the only poles on the top sheet of the Riemann plane. Poles of
this type indicate the existence of a wave. This particular wave
is usually called a Stonley wave (Cagniard [15) refers to it as

a Scholte wave), and its propagation velocity is Cgp = 1/k.
Stonley waves propagate along the liquid-solid interface in the
same manner as Rayleigh waves in a vacuum-solid interface. The

Stonley wave has been studied by Scholte [16], [17] and more

recently by Roever, Vining and Strick [12].
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CHAPTER 1V

THE RIGID BOTTOM SOLUTION IN THE FORM OF ROSENBAUM

In this chapter we follow the same procedure used in Chapter II
for a liquid hottom, and we freguently refer back to equations in
that chapter. As before, we derive using Rosenbaum's substitutions
real integral solutions from equation (3-6.1), where now K is given
by equation (3-6.2). Since the rigid bottom K is more complicated
and since it has the Stonley poles on the top sheet of the Riemann
plane, the integrals obtained will be correspondingly more complicated
than for the liquid bhottom.
4-1 PRECURSOR INTEGRAL (Case c3 > ¢ > Cq)

~!, which is essentially

The integration path for Tm <
identical to the liquid bottom path, is shown in Figure 4-1.1 below.
(It must be remembered that c; has replaced cg as the sound velocity
of the bottom.) The branch points tic, ™! of @, and the Stonley poles

tik are outside the integration path.

For n = 1 we can now write from equation (2-1.10)

b

. T
= (o;-Mm) . Im(K)[l-51n(5 v) ] dy
1P = (-1) J T 7z T77 ¢ (4-1.1)
m 2R (o -u) "/ (e-N) /!
-1
where 1:(K) n 'st e determined and oy = (cl_2 - c3-2)1/a. The

substit ition of Im(K) is pcrmitted here since the sign of the integrand
is deperdent only on the imaginary square root as as the liquid bottom

solution was dependent oily on ». The real roots a; and o, are
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FIG. 4-1.1 PATH OF INTEGRATION IN THE u-PLANE FOR
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positive on all the paths. After expanding tie iravinary sonare

root asg, ¥ may be written as follows:

o[ (204 %) ? - 4iuf(uPagy )P Peg] = bi(-nf oy PR o 7
K = (2u3+c‘-a)a - 4iua(-us-c3%2)1 ao‘j 3 b’(-u‘—o:Ti}-lﬁ—T:_’«t 0
(4-1.2)

where all the sqguare roots in this eqgaation are positive.

The imaginary part of XK is then

I (K) g (2utsee ) Juea 2t (ut - 0™ ) (4-1.3)
‘ Loy (2u+cq T) 21240 (-u-c5 72) 2 /2 (4uey o -beg ) 12 T
The substitutions o, = (¢, * - c;-a)l/a, o3 = (|ce % - cl-a|)1/a'

and « =(c; "2 - x*)%/? with u = ix yield

-a -
R T e

-a [2 ” . 4 =
<Lw(c3 _ cl-‘+ua)3j‘+{(o;3-u3)1/a[w(c; 3_4%) (03 *+u )1/a+ , l})
(4-104)
The above equations can be further simplified by using

-2
A = u(g‘z-'— - Cl-a + Wa)ao

B % wlo - w®) (02 - wa)x/a(o.a 0" wa)x/a

> wa)l/a .

b -
C = Z‘C‘ 4(013

Substituting A, B, and C into Im(K), we get
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S Alb et (0 ° - wali/a

2{A’ + (B + c)‘} )

Introducing the above equation into equation (4-1.1), we obtain

Rosenhaum's result for n =1 and ¢s > ¢ > C¢¢

;Pw =0 (Tm < 6m)

b(o;-Mm)Il (o1 +4)*/Al1-84n(F )] ay

- (_q1yM+l ———
Pr(T) = (-1) 4R_cet 4, (w-N)T/7[A +(B+C)*] )

(6, s 1 <a )
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4-2 PRECURSOR INTEGRAL (Case cs > ¢4 > ¢)
The case c3 > ¢4 > ¢ is not derived by Rosenbaum, but its
importance in current work justifies treatment here., The integration

path (a) shown in Figure 4-2.1 is chosen when lu;l £ c¢ }; and the

path (b), also shown in Figure 4-2.1, is chosen when lu;I > ¢ L.

The integral for |u;| s c¢~® is almost identical to equation (4-1.6),

} > c¢”! requires replacing B by

3)1/a(|w3 _ oaal)z/a

The only difference is that c;

Bs = w(cy 2 - w¥) (0,2 - w since now

cl-al)t/a -2 —a)x/a

(aa - Cq

o3 = (es™? -

1

Thus for n = 1, cs > c¢ > ¢, and |u | s cg~! we obtain

1I’m('rm) =0 ('rm < 6m)

b(oy -M_) j‘ (a,+w)1/’ A[l-sin(% v)] ay T

4R Cet J, (w-N )/2 [a%+(Bg+C)*]’
(6, <1 < a™

+1
Pt = (DT

™ the integral over paths (3) and (4) is again

When |uy | > cq
zexro, and le is made up of two parts: 1., The integrals over paths
(2) and (5) whose sum is identical to equation (4-2.1) except the lower
limit of integration must be replaced by wx = y(u = ice ). 2. The
integrals over paths (1) and (6) on which o3 and a4 are imaginary.

Derivation of the first part of 1Pm requires only finding tl.

The variable § is given by the expression

_ (01+Mm) (o3 =M )

. m 3 -
W= —5——+ —3—— sin " v/2 . (4-2.2)

b}

But at u = icy © this expression for w yields
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FIG. 4-2.1 PATHS OF INTEGRATION IN THE u-PLANE FOR
T< ¢, 'R (RIGID BOTTOM c3> > c1)
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;mo=la? - s (e - =0 (4-2.3)
Then we obtain
203 -0, -M 203 -0y =M
LA T m 4 2 ; r_______Jn] -
sin =4 = 5 and ¥ = arcsin | o3 M . (4-2.4)

To find the second part of le, we must examine K, the only
term that contains a3 and o4. For o3 and o4 imaginary and positive,
denote the reflection coefficient by i. Then after expanding the

imaginary square roots a3 and o, we obtain

=n
"

<a;[Qua+C¢-°)a + 4u3(—uz-ca_a)1/3(—ua-c‘_3)1/°]
ibC;“(-uz-Ca-a)l/a)/(:az[(20=+C4_3)a + 4ua(_ua_c3—a)1/3(_ua_c;e)xé]
+ ibc._‘(-uz-c;-a)1/3> (4-2.5)

and

Im(;) = (—Zbcf.‘(—uaca-a)l/2
o [Qu+c, 7%)2 + 4ua(uua-Ca-a)1/3(-02-04-3)1/21})/
([on Te2u®4es™)2 + 4u® (uP-cs ™)2/2 (cu®oc, ™) */21}24

[bc.“<-u’-ca")‘/’lﬁ) . (4-2.6)

Make the substitutions
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w')x/a(lw’ _ o'a')x/a

By = w(cy 2 - 0?) (o, * :
and
-4
C = 1334_ (0,2 - u‘)3)1/3 .

where w, 0,, and o3 are defined as above. Then divide the numerator

and denominator by 16 to get

Im(K)= - R 2(A : );/_’guu . (4-2.7)
g l

From equation (4-1.2) we can see that on path (6) ay and a, being
negative has the effect of only changing the sign of Im(K) since
@, is positive on both paths (1) and (6). Hence, as before, the
integrals on paths (1) and (6) add. The second part of 1Pm can
thus be obtained from equation (2-1.10) by substituting Im(E) from
equation (4-2.7) above and changing the limits of integration.

For n =1, cg > ¢ > ¢ and |u;| > c4_1:

PolT) =0 (r, < 8)

(-1)™b(oy M) P (o +w) P/ *Al1-8in(F 1)) ay
2 Pl = 4 R ct -r' (we-Nm)I/’[A’-ﬁ(Bg-&C)’]
1

e 1)™1p (g '-M“‘)f 2 (03 +6)*/?(A-Bg) [1-8in(F )] a4

. (6 o
4 R cs % (e-N )*/*[(A-Bg) * + C*] Cn*Tpe: )

(4-2 .8)
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4-3 MAIN WAVE INTEGRAL (Case c3 > ¢; > C¢)
Since this case is more involved than the previous cases a

more detailed account will be given. For 7 > c1 ~! we have seen

that uy; and G; are in the first and fourth quadrants respectively,

and we can replace the integral on path uIAG; by
£ [
1/2 fh an du .

By Cauchy's theorem we can replace is by &, g, L, and Iz which
are shown in Figure 4-3,1. The path L, , is again a circle whose

racius tends to infinity. Thus, we have

S [ ’ 4 4 -
P = - 1/2 {ﬁ, B’ Qu + fq Bl du+fi plaus+fs B du}. (4-3.1)
Applying the Residue Theorem, we obtain
o s
WPn= Mi [Ry - (R +R_ )] -1/2 f2 B! au, (4-3.2)

where R,, R;, , and R_;, are the residues of P’ at =, ik, and -ik

ik
respectively and are derived in Appendix A, The negative sign
immediately before Rik + R_ik appears because the contours &y and Ig
are taken in the negative (clockwise) direction. The details of the
above procedure are contained in Appendix A,

The branch cuts will be the usual ones, The square roots o ,
as, and o, have positive real parts in the right half plane, negative
real parts in the left half plane, positive imaginary paris in the

top half plane, and negative imaginary parts in the bottom half
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plane. The function y has a positive real part left of the cut
from uy; to 3; and a negative real part right of the cut.

The signs on the square roots then require division of the
branch line integral (again denoted by Is) into the ten paths

shown in Figure 4.3-1. Since c; is the largest velocity, the integrals

b3 1

between -ics ° and ics ' cancel, We are then left with integrals
along paths (1) through (8). Converting negative limits of integra-
tion to positive and interchanging the limits of integration when

needed, I3 can be written as follows:

ice ? ic, !t icg 7?2
' ’ 4
Is = (1)]‘ Py du - (z)j . LB du - (3)j Py du
i b ig ig
:i.c; ¢ 103 -t iCa —a
+ (4)] B’ du + (s)j B’ du - (s)f LB du
‘ iey = iC1- iC; -1
ice ™} ice ~?
- (7)j npn" du + (e)j npu‘1 du , (4-3.3)
iC1 -1 l..Cl ks

where the tags are retained so that the proper signs can be placed
on the square roots.
The above paths may be grouped into two sets: (a) paths (1),

(2), (7), and (8); and (b) paths (3), (4), (5), and (6). In set

1l 1

(a) the limits of integration are ic; = to ice ~, and o, is imaginary.
In set (b) the limits are ics * to ic, ', and a; is real.
Denote the reflection coefficient in set (a) by K, and let ﬁ;

and Q; denote respectively y when a; is (1) imaginzry and positive
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and (2) imaginary and negative. Similarly in set (b) let vy; and y3
denote respectively y for ao;; (1) real and positive and (2) real and
negative. Let Iz = I; + IJ, where I; is the contribution from set
(a) and I is the contribution from set (b).

The integrals in set (b) correspond to the integrals of the
liquid bottom main wave (case cg > ¢;) with ¢ and Im(K) being replaced
by their rigid bottom counterparts in equation (2-2.9). Equation (2-2.9)
can be written for n = 1 in the form

9
I = (D™ 22 [ o) {0k ) 24 172wk ) 24 172 au
ot e (4-3.4)

In set (b) K is given by equation (4-1.2) and Im(K) is given by
equation (4-1.3) in terms of u or by equation (4-1.5) in terms of

w, A, B, and C. The sign on the integral is determined by Im(as)
hence, the integrals on paths (3) and (5) and on paths (4) and (6)
add, Using the substitutions defined for the precursor, the

contribution to I3 from set (b) is

o)

¢ - (LM b Al *-u?)2/3 1 - 1 d
Tgfzi=d) ﬂRmm‘J [A°+(13+c)’]’{[(w-1<m)"+l-m]‘7a [(W*’Km)a“'m]l/a} o

(4"305)
Since oy is imaginary, the integrals in set (a) correspond to

those of the liquid bottom main wave (case ¢; > cg) with o and Im(K)
being replaced by their solid bottom counterparts. Taking the
square roots a;, os, and o to be positive, we can write using only

real square roots

66



NOLTR 69-44

®_ 4iu3(-u=-ca_3)1/aa¢]

=|
]
e
[
|
[ =
1
0
™)
[}
[ V)
A d
-
N
»
[ |
_—
N
c
[\
+
2]
>
1
[ 3]

|
o
[
\
c
Q
@

"2)2 /26,7 )/ (1(-u" -, )L (2u" 4oy ™) ? (4-3.6)

410® (-ut-cs ) %07 + bi(-u‘-ca")‘/’c.") :
Then the imaginary part is
Im(K)= <—2[4ua (-ua-c; -3)1/3(-u°-ca -3)1/304][b(-u'—c; '3)1/3c. -‘])/
¢4ua(_ua_cl-:)1/3(_ua_c=-a)1/aa‘]a
+ [(-u®-qy -3)1/3(2u3+c4—3)3+b(—u3—ca_2)l/aq-‘]') : (4-3.7)
- s )V/Y,

Making the substitutions u = ix, w = (x o = (¢ -

and 93 = (|ce " ?-cy _3|)1/°, and dividing numerator and denominator
of equation (4-3.7) by 16, we obtain
In(R) = @LT(c; ~43%) (0 24512/ * (02 *-0*) 221 (2B " (0, %4772 /21)/
([56er 7243%) (02 243%) 2% (0, -3%) /377 (4-3.8)
-— -3 - b —~4 - /
+ [w(-‘2 -q -z_wa)al C‘4 (ox 3+w3)1 3]3)

— o -3 - - 3
Let A=w[9-2—-c,'-w°] ,
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B = wlc 2+a?) (o) 2+0°) 1/ (05 -u%) /2,
and
= —4 -
C = 1)_0_‘4__ (01 3+w2)1/3.
Then we can write
-— =y -‘ — -
Im(K) = (—x:c=)—§—+§; [b—c‘z—- (ma + 013)1/2] q (4-3.9)
Similarly, the Re(f) can be written
- =% -‘3_—3
Re(K) = Dot =C_ (4-3.10)

(B+C) *+B° °

From equation (4-3.6) one can see that the sign on the integrand
lPé is determined by ao¢ and Im(y). Hence the integrals along paths
(1), (2) and along paths (7) and (8) add. The contribution I3

to I; can now be written

Cs =

. m+l 2 Im(K) xdx s SRR ) .
1y = (-)™! 2 fc; |, Il [Im(Yl) Im(ya)] . (4-3.11)

Changing the variable of integration tc &, substituting Im(K) from

equation (4-3.9), and substituting
r 1 1
LIm("; ) - Im(YQ)J

1

from equation (2-3.12), the contribution I3 from the set (a) is
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1/a
14 = L;H;E_lg I"’ (T40, %) /%8 {[('u?“mm)’wn] +(@-F ) z/ad_u7
ﬂRm Cqe ° [(A+C) + B J [(F+Dm)3 N Em] (.4-3 12)

Substituting R, and (Rik + R-ik) from Appendix A and I and I

from equations (4-3.5) and (4-3.12) into equation (4-3.2), we get

the pressure equation for n =1, T_ > ey ', and cs > ¢ > Co:

1
le = g + . Am
, b=y™! ]‘°‘ Afg 2-u?)2/> { 1 ) 1 dw
2Ry et 1o [AT+(B4)?] M(w-k ) ?4r 1'/7 [(w+xm)=+1,m]17‘

(4D ) *+E_1*/2+(5*-F ) }1/adm

L Y2 bg-lz“‘ I"' ga’w,')‘/’fi{
0

2R —2 3
o Ce [(a+C)®+B%] C(@®+p ) *+E ]
(4-3.13)
where R, = - l/niRm and the contribution 1Am from the Stonley poles
is
- (1 M V2 k (a°+f)1/a-z:1/a _
A { T } I (4-3.14)
with

-2 -3
, L= (91 (34— - x")? - xgage] - :33'-‘ )/(:—;—1- [(5*-2— -x*)?® - k’g,g.]
! 4

-3
Ca __ _ 13 3 9e da. bk -
g;k[4( 5 k“) + 2g3g¢ + k (ga + g‘):l+ 4g’c“‘>. (4-3.15)

(K® - cx—a)z/a' gs % (K - c’--a)x/a' ge = (K? - c‘-a):./a'

11
a = 1; - (x? - c,"cosalm), and £ = 477 g;acosatm.
It should be noted that equation (4-3.13) differs from Rosenbaum's

results by a factor of 2 in each of the two integrals of equation (4-3.13).
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4-4 MAIN WAVE INTEGRAL (Case c3 > C¢ > )

When ¢c3 > ¢¢ > ¢; the integration path is that shown in
Figure 4-4.1. The branch cuts are the usual ones along the imaginary
axis and from u; and Gi. As in the previous case, we can write

using Cauchy's theorem and the Residue theorem

P = -mi[R, - (Ry +R_j1)]) -3 1a , (4-4.1)

where

The integrals on paths (9) and (10) again cancel. Along paths
(1), (2), (7), and (8) a3 and o are imaginary and a; is real; but
along paths (3), (4), (5), and (6) a; and o, are real and only as
is imaginary. Using the procedure and notation used in the previous
case (cs > @ > c4) the integrals along paths (1) through (8) can

be reduced to the following for n = 1l:

iC; -1

: =1 =
fo = 2‘_1!m+1 [pLCe Im(K)udu [l_ _ l_] +
e n J oy Y.y,
m+l iC; ot
2(-1) J Im(K)udu [l_ - l_]
oy Y‘ Y.

n . -
1041

where K is given by equation (4-1.2) and K is given by equation

(4-2.5). Since ¢4 > ¢, we must replace B in K by Bg.
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The second integral above is given by equation (4-3.5) except
the lower limit of integration must be changed to oz = (Ic."-c;-al)l/a,
the value of w at u = icy }, and B must be replaced by Bg.

The first integral of Iz is also quite similar to equation (4-3.5).
The upper limit of integration must be changed to oz, and the imaginary
part of the reflection coefficient must be Im(i) which is given by
equation (4-2.7).

Since the residues are unchanged, we may then write for

T, > e, ! and ¢ > c¢ >

1 m ™ 1 m
. [-1)m+lb ds Lola-wa)l/a(h—gi_)_{ 1 } 1 } du
2nR_ cet J, [(a-B3)? + c?] [(w-xm)’+x,m]‘7a |:(w+1<m)’+1,m]‘/a
NYE Vi (L VORI LA 1 ] 1 } au,
L} -]

MR, o Yoy [AT(Ba#+C)®) “llw-k)*4n 1M/7 [ (wak ) T4 D

(4-4.3)
where lAm is given by equations (4-3.14) and (4-3.15).
The above equation completes the derivation of expressions for
1Pm in Rosenbaum's form for the most important cases of a rigid
bottom. An alternative method of evaluating an which is applicable

for all values of n is discussed in the next chapter.
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CHAPTER V

THE USE OF COMPLEX ARITHMETIC TO CALCULATE
PRESSURE TIME HISTORIES

Although Rosenbaum's equations are in a form quite suitable
for numerical calculations, some difficulty is encountered when
one wishes to extend the solid bottom solution to n > 1 because of
the complexity of the Stonley residues. Also, for all cases n > 1
most of the advantage gained by separating real and imaginary parts
is already lost since the equations are so complicated. We then
consider evaluating equation (1-11.14) using complex computer
arithmetic, as suggested by Eichler and Rattayya [9].
5-1 INTEGRATION PATHS IN THE COMPLEX u-PLANE

Equation (1-11.16),

n-+m Ul
_ (=1 -1.,0 -1 2
an = =y Iu uay "K'y © du , (5-1.1)
1

= [u3,3 _ 341/3 - -ar_ s _
where y = [ur® + (7 ndm ay ) ?) and u R [-itr + ndm(T
c;‘anR; )1/'], can be evaluated using complex computer arithmetic

if the integration is divided into the two time periods T < c;"an

and 1 > ¢ ' R_which result because of the square root (7’-c,'anR;)‘/’
in yy. In either case we can evaluate the integral over half the range,
that is from 0 to Uy, and double the result to get P, since the
integrand is symmetrical about the real axis. We then integrate

along paths on which the real part x of u is constant, 'nd the

imaginary part y varies from y; to yg. That is, we integrate from
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U =X+ iy; tou = x + iyg, and the expression for P 1is as

n"m
follows:
X+iya
2(-1 n+n - W
B = —1—1——"1 j ua, r R au . (5-1.2)
X+iyy
The limits of integration are as follows:
For v < c;-lan, Xx =0, 1 = cg—l. and
< ~ -3 _ -3 3 _ .3,1/2
Ya Im(u;) : an [‘rr ndm(Cl an T ) ].
-1 _ ~ .\ _ o-3 3 _ -2 2,1/2
For v > ¢ nRps X = Re(y) = nRo ndm (T (o} an) '

5-2 COMPENSATED INTEGRAND

When evaluating the integral above numerically, care must e
taken to avoid the singularity at u = U; . One of the best ways of
handling such a problem is the "compensated integrand" which we
illustrate with the example below.

Denote the value of K at u = Uy by Ky. We can then write

an = J; + I3

X+iys
n+m »
=g$;f%— J uey “H(K" - Ky ) 7P du
x+iy;
n+m X+iys
+ EL-—IT)T_ K;n J‘ u o Y-l du . (5-2.1)
x+iyy

The integrand of I, is then finite at all points of the
integration path for 1 # c,"an since the limit as u = U, is zero.
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This integral can be reduced to integration over a real variable
if we denote the integrand P’ = a + ib and the integration variable

u=x+ iy. Then I, can be written in real integrals as follows:

e

The first and fourth integrals are zero since we are integrating

X Y. Ya X
adx - j 2 bdy + i I ady + i I bdx. (5-2.2)
X Ya Y1 X

along a path of constant real part x of u. The real contribution

to I, is then the second integral, and we can write

Y n+Hn  \Ya -1 -
I, =—2-3—l,),-—j Im 9—‘%—(x“-x1“)y‘} dy . (5-2.3)
N

Eliminating the "i", I, becomes

_1yhtm Vs =
o= 2 (™ pe {ue T " -k My} ay . (5-2.4)

m %)

The integral I can be integrated analytically as shown below:

The substitution w = (c; % + uz)l/3 in Iz of equation (5-2.1)

yields

_qyntm wz = -
I, = 2(=1) ii K;nj [nR; wa-anm Tw + (‘ra-cx =gl")] 1/3dw, (5 2.5)

where w, = [ 7% + (x + iy,)a]l/a and wg = (3 "2 + (x + iyh)a]l/a.

The expression in brackets is of the form 14/X where X = aw® + bw + c.
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