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FOREWORD 

Time series data, also called random data or stochastic data, consist of any 
data sample, regardless of its origin, which cannot be represented by explicit 
mathematic relationships, but which can be effectively described in terms of 
probability statements and statistical averages. This type of data occurs 
routinely in such diverse application areas as vibration, acoustics, communi¬ 
cations, control, oceanography, seismology, biomedical research, and structural 

dynamics. 
There are three different problem areas associated with time series: math¬ 

ematics, the mathematical theory of time series; optimization, the design of 
optimal systems involving time series; and measurement, the practical measure¬ 
ment and analysis of time series. During the lU twenty-five years, a great deal 
of research and literature has been devoted to the areas of mathematics and 
optimization, while the area of measurement has received relatively little 
attention. Unfortunately, the theory of optimization has found few practical 
applications because the measurement of the required data was not practical. 

Recently, the measurement problem has improved. It is now possible to 
acquire software systems and hardware systems that make the measurement of 
time series a practical tool for the engineer. In addition, there have appeared 
several very useful textbooks: J. S. Bendat and A. G. Piersol, Measurement and 
Analysis of Random Data, 1966; G. M. Jenkins and D. G. Watts, Spectral Anal¬ 
ysis and its Applications, 1968; and E. A. Robinson, Multichannel Time Series 

Analysis with Digital Computer Programs, 1967. 
This monograph makes a significant contribution to the measurement problem. 

It is a comprehensive study of the state of the art in digital computer programming 
for, and practical analysis of, digital time series data. The authors of this mono¬ 
graph have had a great deal of practical experience in this technology, experience 
that is valuable to others. This monograph also complements the text by Bendat 

and Piersol. 
At the present time, there is much active research in the area of measurement 

and analysis of time series data, and much experience has still to be gained. It is 
also felt that the number of people using these techniques will increase very 

rapidly for quite a few years. 

RUBERT B. STREETS, JR. 

Electrical Engineering Department 
The University of Calgary 

Alberto, Canada 
20 Oaober 1968 
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PREFACE 

This monograph has grown out of the experience of the authors in the field of 
digital data analysis and thus represents a viewpoint biased by that experience. 
On the other hand, the material presented here has been employed for the most 
part in practical data analysis environments and therefore has the advantages 
gained from trial by fire. 

This monograph cannot be considered as an introductory text on the 
subject. Rather, the authors have attempted to include as much material as was 
available to them at the time of writing. Much of the resulting work may be 
found to be too advanced by many potential readers. To alleviate this difficulty, 
Chapter 1 has been included as a bridge between a knowledge of elementary 
statistics and some of the more difficult concepts that are required. Examples 
are introduced throughout which should clarify the text. The theoretical aspects 
of many topics are discussed more thoroughly by Hannan.* 

Proofs of some important theorems are discussed, but the reader should not 
be deceived: The authors are not mathematically rigorous in their presentation, 
and there are many sticky mathematical points to which only a passing reference 
has been made. 

Time and space (this monograph was originally viewed as about 100 pages) 
did not permit the inclusion of certain time series data analysis topics which are 
of great interest. Chief of these is prewhitening. It is felt that the application of 
prewhitening depends upon an understanding of the physics of the phenomenon 
being investigated, so that an adequate discussion of it would have required 
delving into meteorology, structural mechanics, seismology, etc., which are far 
afield from the intended direction of the monograph. Another major omission 
is a discussion of current procedures for analyzing transient or short duration 
data. However, this will be rectified with the issuance of another Shock and 
Vibration Information Center monograph in this series on that topic by R. D. 
Kelly and G. Richman. 

The authors would like to thank W. R. Forlifer, H. Holtz, Merval Oleson, 
Prof. R. B. Streets, Jr. and Prof. A. R. Stubberud for their valuable comments 
and review of the monograph and Sally, Kathy, Gertrude, Helene, Kaz and 
Henry for their superb preparation of the manuscript. 

Loren D. Enochson 

Robert k. Otnes 

Los Angeles, California 

*E. J. Hannan, Time Series Analysis, John Wiley & Sons, Inc., New York, 1960. 
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CHAPTER 1 

PRELIMINARY CONCEPTS 

1.1 Time Functions 

Before the data reduction of time histories can be discussed in detail, a 
mathematical foundation must be laid for the procedures to be used. As such 
mathema tical details are not the aim of this book, many proofs in this chapter 
will be lAetched or completely omitted. If the reader is troubled by this, he 
should oí. tain fuller explanations in texts such as that by Hannan [1]. 

Data reduction involves the processing of data records, usually referred to as 
time histories. A time history is simply the output of a measuring instrument 
recorded cn some medium such as graph paper, punched paper tape, or magnetic 
tape. A record made of the daily closing price of a particular stock would be an 
example of a time history. In terms of the mathematical definitions usually 
associated wrh time histories, the price of the stock would be the dependent 
variable, whereas the time at which the price was quoted would be an indepen¬ 
dent variable. In the work that follows, the most common independent variable 
is time, usually expressed in seconds. The next most common independent 
variable is frequency. There are numerous other possible independent variables, 
such as position or velocity coordinates, but they are relatively uncommon in 
practice. However, the use of the word time for the independent variable in a 
recording of data should not be considered as restrictive. The techniques dis¬ 
cussed are perfectly general, and the substitution of distance or depth, for ex¬ 
ample, in place of time is often done and only requires a consistent rearrange¬ 
ment of terms. 

The precise definition of a function is not required for the ensuing discussion. 
Most of the functions employed may be thought of simply as processes that 
assign a single value to the dependent variable for each value of the independent 
variable. There are exceptions; functions will be used that have multiple de¬ 
pendent or independent variables. 

The time histories to be discussed have a number of constraints placed on 
them by the nature of their origin. The four main limitations are 

1. Record length is finite, 
2. Range of the data is restricted, 
3. Data are sampled, and 
4. Data are discrete. 

Example 1.1 A recording digital voltmeter is used to monitor a certain ex¬ 
periment. A transducer is used to convert the physical quantity being observed 
into an electrical voltage. This voltage is the input to a voltmeter which re ords 

±100 V in one-digit steps. It samples once per second, and the experiment 

1 



2 ANALYSIS OF DIGITAL DATA 

consists of taking 100 samples-thus, the record length is limited to 100 sec 
Values above 100 V or below -100 V may not be recorded, occurrences be¬ 
tween the 1-sec samples are not observed, and fluctuations smaller than 1 V 
may be missed. 

These v. lues set definite limitations on what can be observed with such a 
system. These limitations, as will be seen in succeeding sections, carry over 
to analyses done in a frefjuency sense. 

Time functions will be denoted in the following manner: 

x(t) = continuous function, 

and 

Xj - sampled function. 

Usually the sampling increment will be uniform and denoted by At. In this case 
we could write that ’ 

x¡ = x(iAt). (j.!) 

The function x could be any physical quantity measured during the course of a 
test and may be thought of as any time in history being examined at some given 
pomt in the data reduction process. If two time histories must be considered at 
the same time, the first will be denoted by x and the second by y. 

Note that the following convention is used when discussing time histories: 
a single letter à- refers to the function or process in general. The symbolx(r), on 
the other hand, is the particular numerical value of the function x at time t. 

1.2 Mean Value 

A host of problems arise when the time histories under consideration are ran¬ 
dom processes. To avoid continual rediscussion of these difficulties, an assump¬ 
tion will be made: unless explicitly stated otherwise, the time histories, when 
they are random processes, are stationary and ergodic. This topic is deferred to 
Chapters 8 and 9, where the definition of these terms is more appropriate 

Under the above assumptions, the time average (mean value) of a function is 
equivalent to its ensemble average and may be used in place of it. The time 
average x is defined for continuous data by 

:= to" i f x(t)dt. 
T+-2TJ„t (1.2) 

Of course, only a finite portion of a record is available. Suppose the record starts 

datawould~be ^ 3t * = ^ ^en time avera8e over this piece of 
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If the data are sampled, then Eq. (1J) will take the form 

(U) 

1 1+* 

Ê x'- 
i=k 

where kAt = a, and (Af - j + k)At = b 
For convenience, * is u!ually ^ (0 ^ 

(1.4) 

written as zero, so Eq. (1.4) is usualJy 

, N~l 

-=o 
(1.5) 

indicate that thTwemge ^'"aken"1 I,efmitio"S of x to 

al:T he a time av,^ ™ The „fo'rdt^' ^ H°^ ^ 

r ■'is use4 d— ÄTÄt; 
1.3 Variance 

Theyariance of a time history under 
section is^ where the assumptions discussed in the previous 

^ ’A. 

For finite record lengths, this is 

(1.6) 

= -^-( 
h t 1 Jtx (1.7) 

Devices that^om^T" using a ÜT SqUare r°0t °f the variance s2 
toot-mean-aquaie (rms) metets Ote tvn«''“? °f ^ 0 J> m «“»f t™ 
readmgs only for certain specific periodic functiom, uaiaUy wav» ™S 



ANALYSIS OF DIGITAL DATA 

For sampled data, the definition of ^ is 

JV-1 

2] (Xi-x)2- 
/=0 

(1.8) 

The mean square value of x in the continuous case, written ^, is 

.T 

T 
(1.9) 

As with the variance, both a record of finite length and discrete versions will be 
employed where necessary. 

Example 1.2 Suppose that x is a sinusoid 

x(t) = Asm(2nfct + <l>), (i.io) 

Then 

1 rT'2 

= r£ 7 J — ^ sin2 (2nfct + 0) dt -772 

ita-|'r/2 [L~CO!<4”4'^) 
T J-TI2 L 2 

= A2 lim 
T* 

taIf" [i 
? J-TI2 I 

1 \T 
im — —+ {sine term < l) 

dt 

A2 

2 ' 

(1.11) 

1.4 Fourier Transform 

A number of definitions of the Fourier transform are currently in use. They 
differ in their multiplicative constants. However, the most common form for 
vibration analysis (and for communication theory) is 

X(f)~ lim I x(r)e~i2nftdt. (i.i2) 

X may be shown to exist if the square of x is integrable in the Lebesgue sense * 
As usual, this restriction actually is far broader than it need be for practical 

*See Ref. 2 for details. 



PRELIMINARY CONCEPTS 5 

applications. Also, it is only sufficient rather than necessary. Two notable ex¬ 
ceptions to the requirement are the sine and cosine functions, which when 
squared and integrated, are unbounded. However, as will be seen, it is still 
possible to talk of their Fourier transforms. It may also be shown that there is 
a function or, suchthat 

xi(f)= ton J X(f ) e>2«f<df. (1.13) 

(1.14) 

The function Xj is very much like x. In fact, the equation 

x(0 -x,(0 = 0 

holds for most values of f. Technically, Eq. (1.14) Is trae almos, everywhere 
Thus, applymg ,he „peratkm defmed by Eq (1 13) ¡s ^ |jke [e’ ^ 

procedure given in Eq. (1.12). Because the discrepancies are slight, and even 
non«,stent ut most practical cases, the transformations defined by Eq. (1.13) 
will be referred to as the inverse Fourier transform 

Thauf OPera'ÍOnS may be d'n°‘eí by ^WOl'ratlw than the full integrals. 

^(/) = ? [jf(0] = Í x(t) e~ilnft dt 
*/-00 

*m*s-'[m\ = \~xu)eiWdr. (i.i5) 
U — 00 

The independent vanable f will always be expressed in units of hertz (Hz) 

ra”d x! whim ,0 U!e tW° 0'her rela,ed indeP'"d'"< variabas; 

and 

OJ = 2n/ 

X = 2nfAt. (1.16) 

The delta or impulse function 6 constantly occurs when 
transforms. It is defined by the following integral equation: 

dealing with Fourier 

r-/ 
Xûo) =J y(à)&(a-a0)da, (1.17) 
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where y is any bounded function. This function S may be viewed as one which 
is arbitrarUy tall and narrow but of unit area. Serious problems arise from the 
use of delta functions. However, it has been shown (Ref. 3) that the calculus of 
delta functions is consistent. Therefore, they will be used with no exploration 
of the extensive theory ’•equired to discuss them rigorously. 

Applying Eq. (1.17) to a few simple expressions rapidly yields some verv 
useful results: 

r1 

J'1 

6(f-/o) + S(f+f0) 

2 

fi(f-fo)-6(f+f0)l 

2/ 

= cos 2nf0t, 

= sin 2ir/0t, 

?[5(')] = 3^(5(/)] = 1. 

(1.18) 

(1.19) 

(1.20) 

Thus, the Fourier transform of a sine or cosine consists of two delta functions. 
Also, suppose that the time function x is composed solely of sinusoids with 
varying amplitudes and phases, 

N 

x(t) ~J^An cos (2nfnt + 

/i=l 

Then X consists of a set of 2/V delta functions, as follows: 

N 
Art 

/1 = 1 
5(/-//,) et*" + 5(/-+/„) 

Example 1.3 Suppose x is defined by 

1 0<r<i 

*(0 = <(o ! + *</<! + * 

2+*<r<- + * ^ = 0,2,4, 

(1.21) 

(1.22) 

(1.23) 

amix(l) x( r) This is a square wave of unit height. Another equivalent defini- 

if ttie abw lh' trig0nom',ric ob“"«1 f"»" «te Fourier analysis 
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OO , 

= Liceos [n(2i + l)i]. 

/=0 

(1.24) 

The Fourier transform of x is 

/-0 

(2/+1) + 5 /+f (2/+1) 

(1.25) 

This is shown graphically in Fig. 1.1. The height of the arrow is equal to the 
coefficient of the corresponding 6 function. Because of the symmetry of jc(r), 
X{f) is a real function. 

R«[X(f)} 

i 

ï-f-h 1-+- 
-2 

H-1-1-1-1- 

5/2 

Fig. 1.1. Fourier transform of a square wave with period one unit. 

Example 1.4 Suppose x, y, X, and Y are all known. What is the relation 
between the product of x and y and the functions X and Y! The answer is that 

?[*(/)></)] X(f) Y(f—f') df' 

X(f-nY(f)df. (1.26) 

The relation may be derived in the following manner: 

îWOMOi = 3{rl (Wt)]?"1^)]} 

=J Í 1 exp l_72^dfi df*dt 
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?M0v(0] =J J Wi)r(f2)J exp [-Pirtf-/, -/2)t] dtdfy df2 

X(fx)W-fx -/2)d/ll 
J 

dfi 

= J Y(f2)X(f-f2)df2. (1.27) 

The right-hand side of Eq. (1.26) is known as the convolution of JK and Y. 

Example 1.5 Suppose the function uT is defined by 

“HO j: t<-T 

~T<t<:T 

r<t. 

Then the transform is 

(1.28) 

^r(/)=J ur(f)e lLJtdt = j e~iutdt- - 
jU) 

T 

-T 

= -7- [cos ojT -/ sin uT - cos (-wT) + / sin (~uT)] 2 sin uT 

CJ 

(1.29) 

The transform is shown in Fig. 1.2. This important function will occur repeatedly 
in subsequent analyses. Again, because of symmetry, Uj{t) is a real function. 

Example 1.5 and previous equations can be extended to yield Table 1.1, 
which shows the relationships of some of the basic functions. Apparently there 
is a natural correspondence in the Fourier transform; a very narrow function has 
a very broad transform. When such a narrow function is widened, its Fourier 
transform becomes narrower. 

An interesting result related to the above discussion shows that there 
are functions which are transformed into themselves. For example, 
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Also 

5 (1.30) 

(1.31) 

Mum] 

Fig. 1.2. Sine of x divided by x function. 

Table 1.1. Comparison of Various Time Functions and 
Their Fourier Transforms 
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A large a will cause the time function to be narrow and the corresponding 
frequency function to be broad. Thus, a function of short time duration requires 
a Fourier transform that is defined over a wide range of frequencies. Conversely, 
a function that requires only a short range of frequencies to define it will have a 
large range in the time domain. 

In actual practice, one cr.nnot record the results of an experiment that is 
infinite in length. The question naturally arises as to what effect that has on 
the Fourier transform. One way of analyzing the problem is to regard the 
truncated record as being the function y, which is the product of two other 
functions, 

*(0 

ut(0 = ' 

as usual 

-T<t<T 

otherwise, 
(1.32) 

^(0= x(t)uT(t). 

Thus, the Fourier transform of y is 

y(/)sJ x(t)uT(t)e-1“'dt. (1.33) 

It reduces to (using the convolution technique as discussed in Example 1.4): 

TO=J x(f)uT(f'-f)df'. 

The Fourier transform of UT(t) is given by 

ÍW) 
2 sin uT 

CJ 

(1.34) 

(1.35) 

It is the same function discussed in Example 1.5. In the limit as T goes to 
infinity, the function takes on the same characteristics as 6(/), so that the 
right-hand side of Eq. (1.34) reduces toX(f). On the other hand, for finite T, 
the observed functions will be affected by the truncation. If x were a cosine 
wave, then 

Jf(r) = A cos 2ir/of, 

x(f)=^W-U) + B(f+f0)], 
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and 

y if)= 
_A 

2n 

sin [2ff7V-/o)] 

f-fo 

t sin l2nT(f+f0)] 

/+/o (1.36) 

1.5 Power Spectrum 

In Section 1.3 the concept of the mean square is discussed, and an expres¬ 
sion for the mean square is given: 

’o*. d.,) 

Dimensionally, is proportional to the mean square energy per unit time, 
which is, of course, power. 

The power spectral density of the function x, written Gx(f), is an extension 
of this concept. The interpretation ofGx(/)is that the integral 

*2(fi ,/2) = 

is the power between the frequencies/, and/,. Thus, 

/2 

Gxif)df, 0</,</2 (1.37) 

Gx{f)df. 

It may be shown that an appropriate expression for Gx is given by 

, />0. 0-(/) = 21^1) * 7>- r 
çTH 

I x(t)e~iLJt dt 
J-TI2 

(1.38) 

(1.39) 

Statistical difficulties may arise if Eq. (1.39) is used without care. Statis¬ 
tically inconsistent estimates result when no frequency smoothing is performed. 
Also, mathematical precautions are necessary as pointed out in Ref. 4 (p. 580) 
These two considerations, along with the fact that only inefficient computa- 
tional procedures were available in the past, have led to the dismissal of Eq. 
(1.39) as a suitable spectrum estimation procedure. However, the fast Fourier 
transform (see Chapter 4) eliminates the computation objection, proper fre¬ 
quency domain smoothing provides statistically consistent estimates, and finite 
record lengths eliminate the mathematical problems. 
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An equivalent definition, under appropriate circumstances, is 

Gx{f) = 2 J Rx(t) e-)"' dt = 4 J Rx(t) cos (2ti/t) dr, />0, 

(1.40) 

where the termer), the time autocorrelation function of x, is defined as 

i rT/2 
Rx(t) = lim — x(t) x(t + r) dt. (1.41) 

T*00 1 J-T¡2 

Demonstration of the equivalence of these two methods of computing Gx is 
beyond the scope of this work but is discussed in several references [5, 6]. 
A third method of defining Gx is available. However, it is based on the concept 
of filtering, and discussion must b: postponed until after filtering has been 
introduced. 

The function Gx is usually called the one-sided power spectral density 
(PSD). Thus, the PSD of x means Gx as defined by either Eq. (1.39) or (1.40). 
The function Rx requires further discussion. Under the condition of ergodicity 
assumed earlier, it is equal to 

Rx(j) = £M0*(f + = J *(0 *('+ T) P(*. t) dx, (1.42) 

where p(x, /, r) is an appropriate joint probability density function. 

Example 1.6 Suppose «(/) is uncorrelated random noise with a zero mean. 
Then its autocorrelation is given by 

â»(t)s^Ô(t), 

and 

G„(f)=N. (1.43) 

That is, the PSD of uncorrelated random noise is a constant. That type of data 
is known as white noise because the power is uniform (flat) through any given 
band and, therefore, is like white light which is more or less uniform in the 
visible portion of the optical spectrum. 

While useful as a mathematical tool for clarifying the concept of the PSD, it 
must be noted that true white noise is not physically realizable because its 
variance is infinite. Devices which supposedly generate white noise in actuality 
produce noise whose PSD is flat out to some frequency and then drops off 



PRELIMINARY CONCEPTS 13 

for higher frequencies. That may only mean that the output of the device has a 
flat PSD over some frequency band of interest. 

Example 1.7 Suppose that x is a sine wave with frequency fc, amplitude/1, 
and phase <f>. That is, 

x(0 = A sin (2vfct + <t>). 

The autocorrelation function is computed as follows: 

1 f772 
Rx(t) = lim — /12 sin (2nfct + <t>) sin [2nfc(t + t) + 0] dt 

T+°° T J_r/2 

(1.44) 

= lim — 
T+- T 

[cos (2ff/cr) — cos (2jr/cr + Anfct + 20)] dt 

t cos (27t/ct) + —— sin (2ïï/ct + 4nfct + 20) 
Avfc 

T/2 

-m 

= lim s — cos (2irfcT) + 
T*l[ 2 WcJ\T 

sin (2ir/cT + 2irfcT + 20) 

— sin (2ff/c - 2itfcT + 20) 

This is true because the term within the brackets is always less than 2. In the 
limit, this term must go to zero, as it is divided by T. 

Note that the arbitrary phase angle 0 has disappeared in the final result. As 
the phase angle was arbitrary, we could just as well have been dealing with cosine 
waves. Thus, the autocorrelation of a sinusoid, regardless of its phase, is always 
a cosine with zero phase. In general, phase information is lost in the auto¬ 
correlation process. 

Applying Eq. (1.40), 

A1 
= —cos(2ïï/ct). (1.45) 

cos (2ff/r) dr =-^ 6(/—fc), />0. 

(1.46) 

This is a major result. It says that the PSD of a sinusoid of frequency fc is a 
single Ô function at frequency fc. The multiplier of the 5 function is equal to 
the power in the sinusoid. Recalling Eq. (1.38), 

<W) Mf 
Jo 

cos (2nfcT) 

' 
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4=/ rs<f-f,)df.~, (1.47) 

which is exactly the result obtained in Example 1.2. 

Example 1.8 As a last example of power spectral density for this section, 
consider the case where the autocorrelation is a truncated cosine wave 

rA2 
— cos(27r/cr) 

Rfr)=< 

r<r 

10 t>T. 

(1.48) 

This is precisely the type of function that might be obtained in some practical 
situation. It is truncated because the experiment cannot be continued indefinitely. 

R* could be interpreted in the following way: 

ÆJW = Rx(t) Uj-ir), (1.49) 

where Rx is as defined in the previous case and uj{t) is as defined in Example 
1.5. With this interpretation, we could find G*(f) using the convolution 

G*(f) = 2 j uj{t) Rx(t) e~l2nfT dr 

=/ 

1 " 2 sin [2vT(f—f')] A1 , 

-MFñ—20(ffc)df 

• for/>0. 
_A^ i 2 sin [Ttco-Wf)] 

W —CO/. 
(1.50) 

This function is shown in Fig. 1.3. 

1.6 Digital Data Functions 

Digital data collected during a test may be thought of as related to a hypo¬ 
thetical continuous function x(t), defined for all t, by the equation 
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6* U) 

Fig. 1.3. PSD of a truncated sinusoidal function. 

Xi=j 0(r - lAf) x(t) dt, (1.51) 

There are a number of indexing conventions that could be used besides the 
above. The other possibilities, such as / = 1, • • •, JV or / = 0, • • •, (JV — i), 
will be employed whenever they are convenient. 

The question naturally arises as to how well the sequence | x¡} represents the 
function X. Put another way, does the series of x¡ values tell everything about 
X? The asymptotic answer to .his question is given in the sampling theorem,* 
which will be discussed below. The word asymptotic is used because two hy¬ 
potheses of the sampling theorem can be met only in limiting cases. 

Sampling Theorem 

Hypotheses 

1. X is a random variable defined for -00< i <00. 
2. The power spectral density of x, GX(J), exists. 
3. Gx(/) = 0for/>£. 

Conclusion 

Let At be any sampling interval such that A/<1/(25). Given tx,I sampled at 
At intervals, i = • • •, —1,0, 1, • • •, -°. then x(f) can be reconstracted 
uniquely (almost everywhere). Put another way, if the power in x is limited 
to a band less than l/(2Af) Hz, then sampling at interval At enables one to 
reconstruct the function x uniquely. There are some mathematical cases 
which must be excepted. One of these will be discussed in an example. 

♦See Ref. 7. 
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Proof of the San pling Theorem 

A precise (rigorous) proof will not be given, as it would necessitate more 
mathematics than is appropriate to this work. A heuristic (plausible but in¬ 
complete) proof may be given the following way. Hypotheses 2 and 3 of the 
theorem are sufficient to ensure that X, the Fourier transform of x, exists and 
that^T(/) = 0 for |/| > B. That is, A- is a function defined for ~B </< B. Thus, 
X can be represented by a Fourier series. In particular, one could use the 
representation 

W= ¿ Z] c* exP [~ß*kfK2B)], -B </< B, (1.52) 

where 

c* = Í x(f) exP [/2ir/k/(2Ä)] df, for k = , -1,0,1, , °o. 
J—B 

(1.53) 

This is only one of several methods of defining the Fourier coefficients. It may 
be shown to be equivalent to the usual formulation, which involves sines and 
cosines. The ck term as defined above absorbs some of the coefficients en¬ 
countered in other definitions. 

Let 

^ = 25- (1.54) 

Also, note that the limits of integration of Eq. (1.53) could be extended from 
(-5, B) to (-°°, o»), as X(f ) is equal to zero on the extended interval. Thus, 
Eq. (1.53) could be rewritten as 

ck =j X(/) exp (jlnfkAt) df (1.55) 

But the right-hand side of Eq. (1.55) is exactly equal to xk. That is, the set 
uniquely represents (/). 

The last question discussed is how to obtain jc for values of / not equal to 

kAt. T1 ere are two answers. If X is available, then kAt may be replaced with t 
so that 

x(t)= Í X(f) exp (j2irft) df. 
J-B 

(1.56) 
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Alternatively, given only the jc* terms, one could write that 

I Jc(0= X(f)exp(ßirft) df 

exp (-jlnfiAi) exp (2nft) df 

exp [j2iîf(t - kAt)] df. (1.57) 

Using the results of Section 1.4, the integral term in Eq. (1.57) may be evaluated 
and found to be 

ÇB r.., ,./ ...1 , _ 2 sin [27r5(/— A Ai)l 
J 8 »p [/2,/(,-tA,)1^ 2^-MO • (1'58) 

Thus, for t = kAt, Eq. ( 1.57) reduces to 

x(kAi) = ^ (xfr 2B)-xk. (1.59) 

Note that Eq. (1.59) is valid only for values of k which are integers. To 
recover x(r) for (t/At) not an integer, the general expression in Eq. (1.57) must 
be used. The integral within that equation may be replaced with the (sin x)/x 
type of term given in Eq. (1.58), so that Eq. (1.57) reduces to 

x(t)= 2] xk 
A= — 

sin l2nB(t - kAt)] 1 

2nB(t — kAt) J‘ 
(1.60) 

Given**, Eq. (1.60) enables one to reconstructx(i) for any value of r. 
The theorem holds only for infinite record lengths and for bandlimited 

functions. These requirements cannot be met in actual practice. However, long 
record lengths and the use of high-quality “low-pass” filters (see Chapter 3) 
before the functions are sampled will yield satisfactory results. The theorem 
breaks down at the frequency B = i/(2At) when applied there. That is shown 
in the following example. 

Example 1.9 Let x be given by 
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x(i) = 4 sin {2nBt + 0), 
(1.61) 

Xk = mt) ~A ûn (rt + ¢)=A [sin nk cos 0 + cos nk sin 0] 

= A (-1)* sin 0. 
(1.62) 

The last step is true because sin nk = 0 for all k, and cos nk = i-n* r ivpn 

alternates^If i^s unknown^there is'nQ3 term °f magnitude (A si" <P), which 

fact, if 0 = 0, the observe^wd^Me no^^^In^y caseias 
observed sequence will havo amnlitude«! whiVh y i ’ ° < 01 < 1 >the 
^o„, made udeg ,he' dTSt L ^ 
Fig. 1.4. a’ An exantple of inis is seen in 

takes place. 
V*/ -/¾ sm {¿nm 

<P)' Data indicate when sampling 

mwlts This is fo, Í SneCem,yfo,80od’u"b“»'d 

■*-*i** ~ uw °f the 
o give excellent results. This rule’says that if 7k rh ^ f0Und 

observed, then set y 1 ” 1S the ^ghest frequency to be 

and 

B=—f 
4 Jc 

At = 
Vc (1.63) 
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Example 1.10 If/= l/(2Af) is the highest frequency that can be observed 
in any case, what is the lowest frequency which can be observed? An answer to 
this question may be found by examining the PSD of sine waves. Suppose two 
sinusoid functions compose a data function, and that each has amplitude A. 

That is, 

x(t) = A [sin (271/, f + ¢,) + sin (27r/2i + M, 0-64) 

The phases ¢, and <¡>2 are constant but random. The autocorrelation of this 

may be shown to be 

RJt) =— (cos 271/,7 + cos27j/2t), (1-65) 
x 2 

and the PSD is then 

^(/)=-^18(^-/.) + 3(/-/2)1, />0. 

Suppose that Rx(t) is then limited to the range -T<t<T. Call this new 

function R*(t). That is, 

Rfr) = Rx(t) MO’ 

and 

u 7-(7) = - 

-T<t<T 

otherwise. 

(1.66) 

The Fourier transform of u^t) is discussed in Section 1.4. G*(/),thePSD 
corresponding to R*(t), may be obtained in a manner similar to that of Ex¬ 

ample 1.8: 

G*{f) = 2 R&t) e-M* dr 

= 2 I Rx(t) u7-(7) e i2nfT dt. (1.67) 
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The convolution theorem may now be used: 

G*(/) = f Gx(f ) UT(f~f ) df' 

=JJ Í [5(/'-/,) + 6(/'-/2)] 
** oo 

—in [2n7T/-/')l rr. 
2n(/-/') d> 

ln [2ff7(/~/i)l 2 sin [27171(/-/,)] 
2 [ 271(/-/,) 277(/^) (1.68) 

applies ,o the case 8ive„ in th* example. Rayah’s crtetaTsTs' ""tf f 
<»o sinusoids can be resolved If 4/=1/, -/j ^ Í,arge 'TmLX 

A,_ 1 

2f weh resolved 

^f= 4yr just resolved. (1.69) 

That is, if /, and /2 are separated bv 1 Ht nr mn-.» u * ■ 
Rayleigh’s criterion they may be resolved easily t ’ " aCC°rding 

»»d « t trrr "■ sure ,here is ^ - « 
difficult ,0 «ÄX ÒÂ«X2£ fw:be r 
examine a sine wave with a IYp™.»/ r nusoid- Thus. *f it is desired to 
record must be at least 1/(2/) to be^h)0 appr0Ximately then the length of 

Another problem arisinnfram sal,a"y,hi"g abou'lts ^"‘y. 
of frequency higher than l/(2Ar) h/i f 3 1’ of If a sinusoid 
second, then thT sinu« TTÎw / ^ 
/ = 1/(24,) is called the foldmg Eencv ' f"qUenCy 
sin2»/,.and that/= [1/(24,)1 (LTH T a ’ Suppose th«*(') = 

/ +P) where n is an integer and 0 <p < ]. Then 

x(kbt) = sin ilvfkàt) = sin 2nkàt 

= sir. [nkin + p)] = sin nkn cos ^ + cos ^ $in ^ (J 7Q) 

“ resolutioii p,„bta „ a ronn 
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Since sin nkn = 0, Eq. (1.70) reduces to 

x(kAt) = [cos nkn] sin nkp = [(-1)”]* sin nkp = [(-1)"]* sin (InkAtf'), 

(1.71) 
where 

f' = pl2At. 

By definition, 

(1.72) 

If n is even, then the expression is simply 

x(r) = sin (2iri/') (1.73) 

for t = kAt. On the other hand, if n is odd, then 

x(t) = cos nk sin nkp = sin (nk — nkp) = sin [2nt(B —/')] (1-74) 

for t = kAt. This is a many-to-one mapping. In summary, if/> B, to find the 

frequency of the aliased sinusoid: 

1. Divide / by B, and obtain n and p; 
2. If n is even, the aliased frequency is simply pB, 
3. If« is odd, the aliased frequency is (1 -p)B. 

At least one example of aliasing is well known to all moviegoers; namely, the 
phenomenon of stagecoach wheels seeming to go backwards. In this case, one 
period would not be a complete revolution of the coach wheel, but rather a 
function of the spoke separation. If there are 12 spokes, one period is 1/12 of 

a revolution. 
After the data function has been sampled, it may be necessary to obtain its 

PSD or to examine its Fourier transform. The Fourier transform is the most basic 
of these two frequency concepts, so its definition is examined first. Given 

(k = 0, • • • ,N), the Fourier transform is 

N 

X(f) = At ^xk exp (-jlnfkAi). (1.75) 

*=0 

Note that .Y(/) is also what would be obtained if the transform of xs(t) were 

taken, where 

N 

*î(0 = J] - kAtï= 
*=o 

N 

6(/ — kAt) 

.k=0 

(1.76) 
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The expression in brackets is referred to as the sampling function. Interesting 
properties may be derived for it. 

Equation (1.75) is valid for all /in the range (0,5). However, not all of these 
values need be considered. In fact, if the sequence {^} is defined by 

N 

= Af ^ xk exp 

K = 0 
(1.77) 

thenjxj.} can be obtained from{2(¾}(8 = 0, • • •, Abusing the following equation 

xk = Af k = 0, - • • ,N. (1.78) 

The equivalence of Eq. (1.77) and Eq. (1.78) may be shown by inserting one of 
the relations into the other and applying the formulas given in Appendix B to 
reduce the resulting equation to a tautology. 

The digital power spectral density may also be defined in several ways. The 
classical method, as popularized by Blackman and Tukey [9], obtains the PSD 
in two steps. First, the sample autocorrelation function is -omputed: 

1 N~r 

Rr= ]¡r^Ilxkxk+r’ r = 0,---,m. (1.79) 
*=0 

The subscript r corresponds to the variable r and is sometimes referred to as the 
lag value, whereas m, the largest lag value, is caUed, simply, the number of lags 
(calculated). The second step consists of taking the cosine transformation of 
the autocorrelation function, which yields 

Gp = At 

m 

2/?o + cos 
/•=1 

The alternative is to use the Fourier transform and obtain 

(1.80) 

9 = 0,---,yV, (1.81) 

where X* is the complex conjugate of Xq. This version of the PSD may be shown 
to be the equivalent of using the following autocorrelation: 

^ "Ñ Zj Xkxk+r> 
k=0 

r = 0, -- ,m. (1.82) 
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As m ->■ N and N -+ Gp and G'p will approach each other. However, for 
any given finite sequence, there may be differences. The Blackman-Tukey PSD 
is currently a standard, so people using Eq. (1.81) attempt to rearrange the 
method so that the result it yields is equivalent to the Blackman-Tukey PSD. 
That is difficult to do. The direct method using Eq. (1.81) has important com¬ 
putational advantages. Thus, it is quite possible that the direct method with 
adjustments may become the standard usage. 



CHAPTER 2 

PREPROCESSING OF DATA 

2.1 Data Acquisition Systems 

A data acquisition system must exist between the random process that gen¬ 
erates data and the digital computer that processes the data. It must be an 
organized mechanism for collecting the data and transforming it into a state 
compatible with the computer. Such a device or devices will be referred to as a 
data acquisition system (DAS). Systems of this sort might be simple or extremely 
complex. A simple system might consist of an individual filling out keypunch 
forms with stock market information obtained from the evening paper. That 
would be followed by conversion to punched cards through the use of a key¬ 
punch machine. The original data are already in digital form. The only additional 
requirement is that the data be put into a form that may be readily put into a 

computer, such as punched cards. 
A general and somewhat simplified type of DAS wdl be discussed, and some 

of the more basic problems that affect data processing will be examined in detail. 
Most of the data processing under consideration is not done in real time. That 
is, the data of interest are recorded during a test and analyzed at a later time 
(frequently there is much reprocessing of data). Therefore, the DAS may be 
conveniently divided into two parts. The first part, as shown in Fig. 2.1a, will 
be referred to as the recording portion of the DAS, or simply the recording 
system. It contains the following pieces of equipment: 

1. Transducer: This converts the physical phenomena being observed into 
either a continuous or a discrete electrical analog of the phenomena. 

2. Multiplexer, filter and/or converter: This device reduces the bandwidth 
of the signal to some allowable bandwidth. Then the signal is either frequency 
multiplexed or converted to a discrete form and time multiplexed with other 
data simultaneously being observed. If the transducer is digital, the filtering 

precedes the digitizing. 

3. Transmission link: This can vary from a simple cable to a fransmitter- 
receiver combination of extreme complexity. 

4. Recording system: This is usually some type of magnetic tape machine. 

Figure 2.1b shows the playback and conversion portion of the data system. 

It performs the following functions: 

1. Playback system: This is essentially the reverse of the magnetic recording 

system. 

2. Conversion, etc.: If the data are not already in digital form, this stage of 
the system does the analog-to-digital conversion (ADC). Also included in the 

25 
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(a) 

(b) 

Fig. 2.1. Data acquisition system: (a) recording portion, (b) playback and 

conversion portion. 

hardware at this point might be discriminators, filters, and a multiplexer. If the 
data were already in binary form, the hardware might take the form of bit, 
word, and frame synchronizing devices. 

3. The final recording device of the DAS usually would be a digital tape 
drive whose format is compatible with the digital computer to be used in re¬ 
ducing the data. 

The large variety of DAS s currently in use prohibits a detailed discussion 
and in any event that topic would be more appropriately covered in a work on 
telemetry. A discussion of the errors introduced by a typical DAS is important 
and relevant, however, since such errors must at least be known if not accounted 
for in the final presentation of the data. 

Figure 2.2 shows a hypothetical DAS. The transducer, assumed to be perfect, 
produces a voltage proportional to the function being observed. This electrical 

Fig. 2.2. Hypothetical DAS. 
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signal is then put into a low-pass filter. The filter is designed so that it will not 
pass any power corresponding to a iicquency higher than one-half of the sam¬ 
pling rate of the digitizer for that function. From the filter the data pass through 
the limiter. The limiter in the figure symbolizes the fact that there are definite 
limits to the magnitude of the voltage which the DAS will p'.ss. 

Actually, there are a number of components in any system that tend to act 
as limiters, including the transducer itself and the ADC. All such devices have 
been lumped together, and the resulting worst case assumed for the system. At 
the next stage, additive noise is introduced. The noise may be either correlated 
or uncorrelated. Next, the data are digitized. In a later section, it will be shown 
how the ADC also introduces noise into the data. Finally, the data are shown 
entering the computer to be processed. The digital recording and playback 
techniques have now reached a point where they need not be considered as error 
sources relative to the errors introduced from other devices. 

The device shown in Fig. 2.2 may be used as an error model for a wide variety 
of DAS’s. In fact, it makes good sense to describe the errors and inaccuracies 
in the system in terms of such a simplified model because it is difficult to make 
a realistic theoretical model for such a real system if all possible errors from all 
possible components are considered. Some sources of error might be overlooked 
in the analysis, resulting in an error figure that is too optimistic. On the other 
hand, some error figures from individual pieces of equipment may be estimated 
to be too large, resulting in a pessimistic evaluation. The best way would seem 
to be to actually measure the total system error. Because of the difficulty of ex¬ 
citing the transducers adequately on site, the DAS would be disconnected 
between the transducer and the input to the next stage here taken to be 
a filter. Appropriate voltages of quality test signals are then put into the 
remainder of the system. The same techniques employed in analyzing the data 
may then be applied to the analysis of the test signals. Properly performed, such 
a test will give the user the required information on overall system performance. 

The noise introduced into the data by the ADC and other sources tends to be 
additive. The expected power spectral density (PSD) of a time history, G*, as 
finally stored in the computer of the system in Fig. 2.2 would be the sum of 
components as follows: 

G*if) = Gx(f) + Gn(f) + GADC(f). (2.1) 

Gx is the PSD of data before it is introduced into the system. G„ is the spec¬ 
trum of the noise generated within the system exclusive of that produced by the 
ADC. Finally, the GAdc term is the component produced exclusively by the 
ADC. All of this assumes that both x and n are within the limits of the limiter. 
When one or the other exceeds these limits, the problem becomes considerably 
more complicated, and such a simple expression as Eq. (2.1) may not be correct. 
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7Z r Wi,h •*- ^ 
approximately ^ that the Power spectrum of * will be 

Gx(f)- 2 t(f-fc), 0</<oo 

When , is passed through the ^ the output has (he 

^(0 lx(t)i <C 

X0=< 

~c 
x(t)>C 

x{t)K-C. 

(2.2) 

(2.3) 

When A is much greater than C thon „ i 

amplitude equal to C. In this case y (r) will havVthl form ^ ^ With 

m n [cos Wc') ~j cos (6irfct) + i- cos (10 nfct) - • • • 

The PSD ofy(t) will be 

• (2.4) 

Rr2 n i 
G^t^v-i^Vc]. (25) 

Eq.(2.2).The'raLtZmtf «hhaVpSD°a lheaboveand 
hon techniques as discussed by Truxal [10] bC f°Und ^ describing func- 

-- P'»«- 
erly implemented, such automatic checks wni ëîff “1“"® fea,Ures'lf Pr0P- 
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2.2 Analog-To-Digital Conversion 

are unimportant ifKD^t^ typeS °f errors- Many of these 
mation are required, the various desfradatL ' ^6^831° factors or phase infor- 

important and cannot be 0^1^ ° ^ by íhe ADC become 
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ADC’s are usually either binary or binary-coded decimal (BCD). A binary 
ADC maps a continuous voltage into any one of 2N numbers, while the BCD 
maps the voltage onto a set of 10^ numbers. Binary ADC’s are simpler to build 
but normally require machine language programming to process their data out¬ 
put. If properly formatted onto magnetic tape, the output of a BCD ADC may 
be read directly by a computer program written in the FORTRAN language. 
That can be a tremendous convenience. However, BCD digitizers and formats 
are relatively inefficient. When large volumes of data are to be processed, loss of 
efficiency cannot be ignored. 

Example 2.2 Suppose that a scale of 1,000 is required. That is, the data signal 
is to be mapped onto the numbers 000 through 999. Suppose that 000 corre¬ 
sponds to -5.00 V and that 999 corresponds to +4.99 V. This conversion is 
assumed to be linear, so that one count, i.e., each digit, is worth 0.01 V, and 
525 corresponds to any reading between +0.245 and +0.255 V. Ten binary 
digits (bits) could adequately be used to express such numbers, as 210 = 1024. 
In binary notation, 0000000000 would correspond to -5 V ±0.005 V, 
0111110100 would correspond to 0.00 V, etc. On the other hand, while only 
three decimal digits are required to express the same range, the decimal digits so 
used must be coded into BCD. One common method of coding maps each 
decimal digit into a block of six binary digits as follows: 

0 ->• 000000 
1 -» 000001 
2 -► 000010 
3 -* 000011 
4 000100 
5 -* 000101 (16) 
6 -*• 000110 
7 -*• 000111 
8 -*> 001000 
9 ->• 001001 

In this system, six binary digits are used for each decimal digit. That means 
that 18 binai y digits will be required to express the same number which required 
only 10 digits in straight binary encoding. In addition, the tape formats directly 
readable by ' ORTRAN routine are limited to short blocks of BCD informa¬ 
tion. Such blocks (called records) are read at a slower rate than longer blocks 
because many digital tape units must stop completely between each record. The 
shorter the record length, the more stops are necessary to pass the same amount 
of data. The greater the number of stops, the slower the average speed. 

As discussed in the example, one common encoding of decimal digits uses a 
six-bit code. Six bits may be used to represent 64 different numbers and charac¬ 
ters. If letters of the alphabet and other such symbols are not required, four-bit 
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encoding may be used; in the encoding given in the example, only the last four 
mary digits are used. On the other hand, some computer systems have gone to 

eight-b* encoding, which is very inefficient for data unless two numel charac¬ 
ters are packed into a single eight-bit character. 

In addition to variations in the number of bits used when coding decimals 

mm òf'teBCD coTÍ “T: !Cheme!' FOr e,lample’the “"W 
ones lt«s ab0VC raay ^ ^ of 

hinüvny dr transducers’ such as shaft encoders, generate a coded form of 
bmary numbers known as grey code. In this code, only a single digit changes 
between any two successive numbers. One three-bit grey code is as follows: 8 

0 -*• 000 
1 -*■ 001 
2 - 011 
3 -*> 111 
4 - 101 
5 - 100 
6-+110 

(2.7) 

values he un8 t * V* ^ * the enCoder is read while ¿t is changing 
values, the uncertainty is only one count. Contrast this with the following 
Suppose that an uncoded 10-bit transducer is changing from 51110 to 512^ 

thTch’i e” fr0m 00111111112 t0 0100°000002. If the reading is made during 
the change an incorrect number such as 0101101171, might be the output 
This would be a significant errer. put- 

hJ™ disadvantage of wy code is that it must be converted into 

tor bef0rV Can he USed m 3 co;T,Puter'and this conversion adds extra steps 
to the computer time needed to calibrate the data. ^ 

FigAI2 3A The Ílr,0dUC!;a KyPe °f err0r kn0Wn as cluantization noise, shown by 
and thf ? elat,0nship between the ¡"P“* quantity, here taken to be voltage 
and the output in counts is ge, 

e = a + nd. 
(2.8) 

CONTINUOUS 

SIGNAL, 

•. VOLTS 

LEV'iL 

DISCRETE SIGNAL 

—- a-l LEVEL 

Fig. 2.3. Noise introduced by quantization. 



PREPROCESSING OF DATA 31 

The a term is always an integer. The quantity is the quantization error and 
is such that 

^ 1 
2 < «</ < 2 • (2.9) 

It is reasonable to assume that nd is uniformly distributed: 

i (-!<»<< <4) 

/(¾) H 
(2.10) 

vO otherwise. 

The mean and the variance of nd may be found by taking expectations, 
described in Chapter 8: 

as 

I* 1/2 

Vnj = I nd dnd = 0, 
J-Ml 

f1/2 i 
°ld = E [(¾ - Hn/ i = J i/2 »ddnd^Yi- (2.11) 

The errors for any two readings are uncorrelated for most digitizers. Thus, 
the digital autocorrelation of the noise is expected to be 

^_1_ 
12 / = 0 

V'A'H 

0 otherwise. 

The PSD is therefore 

(2.12) 

C^(/) 2A/112 = ^, 0</<^ (2.13) 

The units of Eq. (2.13) are (counts)2/Hz. If a range of e volts goes into 2N 
counts, then can be given in terms of volts: 

(2.14) 
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Fig. 2.4. Typical transducer. 
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Now suppose that the excitation voltage s varies with time about a nominal 
value sn. The data value of here labeled x(t), would be the output of the 
process shown in Fig. 2.5. The computing of x(t) is visualized most easily if the 
necessary steps are taken one at a time. 

Fig. 2.5. Process that yieldsx(f)> the data sequence. 

1. For all functions, there is one parameter, vc, that converts counts to volts. 
Thus, the standardizing voltage s is 

s(0 = vccs(t). (2.15) 

This is simply the time history of the power supply used to excite the transducers. 
This function may be used with all channels excited by a common voltage source. 

2. Therefore, the standardized voltage recorded for the transducer corre¬ 
sponding to the function x is 

îs(t) = i>cCx(t) xw LW 
3. If the c ilibration is linear, then ar(i) may be obtained from 

(2.16) 

x(ty vccx(t) 
s(t) -mx V e*. (2.17) 

The constants mx and ex are, respectively, the offset (which may be zero) and 
the scale factor. These parameters are usually supplied with the transducer or 
measured at an installation’s standards laboratory. The above equation could be 
rewritten in the form 
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where 

(2.18) 

4. If the calibration table is nonlinear, it is frequently approximated by a 
polynomial of the form 

(2.19) 

Kx is usually less than or equal to 3. If Kx is 1, the equation reduces to the 
previous one. 

The term calibration has two distinct meanings when applied to the above 
process. First, of course, is the actual laboratory calibration made of the in¬ 
strument. A standards laboratory is required for that type of work. Each 
transducer must be subjected to known forces of the kind that the instrument 
was designed to measure, and the output of the device recorded accurately. The 
result of this calibration will be a table of numbers, physical units versus their 
electrical counterpart, usually volts. When plotted, such data take the shape of 
a hysteresis curve. A typical procedure is to fit a single curve (polynomial, ex¬ 
ponential, or even a fairing with a french curve) to the plot and use only the 
resulting one-to-one functional relationship. 

The second use of the word calibration is a misnomer. In that sense, it refers 
to the complete conversion process from digital counts to physical units, and is 
thus a calibration of data. As there is no other suitable nomenclature commonly 
in use, that usage of the word will be retained. 

Another term to be used with care is standardization. Standardization may be 
thought of as an electrical-electronic calibration. One method of accomplishing 
it is through the use ^f a special standardizing voltage, recorded as a separate 
function. That procedure was described above. Sometimes it is not practical, 
and a second technique is used which involves pre- and post-experiment stand¬ 
ardizing. In this case, the transducer is disconnected. Known resistances are then 
substituted for its input, and readings are taken of the result. As few as one or 
two resistances may be used, although five is a common number. The resistances 
would oe chosen to correspond to the range of data. For example, suppose that a 
pressure transducer is to be used on a range of 0 to 20 psia, and that the in¬ 
strument reads 0 V at 0 psia and 5 V at 20 psia. Then it would be reasonable 
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to substitute resistances that would generate outputs of 0, 1.24, 2.5. 3.75, and 

5.0 V. These would correspond, if the instrument were linear, to applied pres¬ 

sures of 0, 5, 10,15, and 20 psia. Switching such resistances can be made (and 

usi ally is) into an automatic process. It is carried out for all instruments by a 

single command, whereas excitation of the transducers themselves might be im¬ 

possible because of inaccessibility or the difficulty of applying the correct forces 

to them. That type of standardization can only be made before or after the 

experiment; interruption of the experiment to generate standardization might 
result in the loss of critical portions of the data. 

As an example of how such data would be used, suppose that both a pretest 

and a post-test standardization are conducted, and the substitutions for the 

transducer corresponding to the function x(t) were, respectively, zero ohms and 

a value corresponding to the maximum internal impedance of the instrument. 

Before any data are reduced, these readings are digitized. These data are averaged 

so as to reduce the extianeous noise. In the absence of any other knowledge, the 

experimenter assumes that any changes between the start and end are 

occurring in a linear manner. In this case s(/) and z(t), the sample maximum and 
zero voltage, take the form 

, (t- T0) 
s(0 “ T _T («i - So) + s0 

M lo 

(2.20) 

*(0 = (*1 -zo) + z0, 
M i 0 

where 

To - time of pretest standardization, 

T\ = time of post-test standardization, 

s0 = volts of pretest, 

s, = volts of post-test, 

z0 = zero of pretest, and 

Zi = zero of post-test 

There is a basic inconsistency in using this arrangement. What is actually being 

measured is the relative change of the system power supply and the ADC. The 

redundancy of doing it for every channel would not seem to be of much benefit. 

Of course, if an FM telemetry system is being used, then the procedure is re¬ 

quired. In this case, the voltage-controlled oscillator (VCO) and discriminator 
are the components being standardized. 

The post-test standardization intormation may not be available in many tests. 

In that event, only the pretest standardization is used, and i and z are constants. 

They are applied to the data in a manner similar to that of the standardizing 
procedure previously discussed. 
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One general problem with calibration is the large amount of information re¬ 
quired. In a typical test, there may be hundreds of functions being analyzed. 
Each has its own set of calibration information, usually stored on punched cards. 
The total number of such cards may reach over two thousand. The assemblage 
of such a calibration check and the verification of its correctness is no small task. 
Mispunched cards, incorrectly completed load sheets, technician error, etc., have 
led very often to costly reruns. For this reason, the person in charge of the 
calibration should be both thorough and painstaking. 

If funds permit, the calibration decks should be checked a few days prior to a 
test to make sure that they are in satisfactory condition. This can be done either 
with a special program or with the actual calibration program and a dummy 
input. 

2.4 Phase and Numerical Integration and Differentiation 

The functions discussed in the previous section were assumed to be simple 
functions; that is, functions generated by a transducer with only one output. 
Many functions require either combinations of transducers or multi-output 
transducers. Strain-gage bridges, for example, have four outputs. Impact and 
static air pressure, measured separately, may be combined to give airspeed. 
Accelerometer outputs may be integrated, combined, and transformed to yield 
position. These are only some of the many possibilities. 

There are two distinct types of problems that arise when functions are com¬ 
bined. The first is usually called phase error. Phase error occurs when two or 
more of the functions to be combined are sampled at slightly different intervals. 

Example 2.3 Consider the situation shown in Fig. 2.6. Suppose it is desired 
to record as a time history. Then from a recording of x and z, y could be 
reconstructed as follows: 

^(r) = z(i)-x(0- (2.21) 

If x is consistently recorded with a phase error t, then the computed quantity 

will have the form 

x(r) 

to OAS to DAS 

Fig. 2.6. Generation of a phase error as described in Example 2.3. 
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z(t)-x(t-T)=y(t)+ [x(í)-x(í-t)]. (2.22) 

The quantity within the brackets is an error term. As an example, suppose x were 
a sinusoid, say A sin coi. Then the error would have the form 

x(t) -x(t-T) = A [sin cot — sin (ut — wt)] 

_ ^ . . COT 
= 24 sin — cos (2.23) 

As the size of t increased, the error term would correspondingly become larger 
until it reached a relative maximum at r equal to ff/(2u;). 

Phase errors such as the one described in the example do occur in tests. They 
may result from the type of multiplexer used, from long lines leading from the 
transducer to the multiplexer, or from attenuation in the system which varies 
with frequency. Correction for phase error can be made. One method uses Eq. 
(1.60) from Chapter 1. In other cases, the final result, such as cross spectra, can 
be compensated as will be shown in Chapter 6. In many cases, no correction is 
required. That would be true if PSD’s, single probability density functions, etc., 
of uncombined functions were the only items required. 

The best place to eliminate the phase error is at its source in the DAS rather 
than in the data reduction after the data have been collected. Equipment cor¬ 
rections are frequently difficult to make. The DAS usually was designed long 
before the testing began, making major revisions impossible. It is an unfortunate 
fact that many DAS’s have been built without a proper analysis of the test 
requirements. 

The second probler' encountered when combining data is that one or more 
of the functions may require integration or differentiation. Both operations 
may be examined using Fourier transforms. If X is the Fourier transform of 
x,then 

? [*(/)] =j2nfX{f) 

x(t')dt' 
/271/ (2.24) 

That is, differentiating or itegratingx(l) corresponds respectively to multiplying 
or dividing X(f) by jlirf. 

It is possible to analyze digital integration and differentiation procedures 
using a similar technique as, for example, in Salzer [11]. Two simple, numerical 
expressions for the derivative v,- and the integral u,- of x,- are 
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«/ = «<—1 + XiAt 

Atj-Xj-i) 

(2.25) 

Vi¬ to 

Taking the Fourier transform of these yields 

_ , to 

! _e-/2ir/Af 

5[v,] = Ar 

5M 

(2.26) 

In the limit as At goes to zero, these expressions approach those given m Eq 
(2 24) There is, however, a built-in error for finite to. For example, at the 
folding frequency, f = 1/(2A/), the ratio of the actual function to the desired 

one is 

Integration 
. ir 
I T 

(2.27) 

Differentiation r- 
jit 

That is shown in Fig. 2.7, where the modulus of the two operators for both the 

discrete and continuous cases are compared. 
The numerical integration method described above tends to amplify bias 

e,andTow fiequency noise, turning rite two into some sort of low frequency 
drift o. linear trend. Cleariy.if just the PSD of the integral ofrt(l) were required 
the simplest thing would be to find the PSD of *(r) and operate on that to 
produce^the PSD of the integral ofv(l). However, suppose that the PSD of 2 is 

desired, where x(t) is defined by 

z(0 = x(r) + 
(2.28) 

The PSD of z(f) may be shown to be 

Gz(f) = Gx(f) + Gy(f) + 2Cxjy(f). (2.29) 

Thus, the PSD of Gz is the sum of the PSD oix{t) and y(f) (the latter multiplied 
by a term to account for the integration) plus a cross spectrum term. Specifically, 
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cos 2nfr j lim r!r f x(/ + t) 
[7+- 2T J_T 

for/>0. (2.30) 

I yit')dt' dtidT 

(b) 

Fig. 2.7. (a) Comparison of continuous and dis¬ 
crete integration, and (b) comparison of continuous 
and discrete differentiation 
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If X and y are uncorrelated, this expression will be equal to zero. In that case, 
Gz could be computed as the sum 

Gz(/) = Gx(f) + ~ Gy(f). (2.31) 

Thus, the integral of y would not have to be computed. However, if there is 
correlation between the two, then y must be integrated and added to x to form 
z. This means that trend error may be introduced into the expression forr, thus 
contaminating the PSD of z. 

A related problem occurs with numerical differentiation. It has been found 
in practice that differentiation amplifies high frequency components, in many 
cases to an excessive extent. Both problems can be alleviated by removing a 
trend or altering the form of integration or differentiation. Other expressions 
for the latter operations will be discussed in Chapter 3. Trend removal is taken 
up in the following section. 

25 Trend Removal 

It is sometimes necessary to remove a linear or slowly varying trend from a 
particular time history. Such trends are likely to be found in the data, for ex¬ 
ample, when one or more of the components has been integrated. Integration 
introduces two types of errors. First of all, if the calibration zero point was 
incorrect, there will be a small error term with each time sample. When integrated, 
this constant term will become a straight line. Such a linear trend may produce 
large errors in PSD and related calculations. 

The second type of error comes about because the integration procedure tends 
to amplify power corresponding to low frequency noise. Such noise is usually 
present in the data. When integrated, it takes the form of a random but slowly 
varying trend. Just how rapidly the trend varies depends to some extent upon 
the sampling interval. 

The varying trend can best be removed by using high-pass filtering, a topic 
to be discussed in the next chapter. Polynomial trends may be removed using 
least square techniques. That is done in the following manner. Suppose, as usual, 
that*,- is a function sampled at the constant interval At for i = 0, • • • ,Af, and that 
it is desired to fit a polynomial of the form 

K 

(2.32) 

Jt=0 

The set of data points lx, ! is an estimate of the polynomial content of x,- for 
polynomials of degree less than or equal to K. The usual procedure consists of 
defining an intermediate function, G, of the polynomial coefficient terms: 
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N 
g(c)=r 

i=0 
(2.33) 

G is always positive for any value of c = (c0) • • •, ck). It may be minimized 
using standard techniques from differential calculus. Taking derivatives of Eq. 
(2.33) with respect to cy and setting them equal to zero, 

N 
9G 

1 /=0 

K 

C^iAt)k 
k=0 

[-(/A/)/'] =0. (2.34) 

Rearranging terms yields K equations of the form 

A /y N 

¿1 ckJ^ ('to?*' = i = (2.35) 
*=0 /=0 1=0 

For large K values, it becomes tedious to solve for c. Fortunately, the need for 
solutions for K larger than 3 or 4 are rare. If a program is only to remove low 
order polynomials, then the computer memory that would be used to solve the 
above by means of matrix inversion techniques can be used for a direct calcula¬ 
tion of the coefficients. For example, the following solutions are found for 

and for K = 

1 N 

/=0 
(2.36a) 

Co = 

N 

2(2/V+1)2^,.-6^. 
/=0 

N 

L 
/=0 

(N+ 1XJV+2) 

(2.36b) 
/ N N \ 

c,. V / 
AtN(N + l)(iV+ 2) 

For an odd number of points, a tremendous simplification in the formulas 
can be made. The procedure assumes that i = -(A72), • • •, 0, • • •, N/2. Thus 
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the odd power summation expressions in (lAr) will be zero, thereby eliminating 
many terms in the calculations. The formulas are 

¿'or/: = 1, 

c0 = 
N 

Cl = 
liXi 

S /2 Ar 

where 

Nil 

*-= L 
i- -N/2 

for/: = 2, 

S/a 2/ax/ 

(Z/2)2 -jVSj4 

Zix,- 

Z/2Zx/ —NI,i2Xi 

Cî” [(Zi2)2 -yVZ/4] (At)2’ 

for/: = 3, 

_Zx,Z/4 — Z/2 Z/2jc, 

C° TVZi4 “(Zi2)2 

_ Z/4Z/3x/ — Zf6Zix/ 

Cl ” [(Z/4)2 — Z/2Z/A] At 

Zi'lxj-NlPxj 

Cî" [(Z/2)-AŒi4] (Aí)2 

Zi*IiXi-Ii2li3Xi 

Cî" [(Z/4)2 -Z/2Zi6] (Ai)3 ’ 
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and for K = A, 

_ÏXi-£it2b2Zi2 -At'bili4 

,. -(S/4)2]-W&Wxí-ZUIíxí) 

I ii2 [Z/2 li6 - (2/4)* ] I At 

r, _ 2i22xi-^i2Xi-At4bA(li2li4 -NZi6) 

[(S»2)2 -Nli4](At)2 

[Si22/6 -(2/4)2] (At)3 

Ca _ (WZiAxi ~^-42^)((2/2)2 -Nli4] +(2/22x/ -NI,i2x,)(li4I,i2 -Nli6) 

|[2/22/4 —AŒ/6]2 — [(2/4)2 -A^2/8]Yl/2)2 -^2/4]j(Ar)4 

where 

N - Number of equally spaced samples of at (N must be odd) 

Ij2_N(N2 -1) 

12 

2/4 _ NjN2 - 1X3vV2 -7) 

240 

V/6=M^2 -lX3^4-18Af2+31) 
1344 

Vi* = -IXSA^6 - 55JV4 + 239N2 -381) 

11520 

Underflow or overflow is quite possible when computing terms of the form 
2/)*/, especially on machines with limited word size. The user should consider 
doing the summation portion of the calculation in double precision. To clarify 
the nature of the difficulty, consider the following example. 
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Example 2.4 Suppose it is desired to calculate the sample mean of */ where 
I ranges from 1 to 2,000. Furthermore, suppose that x¡ is approximately unity 
for each /. The hypothetical computer on which this calculation is to be per¬ 
formed is assumed to have five decimal digits in each word. That is, the word, 
the basic unit of calculation, is composed of five individual decimal digits. How¬ 
ever, to simplify the positioning of the decimal place, the hypothetical machine 
uses floating point arithmetic. In this mode, each such five-digit word is broken 
into two parts. The first, with two digits, is essentially an exponent of ten, while 
the second part carries the significant digits. In this particular machine, the 
floating-point representation for x would be 

XX XXX 

A B 
in in 

2 digits 3 digits 

jc = £ • 10^-50. (2.38) 

Thus, the five digits in storage 50100 would represent 1.00, and 46327 would 
be equivalent to 0.000327. If these two numbers were added by the machine, 
using special floating-point addition, the result would be 1.00. That is, the 
smaller number would effectively be shifted out the low end of the add register. 
This is termed underflow. 

Continuing with the example, if 2,000 units were added to this machine, the 
result would not be 2,000, but 1,000 because after summing up the first 
thousand, the units thereafter would underflow. The computed sample mean 
would be 0.5 rather than 1.0, a significant error. If the summation were per¬ 
formed in double precision, there would have been no error in the mean value 
computed in the example. Double precision is a capability found in most ma¬ 
chines (either in the hardware or in the software, usually the latter for small 
computers), which combines two storage units into a single one. This yields 
twice as many significant digits and a considerably extended range for the 
exponent of the floating-point number. 



CHAPTER 3 
DIGITAL FILTERING 

3.1 Basic Concepts 

The principal use of filtering in data reduciion is to smooth the data being 
analyzed.The first smoothing filters used were of the moving average type. These 
were followed by polynomial filters, i.e., those which pass polynomials with¬ 
out change while attenuating jitter. Ormsby [12] in 1959 introduced a low-pass 
filter that showed marked improvement over the polynomial type. Later writers 
have introduced recursive or feedback filters showing significant advancement 
in performance over previous filters. These latter types will be emphasized in 
this work. Digital filters are frequently analyzed using z-transform methods. 
This technique has not been used in this chapter because it does not describe 
filter action in terms familiar to the data user. 

Broadly speaking, a filter is a device or a physical process that operates on a 
time history and (usually) changes the time history in some manner. This defi¬ 
nition would include attenuation networks, amplifiers, nonlinear devices of all 
sorts, as well as the trivial filter that transmits the time history without change. 
Linear filters are the single, most important, category. There are a number of 
ways by which this type of filter could be defined. The most basic definition is 
through the unit impulse response function and the convolution integral. Let x 
be the unfiltered time history and y be the result of the action of the filter upon 
X. Suppose that if jc(0 = 5(i), then.y(r) = h{t). That is, if the only input to the 
filter is a single delta function at time t = 0, then the output of the filter is the 
unique function h(t), the unit impulse response function. The general relation¬ 
ship between the output from the filter,^,and the input to the filter for any 
x is then given by 

This convolution of h(t) and x(t) produces y(t). The Fourier or Laplace trans¬ 
form of h(t) yields the system transfer function. 

Example 3.1 If the filter in question is of the form shown in Fig. 3.1, where 
x(/) and ^(r) are, respectively, the input and output voltages, then the unit im¬ 
pulse response function is 

M0 = 

t > o 

t < o. 

45 
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R 
-vWvAA 

»(t) 

♦ 

Fig. 3.1. RC filter. 

For that particular function, the limits of 
somewhat if x(r) = 0 for r < 0, 

the convolution can be simplified 

e (f r^lRcx{T)dT 

e-TlRcx(t-T)dT t>0. (3.3) 

The relationship between x(t) and j(r) could have been 
terential equation, expressed also as a dif- 

ÄCy (/)+>>(/) = x(f). (3.4) 

The frequency 
of h(t), 

response function of the filter,//(/), is the Fourier transform 

h(t) e~i2nft dt. 

Thus, for the function cited in Example 3.1, 

(3.5) 

//(/) = ---- 
1 +jRC2vf (3.6) 

The usefulness 
taking Fourier 
(3.1) will yield 

of this function arises from the simplification that 
transforms. The Fourier transformation of both 

occurs after 
sides of Eq. 

TO = //(/) X(J). 
(3.7) 
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That is, the convolution becomes a product after Fourier transformation. The 
inverse of this is discussed in Example 1.4. Taking absolute values of both sides 
of Eq. (3.7) results in 

\Y(J)\=\H(f)\[X(f)\. (3.8) 

Setting this aside for a moment, consider having as the input (in this case, 
from t = -°° to r = “O a sinusoidal function of the form 

X(t) = A cos (ojqí + (/>), A> 0. (3.9) 

The Fourier transform of this function is 

X(f) lert&(f-f0) + e-i*(f+f0)], (3.10) 

where /0 = w0/2ïï. When this result is combined with Eq. (3.7), then the output 
from the filter is given by 

r(f) = H(f)j le^S(/-/0) + e-^S(f+f0)]. (3.11) 

Since the right-hand side is zero except where / = ±/0, this expression can be 
written as 

Y(f) = Wo) f el* 6(f-fo) + Wf0) j e-i* 0(/+/o)- 

(3.12) 

In other words, if the input to the filter is a sinusoid, then, disregarding tran¬ 
sients, so is the output, as the right-hand side of Eq. (3.12) is also a sinusoidal 
function. Furthermore, the ratio of the amplitudes of the input and output is 
given by the absolute value of the transfer function evaluated at the frequency 
of the input sine wave. For this reason, 1//(/)1 is called the gain factor of the 
filter. 

Example 3.2 If //(/) has the form given in Example 3.1, that is, as expressed 
in Eq. (3.6), then the above result will take the form 

lf(/)l= —f-— , «(/-/o)- 
Vl + T2(2vf)2 

(3.13) 

As is usual, RC=T,& time constant. 



48 ANALYSIS OF DIGITAL DATA 

Another useful attribute of the transfer function is its action on the power 
spectral density of the input to the filter. As will be recalled, ^(/) is defined by 

rT/2 

XT(f) = I xWe-'Wdt. (3.14) 
J- 772 

Then the PSD of x(t), Gx(f) of x(t), is defined by Eq. (1.39) as the limit 

Gx(n = 2hm^\XT(f)\\ f>0 
T-+00 I 

= 0, /<0. (3.15) 

There are two other avenues of arriving at a definition of Gx(f), as described 
in Chapter 1. One method uses the autocorrelation function as an intermediate 
step, and the other uses a bandpass filter followed by squaring and integration. 
All three definitions are equivalent under limiting circumstances. 

The relationship between the input and output spectra of a filter is given by 

Gy(f) = Gx(f)\H(f)\2, f>0. (3.16) 

Thus, if x(t) is white noise so that 

GAf) = 
1 

0 

f>0 

/<0, 
(3.17) 

then 

^(/)=1//(/)12. f>0. (3.18) 

That is, if white noise is the input to a filter, the output takes the form of the 
absolute value squared of the transfer function. White noise as defined by Eq. 
(3.17) is actually a physical impossibility. This is because the variance of a 
function is given by the integral of its PSD, 

a2= f Gx(f)df. (3.19) 
.’0 

For white noise, a2 would be infinite. Because the concept of white noise is 
useful, the idea is retained by redefining the white noise function, hereafter 
denoted by (/): 
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0^f<B 

otherwise. 
(3.20) 

When B is greater than the highest frequency of interest for an intended applica¬ 
tion, then Nß(f) effectively has the characteristics of white noise and still has 
finite variance, thus avoiding the infinite energy and power problem. 

A few general comments still need to be made about filters before passing on 
to the digital variety. The term realizable filter is frequently used to denote a 
filter for which h(t) is zero if f < 0. Such a filter does not anticipate future 
events and, in many cases, may be fabricated using standard components, such 
as resistors, capacitors, and inductors if x (/) is a voltage or spring-mass-dashpot 
systems if*(/) is a mechanical displacement. Put another way, a filter must be 
realizable if it is to be used in real time. However, if *(/) is not being filtered in 
real time, then the filter does not have to be realizable in the sense described 
above. In fact, it may be convenient to use a two-sided filter, i.e., one for which 
h(t) may not be zero for / < 0. Again, if the data are recorded, it may be useful 
to run time backwards and filter the data in reverse order. As will be seen, this 
type of manipulation is very easy to do if the data are digital and stored in a 
computer. 

There are certain types of filters referred to many times in applications. It is 
easier to discuss first idealized forms of these filters in comparison with the 
definitions. 

An ideal low-pass filter is one for which //(/) has the following property: 

1//(/)1 = 

0</</0 

fo<f<\l2At. 

Similarly, an ideal high-pass filter has a transfer function for which 

1//(/)1 = 
0 </</„ 

/„ </< 1/2A/. 

An ideal bandpass filter has the form 

"0 

1//(/)1= < 1 

.0 

0</</t 

ft <f<fr 

fr<f<H2At. 

An ideal notch filter has characteristics such that 

r 
1 

1//(/)1= < 
V 

o 

o</</t 

ft </</r 

4</<l/2A/. 
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These filters are shown in Fig. 3.2. 

IDEAL 

BANDPASS 

IDEAL NOTCH 

Fig. 3.2. Ideal filters. 

It is not possible to have finite weighting functions that will exactly imple¬ 
ment the ideal forms of these filters. In practice, filters are used that approximate 
the performance of their ideal counterpart. For example, almost any filter for 
which//(/) is decreasing on the range (0, l/2Ar) is called a low-pass filter. 

3.2 Nonrecursive Digital Filters 

Most of the original work done in numerical filtering concerned nonrecursive 
filters, that is, those having the form 

A/2 

yi= hkXi+k- (3.21) 
k=Mi 

Thus, there are (3i2 + 1 - A/,) coefficients of the form A*. Equation(3.21) is 
the numerical equivalent of 

' 

✓ 



DIGITAL FILTERING 51 

A(r) x(t - t) dr. (3.22) 

Equation (3.21) can be regarded as the numerical approximation of Eq. (3.1) 
rather than an analogy. The At term is usually absorbed into the set 
These terms are referred to as the filter weights. The filter described by Eq. 
(3.21) is symmetric when /i_* = A*. It is actually not necessary, and in fact, 
some of the filters examined subsequently will not be symmetric. 

For example, one of the simplest instances of this type of filter is the dif¬ 
ferentiating filter described in Chapter 2. It, of course, is nonsymmetric. 

Taking the Fourier transform of Eq. (3.21) yields 

Afj 

Y(f) = X(f) £ hke-»**‘V. (3.23) 

k=M\ 

The transfer function, obtained by taking the ratio of Y to X, is 

H(f) = £ 
k-M\ 

M2 

-L 
k=Mi 

[hk cos (2nAtkf)] —j [hk sin {2nAtkf)\ 

Thus, the modulus and phase angle are given by 

(3.24) 

l/l ^k cos(2rrAtk/)j + ( ^ hk sin (2nAtkf)\ 
j \k=M\ / 

¢(/) = arctan 
*5, 

hk sin (2nAtkf) 

'Y' hk cos (2nAtkf) 
k-Mi 

(3.25) 

In terms of 1//(/)1 and ¢(/), //(/) may be written 
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W)= exp [-/<!•(/)]. (3.26) 

Filter performance is usually expressed using some form of Eq. (3.25). 
Separate plots of 1//(/)1 or 1//(/)12 and ¢(/) with respect to frequency are more 
or less the standard method of examining the filtering action. Various expressions 
for ¢(/) that differ from the above in the manner of defining the sign are 
sometimes found. If the set of weights is symmetric about h0 so that 

hk=h_k for all it, (3.27) 

then the expression 

M 

y-1 hk sin (2n&tkf) (3.28) 

k=-M 

is identically zero. It follows immediately that ¢(/) is identically zero in this 
case for all /. It would at first seem that the computing cost would be doubled 
when going from a nonsymmetric to a symmetric filter to obtain the zero phase 
characteristic. On closer examination, it turns out that, with proper programming, 
the number of multiplications need not increase at all. Thus, only M additional 
additions must be performed, perhaps requiring only a 25-percent increase in 
computing time. 

Example 3.3 A binomial filter* is one whose weight has binomialt coefficients 

A*-/V/2 = £ = 0,-even. (3.29) 

The transfer function is 

//(/) = 
Y(f) 1 
*(/) " 2* 

'N\ W, 'gjlnAt 2 /+ , 
N_ 
\2 , 

N 

J- [e/irAf/+e-/»rAf/]JV - [2 COS (vAtf)]N = COsP (itutf). 

(3.30) 

♦Origin unknown. 

(p\_ p! _p(p - 1)---(p - e/+ 1) 
t As usual, I 

qj (P-<?)!<?! 

' 

- 

1.2, ■•■.q 
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When plotted, the result resembles Fig. 3.3. The binomial filter is one example 
of a low-pass filter. One important parameter for any low-pass filter is its half¬ 
power frequency. This frequency, here labeled fhp, is the frequency for which 
1//(/)12 has been reduced to one-half of its maximum value, which occurs at 
/= 0. For the binomial filter, 

fhp ~ ïïAt 
arccos 

j \1/2)V 

2/ . (3.31) 

Equation (3.31) indicates that increasing N decreases fhp and hence moves the 
half-power point to the left. 

H(f) 

Fig. 3.3. Transfer function of the binomial filter. 

The binomial filter is not presently employed to any great extent for several 
good reasons. It is not very flexible, in that it is extremely limited as to the place¬ 
ment of the half-power point. Another problem is that its filtering action is not 
sharp and is far from being a good or even a fair approximation of that of the 
ideal low-pass filter. On the positive side, it does have good characteristics in 
its action on polynomials. As will be seen later in the chapter, it will pass an 
Mh-order polynomial without attenuation. 

A much more usable result is due to Ormsby [ 12] who developed a set of 
numerical low-pass and bandpass filters, collectively referred to as Ormsby filters. 
The numerical procedure is as follows. The particular filter shape desired is de¬ 
fined in the frequency plane on the range — l/(2Af) </< 1/(2At) and is made 
to be symmetric about / = 0. The inverse transform is evaluated (using a com¬ 
puter) for t = kAt, fc = 0, • • •, m. The value chosen for m is usually less than 
100. The inverse transform terms thus obtained are then multiplied by At and 
used for the filter weights. 

Example 3.4 Suppose an ideal low-pass filter of the Ormsby type is required 
where //(/) is defined as 



54 ANALYSIS OF DIGITAL DATA 

1 0</</c 

o fc </< l/2Af. 
(3.32) 

Then the I hk\ are given by 

i* 1/(2A/) rfc 
hk = àt H(f) e /2,r/*Ai df= At I cos (Iv'k&t) df 

^-1/(2 a/) J-fc 

Ivkàt 

(3.33) 

As hk = h-k> the weights for fc = -1, • • • , —m do not need to be calculated. 
Because the set of weights is truncated at fc = ±m, there is an error between the 
desired H(f) as given by Eq. (3.32) and the inverse of the truncated set. The 
filter actually used will only approximate Eq. (3.32), with the approximation 
tending to improve with increasing m. 

Ormsby improved the performance of these filters for fixed values of m by 
adding a term in the frequency domain which makes the transition from one to 
zero less acute. Specifically, he defined a filter of the form 

r i o</</c 

Jc Jd 
(3.34) 

fd<f< 1/(2A0. ^ 0 /,</< 

This filter is shown in Fig. 3.4.* The portion from fc to fj is the only new 
feature. The transform of this portion, when found, can simply be added to the 
previous result. The transform of the triangular portion is given by 

HU) 

Fig. 3.4. The Ormsby low-pass filter. 

♦Ormsby was more general than indicated above. He allowed the [f ~ fd)Kfc - fd)] to 
be raised to a power p. The case examined here is for p = 1, probably the most common in 

actual practice. 
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* fC e"/2’AA' d/*t e~n’ßi'df ■ 

= 2At [íd LA 
Le fc~fd 

he h fd 

eos {InfleAt) df 

= JAf_ \<™(MkAt) JúnjlnfkAt) „ sin (InfleAt) 
fe ~fd L (2vkAt)1 (2nkAt) íd ~ {2nkAt) 

2& J i 

(fe-fdWAt) ( (2nkAf) ícosí27r/rf^O ~ eos {2nfckAt)) 

~ (fe - fd)sin (2nfckAf)\^ . (3.35) 

^ ^ K!U" 0f Eq-(3 M) “d ^PUfying yields a new se. of 

AAt 
(fe -fdWAtfl ^Sin ^kùitffc +/rf)] “Sin [nkAt(fc -/rf)j} . 

(3.36) 

This set of weights is bounded by a term that contains 1/it2 whereas the simnW 

ï 7<z by a ^ “n“"8 -/i “aSt 
However fí .t ' ^ ”th * « bo«> «ses. 

much more rapidly ^ ^ E<1' (3'36) Wi“ “'“P off 

sor^oT^u31” d"'l°Pe<l ‘“ffcmntiating and bandpass fdters using the same 

X „ w‘q"r ?e rat« it simply the low-pasTfLr wX 

hista o?P.rgH,h.eKi",T3nd- H“ b”dpaS “'« is essentially the in- 

a. me .rsXihtrXr" ^ “por,iont 3dded “ 

reeX CXÂ^oIÂn' ZTtv T 
^«riVmirÍTnd? l0W'Pa1 fd,er> “t“ P^ because'of'the^r 

Te^^X“ XoXC Gibbs phenomenon. ^1811S> t0 ex^u*)lt a form of 
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3.3 Recursive Filters 

In the previous section, the filters discussed were simóle or non . 

neering terminology, such a procedure is called feedback îï'1 US^ ^ 

expression for the variety of filter to be dealt with in the section ^s thefo™ 

M3 

i= 2. hkXi+k + y 
Mi ht 

gtyi-t- (3.37) 

This type is called a compound recursive filter rrank.'o.u • ¿ 

difference A/ as a delay, a filter of this form would'be atllTS8^/ 

ä «ti; ciÄofT“ r™rhin ,he 

not realizable 

Fig. 3.5. Compound recursive filter. 
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A somewhat simpler form of the recursive filter is given by 

M 

y¡ = CX¿ + Z, Vi-*- (3-38) 
*=i 

The analog implementation of this is shown in Fig. 3.6. The majority of the 
standard filters to be examined will be of this variety. When the term recursive 
filter is used hereafter without other modifiers, it is this latter filter that is 
being discussed rather than the compound filter defined by Eq. (3.37). 

OUTPUT 

Fig. 3.6. Standard recursive filter. 

One of the simplest recursive filters is 

y,- = ay,_i + (1 _ a) Xj, (3.39) 

where a = e (Af/ÆC), whjch is analogous to the low-pass RC filter in the con¬ 
tinuous case. The modulus squared of the transfer function is 

mi2 = 
yf/j 
X(f) 

(l-a)J 

(1 + a2) - 2acos(2ïï/Aî) 
(3.40) 

For a half-power point at/= fhp, then 

a = 2 - cos (2irfhpAt) - s/cos\2vfhpÃF) - 4 cos (2vfhpAt) + 3 (3.41) 

This filter is convenient for computing averages. To show this more clearly, 
the defining relationship can be rewritten in the form 
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^ = (1-a) at-lxj. 

If E [afy] * u, where the E denotes expectation, then 

E[y,] = E O“<0 ^ ahhj 
/==1 

(1 -o) £ a/ 
/-0 

(1 - a) / a'-/ 

/1. (3.42) 

Thus, this process may be used to estimate the mean of U;! with a time¬ 
weighting characteristic much like the RC filter. The procedure can be extended 
to estimating mean-square values. 

Another problem is the following: After how many intervals will an individual 
pulse be reduced to one-half its original output height? Suppose the followini 
conditions occur: 

y-l = 0 

Xj = < 

1 / = 0 

o / > 0. 

Theny, will have the following form: 

y, = ¿(I-a) 

and 

21 
yo 

a!. 

(3.43) 

(3.44) 

(3.45) 

Thus the value of k for which this ratio will reach one-half is given by 

ak =4- 

1_\1/* 
(3.46) 

Put the other way, 
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k in2 
ina (3.47) 

The k so derived is the half-life of the filter; for the given a, in k steps the output 
will be reduced to one-half of what it was originally. 

As seen in Eq. (3.45), y¡ decreases geometrically. The summation of all such 
IV/I terms is one. Another possible criterion would be to find the k for which 
the sum of the first k terms is one-half. That is, 

^a'O-a)*^- (3.48) 
1=0 

This would seem to be another form of half-life. Equation (3.48) can be re¬ 
written as 

I 
/=0 

which yields 

- * k-l 

2] a'O -a) = (1 -a) £ a' = (1 -a) 
/=0 

1-a* 
1 -a = 1 - a* % i. (3.49) 

a k 
2 

a = (3.50) 

Conveniently, this is the same as Eq. (3.46). 

Finally, returning to the topic of half-power points, the frequency at which 
the power is reduced to one-half is given by 

fhp 2ïïA/ cos .(1- a)2 
2a , a > 3 - 2VT (3.51) 

For a less than (3 - 2\/2), the absolute value squared of the transfer function 
is greater than one-half for all frequencies, so that there is no half-power point. 

3.4 Second-Order Filters 

The differential equation defining the second-order system is 

ÿ + 2f (2ir/n) j> + (2n/„)2 y = ax, (j.52) 
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VS í6 UndaiTd natural fre<luency and f is the damping ratio This 
relationship has a transfer function H whose modulus squared is 

1//(/)12 = 
Cf2 -/,2) + (2f/„/)2 

(3.53) 

íwJ A w2t' ' may !h0W tha,,he has its peak value wnen/ - fp. A suitable normalizuig value for \H(f)\ is 

“ = V(V -VY * 4f/„v/ = . (3.54) 

ThB aquation mil yield unity gain when/=/„. It also has been shown that the 

M -power bandwtdth B of the transfer function, i.e„ dte distance between 
half-power points for small f, is given approximately by 

B = 2/„f. (3.55) 

Therefore, if £ and/p are given and it is desired to find a bandpass filter with 

ÄlfnS:^ 
/„=- 

vT^lf7 (3.56) 

and 

132 (3.57) 

For/n >B, 

f % 
2/r (3.58) 

The digitel equivalent of the differential equation describing the second- 
order filter is a difference equation of the form 

y¡ = cx¡ + V,-, + V/-î> »=1,2. 

The variables and parameters are defined as follows: 

/»i = 2 exp [-2*4A/f] cos ^/„AtVP7?7] 

A2 = -exp [-4rr4A/f] 

(3.59) 
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f„ - undamped natural frequency of the system in hertz 

f = damping ratio 

c = a normalizing coefficient. 

The values for /ij and h2 given above are obtained by techniques described 
more fully in the next section. This function will have its primary poles in the 
same locations in the frequency plane as the poles* of the system described in 
Eq. (3.52). Thus, the undamped natural frequency and the damping ratios of the 
two processes will be the same. However, there will be deviations between the 
two transfer functions in other respects, as will be shown. 

The Fourier transform of Eq. (3.59) may be used to obtain the transfer 
function of the filter, //(/). The amplitude value squared of the transfer 
function is 

1^(/)12 = (3.60) 

__ > 

[1-Aj cos(2ïï/Aî)-/i2 cos(4rr/A0]2 + [hi sin(2vf At) + h2 sin(4ff/A0]2 

After taking derivatives and equating to zero, we may show 1//(/)12 to have a 
maximum where / satisfir s the following relationship: 

/1,(/1,-1) 
cos (2jt/A/) = - (3.61) 

Inserting the values for /i, and h2 given above and simplifying, we find that 

cosXp = cos (X„ Vl - f2) cosh (XMf), (3.62) 

where 

Xp = 2vAtfp 

fp = the peak (resonant) frequency 

Xfl = 2nAtf„. 

When f = 0, then Xp = \n as would be expected. Equation (3.62) may be 
rewritten as 

cos Xp = cos (Xn\' l — ?2) cos (j\nf) 

2 cos [X„(Vl-f2 + /?)] + cos [X„(Vl - f2 - /f)] • • 

*See Section 3.5. 

(3.63) 
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Note that the absolute value of the argument of the cosines in the above expression 
in both cases is simply It is not possible to solve Eq. (3.62) explicitly for 
Xn in terms of Xp and f since it is a transcendental equation. In fact, there are 
no solutions for some values of Xp and f. 

It would be convenient if digital parameters could be determined as readily as 
those of the analog case. Approximations may be used for large ß, Q = l/2f, 
where the analog results are probably quite accurate. That is, if B and fp are 
given, then/,, and f can be obtained from Eqs. (3.56) and (3.57). This can be 
shown by applying the approximation 

X 
cos* « 1 - — 

to Eq. (3.63). The result follows: 

¡y i gggg 
y i -{• 

For fp» (fMtrAi), which corresponds to a high ß, then Eq. (3.65) reduces 
to Eq. (3.57). 

A more general result can be obtained using pole placement. In Section 3.6, a 
general method for obtaining bandpass filters is given which reduces to the 
second-order case as the lowest order implementation. The pole placement 
procedure makes it relatively easy to place the half-power points exactly where 
desired. 

Also note that Eq. (3.60) may be written as 

(3.64) 

(3.65) 

1//(/)12 =-î-X 
(2e'X"r)2 

(3.66) 

[cos X - cos (X„ v/T-f5 + jÇ\)] [cos X - cos (X„ \/l --/fXw)], 

where 

X = 2rr/Ai. 

This shows more clearly the repetitive nature of the poles caused by aliasing of 
frequencies. 

A comparison of the two forms of the basic second-order filter is given in 
Table 3.1, which also includes expressions for the variance of the output when 
the input is white noise with one-sided PSD equal to N. 
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Table 3.1. Comparison of Continuous and Discrete Second-Order Füters 

ram WreiNINTIAL -- 

OIPrCRKNCI (QUATION 

MOOULUt IQUANCO RIAN »AND- 

WIDTH 

VANIANCK Of OUTPUT 

WHfN INPUT It 

WHITE NOISE WITH 

ONE-SIDED PSD U 
analo» «¡111 m »1 

“»•«nV!-? »•«vc 

v>>» 
N-n 

7T 
“'-«WtCbsn«)' 

0I9ITAL 
, c* estXpueot X„Vl-{r 

coih X„{ 

»-«vc 
N siph IÍXB 

♦i1*"1 [coiX-coiA] 

'[coiX-eoiB] 

*‘^n Vi*?' tJCXb 

»•xB,/Kr-j{Xn 

♦íIXbí J"** 

Uxb^I 

3.5 Higher Order Recursive Filters 

The basic recursive filter is, as given in Eq. (3.38), 

M 

y< = <Xi+ Y hkyhk. 

The transfer function of this operation is 

(3.67) 

W) = 
M (3.68) 

ext Äd 1'of EV3f ’is ■ ” r™» 
substituted fo, 1 expuúenW ' ^ "oulio". » l«ter is 
written a« 7 nr 1 / . xp°nential- Thus» the expression exp [-jlnfAt] is 
written as z or 1/z, dependmg on the author. Many characteristics of the filter 

ta te"ft^ nt 0f re!“l,! ^ accompbshed while retta- 

m«« jtulUve rKí"„'mnta„t Jth wtk trSleÍtT, 1 Tet 
that the necessary manipulations will be performed. " “ 6 
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^ W) be defined by 

M 

PM^f) = 1 ~ ^ A^e“/2irAAf 
Jt=l 

(3.69) 

pm(j ) is an A/th-order polynomial in exp l—ilirfAt] Thorof *u 

— of algebra, « Ä'exp“^'«^ 

ipiex’.JwMc^bev'lrr"' ^ V"UK «P 
A prime mark (') has been added loThé vÏÏê/toZote ZiT" 

iST ^ommarorof^iZZZoZp^Xl X 'Zcoir are' P^P®, standard complex variable mnZol^r, 

simply M poles, but rather an InfUtenumbeZf them ’h™*’ ^ 
conjugate poles appears once in the infinit,, et • h ¿ However> each pair of 
-l/(2Ai) < Ref/') < 1 (2At) ThP nnl«f * "P !" the comPlex Pla"e where 
parallel to the one defined by the latteHneZditv StrÍpS mnnin8 
Pl.ane for which the inequah^M ^ stnp of the complex/' 

As implied above the\a flhi7 f ' the pnncipal domain of/' 

imaginary parts and c’an be written Í theTo™ COmPleX VarÍab,C haVÍng reai 31,(1 

(j2nAt)f' = (J2irAt)f + (At) a. (370) 

mtpZZ ^variaw'f “suai 
poleZ Ute coÂZ^TLmdír ^«/"PPf'Of 

as.™* here means tha, A* is tte complex con^m of C Ät 

Am = (J2vAt)fm + Atom 

Am = -(j2vAt)fm + Atom. 

The quadratic term involving these is 

(3.71) 

Pm(f) = j _ e(Am-f2n&tf') 1 _ e(Am~j2n&tf') 
(3.72) 

Thus, when </W equalt either Am ^ ^ . ^ 
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M 
(f)= 1 — h/ç e“/2ff/iAí 

k=l 
(3.73) 

Thäi is, given the poles, the whole transfer function is uniquely defined fexcent mT0" ^ °f the » s Hcuuuiidnce oi tne filter. Common practice is to defW th» i 

damping ratio wül be denoted by Thus in If T i>inillariy>the y s m • i nus, in terms of these new variables, 

= fm Xm 

2nAtfm = XmVWl 

Am - Amn/I - fm “ fm \m, Xm > 0, > 0. 

These relationships are shown in Fig. 3.7. The angle 0m is defined by 

fm ~ cos 6 ft. 

(3.74) 

(3.75) 

Fig. 3.7. Location of poles Am and A 

way tney were defined, o wdl be negative when both Xm and f m 
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are positive. Stability is a term used in control theory to indicate that the filter 
output is bounded and has finite energy when the input is bounded and has 
finite energy. 

Example 3.5 Consider the filter defined by 

yimXi + ayt-x. (376) 
Assume the following: 

a > 1 

y-x = 0 

*0 = 1 

*/ = 0,/>0. (3.77) 

Then the output will have the form 

Vi * ai‘ (3.78) 

This function is unbounded because, for large enough i, a1 will be bigger than 
any finite bound chosen. The location of the single pole of this equation may be 
obtained from 

1 ~ = 0. (3.79) 

Solving this for /' yields (considering me value in the principal domain only) 

-jwAtf - -fina, (3.80) 

from which it follows, using Eq. (3.70), that 

Mo = fina. (3.81) 

Thus, whenever a is greater than one, o is positive and the output is unbounded. 
When a is exactly equal to one, then o is zero and a borderline case occurs: ;y 
is always equal to unity. While this is bounded, the energy output is infinite, 
whereas the input had only finite energy. 

Returning to the expression for Pm(f) and using the various definitions, the 
quadratic term can now be written as 

4(/)= [l-e(A«"A)][l-e(A«-A)] 

= [l - e ~ fm _ J ^ 

[l -e ^~ fm 

= [l - e~,Xe~tmXm - tm + ¿AmVl ' y ml 
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^(/)= [l -Ocos^Vr^) e*fm^i}c-A 

+ e”2^] (3.82) 

That is, the mth quadratic term in the denominator of the transfer function will 
a'ways have the form 

PmW = I - blm e“A - b2m e-2/X) ^3 83^ 

where the coefficients blm and b2m are defined by 

hlm = 2 cos (Xmx/l-fm) e~tmXm (3.84) 

and 

h2m = -e~2t^. (3.85) 

It is possible to have A*, as a real number as indicated in the previous example, 
in which case the mth factor rather than being quadratic is simply first order as 
shown in Eq. (3.86): 

PmW = ( 1 - <? *m e~A) = ( 1 - horn *'A) , (3.86) 

and 

bom = e Am. (3.87) 

In this case there is only one coefficient, b0m. The denominator of the transfer 
mnction therefore consists of a product of linear and quadratic terms as 
described above. It follows that 

= ( 1 ~ h0ie"/x) ... (l - b0pe~1*) 

• (l - Ô!,e_A - ¿2,e-2A) ... ( 1 - blqe-* - b2qe~^), (3.88) 

where 

M = p + 2q. 

The importance of such expressions arises from the fact that when the multipli¬ 
cation is carried out, the b coefficients can be combined to obtain the hk 
coefficients, which are the desired weights of the digital filter. Some examples 
will illustrate the point. ForA/= l,Pl(/) is given by 
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A(/)= 1 - b0le~ix = 1 - hxe'2^, (3.89) 

where 

hx - bQX. 

Thus for Px,hx and the b coefficient are identical. 

When there are two recursive terms, there are two possibilities: Either the 
poles are complex conjugates or they are unrelated and real. If they are complex 
conjugates, P2 is given by 

W>= I - bue-¡x - b2Xe-W, 

where 

hx = bxx 

and 

*2= b2X. (3.90) 

This case is discussed in detail in the immediately preceding section. On the 
other hand, if both the poles are real, P2 will be given by 

^2(/) = (1 ~b0ie~ix)(l -b02e~j*), 

where 

and 

~ ^01 + ^02 

^2 = ^01^02- (3.91) 

There are also two possibilities for P3. The first of these is one real root and two 
complex roots, in which case/*3 will have the following form: 

^3(/) = (1 ~boxe~fk)(\ -bxxe~ix-b2xe~2ix) 

= 1 -(¿>01 +611) if A -(¿>2, -ft„ftoi)<f2A -(¿01*21) e'3/\ (3.92) 

where 

hi = ¿01 + *ii> 

h2 = ¿21 “ ¿01*11. 

¿3 = -*01^21- 

and 
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If there are three real poles, then />3 will have the form 

W) = (l -¿oi<fA)(l -¿02í'/a)(1 ~b03e~/K) 

- 1 - (¿01 + ¿02 + ¿03) - (-¿01 ¿02 - ¿01 ¿03 -¿02 ¿03) e~ 2A 

¿01¿02¿03e 3/X, 

where 

(3.93) 

¿1 = ¿01 + b02 + ¿>03, 

h2 = “(¿Ol ¿02 + ¿01 ¿03 + ¿02 ¿03). 

' 

Thi number of forms that PM can take increases with the size of m. Thus 
wJl harre (a) four real roots, (b) two real roots and two imaginary roots’ 
(c) two pairs of complex conjugate roots. 

Bro» tnw f0r “T“"8 1 ** 1 ’ 8i,en the Poles' “ «“« •» Dan 
náh^í fu', ,î!SUn,mg ““ 0f ,he P0les ^ i"'» “"juga 

thTexpression ^ ^ ^ the 1 ‘‘1 be 

where 

(3.94) 

/¡(^/2) _ 
o 1 

¿£0) = 0, it ^ 0. 

The terms ] are intermediate for 8 < m/2. 

3 6 High-Pass, Low-Pass, and Bandpass Filters 

a™16 *c dDesign for an electrical low-pass fdter is often patterned after that 
developed by Butterworth [14]. The modulus squared of the frequency response 
junction of the Butterworth filter takes the form V P 

(3.95) 
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//(/) is the frequency response function of the filter, and fc is the half-power 
cutoff frequency. i.e., that frequency for which the amplitude squared of//(/) 
is reduced by half from its value at / = 0. The even integer K determines the 
sharpness of the slope of the squared gain of the filter; as K increases, so does 
the filter performance. 

A digital filter can be realized, as proven by Holtz and Leondes [IS], that 
has the same form as Eq. (3.95). Otnes [16] demonstrated how the filters 
could be synthesized. As will be shown below, a set of numerical filter weights 
t and c can be chosen such that 

1_ 

/ sin (irAr/) \2M 
\sin (irAtfc)/ 

1 
,0</< 

2At (3.96) 

This function is equal to unity for / = 0. For / = /c, the cutoff frequency 
1//(/)12 is equal to one-half. For / = l/(2Af), the folding (Nyquist) frequency, 
1//(/)12 0 for large M. Thus, over the domain [0, l/(2Af)], the principal 
domain in the digital case, this filter acts in a manner similar to the Butterworth 
filter. 

The method of realizing this filter is much the same as that used by Butter- 
worth; namely, through proper mapping of poles on the unit circle in the 
complex plane, as described in the preceding sections. As discussed previously, 
the definition of /must be extended to make / complex, so that //(/) becomes a 
complex function of a complex variable and is defined over the entire complex 
plane rather than simply along the frequency axis. Therefore, suppose that 

(îtAO/ = a + jß. (3.97) 

Here a and |3 are both real variables. When /3=0, then a corresponds to / in the 
previous sense. 

Examining Eq. (3.96), the denominator is zero when 

/ sin (nAtf)\2M + 
\sin (nAtfc)) 

1 = 0. (3.98) 

The poles of //(/) are roots of unity. However, they are not the Xth or even 
2/fth roots of unity. Rather, they turn out to be a subset of the set of the 4/fth 
roots of unity. 

The poles of the digital counterpart of the Butterworth filters are somewhat 
more complex. The expression for//(/) is periodic, as may be seen from Eq. 
(3.96). As usual, equivalent results can be obtained when the analysis is restricted 
to the range 

-2Ã,<R''< 
1 

2At 
(3.99) 
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All of the poles within the infinite strip defined by Eq. (3.99) will be repeated 
in strips running parallel to it. Suppose then that a filter with 2M poles is 

desired. These poles will have the form 

sin (ff/jiAr) = sin (rr/cA0 - sin ff 2 + Í V 2 

-/ cos 
ír ' 2 

= a( + jbi, /= (3.100) 

The set |fl/ + fb¡\ plus its complex conjugate form a family of 2AÍ poles in the 

left-hand part of the (a, b) plane. 
The next step is to define Of and 0/ such that 

sin (a*+ //¾) = a* + jbi. (3.101) 

The inversion of Eq. (3.101) is the complex arcsine function 

Oj + ¡fa = sin'1 (a/ + jbi) - -jin {/(«/+/&/) + VI ~ («/+/^/)1 }• (3.102) 

An alternate form of the same conformal mapping may be used. For the 
quadrant of interest, that is, for / = 1.M, the desired parameters may be 

found to be 

a,- = arctan sgn (a/), 

ßi = in(Ei), (3.103) 

where 

-Q + VQ2 + , 

and 
E¡ = VD/+ 1 + \^/> 

C, = 1 - (a,2 + b¡2), / = /,.M. 

The next step is a transformation of a, and ft to polar coordinates; 

X/ = 2 Va/2 + ßi2 

(3.104) 

f/ = cos 
a¡ 

-arctan I -r- (3.105) 
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An alternative definition for \ is 

X/ = \2nAtfi\ = 2 [(jrAO \f¡\]. (3.106) 

This reduces to the expression in Eq. (3.97). Some formulations would include 
the factor of 2 in the a and /5 terms. Care must be exercised to insure that there 
is no confusion on this point. 

Define the /th quadratic in the dummy variable Z by 

<h{Z) - 1 - 2Z cos ( Vv/T-f,-2) exp (-ftA/) + Z2 exp (-2ftA,). (3.107) 

The various powers of Z that result when the quadratic terms are multiplied out 
will serve as an index for locating the filter weights. Explicitly, the product of 
the M quadratic polynomials is then 

M m [J ç,(Z) 
/=1 

2M 

= 1-^ hkZk. (3.!08) 
*=1 

The set of weights I hk\ defined by Eq. (3.108) is the desired set of recursive 
weights. The single nonrecursive weight c is obtained using the formula 

2M 

c=1~Hhk- (3-109) 
*=1 

Summarizing the above steps, a computer routine written to generate such 
weights would 

1. Compute the M poles in the plane for which a > 0, /3 < 0. These poles 
lie on a quarter-circle. v 

2. Do the conformal mapping defined by Eqs. (3.102) or (3.103) and (3.104). 
The latter may be used on computers which do not have complex arithmetic 
software or when double precision is required. 

3. Combine each such term with its complex conjugate and form M quadratic 
coefficient triplets. 

4. Find the recursive weights by combining the quadratic coefficients. 
5. Finally, define the nonrecursive weight in a manner such »hat 17/(0)12 = 1 

thus normalizing the filter. 

Some problems will be encountered when this procedure is implemented. 
The nature of the difficulty can be seen more easily through the use of an 
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unstable fdter of the same type, that is, one having aU the roots of unity of a 
given degree. This formulation was derived by Otnes [16]. It is unstable, but 
the expressions for the weights will help gain insight into the nature of certain 

difficulties: 

where c = esc (rrAr/c), M = N/2, and N must be even. Tedious manipulation 

will show that the frequency response function has the form 

//(/) = 
1 

1 + 
sin (vfàt)\m 

sin(ir/cAi) 

(3.111) 

Note that this //(/) is completely real for real / and that its poles are equaUy 
spaced around the circle with center at the axis of the (a - ß) plane. The 

coefficient of the (i - M)th term is 

ftM = (-1)M 

* (-1)^ (2*) 

c 

—p=f+ sin^ (nfc At) 
\/nN 

(3.112) 

The sin^(ïï/cAf) portion of the expression may become small with respect to 
the 1/ViV term for certain values of N and /c. Depending on computer wor 
size the sine part of the expression will actually be lost out of the lower end of 
the’computer registers for large enough N. When this underflow occurs, the 
filter shape deviates drastically from that of Eq. (3.112). The degradation of 
the filter varies with the amount of underflow, and the filter shape may 
deteriorate completely when the sine term is lost. This problem carries over to 

the stable case, which uses only the poles in the 0 < 0 half-plane. 
High-pass filters can be generated in a like manner. The desired transfer 

function in this case has the form 
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\H(J)\2 = -!- 

1 + / cospr/AOV^ 
\cos(ir/cA/)j 

1 

Thus, in Eq. (3.100) the sin (nfcAt) term is replaced with cos (rr/c Ar), and jr/2 

is subtracted from the right-hand side of the a¡ term of Eq. (3.103). Alternatively, 
the high-pass set of weights {hk\ for the cutoff frequency fc may be obtained by 

computing the low-pass set of weights for frequency (l/(2Af) - fc) and then 

changing the signs for the odd-numbered weights from plus to minus. The 
single nonrecursive weight for the high-pass case is 

c 
2M 

- E '-'t***- 
*-i 

(3.114) 

Bandpass filters may also be obtained via this same conformal mapping. One 
expression for a bandpass filter which works well is 

l*(/)l’=---!-,3,,5) 
j + ^cos(2ffAr/o) - cos(2rrAr/)JAf 

The center of the bandpass is near, but not exactly at, /0. To see the action of 
this, consider the function g(/) defined by 

*(0 = [cos (2ffAf/0) - cos (2rrAr/)]. (3.116) 

TTie function g is equal to zero for / = ±/0 and is symmetric about / = 0. 

This property of symmetry is desirable for the filter form of Eq. (3.115) to be 

a possible candidate for a bandpass filter. Another requirement is that 

Wfc ± *)l3 » f (3.117) 

Here fc is the center frequency, and 2ff is the width of the filter between half¬ 

power pomts The requirement of having the half-power points at frequencies 

(/c B) ^(/c + can be met by properly defining /0 and A. Appropriate 
expressions are ^ 
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cos(2jrAi/0) = cos (2nAtfc) cos (2vAtB) 

A = -sin {2nAtfc) sin (2nAtB). (3.118) 

As usual, it is necessary that the poles of // lie in the left half of the complex 
plane. That is, expressions for// must be solutions of 

cos(2itAtf ) - cos (2ïïAr/) 
2M 

-1. (3.119) 

The solution for an A/th-order realizable filter is 

cos (2itAtfi) = cos \ (2vAtfc) cos (2nAtB) + sin (2jrAi/c) sin (2itAtB) 

sin 

cos " HH 
-/ sin (2vAtfc) sin (2irA:B) 

,/=1.M. 

This could be written as 

cos (a/+/0) = a/ +/6/, 

(3.120) 

(3.121) 

where 

ai = < cos (2vAtfc) cos (2nAtB) + sin (2nAtfc) sin (2nAtB) 

sin ' Î4 ri (3.122a) 

and 

bi = sin (2nAtfc) sin (2ïïArZ?) 

cos ,/= 1, .... Af. (3.122b) 

Making use of the fact that cos 0 = sin (n/2-0), we can express Eq. (3.121) as 

(2nAt)fi = a/ + /(3/ 

= j- arcsin [a/ +/*/],/= 1.M. (3.123) 
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The mapping is rewritten into this form because the previous mapping for the 
low-pass filter, with a few modifications, may now be used for this case. These are 

^arctan 

ft = 

«fen (a,). 

X/ = Va/2 + ft2 , 

and 

C = “Zj hk Co* (2^/o)J + ^ hk sin (27rAi/o)j . (3.124) 

Thus the basic arcsine transformation may be used to compute the weights for 
all three cases. The arccosine or arctangent mappings would probably work 
equally well. The fact that only one mapping need be used is convenient in 
computer implementations. 

3.7 Miscellaneous Topics in Filtering 

This section will discuss miscellaneous results of interest. The topics to be 
covered are polynomial filters, filter synthesis, and some special fdters and 
tillering techniques. 

Polynomial filters have been discussed by numerous authors. A polynomial 
tilter is one that will pass a polynomial of a certain degree without alteration 
while smoothing whatever noise may have been added to the polynomial. Such 
inters wouJd be useful when processing trajectory data. Ormsby [12] indicated 
and Bollinger [17] later proved that necessary and sufficient conditions for a 
tilter to pass an Mh-order polynomial without changes are 

1. //(0) = 1 

2. — //(/) 
df' /=0 

= 0, /= 1, ..., N. (3.125) 

There are many filters tnat meet these conditions, including the binomial 
ter discussed in Example 3.2. Unfortunately, many of the smoothing filters 

had as their only virtue the abUity to pass polynomials. One such filter is 
the following. 

Example 3.6 The moving average filter simply averages over (1M + 1) 
points; v , 
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y i = 
i 

(2M + 1) L 
k-~M 

Xfrk- (3.126) 

The transfer function of this may be found to be 

wm - sin [(2Af + l)ïïAt/] 
' (2AÍ+ l)sin(irAl/) 

(3.127) 

This function, which is the digital equivalent of (sin x/x), is certainly rot impres¬ 
sive as a smoothing filter. Its action is irregular and apt to fluctuate. Yet it is 
widely used, especially by the economists. It will, however, pass a linear term 
or a constant without alteration. 

One constraint which Eq. (3.125) places upon the filter is that the weighting 
function must be symmetric. This is because the derivatives must be zero, which 
tends to necessitate the imaginary part of the transfer function being zero. 

Nonsymmetric filters, such as the recursive ones described in the preceding 
section, in general do have a nonzero imaginary part and, thus, have a nonzero 
phase function. If that is a problem, it may be overcome easily, provided that 
the data are available in a reasonable form. The procedure consists of using a 
low-pass filter with half as many poles as would be required normally. The data 
are then filtered in the reverse direction with the same filter. The resulting 
transfer function would be of the form 

//(/) = -7= 
/i + A?in W)\2/? 

V \sinOrAr/a)j 

g/*!/) 

/ /sin (ïïAr/)\2^ 
lí1 y sin (ïïAt/a)j 

1 

/sin (irAtf) \2R 
[sin (vAtfa)l 

(3.128) 

The phase functions cancel, leaving //(/) completely real. Unfortunately, the 
half-power point is no longer at fa. In order to put it at the cutoff frequency 
fc, it turns out that fa must be given by 

sin (rrAi/a) 
sin (nAtfc) 

(3.129) 

That is, the filter used twice must have an apparent cutoff frequency fa defined 
in Eq. (3.129) in order to attain the actual cutoff frequency fc. The result of 
this is that the filtering action is not quite as sharp as when a single filter with 
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twice the poles and a nonzero phase function is employed. This may be seen 
from the following: 

(Transfer function of a simple 4f?-pole low-pass filter) 2 
[(Transfer function of the double 2/?-pole low-pass filters) 

(3.130) 

where X = \¡2- 1. Examination of Eq. (3.130) will show that the simple 4Ä-pole 
filter will have a modulus which is larger than the double 1R filter when 
0</</c and smaller, when fc<f< 1/( 2 At). EquaUty holds at / = /c. The 

-pole filter therefore more closely approximates the performance of the ideal 
low-pass filter. 

One important use of low-pass filters is in decimation. Used in this sense, 
decimation refers to the process of filtering the data and then throwing away 
data points. For example, suppose that, as usual, U/1 represents data points 
spaced with an interval At. The folding frequency is at l/(2Ar) Hz. An 
rth-order decimation would consist of keeping only every rth point. That is, 
keeping a single point, discarding (r - 1) points, keeping a point, discarding 
(r - 1) points, etc. The new sampling rate At ' would therefore be 

At' = rAt. (3.131) 

The new folding frequency therefore is 

(3.132) 

If the discarding is done without filtering, all the information above 1/(2/-A/) 
Hz will be aliased (folded) back into the interval [0, ll(2rAt)]. In order to 
avoid this, the data must be filtered to eliminate the information on the interval 
[l/(2rA/), l/(2Ar)]. This may be accomplished through the use of a low-pass 
filter with its cutoff frequency at l/(2rAf) Hz. 

Example 3.7 Suppose that a certain launch vehicle has a transducer sampled 
by the ADC at a rate of 400 samples per second. The launch vehicle is active for 
a period of five minutes. It is desired to plot a time history of the transducer on 
a piece of graph paper 30 inches long. 

The flight (at least the part to be plotted) is 300 seconds in duration, or 10 
seconds per inch of plot. This would result in 4000 data points per inch on the 
final plot. The plot would look “hashy,” it would take a considerable amount 
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of computer time to generate the plot tape, and a correspondingly large amount 
of time for the plotting device to turn the tape into the desired graph. 

On the other hand, if a lOOth-crder decimation is performed, then only 40 
points per inch (or a total of 1200 points) will be plotted. For a small computa¬ 
tion cost for the filtering, the cost of plotting may be cut by a factor of 100. 
In addition, for the purpose of getting an overall idea of what the data function 
is doing during the flight, the filtered plot may very well be more intelligible 
than the unsmoothed one. In this example, 

At 
1 

400 
0.0025, 

r » 100, 

At' = 0.25, 

fN - 200 Hz, 

and 

fÑ s 2Hz‘ (3.133) 

The cutoff frequency for the low-pass filter is 2 Hz. Either an Ormsby filter as 
described in Example 3.4 or a recursive filter as described in Section 3.6 is 
suitable, the latter being much cheaper to use. 



CHAPTER 4 

FOURIER SERIES AND FOURIER TRANSFORM 

COMPUTATIONS 

4.1 Standard Fourier Transform and Fourier Series Evaluation 

Fourier series and, more generally, Fourier transforms arise repeatedly in the 
analysis of vibration time histories and other time series. In addition to simpli¬ 
fying theoretical analyses, certain data analysis questions are answered via 
Fourier transforms. In the case of digitized data, the Finite, discrete Fourier 
transform is most important. The classical Fourier series is, for all practical 
purposes, computationally identical to the Fourier transform although they 
differ theoretically. Thus, attention may be directed toward the more general 

Fourier transform. 
The continuous, infinite-range transform as discussed in Section 1.4 is 

X{f) = x(r) e-iW dt 

x(t) cos 2-nft dt - i f x(t) sin 2nft dt, -«></<<». (4.1) 

Attention shall be subsequently concentrated on the finite transform computed 
from discrete data: 

N-l 

Z{f) = At £ z(0e-iW“, (4.2) 

/=0 

This differs from Eq. (1.75) in that the complex variable z rather than the real 
variable x is used. The sequence Iz(/), /= 0, ..., N - 11 is allowed to be a 
sequence of complex variables. For a real sequence \x¡, i = 0,..., N - l!, the 
cosine and sine transforms will usually be evaluated separately: 

N-l 

(4.3) 

N-l 

(4.4) 

81 
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If no attention whatsoever is paid to computational aspects Eo (4 7) i. 

^ S’l11’ " frc,,uencj' md thi sinauons 

compmalXt !meS ”d C0StaM ^ ^ 
1. Evaluate i • At • 2n = d, 
2. Compute cos 0, sin 0, 

3. Compute x¡ cos 0, x¡ sin 0, 

4. Accumulate both sums, 

5. Test for (N—l)th data point, 

6. Increment /, return to (1). 

™S l^VZoT,',11 T?” 'í“' 542 <“c 00 IBM 7090. Thus, for 

^=3101«. tt re<,uircs 
I“* = 3.1 sec. If ,11 possible 500o'frequency^, 

computing time would be over four hours The usual r 

pom« a, which to enh,,. Ore Fourier mmsfo™ or“ ‘ ^ 

/t 1 W* I * * = 0 .... N/2. T NAt 

The cosine transform then becomes 

(4.5) 

Xk = X(kAf) = £ Jc/cos 2n^,k = 0,1, ..., N/2. 
/=0 

Now, sines and cosines can be evaluated recursively: 

2nk ,. 
N 

COS~(i+ 1) 

u 

2irk 
N 

sin ~ (/+ l)J 

2nk 
N 

2irk 
N 

cos 

sin 

- sin 

- cos 

2itk 
N 

2irk 
N 

2vk ' 
CO. 

L! 
.• 2jrA: , 

N 1 

(4.6) 

' = °. 1.N/2. (4.7) 

The computing procedure then becomes 

1. Compute cos [2^(/+ l)/N] and sin [2ir(/+ l)/N] recursively. 
¿. Compute Xi cos 0, xt sin 0, 

3. Accumulate both sums. 

4. Test for the (N— l)th data point, 
5. Return to (1). 

6. Repeat .Steps 1 through 5 N/2 times 

In a carefully constructed machine language prognun, the above takes ah™, 

maclune cycles, or about 142 (.sec on the IBM 7090. If 1000 data point! 
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are involved, then 14,200 /rsec = 14.2 msec are necessary for each frequency 
point. If 500 frequency points are evaluated, the total time is 103 X 7,100 
jusec = 7.1 sec. If 10,000 points are involved, then the time is 142,000 nxc = 
142 msec for each point and 710 sec for the total job. Hence, about 12 
minutes is required in this nominal case for just the basic computations. Time 
requirements for data input, printing, and plotting of results are additional. The 
computational time grows as N1, and the time requirements can quickly become 
excessive. Record lengths of 5 to 10,000 points are not unusual in vibration 
data analysis, hence the motivation in this field and others for efficient computa¬ 
tional techniques. 

4.2 Fast Fourier Transforms 

Recently, algorithms that reduce Fourier transform computational times by a 
startling degree have come to light. In 1965, the first widely noticed publication 
of a high-speed algorithm occurred [18]. The crux of the procedure has been 
traced back to at least 1928. The approach followed by Gentleman and Sande [19] 
and Bergland [20] will be used for expository purposes here. 

The algorithms are most simply designed for complex sequences. Thus the 
formula analyzed is the following: 

N-l 

Z* = I] zi exP 
/=0 

-/ 
litik 
N 

k = 0,1, ..., N - l. (4.8) 

The factor At is omitted to simplify notation. It serves as a scale factor and only 
becomes important when the plotting and printing of results are involved. 
Some further simplification in notation is desirable. The following notation for 
the complex exponential is introduced: 

W = exp (4.9) 

Then the complex exponentials in Eq. (4.9) become 

Wik = exp 
. 2mk 

7 N 

Equation (4.8) is then rewritten to become 

(4.10) 

N~\ 

Zk^J^ZiW*, k = 0,1, ..., N-l. (4.11) 

/=0 

The fast Fourier transform (FFT) algorithms may be developed when the 
number of data points is a nonprime (composite) integer. Consider the simplest 
case N = A X B. Equation (4.11) can be rewritten as 
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B-l 4-1 

Z(c+dA) = 2] Z] z(ft+flß) W(b+aB)(-c+dA\ (4.12) 
b=0 a=0 

where 

i = (b+ aB) (time index) 
k = (c + dA) (frequency index), 

a, c = 0,1, ..., A - V,b,d = 0,1,...,B- 1. 

The exponent of W in Eq. (4.12) can be expanded to give 

W(b+aB)(c+dA) = tybc yybdA ^acB yyadAb 

= WbcWbdAWacB (413) 

This is true since a and d are integers and the complex exponential W raised to 
any integral power is unity. A directly related fact used later is that 

exp -1. (4.14) 

Equation (4.12) can now be rearranged since portions of the complex exponen¬ 
tial can be factored out from the innermost sum. Thus, 

fi-1 4-1 

Z(c+dA) = £ E Z(^aB) Wbc WbdA WacB, 
b=0 a=0 

5-1 4-1 

= Y WbdA 2] Z(b+aB) WcBwbc, 

b=0 a=0 

c = 0,1, ...,4 - 1;í/= 0,1.B - \. (4.15) 

Now, if it is assumed that the complex exponentials have been computed in 
advance, then the number of complex multiply-add operations necessary to 
evaluate the double summation of Eq. (4.15) is AB(A + B) rather than {AB){AB\ 
as it would be if Eq. (4.11) were evaluated directly. 

To evaluate this number of operations, first note that 

WbdA = exp 

= exp 

• 2ir , . 
/ B bd 

. 2v 
~J~AaC 

b,d = 0, 1,...,8-1 

fl.c = 0, 1, ...,4 - 1. (4.16) 
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These are precisely the exponentials needed for a fi-point and an yl-point discrete 
transform, respectively. Equation (4.15) can be recognized as a sequence of two 
Fourier transforms applied to data sequences of length ,4 and respectively. 
Redefine the original data as 

“b(a) = z(b+aB), 0 = 0,1,...,/1-1 
¿ = 0, 1, .... - 1. (4.17) 

In terms of a digital computer core storage, the data have been relabeled as B 
sequences, each of length A. Figure 4.1 illustrates this for /1 = 2, £ = 5, iV = 10. 

1(0) 

id) 

i(2) 

t(3) 

1(4) 

i (5) 

1(6) 

1(7) 

1(8) 

¡(9) 

Fig. 4.1. Storage arrangement for ten points. 

Now, the B Fourier transforms of the ub(a) (each of length/1) are computed 

A-l 

(4(c) = £ Ma) 4 = 0.1.a - i. 

For the example A = 2, B = 5, the results are stored as shown in Fig. 4.2. 
Now each value Ub(c) must be multiplied by the quantity Wbc, termed a 
“twiddle” factor by Gentleman and Sande [19]. Define the new quantities 

vc(b) = £4(c) Wbc. (4-19) 

Now, A Fourier transforms of length B are computed, namely 

fi-1 

J'cOO = vc(¿>) d = 0, 1, ..., £ - 1, (4.20) 
b=0 
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Fig. 4.2. Storage after the first operation. 

where 

emoted ! "" of ^ “S“““ hlls b«n 
2T, ,h? !" Mni “ '"o*" in F«- 4-3- I* *<»■« be 

mmtr,at of O” Fo“™' transfonned «lues is not the tame 
a. that of the ««rol data. 71m fact requires that the results be shuffled in 
core storage to obtain the meaningful arrangement. This will be illustrated in 

.wtti"„ bl 0f*= 2P- 3316 number of multiply-add operations 

B • A • A 

operations for the B transforms of length^ plus 

A • B • B 

lor thM transforms of length B. The toW number of multiply-add operations 

D ' O — An [A +Ä). 

In practice, programming the algorithm for N as a power of two has special 
van ages. In this case, the intermediate transforms are two elements and the 

exponentials have values of +1 or -1. mis allows complex multípSatl 
operations to be avoided and saves additional time. For Ar= 4P, simihr savings 

can be accomplished since the values of the four exponentials ari +1,+/, -i 



Fourier series and transform computations 

V0(o) 

V0(i) 

V0(t) 

v0(») 

V0(*) 

v,(0) 1 
V,(I) 

V,(t) 

V,(s) 

V,(4) 

FW-4.3. Final storage 
«rangement. 

Operationscan stiUfc SeTt^a kíge «?em<ii^iUalIy, COmpleX 
prime factor, however and seal,™™? 1 nt Power of is the smaUes 
data points to obtain an appronriat! ^ augrnented ^ zero-valut 
In some applications, it is meJLfJ T insunnountab,e Problema 
(possibly overlapping) records and obt ^record into Sorter lengtl, 
tion will now belted to °f transforms- Atten- 

Two basic versions of th,.. ÏT " °f length2P. 
ofBergland [20J isfollowed. Phst.^eMce^ the approach 

’ 016 màx<** » and * in the binary notation 

1 ^ lp-\2P~l + ip-22p~* + ... + /0 ■ ..., /0) 

^Vi2P-> + Va2P-*+... + *0.(Vi.^o)( (42j) 

™ ^ ^ ° « >• *> to«™* 
Then for example, the number 5 is ** dlCeS, consider 016 c>* = 23 * g. 

'•5..-1.2» + 0.2M.2„.I0Ii.(li(U)_ 

to btoiy (¿’ WMp“fî^,n^r b*^ Jhu' to component, I, and *, 

bit. The equation for the Fourier tran.f bit t0 016 lea*t significant 
wth the indices raised and enclosed in pareTth^’ ^ ^ * n°W 
form: 1,1 Parentheses because of their complicated 
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1 1 1 

z(Vi2P"'+ V-22P'2 +- + ^)= £ £ ••• £ 
/0=0/i=0 ip- j =0 

Mip-,2P->+ip-22P-2 + .../0)H//* 

’LL L 
i„=n i. =n .- - /o=0 /1=0 ip- j =0 

X ^-1.^-2,...,/0)^, (4.22) 

where each successive summation consists of two terms. Now, as was done in 

Eq. (4.13) for two factors, the complex exponential can be expanded. When 

the exponent of W is expanded, it is seen that integral powers of e~i2n may be 

factored out and thus disappear since any integral power of e"/2ir is unity. For 

example, consider the product of only the , bit position in the k index with 
the entire i index: 

N = 2P in exp [-j2n/N] is cancelled, leaving integral powers of exp [-/2ïï] . 

Hence, in each successive summation in Eq. (4.23), the dependence on the bit 

positions greater than (p — i + 1) is eliminated. This allows successive portions 

of the complex exponential to be factored out of the inner summations as 
constants. 

Recursive equations that have the ultimate effect of reducing the amount of 

arithmetic may now be directly obtained. Consider the innermost sum first, 
that is for k = p. Then, Eq. (4.22) becomes 

Z(kp-i.k0)~ ^ 

/0=0 /1=0 /p-2=0 

X K/*(ip-22p 2 + ... + /0) 
(4.24) 
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The innermost sum is performed over the two values 0 and 1 of the bit /p- j. 
Thus, the bracketed quantity in Eq. (4.24) is a function of ip-2, ip-3, 
and k0 and may be written as 

A i(k0, ip-2, ip-3, • • • > *0) 

1 

/p-l = 0 

The second stage in the recursion is 

^ 2(^0» » lp-3> • • • > *0) 

1 

(4.25) 

= ¿ ^l(^0> ip-2>ip-3i •••» lo)H,(*,2+*o),P"22P"2. (4.26) 

'>-2 = 0 

In general, for the 8th stage 

¢(^0) kj,..., kg-j, ¿p-i-¡,..., i'o) 

1 

= -4«-l(^0,^l» ...* fc*-2> *p-*> •••»'o) 

ip-g~0 

X ti,(kg-i2t~l + ... + k0)ip-g2P * (4.27) 

This is termed the “Cooley-Tukey” fast Fourier transform algorithm. As noted 
in Refs. 19 and 20, an alternate form of the algorithm (the Sande-Tukey version) 
can be obtained if the roles of the indices are interchanged in Eq. (4.23). The 

recursion is 

Ág(ko,k¡,. ., kg-i, ip-g-i,... ; io) 

1 

= ^ Ag-i(ko, k¡,..., kg-2, ip-g, ■ • •, io) 

ip-g-0 

X fi,kg-12t't(ip-g2P't + ... + i0) (4 28) 

This recursion corresponds to .he two-factor derivation appearing earlier in this 
section. For both cases, one begins with the original data 

Âo(ip-i>ip-2> • • • > lo)= ^oOp-ii *p~2» • • • > *0)- z(*p-l»*p~2> • • • » '0). (4-29) 

and ends at the pth application of the recursion with the Fourier coefficients 
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.M = ^(t0,*,..*,-.)■ (4.30) 

TtafifÏÏ IT f“í relUlt ta iX binay «’"'PO"“« of its index revernid 

./o) 

= + ... + ^)^28-1 

1 

X 2] .kt.2,ip.iti0)n^i-iip-t2P~1 i43 
ip-s=0 y ■ ' 

*•— 

the totC'te V"Si0n req“te! a of ,h' ««-"ion. Ut 

fil(*0.»p-2. ••■,/<))= WkoiP-l2P~2 

The second stage is 

x ¿ M'P ¡, 
'ot-i=0 

(4.32) 

B2(k0,kl, ip-..i0) 

= ^12+^0)^-32^-3 

1 

ip-2-0 

The Cth stage of the recursion is 

Bi(k0’ki. 

= *i2 81 + ... + *o)/p-j_|2P“®-1 

1 

2] Bt-i(ko>k\,...,ki-2,ip-t),.'tj 
/p-i=0 

(4.33) 

X 
(4.34) 
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The quantity Bt is related to ,4 * in the other form of the recursion by 

Bdko,klt ..., .Iq) 

= i4g(A:o,..., ^g-i, ip-g-i, ..., t'o) 

X 1 + ... + *o)/p-g-i2P i 1 (4 35) 

Substituting Eq. (4.35) in Eq. (4.34), it follows that 

Adko'ku-'.'ki-uip-t-i./,)^-12^ + ...-^0)^-,2^ 

= ^£-128-1^ ...+^-8-12^8-1 

1 

* ^ ^8-l(*0. ^1» . ^8-2. (p-8. . lo) 
ip-8=0 

X k/(*8-228-2 + ...+ *o)ip-82P-8 ^/p-gArg-^P-1 

= J(/(*8-i28 1 + • + *o)ip-g-i2p-8-1 

* ^ -^8-l(^0»^l. ...» ^g-2,ip-g, ..., ifl) 
ip-g =0 

X n/(*g-l28 1 + Arg-228"2 +... + *o)ip-£2p-8 
(4.36) 

Thus, the recursions are equivalent except at the final stage where the twiddle 
factor is omitted. 

The summation appearing in both recursions can easily be written out in full 
to obtain one final form for programming, 

a. The Cooley-Tukey version: 

*g-i 

i 
üeí^o»^1 > • • • »^g-2> 0 >*p-g-i.io) 

ip-t 

i 
— [^8"l(^0> ^1. « • •, kg-2> 0 ,/p_g_|, ..., /,)] 

+ /?g-j(ko,k\,..., kg-j, 1,(p-g-j,..., i’o)] 

X k/(*8-î28 2 + ... + *o)ip-g-i2P 8 1 
(4.37a) 
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*8-1 

i 

..., *g-2> 1 > ip-t~l> • • • < h) 

ip-i 

I 

= [-^S-lí^Oí > • • • » ^8_2' ® i *p - 8-l> • • • • *0) 

- Z?j-l(*0> *1> • • • i *8-2» 1» *p- 8-1» • • • » ^o)] 

x ^8-228-^ •••+ *oVp-e-i2p"i'1 

ß = 1, 2, p- (4.37b) 

b. The Sande-Tukey version: 

*8-1 

I 

i4e(*o> *1» • • • » *8-2» 0 , Ip-8-1) • • • » (o) 

»p-8 

I 

= 8-l(*0> *1» • • • > *8-2» 0 , Ip-8- 1 > • • • » Íq) 

+ j4 j-i(*o> *1» •••> *8-2» Íp-8-l» • • • > io)] 

*8-1 
4 

)(^-8-12^^+...+/°) (0) 2Î_1 (4.38a) 

*8-1 

4 

í48(*o» *1» • • • » *8-2» ^ » ip-e-i» • • • » *0) 

ip-8 

4 

= M8-l(*0> *1» • • • > *8-2» 0 » ip- Î- 1» • •• > *0/ 

— í48-i(*o» *1» • • • > * 8*2» 1» ip- 8-1» • • • » i°)] 

*8-1 
4 0 

xkXV-'2'"''1* ■■'*'«) <» !''' (4.38b) 
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This form illustrates that the difference between the two versions can be 

characterized by the twiddle factors, which are 

a. Cooley-Tukey (C-T) 

= ^(*8-22s'2 + •••+*o)'p-e-i2p 8 1 (4 39) 

b. Sande-Tukey (S-T) 

= n/0p-i-i2p"8M + ...+ io)*i-i28 1 (440) 

In principle, the two versions require the same amount of arithmetic. In 
practice, the Sande-Tukey version is sometimes simpler because of the exponent 
for W. In both the C-T and S-T versions, from Eqs. (4.37) and (4.38) it is seen 

that the index required for B c or /1 j can be broken into three parts: 

Part 1 
__A_ 

^02^ + ^2^+ - -- + *«-22p 
e-3 

Part 2 ,-*-N 
+ 

Part 3 

(4.41) 

Note that exponent (A:í-228'2 + ... +^o)*p-«-i2p 8 1 in the C-T twiddle 
factor is a bit-reversed version of the first part of the index (Eq. 4.41) multiplied 
by a power of two. In the S-T version, the exponent (ip-í-i- 2P 1 + ... 
+ i0)2p"1 is the third part of the index (Eq. 4.41)-not bit-reversed-multiplied 
by a power of two. Thus, in some instances it is easier to perform the tally 

necessary to obtain the complex exponential argument for the S-T version than 

for the C-T version. 
The equations for the algorithms may appear simpler if some specific examples 

for the binary indices are illustrated. Consider the case when p = 4 and 
JV = 24 = 16. Then the decimal and binary indices are 
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DECIMAL 

z(Oio) 

zOlo) 

z(10io) 

z(15io) 

ANALYSIS OF DIGITAL DATA 

BINARY 

z(0 • 23 + 0 • 22 + 0 • 2 + 0) 

z(0*23 + 0*2:: + 0-2 + 1) 

z(l • 23 + 0 • 22 + 1 • 2 + 0) 

z(l • 23 + 1 * 22 + 1 • 2 + 1) 

z(0,0,0,0), 

z(0,0,0,l), 

2(1,0,1,0), 

2(1,1,1,1). 

Further consider the indices involved in Æ j for the 8 = 2nd stage of the recur¬ 
sion. Equation (4.37a) and (4.37b) become for this case 

Æ2(fco,0,i'i,ïo)= Pi(*o.0,íi,/o) + 

^2(^0,1,^1,^0) = l^i(^o,0,ii,fo) _ ^1(^0,1,^1,^0)]^0^0^1 

The new results B2 are stored as indicated in Fig. 4.4. 

MCMORY AOOMCII 

OOOO 

0001 

0010 

0011 
0100 

0101 
0110 
011 I 

DCCMM. ilNARV k0 I, l„ 

0,(010100) 
0,(010101) 
0,(010110) 

»''ok)* 

© o»0* 0t (OlOlOO) 

0,(0(0101 ) 
0, (0)0110) 
0, (OlOlI I ) 

(OlllOO) 

(Oil 101 ) 
(OllllO) 
(omii) 

10 mi 0, (nun ) 0,(l|l|ll) 

Fig. 4.4. Illustration of storage at second stage of recursion for p = 4. 

In some respects, the programming necessary to implement the fast Fourier 
transform algorithm reduces to a fairly straightforward procedure. First con¬ 
sider the diagram in Fig. 4.5, which is an extension of Fig. 4.4. This diagram is 
for the case yV= 23,p = 3 and is taken from McGowan [21]. Solid lines indicate 
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that the quantity in the location at the beginning of the solid line 
r»-Raised to the power in the elide, added to the quantity fiom the dashed Ze JtZ to S.« indicated location. Fo, exantpie, in Ute tat iteration 

Ïa ». 0) H multiplied by if0, added to r(0,0,0), and stoied ,n location with 

binary address (0,0,0). In equation form, 

Zi(0) = z0(0) + z0(4) 

Fig 4.5. C-T algorithm diagram, AT = 8, p = 3. 

This diagram is an implementation of Eq. (4.27). The relation H'"'2 = -1 « líâ as There are always pairs of exponentials differing by A^/2. Thus, only one 

multiply is performed, followed by an add in one case and a subtract in anothe . 
Note ^also the patterns that appear in the diagram, in that operations are in¬ 
formed on blocks of data whose lengths are divided by two at each stage of the 
recursion. Facts such as these simplify determining the locations in which data 

must be stored and in turn simplify the programming. 
?he Mowing rules for the algorithm are due to C. M. Rader, according to 

McGowan [21] .The exponents of the complex exponential are determined from 

ihefoUowingMer ^ ^ ^ of the /th node m the 2th array (for the 2th 

recursion) is found by (1) writing the binary number /, (2) seating ^lftu^1 ¿ 
(p - 2) places to the right, and (3) reversing the order of the P bits. Thusj 
arrav 2 the last element, ß2(7),has binary address 710 - 1112. Scalmg 
p - 2 =’l place to the right gives Oil, and reversing the order of the bits gives 
1102 = 6,0- This rule follows directly from an examination of the exponent of 

W The^gtoof the solid and dashed lines is determined by the Mowing rule: 
2 In Z 2th array, node / has a solid line from a node in array (2 - 1) whose 

iocation Is the same except that the bit in position (p - 2) must be a one. The 
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dashed-arrow origin is determined similarly. The only difference is that the bit 
in position (p-i) must be a zero. 
These rules can be compared with Eq. (4.27) and their origin determined by 
careful inspection of the subscripts. The final iteration indicated in Fig. 4.5 
is the rearrangement obtained by reversing the order of the binary digits of an 
index. In an actual program, the bit-reversal procedure can be accomplished in 
various ways: 

1. A reverse tally can be maintained where high-order bits, rather than low- 
order bits, are added in. 

2. The following two-step recursive procedure can be employed: 
(a) Test leading bits of the previous index, setting them equal to zero 

until a zero bit is found. 

(b) Set this zero bit to a one bit, and tins is the desired inuex. 
For example, when p = 3, we begin with 0002 = 0|O. Obtained fiom this is 
1002 = 410, which is 0012 = 110 with bits reversed. Obtained next is 0102 = 
2 io, etc. The authors have been told that computer instmetions exist to 
accomplish this, but know of no specific examples. Note that the S-T algorithm 
does not require a bit reversal for the complex exponential argument, whereas 
the C-T version does. Both versions require bit reversals to rearrange the 
final results. 

The complex exponentials can be determined in advance and stored in a table 
or computed as the calculations proceed. In generating in advance, the recursion 

. 2nik . 2n(i-l)k . 2n 
e’ N - e~ N N 

Wik = W(hi)kW (4.42) 

should be used. In teims of sines and cosines, this is Eq. (4.7). If the complex 
exponentials Tre computed as required, standard sine/cosine subroutines are 
employed. This does not normally result in any significant loss of computa¬ 
tional efficiency. This is true since only N complex exponentials are necessary. 
The computing tine for an IBM 7094 system sine/cosine subroutine is about 
250 X 10 6 seconds. Thus the time for an 8192-point case would be about 

T = 8192 X 250 X 10~6 < 104 X 250 X 10"6 = 2.5 sec. 

Computational times of such magnitude are easily lost in the system overhead. 

4.3 Matrix Formulation of Algorithm 

In McGowan [21], an alternate approach to a characterization of an EFT 
algorithm is presented. This explanation is in terms of factoring a matrix. It is 
analogous to decomposing an aircraft maneuver into its roll, pitch, and yaw 
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The actual computations necessary for performing a transformation of coordi¬ 
nates can thus be broken down into three two-dimensional matrix-vector 
multiplications rather than one three-dimensional matrix-vector multiplication. 
The number of operations for the single three-dimensional multiplication is 

No. Ops. (3-dimen.) = 32, 

while for three two-dimensional multiplications, 

No. Ops. (3 2-dimen.) = 22 + 22 + 22 = 2(2 + 2 + 2) = 12. 

If the above is generalized mathematically to four dimensions, 

No. Ops. (4-dimen.) = 42 = 16 

No. Ops. (4 2-dimen.) = 22 + 22 + 22 + 22 = 2(2 + 2 + 2 + 2) = 16. 

For a five-dimensional rotation, 

No. Ops. (5-dimen.) = 52 = 25, 

No. Ops. (5 2-dimen.) = 2(2 + 2 + 2 + 2 + 2) = 20. 

The time savings that can potentially materialize from this approach when the 
dimension of the transformation becomes large enough are readily seen. Roughly 
speaking, this is what happens for fast Fourier transform algorithms. A dis¬ 
crete, finite Fourier transform of N data points may be viewed as a rotation in 
W-dimensional space. In mathematical terms, it is an orthogonal linear trans¬ 
formation. The exponent for W also specifies its position in the matrix. In 
matrix equation form, 

*1 

*2 

K/0-0 jpOl ^,0-2 

V10 H/l-1 H/1-2 

K/2-0 14/2-1 )4/2-2 

)4/0-(/V-l) 

H/HJv-n 

)4/2-(^/-1) 

AjV-i j4/(Ar-l)-0 i4/(A/-l)-l W(N-\)-2 ... )4/(JV-l)(A/-l) 
XN~ 1 

(4.45) 
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or in matrix notation, 

X = Wx. (4.46) 

For the special case A' = 23 = 8, p = 3, the matrix is 

W = 

11111111 

1 H'1 W1 W3 K'4 Ws W6 W1 

1 W2 IV4 IV6 h'8 IV10 1^12 H'14 

1 W3 IV6 H'9 W12 W15 H'18 W21 

1 W* IV8 IV12 W16 H'20 K'24 W28 

1 IV10 H'15 IV20 1V2S IV30 H'35 

1 W6 W12 IV18 W2* W30 W36 W*2 

1 W2 IV14 V21 IV28 H'35 IV42 IV49 

This matrix can be factored into p + 1 = 4 matrices 

W — w w w w ~ “3 “ 1 “0 > (4.47) 

or, in general, the factorization is 

W — 1A7 IA/ W W ” Wp-1 ... Hi TVo- (4.48) 

The last matrix, Wp, is always a permutation matrix, which performs the 

reversed-bit memory location reordering. 
The W matrices for the Cooley-Tukey factorization for the special case 

N = 23 are 



100 

Wn = 

w2 = 

w, = 

w3 = 

1 

0 

0 

0 

1 

0 

0 

0 

1 

0 

1 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

0 

0 

0 

0 
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The term IVo is, of course, the same as unity. It was used rather than one to 
illustrate the symmetry. When the programming is specialized to take advantage 
of the specific forms of the matrices (i.e., does not multiply by zeroes or ones) 
the time savings of the algorithm result. 

4.4 Important Related Formulas 

In the application of fast Fourier transforms to spectral and correlation 
analysis, a number of specialized relations regarding finite discrete Fourier 
transforms are useful. Many of these relations are noted here. A detailed 
discussion of their application to corrélation and spectra is left to Chapters 5 
and 6. 

The basic FFT algorithms are developed for complex data sequences. When 
applied to time series data analysis, real data are collected and, thus, transforms 
of real sequences are desired. Two real transforms may be computed simulta¬ 
neously by inserting one time series in the rea' part and one in the imaginary 
part of the complex sequence to be transformed. In equation form, 

Zi = Xi+ jyi, i = 0,1, ..., TV - 1. (4.49) 

The transforms of x, and y¡ then are 

and 

*k = 
Zk + Z*N-k) 

(4.50) 

Yk =Zk *¡N— , * = 0,1,..., yV/2, (4.51) 

where Zjy = Z0, since the transform of a real data sequence is periodic with a 
period equal to that of the Nyquist frequency. Equations (4.50) and (4.51) are 
only unique out to k = N/2. That is, in terms of discrete transforms, if N real 
data points are transformed to N frequency points at spacing l IT, the Nyquist 
frequency occurs at the (/V/2)th frequency point. 

The derivation of Eqs. (4.50) and (4.51) is straightforward. First, the 

transform is 

N-l . Uik 

Zk = £ [*i + />/] e’ N , k = 0,1.N - 1, (4.52) 

i=0 

where 

1 1 
NAt 

(4.53) 
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Note that 

InHN-k) 2itik .link 
e N = e-jni e‘ N = e’ N ' 

since e~i21" = 1. Equation (4.50) is obtained directly: 

(4.54) 

[zk+Z(N-k)] = [Xi+jyi] e ' N + y [x. + jy.} e~i ^ 
/=0 

-/ 
2nik N-l . 2nik 

/=0 

/V-l . 2nik 

= 2j: x, i1 ~fr 
/=0 

= 2Xk, ^ = 0,1,...,^/2-1. 

Equation (4.51) is obtained similarly. 

The fast Fourier transform algorithms are naturally adapted to methods for 
doubhn8 the length of data sequences that may be accommodated by the basic 
algorithm. For N-2P, each stage of the algorithm divides by two the number of 
points in the sequence upon which the corresponding final results depend. For 

*‘T !’v.íh|f eV,TndeXed reSultS (before rsverse-bit unscrambling) are stored in 
the first half of the memory allocated for data. Thus the even indexed results 
can be obtained from one pass through an algorithm b ised on half the storaoe 
The odd-mdexed results could be based on a second pass. As can be seen by 
analysis of the above statements, sequences decimated by two must be dealt with 
in order to obtain double length transforms. The most convenient external 
* orage therefore is a semuandom access device, such as a disk or drum. A 
sequential device, such as a tape, is relatively inconvenient. 

A double length transform may be computed in the following manner. 
Suppose the algorithm is for /V/2 data points where N=2P. Then, if the data are 
2/. / = U, 1, ..., N - Y, and 

W = exp 

the complex exponential for the algorithm of length N¡2 is 

W2 (4.55) 

Two separate transforms of the 
have now been computed. 

even- and odd-indexed data points, respectively, 
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AT/2-1 

Zz/iH'2)'*, (4.56a) 

1=0 

NI2-1 

Bk= Y* ^ = (4.56b) 
i=0 

It can be shown that the full W-point transform of z¡ is related to and by 

Zk = Ak + Bk Wk, (4.57a) 

ZNI2H =Ak-BkWk, * = 0,1.A72 - 1. (4.57b) 

The above procedure could be repeated to allow successive doubling of the 

number of data points. 
The proof of Eqs. (4.57a and b) is as follows: 

Zk=Ak+ Bk Wk 

NI2-1 NI2-1 

= Y zuw2)ik + Y z2i+^w2)ikwk 
/=0 1=0 

NI2-1 NI2-1 

= Y z2/(H'2),'*+ Y z2MW(2i+l)k 
/-0 /=0 

= z0 K'0'* + z2 w2’* + ... + Z/V-2 

+ Z! Wl k + Z3 ... +ZAT-1 WW~Vk 

N-l 

= Yzi»ik> ^ = 0,1, .... N/2 - 1. 

/=0 

This gives Eq. (4.56a). To obtain Eq. (4.56b), note that 

If 
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tf/2-1 , A' 

/=0 

/V/2-1 

= 2] 22/0^ 
/=0 

= ^Ar. 

since 

. N 
(V2)' 2 = = exp = , 

Similarly, it can be shown that 

Finally 

^2 =h/2 ^ = -^, 

since 

Then Eq. (4.56b) follows directly since 

These formulas have direct application to the computation of spectral density 
functions and correlation functions to be discussed in Chapters 5 and 6. 

Care must be used if a factor of 1/jV for an/V-point Fourier transform has 
been employed in the basic definition. Then Ak and Bk, being A72-point 
transforms, must have a factor of 2/N. But Zk would require a factor of l/N. 
Thus, the right-hand side of Eqs. (4.57a and b) would be multiplied by 1/2 to 
account for this. 

The actual coding of the basic fast Fourier transform algorithm reduces to a 
simple procedure (see Fig. 4.7). Basically, an inner loop is obtained which is 
executed first N/2 times, then JV/4, etc. That is, the number of times through the 
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Fig. <î .7. Flow chart for basic FFT algorithm. 
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no 

no 

yn 

Increment * by N, N/2, NH.J. 

For S-T version, this inner loop con* 
trolled by m, is executed first 1 
time, then 2 times, 4, 8, ..., Nil. 
This minimises the number of dif¬ 
ferent twiddle lector computations. 

Outer loop controlled by », is exe¬ 
cuted first /V/2 times, then «/4, 

..., 1. Thus twiddle fector is com¬ 
puted N/2 times in first iteration of 
recursion, NH times in second, NK 
timee.t. 

t controls the recursion which is 
performed p times. 

Fig. 4.7. Flow chart for basic FFT algorithm. 
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Thtj portion of the program it to 
perform the bit-reversed address 
permutation. 

If kn < k, then interchange has 
already been accomplished. 

1 

Fig. 4.7. Flow chart for basic FFT algorithm. 
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Fig. 4.7. Flow chart for basic FFT algorithm. 



FOURIER SERIES AND TRANSFORM COMPUTATIONS 109 

nl controls inn« loop done W/2 
times, A/M, IV/8.1, 

m, controls outer loop done 1 time, 
2,4, ..., Ai/2 times. Complex ex¬ 
ponentiel lector is thus computed 
1 »¡n't, 2,4.A//2 times. 

t controls overill recursion per¬ 
formed p times. 

Fig. 4.7. Flow chart for basic FFT algorithm. 
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loop is divided by two each time. An outer loop is also used, and the number of 
tunes through the loop is doubled each time, e.g., 1, 2,4, etc. The computation 
ot the twiddle factor is minimized since it need only be computed once for each 
execution of the outer loop. These loops are illustrated in the flow chart, which 
is rig. 4.7. 

One point to note is that the innermost computation is a two-term, complex 

:UHnerr: 0rm , H0WeVer’ 0nly COmplex addition and fraction need be 
used, rather than the much more time-consuming complex multiplication. This 
is true since the only values of the complex exponential involved are +1 and -1. 



CHAPTER 5 

CORRELATION FUNCTION COMPUTATIONS 

5.1 Basic Concepts 

This chapter contains a discussion of correlation function computations. 
Both auto- and crosscorrelation functions are naturally included since once the 
computational capability exists for one, the other is available with very little 

additional work. 
Correlation functions have wide applications in shock and vibration analysis. 

When power or cross spectra can be applied to the analysis of a problem, the 
corresponding correlation functions can, in principle, be used in an equivalent 
manner since they are Fourier transform pairs. In practice there may be a 
strong reason for choosing one or the other. For example, the time delay 
between two signals can be determined from the phase of a cross spectrum, but 
would often show up in a more natural manner in the crosscorrelation function. 

The computation of correlation functions has in the past required large 
amounts of computer time. The primary computational loop involved is a 
multiply-add sequence which often must be executed on the order of 107 times. 
This means, for example, that on a modern high-speed, large-scale digital com¬ 
puter where a fixed-point, multiply-add loop could be executed in, say, 20 
microseconds, a total of 200 seconds, or 3 minutes and 20 seconds, would be 
required for just the execution of this loop. That would be the computational 
time required for just one single data record. In many physical apphcations, the 
number of data records to be analyzed both individually and jointly can run 
into fairly large numbers. Hence, there has been a real need to give attention to this 
correlation computation loop to make it less time consuming and more 

efficient. 
It has been shown by Sande [22] that the computational speed for correlation 

functions can sometimes be reduced via the indirect route of using fast Fourier 
transforms. Many other specialized methods, based on other considerations, 
have been developed and may be more economical than the FFT s from one 
standpoint or another, depending on specific circumstances. For example, if one 
has invested in a high-speed, special purpose, multiply-add unit, such as those 
available from many computer manufacturers at the present time, straight¬ 
forward computations may be the most economical. Direct programming of the 
correlation equation may be by far the simplest. Also, the adaptation of the 
computational procedures to more than a coreful of data is probably simplest 

for the basic correlation equation. 

Ill 
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The basic equation to be evaluated is 

N-r 
R xyr N r Z! xiy*r, r = -m, ...,-1,0, 1, ..., m> 

/'=] 
(5.1) 

where 

and usually, 

Rxyr = RXy (rAt), 

Xi = X (/AO, 

y¡ = y (/'AO, 

Ar = At. 

is tins equauon that wUl form the basis of all correlation computations 
Two different types of time series data arise that are to be processed by a 

digital computer. Some processes are discrete by their very nature sav for 
example the daily closing prices of a given stock. On the other hand sònJdata 
an« naturally as a continuous record such as the continuously recorded output 
of an accelerometer on the skin of a missile structure, which is intended to 2 a 
measure o the vibration at that point. The continuous record“ed ^ 

igital analysis by an analog-to-digital conversion procedure. In eith« case an 

ZT' ?m,ÍOn ,0 make “ ‘b* ^ a "“"-»er of bS ta aT„a„ 
S i* are reqUired t0 represent any 8lven ^dividual data point. In 

P1“1“1®’ many analog-to-digital converters present their output at a 
preasion of 8 to 10 bits (including the sign bit). For almost all applications the 
recording instruments are no more accurate than one part in 256 to 1024 and 

"Sir iír T8?' The» termsofdecibels 
from about 42 dB for 8 bits to 54 dB for 10 bits. In some legitimate annlica 

£ H tras iHr ra"8eS an 'XiSt "lh' and but not usually. 
often accelbk li !hTny, ““ °f taterc"’ coa'se' quantization is 

., « P _ * n extreme case, one can quantize to a single bit That is 

the valu^f tu 3 ÍS lar8Cr than °r eqUal t0 zero’set the bit equal to zero- if 
he value of the signal is less than zero, set the bit equal to one. In simpler terms 
he sign bit of the data point is the only information retained Applications of 

this concept wiU be discussed in Section 5.5. In mathematical ÙZs TZt 

by tZelatiOr the0ne'bít qUantÍZed (b^PP^ «8nal,(0 is defined 

r 

1 
y(t) = sgnx(r) = < 

-1 

Jf(r) > 0 

Jf(0 < 0. 

(5.2) 
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A very important observation is that when 8 to 10 bits or less are employed for 
the level of quantization, the number of unique values that a data point can have 
is not too great, namely 2® = 256 to 210 = 1024 different values. By proper 
development of this concept, certain time-saving procedures can be implemented 
and are discussed in Sections 5.3, 5.4, 5.5, and 5.6. 

In the following subsections, different procedures for computing the correla¬ 
tion function are discussed. First, the basic direct method of implementing Eq. 
(5.1) is described along with an indication of the number of operations necessary 
for its implementation. The other methods are 

1. One that expands the summation and collects like terms so that they may 
be factored out to eliminate multiplications; 

2. A method that involves relatively coarse quantization so that advantage 
may be taken of one of the special conversion instructions of the IBM 7090 class 
of machines which in effect perform a table look-up; 

3. So-called hard clipping methods which are based on the one-bit quantization; 
4. A “quarter-square” method that takes advantage of the fact that a cross 

product can be expanded as a linear combination oí squares, which can then be 
efficiently obtained by table lork-up procedures, and finally; 

5. A direct Fourier transformation of the original time history to obtain the 
power spectrum and then an inverse Fourier transform to obtain the correlation 
function. 

These methods will now be described. 

5.2 Basic Correlation Functions for Computational Method 

The fundamental correlation computational procedures consist of imple¬ 
menting Eq. (5.1) directly. Since RXy{j) = RyX(~T), the two parts of the cross- 
correlation function can be computed for positive time delays. That is, 

N-r 

(5.3a) 

For an autocorrelation function, Rx(t) = Rx(-t). Hence, only Eq. (5.3a) need 
be evaluated in this case. 

N-r 

i=l 
r = 0,1, .... m. (5.4) 
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The number of multiply-add operations required for the computation of/LUr) 
is roughly (m + 1) (^ - m/2) * mN - (m2/2). This essentially defines the re¬ 
quired computation time. For the IBM 7094, the innermost multiply-add loop in 

oating-point arithmetic takes roughly 12 machine cycles at 1.4 /nsec per cycle 
Thus, for a typical program operating on JV = 10 000 data points for m = 1000 
lags, the computation time could be estimated as 

Ta = nc Tt 

where 

1.4 X 10'6 

104 X 1.4 X 10~6 160 sec, 

Ta = the total computation time, 

n = the number of multiply-add operations, 

c = the number of machine cycles per multiply-add operation, 

T, = the time for one machine cycle. 

If the sampling interval is A/ = 0.1 mUlisecond, then the parameters in the 
example correspond to an analysis “bandwidth” of 10 Hz, performed in the 
frequency band 0 to 5000 Hz. This basic correlation computation method 
requires some adaptation it it is desired to compute correlation functions for 
record lengths that exceed the memory capacity of the computer. 

An autocorrelation function can be computed as data are read into the digitai 
computer to eliminate any record length restrictions. To illustrate this, suppose 
an autocorrelation function with m = 5 lag values is to be computed All lag 
values can be determined by reading only 2(m+l) = 12 data points at a time 
into the computer storage. The process is as follows: 

1. Read in data pointsxlt ..., jc6, 
2. Compute and accumulate products; 

Rxo RXi 

xl2 *1*2 

+x22 +*2*3 

+*32 +*3*4 

+*42 +*4*5 

Rxl RX3 
*1*3 *1*4 

+*2*4 +*2*5 

+*3*5 +*3*6 

+*4*6 

^*4 RXS 

*1*5 

+*2*6 

+*52 +*5*6 

7 *62- 

*1*6 
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The above products are summed by column to obtain partial sums that will 
eventually make up points on t ie correlation function. 

3. Read in data pointsx7,..., jc,2, savex,,..., x6, 
4. Compute and accumulate the products; 

Rxo Rxi Rx2 

*5*7 

*6*7 +*6*8 

X7 2 +JC7JC8 +*7*9 

+*82 +*8*9 +*8*10 

+*92 +*9*10 +*9*11 

+*?p +*10*11 +*10*12 

+*11 +*11*12 

Rxi Rx4 RxS 

*2*7 

*3*7 +*3*8 

*4*7 +*4*8 +*4*9 

+*5*8 +*5*9 +*5*10 

+*6*9 +*6*10 +*6*11 

+*7*10 +*7*11 +*7*,2 

+*8*11 +*8*12 

+*9*12 

These products are added to the previous partial sums by column. 

5. The next set of six data values would be read into the storage space 
occupied by the first six. By proper programming, the appropriate cross products 
can be computed and the partial sums accumulated as the process goes along so 
that when the data have been read, all points on the correlation function will 
have been determined. This can easily be generalized to handle an arbitrary 
number of variables if the data are multiplexed. Denote the variables by 
*i(0. *2(0» •••, Xp(t). The N digitized values of x^f) are denoted by *,, 
*12. *13. Xiat. For the remainder of the variables, the data are then 
arranged on the digital input tape in the sequence 

*11.*21. •••.*pii *12>*22. • • • » *p2> 

*13.*23. •••,*p3; ... *iAr,*2tf, ..., XpAr. 

All auto- and crosscorrelation functions can then be computed in parallel 
with the required storage being 3p(m+l) cells. More than this amount of 
storage can, of course, be employed. That is merely the minimum requirement. 
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Performing the input of a subsequent section of data while computations are 
in progress requires some care in programming. A minimum of three buffer 
areas must be established in the core storage for an autocorrelation computation 
to avoid reading new data in on top of data that is still in use. Six input areas are 
necessary for crosscorrelation computations involving two sequences. The buffer¬ 
ing procedure must progress as follows: 

1. Read first set of data into Buffer 1 ; 
2. Read second set of data into Buffer 2; 
3. Initiate reading of next set of data into Buffer 3; 
4. Wait for termination of rend operation into Buffer 2; 
5. Perform partial product ..^cumulations on data in Buffer 1, overlapping 

as necessary into Buffer 2 to obtain lagged products; 
6. Initiate reading of next set of data into Buffer 1 ; 
7. Wait for termination of read operation into Buffer 3; 
8. Perform partial product accumulations on data into Buffer 2, overlapping 

into Buffer 3 as necessary to obtain lagged products; 
9. Initiate reading of next set of data into Buffer 2; 

10. Wait for termination of read operation into Buffer 1 ; 
11. Perform partial product accumulation on data in Buffer 3, overlapping 

into Buffer 1 as necessary to obtain lagged products. 
The computation in Step 11 is slightly more involved than in Steps 5 and 8 if the 
buffer areas are contiguous and in sequence. To obtain the core memory address 
for the data in Buffer 1, a factor of 3Nb, where N/, = buffer size, must be sub¬ 
tracted from the index for the lagged data obtained from Buffer 1. At the first 
pass through Step 11, lagged products are being accumulated: 

Pr = xixi+r> r = 0,\,...,m. (5.5) 
/=2 AVI 

However, for i + r> 3Nb, the data is located at / + r - 3Nb- Thus, Eq. (5.5) 
must be broken into two parts 

3AVr 

^lr = ^ xi xi+r 
>2AV1 

Mb 

Plr = ^ xixi+r-3Nb 
i^lNb-r* 1 

> r = 0,1, ..., m. 

(5.6a) 

(5.6b) 

5.3 Factoring of Common Terms 

A method employed in connection with seismic data analysis is described by 
Simpson [23]. This method uses a data scan to factor out common terms that 
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appear in the summation for the evaluation of the correlation function. This 
procedure can only be efficiently accomplished if a relatively small number 
of data quantization levels, as compared to the total number of data points, are 
possible so that relatively large numbers of common factors exist on the average. 
For example, suppose a sequence of data is obtained, as indicated below. 

i: 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 

*/: 3 -2 1 4 2 2 3 4 1 0 1 -1 3 2 -4 0 3 4 1 -2 

Equation (5.1) can be expanded in the form 

A 

^xyr - 1 * [*3+r + *9+r + Xii+r + Xi9+r--JCiz+r] 

■*■2 • (jfs+r + JÍ6+r ^ (^z+r ^2o+r)] 

+3 • [jCi+r+ X7+r+Xi3+r + Xi7+r] 

+4 • + *8+r + *i8+r-*i5+r]- (5.7) 

Note that when Eq. (5.1) has been rewritten in 
this form, only four instead of 20 multiplications 
are necessary. Because of the reduction in the 
number of multiplications, the evaluation of Eq. 
(5.7) can be performed considerably faster than 
that of Eq.(5.1). This is where the potential advan¬ 
tage lies. 

Note that Eq. (5.7) is a function of the specific 
data being used. Therefore, the particular record 
of data being analyzed must be examined in order 
to generate the computational form given by Eq. 
(5.7) . A complicated “program-writing program” 
is required; that is, a program that will generate a 
computational program of the form of Eq.(5.7) for 
each given input data record. 

Table 5.1. Speed Advan¬ 
tage Ratio (SA) of Com¬ 
puting Time of Normal 
Method (N) to Factoring 
Method 

SA N 

3.6 

5.7 

8.1 

10.9 

12.4 

500 

1000 

2000 

5000 

10,000 

A correlation function program involved in this procedure was written for 
the data analysis procedures described by Simpson [23]. A quantization of 100 
levels (between 6 and 7 bits) was assumed and empirical speed advantage factors 
were determined, which are a function of the length of the data, as indicated in 
Table 5.1. 
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Hence, for the particular data involved in this application, a considerable saving 
in time resulted from this highly specialized computational method. Considerable 
programming effort is required to develop the necessary program-writing program 
as opposed to merely coding the direct computational method. This is a dis¬ 
advantage that hns to be balanced against the computational time savings. 

S .4 Eight-Level Quantization Method 

Personnel at the Jet Propulsion Laboratory have programmed a method based 
on a 4-bit quantization level. That is, plus or minus eight levels of quantization 
are allowed, which corresponds to roughly plus or minus one decimal digit. The 
advantage of this coarse quantization is that if a few enough number of levels 
is used, then table look-ups can be used rather than multiplication operations to 
determine the products between a pair of data values. Of course, when the 
number of potential products between two arbitrary data values is too large, then 
it is likely that the core storage is not large enough to contain the necessary table 
and this procedure cannot be used. Many of the fast correlation computation 
methods are based on being able to employ a table look-up procedure instead of 
direct multiplication. As will be shown in the next subsection, data can be 
quantized all the way to only one bit and still reasonable results can be obtained 
by a final functional adjustment of the results. 

The Jet Propulsion Laboratory Computation Center used an IBM 7094 com¬ 
puter at the time this program was developed. A special instruction on the IBM 
7094 provides an automatic table look-up, which may be used for performing 
the multiplications automatically. The particular instruction used is one of the 
conversion instructions (CAQ). By properly constructing the multiplication 
table of possible products between two data points and by properly placing the 
two sets of data to be multiplied, one of these conversion instructions can be 
used to perform the table look-up to obtain the desired products between two 
sets of data. Similar procedures are used for the conversion instructions to con¬ 
vert from binary to binary-coded decimal format. The data must be preprocessed 
in order to properly pack several data points into one computer word. The con¬ 
version instruction essentially adds in sequence the six, 6-bit characters in a 
computer word to some predetermined value and then accumulates the contents 
of this location in the accumulator. Hence, six pairs of data points can be multi¬ 
plied in one instruction, which is accomplished much faster than regular multipli¬ 
cation operations. 

The results of this procedure, based on both experimental and analytical 
results, indicate that very little precision is lost because of coarse quantization. 
That is to be intuitively expected since the correlation function is an averaged 
result, and results with more precision than the original data are often not of any 
particular interest. But when many numbers of a given accuracy are added, the 
effect is to gain significant digits of precision. That is, the resulting mean values 
contain more accuracy than the original data. The additional accuracy may or 
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may not be of value. One disadvantage encountered in employing such a proce¬ 
dure, and, as a matter of fact, the reason many engineers do not like the results 
of the 4-bit quantization method, is that the dynamic range is less. There is a 
fundamental quantization noise floor, which increases in proportion to the 
minimum level of quantization. 

The 8-level method used at the Jet Propulsion Laboratory has an inner com¬ 
putational loop requiring 24 machine cycles to obtain the sum of six products. 
As an estimate, an additional two machine cycles might be required on the 
average to prepare the data in the necessary format of six data points per 
computer word. The total is then 26/6 cycles per multiply-add operation. For 
the previous example of jV= 10,000 and m = 1000, the timing is approximately 

160 26 
” 12 ‘ 6 

57.8 sec. 

5i One-Bit Quantization, or Extreme Clipping Method 

A relation between the correlation function of the extremely clipped signal 
Eq. (5.2) and an original Gaussian zero mean process from which it is obtained 
gives the normalized correlation function (correlation coefficient) px(r) in terms 
of the correlation coefficient function of the clipped signal py(r) by the formula 

Px(t) = sin (5.8) 

where px(r) and pv(j) are defmed as 

Px(t) = 

Rx(r) 

*x(0) ’ 

Ry{j) 

P^T) ' Ry(0) 
(5.9) 

See Weinreb [24] for a derivation of this relation and Hinich [25] for theoretical 
work on the spectrum estimation question. Clearly, when the one-bit quantiza¬ 
tion is performed, the multiplications that need be accomplished become trivial. 
Various ways exist for taking advantage of this trivial multiplication. One method 
employed is to again use one of the IBM 7094 conversion instructions. In this 
case the data are packed, 36 data points per computer word, by an initial exami¬ 
nation of the input record. Then by properly generating the table look-up 
procedure and by employing the appropriate table, 36 products can in effect be 
looked up with one instruction by using a conversion operation. Six sets of 
products are obtained at a time since the conversion instruction operates on 
6-bit character sets. 

Procedures other than the use of the conversion instruction might prove to be 
just as efficient for evaluating a sum of one-bit products. Simple counters might 
be set up in which a point, say x¡, is selected. Then all the products of x¡ with each 
data point y¡+r,/= 1, ..., N - r, could be determined by a simple examination 
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of the data. The problem is not one that can be solved in any general manner 
because it depends on the characteristics of the particular computer being used 
for the problem at hand. 

There are certain problems connected with the use of the clipping methods 
for correlation computations. One problem is thal requirements for increased 
record length are traded for computational speed, assuming a constant statistical 
accuracy is desired. Weinreb [24] shows that the variance of an autocorrelation 
function estimate is increased by a maximum factor of roughly ïï2/4 « 2.5. This 
variance is proportional to T, so if the variance is to be kept constant, record 
lengths are required that are two and a half times as long as those needed if all 
the information available in the data is to be used. As further noted by Weinreb, 
roughly the same bound holds true for power spectral density estimates. Although 
these are not precise theoretical relationships, they provide guidelines for evalu¬ 
ating the tradeoff between accuracy and computational time when employing 
correlation function computations of the clipping type. In the Electrical Engi¬ 
neering Department of the University of Arizona, experiments have been per¬ 
formed to test the variability of methods employing quantized data. Rarely 
over a 150-percent increase in the variability of autoco-^elation function esti¬ 
mates was experienced. Although the theoretical bound is a maximum increase 
of 250 percent, it seems to be much less in practice. This is because the deriva¬ 
tion of the 250-percent bound assumes uncorrelated data samples. In a typical 
time series, there is considerable correlation between data points, which reduces 
the observed variability below the 250-percent maximum. Hinich [24] demon¬ 
strates that and gives further theoretical work, in which a narrow bandwidth 
(high-correlation) result is worked out to establish a 128-percent value. 

Note that certain assumptions are involved in the use of the hard clipping 
method; 

a. Either a Gaussian distribution is assumed, or 
b. a sinusoid, or 
c. a sinusoid plus Gaussian noise. 

Equation (5.8) applies to data with these characteristics. Note that any periodic 
data with the same period (i.e., the same zero crossings) would give the same 
clipped correlation function as that of a sine wave whose clipped correlation 
function is a triangular wave prior to applying Eq. (5.8). Consider, for example, 
Fig. 5.1 to illustrate this idea. Thus, caution must be used when applying the 
clipped correlation ideas to various types of data. 

Only normalized correlation functions are directly obtained by this method. 
Hence, the mean square value must be calculated separately for use as a scale 
factor. Also, the nonlinear effects that distort probability density functions to 
non-Gaussian shapes will be masked completely when such a computing method 
is used. 

An alternative to employing the clipping idoa to correlation function com¬ 
putations is clipping only one of the components of the product being computed. 
For example, if the crosscorrelation function is to be computed between x(t) 
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Fig. 5.1. Two time series having an identical 
extremely clipped version. 

and .y(f). then clip only x(t). In that case, multiplications are again traded for 
adds since the sequence _y¿ is merely added after adjustment for the proper sign 
of the point x, that is multiplying it. In that case, the correlation function can 
be shown to be 

^xy(r) - Rxsgny(j)i (5-10) 

where RXsgny(j) denotes the correlation function of x(t) with the hard-clipped 
version of y(t). 

Relative time estimates for this method are given in Ref. 26. For the IBM 
7044, it is indicated that the computing time can be reduced at a ratio of about 
6 to 1. The full clipping method would take proportionately less time. One 
could expect to perform 36 multiply-add operations in roughly the same amount 
of machine time. However, more time is required to prepare the data in the 
proper format. 

S.6 Sum of Squares Method 

An additional technique that has been suggested (see Schmid [27]) takes 
advantage of the finite quantization of the data and expresses the product as a 
sum of squares. The relation employed here expresses the fact that a cross 
product may be expressed as a linear combination of squares by the following 
relation: 

xy = ^ [(x+y)2 - x2 -y2). (5.11) 

This is very similar to the fairly well-known “quarter-square” method used in 
construction of analog multipliers. (Sec Ref. 28, Section 3.1.2.) The quarter- 
square multipliers are based on the relation 
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xy- ~ [(*+>>)2 -(^-,)2] 
(5.12) 

Sy 'l) “y be m0d>r*d a -0,™* Ihe correlation function 

^ ' 2Ñ L (xi*y:>rP -£ x^-r 
''' i-i i*i 

yi+r (5.13) 

obtained by table iMkAjp^du^ Tabl«0”^ ^ ^ now be 
take up much less storage ^ace th^ tabk of ^ °f tW° SCtS of ^ 
number of data points. For exampl sav 10^ CrOSSt.products for the same 
that a table of size 2*0 ceUs would berequhediflir^M2110" ÍS being Used 50 
to be stored. The same table of squares of hf f ^ Cr0SS products were 
take up 21» cells. 2^ might be\ verv re^o m ^ points would on]y 
The second and third sums of sauar« 'ea*?nable table size, whereas 2^° is not 

evaluated by simple reckon reE A ~ ^ °f ^ ^13) - 
« required to evaluate the tuns of squares oÏÏ'tt dTî7 ‘¡T8'' ^ 
Of squares are obtained from 4 1 d t Then the partial sums 

JV-r 

L V = I 
/=1 

AT-r 

/=1 

V.2 _ „2 
i xJV-r+i, (5.14a) 

E yt+r = 
/=1 

JV-r+l 
v 
La y, 
/=1 

i+r-i - V 2 
' = 1.2, ..., m. (5.i4b) 

^rXoSn^Z^ ini,ia“y ^ “ — 

netblorp;rifX’ ^;rei ,s 
evaluation. One possible method of nT"1“ “ T' '“Ptoted method of 
*ef. 27. This melhod redoneÄZhTh^ ,h' ,BM 7090 
..bul» format. Then, with the aid of a table ofsqu^“9 “ “ ^ 

JV-r 

E bi+fi+r)2 
/=1 
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products. For this method, the data must be in fixed-poim arithmetic When rH, 

cTr' ? H a,a ÍS ,0° '>r8e ,0 fit lh' rlhaneoul“I 

likelv i r fF^TLappr0aches t0 correlation function evaluation, it is un- 

5.7 Correlation Functions Via Fast Fourier Transforms 

«««LT“ ttr^ctrnfro",he po™ ” 
tetoSs^Fn^r^h01!!be t'“"*t,om •'O“'1“ <™tfóÂtaé 

Basic Method 

The basic procedure is as follows: 
1. Compute the raw transform Xk of time Kriesx,; * = 0 1 V - 
2. Compute raw spectrumSxk = (At/N) lA'tl2' ’ ’ ’ 
3. compute the inverse FFT ,o'‘b,ai the L'timmiation function 

'xr 

“ .“pPr,‘: ;; rr ",h “ - 
discussed in Section 6 T nf PPhes to spectrum computations 

It is shown in Ref 22 thaMb ,0m m“ b' ma<le 10 thi! «PProach. 
Step 3above! bu.rafe ^ “ "0,ß°b,a“ af*“ 
the relation autocorrelation function Â$r defined by 

pc _ N — r rj. /V 

xr ft lRxr+RX(N-r)], 

which is illustrated in Fig. 5.2. 

(5.15) 
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The effect on the correlation function of 
adding zeroes to the data is to spread apart 
the two portions of the circular correla¬ 
tion function. If N zeroes are attached, 
the two pieces spread as illustrated in’ 
Fig. 5.3. 

The preceding computational sequence can 
easily be modified to obtain the noncir¬ 
cular correlation function. If the length of 
the original sequence of data is a power of 
2,N=2P, theniV zeroes would be added 

to obtain all At lags. If the sequence length 
is not a power of 2, then the sequence 
could be filled with Nz zeroes until the 
first power of 2 was reached. The number 
of unbiaœd lag values obtained would be 
At* in this case. If more were necessary 

doubled by augmenting with 2P addiÍl”r«,“TÂ rT 10 be 
sequence is ' m°dified computational 

1 • Augment original time series */1 = 01 a/ - i », 
sequence ■*/, i = 0,1, ..., 2W - 1 • ' ’’•••> 1 with N zeroes to obtain 

2. Compute the 2At.pointFFT**,* = 0,1 ... 2At-l- 

• Compute the “raw” spectrum Sxk = (At/N) |A*|2 for/t = 0 1 w , 

Td mo“?y by 
5. Ditcatd the bai'foi^topoin. 

Fig. 5.2. Two parts of correlation 

function obtained if zeroes are not 
added. 

fUnCti0"S' ~ app«e, in cate. Eq. 
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N - r 
^xyr = jÿ '•'fyxijv-r)]- (5.16) 

Hence, when zeroes are used to augment the sequence, the Ryxr portion of the 
crosscorrelation function is obtained except that Ryxr = 0 is included and 
RyxQ = RxyU does not appear. If the two sequences are arranged as follows 

*0> X\, X2, ..., xjv-i, ÛAf+i.02jv-i, 

.yw-i, On, On+i, ..., 02AT-1, 

then the crosscorrelation result obtained via FFT’s is 

RyxN’ Ryx(N~l).^xl. ^x^O. ^x^l. • • • » ^x>»(A^-l)- 

If the arrangement of zeroes is modified so that the x sequence has trailing 
zeroes and the y sequence has leading zeroes, then the entire crosscorrelation 
function from RyxN to Rxy(N-l) is obtained. If the sequence is arranged as 

■*0> > *2> • • • > > On, 0n+1 > • •., 02^_1 > 

Oo, Oi, 02, .... Oat-!, ^0. ^1, ^2. ..., w-l, 

then the crosscorrelation result obtained is 

ßxyO Kxyli ••., Rxy(N~l)> ßyx(N)> ßyx(JV-l)> • • •, ^yxl- 

Since Ryxr =RXy(N-r)>the entire crosscorrelation function is obtained in proper 
sequence from r--N to r= (AM). 

The crosscorrelation function is obtained from the cross spectral density 
function. Hence, two FFT’s are involved rather than one. By applying Eqs. 
(4.50) and (4.51), two FFT’s of real-valued time histories may be obtained 
simultaneously. The computational steps for the crosscorrelation are as follows: 

1. Store x'j in the real part and y¡ in the imaginary part, z'¡ = x¡ + /y¡,i = 0,1, 
...,JV-1. 

2. Augment both the real and imaginary parts with N zeroes to obtain 
Zj = x, + /y¡; i = 0, 1, .... IN - l. 

3. Compute the 2Af-point FFT Z* ; it = 0, 1,..., 2Af - 1. 
4. Compute A* and from 

v _ Zk + Z*N-k) 
xk = -2-’ 

= Zk - Z(N-k) 

fc = 0,1, 1 
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5. Compute the raw cross spectrum 

"c _ At y,* v ò*yk - N xkYk. 

6. Compute the inverse FFT of Sxyk and multiply by NI(N-r) to obtain 
the correct divisor 

^xyr - N _ 1 [íty*]- 

More complicated procedures may be employed and may be desirable depend¬ 
ing on the final results wanted and the computer storage limitations For 
example in the previous computational sequence, if one autocorrelation func- 

wnl K g rrexvt0 be 0btained’ WOrds of stora8e in core memory 
would be required. The original sequence occupies N words, N zeroes are 
attached, and IN words are then required for the imaginary part. If a cross- 
correlation is obtamed useful data values could be obtained since both the 
positive and negative delay portions would be available. 

Only 2N storage words are necessary if the following procedure is used First 
note the two relations used in Section 4 to 

1. compute two real transforms simultaneously and 

2. compute a double length transform in two steps with use of a single 
length transform. ^ 

When a transform of a sequence of length N consisting of 7V/2 data values and 
m zeroes is desired, this may be split into two sequences, each of length ^/2 

P®"’ procedure can be employed to obtain the two trans¬ 
forms of length Nil. These two are finally combined to obtain the single trans- 

N df3 P°“ts- ]he data must be arranged properly since the double 
length formulas (4.57a and b) require that the data be split into the even- and 
odd-mdexed portions. Let the augmented sequence be 

N/2 times 
/-*-- 

*0>*1>*2. .... % 0, ..., 0. 
7'1 

The arrangement necessary for the use of an ^/2-point transform is shown in 

Let z¡ be the complex sequence where 

xei = Re z/ = 

r*2/ / = 0,l.f-, 

I i*" N 
(5.18a) 
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REAL IMA G 
PART PART 

N WORDS< 

N WORDS< 

N-l 

0 

0 

0 

• >N WORDS 

• 

>N WORDS 

m a. 

REAL IMAG 
PART PART 

SPECIAL ARRANGEMENT 

2 N WORDS 

NORMAL ARRANGEMENT 

4 N WORDS 

Fig 5.4. Normal and special arrangement: for computing the single corre¬ 
lation function of an JV-pomt sequence. 

*2/+l 1 = 

x0j = Im z¡ = < 

l 0 i = -2,...,N. 

(5.18b) 

To maintain everything conveniently in storage, and Xok can be arranged 
as in Fig. 5.5. If that is done, temporary extra storage locations Tre minimized. 
The Zk are needed in sequence from each end toward the middle; thus it is 
necessary to store Xok in the reverse manner indicated. 

Now complete the finite, discrete transform of z¡ 

N-l 

Zk = ¿i Wik, * = 0,1, ...,N - 1. 
/=0 

Use Eqs. (4.50) and (4.51) to obtain the individual transforms 
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REAL (MAS 

Xt(0) 

X#(l) 

X,(0) 

X,(l) 

LOCATION 
INDEX 

0 

I 

j WORDS< 

x.lj-D 

xo<T-" 

Xo(f-*> 

x.(f-l) 

X0(f-.) 

X.(f-2) 

f-l 
N 
2 

*♦' 

■J- WORDS < 

\, v°> N-1 

Fig. 5.5. Storage arrangement necessary when splitting out two transforms. 

x,„ - , 

xok - 

ZN = Z0 

* = 0,I.^-1. 

UanJwmf Th^'* ,and be th0U8h' °f as the nr!' halves of «-point 

rr,;«,-rrzLr-s,ra -and - « - 
The 2,V-pomt transform can now be obtained from Eqs. (4.57a) and 

(4.57b) 

xk = Xek + x0k wK ^ = (5.19) 

the ^P0,nt aUtOCOrrelation fu^ion has been obtatned. 

W 1 = ]\rk wNH = _wk 
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and 

wvr'nriH’ 
where Xk is the transform of a real-valued function. The second half of the 
autocorrelation is obtained from 

.!-'• <5-> 

Note that the implementation of these equations requires special procedures 
so that no additional storage is needed. Equations (5.19) and (5.20) can be 
performed simultaneously on the data arranged as indicated in Fig. 5.5. Storage 
is used as indicated in Fig. 5.6. 

LOCATION 
INDEX 

0 

N- * 

N- I 

Fig. 5.6. Storage procedure for obtaining a noncircular 
correlation function. 

The arrangement in Fig. 5.6 indicates that the storage is not perfectly sym¬ 
metrical but lags behind by one for the top half. Thus, the computation of 
X(N/2)+k follows behind Xk. Absolute values squared can now be computed, and 
the Appoint inverse transform taken to obtain the autocorrelation function. 
The autocorrelation will consist of only N/2 unique points in the usual order 
since only the even-indexed elements will be obtained. The last half will be a 
reversed order of the first half. The following discussion will clarify. If the full 
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W-poim transforms were being taken, the two parts of the circular co,relation 
functron would be obtained as pichned in Fig. 5.2. Since only anW-point Irans- 
torm is being computed, the even-indexed points are obtained: 

Correlation Function Value 

R0, Rl, r2, ..., r(N-2), r(N-1), rN, Ä(Ar-l), ..., 

Core Location Index 

0 N 
2 

The odd-indexed points can be obtained by a second transform. 

5.8 Normalization of Correlation Functions 

In classical statistics, it is common to describe 
normalized quantity p(r) where 

correlation in terms of a 

IpOOI = 
C(r) 
C(0) < 1. 

The unnormalized quantity C(r) is usually termed a covariance function with 
the tacit assumption that the mean value is zero. In the early development cf 
statistical communication theory, the term correlation function was generally 
applied to the lagged cross product of two variables without regard to their 

g "0 WlthLOUtin0rmaliZation- SPeciaJ notat*on is therefore required, 
and the notation in this document is patterned after that of Ref. 5 The correia- 
bon function i> defined withoui reetriction on the mean value and without 

, N-r-l 
/S I -■y 

Rxyk = xiy¡+r> r =0,1, ..., m. 
/=0 

The covariance function has the mean value removed 

N-r-l 

N- (xi x) (vi+r y). 
/=0 

(5.21) 

n practice the mean value usually has been subtracted from the data. Finally 

dMinêd™ q',anlÍly “ UmUá ,he COmlUiM CoefncieM '“"‘“o" ¡« 
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where 

Pxyk - 
Cxyk 

°xay (5.22) 

ax - y/Cx(0), 

and 

Oy - yJCy(Q). 

The primary digital computer use of this quantity is as a plotting convenience. 
Also, m many cases it provides a convenient interpretation of the degree of 

be;weefn variables- The use of*,* simplifies a plotted 

and^lus oÜr ^ °f functl0n is 8uaranteed to be between minus one 

The normalization may be accomplished by an alternative method If the 
sample mean y and sample variance s,2 have been computed, it is often con¬ 
venient to transform the data to unit variance in addition to zero mean. 

x¡ = 
si 

(5.23) 

rather^ = !’ SÍmplÍfy data handling when r«ed point rather than floating point computations are employed. 

5.9 Computational Time Comparisons 

The straightforward implementation of Eq. (5.1) requiresiVm (real) multiply- 
add operations for m lags of an autocorrelation function and 2,Vm for a cross- 

rrelation function. A fast Fourier transform of an jV = 2^ point sequence 

Zr NP COmpleX, ITltiply-add operations, if it is assumed that the necessary 
omplex exponentials have beer imputed in advance. This can be expedited 

by domg power of 4 type transforms. If the necessary sines and cosines are to 

add nmPUt d’ N/2.ofJach 316 re(luired- and a total of about 10 real multiply- 
add operations each. If two transforms are computed simultaneously, it requires 

performed*1^ ^ if °ne assumes multiplication by Î/2 is 

Obtaining a crosscorrelation requires 

Computation 

1. One 2jV-point transform 
2. Sines and cosines 

3. Split apart *(*) and y(k) 
4. Cross product 

5. Inverse 2jV-point transform 

TOTAL 

Number of Real Operations 

4- 2N‘2p 
10-2# 

4 • N 
N 
4 • 2N • 2p 

T0 = (32p+25)N 
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Hence, if 32p + 25 < 2m, then the FFT route is quickest and all possible 
(2N - 1) lag values are always obtained. A typical specific example might be 
N = 212 = 4096. Then 

T0 = (32 • 12 + 25) ./V = 409 operations. 

A typical choice of m is 0.1 N, so that the direct route requires about 2 • T0 
operations. 



CHAPTER 6 

SPECTRAL DENSITY FUNCTION COMPUTATIONS 

6.1 Po wer Spectra Calculations-Standard Method 

There are three basic methods employed in computing power spectral densities. 
Each of these is based on different but equivalent definitions of the PSD. These are 

1. The standard or Blackman-Tukey method based on the Wiener-Khinchin 
relations. This method involves computing the autocorrelation function of the 
time series and then taking its Fourier transform. 

2. The direct Fourier transform method. The Fourier transform of the orig¬ 
inal time series is computed, from which the mean absolute value squared is 
determined. 

3. The bandpass filter method. This involves the use of a bank of bandpass 
filters, one filter for each frequency value of interest. The output of the filter is 
squared and integrated (averaged). Either analog or digital bandpass filters can 
be employed. 
The equivalence of the first two methods was demonstrated by Wiener [3] and 
Khinchin [29]. Other authors such as Magness [30] have shown the equivalence 
of all three procedures. It should be remembered that the equivalence 
exists only under limiting conditions, so that actual PSD’s obtained by different 
techniques may not look exactly alike. PSD’s obtained by the same method 
also may differ because the parameters used in the respective computations are 
not the same. 

Historically, the second method was developed first. It was not widely used 
on actual data, however, because the required calculations increase in proportion 
to the square of the number of data points when the basic formula* is used. 
Rather, it was useful for examining theoretical functions such as sine waves, 
square waves, etc. For special cases such as these, the Fourier transform may be 
obtained readily in closed form even with the discrete representation. 

The works of Wiener and Khinchin mentioned above showed that the auto¬ 
correlation transform method was equivalent to the Fourier transform method. 
It provided a firm mathematical foundation since transforms of correlation func¬ 
tions will usually exist mathematically where transforms of the time history do 
not. Bandwidth requirements permitting, the correlation PSD was much cheaper 
to obtain than the Fourier transform PSD. It should be noted, however, that 
correlations themselves were extremely difficult to compute with reasonable 
amounts of computer time until the mid-1950’s. Computing power has dropped 
in price every year because of the successive improvements that have been made 

*The formula developed before FFT’s. 

133 
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in computer hardware and software, steadily making correlation PSD calculations 
less expensive. The credit for developing the correlation PSD into a firmly 
established, practical, and available technique belongs to Blackman and Tukey [9], 
whose work is a milestone in the data analysis field. Their contributions will be 
referred to constantly in this chapter. 

Analog mechanizations of the PSD techniques usually have been some form 
of the third method. This type of machine can be visualized as a bank of band¬ 
pass filters. The data to be analyzed« the input to each filter,and the output of 
each filter is squared and integrated (averaged). When the entire record has been 
processed in this manner, the machine stops and the PSD is read out as the final 
output of the integrators. Because of the expense of the filters, many machines 
use a single filter with an effectively variable center frequency. In this case, the 
data are fed through the filter many times while the center frequency of the 
filter is either slowly changed in a continuous fashion or stepped in discrete 
increments after each time the data pass through. 

At one time the correlation PSD was the standard method if a digital com¬ 
puter was to be used, while filtering was the traditional analog technique. Times 
and equipment change, however. There now exist excellent analog and hybrid 
instruments for computing the correlation function, and digital bandpass filters 
suitable for PSD analysis have been derived. Thus, it is possible and practical to 
compute a correlation PSD on analog* equipment and a filter PSD on a general 
purpose digital computer. 

With the advent of fast Fourier transform algorithms, PSD calculations using 
the second method have become practical. While not all problems inherent in 
this method have been solved, the procedure has been implemented both on 
general purpose, digital computers and in analog equipment. On the surface, the 
high speed of the FFT approach might seem to render all others obsolete. 
However, this is not always the case. For example, many special purpose high¬ 
speed, multiply-add units that permit very rapid correlation computations have 
been developed for digital computers. 

All three methods have the same or related problems. These tend to fall into 
two distinct areas. 

k The first problem is that of leakage. The “true” PSD is seen through a 
“window.” This window transmits unwanted power in addition to that which is 
desired. This extra power is the leakage. The basic process for obtaining the 
PSD is modified to reduce the leakage as much as possible. 

The second difficulty has the nature of a dilemma: if one uses a wide “band¬ 
width of analysis, the sofistica! reliability of the estimate is good, but the PSD 
is “smeared.” On the other hand, if a narrow window is employed, thus making 
the view of the PSD sharper, or more highly resolved, the variability of the result 

*It should be noted that the term analog as used herein really refers to a special purpose 
machine that is, one designed mainly to provide PSD’s. Internally, many of these devices 
are digital or pulse processing in nature. 
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increases. In the limiting case, the variance of the answer is the same size as the 
data themselves! This problem requires more background to discuss it properly. As 
it is common to all three of the methods, its discussion is postponed until 
Section 6.4. Leakage, on the other hand, varies somewhat from method to 
method and so must be accounted for specifically when implementing each of 
them. The remainder of this section will be spent on the correlation PSD and 
the problems peculiar to it. 

The previous chapter showed various ways by which the correlation function 
can be obtained. Therefore, let it be assumed that the correlation function of 
the random variable x is available. Furthermore, for present purposes, suppose 
that Rx(t), the correlation function, is continuous and defined over the interval 
-°0 to 0°. The one-sided PSD* of x is 

Gx(f) = 4 R x(t) cos (litfr) dr 
'0 

= 2^ Rx(t) cos (2jt/t) dr 

= 2^ Rx(t) e'i^f7 dr, f>0. (6.1) 

All three of .iese formulations are equivalent. The complex part of the third 
form drops out because of the symmetry of the autocorrelation function and the 
antisymmetry of the imaginary part of the exponential. 

It is physically impossible to compute this integral exactly from real data 
because only a finite rather than an infinite length of the sample correlation 
function may be obtained. Suppose that the maximum value for r is Tm. Then 
the sample PSD takes the form 

^ [Tm 
Gx(f)= 4 \ Rx(r) cos lirfr dr 

Jo 

= 2] uTm{T)Rx(T) cos 2vfrdT. (6.2) 

In the last expression, u7^(7), the boxcar function, is defined as in Eq. (1.28) of 
Chapter 1, by 

*When the term PSD is used, it is implicit that it is one sided. 
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UTm(T) = S 

Í0 

1 

t<-T, m 

-Tm<T< Tm 

Tm < T. 

(6.3) 

The boxcar function is again 
pictured in Fig. 6.1a. The ' 
formulation involving Ufm ^ 
is clearly equivalent to the 
limited integration defini- 

Fig.ó.la. The boxcar function, u^T). tion of Gx. The reason 

for employing it is so that 
the infinite integration 

range, which is mathematically convenient, may be retained. The Fourier 
transform of uj-m(r) is 

^(/) = UTm(T)e-il”fr dr 
J-OO 

= 2Tm 
sin (2ïï/t) 

(2rr/) (6.4) 

uTm(f) is shown again in Fig. 6.1b. 

Gx(f) is the convolution of Gx(f) and UTm(f). This relationship is best 
stated using the two-sided form of the PSD: 

Sx(f) = J Sx(<P)UTm (f-<t>)d<t>, f>0. (6.5) 

Sx is defined by 

sx(f) = J Rx{f)co%(2vfT)dr, -«></< «. (5.6) 

Sx is symmetric. Its relation to Gx is very simple. 

25,(/) />0 

0 

Gx{f) = \ 
/<0. 

(6.7) 



SPECTRAL DENSITY FUNCTION COMPUTATIONS 137 

Similar definitions hold for Sx. Most users prefer the Gx definition, as it eliminates 
the need for negative frequencies and is more compact. The two-sided definition 
has to be used in some cases or serious notational problems will arise. 

The net effect of this convolution may be seen from the following: suppose 
that the power at the frequency /0 is required. Computing Sx(f0) from Eq. (6.5) 
may be interpreted as moving the main peak (at /= 0) of ^(/) down to /0, 
multiplying the “true” PSD by the translated UTm(f) function, and then inte¬ 

grating. This is shown in Fig. 6.2. 

Fig. 6.2a. Theoretical 6X(/) 
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Fig. 6.2b. 1/^(/) translated to / = /Q. 

As indicated in Fig. 6.2c, the sample PSD, 0(/), »»1 >* ^001^ ^ 
Urjf) function is usually referred to as the window. The true PSD is seen 

This1 window, as it stands, has some undesirable characteristics. This fact may 
readily be seen if x(f) is a sine wave with frequency /0 and amplitude 4. Then 

Rx and Sx are 

COS 2vf0T, 

W = i7 [5(f-/o) +W+/o)]- (6<8) 

•it is understood that while the Sx functions are pictured, the reader can easUy make the 

changeover to Gx. 
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The sample (two-sided) PSD is then 

•W)= 
A2T. m sin [2717^(/+/0)] sin [2nTm(f + f0)] 

... [2itTm(f+f0))~ [2itTm(f-f0)] 
(6.9) 

A good approximation when f0 is not near zero is that 

sin [2itTm(f-f0)] 
Gx(J) = A2T, m 

[2*rm(/+/o)] 
/> 0. (6.10) 

Thus, instead of obtaining a single delta function as would be the case for the 
PSD of a sine wave, the truncation spreads the result considerably. The width 
of the basic lobe of Gx(/) is 1/Tm between zero crossings. This is shown in 
Fig. 6.3. 

Fig. 6.3. PSD of a sine wave of frequency/q- 

Besides the spreading in the main lobe, there is an infinite number of smaller 
lobes added to the PSD by the truncation. Not only does the magnitude of 
these side lobes decrease slowly, but half of them are negative, a most dis¬ 
pleasing result since average power is positive by definition. The height of the 
first two negative lobes is about one-fifth that of the main lobe. 

A number of ideas has been suggested to alleviate this problem. The three 
procedures discussed below are all candidates for a solution to it.* None of the 
three stands out as being obviously the best. Their good and bad points must be 
considered by the user, and an engineering judgment made as to which is most 
suitable for a particular application. 

•Several other less important ones are discussed in Appendix B, Section 5 of Ref. 9. 
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Ml three do have a common property: They obtain their improvement by 

modifying the boxcar function in the time domain (or by an equivalent opera- 

tion in the frequency domain) and by so doing, broaden the principal lobe of the 
window function in the frequency domain. 

The first of these modified spectral windows, or lag windows, is called the 
Hann* window and takes the form 

t<-T, m 

1 + cos 
7TT 

Tm 
~Tm<T< Tt m (6.11) 

lo 
The Fourier transform of this, iA1 )[), is 

r>Tm. 

m 
r 
sin Tm ( 2rr/ 

'm 

271/- 

sin Tm (inf+j^j 

j 
(612» 

The Hann window lurns out to be the suntntation of thtee sin xlx functions! 

his function is shown in Fig. 6.4. As the lobes are spaced 1/(27^) Hz apart, 

his window has the effect of averaging three adjacent lobes, giving the center 

one twice as much weight as the side ones. Thus, there will be a tendency to 

greatly decrease the size of the side lobes. The main lobe is reduced to one-half 

of its previous height, and its width is doubled. The reaction in leakage there- 

ore results in a corresponding widening of the bandwidth of analysis. The dis¬ 

tance between the first zero crossings on either side of the main lobe is 2//-, Hz. 

he^lstance betweenthe half-power points,however, is l//m. This value usually 

™ t0^e f resolution bandw¡dth B of the analysis. Note that Tm refers 
the length of autocorrelation used rather than the length of the data record 

The second spectral window is called the Hammingt window and is given by 

0 

= '' 0.54 + 0.46 cos l^r- 

t<-T, m 

T, m (6.13) 

lo r > T, m • 

*Aftcr Julius von Hann, according to Ref. 9. 

' R. W. Hamming, according to Ref. 9. 
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The Fourier transform of that is 

= 0 23 UTm(f+ + °-54 UTm(f) + 0.23 UTm [f - 
2f, m 

(6.14) 

The Hamming window is similar to the Hann window. In detaU there are dif 

Rerfn9eSthetCdTfPar,SOn °f ^ tW0 WÍnd0WS ÍS made 1,1 Fig'6 5- As indicated in K{; 9’he'rd;fffer!ces Can be by the foUowing two observations: 

f0' Ham,ning wMow is wroxi- 

tag^„we Hann wind<>w ,en<1,0 ^ more '^y 
Both of these window» .educe the height of the side lobes after the first to less 

iS -mÄl" 'ÄÜ„rn l0be' eve",here ,h‘ 

3 »V- 
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— 
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Fig. 6.5. uxhf) and £/^(/) versus frequency. 
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The third window is one of several attributable to E. Parzen [31]. It takes 
the form 

,(3)- MV';(r)=< 
1 m 

2 1 

'm 

M 

V 

•m 
t<TJ2 

Irl > TJ2. 

(6.15) 

It is shown in Fig. 6.6a along with the Hann window for comparison. The 
Fourier transform of the Parzen window is 

(6.16) 

' 
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í/r Í A Th P Z a Very Simple relati0n t0 the basic sin */* window 
UTmy\ The Parzen window is plotted in Fig. 6.6b, again with the Hann window 
for comparison. The Parzen is wider (about 25 percent) than either the Hann or 
the Hamming window. One feature of the Parzen window is that, as ui^f) is 
never negative the PSD generated using it must also be non-negative f£s a 

Fig. 6.6b. i/j-1 \f ) and UÍ2\f) versus frequency. 
m ‘m 

mai" l0be °f ,he P3rzen window “ »iler. the variability of the 
corresponding spectral estimates is less for the same number of lags, ulder the 
assumption of fairly smooth spectra. 



SPECTRAL DENSITY FUNCTION COMPUTATIONS 145 

All three of these lag windows share an important property. The value of the 
correlation function at the zero lag is the variance, i.e., the total power. As all 
three windows are equal to unity at r equal to zero, the variance is unchanged by 
any of the three operators, and they are therefore variance preserving operators. 
This means that the total amount of power shown by the PSD (the area under the 
PSD) is invariant. That is a desirable characteristic 

Up to this point in the discussion, only continuous correlation functions have 
been employed. When making the switch to discrete data, it is frequently assumed 
that the result! are identical. As will be seen, the use of the continuous correla¬ 
tion function results in an approximation, though admittedly a very good one. 

Suppose that Rxr is defined by 

Rxr = E Ui^'+r]- (6.17) 

The two-sided PSD is then 

Sx(f)-At Rxr cos (2ïïfrAt). (6.18) 

Suppose that it is truncated in a manner similar to truncation of the continuous 

case. That can be accomplished by using only the values of r for r = 0,1, ..., m, 

m 

Sx(f)= At L Rxr cos (2ff/rAi). (6.19) 
r=-m 

As before, Eq. 6.19 could be written using a form of the boxcar function, 

\(f) = A< £ 
/•=-“ 

umr Rxr COS (lïïfrAt). 

The definition given to Umr is 

umr 

|r| < m 

|r| > m. 

(6.20) 

(6.21) 

As before, Sx(f) can be interpreted as the convolution oiSx{f) and Um(f), the 
Fourier transform of umr. Nahm dy, this implies that Um(f) should be calculated 
and examined. Its definition is 
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m 

W = a< £ cos (2vfAt). 
r--m 

.. «in (^/(27^ + AI)] 
^, ... ;-• 

sin (ff/Ar) 

Tm here means mAt. Recall that, for the continuous case, 

(/) = 2Tm 
sin (2nfTm) 

(2nfTm) 

(6.22) 

(6.23) 

The graphs of these two functions look very much alike for the range of values 
0 < / < 1/2A/, the principal domain for the digital analysis. In that interval, 
sin(ir/Ar) behaves very much like the function (nfAt), as shown in Fig 6 ?’ 

Fig.6.7. Comparison of (nfAt) and sin(ir/Af). 

If this approximation is made and the At within the sine function in the numerator 
is ignored, then Eq. (6.22) may be easily reduced to Eq. (6.23). 

The term Um{f) is periodic. That would be expected, as 5,,(/) in the digital 
definition is also periodic. The carryover to the formulation for the various 
windows is similar. The discrete Hann window is 

u (i) _ 
mr 

1 + cos 
nr 
m 

|r| < m 

(6.24) 

M > m. 
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Using summation techniques similar to those employed to find Eq. (6.22) 
find the Fourier transform of to be 

we 

0/)= ] W* j U„(f- ♦ i (/„(/+ (6.25) 

The Hamming window is 

io.54 + 0.46 cos ) |r| < 
u(2)l Vm/ 

mr ) 

m 

(6.26) 

M > m. 

Its Fourier transform is 

^/)=0.54^(/)+0.23^, /- 
1 

2mAt + 0.23 Um (/ + 
2mAt (6.27) 

The results for the Parzen window are not so straightforward. Numerical 
quadrature indicates that the frequency weighting function has coefficients that 
areappro.imate.y given by the sequence 0.75,0.493,0.123,0.006,0.000,0.000, 

The question of which one of the three windows is most appropriate is a 
matter best decided by the user. The authors prefer the Hamming window for 
most purposes, and no smoothing at all in some special cases such as analyzing 

I be Periodic- In any event> the general effect of the windows upon 
the PSD should be understood by the user, and their action upon the particular 
type of data being exammed should be weighed carefully before a final selection 
is made. 

In the case of the analysis of cross spectral density functions, a combination 
of windows might be best. The Hamming window can be justified as a good 
choice for the power spectrum, and the Parzen window, a good choice for the 
cross spectrum. In many types of data, the PSD is relatively smooth (nearly 
constant) over frequency intervals on the order of reasonable resolution band- 
widths. Thus, the oscillating side lobes of the Hamming window will tend to give 
alternate signs and roughly equivalent weight to the nearby constant power. The 
contributions to the PSD estimate from the side lobes will therefore tend to 
cancel to zero, and leakage will be minimized. 

On the other hand, the real and imaginary parts of cross spectra tend to 
oscillate. Thus, the oscillating side lobes of the Hamming or Hann window might 
resonate with the cross spectrum itself and cause excessive leakage. In this situa- 
tion, the relatively constant, always positive, side lobes of the Parzen window 
will allow the oscillating cross spectrum to be given roughly equal and positive 
weight so that the average will tend to be zero and leakage will be minimized 
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At, this P°int:it is aPProPriate to sum up the formulas for computing the 
correlation PSD in the digital case: 

1. Assume that x¡ is a sequence ofiV points having a zero mean. (If the mean 
is not zero, it should be calculated and removed from the data. This step 
might include the removal of subharmonic terms.) H 

2. The sample autocorrelation function of is computed for (m + 1) values 
(the proper choice for m will be discussed in Section 6.4). One method is 

Rxr = Ñ 

j A'-r 

_ r xixi+r< 
/=1 

r = 0, ..., m. 

3. A lag window is selected. Possible candidates are 

i. Hann 

M<‘> = 1 
“mr 2 1 + cos 

ii. Hamming 

.(2) = o ^ n ... inr “mr 0-54 + 0.46 cos ^)- 

iii. Parzen 

(6.28) 

U(3) = <( rrr ' 

2 1-^ 
V \ m r > mH. 

(6.29) 

One of these is applied to the correlation, resulting in a new correlation,^: 

*xr = Rxr r = 0,1. (6 jo) 

4. The PSD is calculated for various frequencies using trapezoidal integration, 

^ m-l 

+ 2 £ Rxr cos (InfrAt) + Rxm cos (2^/7) Gx(f) = 2Ar 

r=l 
. (6.31) 

A “standard” set of frequencies is 

k 
fk = 

2mAt ' * = 0,1,..., m. (6.32) 
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This produces (m + 1) equally spaced, 
(6.31) can be rewritten as 

overlapping PSD estimates. 

149 

Equation 

Gxk = 2At Rx° + 2 ^ R 
r=l 

.nrk. „ 
xr cos|—J+/Î xm cos (nr) 

* - i 

Any prewhitening would be done before Sten 1 anH tt,« 
darkening accomplished after Step 4 P ’ d the corresp°nding post- 

Dq Gx^ + C*k + A) Gxik+l) 

ôxk = <Di Gx0 + 2D0Gxl , n 
* = 0 (6.34) 

Pi Gxm + 2Dq GX(m-i) k = m 

The values forD0 andDj are 

^0 = 

Di 

[0.54 

4 

Hann 

Hamming, 

Hann 

.0.23 Hamming. (6.35) 

ST^c'.Xd ^ tofd0taí ,he 138 ^ »P“«»" i" 

of S Ä re^e an in«ant amount 

to encounter it in the course of ^ ^ 0ïÙy because the reader is likely 
organizations. That Eqs (6 34) and6^”?;! 6 COmputai,ons as done by some 

toPl,ne 
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Step 4, which is essentially that of computing the Fourier cosine transforma¬ 

tion, could be accomplished using the fast Fourier transform techniques described 

in Chapter 4. On the other hand, if a small number of lag values is used, the 

complication o'i the FFT may not be merited. If that is the case, one simple 

cost-saving procedure is to compute the required cosines recursively. The re¬ 

cursive relatior takes the form 

d = hq-i - q-2, 

A = 2 cos (2irArAO- (6.36) 

This relation will yield either sines or cosines, depending upon what is used to 

start the recursion. In particular, 

(cosine generation) 

(sine generation), 

cos(2jrAtA/) (cosine generation) 

c-i = i 

v-sin(2ïïAtA/) (sine generation). (6.37) 

This recursion is equivalent to Eq. (3.58) with the damping term f set to zero. 

The last topic of this section is the calculation of cross spectral density. The 

lag window considerations for the CSD are identical to those for the PSD, so that 

only the definitions and computational procedures need be discussed. In the 

continuous case, the crosscorrelation function is 

Rxyir) = E [jc(0 ^(i+r)]. (6.38) 

The time average definition is 

1 f772 
Rxyir) = lim = x(t)y(t+T)dT. (6.39) 

7-+00 J J-TI2 

The CSD is the Fourier transform of Eq. (6.39) 

Gxy(f) = 2 j* RXy(T) e-fW dr, f > 0. (6.40) 
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Another formulation is to write 

^xyif) ~ Cxy(f) ~ ÍQxy(f)- (6 41) 

The Cxy function is the cospectral density or cospectrum and Qxy is the quadra¬ 
ture spectral density or quadspectrum. The definitions of these two expressions 
are 

Cxy(f) - 2 Í [Ä^(t) + RXy(-T)] COS {271/7-) dr, 
Jo 

Qxyif) - 2 I [Rxy(T) - Rxy(-T)] sin(2ïï/r) dr, f>0. (6.42) 
Jo 

The digital procedure would be much the same as for the PSD: 
1. Xi and y¡ are assumed to be zero mean sequences of N points. (If the means 

were not zero they would be calculated and removed.) 
2. Sample correlation functions are computed for (m + 1) values: 

N-r 
n 1 V"1 
^xyr ~ N - r /_4 xiyi+r> 

/=1 

A-r 

Ryxr ~ yy - r Xi r = 0, ..., m. 
/=1 

(6.43) 

3. An appropriate lag window is selected as in Eq. (6.29), and two new cor¬ 
relation functions are computed: 

R R nxyr umr K-xyr, 

Ryxr = Ryxr> r = 0, ..., m. (6.44) 

4. The co- and quadspectra ere computed for various frequencies usmg 
trapezoidal integrations: 

i ~ ^ 
4,.(/)= + * 2 2] + 

r=l 

cos(2n/rAr) + (Rxym + Ryxm) cos (lirfmAt) 
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QXy{f) = àt - 
(RxyO~RXyo)+ (Rxyr~Rxyr) 

r-l 

sin (2nfrAt) + (Rxym -Ryxm) sin (2-nfmAt) k (6.45) 

As is the case for the PSD, a standard set of frequencies can be used: 

k 
fk = 2 mAt ’ k - 0, ..., m. (6.46) 

. 5- There are various ways of displaying or different forms of output for 
Cxy(f) and QXy(f). Some commonly calculated additional information is 

a. The absolute value of the CSD; 

1^,(/)1 = + ÙxyW)- (6.47) 

b. The phase angle of the CSD; 

¢(/) = 360 
27T 

arctan 
Qxyif) 

Cxyif) 
(6.48) 

Note that the quadrant is always known, so that ¢ ranges over 360 degrees. 
The most usual span is -180 to 180. A test using the signs ofQxy and Cx has 
to be made to determine the proper quadrant. Many routines that compute 
arctangents are designed to take care of this problem, 

c. The transfer function between* and>>,//(/); 

Cxyif)-IQxvif) 

^xxif) 

xy\ 
(6.49) 

This is also usually rewritten in terms of the modulus and the phase angle. The 
modulus is 

IW)I = (6.50) 

The phase angle is the same as for the CSD. 
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6.2 Direct Filtering Methods 

The power spectral density can also be measured using filtering techniques. 
Each output value of the PSD is obtained in the following manner: 

1. The data are filtered using a bandpass digital filter centered about the 
frequency of interest, producing a new, filtered sequence; 

2. The variance of the filtered sequence is computed; 
3. The variance is scaled so that it is in the correct units. 

This procedure is shown schematically in Fig. 6.8. If the whole frequency 
interval [0, 1/(2At)] were to be covered with (m + 1) filters with equal band- 
widths, one straightforward way of setting up the filters is as follows: 

1. Have a low-pass filter with a half-power point at l/(4mAr) Hz. 
2. Have a high-pass filter that has its half-power point at 

J_1_ 
2Af 4wA/ 2At (6.51) 

This filter thus covers the interval 

1 
2Ar 

1 
2At 

3. The remainder of the filters, a total of (m — 1), could then be spaced with 
their right and left half-power points l/(2mAr) Hz apart. The half-power 
points of the /'th filter would take the form 

Left half-power point 

Right half-power point = / + 1/2 
2mAt i = 1, .... m - 1. (6.52) 

Fig. 6.8. PSD calculations using digital filters. 
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It is interesting to compare this procedure with the previous one. Computer 
running time is difficult to estimate because it involves many variables, including 
the individual skill of the programmer who writes the code, a factor which is 
difficult to evaluate. One thing that is known, however, is the approximate 
number of floating point arithmetic operations that will be required in each 
case. So, assume that 

1. There are N data points and (m + 1) equally spaced frequency values at 
which the PSD is to be estimated, 

2. The correlation method uses the algorithm for computing the cosine terms 
recursively as described in the preceding section but does not use the fast 
Fourier transform, 

3. The filter method uses second-order filters as described in Section 3.4. 
Under these conditions, the number of floating point operations required for the 
two cases is (approximately) 

Floating point operations, 
correlation method 

(m+1) [2JV + 5(m+ 1)] 

Floating point operations, 
filter method 

7W(m+l). 

The ratio of these two terms is 

/correlation\ _ 2N + 5(m+ 1) 
\ filtering ) IN 

(6.53) 

(6.54) 

Thus, for evenly spaced analyses, as m<N (usually), the correlation method is 
the cheapest right up to the point where (m + 1) = ¿V, which is where there are as 
many frequencies as there are data points. This analysis assumes the filter ap¬ 
proach uses the simplest of all filters. If a more complicated filter were to be 
used, the cost would go up even more. For example, if a six-pole bandpass filter 
were employed, then Eq. (6.53) would be 

Floating point operations, 
filter method, six-pole filters *m+ '' 

(6.55) 

The filtering procedure has another serious drawback. The filters require 
warming up time, that is, time to go from zero to their steady state condition. 
The warmup time is roughly proportional to the reciprocal of the bandwidth. If 
the bandwidth is \/T, then the warmup time is approximately T seconds, which 
is the whole record length! Usually, a bandwidth of l/(Ar) is required, which 
says that the first At seconds of filtered data must be discarded because the results 
could be biased (generally downward) if this were not done. A seemingly analo¬ 
gous situation in the correlation case is that the mth correlation function value, 
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Rxm< >s only averaged over (N-m) lag products rather than the N total data 
values. 

The picture changes considerably if equal bandwidth estimates are not re¬ 
quired. Many users, for example, would like the bandwidths to increase with 
increasing frequency in some geometrical fashion. Suppose that the bandwidth 
of analysis at 0 Hz is \l(m&t), and that the PSD is subdivided into n intervals, each 
of which is increasing multiplicatively by a factor a. The total bandwidth will be 

mAt (1+0+...+a”-1) = 
2At (6.56) 

This can be reduced to 

an - 1 _ m 
o-l ~ 2 ’ 

Solving for n yields 

n 
log [l + (o-1) y] 

log o 

(6.57) 

(6.58) 

Thus, the cost of computing the variable bandwidth PSD using filters is 

Floating point operations = jV(3 + 2p) 
log l+(o-l) 

a. 

log O 
(6.59) 

In Eq. (6.59), p is the number of poles in the filters. Suppose that p and o are 
both set equal to two, and that m is equal to iV (maximum resolution). Then, 

Floating point operations % 
log [l + 

log o (6.60) 

The ratio of this expression to the similar one for the correlation method yields 

correlation ^ N log a 

ra,"in8 (66i) 

An even less expensive method of implementing a third-octave type analysis 
is the following: A third-octave module is developed as shown in Fig. 6.9. The 



156 ANALYSIS OF DIGITAL DATA 

Fig. 6.9. Third-octave PSD module. 

high-pass and two bandpass filters are designed to cover the upper one-half of 
the frequency interval in the following manner: 

hpp = half-power point 

Filter 1 < 

Filter 2 < 

Filters -< 

Left hpp = l/(4Ar) 

Right hpp = 3v^/(4Ar) 

r Left hpp = V2/(4Ar) 

k Right hpp = 3V4/(4Ar) 

Left hpp = 3V4/(4Ar) 

Right hpp = l/(2Ar). (6.62) 

ha:itS half-Power P°int at l/(4Ar). By the sampling theorem 

awav Thin ^ 1’ ^ ^ ^ ^ ¡S redundant and may be th. own 

knoL ideSon * ^ “““ P0:n,S’ “ d‘xñbei ia ^ 3-l! 
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The process for doing 
the decimation is as fol¬ 
lows: Label the original 
sampling interval Af0. 
Call the new sampling 
interval Aíp Then the 
relation is 

2At, = Af0- (6.63) 

FILTER 2 

Fig. 6.10. Transfer functions of the filters in the third-octave 
module. 

The decimated data 
output from the module 
is now the input into an 
identical module. The 
output of that is as 
shown in Fig. 6.10 except that the relative scale has changed. The combined 
coverage of these two modules is shown in Fig. 6.11. As that figure indicates, 
the procedure of putting the decimated output of a module into a new module 
can be carried on indefinitely. Suppose that the processing all of the data using 
the first module requires A seconds. As the first module puts oui c:uy half 
as many points as were continued in its input, the second module will require 

A/2 seconds. Similarly, 
the third module will re¬ 
quire only /1/4 seconds. 
Noting the fact that 

MODULE 2 MODULE I 

lim ¿IT2' (6'64) 
/1-+°0 /=0 

it is seen that a total of 
J-ÎST.-ÏST KT rò ÎST only 2A seconds is re¬ 

quired for the whole 

Fig. 6.11. Overall filter spacing of the third-octave analysis. analysis. 
Insofar as the number 

of floating point opera¬ 

tions is concerned, suppose that filters one, two, and three are six-pole filters 
(each requiring 13 floating point operations) and that the low-pass filter is a 
12-pole filter (requiring 23 floating point operations). Then a total of 62 opera¬ 
tions per data point per module will be required. The limiting operation of Eq. 
(6.64) shows that the total computation requires only twice as many operations. 
Thus, for A original data points, 124N floating point operations will be required. 

Comparing this with the correlation procedure yields 
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/correlation\ _ (m+l) [2^V+S(m-i-1)) 
\3rd octave/ 124A^ 

m 
* 62 ‘ i6 «) 

Thus, any time that more than 62 autocorrelation lags are required, ihe third- 
octave filtering method is cheaper. The above procedure could be recast using 
other divisions of the interval instead of 1/3 octaves. There could be a cor¬ 
responding increase in computing cost, of course, but the cost increase would be 
linear. Filter weights for the above procedure are given in Table 6.1. The coef¬ 
ficients were obtained using the methods described in Chapter 3. 

Table 6.1. Filter Weights for Recursive Filters for a Third-Octave Analysis 

Filter 
Weight 

Low-Pass with 
Cutoff at 

Bandpass with 
Center at 

Bandpass with 
Center at 

High-Pass with 
Cutoff at 

/=-L 
1 4Ar /= 0.565 ~- 

2At /=0.712 ~ 

2At /= 0.793 ~ 

2At 

C 

Ai 
h2 

a4 

hi 

K 

A? 

Ag 
a9 

Aid 

An 
hn 

0.236568 

2.181491 

-3.156543 

3.300713 

-2.634151 

1.641908 

-0.804673 

0.308445 

-0.09091991 

0.01995444 

-0.003077582 

0.0002981100 

-0.00001366317 

0.041672 

-1.028436 

-2.554924 

-1.585242 

-1.958336 

-0.6001632 

-0.4433281 

0.038602 

-2.969963 

-5.011952 

-5.164265 

-3.598889 

-1.521951 

-0.3627491 

0.019338 

-3.586045 

-5.668159 

-4.974650 

-2.535066 

-0.7072489 

-0.08405666 

The last topic for this section is the effective window shape. Suppose that 
yiO is the truncated x(t) function 

i 

; 

I 

J 
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y(0 = *(0 “r/2(0- (6.66) 

Suppose that a bandpass filter with a center frequency of a Hz and a unit in'pulse 
response function of ha(t) is used in the analysis. Then the filter function z(t) 
will have the form 

z(0 = j ha(t-T) y(r) dr 

= Í - ha^~T^ uT/2^ dT- (6.67) 

The Fourier transform is 

2(/) = Ha(f) • [*(/) * £/772(/)] • (6.68) 

Note that the order of operations in the above cannot be changed That is 
in general 

2(/) / [//a(/) • *(/)] * £/7-/1(/). 

The power spectrum of z is 

GAÍ) = J 1//.(/)11 

• )[*</) • 

The estimated PSD centered at the frequency a is therefore 

Gx(a) = Gz(f) df. 

The action of the bandpass filter center at a Hz is as expected; the absolute 
value squared of its transfer function multiplies a PSD. The PSD in question 
however, is not of x but rather ofy, the truncated x function. 

One advantage of the filtering scheme is that the user can suppress leakage to 
a great extent by increasing the order of the filter. In general, for a given type of 
filter, the more poles that are employed, the greater the leakage suppression. 

6.3 Fourier Transform Methods 

The use of direct, finite, discrete Fourier transforms of time series gives rise 
to some relatively new problems. The Blackman-Tukey procedure of computing 

(6.69) 

(6.70) 

(6.71) 



160 ANALYSIS OF DIGITAL DATA 

the smoothed transform of a correlation function has been applied for a con¬ 
siderable time. As discussed in Section 6.1, the limitations of that method are 
well known and much experience on a variety of types of data has been obtained. 
Thus, most detailed practical problems have been encountered, and accepted 
solutions are available. 

The FFT, on the other hand, is not so well estabhshed. In particular, there 
are questions with regard to good smoothing to obtain estimates with desired 
resolution, variability, and bias characteristics. Restrictions on the length of the 
sequence give rise to special problems. In principle, a program can be written to 
handle time series of arbitrary length N, and the computational speed will increase 
if A is any composite number not a prime. In practice, programs are usually 
written for series of length N = 2P. Thus records of data of lengths that are not 
integral powers of two must be truncated to appropriate lengths or zeroes must 
be attached. An alternative approach is to subdivide the time history into 
shorter (possibly overlapping) time histories and average the final results. In 
many applications, such as vibration data analysis, the number of data points 
required presents no special problem. Digitizing rates and record lengths can 
often be juggled in advance to obtain the appropriate number of data points. In 
many other instances, however, digitized time histories of relatively inconvenient 
lengths might already be available and discarding data might amount to throwing 
away expensive information. Furthermore, the requirement of collecting a cer¬ 
tain number of data points presents an additional constraint to the data analyst. 

The following sections will indicate methods for smoothing raw spectra and 
also the effect of augmenting the series with zeroes. The problem of smoothing 
raw spectra via FFT computations has not been thoroughly studied at this time, 
and thus the discussion is incomplete. This is partly because the potential 
flexibility available via the FFT is much greater than with the correlation PSD 
function approach. 

It is desirable to taper a random time series at each end to enhance the 
characteristics of the spectral estimates. Tapering is multiplying the time series 
by a “data window,” analogous to multiplying the correlation function by a lag 
window. Thus, tapering the time series is equivalent to applying a convolution 
operation (see Section 6.1) to the “raw” Fourier transform. The purpose of 
tapering is to suppress large side lobes in the effective filter obtained with the 
raw transform. 

As with the correlation function, one can view a finite length, random, time 
series as the product of a finite length boxcar uT/2(t) (Fig. 6.12a) and an 
infinitely long time history y(t), as depicted in Fig. 6.12b. Thus, the finite 
transform ofx(t) may be considered as the transform 

I772 O xp^ i2vMdt £ y(t)uT/2 exp(-/27r/i) dt. (6.72) 
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Fig. 6.12. (a) Boxcar function for the FFT; (b) Sample 
tune history of length t. 

Because producís transform into convolutions, we have 

*(/) = 1-(/) • 1/772(/) 

where 

r 
^772(/) = j 

772 

772 
“772(0 exP (-jlitft) dt. 

rstf h !ha|>efWi,h "° “ ‘““»■•«i in Fig. 6.13. Note that 
the wrdth of Ute boxea, functron is T. where fis the record lengUt, rather Z 

Fig. 6.13. Effective filter shape with no tapering 
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the 2Tm as in Section 6.1, where Tm was the maximum lag value of the auto¬ 
correlation function. Correspondingly, the distance between zero crossings of 
the principal lobe in the frequency plane is 2/T rather than l/Tm. 

Because of the large 
side lobes, power exist¬ 
ing in the data at values 
other than at integral 
multiples of l/T will be 
averaged in the value 
centered at /= 0. By 
sacrificing some resolu¬ 
tion, one can improve 
the side lobe character¬ 
istics. Using a cosine 

. f , taper over 1/10 of each 
end of the data rather than uT/2(t) is suggested in Ref. 32. Such a tapering 
procedure is shown in Fig. 6.14. In equation form, u<4> is 

Fig. 6.14. Cosine taper data window Ujj2(t). 

r 
COS 

U(4) “r/2 ¿o H 

,2 VeO 
T 2 10 

cos ,2 Í!í0 
T (S «'<•?) (6.73) 

(otherwise). 

On the other hand, multiplying by a full cosine beU has the form 

“772(0 = y 1 + cos 
. (¾ (-4) 

“2, ^con,olu,io" "''W« (1/4. 
T/2t 

^2(-7)-7 

UTI2 (°) ■ j <! 

^(7)-7 

when (0<t<T) 
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(«) 

Fig. 6.15. Effective filter shape with cosine tapering. 

and is zero at all other multi¬ 
ples of 1/r, which are the 
positions at which the finite 
discrete Fourier transform is 
evaluated. Reducing the 
taper to only (1/10)71 from 
each end point changes this, 
however. The approximate 
shape of the effective filter 
is shown in Fig. 6.15. 

Tapering reduces the am¬ 

plitude of the time series, and in turn, the variance. Thus, a scale factor is 
necessa^ whenever tapering is performed. For ttfUt), the spectrum estimates 
should be multiplied by (1/0.875). This quantity is the ratio of the areas of 

“7/2(0 and “7/2(0- Thus, one obtains modified spectral estimates of a roughly 
triangular shape. Note that the width of the main lobe is slightly increased for 

^7/2(^)- h wUJ be noted that l/T will be very close to a half-power point 
bandwidth for Uy>2(f). F 

The spacing of discrete Fourier transform values is 

A/= l/T = l/Nàt. (6.75) 

TTie spacing between the first zero crossings on both sides of the main lobe for 

t/7/2 is Be = l/T. When zeroes are attached to the sequence, nothing is con¬ 
tributed to the basic shape of ¢/7/2(/) and hence the width of the main lobe is 
unchanged. However, because of the nature of the computational formula, the 
spacing of the estimates is based on the augmented record length and is 

Af = (N + iV2) At ’ (6 76) 

where Nz is the number of zeroes attached. For example, if an equal number of 
zeroes, Nz = N, is attached, the spacing is halved and appears as in Fig. 6.16. 
This change in spacing leads to problems, since the effective convolution applied 
to the raw Fourier transform may not lead to the desired side lobe canceUation. 
In fact, one could enlarge the side lobes. The problems of modifying Fourier 
transforms when arbitrary numbers of zeroes must be added is under study. The 
problem is essentially that of empirical filter design. Another approach is dis¬ 
cussed further here. 

Power spectra are obtained from the Fourier transform by the formula 

Sxt - ^ w 

- 2-^([Ri *,]’ + (Im**]1). (6.77) 
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N ZEROES ATTACHED 

Fig. 6.16. Effect on spacing of spectral averages 
when zeroes are added. 

Cross spectra are obtained from the more general formula 

Gxyk - N [Xk Yk]. (6.78) 

If the number of data points N = 2P, then the spacing of the raw estimates is 
illustrated in Fig. 6.16. In statistical terms, the raw power spectra ?¡xk can be 
shown (as discussed in Section 6.5) to be approximately x2 variables with two 
degrees of freedom (d.f.). That is, if the data are Gaussian, then each spectrum 
point is the sum of two squared Gaussian variables. The standard error of the 
unsmoothed spectrum estimates is shown in Section 6.5 to be 

e 
2n 11/2 

in' 

2 
2 = 1 

or 100 percent. This is not satisfactory for most purposes. If the spectrum is 
smooth, the estimates at a spacing of l/T are approximately uncorrelated (the 
correlation is the overlap between neighboring estimates as indicated in Fig. 6.16). 
Hence if fi neighboring estimates are averaged, 

6* = j- + C*+l + • • • + Gk+ -j ] (6.79) 
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The effective ^ ^ ^ the X2 addition theorem, 
trianai 1? ^ ape 18 ^ roughly trapezoidal, since addin» together 

ngles that overlap at half-power points gives a trapezoid as indicated in FigA 17. 

Fig. 6.17. Effective filter shape after averaging. 

Note that the effective resolution bandwidth is now approximately 

Be = £Af=±. 
(6.80) 

The estimate Gk mav be considered as representing the midpoint of the 
frequency interval from kA/ to (Ar+C-l) A/. miupomt ot the 

to Th,e ï31 e8tür;ates à* can be spaced in any manner desired. If it is satisfac 
ory to have final estimates that overlap at half-power points, then one would 

average and decimate to obtain W final spectrum estimates that are approxi 
mtely uncorreUt6'. In most B.T computer programS) the 

betlím fmd eStmiateS are 0btained that contain considerable8correlation between any contiguous pair of estimates. correlation 

dir!ftecptrum “I™1? identiCal t0 the B'T method can be obtained using the 
direct Fourier transform approach (although this is by no means necesLilv 

inÏ A seemingly tag way .“„S 

P “Je “ foZf faSttr ^ ,he d“K* —ion. The 

1. Compute the raw transform Xk. 

2. Compute the raw spectrum Gxk = (2At/N) 1¾)2 

3. _Compu« the inverse FFT to obtain the autocorrelaUon function 
*xr-J 

4. Multiply RXf by lag window umr 
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5. Compute the final smoothed spectrum Gk from the direct FFT of the 
weighted autocorrelation Gxk ^xrl- 
As discussed in Section 5.5, this computational procedure must be modified 
since the usual correlation function is not obtained at Step 3. Zeroes must be 
attached to the original data sequence (or special computational tricks applied) 
to obtain the desired correlation function. When this is done, the right-hand 
half of the circular correlation can be discarded as discussed in Section 5.5 and 
the remainder used in Steps 3,4, and 5. 

The modified computational procedure is 

1. Augment sequence x{ with N zeroes to obtain sequence of length 2N. 
2. Compute the raw transform Jlf*, * = 0,1, ..., 2/V - 1. 
3. Compute the raw spectrum 

Gxk = \Xk\2, * = 0,1.2N-1. (6.81) 

4. Compute the inverse transform of Gxk, 

= î'1 [G**], r = 0,1.27V-1. (6.82) 

5. Discard the last N values of Rxr and retain Rxr,r = 0,1,..., N. 
6. Multiply Rxr by lag window umr. 
7. Compute the direct transform ofRxr 

Gxk = y [uinrRxr], * = 0,1.TV. (6.83) 

Note that a given sequence need be augmented with only as many zeroes as 
lags. The number of zeroes necessary to obtain sequence lengths which are a 
power of 2 and the number of lags needed or desired will dictate the final 
sequence length. The amount of correlation function retained need only be 
the smallest power of 2 which exceeds the number of lags to be used. Step 5 
can be modified to discard as many correlation values as possible to obtain the 
minimum power of 2 larger than the number of lags desired. 

This procedure will provide B-T type estimates. Whether or not B-T results 
are duplicated exactly will depend on the relation of the point at which the 
desired lag window goes to zero and the number of correlation values that must 
be used for the FFT. The lag window dictates the bandwidth, so the statistical 
characteristics will be those of B-T estimates, although the spacing may not be 
duplicated. 

Reasonable spectral estimates can be obtained for sequences of length 
TV = by the following procedure: 

1. Taper the original sequence f x¡\ using Eq. (6.72). 

2. First fill out the data sequence with zero data points to obtain 2P+1 total 
data points if this spectrum is later to be inverse transformed to obtain a 
correlation function. 



SPECTRAL DENSITY FUNCTION COMPUTATIONS 167 

3. Compute the finite Fourier transform of this augmented data sequence: 

N-l ik 
= - fc = 0,1, ..., JV - 1. (6.84) 

i=0 

4. Compute the absolute value squared, scaled appropriately to obtain the 
“raw” power spectral estimates. 

Gxk=^\Xk\2, k = 0,1,..., N-l. (6.85) 

5. Adjust the estimates for the scale factor due to tapering 

(1/0.875) GU*) £*(*), k = 0,1, ..., N - l. 

6. If cross spectral density functions are desired, a second Fourier transform 
Yk is obtained. Then the “raw” cross spectral density estimate is obtained 
from the equation 

Gxyk ~ ~jÿ~ [** 

= Gxyk * iQxyky ^ ~ 0» I> 2, ..., N — 1. (6.86) 

7. Smoothed estimates are then obtained by averaging 9. contiguous raw 
estimates to yield 

^ J ^ 

Gxk = t 2-1 Gxx(k+ft' 
/=i 

(6.87) 

or 

1 ~ 
Gxyk = "j ^ Gxy(k+j)t k = 9, 29, 38, ...,m. (6.88) 

/=1 

8. For cross spectra, the squared absolute value, \GXyk\2, and the phase, 
Ôjçy/ç, will normally be the final results given by 

\GXyk\* = C\yk + Qxyki 

360 
&xyk = 2if arc^an [QxykICxyk 1 • 

(6.89) 
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bv ÍTlaIT1 f0r a correlati°n PSD is usuaUy dictated almost entirely 
by the correlation computational time This is about ? at . m u , y 

operations as required for the .V =Tp ty^FFT "it m^t beÎ’ aKUrain8 
tpecM procedures and fou,p„ta transT™^^ 
The basic speed ratio for FFT versus B-T for a single PSD“r^dy ' 

SR = Speed Ratio = m 2Nm _ 
SNp 4p (6.90) 

^“andP=13- m = ^ lags ntigh, be selected. Then 

SR = 400 

(4) (13) 
= 7.7. (6.91) 

XroZyToufc,^ 
=„ is the cross product of the two „ansformsXt^ZZe’: 

SR = 2 m 
4(4p) 15.4. (6.92) 

The third-octave procedure discussed in Section 6 2 
1 he ratio is may be faster for large N. 

SR = 
8Np (6.93) 

thaT the FFTKO^ " ^ ^ ^ ^ analysis is cheaper 

^rZz:::T:^:°r',A ^ preparation of outnut nlnt« p- i manipulation, in addition to 

typically range fZn ; .»“ o'. " ^ “ '",ire ">«« 
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6.4 Special Methods 

Various special procedures for reducing computer time have been suggested 
from time to time. These tend to take the form of variable-bandwidth analyses 

A cascade method for computing PSD’s is presented in Ref 9. A somewhat 
more elaborate method was implemented and tested «t Douglas Aircraft Company 
and reported in Appendix VII of Ref. 33. The Douglas method is a modificaüon 
of the cascade procedure as outlined in Ref. 9. The resulting PSD differs from 
the standard one in that the bandwidth of analysis increases with increasing 
frequency. This increase is neither linear nor geometric but, roughly speaking, 

equally spaced through each octave. 
The Douglas procedure begins with computing an autocorrelation of the 

function with m = 12, weighting the correlation function with the Hamming ag 
window, and then computing only the eight values of the PSD that correspond 
to the eight highest frequencies in an equally spaced analysis. The time sequence 
is then filtered with a low-pass numerical filter, and every other point discar e . 
An autocorrelation function of the filtered data is computed with m = 12, and 
is then weighted as before. Only the central four values of the PSD are calculated 
The center frequencies of these four estimates fit in directly below the eight 

estimates calculated in the previous stage. 
The cycle of filtering, discarding, correlating, smoothing, and computing the 

central four estimates is repeated until the data sequence contams f ;wer than 
forty points. Finally, the resulting spectrum is adjusted to compensate for the 
low-pass filtering. This had to be done because the filter used by Douglas was of 
the binomial type discussed in Section 3.2, which does not have sharp cutoffs. 
To eliminate foldback, the filter was chosen so that the power was neghgible 
midway between 0 Hz and the folding frequency. The result of this is that 
the power at the frequencies of interest has been altered and thus requires 

C° TestnSca^s were run at Douglas using random numbers with a flat power 
spectral density. A typical pair of results is shown in Fig. 6.18 The standard 

PSD was computed with m= 125, V = 6000, and Af = 0.04, so that B- . 
IX required a total of seven minutes of IBM 704 time. The PSD computed using 
the cascade method required only one minute of computer time. The agreement 

seems good. The bandwidths match at approximately 0.7 Hz. 
Although considerable savings may be realized with the cascade procedure, it 

lacks flexibility because only the preset bandwidths are available and the span of 
data is limited by the core storage of the computer. The Douglas program for 
computing the cascade PSD is no longer extant. If it were to be recoded, no 
doubt many changes would be made to modernize it, particularly in the numer¬ 

ical filtering. ., n ... 
The modified autocorrelation method (MAM) is basically a more flexible 

version of the cascade procedure, extended to take in larger spans of data and 
to take advantage of a geometrical or other unequal frequency subdivision 
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scheme^ The difference between MAM and the cascade method is that MAM is 

designed to accommodate any frequency division scheme that subdivides the 

frequency range so that the analysis bandwidth does not decrease with increasing 

quency. That is accomplished by computing autocorrelations for varying 

Fig. 6.18. PSD of random noise using standard and cascade 
methods. 

to "suit tlTLnH^HtT6"15mdUSin8 portionsof ^ autocorrelation functions 
^ suit the bandwidth requirements. In detail, the three phases required by this 
type of procedure are as foUows: y 

î‘ ^ ^s^hase gcncrstes the correlation function. These are computed on 
an mput data frame by data frame basis. The program can be made to compute 

as long as frames are supplied to it; hence, the ability to handle arbitrarily Lg 

sequences. Between each two levels of correlation there is filtering and 

olT lí, SOt I™611CVelS °f COrrelati0n USe Passively fewer data 
Zllinn i® T SPan CaCh leVCl StayS aPPro^ately the same since the 
sampling interval is increasing. 

at thi*k«tln-0ndphaaf comPutesthe speetral density. There are two differences 
at this step, more than one correlation function has been computed and 

more than one weighting function is used with each frequency/ It i¡ this 



SPECTRAL DENSITY FUNCTION COMPUTATIONS 171 

last option that permits variation of bandwidth within a frequency range corre¬ 
sponding to one autocorrelation function. 

3. The third and last phase combines the results and puts out a combined 
printout, plot, and punched cards, as required. 

An example will clarify the above. Suppose it is desired to compute a power 
spectral density of a set of 8000 data points that v ere obtained by digitizing the 
function {X/1 at a 2000-sample per second (sps) rate, and to compute the power 
according to a progression as given in Table 6.2.* There are a number of ways 
in which the procedure could be set up, but suppose that three correlation func¬ 
tions are to be computed with a resulting flow of information as shown sche¬ 
matically in Fig. 6.19. Table 6.2 shows one choice of parameters for an 
analysis scheme of three bandwidths’ resolution. 

Table 6.2. MAM PSD Parameterst 

Band 

P 
Range i Afp 

Narrowest 
B Mp Np MpJVp 

1 

2 

3 

500-1000 

(high) 

250-500 
(middle) 

0-250 
(low) 

15-20 

10-14 

1-9 

0.0005 
(2000 sps) 

0.001 
(1000 sps) 

0.002 
(500 sps) 

71.43 

47.62 

4.76 

28 

21 

105 

8000 

4000 

2000 

224,000 

84,000 

210,000 

fMN - (420)(8000) = 3,360,000, MM ZMpNp = 6.48. 518,000 

Before passing on to the details of calculations, consider some of the eco¬ 
nomic advantages of the MAM method over the equal-interval method. The 
equal-interval method would require the use of an m that conesponds to the 
narrowest bandwidth to be analyzed. In this case, 

m = It? * 420, (6 94) 

The product of m and AT is therefore about 3.36 X 10°. As noted before, cost is 
proportional to this product. The mN product is tabulated in Table 6.2 for each 
of the three levels. The sum of the three products is 0.52 X 106, so that 

*This frequency scheme is arithmetical. 
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Fig. 6.19. Schematic of a typical setup of a MAM PSD program. 

mN 
3 

L 
n= 1 

Wp Np 

6.48, (6.95) 

where mp and Np are the different values used for the three different correlation 
functions. That is, the cost of the standard correlation function is nearly six and 
one-half times the cost of the MAM correlations, not counting the cost of the 
filtering. Empirical information on the cost of filtering as well as the cost of 
computer bookkeeping would indicate that thf actual figure is closer to three 
to one. Therefore, for the above configuration, the MAM power spectral density 
would cost one-third the price of an equal interval analysis. 

Two of the specialized numerical techniques needed for this analysis are 
numerical filtering and a variable-bandwidth Fourier transformation. Numerical 
low-pass filtering has been discussed in Section 3.6. The expression required for 

the Fourier transformation is 

Gk = 2Atp < RpO + 2 

mk-l 

E 
L /=1 

71/ 

mk 
I cos (2nfkjAt) Rpj y, (6.96) 
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where the p subscript indicates the different correlation functions. Note that a 
separate and not necessarily integral number m* is required for each frequency 
fk so that the autocorrelation points are not necessarily summed over the entire 
length of the correlation function computed for each level. The bandwidth 
corresponding to the frequency fk is l/(Arpm*)- A computer program written 
to implement this process would probably be general, with an arbitrary number 
of levels and sets of frequencies. Specific tables of frequencies, bandwidths, etc., 
could either be made available on a semipermanent basis or be given to the 
program as specific input. 

While the procedures discussed in this section have been implemented and 
found to achieve savings over the basic method, these savings do not compare 
with those obtainpble using the FFT or numerical filtering PSD techniques. It is 
more from a standpoint of historical interest than current usage that a discussion 
of them is included. 

6.5 Statistical Error 

The purpose of this section is to outline the derivations used to obtain error 
parameters. An understanding of the material would be helpful, but it is not 
entirely necessary when applying the results. The casual reader may, therefore, 
skip over this section. The principal results are summarized in the section that 
follows. 

Statistical error, as opposed to instrumentation error, is the uncertainty in 
PSD measurements due to the amount of data gathered, the underlying 
probabilistic nature of the data, and the method used in deriving the desired 
parameter. Suppose that the parameter d> is being estimated and that the esti¬ 
mate of d> is ¢. Such an estimate is unbiased if 

E [i] = ¢. (6.97) 

The mean square error of the estimate is defined by 

mean square error = E [($ - ¢)2 ]. (6.98) 

The estimate £ will usually be a function of the record length T. If $ is a 
consistent estimate of ¢, then 

lim E [(¢- ¢)2 ] = 0. (6.99) 
T~*oo 

This implies that as the record length becomes larger, the mean square error 
tends to decrease. 

Consider the estimate of the PSD of x at the frequency / using the discrete 
Fourier transform of x 
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= ¡vS (* f *> *'2’fuj t ‘-’’"‘j 

= ^ ( Z! Z X/Xk e'/2,,/AÍ(*"í)\ (6.100) 
\/-l *=1 / 

By defining r to be equal to (k - i) and introducing a new variable 8, the above 
can be rearranged to yield 

N-l AT-Irl 

Gx(f) = 2At £ cos (InfrAt) Z ^ xi + lrl)- 
r=-(7V-l) \ ¢=1 

Expectations may be taken of this, resulting in 

JV-i 

(6.101) 

E [Gx(f)] = 2At cos (2nfrAt) N-r 

r*-(yv-l) 

Suppose that U/l is uncorrelated white noise. That is 

N Xxr (6.102) 

0 otherwise. 

Then 

(6.103) 

E [Gx(/)] = 2A/02. (6.104) 

Note that this evaluation corresponds to a bandwidth of (1/JVAr) Hz. If N/2 
bands that do not overlap arc formed, they will completely cover the frequency 
range. Thus, the integral over / of E [GX(F)] is o2. For white noise at least, 
the estimate is therefore unbiased. 

Next consider the mean square error ofGx(f) given by 

e2 = mean square error 

= E[(Cx(/)-Cx(/))2]/Cx2(/) 

= E [Gx\f) - 2Gx(f) Gx(f) + Gx\f)]IGx\f) 

= IE - 2CX(/) E [0,(/)] + C,*(/)|/0,>(/). (6.105) 
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Suppose that white noise is again being discussed. Then 

e2 = IE [G*2^] - 4Af a1 [2A/a2] + [làto1]]¡Gx\f) 

= IE [6/(/)] - 4(Ai)2 a41 /(4At2 a4). (6.106) 

Before this can be evaluated, another assumption about Ix/j must be made. 
Up to now, the only assumptions required were that \x¡\ have a zero mean and 
be uncorrelated. The new assumption is that fx/| is Gaussian. The reason for 
making this assumption is to be able to employ a very useful feature of the 
Gaussian distribution; namely, that ifxa, xb,xc, xd are any four samples from 
I Xi} then 

E [Xg Xfo XC Xd] = ^Xg *b ^d 

~ Rxa XC RXb xd 

= RXg Xd RXc xb. (6.107) 

This property is discussed (as a problem) in Ref. 34. If ¡ J is uncorrelated, then 

r. 
3o4 

E [xa xb xcxd\ a4 

a4 

0 

a = b = c = d 

a = b,c = d,afc 

a = c, b-d,afd 

a = d,b = c, afb 

otherwise. 

(6.108) 

Thus, 

~ /ia*\2 ( N N N N 

*iG'2w = {f)*\L ZEE *.«*'*< 
'.a*! ¿»1 c«l 4M 

• exp [ -ßnfbt (fl - b + c - </)] k 

This must be evaluated for each of the four cases in which the expectation is 
not zero. 

Case 1. (a = b = c = d) This holds in exactly^ places. Therefore,the con¬ 
tribution is 3No4. 
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Case 2. (a = b, c = d, a i c) There are TV* -N places where this occurs 
As the exponent is zero, the contribution is (N2 -N) o4. 

Case 3. Same as Case 2. The contribution is (N2 — N) a*. 
Case 4. This case is more complex. Its contribution is 

a4 2] Z! exP H4íi/Aí (a-b)] -No4 = a4 
a b 

e~j4nfAt 
1 - e-)4nfAtN\ 

1 -e~i4nfAt ) 

e+jnfAt 
j — e+j4nfAtN\ 

1 _ e+j4nfAt j 

In summary, 

E loAn) = 

= o 2 - 2 cos (4irfAtN) . 
2 - 2 cos {Aitf¿At) 

- „4 ( sin (2nfAtN)^ 
\sin(2ïï/A/)j -No4. 

• 3No4 + 2 (TV2 -N) o4 + a4 /«HLÎiS/MlV _^4 
\ sin (2jr/A/) ) 

2N2 + /5in(2ff/A^)\2 

sin(2n/At) / 
(6.109) 

The mean square error therefore is 

e2 = 
2At 
N 

2N1 + _ ¡ 
sin(2jr/Ar) i /v /(4 Ar o4) 

= 1 + _L /sin(2ïï/ALV)\2 
\ sin(27r/Ar) / 

Note that if/= pl(NAt), then 

(6.110) 

e = (6.111) 

Thus, if U/l is uncorrelated Gaussian noise, then the value of the normalized 
standard error for the estimate is greater than or equal to unity (the standard 
deviation of the estimate is greater than or equal to the quantity being estimated) 
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Furthermore, wMe it does decrease with increasing N, it does not vanish in the 
limit but goes to unity. Therefore, Gx(f) is not a consistent estimate of ¢(/) 
This result has been shown by many authors such as Hannan [1], and is a funda¬ 
mental limitation upon the PSD estimation process. As w¡U be seen in the next 
section, this problem is overcome in practice if a sacrifice in resolving power 
is made. 

As a final topic for this section, consider the random variable Xk where 
as usual ’ 

N 

Xk = At Xj exp [-j(2nki)/N], k -- ’.N/2. (6.112) 
/=1 

If f x¡ I is Gaussian, then by a well-known theorem in probability theory, so is 
Xk. Assuming | x¡ I to have a zero mean and be uncorrelated, then 

E [Xk] = E { N ! 
Xj exp [-j(2nki)/N] j>- 

/=1 

N 

= AtH E(x¿ exp H(2irki)/N] 
/=1 

= 0 

Var [Xk] = E [Xk Xk] 

= NAt2 a2. 

Furthermore, if p f q, then Xp and Xq are uncorrelated: 

N 

E[XpXq]=E Xi exp [-j(2nki)lN] 
/=1 

N 

(6.113) 

At 2] xk exP 
*=i 

N N 

= (At)2 E j £ £ Xixk exp H(2n(ip-kq))lN] 
. /=1 k-l 
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A' N 

E[XpXq] = (At)2 ^ E (Xi xk) exp [-¡(InUp-kq^N] 
/■1 

N 

= (Ai)2 a1 J] exp [-j(2n(ip-kq))lN] 
/=1 

= (A/)2 a2 exp [~}(2ir(p-q))/N] 

^(AtŸNa2 p = q 

= < 

Lo otherwise. 

1 - exp [-j2ir(p-q)] 

1 ~ exp { [-j(2n(p-q))] IN } 

(6.114) 

The complex sequenceX]ç,k=\.N/2 cm be broken down into real and 
imaginary parts. Define 

Re Xk = Real part of [Xk] 

Im Xk = Imaginary part of [Xk] 

Xk = ReXk + jlmXk, k=l, ...,N/2. (6.115) 

The expected value of the product of the real and imaginary parts may be shown 
to be zero for any p\ 

E [Re Xk Im Xk\ 

N 

= (A/)2 a2 2] 

/*1 

g X, X, cos (M) (Mj 
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ElReXjtlm**] o2 ^ sin 

/=1 

sin(2fffc) sin 
(t-) 

sin 1 
'vk\ 

SI 1 

= 0. (6116) 

Thus, the N/2 values each of I Re Xp\ and {Im^pl are independent Gaussian 
random variables with zero mean and with variance (Afa2). The importance of 
this lies in the following: An estimate of the power around the frequency /, where 

f-m- .m- 
(6.117) 

can be made by taking an average of 2(2Af + 1) values 

k+M 

'GxW ‘ (2AÍ+1) (jVA! 
) ¿ [(RiJT,)« 

1 q=-M 

+ ImJffl)2] 

/ = iVAi 
(6.118) 

The expectation of this estimate is 

E 1^(/)] = 2At a1. (6.119) 

the same as that obtained for the previous formulation of Gx(f) in Eq. (6.104). 
The bandwidth is broader because it now covers (2M + \)l{NAt) Hz. On the 
other hand, because it is estimated using 2(2M + 1) rather than the basic two 
estimates, the variability is much less. In particular, the normalized standard 

error is 

e2 - —1— , 
e 2M + 1 

or 

-Í-. 

1 
2M + 1 

(6.120) 
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This result uses another well-known property of uncorrelated, identically distri¬ 
buted, Gaussian random variables, namely, that the variance of their sum is 
equal to their common variance divided by the number of observations. 

Define Be as the bandwidth of the estimate. Then 

Be = (2M + 1) At 

(2At + 1) 
-f—• (6.121) 

Thus, 

(2AÍ + 1) = Be T. (6.J 22) 

The expression for the normalized standard error can therefore be put in the form 

e2 = B7f' (6123) 

While this result was derived by employing the Fourier transform, it may also be 
used when discussing PSD’s obtained by the other methods. In that case, the 
value Be is taken to be the distance between the half-power points of the filter or 
lag wmdow. With a variable bandwidth procedure, the Be varies, and therefore 
the standard error must be computed for each value of the PSD. Note that this 
expression works only for averaging power above 0 Hz. If an estimate is made 
at zero, care must be taken not to count components twice in determining the 
number of basic estimates averaged to make the final estimate. 

Another way of discussing the error is through the use of the \2 distribution. 
As discussed in Ref. 9, if z,, z2, ..., z„ are independent random variables with 
zero mean and unity variance, then the random variable x„2 defined by 

N 

Xn ~ zi2 (6.124) 
/-1 

1S X „variable with n d-f- The number of d.f., n, is the number of independent 
or free squares entering into the expression. In a sense, it characterizes the 
amount of information available in the data. The probability density function 
for x„ is 

P(xn2) 
[(X2)(”/2H - 1] g xn/2 

2n!2 r(n/2) (6.125) 
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roo = e~x xy~l dx = (y-\)\ 

! ^ The dis,ribl“i0" “ ““<• '» «»Pute confidence bands 
on the PSD l(G(f) is an estimate of the PSD around the frequency /, then the 
confidence limits take the form 

Prob [A < G(f) < 5] = p. (6.126) 

The parameter p is a fixed probability, which commonly is either 0.80,0.90, or 
0.95. Equation (6.126) may be interpreted as, “with 100p confidence, the 
true value of (/(/) lies between A and B." 

The value for p is chosen before tests are made. A related parameter a, where 

a = 1 - p, (6.127) 

is sometimes also used instead of p. Having obtained 0(/), the question arises 
as to how to compute the A and B parameters, known as the confidence limits 
These may be shown [1] to be 

a = ÆD-, 
Xn;l-a/2 

= ^(/). 

X-n-Ali 

The Xn;a Parameter is based on the x2 distribution. Its definition is 

(6.128) 

X¿;a = b such that f p(X„2) d xn2 = « 
J h 

(6.129) 

The number of degrees of freedom is twice the number of observations that 
appear within the bandwidth of the estimate. Thus, 

n = 2BeT 

m (6.130) 

"umbe' °f “«»conchfion lags if the correlation procedure is 
used. Adjustments might have to be made depending on the effective bandwidth 
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of the lag window. The bandwidth of the Parzen window is slightly greater and 
Eq. (6.13) should be multiplied by 1.3. 

6.6 Statistical Error and Planning 

The preceding section introduced three important terms commonly used 
when discussing the variability of PSD’s. They are 

Be = Bandwidth of analysis; usually taken to be the distance between the 
half-power points of whatever filter or window is used to view the PSD 

e = the normalized standard error of the PSD 

« = the number of degrees of freedom. 

Based on the assumptions that {x/i has a zero mean, is normally distributed, 
and each value is independent of the others, it was shown somewhat heuristically 
that the following relations hold 

n = 2BeT, 

where 

T = Nto. (6.131) 

If die PSD is computed using the correlation procedure, then the number of lags 
m is related to the above parameters in the following manner: 

Be ~ 
1 

mAr 

Some examples will help illustrate the interactions of these terms. The following 
one; were taken from Ref. 5. 

Example 6.1 Suppose it is desired that 6 = 0.10, the maximum frequency 
(the folding frequency /„ = 1/2At) is 2000 Hz, and m = 50, i.e., the correlation 
procedure is employed. Compute values for At, Be, N, and T. 
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At = r-r = 0.25 msec, 
¿In 

= -4- = 80 Hz, e mAt 

m 
N = — = 5000, 

T = NAt = 1.25 seconds. (6.133) 

Example 6.2 Suppose it is desired that = 20 Hz when f = 1000 Hz and 
e = 0.10. Compute values for At, m,N, and T. 

At = Ty = 0.50 msec, 
¿Jn 

m 
N = — = 10,000, 

7> = NAt = 5.0 seconds. (6.134) 

Example 6.3 Suppose that Be = 25 Hz when fc = 500 Hz and T = 20. Com¬ 
pute values for At, m, N, and e. 

At = —r = 1.0 msec, 
¿In 

m = 
BeAt 

= 40, 

JV = 4 = 20,000, 
At 

- yf - 0.045. (6.135) 

The above examples all used the normalized standard error, 6. Confidence 
bands could also have been used. In that case, 
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Í 200 Example 6.1 

n = 2BeT = < 200 Example 6.2 

11000 Example 6.3. 

(6.136) 



CHAPTER 7 

FREQUENCY RESPONSE FUNCTION AND 

COHERENCE FUNCTION COMPUTATIONS 

7.1 Properties of Frequency Response Functions 

A discussion of linear systems and the computational procedures necessary 
for obtaining estimates of them from measured time histories is presented in 
this chapter. The simplest case, which has a single input and a single output, is 
discussed first. A generalization to the multiple-input, single-output system is 
then presented. Computational requirements and procedures for confidence 
limit evaluations are given in the final section. The application of such tech¬ 
niques to shock and vibration analysis is quite broad. Many structures can be 
approximated to a useful degree of accuracy by ideal linear systems. The ideas 
of impedance and transmissibility as functions of frequency are derived directly 
as frequency response functions relating a specific type of input and output. 

Consider a physically realizable linear system that does not have any time 
varying parameters. As discussed in Section 3.1, the weighting function h(r) 
associated with this system is defined as the response (the output) function of 
the system to a unit impulse input function as a function of the time r from 
the occurrence of the impulse. For physically realizable systems, it is necessary 
that /j(t) = 0 for r < 0 since the response must follow the input. The weighting 
function concept is useful because, for an arbitrary input x(f), the system output 
>»(0 is given by the convolution integral 

(7.1) y(i)= A(t) x(f-T) dr. 
0 

That is, the value of the output y(t) at any time t is given as a weighted linear 
(infinite) sum over the entire past history of the input x(i). 

The linear system may alternatively be characterized by its frequency response 
or transfer function //(/) which is defined as the Fourier transform of /i(r). 

That is, 

(7.2) 

The lower limit is zero instead of -°° since h(j) = 0 for r < 0. 
The idea of physical realizability is important from the standpoint of the 

engineering analysis of real systems. However, from a mathematical, and 

185 
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sometimes also computational, viewpoint, unrealizable versions of Eqs. (7.1) and 
(7.2) are most useful. Instead of a finite lower limit, -°0 is used. Thus, 

.KO = J h{r) x(t-T) dr, (7.3) 

H{f) = J A(t) e~i2*fT dr. (7.4) 

For example, numerical filters used in a digital computer need not be realizable 
in this sense. It is perfectly correct to use symmetrical weighting functions and 
have phaseless (zero phase shift) filters (see Chapter 3). The frequency response 
function relates the input and output variables by the formula 

Y{f) = H{f) X(f). (7.5) 

This is obtained by taking Fourier transforms of both sides of Eq. (7.3). The 
frequency response function is of great interest because it contains both 
amplitude magnification and phase shift information. Since H(f) is complex 
valued, the complex exponential (polar) notation may be used. That is, 

H(f) = mf)\ (7.6) 

where the absolute value \H(f)\ is the gain factor and the associated phase 
angle <f>(f) is the phase factor. 

7.2 Relationships for Single-Input Linear Systems 

Assume that a linear system with a clearly defined, single input and single 
output is subjected to a random input x, which is a representative member from 
a stationary random process with a zero mean value. Then, the output y will 
have tiie same properties as shown in Ref. 5. Two relations between the ordinary 
one-sided power and the cross spectral density functions Gx{f), Gv(f), and 
Gxy(f), defined for/> 0, are 

Gy(f) = l#(/)lJ Gx(f), (7.7) 

Gxy{f) = //(/) Gx{f). (7.8) 

Therefore, with knowledge of the input power spectrum and the spectrum cross 
power, the frequency response function for a linear system is completely detei> 
mined including both gain factor and phase factor. 
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frequency response rndcoherence function computations 

The coherence function ^(/) « « “ 

JC^ÎÛIL. (7.9) 
'xy(f) - Gx(f) Gy{f) 

function Gxy(f) may be shown to satisfy 
The power cross spectral density 

the inequality 

IGxyif)? < Gx(f) GyW 

which implies th *t 

0 < yly(f) < L 

(7.10) 

(7.11) 

r •rr-'Ä'“ »« ä • 

“i"XÄ"'h.pu. „d the OUIPU« for sysle™ 

in question. . „ ,._n. ]V- 1, Eqs. (7.8) and 
Given discrete time histones x¡ ’ coherence function estimates. 

(7.9) are directly applied to compu e r ^ ^ maj0I difference when 

Complex quantities must be mamp , cm00thed estimates of the power 
compared with prévio* computations ^ obtainedP The 

Spr .hear eathnatea. Then if 

lÍeSar^S operationa are availahie in die computer aoftware, the 

transfer function is obtained directly from Eq. (7.8), 

Hxyk Ôxk' 

(7.12) 

- , ^ fP (713a) 
Re [Hxyk] - GXyklGxk> 

im [fl,,*] =êWêx». .m- (113b) 

The final .«nafer function output uaually d«i.«d will be gtin arpiared 

and phase <t>Xyk 1 

Iflxyjtl“ = R'1+ ' (114) 
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Qxyk 
75 > 
^xyk 

k = 0, l, ..., m. (7.15) 

Many possible forms of plotted and printed outputs might be desired from the 
transfer function computations. For all of the forms given here,/= kAf, k = 0, 
1, ..., m: 

1. Re [Hxyk] vs Im [Hxyk], 

2. Re [Hxyk] vs/, 

Im [Hxyk] vs/ 

3. \Hxyk\2 vs/ 

<thcyk vs/ 

4- log \HXyk\ vs log/. 

The ordinary coherence function is also obtained directly: 

^2 _ _ Cxyk + Qxyk 

Gxk Gyk Gxk Gyk 
* = 0, 1, ..., m. (7.16) 

The use of FFT’s to obtain spectra suggests the application of Eq. (7.5) for 
transfer function estimation. The transforms of the original data are available at 
an intermediate stage of the spectrum computations and thus H (/) can be 
obtained from the relation 

k - Q, 1, ..., m. (7.17) 

It would seem that the coherence function could be obtained directly also. 

\XkYk\2 
= |A*|2 |î*l2 ’ * = 0,1,...,m. (7.18) 

Problems arise, however, since a result of 

[Ann?;?*] 
yk ' ffiïïn 

nvAn 

unity is always obtained, as shown 

fr = 0,1.m. 

by 

(7.19) 



FREQUENCY RESPONSE AND COHERENCE FUNCTION COMPUTATIONS 189 

When the time histories are considered as samples of random processes, it 
reflects the fact that sample coherence is a highly biased estimator of true 
coherence for small d.f. The d.f. in yxyk computed by Eq. (7.19) is n = 2. 
Thus, one must obtain smoothed spectra of proper statistical variability before 
taking ratios to obtain coherence estimates. 

The result regarding coherence functions tends to cast doubt on the use of 
Eq. (7.17) for transfer function estimates when x¡ and y¡ are samples of a 
random process. Clearly, it is proper to use the formula when x¡ and y¡ are 
deterministic data passed through a truly linear system. There is considerable 
question as to what is a proper estimation procedure for random data. At 
least three possibilities exist: 

1. Compute T* and X^. Then commute //xv* from Eq. (7.17). Finally, 
smooth the real and imaginary parts of Hxyk individually to obtain an estimate 
Hxvk of appropriate statistical reliability. 

•X ^ rs* /■N»' /■N»' ^ ^ 

2. Compute Yk and Xk. Smooth Yk and Xk to obtain Yk and Xk of 
appropriate statistical reliability. Compute Hxyk from Eq. (7.17). 

3. Compute Yk and Xk. Compute the smoothed Gxyk and Gxk of 
appropriate statistical reliability. Compute Hxyk from Eq. (7.12). 
All of these procedures can give different results since the linear smoothing 
operation, the nonlinear operations of absolute value squared, and division are 
not commutative. 

The Fust procedure can usually be eliminated from consideration for random 
data. More precisely, when low coherence exists because of extraneous noise in 
the output, then the fust procedure must not be used. Nonlinearities in a sys- ?m 
cannot be distinguished from extraneous noise in the output as far as the compu¬ 
tation procedures are concerned. To prove the above statement, consider 
the following: 

2 
Yk 

Xk 

2 

2 (7.20) 

Thus, the absolute value squared obtained from the ratio of raw transforms is 
equivalent to that obtained from the ratio of raw (unsmoothed) power spectra. 
When extraneous noise in the output is of significant magnitude, the ratios of 
power spectra can be shown (see Ref. 5) to give highly biased results for gain 
factor estimates. 

A different type of bias, caused by smearing peaks in spectra, can also exist. 
It occurs when too wide a resolution bandwidth is employed. When an 
analysis bandwidth sufficiently narrow is used, additional resolution will not 
provide any additional help. However, it is conceivable that the smearing bias 
from using an excessively wide analysis bandwidth is of greater magnitude than 
the bias from low coherence when estimates are computed (Eq. (7.20) is used). 
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The recommended estimation procedure for input/output system data that 
recurs most typically is to use Eq. (7.12) or Eq. (7.17), in which some type of 
smoothing has been done on the raw Fourier transforms. Ratios of raw Fourier 
transforms should be avoided except when deterministic data are involved. 
Another exceptional case would be that of random data passed through a perfect 
linear system such as a linear numerical filter. The frequency response character¬ 
istics of a numerical filter can be conveniently evaluated by generating pseudo¬ 
random noise and operating on it with the numerical filter. Any of the frequency 
response estimation methods will give suitable results. 

7.3 Relationships for Multiple-Input Linear Systems 

A model of a linear system responding to multiple inputs will now be con¬ 
sidered. It will be assumed that p inputs exist, and a single output is measured. 
Three types of coherence functions play an important role in this analysis, and 
their evaluation is discussed. 

Consider a constant-parameter, linear system with p inputs (/), ß = 1,2, 
..., p, and one measured output y(t). The assumption is made that the output 
may be considered as the sum of the p individual output components yt (/), 
ß - 1,2, ..., p. That is, 

P 

y(0 = £ V')> (7.21) 
* =1 

where yt (/) is defined as that part of the output produced by the /th input, 

*6 (/)’ when ^ the other inputs are zero (see Fig. 7.1). The function hiy is 

Fig. 7.1. Multiple-input linear system. 
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defined as the weighting function associated with the linear system between the 
input xt(0 and the partial output yg(t). Hence, yt(t) is given as follows: 

^(0 =| /ity(T) Xt(t-T) dr. (7.22) 

The Fourier transform of Eq. (7.22) gives 

yt(/) = (7.23) 

where Yt (/) and Xt(/) are the Fourier transforms of yt(t) and xt(t), respec¬ 
tively. Then the Fourier transform Y(/) for the total output is 

P P 

y(/) = V w) = £ %(/) **(/)■ (7-24) 
g=i g=i 

The preceding relations can be expressed more concisely in matrix notation, and 
many results become more readily apparent. First, define a p-dimensional 

input vector 

x(0 = [*l(0. *2(0, • • •, *p(0] '• (7.25) 

Also define a p-dimensional frequency response function vector 

H(/) = [//1,(/), //2,(/), ..., Hpy(/)] '• (7.26) 

Next, define a p-dimensional cross power spectrum vector of the output y (i) with 

the inputs *(¡(0, 

0,,(/) = [Gi,(/), 02,(/), .... Gp,(/)] ', (7.27) 

where 

^,(/) = 0^,(/). ß= 1,2,..., p. (7.28) 

Finally, define the p X p matrix of the power and cross spectra of all the inputs 

*j(0 by 

0n(/) Ci2(/) ... Gip(/j 

021(/) 022(/) ... C2p(/) 

Cpi(/) Op2(/) ... Gpp(/)J 

0,,(/) = (7.29) 
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where 

Gi,<f) = GXiXff), I, / = 1, 2, ..., p. (7.30) 

The matrix Gxx(f) is Hermitian since it equals its conjugate transpose. This 
implies, for example, that the eigenvalues of Gxx(f) are real numbers, should 
these parameters be of interest in an application. 

The system of linear equations to obtain a least squares solution for the 
Hgy(/) °f Eq. (7.23) is the matra equation 

This is equivalent to 

Gly(ri 

G2y(f) 

Gpy(f) 

GXy(f) = Gxx(f) H(/). 

Gn(f) G 12(f) ... Gip(f) 

Gnif) G22(f) ... G2p(f) 

(7.31) 

Gpl(f) Gp2(f) ... Gpp(f) 

The solution to this system of equations is 

H(/) = g;*(/) Gxy(f). 

Hly(f) 

Hlyif) 

Hpy(f) 

(7.32) 

(7.33) 

The computational procedures necessary for these operations subdivide into 
three groups: 

1. Power and cross spectral density function computational routines. 
2. A Procedure for simultaneously handling p + 1 variables to efficiently 

obtain the spectral density functions among all these variables. 

3. The complex variable arithmetical and matrix operations to compute the 
multidimensional linear system parameters. 

The spectral density functions necessary can be generated by either fast Fourier 
transform procedures or correlation PSD procedures. The main requirement is 
that all possible combinations of cross spectra are computed. Because of the 
Hermitian symmetry, only the diagonal and the upper right portion of the 
matrix need be calculated. That is, 

Gij(f) = ($/) = Giji-f). (7.34) 

The computational procedures described here are for computing parameters of 
a mathematical model, assuming a /nnput [^(f), /=1,2.p] and single¬ 
output [>-(0] linear system. The system parameters to be computed are 
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1. Frequency response functions between each of the inputs and the output 
2. Ordinary coherence functions between all pairs of variables 
3. The multiple coherence function between the output and all of the inputs 
4. Partial (conditional) coherence functions between each input and the out¬ 

put while conditioning on the other inputs. 

The first operation that must be performed is a sorting procedure. The spectral 
density functions are normally computed as a function of frequency. A program 
for multiple-input linear system analysis eventually must operate on the (p + 1) X 
(p + 1) spectral density matrices, one matrix for each frequency value. 

The data operated on by the program is a set of spectral density matrices at 
frequencies indexed by k as follows: 

Gyyk Gyl* Gy2* ... Gyqk 

G\yk G\\k Guk ••• G\qk 

Jyxk 

Gqyk Gq\k Gqlk ••• Gqqk 

= 0, 1, ..., m. 

The frequency index k will usually represent special frequency values 

(7.35) 

, kfn 
/* = — , k = 0, 1, ..., m, (7.36) 

where fn is the Nyquist cutoff frequency. More generally, k can represent the 
frequency values 

fr ~f\ + k&f, * = 0,1.m, (7.37) 

where 

/l = beginning frequency, 

A/= frequency increment. 

The m separate (p +1) X (p + 1) spec¬ 
tral density matrices can be visualized 
in the three-dimensional form illus¬ 
trated in Fig. 7.2. The initial compu¬ 
tation of any spectral density func¬ 
tion provides a single-element (m + 1) 
longitudinal column of the (p + 1) X 

Fig. 7.2. Three-dimensional illustration of 
spectral matrices. 
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(p + 1) X (m + 1) block in Fig. 7.2. For the frequency response computations, 
a single slice of the block in the horizontal-vertical plane is needed. Logistical 
problems arise if magnetic tape is used for intermediate storage, since then the 
data must have been arranged in a serial fashion. Disk file storage is convenient 
for the necessary reananging that has to take place. The p input variables and 
the output variable are assumed to be zero mean, stationary, Gaussian processes 
whenever any statistical distribution results are discussed. The functions//^(/), 
ß = 1. 2.p, are the frequency response function (transfer function) charac¬ 
teristics of the linear systems through which the variables are passing to make 
up y(t). 

The variables £ = 1, 2, ..., p, and y(t) are assumed to be discrete 
(digitized) sequences of N points each. The notation for the N discrete points 
may be 

xïn = x^mAí), 

x2n = X2(nAt), 

xpn ~ Xp(nAt), 

y„=y(nAt), n= 1,2, ..., N, (7.40) 

where At is the sampling (digitizing) interval. 

The matrix equation to be solved to determine the frequency response func¬ 
tion is Eq. (7.32), where the function argument will be omitted for notational 
simplicity (e.g., Gu i¡> written instead of Gji^). The matrix and vectors in 
Eq. (7.32) are complex valued and hence require complex arithmetical opera¬ 
tions for correct manipulation. In particular, 

Git = Cit - jQit, (7.41) 

where C* and Q/ç are the appropriate cospectral and quadspectral density 
functions at index value k. 

The solution to Eq. (7.32) is 

Hly 

H2y 

py 

G\\ G\2 

G2i Gu 

Glq 

G2q 

Gpi Gpi ... G¡ PP 

Gly 

G2y 

Gpy 

(7.42) 
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or in simpler notation, 

(7.43) 

An indwulual frequency response function is given by 

P 

% = Z]GÍÍ’ » = 1.2, ..., p. (7.44) 

In terms of teal and imaginary parts, 

P 

Hiy - Re(%) + j\m(Hty) = £ [(C«C^ - QilQiy) 
« =1 

-/(C^Öiy+ 0'*^)], (7.45) 

where 

Gii = Cii - jQii _ (7.46) 

are elements of \\Gn ||-1 = IIG'81|, as required in Eq. (7.42). Equation (7.45) is 
the computational form implemented unless a complex arithmetic package is 
available, in which case Eq. (7.44) is used. 

The ordinary coherence functions between ihe output y and each input x, 
are computed by 

The multiple coherence function between the output y and all of the inputs 

, *2, • • •. *p is computed by 

yy.x = i - [GyyGyy]-', (7.48) 

where Gyy denotes the first diagonal element of the inverse matrix G ylxx 
associated with GyXX of Eq. (7.35). 

Ordinary and multiple coherence functions for the set of inputs alone 
are defmed by considering the p X p spectral matrix of the inputs Gxx. The 
ordinary coherence function between any pair of inputs x. andxt is computed by 

2 _ Gil _ Git + Qit 
^ GuGtt G a Gw 

(7.49) 
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The multiple coherence function between x¡ and all other inputs x\, X2,..., 
Xp excluding x¡, is computed by 

yj.x= 1 - [GuG«]'1, 

where G" denotes the r'th diagonal element of the inverse matrix (G**)-1 

associated with Gxx of Eq. (7.35). This quantity is convenient for understanding 
frequency response function confidence limits. 

To obtain the partial coherence function between any input, say jq, and the 
output conditioned on the remaining (p - 1) inputs, one partitions as 
indicated below in Eq. (7.51); 

Jyxx 

Gy y Gy I 

Gly Gn 

G2y G2I 

Jpy Gpi 

Gy2 

Gn 

uyp 

G\p 

G22 ••• G2p 

Gpi ... G¡ PP 

by y Lyl 

lly Sy 

Then compute the conditional spectral matrix; 

Gxy\p = “ £yl (2n) 1 2l^. 

(7.51) 

(7.52) 

This procedure requires the inversion of the (p - 1) X (p - 1) complex-valued 
matrix In. An individual element G\y\p of the 2 X 2 matrix GXy\p can be 
written in terms of real and imaginary parts as 

Gly\p = G\y |p iQly\p- (7.53) 

The partial coherence function between the input x\ and the output y, condi¬ 
tioned on the other (p - 1) inputs, is now computed by 

= _ ch\p + Q*y\p. n r.-j 
ly\p Gu\pGyy\p Gu\pGyy\p 

Similar results apply for x2 by interchangingx2 withxi, forX3 by interchanging 
X3 with X2, etc. 

In the special case of a single-input single-output linear system, all coherence 
functions are identical. This can be verified by examining Eq. (7.56) for partial 
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coherence and Eq. (7.48) for multiple coherence. Upon substituting values when 
p = 1, tnese equations will both reduce to Eq. (7.47). 

The equations in terms of real and imaginary parts are as follows. Let the 
elements of Ej| be 

Ghi = ijhi _ jVhi' (7 55) 

The real and imaginary parts of an individual element Gs*|p of the 2 X 2 

matrix GXy\p 316 obtained in two additional steps. First define the intermediate 
quantity 

C'ik [{Vmchk - - /([/“Cm + k/*ch)], 

/ = 2, .... p; fc = y, 1. (7.56) 

The final equation is 

Gtk\p = Gik [(Q/Q* -QtiQik) - j(Ct¡Q'¡k + QiiC'ik)), 
i=2 

l=y,Uk= y,\. (7.57) 

These values are then inserted into Eq. (7.54) to obtain the partial coherence 
function. 

An alternative formula for the multiple coherence function is obtained from 
similar formulas. First the matrix Gyxx is repartitioned. 

Jyxx 

Uyy 

Gly 

Gpy 

Gyl ... Gy„ 

Gn ... Glp 

Gpl ’PP 

Gyy 1,yX 

^xy Gxx 
(7.58) 

The conditional (residual) output spectrum is computed from 

Gy\x = Gyy ^yx^xx^xy- (7.59) 
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This formula is obtained in term« nf r*i\ „„j • 
erms of real and imaginary parts as follows. From 

E,. (7.45,. lei the ie.1 end h„ of^leS by 

Cly ‘ Re [»/,]. 

Q¡y = Im [H{y]. 

Finally, 

(7.60a) 

(7.60b) 

P 
^ = c,, - g ((c. jC- _Qyt(Sy) _ /(C^ t (761) 

Note that the result must be real tkho 

formula is for the imaginaiy part of ÊihfTdtë) t^be e'-ro* COraPU,a,Í°^ CheCk 

The mulhple coherence in re™ „f rhe condition^ output Metrum is 

Oyy (7.62) 

^rtÄ^iTorr,*ta,e“ °f ^ 
power remaining after . 0“tpur ““ ^ 
relations is subtracted out. Therefore r ? accoun*ed for Wlth linear fdter 

accounted for with linear relations and f/1* 'yy fraction of Powcr not 
of power accounted witt lTL ).,.,° T ^ ‘’““«T » «« fraction 
Is «.a fraction of power mteTuîT "'"¡“«‘P1'France function 

filter relationships with ail the inputs. CC0Un °r by sinlllltaneous linear 

7.4 Complex Matrix Inversion and Numerical Considerations 

Since complex-valued Quantities are invrrivari *u 

of a cmnplex matrix exists.' Two approaches may'be foZST“ ^ 

dhec'tly Plai be *» ta«» a matrix of complex elements 

more inversions of redi matrices' eraploye<l 10 reiiuce the complex inversion to 

ÄSrÄTS “-““T ««7 routines can 

tire condition and rank of fcZtrh 17 a n0nM“y make CheCks f“ 
routine to optimize the inversion as - 0’ procedures might be included in the 

There are enough definite advantaees tn ** "umencal accuracy is concerned, 
developing this kind of a routine. 8 Capitallze on 016 effort expended in 
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On the other hand, efficient complex matrix conversion routines are more 
difficult to come by. Thus, in some instances, it is more efficient to perform 
the inversion in terms of real and imaginary parts separately. On the other hand, 
the escalator method of matrix inversion is particularly neat for the spectral 

analysis of linear systems. 
A method is presented in Ref. 35 for the inversion of a complex matrix. 

Write a given spectral matrix G in terms of its real and imaginary parts; 

G = C - /Q. (7.63) 

Then, the inverse of G is given by 

G’1 =C, -/Q„ (7.64) 

where 

€,=(0 + 00^0) (7.65) 

and 

0,=-0,001. (7.66) 

The computation steps are 
1. Compute the p X p inverse matrix 0'1, 
2. Compute the matrix product QC'1 and save, 
3. Compute the product QC_1Q, 
4. Compute the sum C + QC_1Q, 
5. Invert the pX p matrix from Step 4 to obtain C, =(C + QC_1Q)_l. 

Thus, two real matrix inversions, three matrix multiplications, and one matrix 
summation are required to invert the p X p complex spectral matrix. 

The escalator method is an iterative scheme whereby one proceeds from an 
inverse of order (2 - 1) to an inverse of order 2. The method has two advantages: 

1. It is simple to take advantage of the complex conjugate symmetry of the 

spectral matrix, and 
2. the three orders of inverse matrix, p - 1, p, and p + 1, are obtained in 

natural progression. 
The method presented below is a special case of the one derived in Ref. 36. 

Partition a p X p spectral density matrix in the manner indicated; 

G = 

Cyy 

_pyx 

(7.67) 
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,!(P-,)X - X (,- 0. Let the 

G1 = 

T* U 
(7.68) 

The 1"° matrices may be multiplied and set equal to the identity matrix The 
resulting equations may be solved to obtain the following formulas^ 

S = 
Cyy - GXyG-ixGyx (7.69) 

^ Gyx S, 

U = Gxi - G-* G^T. 

(7.70) 

(7.71) 

Note that T need not be explicitly computed. Thus, all the elements of a 

X in- Tv”6 matnX haVe been determined with knowledge of the (p - l) 

EquatlonTpMW?™" “'i,7ad7^i0na' ma,rix ^«Plication opetations. 
i y i ■ ’ and ^ are aPplied recursively beginnine with 

fot the solüroft'p 43) ma,rU "‘“S!a,y 
the output with all n innnt ' f bL Th muIt,Ple coherence function of 

(, * D auge N™«; rint ^ ^ ^ Ea- (7-69>' ^ ^ 

1 
= S'1 = Gyy - G yy ~ 'JxyGÿt.G xx^yx. (7.72) 

then 

yß.x = i £1 
Cyy (7.73) 

Cwy^equS' ^ ire,UenCy r'SPOnSe ,'C,0, iS 'da,ed ‘o T* ,f 

‘xy 
K'-'V 

ftXczt8 pÄrxr nhe rr °f ^ effectively inverted. (P ♦ ■) X (p 11) spectral density matrix is 
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The partial coherence function between the output and each of the inputs 
may be obtained without explicitly employing the (p - 1) X (p - 1) inverse in 
Eq. (7.52). Once the p X p inverse is obtained, all of the subinverses are obtained. 
Ai^ alternate formula for an individual frequency response function (an individual 

element of the vector Hx_y) is 

c^7' (775) 

The partial coherence can therefore be written 

<7-76> 

The two additional quantities are available when the p X p inverse is 

obtained. First, from Eq. (7.72), 

Gyy\p = \IGyy=S-'. (7.77) 

Also from Eq. (7.50), Gu\p is the reciprocal of the ith diagonal element in the 

inverse matrix ; 

GW|p = 1/G«. (7.78) 

The partial coherence functions can then be obtained from the formula 

yjy\p = Itf/y!2 S-1/G". (7.79) 

Thus, the escalator approach to the necessary matrix inverse unifies many of the 
formulas used for computing the various desired quantities. 

7.5 Confidence Limit Computations 

In addition to the basic parameter estimates, the confidence limits for the 
different coherence functions and for the frequency response functions can be 
computed. Confidence limits can easily be determined for gain and phase or 
real and imaginary parts. Computing the coherence function limits requires a 
single type of formula for all three types of functions. Only the degree-of- 
freedom parameter need be adjusted. A Gaussian approximation is used for the 
distribution of sample coherence, which is valid roughly in the range 0.3 < 72 

< 0.98 and for the d.f. parameter n > 20. The formula for the true distribution 
of sample coherence is not at all conveniently evaluated. See Ref. 37 for tables 
and the exact formula. Tables in this reference give the (cumulative) probability 
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distribution function for ordinary and multiple coherence functions as a function 
of the number of complex degrees of freedom, nc, and the number of variables a 
ror ap-input, single-output system, 

? = P + !• (7.80) 

In terms of real degrees of freedom, n = 2Be T, where Be is the effective spectral 
resolution bandwidth and T is the effective record length, 

nc=^ = BeT. (7.8!) 

For the special case of the single-input, single-output system, <7 = 2, and the 
tables apply to ordinary coherence functions. 

A transformation that leads to an accurate normal (Gaussian) approximation 
for the distribution of sample coherence functions is shown in Ref 38 to be 
given by 

z = tanh'1 7 = y ßn 1+7 
1-7 (7.82) 

where 7 is the positive square root of the sample coherence estimate 7* This 
transformation is valid when n > 20 and when the true coherence is in the 
range 0.3 < 7 < 0.98. The mean value and variance associated with z are 
approximated by 

■ tanh'' * + (¡r^)' (7.83) 

°' * TT^Tp ' (7.84) 

where n = 2nc = 2Be T. 

From the previous equations, for measured values of 72 and n, one can 
determine (1 - a) confidence limits for the true value 72 by the foUowine 
relation: 6 

[tanh (.z-b-OfZa/2) < 7 < tanh (r- b + ozza/2)], (7.85) 

where za is the 100a percentage point of the normal distribution, and 

4 " whj ' (7-86) 

The above confidence limit formula applies either to ordinary coherence func¬ 
tions where p = 1 or to the multiple coherence functions where p>l. 
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A simple adjustment can be made to obtain partial coherence function confi¬ 
dence limits. In general, one must reduce the number of degrees of freedom in 
the analysis by the number of conditional variables whose effects have been 
subtracted out. For example, in the case where the effects of (p - 1) inputs are 
subtracted out, one uses n real degrees of freedom given by 

n' = n- (p- 1), (7 87) 

where n = 2BeT. 

The confidence bands for the frequency response functions 7//,,(/), /= 1,2, 
..., p, representing the model of Fig. 7.1, depend upon the sample coherence 
function between the output and the inputs, the sample multiple coherence 
function between the inputs, the sample input and power spectral density 
functions, and the sample frequency response functions. The basis for these 
results is discussed in Refs. 5 and 39. 

Assume negligible bias error in the various spectral estimates involved Let 
the true gain factor be l%l and the true phase factor be so that 

Hiy = 1///J i^y. (7.88) 

Then the (1 - a) confidence intervals for Hiy and <t>iy are given simultaneously 
at every i and at any specified frequency/(or digitally by the frequency index k) 

Hiy - < Hiy < Hiy + n ' 

1,2.p, 
<t>iy A0/ < <t>iy < + A0/ 

where Hiy and are sample estimates. The square of the radial v 
ri (/). and the phase error, A<fo = A$/(/), are computed for each i by 

r/i = . » D “ 7y-x] Gy 

1 n-2q(F"..«a;a)[7-_/2 

(7.89) 

error, r¡ 2 = 

A^ = sin" (¡y 
(7.90) 

(7.91) 

The various quantities in Eqs. (7.90) and (7.91) are 

p = number of inputs (excluding output), 

n = 2BeT= number of degrees of freedom in each spectral estimate, 

^»i.njja = !00a percentage point of an F distribution with n, = 2p and 
n2 = 2n- 2p degrees of freedom, 
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ly-x - sample estimate of the multiple coherence function between the 

output 7 and all the measured inputs, as defined by Eq. (7.63), 

7/.J- - sample estimate of the multiple coherence function between the 

input Xi and the other measured inputs excluding x¡, as defined 
by Eq. (7.50), 

Gy = power spectrum estimate for the output .y, 

G¡ = power spectrum estimate for the input x¡. 

A polar diagram for the confidence region represented by Eq. (7.89) is shown in 

Fig. 7.3 at the frequency /„. Different confidence regions apply to each specified 

frequency f0 and to each of the possible /= 1,2, ..., p. 

Fig. 7.3. Confidence diagram for multiple fre¬ 
quency response functions. 

Equation (7.93) gives the radial error for the most general case of multiple 

coherent mputs. For special situations when the p inputs are coherent or there 

is only a single input p = 1, the square of the radial error takes the special form 

ri2 = (Fni,n2;a) [1 ~ 7¿/] S1’ (7.92) 
Gi 

where n, Gy, and G¡ are the same as before, while 

= 100a percentage point of an F distribution with «j = 2 and 
n2 -n-2 degrees of freedom, 

^yi ~ samPk estimate of the ordinary coherence function between y 
and Xj, as defined by Eq. (7.16). 
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The phase error Aft is calculated as before by Eq. (7.91); however, the r,- obtained 
from Eq. (7.95) is used instead of Eq. (7.92). 

The necessary F distribution values may be determined to a moderate degree 
of accuracy with an approximation from Ref. 40 (Section 26.6.1b, p. 947). If 

p = (1 - a) is the confidence band desired, then 

r«i,H2;a e » (7.93) 

where 

w = £^+xW2 

* = 2 (^ * STTiJ'' 

«i = 2b, n2 = 2a. 

(7.94) 

(7.95) 

(7.96) 

(7.97) 

The quantity Zp is the pth percentile of the normal distribution function and 
can be evaluated by the series approximation in Appendix B. This approxima¬ 
tion is inaccurate for small values of rij. An empirically determined correction is 

^nt,n2-,a ~ ^nx,n2\a ~ e(«i). (7.98) 

where 

e(n,) = 15.76003 - 16.260806«, + 6.675521«,2 - 1.3535354«,3 

+ 0.1354177«,4 - 0.0053333«,5. (7.99) 

7.6 Flow Charts 

A set of flow charts for the matrix frequency response function computations 
is given as Fig. 7.4. There are four stages. 

1. Compute power and cross spectral density functions, 

2. Rearrange into spectral density matrices, 

3. Perform computations, 

4. Rearrange into frequency functions for plotting. 
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Fig. 7.4. Flow chart of computations for the matrix frequency response function. 
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Fig. 7.4. Flow chirt of computations for the matrix frequency response function. 
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No 

Fig. 7.4. Flow chart of computations for the matrix frequency response function. 
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Fig. 7.4. Flow chart of computations for the matrix frequency response function. 



CHAPTER 8 

PROBABILITY DENSITY FUNCTION COMPUTATIONS 

8.1 Review of Basic Statistical Terminology-Sample Density Function 

Definitions of the mean and variance were given in Sections 1.2 and 1.3. 
This section will discuss these terms more carefully, but not in the detail that 
will be found in a work on statistics. The precise definitions of the above 
parameters are more involved than those given earlier, and the definition of a 
random process would require an elaborate mathematical scaffolding because of 
the variables which may be examined. Fortunately, in the applications con¬ 
sidered here, the pathological functions considered by mathematicians do not 
occur. Hence, several simplifying assumptions can be made without impairing 

the validity of the results. These are 
1. That the functions being considered are bounded and, before digitization, 

were continuous, and 
2. That the random process underlying the function is ergodic and stationary. 

The technical definition of a random variable basically requires that the variable 
be measurable. Assumption 1 guarantees this, as bounded, continuous functions 
form a subset of functions that are measurable. The remainder of this section 
will be spent in an intuitive discussion of Assumption 2. 

Suppose that a large number of identical noise generators has been turned on 
at some remote time in the past and left to run. Associated with the output of 
all the generators is a function the probability density function, with the 
following characteristics: For a certain time, say t0, the probability that the 
output of the rth signal generator x¡(t0) lies between values a and b is given by 

the integral 

(8.1) 
a 

Note that the integration is performed with respect to the range of the random 
variable. The expected value of any function involving x, denoted by E [g(x)] 
where g(x) is the expression whose expectation is sought, is defined to be 

211 
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In particular, the mean and variance are given by 

M(io) = x(fo) f(.x,t0)dx, (8.3) 

If the random process is stationary, the parameters ju(i0) and a2(t0) are 
independent of time. That is, 

M(fo) = m(M = 

o\to) = a(ii) = o2, 

(8.5) 

(8.6) 

where t0 and t\ are arbitrary. As stationarity is assumed, the mean and 
variance hereafter will be written without the qualifying f0. 

The assumption of ergodicity permits ensemble averages to be replaced with 
time averages. In the noise generator example, the generators were exactly alike, 
so that even though an individual generator were producing a different, unique 
random function, the output of any one of them would be sufficient to define 
the statistics for all. Thus, the expression for the mean in Eq. (8.3) may be 
replaced with 

(8.7) 

which is the time average based on a single record of the process. A similar 
expression for the variance is 

(8.8) 

Because only a sample of the random variable is taken, rather than a record 
length which is defined for infinite time, the sample mean and sample variance 
are denoted by symbols different from those used for the theoretical parameters. 
In particular, the sample mean for digital data is calculated from 
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The unbiased* sample variance s2 is obtained from 

(8.10) 

Criteria exist for determining the confidence intervals for the sample mean and 
sample variance. Detailed formulas and tables are to be found in Ref. 5. For the 
record lengths encountered in vibration analysis, the statistical variation of these 
two parameters is usually low and hence not a problem. 

Sample probability density functions or histograms may also be obtained from 
the data. The sample density functions are not unique for a given data group as 
are m and s2, but dep d upon the values of certain parameters used to deter¬ 
mine them. The histogram is computed in the following manner: An interval of 
the range of x, say a < x < b, is subdivided into k subinterval.? of equal length so 
that the entire range of x is broken up into (it + 2) intervals. All of the data are 
examined, and the number of occurrences in each interval is tabulated. The 
histogram consists of a plot showing the number of occurrences for each of the 
intervals. 

More formally, let |A^| be the set of integers obtained by counting the 
occurrences of | x,-1 in the /th interval. Let c = (b - a)lk, and d¡ = a + jc. Then 
\Nj I is defined by 

[Number of x such that x < a] 

/ 

0 

j [Number ofx such thatdj-\ <x<dj\ 

k [Numberofx such that<x<b] 
(k + 1) [Number of x such that x>b). 

Figure 8.1 illustrates these quantities. The jJVyl terms are frequently called 
pockets. One method of doing this sorting on a digital computer is to examine 
each X/, i = 1, ..., jV in turn, making the following checks: 

1. If a , < a, add one to A^q, 
2. If Xj > b, add one to Wjt+i, 

•if the division of the expression for s2 were 1/A rather than 1/(A - 1), then the expected 

value of j2 would be [(A - 1)/A] c2, so that the result would be biased. For large A the 
error, however, would be small. 



214 ANALYSIS OF DIGITAL DATA 

Fig. 8.1. Histogram construction. 

3. If neither of the two preceding requirements are met, then a < b\ 
therefore, compute 

, ti-a (b - a) 
c k 

Pick the largest integer 8 such that 8 < L, then add one to Nt. This technique 
turns out to be easy to implement on most digital computers. 

Three forms of sequences based on the above are used. The first is the 
histogram, which is simply the sequence jjVy| without change. The second 
sequence is {P/l where 

?l - sample probability that [dj-i <x < dj] 

~ Nj/N. / = 0, 1, ...,(*+1). (8.12) 

The third is the sample probability density function (PDF) which takes the form 
of the sequence |p/|,/ = 0, ...,(*+ 1), where 

N,k 

Pi ~ N(b-a) (813) 

This can be interpreted as the derivative of the distribution function at the 
midpoint of each interval. 

Before the above procedure can be effected, values for a, 6, and k must be 
chosen. The question naturally arises, what is a reasonable criterion for the 
choice of these three parameters? There is no good single answer *o this 
problem. Much of the choice must rest on assumptions about the underlying 
distribution being examined and the manner in which the data were collected. 
Data obtained using a system like the hypothetical DAS of Chapter 2 have two 
limitations imposed on them; namely, that the data are restricted in range, and 
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within that range there are only a finite number of possible levels. If the digitizer 
has only 128 le ’s, then it is clearly senseless to choose a it > 128, as some of 
the levels must be empty. Also, it is easy to visualize a situation in which the 
apportionment of ADC counts (or their converted equivalents) to the subintervals 
of the sample PDF would cause a biasing of answers. 

Example 8.1 Suppose a digitizer with 16 levels is used and that the output is 
analyzed without any conversion to engineering units. Suppose further that each 
of the levels 0, .... 15 is equally likely, so that the priority probability of the 
ith count occurring is 1/16. If k is taken to be 12 and a and ft are 0 and 15 
respectively, then the following distribution of counts would take place. 

Pocket Range Levels Contained 

1 0 - 1.25 0,1 
2 1.25 - 2.50 2 
3 2.50 - 3.75 3 
4 3.75 - 5.00 4 
5 5.00 - 6.25 5,6 
6 6.25 - 7.50 7 
7 7.50 - 8.75 8 
8 8.75 - 10.00 9 
9 10.00 - 11.25 10,11 

10 11.25 - 12.50 12 
11 12.50 - 13.75 13 
12 13.75 - 15.00 14 

(8.14) 

The expected contents of pockets 1, 5, and 9 will be twice as large as those of 
the other pockets, so that the sample PDF obtained would tend to be highly 
biased at those values, and thus, imply an incorrect result. 

The above example shows that reasonable care should be exercised when 
setting up the calculations for the PDF and that the criteria employed should be 
scrutinized in order to avoid the pitfalls of biasing. One criterion for establishing 

the parameters arises from an attempt to determine the answer to a different but 
related problem; namely, that of deciding whether or not the data are Gaussian 
or normal in distribution. 

The PDF for the normal distribution, denoted by ¢, is given by the expression 

0(*) exp Hx-rfKlo3)]. (8.15) 

The probability distribution function is the integral of the density function: 

Prob [jc< J] = exp [-(s-p)11(201)] ds 
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Prob [x<X] = exp (-^/2) ds 

- * <816) 

Methods for computing this function are discussed in Appendix B. The prob¬ 
ability that the variable lies between a and 0 is given by 

P [a< * < 0] = $ (8.Í7) 

The normal distribution is assumed as a hypothesis in many analyses; and it 
arises naturally out of many theoretical calculations. It may therefore be 
desirable to see if indeed the coUected data appear to be Gaussian. One proce¬ 
dure for making a check of the hypothesis is known as the chi-square goodness- 
of-fit test. The general procedure involves the use of the chi-square statistic as a 
measure of the discrepancy between an observed PDF and the theoretical density 
function. A hypothesis of equivalence is then tested by studying the sampling 
distribution of chi-squares. The number of occurrences that would be expected 
to fall within the ith class interval, if the data are Gaussian, is caUed the expected 
frequency in the class interval and will be denoted by F¡. The discrepancy be¬ 
tween the observed frequency and expected frequency is (Nj-FA. To measure 
the total discrepancy, each interval must be used since 

(*+D (*+l) 

Lni* L Fi‘N- 
/=0 /~0 

(8.18) 

The sum of the discrepancies must be zero. Note that F¡, in general, will not be 
an integer. The Fj are computed as follows: 

F0 =N<i> 

Fj = N 

The sample chi-square is obtained as follows: 

(a+jc-m\ 

-*| 

s 1 

lb - m\"| 
i s /J 

(*+l) 

X'=L 
/=0 

{Nj-FjY 

Fl 
(8.20) 
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Under suitable assumptions, this sample chi-square may be compared with the 
theoretical chi-square distribution denoted by xjj 0. 

The distribution for x2, which was introduced in Section 6.5, is discussed 
in many references, such as Ref. 5. It depends upon the number of independent 
squared variables in x2 (the number of degrees of freedom, n). The value of n 
is equal to (k + 2) if all pockets including the end ones are used, minus the 
number of different independent linear restrictions imposed on the observations. 
There is one such restriction because once the frequencies of the first (k + 1) 
class intervals are known, the frequency in the last class interval is known as 
their sum in N. There are two additional restrictions caused by fitting the 
theoretical normal density function to the frequency histograms for the 
observed data. These arise from the fact that the sample mean :nd sample 
variance, rather than the true mean and variance, are used to calculate the 
\Fj}. The effect of this is to subtract another two d.f. from the data. Thus, 
if all (jVy¡ are used, then 

n = (k+ 2) - 3 = k - L (8.21) 

The value for n actually used may be smaller than 'iis, as pockets for which 
N < 2 should be combined with other pockets. The details of this are 
described below. 

Having established the proper d.f., n, for x2, a hypothesis test may be 
performed as follows. Let it be hypothesized that the variable x is normally 
distributed. After grouping the sampled observations into the (k + 2) class 
intervals and computing F¡ for each interval based on the sample mean and 
variance, compute X2 as indicated in Eq. (8.20). Any deviation of the sample 
PDF from the normal distribution will cause X2 to increase. The hypothesis 
that data are normally distributed is accepted if 

X2 < x2;a (8.22) 

In this c*"e, that acceptance is at the (1 - a) confidence level. If X2 is greater 

fh411 Xn;a> tt*6 hypothesis is rejected at the a level of significance. Significance 
levels of 5,10, and 20 percent (corresponding to confidence levels of 95,90, and 
80 percent) are commonly employed. The particular level selected is largely a 
matter of personal choice. The authors tend to favor a equal to 5 percent, given 
no additional information. 

Based on the assumption that a chi-square goodness-of-fit test for normality 
is to be made, an expression for the number of class intervals for a given N has 
been derived [41]. This expression assumes that the data are uncorrelated and 
that a = 0.05: 

Number of class intervals = 1.87 (N-l)2/s. (8.23) 
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This function is tabulated in Table 8.1. As stated earlier, as soon as the number 
of class intervals becomes comparable with the number of digitizer count levels, 
large biases may result. 

A standard rule of thumb used by statisticians when applying the chi-square 
test is that every interval should have at least two occupancies. This requirement 
enables one to determine reasonable values for a and b. The end pockets have 
the smallest expected occupancy. Thus, the parameter a should satisfy the 
following equation: 

2 - N e_fa/2 dtr. (8.24) 

This can be solved implicitly for a. After having found a value for a, the 
parameter b is simply 

b = 2m - a. (8.25) 

The parameter k is given by 

k = [number of class intervals] - 2. (8.26) 

After having establishing these three parameters, it is then possible to calculate 
the sample PDF and the expected normal occupancy. Before computing X1, 
however, certain problems must be taken care of. It may turn out that there are 

Table 8.1. Minimum Optimum Number (k) of Class Intervals 
for Sample Size N when a = 0.05 

N k N k 

200 
400 
600 
800 

1,000 
1,500 
2,000 
4,000 
7,000 

10,000 

16 
20 
24 
27 
30 
35 
39 
57 
65 
74 

20,000 
40,000 
70,000 

100,000 
200,000 
400,000 
700,000 

1,000,000 
1,140,000 

94 
129 
162 
187 
247 
326 
407 
470 
500 
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less than two occupancies in some pockets. In such a case, the contents ot both 
the Nj and F¡ pockets must be combined with adjacent ones. While easy to do 
visually, it is a little harder to implement on the computer. One scheme, which 
has been found to be satisfactory in most cases, is the following: Find the 
integer p such that Fp > Fj for all/. Then define the sequences \Qj\ and 
IÄ/1 by the following procedure where all Qj and Rj are zero to begin with. 

Ni + Qj-Qj 

If /y > 2, then-« 

(/ < P) 

0-0/,*, 
* ^/ + Qj-i - Ö/-1 

Sj + R/-i - */-i 

or 

(/ > p). (8.27) 

The sequences generated by this procedure are similar to |A^| and \Fj\ except 
that the tails have been shifted toward the center. Next, define the sequence 
ityl by 

1 if 0/ * 0 

Hj 

.0 if Qj = 0. 

(8.28) 

The quantities X2 and n, the number of d.f., are thus given by 

(8.29) 
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The next step is to make the comparison to see if the data are to be accepted or 
rejected insofar as normality is concerned. As mentioned earlier, the usual 
procedure for comparing X1 with x¿;a is that of computing a', where a is 
defined by 

a' = Prob [X* > Xn;a'] • (8.30) 

The a parameter is a function of x2 and n only. Having computed it, compare 
it with the preselected value a and conduct the test for normality on the 
following basis: 

a' < a Reject 

a > a Accept. 

One method for computing a is the following: 

(8.31) 

a = 2d»W¿-1 - 2 e"^/2 
(n-D/2 X2r-l EÃír 

1-3-5 ...(2r-l) 
(8.32a) 

for n odd, 

or 

= 1-6-^/2 
(/1-2)/2 

1+ y — 
Lä 2-4-6... 
r=l 

(2r) 
(8.32b) 

for n even. 

The computer program flow charts, Fig. 8.2, show one standard scheme for 
setting up a program. As a convenience they include the steps required to 
process some additional parameters not mentioned in the above discussion, such 
as the minimum and maximum values of x. The arithmetical expressions on the 
charts, e.g., x/2 + x2 -+ x1, refer to both data values and storage locations. The 
above example would read, ‘The current value of x, is squared and added to the 
contents of the storage location of the running total of x2, and the results 
stored in that location.” 
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Fig. 8.2a. Processing, initial phase 
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Fig. 8.2b. Processing 1. 
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Fig. 8.2c. Processing 2, 
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Read in a 

frame of data 

and process 

Done? 

' ' 

Cleanup 

EXIT 

Fig. 8.1. Overall flow chart. 

The extension of the procedure to multifunction parallel processing is fairly 
obvious, so it is omitted from the charts to clarify them. The overall flow of 
data is shown in Fig. 8.3. The form of program arrangement shown in this 
igure allows the user to recover some of the time frequently lost because of the 

slowness of input devices. Double buffering routines can be employed, with the 
processing operating independenfly of the routines performing the input opera¬ 
tions, thus allowing the input routine coding to be a sort of universal building 
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block, usable with other applications or even separate parts of the same basic 
data processing program. 

As a final comment on the flow charts, let us note that the boxes with print¬ 
out or data input functions will probably require the largest part of the pro- 
gramming effort as these items can mushroom into large tasks if speed of 
processmg and clarity of output are requirements. 

8.2 Peak Probability Density Functions 

There is a serious nomenclature problem regarding the definition of peaks 
maxima, and minima. There are at least three distinct problems that are of 
Interest when discussing the occurrence of extreme values in a given record The 
three are 

1. Distribution of the largest (or smallest) value in a record of length T 
2. Distribution of the largest value occurring between two zero crossings, 
3. Distribution of the peak values. 

As an example of the first type, suppose that N values of the function I xt | are 
recorded and that they are independent with density function f{x) and distribu¬ 
tion function F(x). Then, the density function of the largest value of x is 

/(*max<A0 = Nf{x) [F(x)]*-1. 

The distribution function of xmax is 

^(•*max>A0 = [^(x)]^. 

The expected value of xmax, E [jtmax], is 

(8.33) 

(8.34) 

E[*max]=J xNf{x)FN-'{x) dx. (8.35) 

J*XamPle 8¿ SUPLP0Se *' COnsists of N independent, uniformly distributed 
random variables with the range of x being [-1/2, 1/2]. Then 

fiXi) = t 
-1/2 < xi < 1/2 

elsewhere 

nxi) H 

0 

x + 1/2 

u 

x < -1/2 

-1/2 < x < 1/2 

x > 1/2 
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^+1/2)^-1 

/(*max>^0 =* 

Lo 

1/2 < Jfmax ^ 1/2 

elsewhere 

/° ^(*max i ^) ” i (JC + 1/2)^ 

*max ^ 1/2 

“1/2 ^ *max < 1/2 

^max >1/2 

r1/2 
^[^max] ^ I Jf^(x+ 1/2)^-1 (¿x 

*1-1/2 

/V- 1 
2(/V+1) (8-36) 

For /V = 1, E[xmax] = 0, as would be expected. For large N,E[xma,l -*0 5 
If/V= 100, then E [xmax] = 0.490099+. 

E [-^max] as given in Eq. (835) may be difficult to evaluate in theory, 
the finding of xmax in a sample set of data is quite easy. Indeed, even if there is 
no specific interest in xmax or xmin, it is a good idea to have them found by the 
computer program anyway, as they frequently turn out to be useful when check¬ 
ing a set of data which is suspect. 

The second type of peak analysis encountered is the largest value between 
two zero crossings. These are simple to find. The following algorithm is typical 
of one that might be employed. As usual, it is assumed that {x/| has Appoints: 

1. Compute a table of |/*|,fr= 1.K, where 4 is in the table if 

*4 < 0 “d 0 < X(/jt+1) 

or 

0 < xIk and *(/*+!) < 0. 

2. If 0 < xIk, find the minima of i = (4 + l)./ ; otherwise, find 
the maxima value. ’ 

3. Continuing, if xjk < 0, find the maxima of x/, / = (4 + 1), ..., /ft+n. 
Otherwise, find the minima of this same set. 

With the minima and maxima thus found, two things could be done. First, 
use techniques from the preceding section and find the separate sample PDF’s 
for both the set of minima and maxima. Second, set the minima positive and 
combine them with the maxima. Statistical properties of zero crossings are well 
known for many types of data, so that the maximum (or minimum) between 
zero crossings is relatively amenable to analysis. A somewhat more difficult 
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problem is presented in the third case being considered in this section, that of 
peak values. 

In this sense, a peak value is the largest value between any two relative 
minima. For example, as shown in Fig. 8.4, there is only one Type 2 peak, but 

c 

there are four Type 3 peaks. The procedure for locating these values is as 
follows: 

1. For the maxima, find all xp such that 

Xp - Xp-i > 0 

Xp -XpH > 0. 

2. Similarly, for the minima, find those values xq for which 

Xq - xq-i < 0 

Xq - *</+! < 0. 

As before, these sets of maxima and minima would be processed using the type 
of techniques outlined in the preceding sections. 

8J Multidimensional Density Functions 

If jx/i and ¡>7Í are any two data functions, it is possible to compute their 
joint sample PDF or joint histogram. This is accomplished by dividing the range 
of each into and intervals, as shown in Fig. 8.S. In general,more computer 
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storage wjj] be required for the twodtaemional than for the one-dimensional 
‘f*' For «ample, (*, + 2) cells would be required for la, | bv itself and 

fa tie- ““Vd-1^1' + 2)(*= * 2) “Usmight be a reasonable number 
for their joint distribution. This might very well be excessive, especially if there 

re»“wfr "nr,o * “if 
-..T;r "Vri a ir ,hem suppo!e ,ha* *■=*s 

W(r-1) 
(k + 2)2 

storage cells would be necessary. If r = 50 and * = 100, this is 12 744 900 
whereas the one-dimensional sample PDF's with the same paramet« 
ments would need only 5,100 cells of computer memory. (See Fig. 8.5 ) 

k( INTERVALS 

I 1 

2 3 1 

3 7 6 3 1 

1 • 14 26 10 

2 30 30 41 

9 IT 27 22 S 

3 16 0 6 3 1 

« 2 4 2 1 

1 

INTERVALS 

X 

Fig- 8.5. Sample joint probability density-histogram. 

A metmingful display of the results may be difficult to achieve Commits 
tags of the sample join, PDF's tend to be difficul, to ™d"ec.u*X 

is idw diffalt”“ r r °f ‘“f“ T™'* t0 ,he Cye- GraPb*c represenution 
also difficult. Contour plots have been used with partial success but their 

generation is not trivial. New developments in 

devices shou d mercase the usefulness of joint PDFs. Presently however Pthe 
hek of completely satisfactory methods to display the results severely complicates 
the generation of sample PDF’s and impedes their interpretation. C°mplJCateS 



CHAPTER 9 

NONSTATIONARY PROCESSES 

9.1 Introduction 

Before discussing nonstationarity, it is necessary to review the concept of 
stationarity itself. There is a hierarchy of definitions which refer to that term, 
as shown in Fig. 9.1. 

Fig. 9.1. Classification of various types of random processes. 

Up to this point, it has been assumed that the data samples being examined 
were stationary and ergodic (no modifiers), implying that the function has 
expectations (mean, variance, correlation, etc.), which are invariant with transla¬ 
tions in time. Ergodicity permits time averages to be used in place of ensemble 
averages. When only one or a few time histories are available, it is difficult to 
talk about stationarity in general, which is an ensemble property. Hence defini¬ 
tions in terms of time averages on a single record must be interpreted with some 
care. If all higher order moments and joint moments within a record are invariant 
with translation, the record is strongly stationary. This is a difficult proposition 
to prove statistically from samples of data. On the other hand, weak stationarity 
requires that 

' 

>* 

229 
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and 

i r'o+r 
Rxito ,t0 + T) = — I jc(i) x(t + t) dt 

J*o 
(9.1) 

be invariant with translations of t0. Clearly, T must be sufficiently large so that 
there are no problems with having too little data for the sample mean and corre¬ 
lation to be meaningful. Weak stationarity is usually assumed. Tests of the 
hypothesis that the record is weakly stationary are discussed in the next section. 

What does it mean when the record is nonstationary? There are a number of 
conditions for stationarity that could be violated, and a variety of causes for the 
violation. Of the many possibilities, three have been given attention in the litera¬ 
ture because of their frequent occurrence in actual situations. 

The first such nonstationary process was analyzed extensively by Norbert 
Wiener, and generally goes by his name. The Wiener process can be visualized as 
the result of putting an ordinary stationary process into an integrator which is 
turned on at time zero. If x is the input and y the output, then 

(9.2) 
Jo 

If x has a mean ßx, then the mean value of y varies with time: 

tnx t>0 

Hy(t) = < (9.3) 

kO f<0. 

Similarly, it can be shown that if äx(t) is the correlation of x, then the variance 
of y is 

/< 0. 

(9.4) 
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For example, if 

Rx(t) = oj6(r) (9.5) 

then 

Oy(t) = tal- (9.6) 

This is only one form of the Wiener process, which more usually is thought of as 
involving Brownian motion. It is referred to here because such processes do 
occur in some data gathering circumstances. One instance is the integration of 
accelerometer data to obtain velocity. If the acceleration term has been con¬ 
taminated by noise, the integration noise will give rise to terms which take the 

form of rambling trends. 
The second nonstationary process is one in which it is assumed that Rx(t) is 

stationary but y.x(t) is not. This is most easily illustrated by again supposing 
that an accelerometer is used as a transducer and that its output is integrated to 
obtain velocity. Suppose further that the integration is digital. If the conversion 
is off by a constant amount, then when the constant is integrated, the trend 

becomes linear. 
The third nonstationary process to be considered will be represented in the 

form 

x(t) = a(f) z(t). (9.7) 

By assumption, x is a zero mean process. The z function is assumed to be 

stationary and such that 

E[z(0] = 0 

E[z’(0] = 1 

E[z(f)z(f + T)] =/*z(r). (9.8) 

The fl(i) function, however, also varies with time. The only assumptions made 

about it are that it changes fairly slowly and that 

a(t) > 0, for all t. (9.9) 

This definition leads to a separable correlation function of the locally stationary 
form, see Ref. 42. This type of process has been discussed in Ref. 5 and others. 
It turns out to be a good model for several important physical systems. The one 
chiefly of interest is vibration in a launch vehicle. Experience has shown that 
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a(t) will reach peaks at times corresponding to lift-off, max-Q flight, and 
transonic flight, while at other times the level is considerably lower.* 

92 Nonstatkmarity Trend Test 

A useful test for trends in either mean or variance can be adapted from Ref. 41. 
First, one obtains a sequence of roughly uncorrelated mean values or mean 
square values from a time series. This can be done by subdividing the entire 
record of data into N time slices. From each time slice, a short-time-averaged 
mean value and variance can be obtained. One simple method of doing this is 
with the RC filtering procedure described in Section 9.4. Instead of utilizing 
every output point of the fdter, use only those points separated sufficiently in 
time so as to be considered roughly uncorrelated. 

The statistic to be considered is termed a reverse arrangement. Suppose the 
short-time-averaged mean or mean square values are denoted by 

*1 > *2» *3> 

Define a reverse arrangement as occurring every time 

xj> Xi,j> i,i= 1, 2.N-l. (9.10) 

For a given value of the index /, denote the number of reverse arrangements by 
Aj. Then consider the total number of reverse arrangements 

N-l 

(9.11) 

It can be shown that the average value of 4 in a random sequence of integers is 

(9.12) 

This is easily seen by considering the fact thsit is equally likely to be larger or 
less than the succeeding (N-l) members of a random sequence. Therefore, the 
average number of reverse anangements, when considering Xj against the remain¬ 
ing members, is 

E[¿i] =(*-1)/2. (9.13) 

*It should be noted at this point that there is also a tendency for the peaks in the PSD of 

this type of data to move higher in frequency as time increases, mainly because of the 
depletion of fuel. 
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Now x2 is compared against the (N - 2) remaining members of the sequence, 
hence 

E[A2] = (JV-2)/2. (9.14) 

Continuing the reasoning leads to 

eMjv-2] = 2/2 

and 

EMw-l] = 1/2. (9.15) 

The average value of A is obtained by adding up all these individual averages: 

(9,6) 
J"1 /=1 

which is one-half the sum of the first (N- 1) integers. 
Also, the variance of A is found to be 

Var [A] = 
2N3 + 3N2 - 5N 

72 (9.17) 

Fortunately, for N ^ 10 the distribution of A may be closely approximated by 
the normal distribution 

P[c]=-^J e"*2/2 dx, (9.18) 

where 

2N3 + 3N2-5N *9'19* 
72 

Note that c in Eq. (9.19) above is of the form (x ~n)la, that is, a standardized 
observation where x = A + 1/2, n = N(N - 1)/4, and o = >/Var [A]. The addi¬ 

tive factor of 1/2 which appears in the numerator accounts for the fact that A is 
an integer and that, in a continuous approximation, A is considered to be in the 
interval [A - 1/2, A + 1/2]. An alternative method of defining A is as the sum 
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AsTiT, aib 
i < I 

where 

“if 

f 1 if Xi> 

.0 otherwise. 

(9.20) 

Fig. 9.2. Process with linearly increasing variant 

Note * hyp0thef ^ existence of a trend would proceed as follows: 
Note Üiat if, for example, the mean square value of a process was rising linearly 
as indicated in Fig. 9.2, then one would expect A to be very large. ThÜt is, one 

would expect to find x, less than 
all subsequent observations ex¬ 
cept for a few cases caused by 

statistical sampling variations. On 
the other hand, an extremely 
small value for A would tend to 
indicate a decreasing trend in the 
mean square value. 

The test is performed at a 
specified level of significance by 
use of Eq. (9.18) if ^ > 10 and 
by Table 9.1 for ^ < 10 to obtain 
the necessary probabilities of A 

suppose jV = 8 and i4 = 14. According to Table 9A .^proZilityof Ab^ 

0 for T°H,eqö1 13 ÍS °-452- The ^ hatf °f the Probabilities for*« 8A 
10 for Table 9.1 are not given expliciüy but are obtained directly since the 

1 1 ^ ^ entry i" the table for TV = 8 and A = 14 is 
1 ni3) - 0.548. Similarly, the entry for A = 15 is 1 -f>(12) = 0640 etc 

For the stated example, a hypothesis of no trend would be accepted at,’ say! 
the a-5-percent level of significance. A two-tailed test would be used, which 
means that either too large or too small a value for A would tend to indicate a 
trend and requne rejecting the hypothesis of no trend. For this level of 
significance, if the probabüity of obtaining the experimentally determined A is 
either less than 0.025 = 2.5 percent or larger than 0.975 = 97.5 percent, then the 
hypothesis of no trend would be rejected. 

P > I0, f “ ‘""P"“11 “ íto» l>y Eq. (9.6), and a value for 
rid a found either by inspecting a table of the normal distribution or (in 
a computer) by employing the approximation in Appendix B. For the 
given example, 106 
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Table 9.1. Percentage Points of Reserve Arrangement Distrib on 

Values oîAff a such that :!: a- 
where N = total number of measurements 

a 

N 
0.99 0.975 0.95 0.05 0.025 0.01 

10 
12 
14 
16 
18 
20 
30 
40 
50 
60 
70 
80 
90 

100 

9 
16 
24 
34 
45 
59 

152 
290 
473 
702 
977 

1299 
1668 
2083 

11 
18 
27 
38 
50 
64 

162 
305 
495 
731 

1014 
134 + 
1721 
2145 

13 
21 
30 
41 
54 
<>9 
ill 
319 
514 
156 

1045 
1382 
1766 
2198 

71 
•14 
60 
78 
98 

120 
263 
460 
710 

1013 
1369 
1777 
2238 
2751 

33 
47 
63 
81 

102 
125 
272 
474 
729 

1038 
1400 
1815 
2283 
2804 

35 
49 
66 
85 

107 
130 

2?- 
>09 
751 

1067 
1437 
1860 
2336 
2866 

13.5 - 8(7)/4__ 13.5 - M = _n in 

C " l/2(8)3 + 3(8)1 - 5(8) 4.8 (9.21) 

'-71 

Inspection of the normal distribution table yields P [c] = 0.460. This value is in 
error by a Uttle more than 2 percent from the » orrect value 0.452 obtained from 
Table 9.1, which indicates that even for Af as ¿mall as 8, the Gaussian approxima¬ 

tion is useful for some purposes. 
The fype 2 enor has not been establish d for various specific trends, although 

a rou jh comparison has been performed against the data given in Ref. 43, Section 
16.4.3. The comparison indicates tha* this nonstationarity trend test is approxi- 
m ite'y as powerful as stationarity tes ' B for the type of nonstationarity employed 
in those experiments. This nom itionarity trend test will be effective against 
rr onotonic trends, but one can i .tuitively see that the test will have many limita¬ 
tions as far as certain types of nonstationary data are concerned. For example, 
the experiments performed in Ref. 43 used nonstationary data with a mean 
square value as indicated Fig. 9.3a. However, if the mean square value jumped 
as indicated above, but. ¿en returned to its original level as shown in Fig. 9.3b, 
and if the test were hoing applied over this entire set of data, the test would 
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E [x‘ It) X* (0 

(a) (b) 

Fig. 9.3. (a) Another r. nstationary variance, (b) An example the test did not 
detect 

probably fail. This is because, all hough probably too many reverse arrangements 
would occur over the first portion of the data, too few would most likely occur 
in the latter parts to obtain an overall value which was not unusual. Similarly, 
the test is probably effective in detecting the nonstationarity of the mean square 
value of the type indicated in the top part of the Fig. 9.4 and ineffective against 
the type of nonstationarities indicated in the lower part of the figure. 

Fig. 9.4. Varieties of nonstationary variances. 

9.3 Nonstati >nary Frequency Response Test 

An approach to determining stationarity of estimated filter (frequency 
response) relations has been applied to seismic array noise (Refs. 44 through 47). 
The idea here is as follows: Suppose an input-output relation (/) is deter¬ 
mined from measured time histories over time interval Tx. The question now 
arises, is this input-output relation the same now as Hjif) measured later over 
time interval Tj? The first tendency is to perform a statistical test by direct 
comparison of H\(f) and #j(/) which is possible by the confidence interval 
results of Chapter 7. This approach is unreasonable, as can be seen by consider¬ 
ing a case of three highly coherent variables. Suppose 

Hf) = #.(/)*!(/) + (9.22) 
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If Xx(/) and Xi(f) are perfectly coherent, thenX,(/) = Af2(/) and 

n/)= [HAf) + W)]^i(/)- (9.23) 

Then, individual estimates of //,(/) and H2{f) could be highly variable even 

though [//,(/) + //2(/)] is stable. 
A better question to ask is, How well do the filter relations //,(/) and 

H2{f) determined at time f, allow *,(/) and X2(f) to account for 7(/) at 
a later time r2? The multiple coherence function can be appUed to this question. 
It will not depend on the individual estimates //,(/) and H2(f), but rather on 
how well the combination of the two works to predict X(f). The quantity 
employed to make a plausible test of this type of stationarity is a pseudo multiple 

coherence function defined as follows: Let 7//(/) denote the multiple coherence 

function using the frequency response estimates from the ith time slice applied 
to the /th time slice. Let 0//(/) be the frequency response function vector of p 
components estimated from the ith time slice. Then 7,/ (dropping the frequency 

argument for convenience) is defined by 

,2~2 (H//-0//)^/(0//-0//) 
7// * 7// -ä- 

Uyy{ 

Thus the multiple coherence 7^ is the multiple coherence yj¡ at the /th time 
slice degraded by the amount that comes from using H// instead of H//. Note 
that if H/ is substituted for H// in Eq. (9.24), then yfj becomes equal to yjj as it 
should since the amount of degradation goes to zero. 

The statistical aspects of comparing the multiple coherence are not worked 
out unless time slices 7/ and 7/ are separated sufficiently to make the multiple 
coherences independent. Then the confidence limit formula of Chapter 7 is 
employed. Otherwise the values of the various y]j can only be compared in an 
approximate manner. However, it does provide a reasonable approach to 
evaluating stationarity of a multichannel process. 

The computational sequence is 
1. Perform all spectral matrix, frequency response, and coherence function 

computations for a time slice 7), 
2. The parameter estimates 7/), H//, Sxx¿, and all must be saved (on 

magnetic tape for example), 
3. Steps 1 and 2 are repeated for all desired time slices, 
4. The pseudo coherence y]j is computed for all values of i and /. This 

produces a q X q array, if there are q time slices, for each frequency point /. 

9.4 Time-Varying Mean and Variance 

By far the most common test for stationarity is that of simple visual observa¬ 
tion, usually of the smoothed data, or the input of an rms meter, using some 

' 
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form of analog hardware. For the mean value, the analog device may be thought 
of as an RC filter such as that described in Section 3.1. The time history is the 
input to it, and the output is plotted on an oscillograph. The equivalent sort of 
operation may be performed using digital filters. As will be recalled from 
Section 3.3, the digital RC filter is 

yi = ayi-y + (1 - a)*,, 

a =c-Ur/RC)( 
(9.25) 

where * is the input to and y is the output from the filter. The parameter RC 
(and hence a) can only be chosen from previous knowledge of the data or as the 
result of reruns on the same data. Experience in performing the operation will 
help the user in subsequent tests. 

The rms procedure is somewhat different when using a computer from that 
followed m using analog devices, where rectification is frequently performed in 
place of squaring. The digital procedure is shown in Fig. 9.5. Squaring is easily 

Fig. 9.5. Digital rms procedure. 

done on a computer so that this type of operation is relatively simple. The 
equations for and s/, the running mean and standard deviation, are 

*i = ax/ + (1 -a)x/-i 

and 

i/ = yjzi - X,5, 

where 

z/= ox/2 + (l-ojz/. (926) 
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Alternatively, low-pass filters of the type described in Section 3.6 may be used 
in place of the RC filter employed above. There is no obvious gain from so 
doing, other than the difference in frequency response functions. 

If much of this type of processing has to be done, it may be possible to save 
large amounts of computer time by decimating the data, as described in 
Section 3. Decimation in this case would be performed before the data are 
put through the rms procedure. There is a problem in interpreting the informa¬ 
tion obtained from this process. If both s(t) and x(t) are relatively constant, 
the hypothesis of stationarity has some plausibility. On the other hand, if either 
of them is varying noticeably, it would seem reasonable to assume that x is 

nonstationary. 
The faults of the above are fairly obvious: 
1. There are no quantitative parameters in the test on which a decision is 

based. Acceptance or rejection is purely qualitative. 
2. The procedure, if it tests any hypothesis at all, tests for homogeneity of 

mean and variance rather than stationarity. For example, suppose the first 
half of the record consists of a sinusoid of frequency f0 and the second 
half consists of a sinusoid of frequency fi, where f\ f fo, but their ampli¬ 

tudes are both A units. 3c(f) will be zero and s(t) will be \/2¡2A. On the 
basis of these observations, the observer would accept the data as being 

stationary when indeed it is not. 
3. If too little smoothing is done, x¡ and s,- may fluctuate considerably, 

perhaps leading the observer into believing that the data are nonstationary 

when in fact they are stationary. 
Nevertheless, this procedure is probably one of the most effective in performing 
a preliminary analysis of a record that possibly is nonstationary. 

9.5 Time-Varying Power Spectra 

The concept of a time-varying PSD is a generalization of the time-varying 
variance. As with the standard PSD, there are three ways of performing the 

calculations. These are 
1. Computing the correlation function and the Fourier transform, 
2. Computing the Fourier transform and then taking its modulus squared, 

3. Using numerical filters. 
The last two appear to be the most promising, so they will be discussed in detail. 

When the Fourier transform procedure is chosen, the FFT should be employed. 
Some power of two, say 512, is selected. The data record is broken into segments, 
each containing 256 data points. The PSD is computed by taking the FFT of 

each pair of adjoining segments. Label each segment as 5*. Then 

S* = Ut/1 

= •••» *8256) 

*8/ 88 *2568+/- 
(9.27) 
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At time Tt, where 

Tt = [5128- 256] At, £ = 1. 

the Fourier transform of the two segments is computed: 

„ -M* ¿55 -/ff^(/+256) 
Ftk = A/j e xti + e' 512 

[/=0 

(9.28) 

■*(*+l)/K 
/=0 

^ = (9.29) 

The PSD IGgjfcl is therefore 

1 
= 256Ã? ,F^12’ ^ = ^ 1. 255. (9.30) 

Equation (9 29) looks formidable. In actual practice, the process is less difficult 
than it would appear. The computer program would take the following steps- 

1. Initiate, mcluding reading segment ^ into a buffer area 

2. Transfer contents of the buffer into the upper half of the transform area 
Read the next segment into the buffer area and then transfer it into the lower 
halt ot the transform area. 

3. Compute the FFT of the contents of the transform area. 

4. Compute the PSD from the Fourier transform and output the results 
5. Return to Step 2 until all of the data have been processed. 

The reason for the slight complication in Step 2 is simple. Many of the 
computer subroutines to compute the FFT are destructive, i.e., they put the 
computed results back on top of the original data. This requires that the next 
segment be saved elsewhere in the computer. Also, the data probably will have 
o be moved in any event. While it is possible to compute the transform with 

the data scattered in various locations within the computer memory, this adds 
another level of complexity to the routines used to compute the FFT On the 
other bod, with a fixed fixe of 512 pohtt, at a time, there are a number of 

econonues which can be made in the computation with little effort A little 
reflection will show that only 128 numbers are required to express all of the 
sines and cosines required. Thus, these can be precomputed and a short routine 
wntten to lleliver the appropriate values. Secondly, the 512 reverse addresses 
required by the FFT may also be precomputed. 

AmMer peculiarity of the FFT procedure may be employed. As discussed 
in Chapter 4, the FFT is obtained from one complex or two real sequences at 
the same time. Therefore, as the data processes under consideration are 
assumed to be real, either two processes may be transformed at one time or a 
single one may be operated upon at double speed. The latter choice has the 
toiiowing steps: 
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1. Initiate. This includes reading segment 5, into the buffer. 
2. The contents of the buffer are moved to the upper half of the real area. 

The next two segments are read in. The segments are stored rs follows: 

Buffer -*■ upper half of real area 

„ ^ / lower half of the real area 
l. upper half of the complex area 

lower half of the complex area 

buffer 

3. Compute the FFT and sort out the results conesponding to the real and 
imaginary parts. 

4. Compute the two PSD’s and 
output the results. 

5. Return to Step 2 until all of 
the data have been processed. 

One point glossed over in the 
above description of the procedure 
is the manner and form of the out¬ 
put. There are a number of choices. 
Among the most prominent of 
these are plots of the following 
types: 

1. One plot for each time at 
which the computations were 
made 

2. One plot for each fre¬ 
quency; each such plot would 
be a function of time versus 
power. 

3. A contour plot; this would 
read like a topological map. One 
edge of the plot (usually the bot¬ 
tom) would be time. The side 
axis would be frequency. The 
power would be represented by 
a series of contours; along each 

contour the power would be constant. Five to ten levels would be selected, 
and the resulting curves would tend to be concentric and closed. This is 
shown in Fig. 9.6a. 

4. A profile plot can be made as shown in Fig. 9.6b. These are somewhat 
easier to visualize than contour plots, but it is more difficult to make accurate 
readings from them. 

(a) 

Fig. 9.6. (a) PSD contour plot; (b) PSD 
profile plot. 



242 
ANALYSIS OF DIGITAL DATA 

Contour plots are probably the most expensive to generate. All of the data (or 
at least significant portions of it) must be readily available in storage. There is 
a lot of checking and interpolation to be performed, which adds to the running 
time, and many people find contour plots difficult to read. 

Profite plots pose a dilemma: If all the information is plotted, the graphs 
look confusing because of overlapping lines. On the other hand, if portions of 
data that fall behind more forward parts of the graph are deleted in order to 
enhance the plot, important results may be lost from view. Profile plots are 
considerably cheaper to generate, however, and may be produced without re¬ 
quiring amounts of core storage. A reasonable compromise might be to produce 
the second type of plot discussed above, i.e., one plot of power versus time for 
each frequency, followed by a profile plot to give an overall impression of 
tne process. 

Bandwidth is another important consideration in setting up such an analysis 
It is likely that rather than employing the 256 equally spaced frequencies, the 
usei would prefer a broader bandwidth analysis. Power could be combined in 
several ways, as discussed in Chapter 6, depending upon the application. Perhaps 

filteHn?! wnWay/ T^8 016 PSD’s is through the use of 
filtering. A PSD produced m this manner is a simple extension of two procedures 
discussed earlier, namely the direct filtering method described in Section 6.2 and 
the time-varying variance developed in Section 9.4. Each frequency would take 
the form shown m Fig. 9.7. The first part of the procedure consists of a simple 
routine to remove the mean. The bandpass filter that follows could be of any 
aze, but a six-pole filter is a good compromise between the sharpness of the 

he C0St °f c®*nPutation' The squaring and filtering that foUow are 
exactly the same as for the variance computations described in Eq. (9.26). 

The problems of display are identical to those of the FFT discussed above 
with one exception: The RC filter used to smooth the squared data introduces a 
delay, which must be accounted for when labeling the time axis. This delay 
is approximately y 

Delay = RC in 2, 

where RC is the filtering parameter. 

(9.31) 

X INPUT 

GEf 

BANDPASS 
nUBtOENTO^ .'iQUARNQ |— 

AT fj RC FILTER 

(To the remainder 
of the filters) 

Fig. 9.7. One segment of a program designed to compute a timevarying PSD. 
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9.6 Clipped-Correlation Nonstationary Procedure 

The relation described in Chapter 5 between the correlation function for a 
strongly clipped signal and the correlation function for the original signal is 
applied here. The relations described are not proven with any theoretical rigor. 
However, arguments are given for the plausibility of the methods, and they 
should be very useful in practice. 

The special form of nonstationary processes to be considered are of the third 
type discussed in Section 9.1. That is, where 

*(/) = a(t) z(t). (9.32) 

In Eq. (9.32), z(t) is assumed to be a zero-mean, Gaussian, stationary process. 
The quantity a(t) is again assumed to be a slowly varying modulating function 
acting like a timewarying scale factor. It has been empirically demonstrated in 
Ref. 42 that Eq. (9.32) can serve in some instances as a satisfactory model for 
nonstationary data. For max Q, the period of maximum aerodynamic boundary 
layer noise during a missile launch, the nonstationarity was shown to be satis¬ 
factorily modeled by Eq. (9.32). For the transonic portion of the flight (transi¬ 
tion through Mach 1), the model was unsatisfactory. 

Consider the clipped process 

/- 

1 

AO = S 

l-i 

jc(0 > 0 

x(t) < 0. 

(9.33) 

The correlation function of x(t) relates to the correlation function of y(t) in the 
following manner: 

Px(r) = sin [jR/r)], (9.34) 

where p(t) is the normalized correlation coefficient function. It can be very 
simply argued now that the autocorrelation function of x(f) computed by this 
method is exactly the same as that of z(t) computed by a clipping method. This 
is true because, wh';n the process is clipped, only the zero crossing information 
remains. The time-varying scale factor a(t) will have no effect on the zero 
crossings (assuming a(t) is nonnegative). Hence, since the correlation function 
based on clipping the x(t) time history is computed from the identical informa¬ 
tion as the correlation function based on the z(t) time history, px computed 
from Eq. (934) can be used as an estimator of the stationary autocorrelation 
function p2. Finally, the time varying characteristics of px can be obtained 
from a separate estimate of Var [x(f)]. The simplest approach on a digital 
computer is to use the squared output of a low-pass RC recursive numerical filter 
as discussed in Section 9.4. Under the assumption that a(t) is not varying too 
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rapidly (as compared to z(t)), then reasonably short-time-averaged estimates of 
ar [x(r)] can be obtained. The selection of the RC time constant (or 

equivalently, the effective averaging span) of the filter will depend on the 
particular type of data. 

The estimation procedure for a nonstationary spectral analysis then is 
1. rertorm extreme clipping of x¡ = a¡z¡, 

y¡ .1' 

J/ > 0 

(9.35) 

.-1 x¡ < 0. 

2. Compute Ryr r = 0, 1, .... m. Special high-speed computational proce¬ 
dures based on the clipped process can be employed here. 

3. Perform the sin (x) bias correction to obtain pxr ; 

Pxr = sin[f4r]. r - 0, l, ..., m. (9.36) 

4. Compute the Fourier transform of pxr tapered by a lag window to 
normalized spectrum to obtain gxlç] 8 

8xk = 3 lUmrPxr], k = 0, 1,..,, m. (9-37) 

5. Compute estimates of Var [*,] by numerical RC filtering as illustrated in 
section 9.3; 

l-*iJ 

where x* and (x,)J are the outputs from an RC numerical filter. The 
final plotted spectrum should be 

Gxk = gxk. (9.39) 

bemadkf ^ ^ ^ ^ A 3 plot of G*k> k = 0, \.m can 

Many of the statistical aspects of spectral density estimation using clipped 
time senes are covered in Ref. 25. An example for an ideal narrow bandwidth 
spectrum is presented there. It is shown that the standard deviation of the 
spectrum estimated by the clipping procedure is 0.72ir/2 = 1.13 larger than with 
regular methods. Thus, for this case, a 13-percent increase in standard deviation 
is experienced. For variances, the factor is (0.72jr/2)J = 1.28, which is a 28- 
percent mercase. A corresponding increase in record length is required to 
maintain equivalent statistical accuracy. 



CHAPTER 10 

TEST CASE AND EXAMPLES 

In this chapter, several plots obtained by using a package of computer pro¬ 
grams, called the MAC/RAN* system, are presented. These plots illustrate 
typical results, which can be obtained from digital computer processing of data 
with programs that implement the methods described in the preceding chapters. 
Many plots of frequency response functions in various forms, power spectra, 
cross spectra, autocorrelation, crosscorrelation, and the various types of coherence 
functions are given as figures in the following pages. 

To produce these results, several pseudo random time histories were generated 
by pseudo random number generators. The basic procedure followed to obtain 
the time histories used for the test case is as follows: 

1. Use a subroutine for uniformly distributed random numbers to generate 
a sequence of N independent pseudo random numbers uniformly distributed 
on the interval -1/2 to +1/2. 

2. Form the sum of each set of 12 contiguous numbers to form a new set of 
random numbers */, / = 1,..., JV/12. The original set of uniformly distributed 
random numbers had a mean value m = 0 and a variance a2 = 1/12. The variance 
of the sum of independent random . viables is the sum of the variances and 
likewise for the mean values. Thus, the random variables x¡ have a mean 
value of zero and a variance of unity. By invoking the central Umit term, the 
variable x¡ will have an approximately Gaussian probability density function 
and lie within the range -Î6o to +6o and thus have a range of ±6 standard 
deviations. These sequences now represent approximately Gaussian, white noise 
processes. Successive data values are very close to being independent, so the 
power spectral density function will be approximately flat and, hence, these 
will be white noise variables. 

3. Variables generated in this manner can now be combined in various ways 
to construct correlated pseudo random white noise time histories. For the 
example at hand, three independent processes x2, x4, and x,, were com¬ 
bined in the following manner: 

*3 SX2 +*4 

*n = |*n +*4- 

In this manner, the time histories x2, x4, and xn become related tox3 and 
Xia while Xi, x4, and xn remain independent of one another. 

•MAC/RAN is a registered trademark of Measurement Analysis Corporations, Marina del 
Rey, California. 
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Fig. 10.1a. PDF for Channel 8. Fig. 10.1b. PDF for Channel 2. 

Fig. 10.1c. PDF for Channel 3. Fig. 10.1d. PDF for Channel 12. 
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Fig. 10.2a. Autocorrelation of Channel 8 Fig. 10.2b. B-T PSD of Channel 8 (64 d.f.). 
(64 lag). 

Fig. 10.2c. FFT PSD Function of Channel 8 
(64 d.f.). 
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Figures 10.3a, b, and c are the 64-lag autocorrelation function, 64 d.f. B-T 
PSD, and 64 d.f. F FT PSD, respectively for x3(f). On the facing page are Figs. 
10.4a, b, and c, which are the 1284ag correlation function, 32 d.f. B-T PSD, 
and 32 d.f. FFT PSD, respectively. Thus, the resolution bandwidth is halved in 
going from Fig. 10.3 to Fig. 10.4, as is the number of d.f. The FFT PSD plots 
illustrate the increase in statistical variability most dramatically. The automatic 
scaling procedure selected a scale for the B-T PSD in Fig. 10.4b, which is half 
that of Fig. 10.3b. Also, the number of points plotted for the second B-T PSD 
was not doubled as for the second FFT PSD. Hence, at first glance the B-T PSD 
of Fig. 10.4b does not appear to have experienced the increase in variability that 
the FFT PSD of Fig. 10.4c has. On more careful consideration, however, one 

can see that the increase is comparable. 
Figure 10.5a presents the crosscorrelation function of the output variable 

Xa(0 with one of the input channels, x3(t). As can be seen by the cross¬ 
correlation function, a small time delay has been generated in the numerical 
filtering of the data since the maximum point in the corsscorrelation function 
does not occur at r = 0. The corresponding plots of the B-T cospectrum and 

quadspectrum appear in Fig. 10.5b and c. 
The modulus and phase of the cross spectrum are presented in Fig. 10.6. 

The B-T version is in Fig. 10.6a and b, and the FFT version is in Fig. 10.6c and d. 
The corresponding frequency response function for the same input-output 

pair computed three different ways is given in Figs. 10.7 and 10.8. The gains 
are in Fig. 10.7, which are the B-T version, die FFT version, and FFT version 
computed directly from ratios of smoothed transforms. Parts a and b are dB 
plots, and c is in linear units. The corresponding phase angles are in Fig. 10.8 
on the facing page. The title, “Channel 2,” refers to the second transmission 

channel, which has XsCO as the input. 
The various coherence functions generated via the two different methods 

make up Figs. 10.9 and 10.10. Parts a, b, and c of Fig. 10.9 are the B-T version 
ordinary, multiple, and partial coherence functions for the Channel 2 [xsiO] 
input. The conesponding parts of Fig. 10.10 are the FFT counterparts. 

The remaining plots are presented to illustrate the improved statistical reli¬ 
ability obtained in frequency response estimates when the coherence is essentially 
unity. Figures 10.1 la, b, and c and 10.12a, b, and c are the counterparts of the 
frequency response functions plotted in Figs. 10.7 and 10.8. The d.f. of the 
estimates are the same, but a single-input, single-output system is simulated with 
no contaminating extraneous noise. That is.xjf/) is still the input time history, 
but jc7(0 rather than jc8(0 is now the output. As can be seen, the plots are now 
nearly ideal, as would be expected from a perfect, discrete, linear system. 
Figures 10.1 la, b, and c are the gains via the B-T, FFT, and FFT transform ratio 
methods respectively. Figures 10.12a, b, and c are the corresponding phase 

angles. 
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(64 lag)3* Autocone,ation of Channel 3 

0 200 «00 600 800 «»o' 

fUEOUENCr {Nil 

Fig. 10.3b. B-TPSDofChannel3 

3 (64 d.f.). 

1200 1400 

(64 d.f.). 

Fig. 10.3c. FFT PSD of Channel 
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Fig. 10.4a. Autocorrelation of Channel 3 Fig. 10.4b. B-T PSD of Channel 3 
(128 lag). (32 d.f.). 

Fig. 10.4c. FFT PSD of Channel 3 (32 d.f.). 
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Fig. 10.5a. Crossconelation of Gunnels 
8 and 3. 

Fig. 10.5b. B-T CSD of Channels 8 
and 3. 

Fig. 10.5c. B-T QSD of Channels 8 and 3. 
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Fig. 10.6a. Modulus of B T CSD of Channels Fig. 10.6b. Phase of B-T QSD of Channels 

8 and 3. 8 and 3. 

Fig. 10.6c. Modulus of FFT CSD of Channels Fig. 10.6d. Phase of FFT QSD of Channels 

8 and 3. 8 and 3. 
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S 2)‘7a' B*T Ve”i0n °fgain faCt0r Fi* 10-7b- FFT Version of gain factor 
'• (Ch. 3). 

Fig. 10.7c. FFT Version of gain factor 
(Chi. 8 and 3). 
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Fig. 10.8a. B-T version of phase factor Fig. 10.8b. FFT version of phase factor 

(Ch. 2). K*- 3>- 

Fig. 10.8c. FFT version of phase factor 

(Chs. 8 and 3). 
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Fig. 10.9a. B-T version, ordinary coherence 
function (Ch. 2). Fig. 10.9b. B-T version, multiple coherence 

function (Ch. 2). 

Fig. 10.9c. B-T version, partial coherence 
function (Ch. 2). 
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Fig. 10.10a. FFT version, ordinary coherence Fig. 10.10b. FFT version, multiple cohereno 
function (Ch. 2). function (Ch. 2). 

Fig. 10.10c. FFT version, partial coherence 
function (Ch. 2). 

I 
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Fig. 10.11a. Fig. 10.7a when coherence is Fig. 10.11b. Fig. 10.7b when coherence is 
unity. unity. 

Fig. 10.11c. Fig. 10.7c when coherence is 
unity. 



T 
i 

TEST CASE AND EXAMPLES 259 

Fig. 10.12a. Fig. 10.8a when coherence is Fig. 10.12b. Fig. 10.8b when coherence is 
unity. unity. 

Fig. 10.12c. Fig. 10.8c when coherence is 

unity. 



APPENDIX A 

GLOSSARY OF ABBREVIATIONS AND SYMBOLS 

ADC 
B 

Be 
B-T 
BCD 
c 

ck 
C 

Cxyif) 
CSD 
C-T 
DAS 
d.f. 
e 

E[ ] 
cxp[ ] 

/ 
m 
FFT 
F{x) 

?[ ] 
r‘i ] 

Gx(f) 
Gxy(f) 

Gxk 
Gxyk 
Kr) 
h 
Hif) 
\H(f)\ 
Hz 

Im [ ] 

k 
£ 

£«[ ] 

Analog-to-digital converter 
Bandwidth, folding frequency 
Bandwidth of analysis, effective bandwidth 
Blackman-T ukey 
Binary coded decimal 

Arbitrary constant, digital filter weight 
Complex coefficients of Fourier series 
Electrical capacitance, maximum output of a limiter 
One-sided cospectral density function 
Cross spectral density 

Cooley-Tukey; authors of an early version of the FFT 
Data acquisition system 
Degrees of freedom 
Voltage input 
Expected value of 
d J,¢ = 2.718 ... 
Frequency 

Probability density function 
Fast Fourier transform 

Probability distribution function 
Fourier transform of [ ] 

Inverse Fourier transform of [ ] 

a percentage point of the F distribution with n, and n2d.f. 
Frequency modulation 
One-sided power spectral density 
One-sided cross spectral density 

One-sided power spectral density at frequency f=k/\f 
One-sided cross spectral density at frequency /= kAf 
Weighting function (unit impulse response function) 
Digital filter weight 

Frequency response function [the Fourier transform ofkMl 
Gain 

Hertz, the units of frequency 
Imaginary part of [ ] 
An index 

V-T, an index 

An index 
An index 

Natural logarithm of [ ] 

260 
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m 

n 
n(t) 
N 

P 
P 
PCM 
PDF 
PSD 

Qxyif) 
QSD 
R 
Rx(t) 

Rxr 
Rxyir) 

RXyr 
Re 
s 
s2 

sx(f) 
sgn(x) 
sps 
t 

tn-.a 
T 
Tm 
u(t) 
U(f) 
x(t),y(t) 

Xi,yi 

w 
w 

l[ ]l 

^(/) 

Number of lags in discrete correlation function or discrete 

convolution 
Number of degrees of freedom 
Random noise function 
Sample size or correlation of white noise correlation function 
Number of inputs in multidimensional linear system 

Probability 
Pulse code modulation 
Probability density function 
Power spectral density 
One-sided quadrature spectral density 
Quad (quadrature) spectral density 
Electrical resistance 
Autocorrelation function 
Discrete autocorrelation function at lag value t = rAr 
Crosscorrelation function 
Discrete crosscorrelation function at lag value r = rAr 

Real part of [ ] 
Sample standard deviation 
Sample variance 
Two-sided power spectral density 

The sign of x 
Samples per second 
Time variable 
a percentage point of statistical “t” distribution with n d.f. 

Observation time, record length 
Span of autocorrelation used (one side) 

Boxcar function (time) 
Fourier transform of the boxcar function 
Time-dependent variables 
Sampled function at time t = /Af 

Estimate of x 
Sample mean value of x(r) 
Raw estimate of x 
Fourier transform of x(f) or x¡ 
Fourier transform of x¡ 
Sample x3 variable 
Usually exp [-y2n/N] 
Fourier transform matrix representation 
Absolute value of [ ] 
A small probability, significance level, number of counts 

Coherence function 
Ordinary coherence function 
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y¡x 
yb/p 
r( ) 
6(0 
At 

r 

d 

0Xy(f) 
X 

P 

Px(r) 

I 

T 

m 

H*) 
Xn;a 
U 

Multiple coherence function 

Partial coherence function 

Gamma function evaluated for ( ) 
Delta function 

Interval between samples 

Normalized standard error 

Normalized variance 

Damping ratio 

with damping ratio 

Phase angle 

Argument of Gxy(f), (phase) 

Normalized frequency (X = 2nfAt) 

mth natural frequency 

Complex frequency (digital) 
Mean value 

Correlation coefficient 

Normalized correlation function; correlation coefficient function 
Standard deviation 

Variance 

Indicates summation 

Time displacement 

Phase factor 

Normal (Gaussian) probability distribution function 

A percentage point of statistical chi-square variable with n d.f. 

Frequency in radians/sec (w = 2jt/) 



APPENDIX B 

MISCELLANEOUS NUMERICAL EXPRESSIONS 

1. Numerical subroutine for 0(x) (normal distribution): 

By <t>(x) is meant 

0(*) 

Approximations are readily available for erf (y), the error function, whose 
definition is 

erf (y) 
“^rl< e'*2 dt 

where 

« 1 - 

u 

1 + w1 
/=i 

16 

a¡ = 0.0705, 2307, 84 

a2 = 0.0422, 8201, 23 

fl3 = 0.0092, 7052, 72 

a4 = 0.0001, 5201, 43 

*5 = 0.0002, 7656, 72 

fl6 = 0.0000, 4306, 38. 

<t>(x) may be calculated from 

*>(*) = ' 

Herf(^) x>0 

x<0. 
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As usual, 

The woxtaatton for „f W j, t0 Haaijlgs Ref 48 

2. Useful fonnulas 

= cos 0 + / sin 0 

e~i6 = cos 0 -/ sin 0 

COS0 = i^lÖ 

sin 0 = 
2/ 

1 + a + a2 + ... +ar = L-a'"1'1 
1-a ’ a ï 1 

eie + e2/« + ... + eAye _ 1 - e¡Ne 

\-eie 
eje 

N ^ fin l^')« 
sin/10 » 

sin —r- sin 

«■1 sin I 

" cos^sin^íil0 

sin — «-I 

L eM -1 

N sin 
COS /10 B ■ ilSH 

^ /»—jV sin ^ 
2 

sin a ± sin 
m 2 (a 10)] cos (a + ß)J 
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cos a + cos 0 = 

cos a - cos 0 = 

cos a cos 0 s 

sin a sin 0 = 

sin a cos 0 = 

2 cos 

-2 sin 

y(a + 0) jcos[y(a-0) 

\ (o + /î)j s»n ^ (a-0) 

y [cos (a + 0) + cos (a - 0)] 

[cos (a-0) - cos (a+ 0)] 

[sin (a+ 0) + sin (a-0)] 

1 - cos 0 = 2 sin* y 

1 + cos 0 = 2 cos* y 

sin (a ± 0) = sin a cos 0 ± cos a sin 0 

cos (a ± 0) = cos a cos 0 T sin a sin 0 
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Please note that the author entries appear in italics. The first number 
(in brackets) following the entry is the reference number. The second number 
is the page on which the reference was first cited. 

Absolute value, of the cross 
spectral density, 1S2 

Accelerometer data, integration of, 
231 

Algorithm, 89 
Cooley-Tukey, diagram, 95 
Cooley-Tukey fast Fourier 

transform, 89 
matrix formation of, 96 

Aliasing, 20,21 
Analog-to-digital conversion, 28 
Analysis bandwidth, 114 
Aperture error, 32 
Approximation for the distribution 

of sample coherence, 202 
Arcsine function, complex, 71 
Arithmetic, complex, 195 
Arithmetic operations, floating 

point, number of, 154 
Arrangement, reverse. See Reverse 

anangement. 
Autocorrelation 

function. See Autocorrelation 
function 

sinusoid, 13 
truncated cosine wave, 14 

Autocorrelation function 
12,113 

circular, 123 
sample, 148 
variability of, 120 

Autocorrelation method 
modified, 169 

Automatic table look-up, 118 
Bandpass filter, 74 

ideal, 49 
method, 133 

Bandwidth 
analysis, 114 
estimate, 180,181 
resolution, 165 
spectral resolution, 202 

BCD. See Binary-coded decimal 
Bergland, G. D., [20] 83, [20] 87 
Brus, smearing, 189 
Binary-coded decimal, 29 
Binary decimal, 29 
Binomial coefficient, 52 
Binomial filter, 52 
Bit dropout, 32 
Bit-reversal procedure, 96 
Blackman, R. B., [9] 22,23, [9] 134 
Blackman-Tukey 

method, 133,159,165 
power spectral density, 23, 249 

Boxcar function, 135 
Fourier transform of, 136 
width, 161 

Brillinger, D. R., [17] 76 
Brown, D., [13] 69 
Brownian motion, 231 
Buffering procedure, 116 
Butterworth filter, 69 

digital counterpart of, 70 
Butterworth, S., [14] 69 
Calculation, of cross spectral density, 150 
Calibration, 32 

definitions, 34 
linear, 33 

Cascade method, 169 
Chi-square 

distribution, 180 
goodness-of-fit test, 216 
sample, 216 

269 
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Circular autocorrelation function, 123 
Class interval, 216 

number, 217 
number, optimum, 218 

Clipped signal, 119 
Clipping, extreme, 119 
Code, grey, 30 
Coefficient, binomial, 52 
Coefficient function, correlation, 130 
Coherence estimate, 189 
Coherence function, 187 

conditional, 193,196, 201 
multiple, 193, 195,197 

200,237, 249 
ordinary, 193,195, 249 
partial, 193,196, 201,249 
partial, confidence, 203 
pseudo multiple, 237 

Coherence, sample, 202 
distribution of, 201 

Complex arcsine function, 71 
Complex arithmetic, 195 
Complex conjugate number, 64 
Complex degrees of freedom, 202 
Complex exponential, 83 
Complex matrix inversion, 198 
Complex-valued matrix, 196 
Compound recursive, filter, 56 
Computational procedure, correlation, 

113 

Computational time comparison, 131 

Computation, correlation function, 
111 

Conditional coherence function, 
193,196,201 

Conditional output spectrum, 197 
Conditional spectral matrix, 196 
Confidence bands, for frequency 

response function, 203 

Confidence diagram, 204 
Confídence limit, 181 

computation, 201 
frequency response function, 196 

Conjugate number, complex, 64 
Consistent estimate, 173 
Constant, time, 47 
Continuous function, 2 
Continuous second-order filter, 63 

Contour plot, 241 
Conversion, analog-to-digital, 28 
Convolution, 8 

integral, 45,185 
Cooley-Tukey 

algorithm diagram, 95 
fast Fourier transform 

algorithm, 89 
version, 90,91 

Coordinates, plane, rotation of, 97 
Correlated pseudo random white 

noise, 245 
Correlation coefficient function, 

119,130 
Correlation computational procedure 

113 
Correlation function 

computation, 111 
noncircular, 123 
separable, 231 
via fast Fourier transform, 123 

Correlation power spectral 
density, 135,168 

Cosine, Fourier transform of, 6 
Cosine generation, 150 
Cosine taper, 162 

filter shape, effective, 163 
Cosine wave, truncated, 14 
Cospectral density, 151 
Cospectrum, 151 
Covariance function, 130 
Crosscorrelation function, 113,125, 

249 
Crossings, zero, 163, 226 
Cross power spectrum vector, 191 
Cross spectral density 

absolute value, 152 
calculation of, 150 
phase angle, 152 

Cross spectra matix, 191 
Cross spectrum, 249 
CSD. See Cross spectral density. 
C-T. See Cooley-Tukey. 
Cutoff frequency, half-power, 70 
Damping ratio, 60,65 
Data acquisition system, 25 
Data, transient, iii 
Data window, 160 
Decimation, 78 
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Degrees of freedom, 181 
complex, 202 
real, 202 

Delta function, 5 
Density, Cospectral, 151 
Density function 

multidimensional. See 
Multidimensional density function, 

probability. See Probability 
density function. 

Density, power spectral. See 
Power spectral density. 

Differentiating filter, 55 
Differentiation, 36,37 
Digital counterpart, of Butterworth 

filter, 70 
Digital differentiation, 37 
Digital integration, 37 
Digital power spectral density, 22 
Direct filtering methods, 153 
Direct Fourier transform 

method,133 
Discrete Fourier transform, finite, 81 
Discrete second-order filter, 63 
Disk file storage, 194 
Distribution function, 214 
Distribution, normal, 215, 263 
Distribution, of sample coherence, 

201 
approximation for, 202 

Domain of/', principal, 64 
Double length transform, 102 
Double precision, 44 
Dynamic range, 112 
Effective filter shape, with 

cosine tapering, 163 
Eigenvalue, 192 
Eight-level quantization, 118 
Equal-interval method, 171 
Ergodicity, 229 
Error 

mean square, 173,176 
normalized standard, 176,179 
statistical, 173 

Error function, 263 
Escalator method, 199 
Estimate 

bandwidth of, 180,181 
coherence, 189 

Estimate (continued) 
consistent, 173 
gain factor, 189 
power, 179 
transfer function, 188,189 
unbiased, 173 

Expected frequency, 216 
Expected value, 211 
Exponential, complex, 83 
Extraneous noise, 246 
Extreme clipping, 119 
F distribution, 203 

values, 205 
/, principal domain of, 64 
Factor, gain, 47 
Fast Fourier transform, 83 

algorithm, 89 
correlation functions via, 123 
power spectral density, 168,249 
speed advantage, 168 
speed ratio, 168 

Feedback,56 
FFT. See Fast Fourier transform. 
File storage, disk, 194 
Filter 

bandpass, 74 
bandpass, ideal, 49 
binomial, 52 
Butterworth, 69 
Butterworth, digital 

counterpart of, 70 
compound recursive, 56 
differentiating, 55 
half-life, 59 
high-pass, 73 
high-pass, ideal, 49 
low-pass, ideal, 49 
low-pass RC, 57 
moving average, 76 
Afth-order realizable, 75 
nonrecursive digital, 50 
notch, ideal, 49 
output spectra of, 48 
polynomial, 45,76 
RC, 46,232,238,242 
RC, numerical, 246 
RC, recursive numerical, 243 
realizable, 49 
realizable, Afth-order, 75 
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Filter (continued) 
recursive, 56,57 
recursive, compound, 56 
second-order, 59 
second-order, continuous, 63 
second-order, discrete, 63 
shape, effective, with 

cosine tapering, 163 
smoothing, 45 
unstable, 73 
weight, 51,158 

Filtering, 45 
direct, methods, 153 

Finite Fourier transform, discrete, 
81 

First zero crossings, spacing 
between, 163 

Floating point arithmetic, 44 
operations, number of, 154 

Flight 
max-Q, 232 
transonic, 232 

FM telemetry, 35 
Folding frequency, 20,70 
Fourier transform, 4,81 

cosine, 6 
direct method, 133 
fast. See Fast Fourier transform. 
finite, discrete, 81 
inverse, 5 
methods, 159 
of boxcar function, 136 
sine, 6 
square wave, 7 
variable-bandwidth, 172 

Freedom, degrees of, 181 
Frequency 

expected, 216 
folding, 70 
half-power cutoff, 70 
natural, 65 
Nyquist, 70 
peak, 61 
resonant, 61 
undamped natural, 60 

Frequency response estimate, 249 
Frequency response function, 46 

185,195 
computations, matrix, 205 

Frequency response function, 
(continued) 
confidence bands for, 203 
confidence limit, 196 
vector, 191, 237 

Frequency response test, 
nonstationary, 236 

Frequency response vector, 200 
Function 

arcsine, complex, 71 
autocorrelation, 12,113 

circular, 123 
sample, 148 
variability of, 120 

boxcar, 135 
coherence. See Coherence 

function, 
continuous, 2 
correlation coefficient, 

119,130 
correlation 

via fast Fourier transform, 
123 

noncircular, 123 
separable, 231 

covariance, 130 
crosscorrelation., 113,125, 249 
delta, 5 
distribution, 214 
error, 263 
frequency response. See 

Frequency response 
function, 

impulse, 5 
probability density. See 

Probability density 
function 

sampled, 2 
transfer, 45,51,152 
unit impulse response, 45 

Gain factor, 47,186 
estimate, 189 

Gentleman, W.M., [19] 83, [19] 85 
Goodness-of-fit test, chi-square, 216 
Grey code, 30 
Half-life, of filter, 59 
Half-power cutoff frequency, 70 
Half-power frequency, 53 
Hamming, R. W., 140 
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Hamming window, 140,142,147 
side lobe, 147 

Hannan.E. I, m, fl] 1, [1] 177 
Hann, Julius von, 140 
Hann window, 140,142,143 

side lobe, 147 
Hard-clipped signal, 112 
Hard clipping method, 120 
Hastings, C, [48] 264 
Hermitian matrix, 192 
High-pass filter, 73 

ideal, 49 
Hinich,M., [25] 119, [25] 120 
Histogram, 213 

probability, 246 
History, time. See Time history. 
Holtz, H, [15] 70 
Hypothesis of no trfend, 234 
Impedance, 185 
Impulse function, 5 
Increment, sampling, 2 
Input vector, 191 
Integral, convolution, 185 
Integration, 36,37,38 

accelerometer data, 231 
noise, 231 

Inverse Fourier transform, 5 
Jitter, 32 
Khinchin.A. Y., [29] 133 
Lag window, 140 
Leakage, 134 
Leondes, C. T, [15] 70 
Level, quantization, 117 
Limit, confidence, 181 
Limiter, 27 
Linear calibration, 33 
Linear system 

multiple-input, 190 
single-input, 186 
three-dimensional, 246 

Local stationarity, 231 
Look-up, table. See Table look-up 

procedure. 
Low-pass filter, ideal, 49 
Low-pass RC filter, 57 
Magness, I A., [30] 133 
MAM. See Modified auto¬ 

correlation method. 

Matrix 
algorithm, formulation of, 96 
complex-valued, 196 
cross spectra, 191 
frequency response function 

computations, 205 
Hermitian, 192 
inversion, complex, 198 
power spectra, 191 
spectral, 199 
spectral, conditional, 196 
spectral density, 193 

Maxima, 226 
Max-Q., flight, 232 
McGowan, D. W., [21] 94, [21] 95, 

[21] 96 
Mean 

of/ty 31 
running, 238 
sample, 212 
square. See Mean square, 
time-varying, 237 

Mean square, 11 
error, 173,176 
value, 234 
value, nonstationarity of, 236 

Minima, 226 
relative, 227 

Modified autocorrelation method, 169 
Modulus of transfer function, 51,152 
Monotonie trend, 235 
Moving average filter, 76 
Afth-order realizable filter, 75 
mth quadratic term, 67 
Multichannel process, 

stationarity of, 237 
Multidimensional density 

function, 227 
Multiple coherence function, 193 

195,197, 200, 237,249 
Multiple-input linear system, 190 
Multiplexer, 25 
nj, mean and variance of, 31 
Natural frequency, 65 
TV-dimensional space, rotation in, 

98 
Noise 

extraneous, 246 
generator, 211 

' 
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Noise (continued) 
integration, 231 
quantization, 30 
white, 12,48 
white, correlated pseudo 

random, 245 
Noncircular correlation function, 123 
Nonrecursive digital filter, 50 
Nonstationarity, 229 

frequency response test, 236 
mean square value, 236 
trend test, 232 

Nonstationary procedure 
clipped-correlation, 243 
clipped process, 243 

Normal distribution, 215, 263 
Normalized standard error, 176, 179 
Notch filter, ideal, 49 
Number, complex conjugate, 64 
Number, of degrees of freedom, 181 
Number, of floating point arithmetic 

operations, 154 
Number generator, pseudo random, 

245 
Numerical differentiation, 36,40 
Numerical integration, 36, 38 
Nyquist frequency, 70 
Offset, 33 
One-bit quantization, 119 
One-bit quantized signal, 112 
One-sided power spectral density, 135 
Optimum number, of class intervals 

218 

Ordinary coherence function, 
193, 195, 249 

Ormsby, J. F. A., [12] 53,54,55, 
[12] 76 

Oscillator, voltage-controlled, 35 
Otries, R. K., [16] 70, [16] 73 
Output spectrum 

conditional, 197 
filter, 48 
residual, 197 

Overflow, 43 
Partial coherence function, 

193, 196, 201,249 
confidence, 203 

Partial sum, 115 
Parzen, E., [31] 143 

Parzen window, 143, 147, 182 
PDF. See Probability density 

function. 
Peak analysis, 226 
Peak frequency, 61 
Peak probability density function, 225 
Peak value, 227 
Phase angle, 51, 152 

cross spectral density, 152 
Phase error, 37, 205 
Phase factor, 186 
Phase integration, 36 
Physically realizable system, 185 
Plane coordinates, rotation of, 97 
Playback system, 25 
Pocket, 213 
Polar diagram, 204 
Pole placement, 62 
Poles, 64 
Polynomial filter, 45, 76 
Polynomial trend, 40 
Post-test standardization, 35 
Power, estimate of, 179 
Power spectra 

calculation, 133 
matrix, 191 
time-varying, 239 

Power spectral density, 11 
Blackman-Tukey, 23, 249 
contour plot, 241 
correlation, 135,168 
digital, 22 
fast Fourier transform, 168, 249 
one-sided, 135 
profile plot, 241 
sine wave, 19, 139 
sinusoid, 13 
time-varying, 242 

Pretest standardization, 35 
Prewhitening, iii 
Principal domain of/', 64 
Probability density function 

peak, 225 
sample, 214 

Probability histogram, 246 
Profile plot, 241 
PSD. See Power spectral density. 
Pseudo multiple coherence function 

237 
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Pseudo random number generator, 
245 

Pseudo random time history, 245 
Quadratic term, mth, 67 
Quadrature spectral density, 151 
Quantization 

eight-level, 118 
level, 117 
noise, 30 
one-bit, 119 

Quantized signal, one-bit, 112 
Quarter-square 

method, 113 
multiplier, 121 

Rader, C. M., 95 
Range, dynamic, 112 
Rayleigh’s criterion, 2 
RC filter, 46, 232, 238, 242 

low-pass, 57 
numerical, 246 
recursive numerical, 243 

RC time constant, 244 
Real degrees of freedom, 202 
Realizable filter, 49 

Mth-order, 75 
Realizable system, physically, 185 
Recursive filter, 56,57 

compound, 56 
Relative minima, 227 
Residual output spectrum, 197 
Resolution bandwidth, 165 
Resonant frequency, 61 
Reverse arrangement, 232 

distribution, 235 
Rotation 

in ^-dimensional space, 98 
of plane coordinates, 97 

Running mean, 238 
Salzer, J.M., [11] 37 
Sample 

autocorrelation function, 148 
chi-square function, 216 
coherence, distribution of, 201 
coherence, distribution of, 

approximation for, 202 
density function, 211 
mean, 44,212 
probability density function, 

214 

Sample (continued) 
variance, 212 
variance, unbiased, 213 

Sampled function, 2 
Sampling increment, 2 
Sampling interval, 15 
Samplingrate, 18 
Sampling theorem, 15 
Sampling theorem 

proof, 16 
Sande, G., [19] 83, [19] 85, 

[22] 111 
Sande-Tukey version, 89,90,92 
Scale factor, time-varying, 243 
Schmid, L.P., [27] 121 
Second-order filter, 59 

continuous, 63 
discrete, 63 

Separable correlation function, 231 
Short duration data, iii 
Short-time-averaged mean value, 232 
Side lobe, 147 
Signal 

clipped, 119 
hard clipped, 112 
one-bit quantized, 112 

Simpson, S. M., [23] 116, [23] 117 
Sine, Fourier transform of, 6 
Sine generation, 150 
Sine of X divided by x function, 9 
Sine wave, 13 

power spectral density of, 19,139 
Single-input linear system, 186 
Sinusoid 

autocorrelation of, 13 
power spectral density of, 13 

Smearing bias, 189 
Smoothing filter, 45 
Spacing, 32 

between first zero crossings, 163 
Spectra calculation, power, 133 
Spectra, output, 48 
Spectral density 

matrix, 193 
power. See Power spectral density, 
quadrature, 151 

Spectral matrix, 199 
conditional, 196 

Spectral resolution bandwidth, 202 
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Spectral window, 140 
Spectrum 

cross, 249 
output, conditional, 197 
output, filter, 48 
output, residual, 197 
standard deviation of, 244 

Speed advantage, of fast Fourier 
transform, 168 

Square, mean, concept of, 11 
Square wave, 6 

Fourier transform of, 7 
Stability, 66 
Standard deviation, 3,238 

spectrum, 244 
Standard error, normalized, 176,179 
Standardization, 34,35 

post-test, 35 
pretest, 35 

Standardizing voltage, 33 
Standard method, 133 
Stationarity, 229 

local, 231 
multichannel process, 237 
strong, 229 
weak, 229 

Statistical error, 173 
Storage, disk file, 194 
Strong stationarity, 229 
Sum, partial, 115 
Table look up 

automatic, 118 
procedure, 118,122 

Taper, cosine. See Cosine taper. 
Telemetry, FM, 35 
Third-octave analysis, 158 
Third-octave procedure, 168 
Three-dimensional linear system, 246 
Time average, 2 

Time comparison, computational, 131 
Time constant, 47 

RC, 244 
Time history, 1 

pseudo random, 245 
variance, 3 

Time slice, 237 
Time-varying 

mean, 237 
power spectra, 239 

Time-varying (continued) 
power spectral density, 242 
scale factor, 243 
variance, 242 

Transducer, 25 
Transfer function, 45,51,152 

estimate, 188,189 
modulus of, 51,152 

Transform 

continuous, infinite-range, 81 
double length, 102 
Fourier. See Fourier transform 

Transient data, iii 
Transmissibility, 185 
Transmission link, 25 
Transonic flight, 232, 243 
Trend 

hypothesis of no, 234 
monotonie, 235 
nonstationarity, test, 232 
polynomial, 40 
removal, 40 
test, 232 

-- wave, ih 

Truxal,J. G., [10] 28 

[9] 22,23, [9] 134 
Twiddle factor, 85,93 
Unbiased estimate, 173 
Undamped natural frequency, 60 
Underflow, 43,44,73 
Unit height, square wave of, 6 
Unit impulse response function, 45 
Unstable filter, 73 
Variability of autocorrelation 

function, 120 

Variable-bandwidth analysis, 169 
Variable-bandwidth Fourier 

transform, 172 
Variance, 3, 212 

of «¿,31 
sample, 212 
sample, unbiased, 213 
time-varying, 237, 242 

VCO. See Voltage-controlled oscillator. 
Vector 

cross power spectrum, 191 
frequency response, 200 
frequency 

191,237 
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Vector (continued) 
input, 191 

Version 
Cooley-Tukey, 90,91 
Sande-Tukey, 89,90,92 

Voltage-controlled oscillator, 35 
Voltage, standardizing, 33 
Warmup time, 154 
Weak stationarity, 229 
Weight, filter, 51 
Weinreb.S., [24] 119, [24] 120 
White noise, 12,48 

correlated pseudo random, 245 
Wiener-Khinchin relation, 123 
Wiener, N., [2] 133,230 

Wiener process, 230 
Window, 134,138 

data, 160 
side lobe, 147 
spectral, 140 
Hamming, 140,142,147 
Hann, 140,142,143 
lag, 140 
Parzen, 143,147,182 

Zero crossings, 226 
first, spacing between, 163 

Zero discontinuity, 32 
Zero phase, 52 
z-transform, 45 

theory, 63 
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