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I. INTRODUCTION

The business of this conference is to judge the present and
potential value of various methods for calculating the development
of the turbulent boundary layer in a pressure gradient. My task
in this introductory lecture is to classify and criticize the
available data, so that any comparison of measured and predicted
quantities can include some estimate as to the quality and com-
pleteness of the various experiments. It goes without saying that
I will try to do this without prejudicing any of the analytical
ideas which may be considered by other speakers at this conference.

I have already dealt with the special case of flow at con-
stant pressure, in an unpublished appendix to Rand Report R-403-PR
(Coles 1962). My principal conclusions in that paper were:

(1) that a detailed classification can readily be carried
out using the conventional similarity laws, although not much can
be learned about the numerical value of the supposedly universal
constants;

(2) that there apparently does exist a standard or normal
configuration for the flow in question, at least when viewed in
terms of the mean-velocity profile alone; and

(3) that among the factors which can adversely affect the
quality of a standard boundary-layer flow, the most important are
(a) three-dimensional effects and (b) poor judgment in the choice
of tripping or thickening devices.

In the present survey, I will again sort through a large mass
of data in an effort to detect patterns and conventions which aid
in classification. It turns out that a weight has to be assigned
to each experiment almost from the beginning, and that this weight
is not necessarily the same when considering matters cf technique
as it is when choosing test cases for calculation or for publica-
tion in the proceedings of this symposium. From one point of view,
those data turn out to be most useful in which only one factor is
varied at a time. If the external conditions change, the instru-
mentation should remain the same, and conversely. From another
point of view, there appears to be a certain level above which
Mmeasurements can be described as being of professional quality.
Such measurements are not only marked by good technique, but are
usually also aimed at some particularly interesting or difficult
area of the boundary-layer problem rather than at areas which have

* Any views expressed in this paper are those of the author. They

should not be interpreted as reflecting the views of the RAND Cor-
poration or the official opinion or policy of any of its govern-
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been adequately explored in the past.

One obvious and venerable example is the contribution by
Ludwieq and Tillmann (1949), who studied the effect of both posi-
tive and negative pressure gradients using the same impact-probe
rake and heated-clement instrumentation. Constructive work has
also been done by Klebanoff and Diehl (1951) on the effect of ini-
tial conditions in flow at constant pressure, and by Bradshaw
(1967) on the effect of initial conditions in a diffuser flow. I
have several other favorite experiments; for instance, I will draw
some delicate conclusions in section III, with the aid of some mea-
surcments by Schubauer and Klebanoff (1950) and by Bauer (1951),
respectively, about possible effects of streamwise wall curvature
and of probe size on apparent profile shape. In most cases these
conclusions were not at issue in the original research, and the
fact that they can be drawn at all is almost a definition of the
professional experimental touch.

Circumstances have required certain measurements to be omit-
ted, deliberately or otherwise. For almost all of the experiments
discussed here, tabulated mean-velocity profiles and other data are
available in the literature or have been supplied by the experi-
menters. 1In two cases, however, the data have been read from small
figures in the original report, and their accuracy should be dis-
counted accordingly. The first such case is the thesis by
Gruschwitz (1931); the second is an NACA study of an airfoil bound-
ary layer and wake by Mendelsohn (1947). Apparently it has been a
practice at NACA to destroy raw data records after a lapse of a
few years. Inasmuch as most of the NACA airfoil research of this
period involved small models at relatively low Reynolds numbers, I
doubt that the effort required to recover the data is worth while
in general,

I should also mention several diffuser studies for which data
have been provided by the authors, but which I have been forced to
set aside, at least temporarily, because of lack of time. These
data are potentially useful in support of the main body of material
considerced by this symposium. However, in my opinion they are not
likely to lie near the center of attention, which I expect to be
the problem of relaxation phenomena. In this class are the dif-
fuser experiments by Sandborn and Slogar (1955), by Furuya (1958),
by Sandborn (1959), by Rosenberg and Uram (1960), and by
Spangenberg et al. (1967). T have also chosen for the present
to omit data on reattaching flows obtained by Mueller (1961) and
by Plate and Lin (1965), although measurements of this kind will
undoubtedly play an important role in future research.

A number of measurements in axially-symmetric geometries are
included in the test series but are not included in this survey.
The reason is that I do not yet know how to handle an axially-sym-
metric coordinate system when the tests to be applied to the data
are as systematic and delicate as the situation seems to allow --
and in fact to require ~- in the case of plane flow.

Finally, I am compelled to comment on what I consider to be
a general failure to exploit the advantages of hot-wire anemome-
ters for measurement of mean as well as fluctuating quantities.
As a consequence of this failure, all of the experiments consider-
ed in this survey include an unknown influence of the local turbu-
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lence field on measurements of mean velocity by means of total-
head tubes.* I suppose that data free of such effects will even-
tually become available in quantity, but this is not likely to
happen soon. On the whole, therefore, I think that it is prefer-
able at present to accept these effects as part of the data, rath-
er than to attempt to remove them by unreliable or at any rate un-
proven methods.

II. SIMILARITY LAWS

In any survey of this kind, it is important to use the light-
est analytical skeleton which will bear the weight of the data. For
this and other reasons, I have again chosen to work with similarity
laws, although I have little doubt that the same general conclu-
sions could also be reached by other means.

My analysis begins with the idea that a typical boundary-
layer flow can be viewed as a wake-like structure which is con-
strained by a wall. The wake-like behavior is apparent ir the
phenomena of intermittency and entrainment and in the sensitivity
of the outer profile to pressure gradient. The wall constraint is
felt mainly in the viscous sublayer and in the logarithmic part of
the profile, and is closely related to the magnitude :f the
surface shearing stress.

The idea that there are two distinct scales in a turbulent
boundary-layer flow is an old one, although quantitative expres-
sions of this idea have evolved very slowly. A schematic repre-
sentation of a typical profile is shown in the sketch. To the
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WALL WAKE COMPOSITE

COMPONENT COMPONENT PROFILE

extent that the outer velocity boundary condition for the inner
(wall) profile is the same as the inner velocity boundary condi-
tion for the outer (wake) profile, the turbulent boundary layer

* Newman (1951) made a partial correction for turbulence:; both the
corrected and uncorrected data have been obtained and are consid-
ered in this survey.
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is a singular perturbation problem of classical type. 1In fact, we
can claim to have discovered empirically the first two terms in a
composite expansion, complete with logarithmic behavior. A corre-
sponding physical view is that appreciable transfer of energy to
the turbulent motion occurs at the largest scale, and that this
energy is eventually converted to heat at the smallest scale (the
sublayer thickness). Both of these notions become less opaque as
the Reynolds number becomes very large, and it is possible to per-
ceive dimly an analogy between the Kolmogorov inertial range and
the logarithmic profile, both being manifestations of equilibrium
at intermediate scales. It is also reasonable to think of the
process of enercy transfer as having a natural direction, and to
expect a peculiar behavior when the initial energy distribution is
highly abnormal.

The two similarity laws to be cited here are known as the
law of the wall and the law of the wake. The most important Erog:
ert% of the law of the wall is that it provides a quite plausible
metho or estimating surface friction.* e essence of this sim-
ilarity law 1s perhaps best recognized from its use in describing
the profile of the natural wind, for which neither an overall
thickness nor an origin for the coordinate system can be defined.
I am not aware of any convincing theoretical derivation of the law
of the wall; i.e., one which does not at some stage fall back on
dimensional analysis in order to adduce a viscous characteristic
scale in a region of complete turbulence. Much of the empirical
evidence in favor of the law comes from measurements in pipes, and
in fact the commonly accepted value of Karman's constant is di-
rectly traceable to Nikuradse's pipe experiments. More recently,
a thorough calibration of the device called a Preston tube has
been carried out by Patel (1965) in pipe flow.** His results are
shown as the lowest curve in figure 1. The coordinates are the
usual ones for the law of the wall, with u the velocity correspond-
ing to the observed dynamic pressure, and y the distance from the
probe center to the wall (i.e., half the probe diameter). 1If the
law of the wall is generally valid, these data should define the
position of the first data point in any profile measured with a
cylindrical probe.

The most important property of the law of the wake is that

* For historical purposes, it is worth noting that Ludwieg and
Tillmann (1949) did not set out to show the general validity of
the law of the wall, but stumbled on this result while investi-
gating momentum-balance anomalies arising from use of the momentum-
integral equation near separation. A careful reading of their de-
scription of the calibration of their heated element is also in-
structive, since this calibration was (to say the least) somewhat
indirect.

** The major problems in such a calibration, given an undisturbed
flow of high quality, are (a) to determine the static pressure
which would exist in the absence of the probe, and (b) to minimize
any non-local disturbances to the mean flow when the probe is
present. These problems seem to have received careful attention
in Patel's work.




it avoids a direct confrontation with the physical mechanism of
shear turbulence. 1In order to use this law, it is not necessary
to derive or even to explain the profile in a wake, but only to
know what it looks like -- and also to believe that the same pro-
cesses play a role in boundary-layer flow. In this sense, the
concept was apparently first proposed by Hudimoto (1935). Hudimoto
used a power law rather than a logarithmic law to isolate the part
of the mean profile not directly affected by the wall, and he re-
ferred to the resulting function as jet-like rather than wake-like,
but the spirit is essentially the same as the spirit of my own
paper published 21 years later. Hudimoto wrote in English; so
much for the hazards of publishing in an unreceptive atmosphere.

The similarity laws are explicitly displayed in my standard
equation for the mean-velocity profile (Coles 1956},

- yYu

U oy + 1o

u, £ + 0w () (1)
where ur? = Tw/0. The function f (the law of the wall) has the
form

yu yu
£=T) =2 (=0 + c (2)

outside the sublayer, which is to say for yu;/v > 50. The con-
stants « and C are taken as 0.41 and 5.0 respectively, indepen-
dent of pressure gradient. For analytical convenience I have re-
presented the function w (the law of the wake) as

wid) = 2 sin? zh. (3)

on putting U = J_ andy = 6 in the profile formula (1), the
local friction law is obtained in the standard form

Hu
LA § Y 21
G: = 4 (=) B @Bl (4)

Given », C, v, and U', the last equation evidently determines any
one of the three parameters u;, :, I if the other two are known.
Since equation (1) defines a two-parameter family of mean-velocity
profiles, a indi

two parameters t and us_for each profile such that the rms deviat-
ion of the data from the formula (1) is minimized (data points for '
which yu./v < 50 or y/t >1 are of course excluded). This procedure
was originally developed in an attempt to salvage some data for
which some or all of the mean-velocity profiles were incomplete
(e.q., Riabouchinsky (1914}, Perry (1966)). It was next applied,
mostly out of a sense of pique, to several flow situations for
which the profile formula (1) has been set aside by the authors or
others as possibly inappropriate (e.g., Perry (1966), Stratford
(1959)). Inasmuch as the procedure turned out to provide a very
stable and well-controlled vehicle for classification, it was
ultimately applied to the whole of the data.

It became apparent early in this process that the fitting
region would have to be more carefully specified. One reason is
that the formula (1) has an abrupt change in slope at the outer
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edge of the layer, where d(U/u;)/d(y/b) changes from 1/x to O.
This is an obvious deficiency, and I will come back to it in
section IV. At this stage of the development, it suffices to take
the experimental existence of the corner into account by limiting
the fitting region to the range y/6 < 0.9 or less, partly to avoid
unnecegsary dispersion and partly to restrict the use of the for-
mula to regions where it has some prospect of being accurate. The
phrase "or less" means that the value 0.9 is satisfactory when the
wake component is large, but has to be decreased to about 0.75 for
flow at constant pressure, and to something like 0.6 as the wake
component vanishes.

Moreover, I found in some but not all cases a significant
disagreement between the data and formula (1) in the 10 to 15 per-
cent of the profile nearest the wall, as illustrated for several
flows in figure 1. On the assumption that this discrepancy could
eventually be rationalized as experimental error, the lower limit
of the fitting region was adjusted to exclude the data in question.
I want to emphasize, however, that the upper and lower limits for
fitting were not chosen capriciously for each profile, but were
fixed for all the profiles of any one flow (except in the special
case of flows undergoing relaxation, and occasionally also for data
at very low Reynolds numbers).

The profile parameters obtained from this process include
C., I, and 5, all determined in a self-consistent way. Note that
C. is now being determined by a fit of the central part of the
complete profile to the full formula (1), rather than by a fit of
the inner profile alone to the law of the wall (cf the remarks 1n
the "Memorandum on Data Selection” which follows this survey paper).
The main effect of the change is usually to reduce Ce by perhaps
one or two percent. Note also that the parameters 7N and © are now
differently and more realistically defined than was the case in
my 1956 paper,since the existence of a discontinuity in slope at
y = b is now being taken into account.

To sum up: points near the edge of the boundary layer have
been omitted from the fitting operation on the ground that the data
are correct but the formula is wrong, and points near the wall have
been omitted on the tentative ground that the formula is correct
but the data are wrong, due (say) to effects of wall interference
and/or effects of local strong turbulence. For the majority of the
flows studied, this procedure seems to be entirely adequate. The
fit is usually good enough so that the results are quite insensi-
tive to minor changes in the size of the fitting region. 1In fact,
a typical rms scatter of the data about the fitted curve in the
fitted region is two or three parts in 1000 (referred to free-
stream velocity). This conclusion may come as a pleasant surprise
to some experimenters; it also provides a challenge for theoreti-
cians who work independently of the profile formula (1). After
careful study, I have not found any consistent pattern in the re-
maining small discrepancies, and so I_cannot suggest a better ana-
lytical representation for either of the functions f or w than
the simple functions used here.

THE VARIOUS PROFILE PARAMETERS AS DETERMINED BY THE METHODS
JUST DESCRIBED ARE LISTED IN TABLE I AT THE END OF THIS PAPER.




g e e e e

Finally, I have reexamined the problem of evaluating inte-
gral thicknesses for profiles which are defined by relatively few
data points near the wall, especially when the Reynolds number is
also small. The problem is illustrated in figure 2, which shows
the ratio H3p = 63/6 (energy/momentum) plotted against the ratio
Hyp = 65*/8 ?displacement/momentum). The upper curve, labelled (a),
shows values taken directly from the standard tables supplied to
the predictors, together with some additional data points obtained
by the same methods. I did not expect that the data would define
a single curve, because there must be a Reynolds-number dependence
in such a presentation; but in fact the scatter turns out to be
wholly unacceptable. Matters are improved in the middle curve (b),
which is the same as (a) except that I have deleted all data for
profiles which lack experimental definition for U/ﬁ°° less than 1/2.
As might be expected, the offending data points correspond to some
or all of the profiles in flows 1400, 1800, 3100, 6100, and 6200,
among others. These data cover a wide range of Reynolds numbers,
and the difficulty must therefore arise in our original choice of
an unrealistic interpolation method for the numerical integration
near the wall. 1In any event, it is clear that very little use
can be made of these particular data until some better interpola-
tion scheme is specified.

For the sake of consistency, therefore, the integral thick-
nesses have been recalculated for all of the flows listed in Table
I after replacing the experimental data near the wall by standard
functions, with the results shown in curve (c¢) of figure 2. The
standard sublayer profile is a slight revision of one which I have
used before, and takes into account recent measurements by Liu
(1966), Bakewell (1966), and others. All that needs to be known
about the standard sublayer profile in order to reproduce the
tabulated thicknesses is that

50
of (U/u )a(yu /v) = 540.6;
0.,
oj‘ (O/u,)“d(yu_/v) = 6546;

50_ 5
[ (0/u,) a(yu /v) = 82770.
0\4

The gap between yu./v = 50 and the firss point used in fitting is
filled in by formula (1) with the (sin)“ function replaced by one
term in y<, and the integration is then continued numerically by
the usual parabolic interpolation scheme. 1 consider the revised
values of displacement, momentum, and energy thickness to be sub-
stantially more credible than the original ones, inasmuch as inter-
polation between measured points near the wall is now on a sounder
basis.

THE INTEGRAL THICKNESSES AND RELATED QUANTITIES DETERMINED
BY THE METHODS JUST DESCRIBED ARE ALSO LISTED IN TABLE I_AT THE

END OF THIS PAPER.




III. FLOWS IN OR NEAR EQUILIBRIUM

In this section I will consider only flows for which the
profile formula of section II definitely provides a good represen-
tation of the data. This class seems to include nearly all equi-
librium or near-equilibrium flows and nearly all flows of airfoil
or diffuser type. I have not always limited myself to data which
are being officially considered at this conference, and in some
cases I have changed the emphasis slightly.

Figures 3 and 4 show the result of the fitting operation for
several flows which are close to equilibrium in the sense of
Clauser's definition. What is plotted is the wake component alone.
That is, the fitting operation described in section II has first
been carried out for the central 50 to 80 percent of the profile,
and the logarithmic part has then been subtracted out.

In almost all cases, there are difficulties in the region
close to the wall, even though points for which yu,/v is less than

50 are omitted. These difficulties may well be an instrumentation
problem; they will be discussed in more detail at the end of this
section, when more data have been put in evidence. The seeming in-
crease in scatter in figure 4 as the pressure gradient becomes

more negative is due to the fact that a smaller fraction of the
velocity profile -- in the worst case, as little as five percent --
is being displayed in the figures. That the notion of a wake com-
ponent still makes sense under these conditions is a compliment
both to the skill of the experimenters and to the quality of the
similarity laws.

There are also systematic discrepancies, especially in fig-
ure 4, near the outer edge of the layer; this is the corner ef-
fect mentioned in section II. In order to look at this effect
more closely, I have converted the data of figure 4 into residuals,
or differences between the data and the profile formula, with the
result shown in figure 5. The ordinate is AU made dimensionless
with us;, on the assumption that the corner effect is associated
most closely with the law of_the wall. The maximum error in veloc-
ity is about »ne percent of U,, and_the area represented by the
corner in figure 5 is typically I(AU/uT)d(y/b) ~ 0.1, compared to
an area of (1 + [I)/n for the displacement thickness in the same
units. It follows that ignoring the corner effect may lead to
errors in displacement and momentum thickness of at most about 4
and 5 percent, respectively. There is a definite suggestion in
figure 5 that the corner effect becomes more pronounced as Il ap-

proaches zero, perhaps because of deeper penetration of the region
of intermittency into the layer as dp/dx becomes large and nega-

tive. Unfortunately, speculation on this point is almost useless
as long as the free-stream turbulence level (presumably low for
all of the data in figure 5) and its effects on the profile are
unknown. An immediate conclusion is that it is highly desirable
to know the free-stream turbulence level in such experiments, and

almost essential to know the intermittency distribution.

On the premise that it is sensible to look for something
where it is large rather than where it is small, I have also eval-
uated the wake function for a number of diffuser-like flows as
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shown in figure 6. These flows are all developing toward separa-
tion and are therefore characterized by a strong flux of energy in
the natural direction; i.e., from the mean flow to the turbulence.
In all cases, the fit to the wake law can be modestly described as
superb over perhaps 90 to 95 percent of the layer. 1In particular,
Stratford's two flows (1959) are in no way distinguished from the
others, and the wall-wake concept is reinforced rather than refuted
by these particular data.*

I have also found a number of anomalies, explainable or oth-
erwise, in some of the measurements included in this survey. One
of the most intriguing is a small but definite change in the shape
of the profiles in the Schubauer-Klebanoff experiment (1950) at the
station where the surface curvature begins. This change is docu-
mented in figure 7, where I have plotted the wake component and the
residuals, the latter in units of 40/U., for two regions of the
flow. The difference in profile shape is almost certainly not due
to neglect of the "barely detectable" static pressure difference
through She layer, since this difference is unlikely to be larger
than p0U»“56/R, and ought to be much smaller. With 5/R in the range
from .007 to .0l17, it would be very generous to expect as much as
one percent error in mean velocity when the pressure is assumed
constant. Moreover, this error would presumably be monotonic
through the layer and correspondingly difficult to detect. On the
contrary, I believe that the effect shown in figure 7 is almost
certainly due to a stabilizing action of the centripetal force on
the turbulence. Another property of the Schubauer-Klebanoff ex-
periment raises a different question. Especially in the downstream
region, there is rather more scatter in the profile data from one
station to another than in any one profile by itself. The measure-
ments extended over a considerable time, and the reference velocity
was adjusted from day to day to maintdin a constant unit Reynolds
number, regardless of changes in atmospheric temperature and pres-
sure. Although the same technique has been used by other experi-
menters before and since, I think that for a turbulent flow, which
is almost by definition highly insensitive to Reynolds number, it
would be better to reproduce some non-viscous parameter such as a
local or overall pressure coefficient.

Some other anomalies are illustrated in figures 8 and 9. 1In
each figure, the top curve shows all of Gruschwitz's profiles for
which I is greater than unity (1931; Messreihe 4 and 5), and the
matter of interest is the abnormally large corner effect at the
edge of the layer. Whether this effect is due to thg low Reynolds
number, to a presumably high free-stream turbulence level, or to
the small probe size, is not clear. The next two curves refer to
two of Bell's flows (1966) for which there seems to be a definite
disagreement with the standard wake function. I think the source
of the discrepancy is clear in this case, since the surface was
heated, and the density was therefore assumed too large in deducing

* Both Stratford and Clauser had to cope with unusual difficult-
ies in measurement because of the low velocities in their flows;
note that the dynamic pressure in the free stream in the down-
stream part of Clauser's second flow was only about 2 mm of
alcohol, whereas Bauer, working with water, could dispose of
nearly 200 mm of mercury.




velocity from dynamic pressure near the wal' (this explanation
could of course be tested directly, by usiny the measured tempera-
ture profiles, but I have not done so). It should be noted that
Bell's probe was very wide compared to its height; in fact, almost
two-dimensional, but Perry's measurements (1966) with the same in-
strumentation* show no distortion of the profile shape (cf figure
6c). Another case of distortion occurs in Tillmann's ledge flow
(1945). Curve (d) in figure 9 shows the residual error for the
last few stations in this flow, the profiles being so nearly loga-
rithmic that the wake component is too small to be displayed in
figure 8. Because there is no such distortion in the nearly
equivalent measurements by Klebanoff and Diehl (1951) behind a %-
inch rod, I prefer to classify Tillmann's results as anomalous
data rather than as solid evidence of a breakdown of the wall-wake
formula.

Finally, a comment about the three flows studied by Bauer
{1951). These are nominally the same flow. However, the probe
used to obtain the data for 40° slope was four times larger than
the probe used for 200 and 60° slope. There is a slight complica-
tion in that the behavior of the parameter [l in the upstream re-
gion for 60° slope, documented in Table I of this paper, suggests
that a tripping device may have been present. The real point, how-
ever, is that the values of [ for the flow with 40° slope lie gen~-
erally below those for the other two flows in the downstream re-
gion (I ~ 0.26 compared to 0.30), and the corner function is
slightly weaker in figure 5. I suspect, therefore, that the ef-
fects of differences in probe size and/or probe damping may some-~
times be detectable in the intermittent region.

It remains to face the question of experimental discrepan-
cies near a wall. My own conclusions, after careful study, are
mostly negative. Firstly, I _do not approve of an uncritical ap-
plication of the Young-Maas correction for displacement effect:
and secondly, I do not know how to estimate_ errors in impact-probe
measurements of mean velocity when the local turbulence level is
high. There is no question that both kinds of error are real.
For instance, one primitive but unusual experiment has been re-
ported in which the sign of both errors should be reversed; this
is the moving-belt flow of Riabouchinsky (1914). His data are
shown as the lowest curve in figures 8 and 9 and as the top curve
in figure 1. Although the data are far from definitive, they
suggest that the discrepancy does in fact change sign.

On the other hand, why is figure 6 (diffuser flows) generally
clean near tle wall, while figures 3 and 4 (equilibrium flows) are
not? It is likely (Perry 1966, Bell 1966) that a wide rectangular
probe is less subject to error near a wall than a round probe, and
may even indicate too low a velocity. The rationale is that =n
effectively two-dimensional probe produces local separation, tiius

* One wry comment here; Bell and Perry used an elegant automatic
plotting system, which produced profiles directly in logarithmic
coordinates. However, several numerical errors in their tran-
scription of these plots suggest that automation, once begun,
ought to be carried to completion rather than subjected to falli-
ble human intervention.
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impairing the pressure recovery, while a round probe produces a
flow deflection toward the wall (due to induction by a trailing
vortex system), thus sensing a pressure which is too high. How-
ever, Bradshaw (1966) takes another position on the question of
the effect of probe shape, and the evidence from his own measure-
ments is ambiguous (cf figures 3b, 3c, 3e, 6e).

I have one other observation on probe technique. The evi-
dence in figures 1, 4, 5, and 6 suggests that a rake or multiple
probe, as used at Gdttingen (Ludwieg and Tillmann 1949, Wieghardt
1944), is not more subject to error than a single probe. 1If so,

a_rake has obvious advantages of speed, accuracy, and con-
venience. Note, however, that the evidence of Tillmann's data
(1945) in figure 9 does not support this conclusion.

Clarification of these problems in instrumentation may even-
tually come from a more professional attitude toward use of lin-
earized hot-wire anemometers, or from developments in statistical
marker or tracer methods (including laser doppler techniques).
Pending clarification, I think that it is probably a waste of time
to attempt detailed mean-velocity measurements near a wall using
conventional impact-probe instrumentation.

This is not to say that measurements in thin boundary layers,
where there is no room to encounter this difficulty, recommend
themselves except perhaps for special problems such as transition.
Although it is demonstrably easier to achieve a nearly two-
dimensional mean flow in thin layers, I doubt that much inform-
ation would be lost by suppressing all data obtained in turbulent
low-speed boundary layers less than 1 cm thick. It is clearly
important in turbulence research to work at high Reynolds numbers;
the data considered here suggest that a 5-foot model in a stream
at 50 feet per second is marginal, while a 15-foot model in a
stream at 100 feet per second is not. I am also struck by the
gscarcity of measurements in water, despite the access which is
thereby provided to large Reynolds numbers and to powerful methods
of flow visualization.

IV. A LOCAL FRICTION LAW

A formula proposed by Ludwieg and Tillmann (1949) is
commonly used as a local friction law to connect the three vari-
ables C., R,, and H = #*/5. In practice, the chief virtue of this
formula” (which I view as essentially an empirical power-law
relationship of a fairly sophisticated kind) is that it is ex-
plicitly soluble for each of its three variables. This survey
paper seems an appropriate place to test the usefulness of equa-
tion (4) above as an alternative and more rational formula for the
estimation of local friction coefficient, and I want to digress
briefly for this purpose.

The boundary-layer thickness * can be eliminated from equa-
tion (4) by first defining integral displacement and momentum
(and sometimes energy) thicknesses in the usual way,

2= [ (Z—)al (5)
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and so on. The particular profile functions (2) and (3) then
imply —

" ’: £ =1+ 7 (7)

=2
, % =T

¢ 2
u

-

=2 +271 + % si(m)] 7 + 2 72 (8)

Njw

etc. 1In principle, elimination of ‘uT/v and 1 from the pagamegtric
system (4), (7), (8) yields a relationship between C¢ = 2uT/ﬁm,

R: = Up?/v, and H= **/S, 1In practice, complete elimination of Il
is prevented by the transcendental form of the original equation
(4). After considering a variety of possible parametric represent-
ations, I prefer one in which the variables remain bounded, namely

B S =rm (9)
(o) (1 - 35 iR, 1) = () (10)
S 2[ll++%?5i(ﬂ)] n o+ 30 i
K(T) = (dnx + xc + 27 = ¢n{l + ZF(7) (12)
where f = 6;/11T and Si(x) = OIX§$ﬁ—H-du = - xoflln y cos xy dy.

The complete function F(K) defined by equations (1l) and
(12) is the closed curve* shown in the small insert at the top of
figure 10. 1In the first quadrant, the parameter 7 increases from
-1 at the origin, where ©* = 0, to += at the point (F, K) =
(0, 4/3), where ur = 0. This is the region of interest for the
purposes of this boundary-layer survey, and it is enlarged to
form the main part of figure 10.

Values of £, H, and Rc» for about 450 profiles are available
from Table I. (Both an inner fit and an outer fit may be listed
for certain profiles; it is the outer fit which I am considering
here). These values have been used to compute F and K from the
defining equations (9) and (10), with the results shown in

* I have used the sign convention that f is positive if U and

7. have the same sense, and is negative otherwise. With this
cOnvention, the absolute value signs in equations (10) and (12)
allow the formulas to be extended to wall jets and to separated
flow, although it is doubtful that the particular functions £
and w defined by equations (2) and (3) will always be the appro-
priate ones in such cases. I have not considered the problem of
representing laminar flows or free shear flows in the figure.
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figure 10a. The large scatter at low values of !l is obviously
caused by my use of a logarithmic profile in the sublayer in eval-
uating the expressions (7) and (8)._ For example, if the sublayer
profile is corrected by an amount AU/ur which depends on yur/v, an
extra term of the form "constant/{(:u;/v)" will appear on the right
in equation (7). For my favorite sublayer profile, the constant

is about 65 », or about 27, and the correction is unimportant if
either 1 or :u;/v is large. When the correction term is moved to
the left side of the equation (for the sake of the single-parameter
formulation), the final result is

R , - 65)
o e M L (7a)
u_/v

The corresponding correction to equation (8) is messier, but it
turns out that reducing R-* by 65 is again a good approximation to
the required correction in the whole range of the data, and is
essentially exact when £ ~ 17. I have therefore recomputed F und
K from equations (9) and (10) after reducing ' * by 65./Ux in both
H and Rs*, The result is shown in figure 10b. The scatter is now
much less, and the remaining discrepancies seem to be caused mostly
by neglect of the corner effect in evaluating the integrals (see
section III and figures 5 and 9). 1If AU/ur in the corner region

is a function of y/ , then the right-hand side of equation (7) or
(7a) for :* should be further modified by adding a constant of
order 0.1 to the sum 1 + 7. The correction is again unimportant if
1 is large. A similar small change will occur in the coefficients
on the right in equation (8) for -. However, I have not worked out
any details frem this point onwards, because I suspect that the
observed corner effect depends strongly on the intermittency dis-
tribution and perhaps weakly on the probe damping characteristics.
The intermittency distribution, in turn, must be affected both by
free-stream turbulence level and by the energy history of the flow.
Among the noisiest measurements in figure 10b, incidentally, are
those by Schubauer and Klebanoff (1950), presumably because of
profile distortion due to surface curvature.

I should comment on the obviously circular nature of this
treatment of the local friction law. The same profile formula (1)
has been used both to determine f = Us/u; (say) and also to test
the results for consistency by way of figure 10. However, there
are two extenuating circumstances. The first is that the question
of momentum balance has not come up explicitly in preparing figure
10, so that if necessary the qualntity u; can be interpreted simply
as a well defined and useful parameter for the mean velocity
profile, much like the parameter [I. For example, the product Tur
(i.e., the strength of the wake component) might be a quite reli-
able indicator of the local rate of production of large-scale
turbulent energy. Whether or not u; is equal to VTiw/c is irrele~
vant from this point of view, and in fact no decision on this point
can be made for most of the flows considered here. The second
extenuating circumstance is that I am looking for patterns in the
available data. 1In order to succeed, I have had to reject much of
the experimental evidence for the mean-velocity profile in and near
the sublayer. I do not think that this procedure will eventually
be proved to be wrong; but if it is, the errors involved are
neither large nor beyond repair.
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As a final illustration of the use of a local friction law
to test the quality of the available experimental data, I have
computed C¢ as a function of Rz for several flows which are
nominally in equilibrium (I = constant). The sublayer correction
is included in the computation, but the corner correction is not,
and a possible tendency for the wake component to weaken at low
Reynolds number is also ignored (see Coles 1962, Appendix A, for
a discussion of this tendency in the case of flow at constant
pressure). The results are showvn in figure 1la. When the
momentum balance for the various flows is taken into account, it
appears that the case of flow at constant pressure (Wieghardt
1944) 1is under good control, as is one case of equilibrium flow
in a negative pressure gradient (Bauer 1951). However, the four
equilibrium flows in positive pressure gradients (Clauser 1954,
Bradshaw 1966) may all be somewhat shaky, especially as regards =
the numerical value of any pressure-gradient parameter which is
used to characterize the fact of equilibrium.

V. ABNORMAL AND RELAXING FLOWS

I no~v have to say a little about flows for which the methods
of section II break down. In principle, there is more to be
learned from a minority of cases where a general procedure fails
than from a majority of cases where it does not. Unfortunately,
the quality and completeness of the data tend to deteriorate in
this area, and the conclusions tnus tend to be less conclusive.

For ten of the 45 flows listed in Table I¥*, I have carried g
out an inner fit as well as an outer fit for some or all of the
profiles. By "inner fit" I mean that a few points near the wall
but outside the sublayer have been put on the logarithmic line,
in the same manner originally used to prepare the data for this
conference, and with much the same results. My hope was that
different characteristic scales (uy and &, say) could be attached
to the inner and outer portions of the profile, and that their
relative rates of change might reveal something about the dynamical /
processes occurring in the flow. However, I have little confidence
in the parameters derived from the inner fit, in view of what I
believe are serious experimental difficulties in measurement of
mzan-velocity profiles near a wall in regions of high turbulence

level. 1In fact, I _am convinced of a real failure of the similar-
ity laws only for three cases (2400, 5200, 5300).

The data suggest that there are at least two different
circumstances which can lead to failure of the wall-wake concept,
even when the boundary-layer approximation itself is not called
into question. One abnormal situation is the presence of very
large pressure forces of either sign. The natural result seems to
be a rotational flow, i1in which the turbulent stresses are neglig-
ible and the mean motion is determined by pressure forces alone,
so that the total pressure is constant on mean streamlines. Such
behavior is well known from experience with three-dimensional mean

* Six of these ten flows (1500, 2400, 5600, 5800, 5900, 6000) are
relaxing from a relatively high turbulence energy level toward a 1

. lower one, at essentially constant pressure (cf figure 1llb). The
other four flows are responding to a strong local pressure grad-
ient, which may be either positive (5200, 5300) or negative
(1700, 1800).
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flo~s and from studies of relaminarization in strong negative
pressure gradients, where, however, the situation may be further
complicated by suicidal tendencies in the turbulence structure.
Weak instances of a trend toward relaminarization are provided by
the second flow (3 = - 0.53) of Herring and Norbury (1967) and by
portions of Gruschwitz's two flows (1931), although the similar-
ity laws seem to be still valid for these examples. A stronger
instance, involving a response to a very large positive pressure
gradient, occurs in the early part of Stratford's two flows (1959),
in which at least the second and third profiles show a hopeless
lack of similarity in the inner region. The latter two flows thus

provide a particular challenge for the predictors at this confer-
ence.

The second abnormal situation occurs in the relaxation pro-
cess which follows an abrupt change in the external or boundary

conditions, a process which is known to involve large and slowly

decaying distortions in the mean flow. This topic is to be cover-
ed by Professor Tani in another paper, but a few remarks may not
be out of place here.

Despite the fact that instrumentation errors near a wall
tend to be larger and less systematic in relaxing flows, it is
clear that the rate of accommodation of the inner and outer regions
of the flow is not the same. The large-scale motion associated
with the law of the wake reacts slowly, while the small-scale
motion associated with the law of the wall adjusts itself continu-
ously to local conditions. During this process, the similarity
laws may still provide a good approximation for the mean-velocity
profile. Note also that there is sometimes a tendency for a flow
which is relaxing toward equilibrium to overshoot the mark and
then to recover. This tendency is illustrated in figure 1llb, the
left portion of which shows the behavior of the local friction
coefficient in several flows at constant pressure. The overshoot
is most marked when there is complete separation and reattachment,
as in the ledge flow studied by Tillmann {(1945) and in the flow
with %-inch rod studied by Klebanoff and Diehl (1951). The pro-
files in the second of these two examples seem to lie within the
scope of the general profile representation, while the profiles
in the first perhaps do not, as already pointed out in figure 9.
The reason is unknown. I reqret that the intermittency properties
of flows of this type have not been measured, especially in the
region where the mean-velocity profile is closely logarithmic.

The contrast with the situation near relaminarization should be i
striking. Note also that the friction history is incomplete for
the sequence of three flows with rough-smooth transition studied

by Klebanoff and Diehl (1951). Inasmuch as the value of Cf is
initially large in the region of roughness, each flow has already
overshot the final equilibrium state once before the data even
begin. As the Reynolds number increases in this sequence of three
flows, the final recovery process becomes relatively slower, pre-
sumably because of an increasing separation between the energy-
containing scales and the dissipative scales at the higher Reynolds
numbers.

Figure 1llb also shows a sequence of three flows studied by
Bradshaw (1967). 1In each case, the pressure gradient r~hanges
rapidly from zero to a standard positive near-equilibrium value
near the first station, and the three flows differ mainly in the
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initial Reynolds number. I view the last four profiles in flow A
(6400) with great suspicion (since they seem to correspond to an
altered initial condition), but I have no real grounds for reject-
ing these data out of hand.

Figure 1lb also shows the evolution of the relaxing flow
a = - 0.255 4+ 0 of Bradshaw and Ferriss (1965). The mean=-velocity
data are precise enough to establish that the similarity laws
definitely fail for this flow, but I am not convinced that the
measured profiles are free of error in and near the sublayer.
The most that I have been willing to do with the data is to com-
pare, in figure 12, the results of an outer fit for the relaxing
flow and for the corresponding equilibrium flow.
At three stations where profiles were measured in both flows, I
have cross-hatched the area representing the difference. Although
the boundary-layer thicknesses and Reynolds numbers are not
strictly compatible, I believe that this difference in profile
shape is probably a useful measure of local distortion. Note that
in this experiment, as in most of the others shown in figure llb,
the relaxation process is far from complete at the last experi-
mental station.

Finally, I have included one other example of a relaxing
flow among the data of this survey paper. This is a study by
Mendelsohn (1947) of a boundary layer developing into a wake. The
experiment is unsatisfactory in that (a) the Reynolds number is
quite small; (b) the measurements are a little ragged, and do not
extend far enough into the wake; and (c) there may be some dif-
ficulty with the boundary-layer approximation near the trailing
edge. Nevertheless, these measurements seem to be the best avail-
able at the moment.

The quantity of interest is the center-line velocity defect
in the wake, or in the equivalent wake in the case of boundary-
layer flow. This equivalent wake is the dashed line in the right-
hand profile sketch in section II of this paper. The data points
in a boundary layer, of course, do not lie on this line, but on
the composite profile. According to equation (4), the strength of
the wake component (referred to the local free-stream velocity) is
2Nu,/ul,. This quantity was determined by fitting the outer
part of each boundary-layer profile to the wall-wake formula, and
this fitting process was continued downstream into the wake with-
out regard for the changed nature of the actual flow. The results
are shown in figure 13 by the circles (open in the boundary-layer
region; filled in the wake region). To repeat; it is the inter-
section of the dashed curve in the sketch with the line y = 0
which is denoted by the circles in figure 13, and this intersection
is a purely hypothetical one which stands or falls with the whole
wall-wake concept of the profile. In the fully developed wake, on
the other hand, the data points do lie on the dashed line. Hence
the outer part of each wake profile was fitted to the wake func-
tion alone, and this fitting process was also continued upstream
into the boundary layer. The results are shown in figure 13 by
the triangles (open if the flow is actually a wake, filled if it
is not). Finally, the actual measured velocity defect on the
centerline of the wake is denoted by open squares.

Figure 13 shows that the effect of removing the wall con-
straint is felt quickly throughout the layer. The adjustment of
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the initial wake flow near the plane of symmetry is relatively
rapid when compared either to pressure-driven changes in the orig-
inal boundary layer or to mixing-dominated decay in the final wake.
This rapid adjustment includes small and intermediate scales, but
not large scales; the final wake seems to evolve smoothly from the
hypothetical wake profile associated with the boundary-layer flow,
rather than from the boundary-layer profile itself. If this con-
clusion is correct, it follows that the expected rapid decrease

in displacement thickness near the trailing edge can be readily
estimated from the condition that the momentum thickness remains
constant. I believe that flow situations of this kind should
certainly be examined more closely and carefully, and that such a
re-examination might well include the case of unsymmetrical flow
also considered by Mendelsohn.

VI CONCLUSION

I have already commented at length on various reqularities
and irreqularities which seem to characterize the behavior of
turbulent boundary layers, given substantial differences in the
experimental regime, the instrumentation, and the observer. I
assume that anyone preparing a prediction scheme for this con-
ference will be conscious of variations in the quality of the data,
and will want to adjust his analytical machinery so as to repro-
duce certain flow situations more accurately than others. I have
therefore recorded in the adjacent table my present opinion as to
the relative value for this purpose of the available measurements.
Where there is a choice among several nearly equivalent experi-
ments, I recommend that data listed toward the left in the table
be given more weight than data listed toward the right. Where
there is no such choice, and where the need for information is
sufficiently urgent, I have no doubt that new measurements will
eventually become available.

1300 5700 16002 45009 11002 47003
1400, 5800 17002 4800 12000, 5200
24005 5900 1800 3 1500 o
26002 6000 2100_ (<20 £t) 2100_(x>20 £t)
30005 6100 23002 ot 2200°, .
3100° 6200 25002 49002 2800°%  5300°
3200 6300 27002 54002 29000, 55003
3300 35007 56003 42005 6400
4400° 6500 4600

{(a) Small discrepancies in momentum balance for part or all
of flow.

(b) Large discrepancies in momentum balance in region of rising
pressure, probably due in part to omission of turbulence
terms.

(c) Large discrepancies in momentum balance for part (r all of
flow, probably due mostly to three-dimensionality.

(d) Considerable station-to-station scatter in profile parameters.

(e) Abnormally low Reynolds number; sublayer profile may be
crucial.

THE DISCUSSION OF THIS PAPER IS INCLUDED IN THE
MONDAY MORNING DISCUSSION IN VOLUME I
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