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l. Introduction and summary

In this thesis we will deal with selection procedure
problems involving multivariate normal populations. These
problems are of two distinct types: The first involves k
bivariate normal populations, where the goal is to select the
"best" population. The second involves one (k+1l)-variate nor-
mal population, where the goal is to select the "best" set of
a preassigned number of variates. Our major interest will
center on problems of prediction and hence the "best" popula-
tion or "best" set of ‘variates will be determined on the basis
of measures of "goodness" such as the simple population corre-
lation coefficient and the multiple population correlation
coefficient. We will limit our consideration to single-stage
procedures.

The problem of selecting a variate or set of variates for
prediction of a designated variate occurs in many areas.
Hotelling (34] formulated such a problem as a hypothesis test-
ing problem. We formulate this problem and similar but more
general ones as multiple-decision problems. Our major objec-
tive is to provide a rational basis for determining the sample
size necessary to insure that the probability of correctly
selecting the "best" population (or set of variates) is suffi-
ciently high whenever the "best" population (or set of vari-

ates) is better than the "next best" population (or set of
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variates) by at least a predetermined amount.

1.1 The literature

A considerable literature or selection procedures already
exists. This discussion is not intended to be a complete re-
view of the literature of multiple-decision selection proce-
dures, but rather to provide the reader with some idea of the
general nature of the previous work which is relevant to this
thesis.

Although there are many ways in which selection proce-
dures can be formulated, the two most common formulations in
the literature are the "indifference zone" approach as pro-
posed by Bechhofer [5] and the "subset" approach as proposed
by Gupta [27].

Bechhofer [5] formulated and solved the "indifference
zone" approach for the problem of ranking the means of k uni-
variate normal populations with common known variances, em-
ploying a single-stage procedure. Bechhofer, Kiefer, and

Sobel [9] have written a monograph, Sequential Identification

and Ranking Procedures, in which they discuss sequential solu-

ticns to the problems of ranking parameters of Koopman-Darmois
populations (the normal means problem thus being considered as
a special case). This monograph alsc contains a very complete

bibliography on multiple-decision selection and ranking
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procedures (including both the "indifference zone" and the
"subset" approach). Paulson [42] has proposed a sequential

procedure for the normal means problem which is guite differ-

ent from that descrxibed in [9].

Bechhofer, Dunnett, and Sobel [7] gave a two-stage proce-
dure for the normal means probiem when the common variance is
unknown and more recently Robbins, Sobel and Starr [(46] have
given a sequential solu*ion to this problem. Several other
papers have considered the "indifference zone" formulation for
other univariate distributions and/or other parameters. The
paper on ranking variances of univariate normal populations by
Bechhofer and Sobel ([10] is of particular relevance to this
thesis.

A similar development has occurred for the "subset" for-
mulation of the ranking problem. We will be concerned only
with the "indifference zone" approach in this thesis and refer
the reader to Gupta [27] for a description of the "subset"
approach.

While most of the previous work has dealt with univariate
populations, some recent papers (Alam and Rizvi [1],

Gnanadesikan [23], Gupta [28], Gupta and Panchapekesan [29],+

fDuring the period in which this thesis was being written
in final form, this paper was delivered at the Second Interna-
tional Symposium on Multivariate Analysis. The problem that
we consider in Section 2.3 is a special case of the one
described in this paper.
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Gupta and Studden [30], Krishnaiah [36], Krishnaiah and Rizvi
[37], and Thornby [49])), using a v.riety of approaches, have
considered single-stage procedures for ranking problems in-
volving k p-variate (k > 2, p > 2) normal populations. Here
unlike the problems involving univariate populations, the
vectors or matrices of parameters do not have a single "natu-
ral" rarking, but can be ranked according to many different
criteria. All of these papers consider problems wherein the
"goodness" of a populiation is measured in terms of predeter-
mined univariate functions of its parameters. The problems
considered in these papers can be categorized on the basis of
these functions. One category consists of those problems in
which this function is the Mahalanobis distance gizz’gi, where
My and Zi are the population mean vector and the population
covariance matrix, respectively, of the ith p-variate popula-
tion, and includes problems considered in [l], (28], [(30], and
[37). Another category consists of those problens in which
this function depends only on the elements of the u; and in-
cludes problems considered in (23], ([37], and [49]. A third
category consists of those problems in which this function de-
pends only on the elements of the Zi and includes problems
considered by (23}, [29]), and [36). The problems considered

in Part I of this thesis fall into this tanird category.

The problems of all three of these categories appear to

>

st
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be rather artificial and are mainly of theoretical interest.
In this thesis our principal reason for considering problems

of this nature is that they provide some insight into the

solutions of problems which do have a practical significance.
These latter problems which are associated with a single
multivariate normal population are considered in Part II of
this thesis.

Several papers have also been written on another class of
problems--ranking the variates of a single p-variate popula-
tion. There are numerous possible "natural" rankings of the
I variates for this class of problems, including the "natural”

ranking for the correspording problem involving k univariate
populations. These problems are complicated by the correla-
tion structure (which may be unknown) between these variates,
cince moest of the general theorems concerning ranking (e.qg ,
see Barr and Rizvi [3]) assume the variates to be independent.

Bechhofer, Elmaghraby and Morse [8) have given a single-
stage solution for the problem of selecting the variate with
the largest single-trial cell probability for a single multi-
nomial pcpulation; a sequential solution has also been given
by Bechhofer, Kiefer, and Sobel {9].

Gnanadesikan [23) has given a single-stage solution for
the "subset"™ approach to the problem of selecting the variate

with the largest standardized population mean for both the

%
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case of a known and an unknown covariance matrix. Bechhofer,
Kiefer and Sobel (9] have shown that their sequential solution
for Koopman-Darmois populations holds for the problem of
selecting the variate with the largest populatioi mean from a
single multivariate normal population with a known covariance
matrix toij} of the form oy, = {ZO i:g and also for the
problem of selecting the variate with the largest population
variance from a single bivariate normal population with known
or unknown population means and known population correlation
coefficient. The problems considered in Part II fall within

this general class of problems, which involve ranking the var-

iates ¢of a single multivariate pcpulation.

1.2 Summary

This thesis consists of two distinct, but related parts.
In both parts our ultimate objective will be to provide a
rational basis for determining the sample size for an experi-
ment in which the goal is to seliect the "best" population {or
set of variates) when certain probability requirements (which
will be described precisely in Jater sections) are to be
guaranteed. The formulation that we adopt here falls within
the framework of the "indifference zone" ranking approach as
proposed by Bechhofer [5]. Many of the ideas considered in

this thesis could alsn be carried over to the "subset"
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formulation of Gupta [(27), but we do not consider his approach
here.

In order to determine the exact sample size required for
the "indifference zone" approach, one must know the exact
joint Aistribution of the statistics on which the decision
procedure is based. For many of the problems which we consid-
er in this thesis, in particular those in Part II, the deter-
mination of these exact distributions appears almost hopele.s.
Hence we will find the asymptotic joint distribution of these
statistics and work with it in the same manner as one would
with the exact joint distribution were it known. That is, we
will obtain the infimum of the asymptotic probability of cor-
rect selection over the region of preference for a correct
selectiorn. and choose our sample size in such a way that this
infimum satisfies the probability requirement. For certain of
these cases the exact infimum of the asymptotic probability,
referred to above, is also difficult to obtain, and in these
cases we find a lower bound to this asymptotic probability and
obtain the infimum of this lower bound. Using these results,
we find a conservative apprcximation to the asymptotic sample
size necessary to satisfy the probability requirement.

In Part I we consider problems concerning the selection
of a "best" population from a set of k independent bivariate

normal populations. We will be interested in attempting to

—— e = e —
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predict one of the variates of the bivariate norpal population
on the basis of the other variate. The "goodness" of this
prediction will be measured in terms of three different
criteria--the population conditional variance, the algebraic
value of the population correlation coefficient, and the
absolute value of the populaticin correlation coefficient.

All three of the problems considered in this part are
rather artificial and are mainly of thenretical interest. Our
principal reason for studying them is that they provide some
insight into similar, but more difficult problems (which do
have practical importance) considered in Part II.

In Part II we consider the problem of selecting the
"best" set of a preassigned number t of variates from a set of
k (t < k) variates (which we term the predictor variates) for
predicting a designated variate (which we term the predictand)
in a (k+l)-variate normal population. Throughout this part
the "best" set of predictor variates will be defined to be
that set of t predictor variates for which the predictand has
the smallest population conditional variance or equivalently
that set of t predictor variates with which the predictand has
the largest population multiple correlation coefficient.

In Chapter 3 we give the formal problem statement in its
most general form along with the notation and an expression

for the asymptotic probability of correct selection for this

e



problem.

Throughout Chapter 4 we assume that the predictor vari-
ates are uncorrelated and seek the asymptotic sample size
which satisfies the probability requirement. For (k = 2,

t = 1) we accomplish this objective by finding the infimum of
the asymptotic probability of correct selection. For k > 2 we
obtain approximations to the asymptotic sample size by finding
lower bounds on the asymptotic probabilities of correct selec-
tion and then obtaining lower limits for these bounds over the
region of preference for a correct selection. For (k > 2,

t = 1) wve use the Slepian inequality (Appendix B) to obtain
this lower bound on the asymptotic probability of correct
selection and for (k > 2, t > 1) we use the Bonferroni in-
equality (Appendix B) to obtain this lower bound.

In Chapter 5 we drop the assumption of uncorrelated
predictor variates and proceed in a manner similar to that
described in Chapter 4, restricting consideration to the case
t=1. For (k= 2, t = 1) we obtain the exact asymptotic
sample size which satisfies the prcbability reguirement. For
(k > 2, t = 1) we use the Bonferroni inequality to obtain a
lower bound on the probability of correct selection and then
find the infimum of this lower bound over the region of pref-
erence for a correct selection and the corresponding approxi-

mation to the asymptotic sample size.

o

ar;
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In Chapter 6, we suggest some areas of future research.

The asymptotic distribution theory of the sample statis-
tics used in the decision procedures of Part II is given in
Appendix A. The Bonferroni and the Slepian inequalities are
given in Appendix B. 1In Appendix C two sample size approxima-
tions derived from these inequalities for the problem of rank-
ing the means of normal populations with common known vari-

ances are compared with the exact sample size.




PART I

k Bivariate Normal Populations

In Par~ I we will consider situations in which we have k
independent random vectors+ X5 = (xi,, xi2)' each of which has
a bivariate normal distribution with unknown mean vector
Hi = (uil' uiz) and unknown covariance matrix Zi, where the

elements of Xi are given by 0. (r,s = 1,2). Throughout

Is
this part we will be interested in attempting to predict one
of the variates of a bivariate normal population on the basis
of the other variate. The "goodness" of the prediction will
be measured in terms of the population conditional variance,
the algebraic value of the population correlation coefficient,
and the absolute value of the population correlation
coefficient.

Our objective will be to provide a rational basis for de-
termining the sample size for an experiment in which the goal
is to select the "best" bivariate population when certain
probability requirements (which will be described in later
sections) are to be guaranteed. The formulations that we will

adopt fail within the framework of the so-called "indifference

zone” rauking approach as proposed by Bechhofer [5].

? .
For simplicity, we w.ll not distinguish notationally
between random variables and their observed values.

11
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2. Three formulations

We consider the three formulations of Part I in this
chapter. For the first formulation we use the exact joint
distribution of the statistics on which the decision proc
is based, in order to determine the minimum sample si:-
will guarantee the probability requirement.

For the latter two formulations we find the joint anymp-
totic distribution of a transformation of the statistics used
in the decision procedures, and work with this asymptotic
distribution in the same manner as one would with the exact
distribution. That is, we obtain the infimum of the asymp-
totic probability of correct selection over the region of
preference for a correct selection and then choose our sample
size in such a way that this infimum satisfies the probability

requirement.

2.1 Conditional variance formulation

In Section 2.1 we will be concerned with the problem of
selecting the "best" population from a set of k independent
bivariate normal popvlations ni(i =1, 2, ..., k), the "good-
ness" of the Hi being measured in terms of the population

conditional variances

(2.1) var (x

— 2
111%2) = 94,1 2

A S bt s s B 51

-,

% e 1 -
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We denote the ranked values of the ”3;1|2 by

2 2 2
Otry;a)2 = °r23;1)2 = o0 S 9k) i)z

It is assumed that the true pairing of the n with the
Gij]'1|2 is unknown to the experimenter, and that he has no
a priori knowledge which is relevant to the true pairing of

any of the populations with the ranked values of the oi-llZ‘

<.1.1 The goal and the probability requirement

In this section we consider the following goal:
0 . : 2 ]
(2.2) To select the ﬂi associated with 0[1];l|2’

The term correct selection (CS) will then denote the action of
selecting the population associated with 0§1]:l|2' (If more
than one Hi is such that the associated 0;;1|2 is equal to
°f11:1|2' then the selection of any one of these Hi is termed
a Cs.)

Before experimentation begins the experi..-nter must spec-
ify two constants {6*, P*} with 1 < 6* < « and 1/k < P* < 1,
which are then incorporated into the prcbability requirement.
The numerical values of these constants are assumed to depend
on the economic considerations of the particular problem. The

probability requirement can then be stated as

: * 2 * g2
(2.3) PCS > P* whenever 0(2];1'2 >0 0[1]:1|2'
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The decision procedure which we propose in the next sec-
tion guarantees the probability requirement when the sample

sizes are chosen appropriately.

2.1.2 Single-stage decision procedure

We will base our decision procedure on che values of a

predetermined number N of independent obse ‘at.c'.2

1

P . (P) (p) = b
(20‘) ‘x'i (Xil ’ Xiz /¢ NI - Z,... .‘)

on each Hi(i =1, 2, ..., k), from which we wi__ ~a_culate the

values of the k sample ccnditional variances 51:1]2' where

N
— (p) -
N (P (p)
p=1
and
(2.7) 8,102 = Vi;11 "~ Vij;n2/Vi,22)/ (N-2).

We denote the ranked values of the ';:llz by

< ..

2 2 2
8(11:1]2 < 8(2}),1]2 < ®lxls1]2

In addition we let B?i) 1]2 denote tr.a sample co .1itioral var-
2
iance associated with °[i];1|2'

For this single-stage procedure, the experimenter

A '




15
proceeds as follows: He takes N pairs of obgervations from
each of the k ni, computes the values of the si'lIZ' and se-

lects the population according to the following iecision rule:
{ .

i

" "2
Select the population associated with 5[1]’1|2,

(2.8) and aasert that this is the population associated

...q
'

2.1.3 Probability of correct selection

The probability of correct selection for this case can be

written as

(2.2) PCS = P{s?

2 =
(1);1]2 = ®(i):1]2 (1= 2, 8, .r.; k)

By a special case of Anderson's (2] Theorem 4.3.3, we f
have that each ‘"'2’571);1|2/°f11;1|2 is distributed as chi-
square with N-2 degrees of freedom and since these k chi-
square variates are independent, this problem reduces to the
problem of ranking variances of normal populations already
treated by Bechhofer and Sobel [(10). They give exact analyt-
ical expressions for the PCS as well as tables for computing
the exact sample size when the P* and k values are such that
this sample size is small (N-2 é 20) . They also show that
when the values of P* and k are such that the sample size is
modarately large, a alose approximation to the sample size can

be calculated from

- care.

| i

L
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(2.10) . /n .= 2d(k,P*)/log 6%,
where N « n+2 and d(k,P*) is given in Table 1 of Bechhofer

(s}.

2.2 Correlation coefficient formulation

In Section 2.2 we will again consider the proolem of
selecting the "best" populaticn from a set of k independent
bivariate normal populations ni(i =1, 2, ..., k). However in
this section the "goodness" of the Hi will be measured in
terms of the population correlation coefficients P{ where,

using the notation ot Section 2.1,

(2.11)  py = 04,12/704,11 %422

We denote the ranked values of the r; by

"liegy) ez S Sexy S L

As before, we assume that the experimenter has no a pri-
ori knowledge which is relevant to the true pairing of any of
the I; with the ranked values of the parameters.

2.2.1 The goal and the probability requirement

For this measure of "goodness” of the My, we consider the

following goal:
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(2.12) "To select the My associated with p[k]."

The term correct seleccion will then denote the action of se-
lecting the population associated with Prk] (If more than
one Hi is such that the associated Py is equal to p[k]’ then
the selection of any one o these my is termed a CS.)

Before experimentation begins the experimenter must spec-
ify two constants {6*, P*} with 0 < é* < 2 and 1l/k < P* < 1,
which are then incorporated into the probability requirement.
For this goal, the probability requirement can then be stated

as;

(2.13) PCS 2 P* whenever py} 2 P(x-1] * 6*-

The decision procedure which we propose in the next sec-
tion guarantees the probability requirement when the sample

sizes are chosen appropriately.

2.2.2 Single-stage decision procedure

Our single-stage decision procedure is based on the
values of the k sample correlation coefficients r; where,

using the notation of Section 2.1.2,

= /
(2.14) ri Vi;]_‘z"/vi;ll Vi;22°

We denote the ranked values of the r, by

Nk
P
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r[l] < rlz] < 40s < r[k],

and in addition we let (i) denote the sample correlation co-
efficient associated with p[i]'

The experimenter proceeds in the same manner as in Sec-
tion 2.1.2, using the following decision rule in place of

(2.8):

"Select the population associated with T(k) and

(2.15) assert that this is the population associated with
Prx)-”

Eaton (15] has shown that this decision rule is minimax
and also is most economical (Hall [31), [32])) within the class

of all decision rules.

2.2.3 Probability of correct selection

The PCS for this problem can be written as
(2-16) PCS = P{r(k) z r(i) (i = 1' 2, R k‘l)}.

Because of the unwieldy form of the exact distribution of
the r; when p; # 0, we will attack this problem using the
asymptotic distribution of Fisher's variance stabilizing

transformation

12.17) z; = (1/2) log((l + ri)/(l - ri)).

ranih
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The approach of the distribution of the z; to normality is

much more rapid than that of the distribution of the r;,. The

i
z, are asymptoticaily unbiased estimators of the
(2.18) El = (1/2) 109((1 + Dl)/(l = pi))'
and have asymptotic variances 1/n, where n = N - 3. (The -3

is a small-sample correction.)

We denote the ranked values of the Ei by

Sray S bz 20 S g
Since Ei is a monotonic increasing function of Py the ranked
parameters p[i] and E(i] are associated with the same
population.
In a similar manner we denote the ranked values of the z;
by

i SS  +) BEARN

We also let (i) and z( denote the estimators of Pri]

1)
and E[i]’ respectively, i.e., p[i], E[i]' r(i) and z(i) are
all associated with the same population.

Hence, by letting
(2.19) yi = (/20 (zq) = 2()) = Gy = Epeq))

the PCS can be written as
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(2.20) Pcs = Ply, < (/H/Z)(t:m - &ryp)  G=L2,...k-D) ).

Since asymptotically (N -+ =) the variates
Yyr Yor cce Yi-1 have a multivariate normal distribution, the
asymptotic probability of correct selection PCSa can be given

as

(2-21) Pcsa = ¢k_l(11, Tz' « ooy Tk-l)'

where
'l'i = (/n/2) (E[k] = 6[1])'

and ¢, _, is a (k-1)-variate standard normal distribution func-
tion with zero means, unit variances and off-diagonal covari-
ances of 1/2.

The parameter configuration in the region of preference
for a correct selection, for which the PCS is minimized is
called the least favorable configuration (LFC). Since we will
be working with the asymptotic distribution, we will denote
the parameter configuration where the PCS is minimized by
LFCa.

The following lemma will be used later in proving theo-

rems concerning the LFCa. Fixing p[k] = p', we have:
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Lemma 2.1
infimum PCS, = ok_l(r', TS el )l b

(2.22)

Pre-1y £ °° - O
where

= (/n/2) (€' - &),

£' = (1/2) log((l+p')/(1-p")),
and

§' = (1/7) log((l+p'=6*)/(1-p'+6*)).

This infimum is attained when

(2.23) Pri] = p'=6"' (i=1,2,...,k-1).

We use Rizvi's [45]) Theorem 1 and the monotone likelihood
ratio property of the normal density to show that PCS_ is a
nonde creasiny function of E[k] and a nonincreasing function of
E[i](i =1, 2, ..., k=1) for the decision rule (2.15).

Since 5[i1 is a monotone increasing function of Pri}” the
infimum of the PCSa is attained at g[i] = £" - §'(1 =
i, 2, ..., k-1) and we have the desired conclusion.

Using this lemma we now f£ind the LFC,.

e
et ) bl o e




22
Theorem 2.1
anfimum PCS_=¢ .(4, 4, ..., 4),
(2.24) aEn kel
*
Plk) 2 Prk-1] * 6
where

d = (/n/2)1log((1 + 6*/2)/(1 - §*/2)).
The corresponding LFC, is

Pri} = -8*/2 (i=1,2,...,k-1)

(2.25)

p[k] = §*/2,

Proof :
Using Lemma 2.1, the problem reduces to finding the infi-

munm of t1' when 6*-1 < p' < 1. Setting the derivative of 1'

(taken with respect to p') equal to zero we obtain p' = 5*/2, J
Differentiating a 2nd time with respect to p' and evalu-

ating this expression at p' = §*/2 we have
(L + 6*%/2)71(1 - 6*/2)72 = (1 - §*/2)71(1 + &%/2)"2,
which can be shown to be > 0 for all §* > 0 by noting that
(2+46%) /(2-6%*) < ((2+6*)/(2-6*))2.

Hence p' = 6*/2 yiclds 2 minimum, and the LFC, is
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p[i] = -6./2 (izl'Z'coo'k-l)
(2.26)
PR IR O N 2,
The asymptotic sample size can be calculated by

(2.27) /n = 2d(k,P*)/log{ (1 + 6*/2)/(1 - &*/2)},

where d(k,P*) is given in Table 1 of ([5]}.

2.2.4 An additional restriction

In some cases the experimenter may be interested in guar-
anteeing the probability requirement only when P k) > p*, a
preassigned constant, or he may have information that

Pk} 2 p*. Formally:
(2.28) PCS > P* whenever P (k] 2 P(k-1) + 6* and Prk) 2 p*.

For this new probability requirement, it is obvious that
when -1 < p* < 6*/2, the result of Theorem 3.1 still holds.
however, when .* > §*/2, we obtain a new LFCa and a reduction

in the asymptotic sample size.

Theorem 2.2

infm?‘n pcsa = ok_l(d, d' o0y d),

(2.29) & g

(k] = P(k-1]
Pk) 2 0" > 8%/2
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where
d = (/n/2)1og{ (1+p*) (1-p*+6*)/(1-p*) (L§p*-6*)}.
The corresponding LFCa is

p[i] = p* = 6* (131,2,...,](-1)

(2.30)

Prx =

Proof:
We again use Lemma 2.1 which reduces the problem to find-

ing the value of p' where the infimum PCSa is attained. Just
p* < o'

as before we note that p' appears only as an argument of 0k_1
and since ¢, , is a monotonic increasing function of each of
its arguments, we need only minimize t1'. Next we show that

the derivative of t' with respect to p' is nonnegative, i.e.,

31'/3p" = {(14p") (1=p') }™1 = {(1+p') (1-p") +
pl6* - 6*2}-1

0,

Iv

when
6*/2 < p' < 1.

We use this result aibng with the result of Theorem 2.1 (unre-

stricted minimum occurs at §*/2) and the continuity of the
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function to complete the proof of the theorem.
Again using Table 1 of [5], the asymptotic sample size

can be calculated from

(2.31) /n = 2d(k,P*)/log{ (1+p*) (L-p*+6*) /(1-p*) (1+p*=5*)}.

2.3 Absolute value of the correlation coefficient formulation

In Section 2.3 we consider the absolute value of the pop-
ulation correlation coefficient gy = lpil as the measure of
"goodness" of the Hi and are interested in selecting the Hi
with the largest i from a set of k independent Hi. We denote

the ranked values of the ci by

0<%y 282 £ S8 =1

Again, we assume that the experimenter has no a priori
knowledge which is relevant to the true pairing of any of the

g4 with the ranked values of the parameters.

2.3.1 The goal and the probability reguirement

The corresponding goal is:
(2.32) "To select the I associated with C[k)'"

The term correct sclection (CS) will then denote the action of
selecting the populat.on associated with c[k]. (If more than

one I is8 such that the associated ] is equal to C[kl’ then




26
the selection of any one of these Iy is termed a CS.)
The experimenter must specify the same two constants as
in Section 2.2.1 (in this case 0 < §* < 1). The probability

requirement can then be stated as
(2.33) PCS > P*, whenever C[k] 2 C[k-l] + 6%,

The decision procedure which we propose inr the next sec-
tion guarantees the probability requirement when the sample

sizes are chosen appropriately.

2.3.2 Single-stage decision procedure

Our single-stage decision procedure is based on the abso-
lute values of the k sample correlation coefficients t, =

'r.

ir;|, where the r; are given by (2.14). We denote the ranked

values of the tis by

In addition we let t(i) denote the sample quantity associated
with C[il'

The experimenter proceeds in the same manner as in Sec-

tion 2.1.2 using the following decision rule in place of (2.8):

"Select the, population associated with t and

(k}

(2.34) assert that this is the population associated with

Skl
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2.3.3 Probability of correct selection

The PCS for this problem can be written as

Because of the unwieldy form of the exact distribution of
the ti when Pi ¥ 0, we will attack this problem using the fact
that the asymptotic distribution of z; (2.17) is normal.

We define
(2.36) w, = (1/2)log((1+t)/(1-t ),
(2.37) ¥Y; = (1/2)log((1+g;)/(1-g4)),
and denote the ranked values of tha Wy and the Yi by

< v < W

Y < Yia2) (k)

and

<

respectively. In addition we let the W(i) denote the estci-
mators of the W[i], and hence t(i)' w(i), C[il and W:i] are
all associated with the same population.

Since z; and Si are symmetrical functions  f Ly and Piv

respectively, about zero, it fo.lowe that

(2.38) wy = |z
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and
(2.39) ¥ = &5

Using (2.38), (2.39), and some results obtained by Rizvi (45]
for ranking the absolute values of means of normal popula-

tions, we find the LFC, for our problem in the following

theorem.

Theorem 2.3

The LFC, whicn satisfies the conditions of the probabil-

ity requirement (2.33) is given by

C[i] = 0 (i=2,2,...,k=-1)

(2.49)
_ Al

Lix)

Proof:

Since awi/aci and awi/ati are positive when 0 < 8y £ 1
and 0 < ti < 1, respectively, we have by Theorem 1 of Rizvi
[45] that the PCSa is a nonincreasing function of C[k] and a
nondecreasing function of c[i)(i =1, 2, ..., k-1). Conse-
quently for any fixed nonnegative value of C(k-l] = ¢' (say),
(2.35) is minimized subject to the restriction of (2.33) by

setting

Cig) = &' - & (i=1,2,...,k-1),
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>~

C[k] =g

The equivalent of Rizvi's Theorem 2 for { follows from
avi/aci 2 0. (Note: Rizvi's ei values are our Wi values.)
These results along with the LFC given by Rizvi for his
problem yield the LFC, stated in this theorem.

The asymptotic sample size can be calculated from
(2.42) /n = 2A(k,P*)/log{ (1+6%)/(1-6%)),

where the A values are given in Table I1I of Rizvi [45].

2.3.4 An additional restriction

If we add another restriction to (2.33), similar to that

of Section 2.2.5, the new probability requirement is given by

(2.43) PCS > P* whenever C[k] > + &*

= *(x-1]
and Six] 2 c*.

Under this new probability requirement, it is obvious
that when 0 < ¢* < 6*, the result of Theorem 3.3 still holds.
However, when {* > §*, we obtain a new LFC, with a correspond-

ing reduction in sample size.

Theorem 2.4

The LFCa which satisfies the conditions of the
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probability requirement (2.43) is given by

C[i] = C* - §* (i=1,2,...,k-1)
(2.44) i

= 6*.

% (k]

Proof:
This proof follows in the same manner as the proof of

Theorem 2.3.

The asymptotic sample size can be calculated from

(2.45) /n = 2\ (k,P*) /log{ (1+6*) (1-g*+6*) /(1+7*-6*) (1-6%) },

where the values of A are given in Table I1 of [45].




PART II

One (k+1l)-Variate Normal Population

In Pa:t II we will consider situations in which we have
a random vector x = (x,, Xys +o+s X ) which is a (k+1)-
variate normal distribution with unknown mean vector o=
(uo, Myir oo ”k) and unknown covariance matrix I. Throughout
this part we will be interested in predicting the variate Xg
(vhich we term the predictand) on the basis of the best linear
combination of variates in sets of fixed size t of the k
(t < k) variates Xyr Xor seer Xp (which we term the predictor
variates). For any given set of t predictor variates, the
"goodness" of the prediction will be measured in terms of the
populaticn conditional variances of X given these t predictor

variates, o} (or equivalently in terms of the
0.11,12,...,1

population multiple correlation coefficient between Xq and

these t predictor variates. R . ). For rixed (k,t)
0.11,12, el

we will be interested in these U = Ct parameters.

Ultimately our objective will be to provide a rational
basis for determining the sample size for an experiment in
which the goal is to select the "best" set of t variates when
certain probability requirements (which will be described

precisely in Section 3.3) are to be guaranteed.

31
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The general problem of selecting a set of variates to
predict a specified variate is an old one. The formulation
that we adopt here falls within the framework of the "indif-
ference zone" ranking approach. In this formulation it is
necessary to know the exact joint distribution of the statis-
tica on which the decision procedure is based, in order to
determine the minimum sample size which guarantees the prob-
ability requirement. For all of the problems which we
consider in Part II, the determination of these exact distri-
butions appears almost hopeless (and even if one were able to
find them, they would be very unwieldy). Thus we will attack
these problems by finding the asymptotic joint distribution of
these statistics and work with it in the same manner as one
would with the exact joint distribution, were it known. That
is, we will obtain the infimum of the asymptotic probability
of correct selection over the region of preference for a cor-
rect selection and choose our sample size in such a way that
this infimum satisfies the probability requirement. The
asymptotic joint distributiris referred to above are derived
in Appendix A. We will study the various special cases in the
different chapters of Part II. For certain of these cases the
exact infimum of the asvinptotic probakility, referred to
above, is also difficult to obtain, and in these cases we will

find a lower bound to this asymptotic probability and obtain
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the infimum of this lower bound. Using these results, we will
find some conservative approximations to the dsymptotic sample

sizes necessary to satisfy the probability requirements.




3. General notation

In Part II we will consider sets of a pre&ssigned number
of t of the k predictor variates and will use the following
notation to label these U = CE different sets. Let a =

(@3s Ggr weey “k) be a k-vector consisting of zeros and ones

k
with I a; =¢t, a given integer (1 < t < k-1); and let Xy =
i=1

(X, , X; 4, ««+, X; ) be a t-vector obtained from the k-vector
i, i, i

(xl, Xor eesy xk) of the predictocr variates by deleting those
X4 for which a; = 0.

In a similar manner we let Yo and Eu denote the popula-
tion mean vector and the population covariance matrix, respec-
tively, of x, and let g,, denote the vector of population
covariances between the random variable X, and the random
vector Xq°

In addition, we denote the population conditional vari-

ance of Xy given the set of predictor variates Xy by

- a2
(3.1) Var(xolgq) 99 . a

and the population multiple correlation coefficient, between

Xq and Xyt by

((o, LT /1

-y = | 1
(3.2) Rg.a Toata Z0a’/%00? /¢

so that the conditional variance of Xq o given the set of

34

R
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predictor variates x , can be written as

1

2 = - -
9%.a = %¢ ~ %0ala %0a
(3.3)

- _ =8
- 000(1 RO.a)'

3.1 Ranked values of the parameters--notation

In our formulation of the ranking problem we will be in-
terested in the ranked values of the of . and of tne Ry .

For fixed t we denote the ranked values of these parameters by

[ Y
[

2 2 . o2
%.111 = %0.[2] = - = %. [

and

in

Ro. (1) £ Ro.p2] - 2Ry [y}

where, as before, U = Ct. Since §0 o 0, we have

{358) 9. 11] = %01 Rp, y-i+1))

It is assumed that the true pairing of the X, with 06.[j] (or
equivalently with io.(U—j+1]) is unknown to the experimenter
and that he has no a priori knowledge which is relevant to the
true pairing of any of the populations with the ranked values
of the parameters, i.e., it is not known which t of the k

variates Xi0 Xo0 Sat Ty X, are associated with any of the

2
%. (31"
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3.2 Coals
In Part II the following two equivalent gqals will be of
{

interest to us:

Goal A: "To select the set of t variates associated

(3.5a)
2 "
with 00.[1]'
Goal B: "To select the set of t variates associated
(3.5b)

with RO.[U]'"

The term correct selection will denote the action of
selecting the set of t variates associated with 06.[11 (or
equivalently the set of t variates associated with §0.[U])'
(If more than one of the Os.a are equal to 06.[1], the selec-
tion of the set of variates corresponding to any of these 03 -

is considered a correct selection.)

3.3 Probability requirement

Before experimentation begins the experimenter must spec-
ify two constants {6*,P*} with 1 < 6* < » and 1/U < P* < 1],
which a.' then incorporated into the probability requirement.
The numerical values of these constants are assumed to depend
on economic considerations associated with the particular

problem. The probability requirement can be stated as

. 2 2 >
(3.6a) PCS > P* whenever 00.[2]/00.[11 > 0%
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or equivalently,

(3.6b) PCS > P* whenever (1—R6 [U—l])/(l~R6.[U]) > 0*,

The decision procedure which we propose in the next sec-
tion guarantees these probability requirements when the sample

sizes are chosen appropriately.

3.4 Ranked values of the statistics--notation

In general we assume that the experimenter will be taking

a predetermined number N of independent vector-observations

(3.7) x P o (x{P) «(P)

o' 1’ s sy xk(p)) (p=l,2,.-.,N)

from a (k+l)-variate normal population. 1In terms of the N

vector-observations, we denote the sample mean of the iEE

variate by
N

(3.8) K, o= L x:p)/N,
p=1

and the vector of sample means and the matrix of sums of

squares and cross products of deviations about the mean by

(3-9) Z - (-iol -x.ll LR N 4 x'k)'

and
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respectively.
Using the a notation defined in Section 3, the sample
mean vector and the sum of squares and cross products of devi-

ations about the mean matrix of X, are given by

(3.11) ’—(0- iil'izl.'.'it'

and

N
(3.12) v o= I (p) )+ (x P ),

X X x
pel 0 ~a -a Za

respectively. The usual sample quantities associated with

2 2
90’ %00’ %0.q’ 304 Ro.a are given by

N
(3.13) vy, = & (P - xe,

p=1

N

- (p) _ - (p) _ -

(3.14) Yoa pEl(x0 o) (X X,)

2 = - =1, _—t -
(3.15) 80.a = Voo = YoaVa Yoo!/ (N-t-1),
and

(3.16) Ry = ((yy v=ive )/v )/2,

We let n= N -t - 1 and note that

2 e -
(3.17) 8. voo(l Ro.a)/h'

We denote the ranked values of the s?

0.a and the Ro.a by

< g2 < L.. <

‘3.[11 0.[2] 8é.wl
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and

< < ... <

Ro. 111 < Ro.r2) Ro. (u)’

respectively. Since Ro « 2 0, we hava

(3.18) 83, i) = Vooll = Ry, j-i+1))/n-

In addition we denot= the sample conditional variance and the

sample multiple correlation coefficirat of the (t+l)-variate
s 2 b~y

normal distribution associated with oO.[i] and RO.[U-i+l] by

85.(i) and Ry (y-j+1) respectively, so that

(3.19)  sg_(4) = Vool = Rg (y-j41))/n-

3.5 Single-stage decision procedure

In Part II we will be concerned with a single-stage pro-
cedure which guarantees the probability requirement (3.8).
For this single-stags procedure the experimenter proceeds as
follows: He takes N independent vector-observations from the
(k+1) -variate normal population, computes the values of the U
sample conditional variances sa.a (or equivalently the U
sample multiple correlation coefficients Ro.a) and selects the

set of t variates according to the following decision rule:

2
0.(1]

]) and assert that this set of

"Select the set of t variates associated with s

(or equivalently R
(3.20) 0.(u
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variates is associated with 06 (1] (or equivalently

Ry, vy’ "

3.6 Probability of correct selection

The probability of correct selection (PCS) using the pro-

cedure of Section 3.5 can be written as

= 2 2 i =
(3-21) PCS P{SO.(I) i 80. (i),' (1 2' 3, LRI ] U’)'
where each cf the n 96.(1)/06_[11 is distributed as chi-
l square with n degrees of freedom (Anderson [2], Theorem

4.3.3). However the s?

0. (i) are not independently dis-

tributed and their joint distribution does not appear to be
known. The exact distribution would appear to be at least

as complicated as that of the joint distribution of the

simple correlation coefficients in samples from a multivariate
normal distribution, which is quite messy. Since knowledge

of this distribution is necessary in crder to determine the
minimum required sample size (see the analogous, but much
simpler problem described in Section 2.1.4), we will study
this problem_from the large-sample point of view. (In prac-
fice, "large" samples will usually be required when applying
this procedure.) By using the variance stabilizing, logarith-
mic transformation of the sample conditional variarces, we

obtain an asymptotic approximation for the PCS which should be




41
sufficiently accurate to determine the sample size requirement
for many problems.

We define
(3.22)  yi = (//21og(sf (1)/8¢ (y.ie1)) (i=1,2,...,0-1),
(3.23)  v{ = -(/n/2)10g(0] [1}/98 (y-1e1)) (i=1.2,...,0-1),

and

wi = yi + yi (i=1,2,...,0-1).
Then (3.21) can be written as
(3.24) PCS = P{wi < yi 1 =1, 2, s, U - 1)},

Using Theorems A.l and A.2, we obtain the following
asymptotic (N -+ =) approwtimation for this PCS, which we denote

by:
(3.25) PCSa = oa_l(Yil Yip LI ] Yl']_l)'

" where -1 is a (U-1)-variate normal distribution function
havinyg zero means. (The * here is used to indicate that the
variances are not unity, i.e., this is not a standavdized
multivariate normal distribution function.) We have nct been
able to determine the covariance matrix for general ﬁ and

arbitrary t. However, in Appendix A we give results for

general I when t = 1 and for a special formof [ (i.e.,
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uncorrelated predictor variates) for arbitrary t. These
results will be used in the following chapters to determine

the asymptotic sample size.




4. Uncorrelated predictor variates

Throughout Chapter 4 we consider the case in which the
predictor variatcs K10 Xgu eeen Xy of the (k+l)-variate normal

distribution are uncorrelated, i.e., pij =0, (1L # 3; 1=

1, 2, ..., k). We denote the covariance matrix of this (k+l)-

variate normal distribution by Zo, where the ijEﬁ element of

Ly is given by

(

Py ., (J=i;i=0,1, ..., k)

I
o
~

-4
=

pij/oiiojj' # 3 1,) =

The mean vector p and the nonzero elements of ZO are assumed
to be unknown. The assumption of uncorrelated predictor vari-

ates yields a sinplification in the covariances of the asymp-

2

totic joint distribution of the So.i

and allows the require-
ment, that Eo be nonnegative definite, to be expressed in a

simple form.

We first consider the situation in which the experi-
menter's objective i3 to select t = ] variate from the k

possible predictor variates.

4.1.1 Notation

For this case, the general notation of Chapter 2

43
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simplifies considerably. The k-vector a now consists of k ~ 1
zeros and 1 cne. If we let i denote that component of a which

is one, then

(4.2)

Xa i’
(4.3) .0 = 9. i
L Ro.a = Ro.iv
and since R} | = péi' (3.3) becomes
- : . _ 2
{#=5) %.i = %90l = Poy)-

We denote the ranked values of the péi by

PO[1) £ PO[2) £ -+ 2 PH[K)”

and write (3.4) as

(a6} %.14) = %0 = Po(k-1+11)-

Then the goal (3.5) can be stated as:

(4.7) "To select the variate associated with pé[k]'"
and the probability requirement (3.6) becomes

(4.8) PCS > P* whenever {1 - p? y/(1 - > g
- 0(k-1) -

2
oo(k])

Similar notational simplifications result for the
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corresponding sample quantities, i.e., (3.12), (3.14), (3.15),
and (3.16) become

N

(P) - 2
(4.9) \'/ = I (x - Xa) 4,
ii p=1 i ]
N
(p) — (p) =
(4.10) v., = L (x - x,)(x = X,y
01 p=1 0 (o | i
(4.11) 80.1 = Voo = Voi/Vij)/m
and
= S e e
(4.12) Ro.4 = "Voi/VooVii~

respectively. Since RS { réi and n = N - 2, (3.17) becomes
2 - - 2
(4.13) 80.1 voo(l rOi)/n.

Denoting the ranked values of the réi by

2 2 2
Tori) < Torzy < -+ < Forx)’
(3.18) becomes
2 = - 2
(4.14) 80. 1] voo(l r0[k-i+ll)/n‘

In addition we denote the sample correlation coefficient asso-

ciated with 95[11 bY o4y and hence (3.19) can be written as

(4.15) 85 (4) = Voot = Fo(k-141))/7
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RASY

4.1.2 Probability of correct selection

We define
(1 - pz _ pz )z !
(4.16) Yij ¥ T- pzou}(l —oégl ) (1¢31i,3=1,2,...,k),
0(1) o[§? {
/n log(s? /8% o _ )
(4.17)  y, = Oulld) * 0. (ke l+1) (1=1,2,...,k-1),
2/1 - Yik
/n log((1 - p2 . 1)/(1 - p2 . .))
(4.18) ¢, = 0[1) 0(ki _ (i=1,2,...,k-1),
2/1 - Yix
and
woom oy, by (i=1,2,111,k-1).

Then the PCS (3.24) can be written as
(4.19) PCS = P(wi < €y (L =1, 2, ..., k=-1)}.

Using Corollary A.4a, we obtain the following asymptotic

(N - =) approximation for (4.19):
(4.20) PCS, = °k—1(51' €Exr coey ck—l)'

where ¢, _, is a (k-1l)-variate standard no:mal distribution
function with zero means, unit variances, and off-diagonal
covariances given by

(1 - Yik = Y4ix v Yii)

(4.2 vjy - (1#314,9=1,2,... k-1) .
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4.1.3 k = 2
In this section we obtain the asymptotic sample size by

finding the infimum of the PCS, over the region of preference
for a correct selection for the case (k = 2, t = 1). The com-
plex nature of the correlation (in the asymptotic distribu-
tion) between the estimators 86.(1) and 83.(2)' which depends
on the covariance matrix io of the original (k+l)-variate nor-
mal distribution, complicates this problem. For this case

(4.20) reduces to
(4.22) PCS, = ¢(e;),

vhere ¢ (801) is the standard univariate normal distribution
function.

Preliminary to finding the infimum of (4.22), we give two
lemmas. Lemma 4.1 is a representation of the requirement that
Ly be nonnegative definite (n.n.d.) when k = 2. Lemma 4.2

shows that €5 is a decreasing function of pali].

Lemma 4.1
For k = 2, 20 n.n.d. is equivalent to the following

inequalities:
054 20 (i=0,1,2)

2
Por * P2 < 1.



48

Proof:
This equivalence is easily established by using the
representation that a symmetric matrix is n.n.d. if all of its

principal minors are nonnegative.

Lemma 4.2
(4.23) aei/apa[i] <0 (i=1,2,...,k-1),
when
2 2
Porij] * Porxy £ 1
and

(1= pdrsp)/ 1 = pgpk)) 2 8%

Proof:

Ae let
g = (/n/21og((1 = pfy1)/ (1 = p4x)))
and h = /1 - y;,, 82 that €¢; = g/h. Then

39/3“3[1; = -/n/(2(1 - oali]))
<0

and

(4.24)  3n/dpd(5) = £/(2n(1 = of i L - pdpy)) s
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where
: (1 290[il * p0[i] p(z)lk])'

To show that (4.24) is positive we need only show that £ > 0.

But

af/apé[i] = -2(1 - 9(2)[1])

< 0,

and hence f is a decreasing function of °5[<]‘ To show that

f > 0, we increase 03[11 until either

(L - &*) * p*

°3[i) °3[k1

or
2 = - 2
Pori] =1 - Porky’

which ever occurs first. 1In either case the result follows
immediately. Combining these rezults and noting that h > 0

and g < 0, we obtain the desiied conclusion.

Theorem 4.1

infimum ¢ (¢ = §(e*),

1

*
(4.25) 8, 2 8

I, n.n.d.

0
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where
e* = (/n/2) log 0*
and
812 = (1 = pg(1)) /1 = pgegy)-
Proof:

1 2 2 . . .
For any pair of values of PO[1] and Po[2) satisfying the
restrictions of the theorem, it is obvious from Lemma 4.2 that
®(el) is a decreasing function of 06[1]' Hence to obtain the
infimum of ®(el), we increase pé[l] until it attains values on

one of the two boundaries (Figure 4.1), i.e., on

(4.26a) 03[1] = (1 - 8*) + 9*95[2]
or
(4.26b) péil] =1 - p3[2].

Along eitner of these boundaries, €, can be expressea as a

1

function of just one of the pair of parameters pé(l] and

°3[21'

Case (a)
After solving (4.26a) for 96[2]’ and substituting this

expression into (4.16), we obtain expressions for Y12 and €
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Figure 4.1

Preference Region (P) for a Correct Selection

2
Po[2]
1

crp?

on boundary (a) which we denote by Y, and €ar respectively,
i.e.,
(9'(1 N 92 ) - e*2p2 )2

- 0f1] 0[1)
a (1 = Oa[i])z

and
€, = (/n log 8%)/(2/1 - v,).
Since log 6* > 0, (1 - vy,) > 0 and

S - 2
aYa/BDSIl] = 29./(1 00[1])

< 0,

we have
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(/1 log 8*)aya/ap6[1)

de_/3p2 =
a 0f1] 2/1 - Ya
< 0.

Hence ¢, is a decreasing function of 06[1] and the infimum of

€ along boundary (a) and subject to the conditions of the

al
theorem, occurs at the intersection of boundary (a;, and

boundary (b).

Case (b)
In a similar manner along boundary (b), after solving
(4.26b) for 06[2] and substituting into (4.16) and (4.i8), we

obtain y, = 0 and

= (/n/2) log((l -

Since

aeb/apslll = "/n/(ZDé[ly}(l = Cé[l]))

< 0,

€b is a decreasing function of pé[l]; and the infimum of €p v
along boundary (b) and subject to the conditions of the theo-
rem, also occurs at the intersection of boundary (a) and
boundary (b).

Hence the infimum of 0(61) over this region is attained

at the intersection of the two boundaries. Solving (4.26a)
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and (4.26b) for 96[11 and 96[21' we obtain the LFC (Section

2.2.3)

pi1) = /(1 + &%)

(4.27)
pdrz) = O*/(1 + 6%,

and the conclusion of the theorem follows.
Using the result of this theorem, an asymptotic approxi-
mation to the sample size can be obtained by setting the

r.h.s. of (4.25) equal to P*, from which we obtain
(4.28) /n = 201 (P*)/log 8%,

where ¢~! is the inverase of “he standard normal distrikution

function ¢.

Alternate Proof:

The theorem can also be proven indirectly by noting that
Y12 2 0y whenever the restrictions of the theorem are satis-

fied and hence

infimum ¢(e;) > o(e*).

®
(4.29) G128
Ly n.n.d.

Substituting the parameter values given by (4.27) into (4.16)

and (4.18), wve see that the equality is attained and the proof
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is complectec.

The rather long direct proof was given because it pro-
vides some insight'into the solution of more genecal problems
considered in later sections. In addition some of the lemmas
associaced with this theorem are used in the proofs of some of

the theorems concerning these problems.,

4.1.4 k > 2

For k > 2 the problem of finding thé infimum of the PCS,
(4.20) is complicated by the fact that both the €4 and the
vi, are functions of the Pé(i]'

To illustrate thesé complications, we briefly consider
the case k = 3. Using the results of Plackett [43) for the

reduction of multivariate nornal integrals, we have'

(4.30)  PCS, = ¢,(e;, €,)

= 0(51)°(€2) + H(psll]' 08[2])1

where

Y12
(431 Begy Ry = (/2 [/

. ]

0

quanadesikan {23] has used this method to obtain some
numerical results for the "subset" approach to some selection
procedurc problems involving a multivariate normal
dictribution,
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- 2 .
(el + €5 stlez)

2(1 - A %)

exp dx.

The difficulties encountered in finding the infimum of
the PCS, using this expression become apparent by taking the
derivatives of (4.30) with respect to the pé[ll' However we
do note that by combining Lemma 4.5 and (4.30) we obtain the

following inequality:
(4.32) 02(81' €2) 3 ¢(€l)¢(€2)r

which is a special case of Theorem 4.3,

Because of the complexity of the PCS, expression for
k = 3, we circumvent this problem for k > 2 by finding a lower
bound for the PCS,. Preliminary to this we prove three lemmas

from which this bound will follow directly as Theorem 4.2.
Lemma 4.3
£y n.n.d. is equivalent to the following inequalities:

oii 2_0 (180'1'.o.'k)

Proof:
We denote the submatrix of Lo formed by deleting the

P (lL<p<k)rows iy, 15, ..., ip and columns




56

jl, jz, ¢ e o g jp by

z il’ iz, v o0y ip; jll jZI LR jp

0
Oiil<12<..<1p£
023, “3y < +ee < jp <
and its determinant by
IZ il' iz, * e s p ip; j1' jz' o o g jpl
0 *
Using this notation the determinant of 20 is given by
kik k-1 Em— 0:k
[Zol = oxx 129 "1 + =077 poxrogooky 1Zg ' |-
By assumption
k-1 k-1
k;k
|z | = (1 - £ p%2.) 0T o,,.
0 i=1 0i i=0 11
|Zoo;kl and the appropriate lower order minors can be evalu-

ated in the same manner as [I,|. Continuing in this fashion

we obtain

| | k . k
L = (1 - I pl:) N o04y.
0 =1 0i im0 ii

Using this same method of evaluation, we also note that

any (k+l-r)EE (1 < r < k) principal minor of Lo (a minor

formed by deleting the same r rows and columns) can be of two

possible forms.




Case (a)
If the OEE row and column are deleted, the princinal
minor is given by

k

I o,;-
jm1 1

i# il' i2’ oo g | £

Case (b)
If the O-t:'-ll row and column are not deleted, the submatrix
is of the same form as EO and the corresponding principal

minor is given by

k . k
(L - I pa:) T o054,
i=1 01 i=1 ii

(i dyy dgr oony )

The proof can be completed by using the representation
that symmetric matrices are n.n.d. iff all principal minors
are nonnegative and noting the expressions for |Zo| and the

principal minors of 20.

Lemma 4.4
(4.33) Yij 2 Yix (i <3 <k),

when




)
|
|
|
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(4:34)  poi; * Por3) * Pork) £ 1

Proof:

Let
£=vi5 " Yik-

Then after canceling terms, we have

£ = 00131 ~ Por3] ~ Porkl * Pa(kl T PorilP0(k]
(4.35)
PO[31P01k) * Po[11P003] * PO(x1P0(4] -

We note that

9£/90071) = ~2P4731P0(k) * 2°01i]1P0 (5]

J 206111 Pogy) = Porxy’
< 0.

) Hence f is a nonincreasing function of °3l11' To show that

f > 0 we increase p;[i] until either

(4.36a)  pgry; =1 = P44 ~ Po(k)

or

{4.36b) pé[i] = 96[311

whichever occurs first.
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Case (a)
Substituting (4.36a) into (4.35) and deroting this ex-

pression by fa' we have, after canceling terims

£a = (Porx) = °0r31’ =~ Po[x) " P0131)

v

(Porx1 =~ Por31)) ~ Porg1 otk " Poryy’

iv

0.

Case b
Substituting (4.36b) into (4.35) and denoting this ex-

pression by f,, we have

£o = P014) * Por31 " Por3) " Porkl * POk
{(4.37)
" 200(53P0(k) * Po[k1Po(5)’

and
/300131 = 3P0r31 * 2°0(3) T !
- 2
400 31P00k) * Pork]®
It is evidunt that

afb/3p6[j1 <0,

when pglk] < 1/4. From (4.34) and (4.36b) we obtain




F’::.T__-__.__-_ S

PRI e e

o
oV

A

Por3) £ - P!/

or

A

Poik) £ 1 = 20574y

so that
3,/300(3) < 708(3] = 3P8(4) "

when pgm > 1/4. But (4.34) and (4.36b) imply that p{,[j] <

3/8 and hence
2
be/apOIj] i 0.

Using the same method as before, we increase pa(j] until

(4.38b") 05157 = Pg (k]
or

whichever occurs first.

Case b'
Substituting (4.38b') into (4.37) and denoting this ex-

pression by fb" we obtain fb' = 0.

v

|
o

i
1
)
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l Case b"
Substituting (4.38b") into (4.37) and denoting this ex-

pression by fb"' we obtain

S —

£, = (- 9p5[k] + 9p6[k] + pé[k] - 1)/8.
For this case (4.38b") also implies
1/3 £ ogpxy £ Lo

which gives us fb' 2 0 and completes the proof.

Lemma 4.5
4.39 '.> 0 i< < k),
‘ (4.39)  vi5 > (L <3<k
when
2 2 2
+ Poril * Porj1 * Porxy <1
Proof:

The proof follows directly from Lemma 4.4 by noting that
q ' ik < 1. (ij is the covariance between two random variables
each having unit variance.) Hence

L=vyp =Yg P Yig 217 vy

20,

and the lemma follows immediately.
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Theorem 4.2

k-1

Proof:

The proof follows directly fiuu Lemma 4.3 and Slepian's
inequality (Lemma B.2).

We use this theorem to find a lower limit for the PCS,
over the region of preference for a correct selection and thus
obtain a conservative approximation to the asymptotic sampile
size. (This approximation is conservative in that it will

always be greater than the true asymptotic sample size.)

Theorem 4.3

infimum PCS, > {¢(e*)}¥7L,
(4.41) 8 _; > o
Zo n.n.d.
where
Oi,k = (1 - péli])/(l - pé[k]) (i=1,2,...,k=1)
and

g% = (/;/2) log 0*.
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Proof :
This theorem follows from Theorem 4.2 and the fact that
Yik 20 (1 =1,2, ..., k-1).

It is disconcerting to note, however, that

. ; k-1
infimum ) Q(ei) > {d(e*)}
i=1
(4.42) Oy x 2 6
ZO n.n.d.

for general k.
Setting the r.h.s. of (4.42) equal to P* we obtain a con-

servative asymptotic approximation to the sample size
(4.43) /o= 207 et/ 1y 10g o

If the experimenter has a priori knowledge that
(4.44) Po(k] < P*7
where p*? is a preassigned constant satisfying

(4.45) p*? < {(k-1)8* - (k-2)}/{(k-1)8* + 1},

a stronger result can be obtained.
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Theorem 4.4

infimum PCS, = {¢(€**)}k“1:

Ok-1,k = &*
(4.46)

Zo n.n.d.

2

pa[k] A p®
where

e** = ev//1 - y*

= (v/n log 6*)/(2/1 - v*),
y* = {8% - p*2(1 - 6*)}/{6*(1 - p*?) (1 + p*?)},

and ek,k-l is given in Theorem 4.3.

Proof:

The proof follows directly from Lemma 4.2 by noting that

p(z)lk] = p*? and eik = 0* (i =1, 2, ..., k-1) yield the r.h.s.

of (4.46) and L, is n.n.d.
Setting the r.h.s. of (4.46) equal to P*, we obtain the
following approximation to the asymptotic sample size using

the a priori information (4.44):

(4.47) /n = ZO-I(P'I/‘k-l))/(/l - y* log 8%).
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4.2 (k> 2, t > 1)

In the remaining sections of Chapter 4 we consider the
problem of selecting a set of predictor variates of fixed but
arbitrary number t {1 < t < k). We have not been able to show
that the conditions required for the Slepian inequality (Lemma
B.2) are satisfied (although we conjecture that they do hold).
Hence we use the Bonferroni inequality (Lemma B.l) to obtain a
lower bound on the PCS, and proceed in a manner similar to

that of Section 4.1.4.

4.2.1 Notation
Using the a notation of Chapter 3, we define the k-vector
a* in terms of the two k-vectors a and a" by giving the iEh

component of a* as

(4.48) a; = max(ai, a;).

We let u_ denote the ordered p-tuple (t < p < min(k, 2t))
whose iEE component is given by the position number of the iEE
nonzero component of the vector a. For example, if (k = 5,
t=3),a=¢(,20,0,1,11), and a" = (1, 0, 1, 0, 1), then
a* = (1,0, 1, 1, 1), Gy (1, 4, 5), Uyn = (1, 3, 5), and
Ue = (L, 3, 4, 5).

Since the predictor variates are uncorrelated, we then

have
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=5 = 2
(4.49) Ro.a .Z pOj'
jeu

where jeu, means that j takes on the values of the components

of ua. Hence (3.3) becomes

(4.50) 02  =adq(l = T p2i).
0.a 00 jeu 03
a
The population multiple correlation coefficient between X and

the set consisting of those predictor variates associated with

§0.a or ﬁO.an is denoted by ﬁo.a* and can be written as

n — 2
(4051) Ro.a* e ) Z pojo
JEU

For the previous example we then have

e o AR 2 2

Ry.a " Po1 t Pos * Pos

=5 = AR 2 2
(4.52) Ry.a" = Fo1 * Po3 * Pos

2 —) 2 2 2
Ro.a* = Po1 * Po3 * Pog * Pos5°

We denote the ranked values of the 00 a and EO o’ and

their estimators in the usual manner. And we let léj pém de-
m

note the summation of the pém over “.he values of the subscript

of the variates contained in the union of the two sets of

predictor variates a;sociated with EO.[i] and io.[j]‘ Thus,

if (k = 5, t = 3) and the variates associated with ﬁo (i] and
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Eo.lj] are x;, X,, X, and x,, X+ X4 respectively, then

a8 3 4
(4.53) L psm = I PSm
m m=}1

4.2.2 Probability of correct selection

Using the notation of Section 4.2.1, we define

i,j ,
1 - i Pom
4-54 A" = i ';i '=l'2 * o 0 U_l
( ) ij 1 - Rs.[i])(l = Rs (i#j:ii,) ’ ’ ),

.51

vYn log(s? /s? )
(4.55) yi = 0.}1) g;(U-l+1) (i=1,2,..-,U-1),

= 52 F W ine
/ 1og((l = Ry )/ (1 = Ry 1))

(4.56) £, = ——
2/1 - Au

(i=1,2,...,0-1),
and
wi =y; + Ei (i=1,2,...,U-1).
Then (3.24) can be written as
(4.57) PCS = P{wi 8 (1.= 2, 25 . USL))

Using Corollary A.8, we obtain the following asymptotic

(N » ») approximation for (4.57).
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(4.58) PCf.a = °U_1(Ell 521 ooy EU-l)r

where ¢, , is a standard (U-1)-variate normal distribution
function having zero means, unit variances and off-diagonal

covariances Aij given by

(1= A= Ay )
(4.59) Aij = A 2 (i#jsi,3=1,2,...,U-1)

2/(1 - Aiu)(l = Aju)

Using this expression for the PCS_, we obtain the follow-

ing theoren.

Theorem 4.5

infimum PCS, > 1 - (U-1)¢(-E*),

®*
(4.60) eU-l,U 20
Zo n.n.d.
where

£* = (/n/2) log 8*

and

Oy-1,u = 1 - Rcz).w-ll)/(l - R6.(0])'

Proof:

The proof follows from the fact that X\;, > 0 (i =

l, 2' o 0 U-l)o

S S CNS———
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Setting the r.h.s. of (4.60) equal to P*, we obtain an

approximation to the asymptotic sample size
(4.61) /n = =26"1((1 - P*)/(U-1))/1log 6B*.

Although there is no general set of parameter contigurations
where the lower bound attains this lower limit for all t and
we do not wish to analyze each t separately, we do note that
for the case t = k-1 this lower limit is attained. For this
case we have U = k and using Corollary A.8, we obtain the

following theorem.

Theorem 4.6

k-1
infimum 1 - I ¢(€i) =1-(k - 1)O(-E*),
i=1
*
(4.62) ek,k-l 2 6
Zo n.n.d.
where

E* = (/n/2) log 6*
and

O-1,k = (I = Rg [x-17)71 = R (1)) -

rroof:

Since A;, 2 0 (i =1, 2, ..., k-1) implies that Theorem
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4.6 holds when the = in (4.62) is replaced by >, we need only

exhibit a parameter configuration for which the lower limit is

attained.

Since t = k-1, we have
i,j k

I p2 = 1 p2 |,

- Om i=1 0[i]

Hence for the parameter configuration

(4.63)

2 = : u
Por1] 1/(1 + (k-=1)/6%)

o

pé[i] = p3[11

we have Aik =0(i=1, 2, ..., k-1) and

£, = (/n/2) log e*

which completes the proof of the theorem.

(i=2,3,o'.'k-1) r

(i=1’2'oc . 'k-l) ’




S. Predictor variates with unknown correlations

In this chapter we consider the case where the correla-
tion structure of the predictor variates of the (k+l)-variate
normal distribution is also unknown. The I n.n.d. requirement
does not reduce tc a simple set of inequalities for arbitrary
k as did the 20 n.n.d. requirement, although the additional
parameters pij (L # 37 1,3 = 1, 2, «uey k) make the I n.n.d.
requirement less stringent.

| We consider only the case of t = 1. For t > 1, the cor-
relaticn between the sample conditional variances becomes
extremely messy. Throughout this chapter, we use the notation

given in Section 4.1l.1.

5.1 Probability of correct selection

For t = 1, we have n = N-2., We define pli][j] to be the
correlation between the predictor variates associated with

93(1; and Dslj], respectively and also define

- nl - 2 2
B Porgy T Porgy * Poranforid ey’

(5.1) w
1’ (1 - 06[1])(1 = 93[31)

(i#jfirjzlvzr---lk)o

71
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/i log(s? . /s? )
(5.2) y; = 0.(1)" "0. (k=i+l)

2'/1 - wik

(i’l,z,-.- ’k-l) ’

/n log((l - p? )/ (1 - p? ))
(5.3) T, = 0(i] Olk]l  (i=1,2,...,k-1),

and wi - Yi + Ti (iﬂl,2,...,k-l).

Then the PCS (3.24) can be written as

(5.4) PCS = P{wi bR Y (1 i A 2504 iy Kk=1) ks

Using Corollary A.4 and (5.4), we can write the PCSa

{3.25) as

(5.5) PCS, = & (130 Tor «oey Ty1) v

vhere ¢, _, is the (k-1)-variate standard normal distribution

function with zero means, unit variances, and off-diagonal

covariances given by

(1 - wik - wjk + wij)

2/ =0 )0 = ugy)

(5.6)

wjy = (ifjri,j=1,2,...,k-1).

5.2 k = 2

+@ first consider the case (k = 2, t = 1), where the PCSa

L)

(5.5) reduces %o

P
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(5.7) PCSa = ¢(Tl).

Preliminary to finding the infimum of this expression we
prove a lemma which gives a simple representation of the

I n.n.d. requirement for k = 2.

Lemra 5.1

For k = 2 the requirement that I be n.n.d. is equivalent

to the following inequalities:

Oli _>_ 0 (i=0.1,2)

(5.8)

2 2 2 e
Poral * Porz1 * Prarr2) T %Por11Por21Prayr2) £ b

Proof:
As before, this equivalence can be established by using
the representation that a symmetric matrix is n.n.d. iff all

principal mincrs are nonnegative.

Theorem 5.1

infimum PCSa = o (t*),
{(5.9) 812 > o

L n.n.d.

where

™™ = (/;/2) log 6*

4
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and

" 1 - 2 - 2

Proof :

Since wlz 2 0, the theorem holds when the = of (5.9) is
replaced by >. Hence we need only exhibit a parameter con-
figuration satisfying the two restrictions of the theorem and
for which wyy = 0. One such parameter configuration is given

in (4.27).

The asymptotic sample size is the same as given by

(4.28). It is also interesting to note that for any given 6%,

the infimum can be attained for more than one parameter con-
figuration, whereas in Theorem 4.1, for any given 6*, the

infimum was attained for only one parameter configuration.

We have been unable to show that the conditions (Lemma
B.2) required for the use of the Slepian inequality hold when
the predictor variates are no longer assumed to be uncorre-
lated. Hence we use the Bonferroni inequality to obtain a

lower bound on the PCS,. Using (5.5) and (B.1} we have

(5.20)  PCS, 21 - I @(-14).

In the following theorem we find the infimum of this
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lower bound and use this result to obtain the corresponding

approximation to the asymptotic sample size.

Theorem 5.2

k-1
infimum (1L - L ¢(Ti)) =1 - (k=1)%(-1%)
i=1
*
(5.11) ek-l,k > 8
£ n.n.d.
where

™ = (/n/2) log 8*
and

— 0 2 . - 2
Op-1,k = L = Po(x-137/ 1 = pgpy))-

Proof:

1, 2, ..., k), we note that the theo-

Since wy, 2 0 (i
rem holds when the = of (5.11) is replaced by >. Hence we
need only exhibit a parameter configuration satisfying the two
restrictions of the theorem and for which Uiy = 0 (i =

1, 2, ..., k-1). One such parameter configuration is given

by
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pO[i] = /1/(1 + 6%) (i=1,2,...,k-1)
pO[k] = /*/(1 + 0%)
(5.12)
p[i][j] = l (1#];1’J=1'2p.u.'k-l)
= =1,2,...,k-1).
p[i][k] 0 (i=1,2 k-1)
The restriction ek-l,k > 8* and Wi = 0 (1= 1y 2, ...,

k-1) follow directly. To prove the existence of a nonnegative
definite covariance matrix corresponding to this configura-
tion, we assume without loss of generality that the predictor
variates are ordered according to increasing pai, so that Xy
is the variate associated with pé[i]'

We use the result (e.g., Anderson [2]) that a k + 1 by
k + 1| symmetric matrix I is n.n.d. if there exists a kX + 1 by
r matrix A, where r < k + 1 is the rank of I, such that
T ~ ALA' and T is positive definite.

For our problem, r = 2 and we have

1000...,0
(5.13) A=

0100...,0

so that
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1 Y1/ (1+6¥)
(5.14) T = c
Y1/ (1+0%) [

Since 6* > 1, we have immediately that the principal
minors of T are positive. Hence T is positive definite, and

the proof is complete.

Setting the r.h.s. of (5.11) equal to P*, we obtain an

approximation to the asymptotic sample size

(5.15) /n = =201 ((1 - P*)/(k - 1))/log 6*.




6. Directions for future research

Several interesting problems are suggested by the results
of this thesis. We pose some of these problems in this
section.

Throughout Part 1I we used the Bonferroni and Slepian
inequalities to find lower bounds on the PCS, and then from
these lower bounds we obtained approximations to the sample
size. It would be interesting to compare these lower bounds
on the PCSa with approximations of the PCSa (obtained by
numerical integration) to get some idea of the "efficiency" of
the inequalities in the problems we have considered. 92f par-
ticular interest would be a comparison of the infimum (ob-
tained by numerical search techniques) of this approximation
of the PCSa cver the region of preference for a correct selec-~
tion with the analytical results obtained from the
inequalities.

A simpler problem which is also of interest is a compari-
son of the lower limit given in Theorem 4.3 with the infimum
(obtained by numerical search techniques) of the lower bound
of Theorem 4. 2.

All of the results in Part II have been obtained using
asymptotic distribution theory. It would be interesting to
compare the PCS obtained from this theory with Monte Carlo

estimates of the PCS. Of particular interest is the

78
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comparison of these estimates of the PCS with the PCS, as a
function N and 6*, when the parameters are in the LFC.

The sensitivity of the results of this thesis to the
assumption that the distribution of (xo, Xpv oney xk) is
multivariate normal is another problem that could be studied
using Monte Carlo techniques.

The results of Sections 4.2 and 5.3 could be strengthened
if the Slepion inequality could be used in place of the
Bonferroni inequality. Although the conditions required for
the Slepian inequality (Appendix B) appear to be satisfied for
these more general cases, we have been unable to prove this
analytically. The method employed in Section 4.4.4 to obtain
‘ this result appears to be too complicated and messy for these
more general cases and hence a new approach is needed.

An obvious but seemingly difficult problem is the exten-
* sion of the results of Chapter 5 for t = 1 to arbitrary t or
at least to t = 2. The major difficulty here is the compli-
cated nature of covariances of the sample conditional
variances.

In all of the problem formulations we have considered in

this thesis, the value of t was fixed prior to experimenta-

tion. In some situations it might be more reasonable to
allow the value of t to be determined on the basis of the

values of the observations. There are a number of ways in
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this new problem could be formulated. However, it ap-
that the same difficulties encountered in the formula-
considered in this thesis would also be encountered in

new formulations.




Appendix A

Asymptotic joint distributions of che

sample conditional variances

In this appendix, we find the asymptotic joint distribu-
tions of the sample statistics which are used in the decision
procedures of Part II. All of these asymptotic distributions
are multivariate normal and hence are defined by their ex-
pected values, variances, and covariances. We will denote
these moments of the asymptotic distribution by E ., Var,, and
Cova, respectivelyﬂ (For each of the cases we consider, these
quantities aré& cquivalent to the corresponding asymptotic
moments of the exact joint distribution, although this is, of
course, not true in general.)

These asymptotic joint distributions are derivéd from the
following two theorems. Theorem A.l is an immediate result of
Anderson's [2) Theorem 4.2.5 ard Theorem A.2 is a generaliza- '
tion of his Theorem 4.2.6 as given by Rao [44), Section 6a.2
result iii.

We let n = N-t-1 and define

(A.1) cij = vij/n/oiiojj,
.th

where vij is the ij— element of the cross product matrix

given by (3.10).

8l
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Theorem A.1l

The asymptotic ((k+2) (k+1)/2)-variate normal distribution

of vn T (i <j; i,j=0,1, ..., k) is determined by

1, i=j

E ,
pij' 1#j !

/ﬁ- Cij)

al
Vara(/; cij) = 1 + pij,
and

Cova(/ﬁ cij' /n crs) = pirpjs * PigPjr:

Theorem A.2

1f /n u has a p-variate asymptotic normal distribution

determined by

Ea(/h ui) = bi'

Vara(/n ui) = a; .

Cov (Vn u., vn u.) = a
a i j

ij’
and w = f(u) is a vector-valued function of the p-vector u
such that each element of w is totally differentiable, then

/n w has an asymptotic multivariate normal distribution

determined by
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E (Vn wy) = £, (b),

var,(/n w;) = h. A h{,
and

Cov, (V/n w;, /n ws) =h; Ah!

where fi is the i-tih component of £, A is the p by p covariance

matrix of u, and the h; are p-vectors with elements given by

hyy = afi/auj|2?2 (I=172; s wweP) s

In this section we find the asymptotic joint distribution

of the

(.20 yi = /nfloglsg (1)) = 109(sf (x_j.1)))

(i=1'2,- ° e 'k-l) .

To ohtain this result, we first find the joint asymptotic dis-
tribution of the 33 i Using the notation of the last sec-

tion, we have

(A.3) g2 = ( - c

2
0.i = %0 0i/%ii)

c00 ii

Applying Theorem A.2 to Theorem A.l and (A.3) we obtain

the asymptotic distribution of the v/n 86 i




Corollary A.l

The asymptotic k-variate normal distribution of the

/n sa ; is determined by
= I _ N L
E,(/n sg ) = 0ol = pgs)
N w2 ) i 9a2 (] - A2 Y2
Vara(/n so.i) 2000(1 pOi) .
and

2 ey B2
Cova(/ﬁ 80.4i" /n SO.j)

2 _ .2 2 2 4
2000(1 = Pg; = Poj * PoiPoyPij (i#3) .

Applying Theorem A.2 to this result, we obtain the asymptotic

2

joint distribution of the v/n log 80.i"

Corollary A.2

The asymptotic k-variate normal distribution of the

/n log 53 ; is determined by
~ 2 = = A2
Ea(/n log &5 ;) log 0,,(1 Poi) e
2 =
Vara(/g log so.i) = 2,
and




¥5

Cov,(vn log sa.i, /n log sé.j) =

2(1 - p*, - g2, + A
(L= 05; = Fg3 ¥ P9iP03Pi3’

(1 - pg,) (1 - pgj) (i#3) .

From this result using the notation of Section 3.4 we obtain

2

the corresponding result for the /n log s0 i)

Corollary A.3

The asymptotic k-variate normal distribution of the

/n log 86 (i) i8 determined by
- , _ e
Ey(/n log 8g (x_j41)) = 109(0gq(1 = 0gp53))y

Vara(/; log s = 2,

- )
0. (k-i+l)

and

i 2 I 2 =
Cova(/n log 80. (k-i+1)’ /n log 80.(k_j+l)) Zwij

(i#3),
where

1 - 2 - 2 2
(1= Pori1 " Pori1 * Pori®or41°1i) 141 ()
(1 - pé[i])(l = 96[31)

wij

and the p[i][j] are defined in Section 5.1.

Using this result we again apply Theorem A.2 to obtain
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the following corollary which is used in Section 5.1 to ex-
press the PCSa in terms of a standard multivariate normal

distribution function.

Corollary A.4

The asymptctic (k-1)-variate normal distribution of the

2 2
v = / log(sy (1)/%0, (k-i+1)’

i ————
27/1 - wik

(i=1,2,...,k-1)

is determined by

_ .2 _ a2
log((1 ooli])/(l °0(k]))

Ealy;) = —_— J

Vara(yi) =],
and

Cova(yi' Yj) = wij (1#3.)'
where

(1l - w, =-w, + w,.)
wiy ik k1) (143) .

2/(1 - wik)(l - w., )

jk
For the case of uncorrelated predictor variates

PLil (5] =0 (1 # 3j; 1,3 =1, 2, ..., k', and we have the

following corollary which is used in Section 4.1.2 to give an
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expression for the PCS, (4.20).

Corollary A.da

The asymptotic (k-1)-variate distribution of the

2 2
/M 1og(sy (1)/50. (k-i+1)’

2/1 - Yik

(i=l,2,o-o'k-l)

(A.4) Yi =

is determined by

log((1 = p2 . )/(1 ~ p2 1))
E,(y;) = 0fi] "~ Olk]” "
2/1 - Yik

Vara(yi) =1,

and
Cov, (Y, yj) = Yij (i#3),
where !
(IR e =y )
¢ i ik jk 1 o
[ Y oy = (173)
Yik Y5k
and

- 2 - 2 2
S 1€ M T

(1#3) .
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A.2 t > 1, uncorrelated predictor variates

In this section we find the asymptotic joint distribution
of the sample conditional variances, each of which is based on
t uncorrelated predictor variates. Again our objective is to
find the joint distribution of the yi (A.2), and we proceed in

a manner similar to that used in the previous section by first

2

finding the asymptotic joint distribution of the S0. 0"

The following corollary is obtained using Theorems A.1l
and A.2, after writing the 56 o in terms of the cij in a man-

ner similar to that of (A.3). The expressions for the 56 g

are, of course, considerably more complicated than (A.2).

Corollary A.5

The asymptotic U-variate normal distribution of the

/n sé o is determined by

s a2 - - w2
Ea(/n so.a) = noo(l R )

0.a

= e = 2 oy 2
Vara(/n so.a) = 2000(1 Ro.a) v

and

L) ) — 2 -y 2 n
Cova(/n 50.qa' /n Sg.q") = 2900(1 = Rg o) (a#a™),

where a*, u_, and R, , are defined in Section 4.2.1.

We apply Theorem A.2 to this result to obtain the

following:
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Corollary A.6

The asymptotic U-variate normal distributjon of the

S

/n log s?

0.q 18 determined by

!

Ea(/E log s?

- - 2
0.o) = 10g(ogy(1 = Ry ),

I 2 -
Vara( n log sO.a) = 2,
and

—— 2 g D
Cova(/n log sy ¢ /n log S0.q")

2(1 - R 2
( 0.0*)

(1 - RZ ) (1 - Rp o)

(a#a") .

From this result using the notation of Section 4.2.1, we

obtain the corresponding result for the /n log 56 (i) *

Corollary A.7

The asymptotic U-variate distribution of the /n log sé (i)

is determined by
— 5 _ iy
Ea(/n log SO.(i)) = log(ooo(l KO.[i]})’
2 =
Vara(/ﬁ log sO.(i)) = 2,
and

2 i - T
Cova(/; log 80. (1)’ /n log 56.(j)) = 2Aij (i#3) ,
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where

i,J ,
- 2
(65 z pOm)
m

Ay = (i79)
13 Q- TRy 40 @ = Ry 5

and the summation notation is defined in Section 4.2.1.

Using this result, we again apply Theorem A.2 to obtain
the following corollary, which is used in Section 4.2.2 to ex-
press the PCS, (4.58) in terms of a standard multivariate

normal distribution function.

Corollary A.8

The asymptotic (U-1l)-variate normal distribution of the

/n log(s? /s? cay)
(A.5) y; = 0.(1)” 0.(k=itl) (i=1,2,...,U-1)

2'1 - Aik

is determined by

. pi2 _ Rn2
log((1 RO.[i])/(l Ro.[k]))
Ej(y;) = = =
2/1 - Aik

Var,(y;) = 1,
and

Cova(yi, yj) = Aij (i#3) .,

where
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(L= A, =, +
AT, i ik ik M1y

(i#3) .




Appendix B

The Bonferroni and the Slepian inequalities

After stati..j the Bonfer:oni and the Slepian inequalities
as lemmas, we use each of them to obtain lower bounds on
multivariate normal probabilities. These results are used in
Part II to give lower bounds on the expressions for the PCS,.

First we give the Bonferroni inequality (e.g., Feller

(18], p. 100).

Lemma B.l
Let Al' Ayr veny Ap denote a sequence of events and let
Ai denote the complement of the event Ai. Then
P P
P(U A;} < I Play)
i=1 i=1
and hence
P P
P{N A;} =1-P(U A}}
i=1 i=1
P
21- 1 {a}}
i=1
If we define the events
A; = [Yi < ‘il (i=1,2,...,p).,

92
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then by this lemma, we have

P
(B.1) ¢p(al, Ay «eep @) 21 - E (R ¢(ai)),

where, as before, ¢ Jdenotes a standard multivariate normal

p

distribution function having zero means and unit variances.

The following lemma is due to Slepian [48].

Lemma B.2

Let o; and @S denote p-variate normal distribution func-~

tions with zero expectations and nonnegative definite covari-

ance matrices given by {wij} and {Kij} respectively. If

wij 2 Kij #5965 854352 , 24 00 5 1 P)
and
wig = Ky (i=1,2,...,p),
then
¢K K _
p(al' az, o0 ap) > ¢p(a1, az, onelfel g AN
Using this lemma, we have
5 p
{(B.2) ¢ (all aZ' , a) > I %(a,),
P i=1
whenever




94

wig =1 (i=1,2,...,p)
and

wij z 0 (i#j;i'j=1'2'00¢'p)

In the following lemma, we show that the Slepian in-
equality (when its assumptions are satisfied) gives a better

bound than does the Bonferroni inecuality.

Lemma B.3

p 1%
(B.3) I ¢(a;) 21 - & (l-¢(ay)).

Proof:
This result follows directly from the Bonferroni in-
equality by letting ajr @ys ceey ap be a sequence of events

and denoting the probability of the event a; by ¢(ai).




Appendix C

A numerical comparison of the Bonferroni

and the Slepian inequalities

In this appendix we study the efficiency of the Bonfer-
roni and the Slepian inequalities by using each of them to
| approximate the sample size for a problem in which the exact
sample size is known. The problem is that of selecting the
univariate normal population with the largest population mean,
when each of tne populations has a common known variance (o?).
The PCS for this problem car be expressed (Bechhofer [5]) in
terms of a (k-1)-variate sftandard normal distribution function
with zero means, unit variances, and off-diagonal covariances
of 1/2.

Using the Bonferroni and the Slepian inequalities to give
lower bounds on this PCS expression, we obtain two conserva-
tive approximations to the sample size denoted by Ny and Ng,
respectively, where
(c.1) Mg = 2(0/6%)071((1 - P*)/(k - 1)),

1/(k-1)

(C.2) ANy = 2(c/<s*)¢'1(p* )

and {6*, P*} are the preassigned constants.

The exact sample size N can be computed by

95
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(C.3) /N = (0/6%)d(P*, k),

where the values c¢f d are given in Table 1 of Bechhofer [5].
The values of NB/N and NS/N are given in Table C.1 .or
k =3, 6, 9 and P* values ranging from .5 to .999.
For high P* (P* > .99), both of the inequalities provide
good approximations to the exact sample size (within 5% for
k < 9), ana the Ng is only slightly larger than NS.
For P* < .9, neither of the inequalities provides a good

approximation to the sample size (NB and N, are both at least

S
15% greater than N for the values of k considered), and NB/N
is considerably larger than NS/N.

For .9 < P* < .99, the Slepian inequality provides a
reasonable approximation when k is not too large, but the

approximation provided by the Bonferroni inequality is not as

good.
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Table C.1

A Comparison of Sample Ahpproximations Derived from

the Bonferroni and the Slepian Inegualities

with the Exact Requirements for the

Problem of Ranking Normal Means

k = 6

p* NB/N NS/N NB/N NS/N NB/N NS/N
«5 2.93529 1.91765% 2.47320 1.91914 2.35754 1.92193
.6 1.80715 1.45038 1.85936 1.58701 1.85087 1.62104
oy 1.40178 1.25527 1.51766 1.38337 1.54029 1.42128
.8 1.20335 1.14557 1.30124 1.24123 1.32900 1.27371
.9 1.08838 1.07172 1.14913 1.12988 1.17077 1.15237
.95 1.04652 1.04070 1.08496 1.07732 1.10037 1.09340
.99 1.01444 1.01376 1.02948 1.02857 1.03660 1.03568
.995 1.00941 1.00912 1.01980 1.01941 1.02500 1.02460
.999 1.00381 1.00376 1.00846 1.00839 1.01101 1.01089
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rective 5200. 10 and Armed Forces Industrial Manual. Enter
the group number. Also, when applicable, show that optional
markings have been used for Group 3 and Group 4 as author-
ized.

3. REPORT TITLE: Enter the complete report iitle in all
capital letters. Titles in all cases should be unclassified.
If a meaningful title cannot be selected without classifica-
tion, show title classification in all captals in parenthesis
immediately following the title.

4. DESCRIPTIVE NOTES: If appropriate, enter the type of
report, e.g., interim, progress, summary, annual, or final.
Give the inclusive dates when a specific reporting period is
covered.

S. AUTHOR(S): Enter the name(s) of author(s) as shown on
or in the report. Ente: last name, first name, middle initial.
If military, show rank 2nd branch of service. The name of
the principal «'thor is an absolute minimum requirement.

6. REPORT DATZ: Enter the date of the report as day,
month, year; or month, year. If more than one date appears
on the report, use date of publication.

7a. TOTAL NUMBER OF PAGES: The total page count
shouid follow normal pagination procedures, i.e., enter the
number of pages containing information.

76. NUMEBER OF REFERENCES: Eanter the total number of
references cited in the report.

8a. CONTRACT OR GRANT NUMBER: If appropriate, enter
the appiicable number of the contract or grant under which
the report was written.

8b, 8, & 8d. PROJECT NUMBEF: Enter the appropriate
military department identificatior, such as project number,
subproject number, system numbers, task number, etc.

9a. ORIGINATOR’S REPORT NUMBER(S): Enter the offi-
cial report number by which the document will be identified
and controlled by the originating activity. This number must
be unique to this report.

95. OTHER REPORT NUMBER(S): If the report has been
assigned any other report numbers (either by the originator
or by the sponsor), also enter this number(s).

10. AVAILABILITY/LIMITATION NOTICES: Enter any lim-

itations on further dissemination of the report, other than those|

imposed by security classification, using standard statements
such as:

(1) ‘“*Qualified requesters may obtain copies of this
report from DDC."’

(2) ‘“Foreign announcement and dissemination of this
report by DDC is not authorized.”’

(3) “*U. S. Government agencies may obtain copies of
this report directly from PDC., Other qualified DDC
users shall request through

(4) ‘‘U. S. militar, agencies may obtain copies of this
report directly from DDC. Other qualified users
shall request through

(5) ‘'All distribution of this repoﬁ is controlled Qual-
ified DDC users shall request through

If the report has been furnished tc the Office of Technical
Services, Department of Commerce, for sale tu the public, indi-
cate this fact and enter the price, if known.

11. SUPPLEMENTARY NOTES: Use for additional explana-
tory notes.

12, SPONSORING MILITARY ACTIVITY: Enter the neme of
the departmental project office or laboratory sponsoring (pay-
ing for) the research and development. Include address.

13. ABSTRACT: Enter an abstract giving a brief and factual
summary of the document indicative of the report, even though

it may also appear elsewhere in the body of the technical re- k
port. If additional space is required, a continuation sheet shall
be attached.

It is highly desirable that the abstracy of classified reports
be unclassified. Each paragraph »f the abstract shall end with
an indication of the military security classification of the in-
formation in the paragraph, represented as (TS), (S), (C), or (U)

There is no limitation cn the length of the abstract. How-
ever, the suggested length is from 150 to 225 words.

14. KEY WORDS: Key words are technically meaningful terms
or short phrases that characterize a report and may be used as
index entries for cataloging the report. Key words must be
selected so that no security classification is required. Identi-
fiers, such as equipment model de«’gnation, trade name, militar,
project code name, geographic location, may be used as key
words tut will be followed by an indication of techaicai con-
text. Toe assignment of links, rules, and weights is optional
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