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THE EFFECT OP TEMPERATUR STRATIFICATION 
OF A MEDIUM.ON TURBULENCE 

A. S. Monin 

Institute of Atmospheric  Physics,  USSR 
Academy of Sciences, Moscow,   USSR 

In a medium with  turbulent pulsations of density  p', being In 
a field of gravity, a significant roli In the  dynamics  of turbulence 
Is  acquired by Archimedean forces; the accelerations  created by  them 
are directed vertically and have the value  -#''-,   where p - averaged 
density of medium, g — acceleration due  to gravity,   and the prime 
signifies pulsation.  I.e., deviation from mean value.     In the case of 
atmospheric air,  the consideration of which we will limit ourselves 
to here, pulsations of density  are created mainly by pulsations  of 
temperature and have  the  form p' = —2.7"p    so that  the  value of Archl- 

r medean accelerations   turns out  to equal   «—.    where T - average tem- 
perature (In sea water the matter Is more complicated,  since pulsation 
of density here  Includes  the  contribution of pulsation salinity). 

During stable (subadlabatlc)  temperature  stratification vertical 
shifts  of air particles,  created by turbulence  of a dynamic origin, 
are accompanied by expenditures  of energy  for work against Archimedean 
forces and lead to trans'onnatlon of part of the /tinetic energy of 
turbulence into potential  energy of density  stratification;  conse- 
quently,  stable  stratification weakens  turbulence. 
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During unstable  (superadlabatic)  temperature stratification 
Archimedean  forces,  conversely,   create  vertical displacements  of air 
particles   (atp'<0or1">0- upwards,  atp^OorT'   <0- down-    ■ 
wards),  which  leads to an Increase  of kinetic energy of turbulence 
at the expense of potential energy of stratification of density;  con- 
sequently,  unstable stratification strengthens  turbulence. 

For description, of turbulence  in a temperature-stratified medium 
a similarity theory was proposed which was founded on the assumption 
that In a layer with constant stress of friction for height T - puj; 
(where u, - so-called friction velocity)  and constant vertical tur- 
bulent heat flux q, what is the surface layer of air with a thickness 
of seve-al dozen meters, all the  characteristics of turbulence which 
are not  too small-scaled (do not depend on molecular viscosity and 
thermal conductivity of air)  can depend only on three constant measured 
pariimeters - friction velocity u,, parameter of buoyancy g/T,  and 
"temperature flux" v/cPp.   A systematic account of this simlltirity 
theory is given in Chapter IV of the book [1], where an extensive 
bibliography. Is also given. 

In this report we will dwell on several separate problems 
connected with  the influence of temperature stratification of the 
medium on turbulence. 

'■L-     Influence of Stratification on the Value  of Vertical 
Turbulent Fluxes on Momentum.  Heat,  and Moisture 

It  Is  known that during unstable stratification and strong wind 
turbulence is much more intense than during stable stratification and 
weak wind.    We will illustrate this qualitative assertion wltf. some 
quantitative  findings.    We will examine  a situation,  in which the 
height of roughness  of the  underlying surface z0 is  considered known 
and gradient measurements are made  on three heights   z - H/2,  H,   and 
2H.    Measured primarily here are  the average wind velocity u •  u(H), 
difference of temperatures  6T - T(2H)  - T(H/2),  and difference cf 
values of specific humidity  «Q - Q(2H)  - Q(H/2).    Then  friction 
velocity  ut,   vertical turbulent heat  flux q,  vertical turbulent 
moisture   flux E  (rat» of evaporation)   according to the above-mentioned 
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similarity theory can be presented In the form 

£-/(*• TT). (1) 
.nsr-»{*.Tr). (2) 
-^5--♦(/?.£),   : (3) 

where R — Richardson empirical number,  determined by the formula 

Further for ooncreteness we will consider that H - 1 m and z0 - 1 cm. 
In oases of strong Instability R has a value of the order -0.05, and 
In cases of strong stability - of the order +0.3 (during neutral 
stratification,  of course, R • 0).    Theoretical and empirical data 
concerning functions f,  4, and $ (see [1] and [2]) show that function 
f, characterizing the ratio u(/u, during strong Instability haa a 
value of around 0.11-0.12, at neutral stratification around 0.09,  and 
at strong stability around 0.06-0.07, so that during instability it 
turns out to be one and a half or tyo times greater than during 
stability.    Functions * and $ change considerably more sharply - with 
a change of R from -0.05 to +0.3 they decrease by 25 times. 

Values lq|   and |E|  change still more sharply due to the fact 
that between u and ST  (and apparently also between u and 5Q)  there 
is a corf elation;    strong temperature Inversions (positive 6T)  are 
observed, as a rule, with a weak wind, but during strong instability 
(negative iT),   conversely, there is almost no calm.    As an example 
the figure represents  a graph of correlation between u and iT  for the 
period July-September 1959 in the area of Tsimlyansk according to 
work [33, which Indicates that value»  for the product of |u6r|   during 
instability usually ^re several tlarcs greater than during stability 
(typical example of Instability - u - 6 m/s and «T ■ -1.5°; typical 
example of strong stability - u « 0.5 m/s and «T -  3°; the product 
of  l"4T|  here changes by six times).    As  a result values |q|  and   |E| 
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during strong InBtablllty turn out to be two orders greater than dur- 
ing strong •tabillty. so that the Influence of «tratlfl^inn ^ 
turbulent heat transfer and passive impurities turn, out to be -.oh 
stronaer than Its Influence on turbulent transfer nr „^ ..., 

The strong dependence of values f. *, and 4. on the parameter of 
stratification R and the presence of a correlation between u and «T 
(and, apparently, between u and 60) prevent the calculation of 
average climatic values of turbulent fluxes of momentum, heat and 
moisture based on average climatic values u. ST, and JQ with the help 
of formulas of the type (l)-(3); such a calculation could l«ad in 
certain cases to errors of an order of hundreds of peroents [3]. 

Average quadratic pulsations of velocity have values of the 
order u, - uf and.  consequently,  during Instability will usually 
be only several times larger than during stability.    Pulsations of 
temperature have values of the order r.-ri^.iri.   and during 
Instability they will be an order greater th'an during stability. 
Let us note that significant pulsations of temperature can appear 
inside a turbulent layer only due to vertical mixing at averaged 
potential temperature 6(8) which is changing with height.    At e(Z) - 
- const, i.e., in the case of neutral stratification, pulsations of 
temperature will not appear, they can only get into the examined 
layer from without, for example, in the surface layer »f air - from 
thermal heterogeneities of the underlying suface.    But the latter 
change in the course of twenty-four hours:    by day the dark spots are 
wamer, and at night this is not so.    It is possible to think that 
neutral stratification corresponds exactly to periods of levelling 
off of thermal heterogeneities of the underlying surface.    They during 
neutral Gratification in general there will be no significant pul- 
sations of temperature and.  consequently, a situation appears which 
at  the first  sight seems paradoxical:    durimt transition  froe neut-.r»! 
to stable stratification pulsations of texture should Inc^T" 
although^urbulence (i.e..  pultons of vwi^   <s auDDreHWBrt ^ 

These measurements of pulsations of temperature during various  thermal 
stratification show [H] that  this  curious situation Indeed takes place 
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Just a« in the cue of a tM|)e*atur«-unlform medium it Is natural 
to assuae that turbulence In a temperature-stratified medium will be 
locally un^fogi.    This mean, that conditional probability distributions 
for differences of value, of hydrodynamlc fields l„ sufficiently close 
points of epace of time, under the condition   that rate of movement 
of the origin of coordinates  0 of the chosen Inertlal system of ref- 
erence S Coincides with initial Euler speed u. - u(0.  t.)  at point 0 
can depend only on space-time coordinates of points of observation In 
system S,\but do not depend clearly on  /.,.«„,»„, where  x„   ,.,„. ^ ,„, .. 
coordinates of point 0 at Initial moment  of time t.. 

In particular, distributions  of probabilities for differences 
of meteorological elements In close points can clearly depend only on 
differences of heights of point, of observation, and on full height 
z of one of them can depend only impiicity (according to the hypotheses 
of simrarity of A.  N. Kolmogorov and A.  M. Obukhov - only by means 
of average  velocity,  depending on  z. of dissipation of turbulent 
energy E and average rate of balancing of temperature heterogeneities 
N). 



Inequality of different directions in apace,  created by the pre- 
sence of average flow and limiting fluxes of walls manifest them- 
selves on the properties of large-scale components of turbulence, but 
shoult' not influence the properties of its  small-scale components  and 
the local characteristics of turbulence determined by them.    However, 
in a tenperature-stratlfied medium all fluctuations of density, both 
large-srale and small-scale, will experience the influence of 
Archimedean forces.    Therefore the vertical direction will be assigned 
for components of turbulence of any scales,  and,  consequently,  tur- 
bulence in a temperature-stratified medium cannot be locally IsotroDle 
[5].    But it is natural to assume  [6,  7J that It will be locally 
axlsymiBetrical with respect  to  vertical.  I.e.,  that the probability 
dlHtrlbttion for differences will be invariant relative to rotations 
of the system of coordinates around a vertical axis  and specular re- 
flections in any vertical planes. 

3.    Similarity Hypotheses For Xnertlally Conyectlve 
interval of Turbulence SpeotMaBln"a 

Wably StraUfied fiedliy 

According to the known hypotheses of similarity of A. N.  Kolmogcrov 
and A. M. Obukhov, the statistical characteristics of components of 
turbulence with scales  from the so-called inertial Interval  (small in 
comparison to external, but  large in comparison to internal scale of 
turbulence)  in a case of neutral stratification of the medium can de- 
pend only on the two measured parameters  E and N which were mentioned 
above.    According to A.  M.  Obukhov [8],  In the case of a temperature- 
stratified medium one should add to them the parameter of buoyancy g/T 
which makes it possible to Introduce a new scale of length. 

L*~\f)    '  *    ■ (5) 

If this scale belongs to the inertial interval, then in such a case 

the Interval of scales, small In comparison to external, but large in 

comparison to internal scale of turbulence, can naturally no longer 

be called simply inertial, but an inertial-convectlon interval. 



^jyfe-l« 

In the (ase of very strong »tability a large «hare of energy of 
cwnponent« of turbulence from the Inertl^^onirepHon ^t(iy»aa of the 
«Siat*«» «111 be expended for overeoolng Archlmeäean force»,  and 
only a small share will be transmitted to »MU-KOM« oowponenta,  for 
itfaeh Irlsoou« dlgBlpaiilw already becomes algnl^cwjt.    Besides It le 
^<»e»l».Ie to ase one that rate of (llsslpatlon of energy t ceases to be 
significant'for conditions qf turbuisinee In the convectloa Interval 
(constituting the längest wave section of the Inertlal-conveotlon., 
Interval), so that thia reglien here la deterplned onV by parameters 
a and H.^ Then apedtrai density of energy B(k) and spectral density 

of heterogeneltlea of temperature field £,<*) (where » > waye number) 
will be determined by formulas 

Hr(*)~i5.,V #♦•*-'■ - 
(7) 

(Bolglano W3, Il^n, £$p: rÄ%S^S^i^lÄi^t»«posea another 
hypothesis for describl%^l« a«*w^öi« Snt^Val of the spectrum of 
turbulence In the case of strong stability, according to which the 
»eglawa of turbnlaatfe In liltls intei*«! is detemihed by ti»e paw^eter 
of buoyancy g/T and gradient of «irei^e potential teslperature T.  so that 

■■f«l».~4r*rt.n.-v,  ■;.:>  -.ir     B  r:   ■ ,.>• nf^a 
rnj 

If we tai» the valueaof g/T and   r  for oharadterlstl^ Ümehslbn   DM«- 

aweters also for the spectrum of temperature, theh from considerations 
of dimension'we'.obtain' ■ 4-'-'ry*'-^-'w'' 'O-H^ < 

ffrW-l"*». (9) 



The strongest difference here Is revealed In the spectra of 
temperature field (7) and (',«); unfortunately, so far we do not have 
experiaental data which woi,ld make it possible to select one of these 
spestra and reject the otf.er.    Let us note only that spectrum (9) 
turne out not to be dependent on the parameter of buoyancy, which 
seems strange.    Let us B'JM««, rüi'ehiBl'more, that the aasumptiun ccw>- 
cernlng the dependence of conditions of turbuleftee in the convection 
Interval of the spectrum on the gradient of «wiwg« temperature, but 
not on the gradient of average velocity (enterjr» Iftto the expression 
of the work created by Reynolds atrestes)/ aettgii liiogioal - it is 
natural to assume that parameter« r   and   f. - .).•«.'.*  should enter symmet- 
rically into the expressions for statistical characteristics of tur- 
bulence. 

*• "iMBalSt Instatyility and Limiting Sta^lljLty 

In description of turbulence in llmitinig cases of strong insta- 
bility and »«Mf^^^^Äl^^^lii^^^^rtiBenta..   Let us 
start with the oaseVf strong instability.    Aeeording to the previously 
Wnt4onf(* theory 9i iiJiillarlty ttup «baracterisMc««/ turbulence in 
^J6 ?«fe ?•,*■* *o depe»!> oojratf. of frjotloe u «»«-Are «•tfcrmined 
poly by ^« two. pajTffWtep» g/T »n*  ife,p, »o that, for.•«»i^ie, the 
gradient «if average potontlal t^qpevatwe« in the ■»«**«««»layer of 
air tjrna.out to be dependent jtn height awcordlng to the, law 

&*mm^ (10) 

(although aoidi-o with increase of zj h«re it is quite Impossible to 
consider that temperature stratification of medium approaches neutral, 
sine« the Richardson number with an Increase *t b aspires to -«, and 
never to B«PO).    On fche other hand, Malkus [123 constructed theory of 
themal convactlon, according to which I»>'«)!I~ «■» with a proportionality 
faetor depending on the ooefficieht of moleeülar thermal conductivity 
of air (the latter 1» somewhat strange for turbulence developed during 
oonvectlonj a hypothetioal explanation, propoaed for eases with the 
absence of wind «id created mainly by wind from horizontal mixing, 



Involve» the influence on ascending convection streams of conditions 
of their conception in the underlayer of molecular thermal conduction), 

Empirical data convindihgly show that formula (10) during un- 
stable stratification is Justified at least in the layer, in which 
0.02 <  \z/L\  < 1 (where L - known scale of length, composed of 
parameters g/T, ^»f,  and u,).    However,  there are some measurements 
taken in the atmosphere (Webb) and under laboratory conditions 
(Thomas and Townsend),  according to which at |z/L|  >  1  formula  (10) no 
longer is confirmed, and perhaps even the conditions rTn,'ifc~t-'   are 
established,    A discussion tt this difference can be found in section 
8.2 of book [1], where the eorreapondlng literature is cited.    Let us 
point out, furtheiwere. the review article by Spiegel £13] and the 
more recent wortt 6f Dyer [IK], In ihich on the basis of the latest, 
very thorough measurements in Kerang  (North Victoria,  Australia)  a 
definite conclusion fs Md» in fivoi« of foiWula (itf) tjpth at  |Z/L|  < 1 
and at  |z/tf  > 1. 

Still more difficult is the case of limiting stability.    The 
differences appearing here are formulated most conveniently in terms 
of the ratio a -  K^/K of coefficisnts of exchange for heat and for 
momentum.    This value, which at neutral stratification Is arcund a 
unit, apparently decreases with an increase of stability, and the 
question arises,  does it strive within a limit to a certain positive 
limit «up > 0 or to zero.    The so-called dynamic Richardson number 
Rf - oRl  ( where Rl - ordinary Richardson number) with an Increase 
of stability aspires  to a finite  limit Rf    .      Consequently,  in the 
case 0 - "„p  > 0 the ordinary Richardson number will aspire to finite 
limit Rlf  and in the case a -► 0 will Increase without  limit.     In 
the first of these cases according to the similarity theory  ([1], 
point 7.3) the gradient of temperature dr/dt will asymptotically 
approach a constant 

*?—    '     tit     \t 

(ID 



so that temperature will Increase linearly with heiBht:  in the second 
case terperature will Increase with height more rapidly than by 
linear law. 

Speaking In favor of the assumption o -• o      > 0 are the observa- 
tions of Llljequlst  [15], who detected linear ^oflles of temperature, 
corresponding to formula  (11), during strong Inversions In Antarctica, 
and the results of processing the empirical findings of various authors 
by A.  B.  Kazanskiy  [16],  according to whom Rl      < 0.3.     Let us mention 
also our works [7] and [17], in wfticlr with the help of simplified 
Prledmar-Keller equations for single-point second moments of velocity 
of HUi and teiip^ratupe we obtained the dependence of a on Hf, leading 
to the limiting value a      > 0 (in an example from [171 o     "v. 0.2 and 
Rl     ^0,3). *9 ' '   *P * 

On the other hand, there are certain measureaents In nature 
(J. Tasrlor-Prowdaen; Kole^nlkov) and In the laboratory (Ellison and 
Tum«r), a discussion of "«^pMan bi foitf»* in section 8.2 book 
[1], which are In qualitative agreement with the formula of Ellison 

. r— KiML.   "''•'  "'•'   ■ '   -' '   ■'" ■■ ■'   •..■■■■ 
"^■•Trrifjrr-*<>    When   W-*«l.r (12) 

(the ooneiusiph of which is based, it 1« true, on much rougher 
«impllfloations of Priedman-Keller equations than those which are 
uaed In [7] and [17]).    Based on these findings Rf     ^ 0.10-0.15 and 
« % 0.02-0.05 at ft < Rl < io. Kp 

For the solution of this difference in the Values of a     and 
R1Kp  th*  ^rther accumulation of findings  concerning turbulence under 
conditions of very strong stability is necessary.    Besides one should 
consider that under such conditions turbulence Is apparently concen- 
trated In areas which are randomly distributed In space and with 
vertical dimensions which are much less than horizontal.    Inside 
such regions turbulent mixing leads to vertical temperature balance 
(more exactly -potential temperatures),  and outside their temperature 
can change very sharply with height.    As  a result instantaneous 
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* 

profiles of temperature can have numerous randomly distributed breaks, 
and only a sufficiently wide averaging will lead to smooth average 
profiles of temperature, perhaps of the form (11). Under such 

■ conditions it'is expedient not to be limited to a determination of 
only average profiles, insufficiently characterizing the structure of 
turbulence, but, by following methods of describing alternating tur- 
bulence for the borders of turbulent boundary layers, trails, and 
streams, to determine, for example, the field of "coefficient of 
Intermittence," i.e., the probability of the presence of turbulence 
in different points of space. 
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(U)~ %e following problems associated with the effect of tem­

perature stratificaticm on turbulence are discussed: 1) the
effect of stratification on the vertical turbulent fluxes of 
mcxnentum, heat and moisture; 2) the synanetric properties of turbu­

lence in a temperature stratified medium; 5) similarity hypotheses 
for the Inertlally convective interval of turbulence spectrum 
in a stability stratified medixun; 4) the limiting cases of 
instability and stability. The influence of temperature stratifi­

cation and turbulence is described with the aid of three parameters- 
the buoyancy parameter, the friction velocity and the so-called 
temperature flux".( ^ig. art, has: 1 figure, 12 formulas.
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