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ABSTRACT

Some methods of analyzing experimental data for
complex targets and reverberation are outlined,
including a heuristic discussion of what con-

stitutes an ensemble and how to obtain one
experimentally. The problem of then determining
whether or not the actual data form a valid ensemble
is considered. Tests for the stability, or station-
arity, of the underlying random mechanism are briefly
described (test of independence and homogeneity);
tests of whether or not a particular data set belongs
to some postulated probability distribution are pro-
vided (goodness-of-fit), including a powerful test

for establishing the normality or non-normality ot;

the sample. Among the tests considered are the y“,
the Kolmogorov-Smirnov, the runs test, and the W-test
for normality. These tests are carried out for some
hypothetical reverberation data tr illustrate the
individual tests, at particular rauges, which can
include the domain of a target in the reverberation.
Some second-order properties of various classes of
second moments of these uata are also discussed, and
an approach to relating simulated data to those from a
real environment is briefly sketched. This memorandum
is intended as a preliminary guide to the statistical
treatment of data that are obtained in target and
background measurements. As a subsequent task, add-
itional tests and techniques remain to be chosen for
this class of problems, including the explicit analysis
of data already obtained.
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I. Introduction¥*:

The purpose of this memorandum, the second in a continuing series,
is to provide a number of statistical measures of experimental data, here
obtained in the study of the simulated, modeled, and actual versions of
complex targets, observed in a reverberatory or ambient noise environment.
The same types of statistical measures are to be simiiarly applied to the
background noise and reverberation themselves. Since target data and
reverberation are nonstationary phenomena, as the background (ambient)
noise may be on occasion, meaningful results must be obtained from a
suitably defined set of observations: measurements on a single member
(representation) of the set are usually quite inadequate. Furthermore,
for obvious practical reasons of stability and economy it is not possible
to generate the theoretically desirable infinite set: we are necessarily
limited to the generation of sets of finite size and representations of
finite duration.

Before we can proceed in a technically clear fashion, we must define
a number of fundamental terms, whose meanings are not necessarily identical
with those of more conventional statistical usage, but which are quiet
common to statistical communication theory (Ref. 1). Here we shall refer
to the set of data, or observations,as an ensemble, and, furthermore, we shall

say that an

ensemble = a set of objects, data, observations, etc., which possess
statistical regularity, i.e., to which some probability
measure can be meaningfully assigned. The probability
measure in question is usually a probability distribution
of one (or more) of the defining attributes of the set,

for example, magnitude.

*Portions of the material in this memorandum are based on some results of
the author's current work under Contract Nonr-L883(00) with the Office

of Naval Research.
1l
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Our term "ensemble" here, accordingly implies, reproduceable, or invariant .
statistical properties. Similarly, a random process is an ensemble of
functions (or representations) of time (and often, space, as well) where,
of course, the underlying mechanism producing these functions is random

in some sense. A theoretical ensemble, when descriptive of a random
process like reverberation here, consists of an infinite number of re-
presentations, or elements. An experimentally obtained ensemble, of course,
can contain only a finite number of representations. In conventional
statistical usage the theoretical ensemble is equivalent to the (infinite)
"population," while the finite, or "experimental" ensemble is usually
called the "sample." In what follows, the nature of this terminology will
be quite clear. For further details, see Ref. 1.

Key questions accordingly are:

A. Do we have a valid ensemble, or sample, to begin with; i.e.,
does the set of representations we have constructed, or observed, truly
represent an ensemble, and hence can we legitimately deduce from it the

various desired statistical properties of these data? In technical !

Janguage, is the set (or sample) "homogeneous" and its members "iniependently
generated?"

B. Is the ensemble stationary or nonstationary?

C. What probability distribution best "fits," or "describes"
within preset bounds, the statistical process in question?

Other questions are:

D. What is the effect of sample duration, (the duration of each
member or representation in the sample) and ensemble size (the number of
representations,or members, in the sample) on the accuracy with which various

statistics, e.g., means, intensity, covariances, etc., can be measured?




E. How closely (in time or space) can one sample the data (of
each representation) and still retain statistical independence of the

sampled values?, and other questions.

To answer these we turn to the eppropriate statistical methods, and
in particular to those that put the least premium on prior knowledge. Many
sources for this are available, and are described, for example, in the books
by Cramér (Ref. 2), Hoel (Ref. 3), Mood (Ref. L), Wilks (Ref. 5), Fraser
(Ref. 6), and others (Ref. 7). A particularly useful text, describing the
applied properties of some of the more important statistical techniques,
is that of Siegel (Ref. 8), from which we shall take some of the needed
tables (Appendix, end of this memorandum). Our general task here is thus
twofold: (1), to select appropriate statistical measures and tests for
answering questions like the above about our data; and (2), to show in

detail how these measures and tests are to be specifically applied.

Let us state the basic questions more fully, and arrange them in a
hierarchy of descending order of generality (although not necessarily of
practical importance), by means of which we attempt to interpret our data

statistically. Our ordering becomes:

A. Tests for independence of the sampled data: essentially, the
question here is "are the individual members of the "ensemble" independent,
so that the sampled data, from member to member, can be treated as represent-
ative of independent random variables, with the same distribution?" (See
pp. 195-198, Wilks (Ref. 5).) This is really the joint question of (1)
"homogeneity" of the ensemble--i.e., of whether or not the members are
generated, by the same underlying mechanism, and (2),that the members are

independently generated.

Thus, we have the equivalent:

Tests for the existence of the ensemble: fundamentally we must

establish whether or not our set of observations (of size M, j = 1,..., M)

B




€
€

TR TR T T

constitutes a valid ensemble. Tests of this property are known as tests of

homogeneity (of the ensemble), and independence (of the sample members) where

we wish to show that our data can be considered as generated independently
by the same statistical mechanism. Thus, one has here a test of the
"stability" of the underlyingz mechanisms as the members of the ensemble

are interchanged,for all times in the interval (tl, tl+T) during which each
member is defined; (see Sec. 30.6, Ref. 2, for example).

B. Tests for "goodness-of-fit:" 1in this case we desire to determine

whether or not our set (of M random members) belongs to a specific dis-
tribution, e.g., gauss (for high-density reverberation), Poisson, or others
(such as those theoretically predicted for envelope and phase in the case

of narrow band illumination (Ref. 9), for example). Various tests for

this are discussed in Ref. 2, Sec. (30.1)--Secs. (30.L),(30.8); see also

the nonparametric tests of Chap. 1k, Ref. 5, esp. 1L.2(b); Sec. (1k.3),
order statistics, etc.), and p. 460, and, in particular, Siegel (Ref. 8).
Some others are considered here below. We can also test for the a priori
probability of an event's occurrence: e.g., signal in noise vs. noise alone.
with tests of this type.

C. First- and Second-Order Sample Statistics: here we wish to
determine the dependence of the mean and variance of the sample mean and
variance, covariance, etc., on sample duration and ensemble (i.e., "sample")

size, and on the (infinite population) parameters of the corresponding
theoretical ensemble. In addition, we wish to examine the dependence
and independence of samples on sampling intervals. (See Secs. 8.1, 8.2,
of Wilks (Ref. 5).)

We distinguish various types of tests, accordingly as the samples

are large or small, or the tests themselves are distribution-free, or
"nonparametric" (Refs. 6 and 8). In these latter, we avoid the often

unsupportable assumption of a particular or specific distiibution, with, of
course, an attendant loss of efficiency in deciding an hypothesis for a




.,

given sample-size vis-a-vis the case of known distributions. Tests of
homogeneity (cf., A, above) may also be applied to situations involving a
known form of the distribution, but unknown distribution parameters--usually
the mean and/or variance. Thus, one can ask for tests of homogeneity of
the means, or the variances, etc. Other pertinent questions in the analysis
and interpretation of data are: (1), confidence limits and regions;

(2), the distributions of the sample statistics (e.g., means, variances,
ete., cf.Wilks (Ref. 5), Sec. (8.3) et seq.); (3), stationarity and non-
stationarity: if the process appears to be nonstationary, is this non-
stationarity removable by a model based on the concept of stationary in-
crements? (See Yaglom (Ref. 10), Sec. (18); also Sec. (14).)

In the present treatment we are not concerned with the derivation of
statistical tests, nor with such important questions as what is a "best"
test. We intend here merely to summarize and illustrate a few useful
results, and quote any pertinent properties they may possess, referring the
reader to the statistical literature for the analytical details (Refs. 2,
5, and 6). Nor is any special originality claimed in this respect here,
with the possible excention of actual application to our present class
of problems. Other tests and measures i1l be introduced as the work
progresses. What we shall do, however, is to provide enough "mechanism"

for the reader to make his own applications to specific problems.

We emphasize that in the kinds of problems we are dealing with here--
the measurement of random phenomena--targets and background noise--it is
essential to establish the reliability of these data: pertinent results are
ensemble measures, not individual measures, so that it is vital to determine,
within acceptable bounds, that we have a valid ensemble and that useful
measures can be obtained from it. The fact that we have to deal with finite
and even small samples makes this a definite problem.
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Accordingly, we shall begin in Sec. II with a brief discussion of
statistical tests, both conditional and unconditional; Sec. IIT is devoted
to the question of the existence of an ensemble, given certain data; Sec.

TV is concerned with a number of procedures for "goodness-of-fit:" do these
data belong to a specified distribution? Section V discusses various
properties of the sample statistics. At present we consider both small-
and large-sample statistics. Section VI suggests how statistical measures
may be used to connect simuletion with reality, and in Sec. VII we conclude
with a short summary of the principal results and their interpretation.

1I. Some Brief Remarks on Statistical Tests:

The problems outlined above are all examples of the statistical test
of one hypothesis against another. Let us review very briefly the salient
features of such binary ("two-alternative") tests. Generally, we have

r

Hj: the "null" or "true" hypothesis vs Hy: the alternative to H .

Ho states that the data sample in question belongs to the assumed

population; or "true" hypothesis state.
(2.1)

Hl: the alternative hypothesis to Ho, which states that Ho is not

"true," viz.that the data sample belongs to some other population, or,

equivalently, represents some other alternative hypothesis.
\.

On the basis of a data sample, § = (Xl,...,Xn), where the Xj, 3 =1, sin B,
are n observations (e.g., measurements) of a quantity X, we are asked to
decide whether this data sample belongs to Ho, or alternatively, to Hl--or,
irn other words, on the basis of the observation X, whether or not Ho is

"true." For this purpose a test statistic, Z = Z(%), is constructed and

compared with a prechosen threshold, Za- If Z(sample) > Za’ we reject H

0,
n i =
and accordingly accept th2 alternative Hl’ and conversely, if Zsample s Za’

we say that H_ is "true," rejecting H, .

A .




Of course, neither of these decisions is always correct, since
X (and...Z(%)) are random variables. Two types of error can occur in any
one decision "decide HB," or "decide Hl." These are known as Type I and
IT errors, where H_ 1is rejected (and Hy accepted) when H  is the true
state, and where H6 is decided when Hl is the true state, respectively.
Let us now determine these error probabilities for the statistical test

of Ho vs.Hl described above. For this we need

wl(ZIHo) p.d. of the test statistic Z(%), under the hypothesis H

1]

Wi(ZIHl) p.d. cf the test statistic Z(X), under the hypothesis Hy .
)

(2.2)
Our test of H_ against the alternative H; is for any Z = Z(X),
)

decide H , if Z 2.5 or, decide H), if 2 >Z,. (2.3)

The situation is sketched in Fig. (2.1) for the ensemble of possible test

statistics, Z, corresponding to the cnsemble of possible data vectors X.
)

If Z > Za we decide Hl’ but there will be a Type I error probability «

that this decision is incorrect, and that these data are really representative

of the Hb state. Similarly, if 2 s Za we decide Ho, but there will be a
Type II error probability B that this decision is also incorrect, and that
these data really belong to the Hl ctate This situation is shown in

Fig. (2.1). With the help of Eq. (2.2) we can accordingly say that

a =J W (2|8 )az = ? (22)) (2.4)

a




Hy: W (Z1H,)

Ho: W\(Z|Ho)
‘‘‘‘‘ v I B b
ACCEPTANCE REGION l CRITICAL REGION
|
THRESHOLD
FIGURE 2.1

THE PROBABILITY DENSITIES OF THE TEST STATISTIC Z
WITH TYPE | AND |l ERROR PROBABILITIES (a,8)
24 = THRESHOLD

A




and that

2y

B =f Wl(Zlﬂl)dZ = Pl(ZSZa) b (2.5)

-t

where Po’ P, are probabilities under Hb, H, respectively. The quantity

1 1
a is called the significance level of the test Hb vs.Hl; the interval

Z s Za is the acceptance region, while Z > Za is the rejection or critical
region. The quantity

1-8 =f Wl(ZIHl)dZ = Pl(Z>Za) ; (2.6)

Zy

is termed the power of the test. Thus, in the test (2.3) we say that if
Zsample > oy Hy 1s false (and Hy
the test 2 > 7, is significant (HO false) at level . On the other
hand, if Z
sample
a, with the hypothesis Ho. Ideally, we would like to choose a test
statistic, Z, to make both a and B indefinitely small, but this is not
possible for finite sample sizes (n<m). A good test of Ho(vs.Hl) is one

is true) at significance level q, i.e.,

sample
s Za, we say the test of Ho(vs.Hl) is consistent, at level

in which a, say, is fixed, and the power of the test, cf. Eq. (2.6) is large,
or equivalently, the Type II error probability B is small. A "best" test
here is one where B is made as small as possible, i.e., the power of the
test is maximized (for given sample size), with the Type I error probability
fixed. 1In general, increasing the sample-size increases the power, 1-B, of
the test.

In actual practice our data 3“( have a certain a priori probability, q,
of belonging to the null or Hb hypothesis class, and conversely, an a priori
probability, p = 1-q, of belonging to the state Hl.

for sure, a priori, that ﬁ belonged to the process described under Ho and

(If @ = 1 we would know

no test of Ho vs.Hl, would be necessary. Similarly, for p =1, x is known
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surely a priori to belong to Hl and no test would again be needed.) The

error probabilities o, B, and the power of the test, 1 - B, are all .
conditional probabilities--conditional on the "true" state of affairs

(i.e., on H, or Hl).

Thus, we have more explicitly

a= a(HllHo) = (conditional) Type I error probability of deciding )

H., when Ho is really true,

l)

B = B(H°|Hl) = (conditional) Type II error probability of deciding

Ho, when Hl is true, 4
(2.7
and ‘
qx = unconditional probability of deciding Hl when Ho is true; '
N pB = unconditional probability of deciding Ho when Hl is true.
(2.72)
It can be shown (Ref. 11) for the "best" test in the Neyman-Pearson
sense of fixing a and minimizing B, i.e.,
min(pB + AQ) = R;IP , (2.8)

6
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(where & is the rule, analogous to Eq. (2.3), for making decisions, and
A is a Lagrange multiplier), that the optimum test statistic z* here is the
likelihood ratio

*

)

wi[ml o} ’

(2.9)

and the test itself is

A A -
decide H , if Z* s Z,(= E); or, decide Hy, if z¥* > Za(= ;); W =p/q.

(2.10)

The threshold Za is now scen to be a ratio of ) and the a priori probability
ratio u; A itself, in the more general sense of statistical decision theory
(Ref. 1, Chap. 18), is a cost ratio. Thus, our threshold Z,, embodies both
the subjective elements of cost assignment (value judgements) and priori
probabilities, and takes account of the fact that the occurrance of the
particular data % at hand is a priori weighted vis-a-vis Hb and Hl. Similar
remarks apply for sub-optimum tests, where Z # 2* now: the threshold Za
still embodies A and u.

Finally, the validity of a test, i.e., that it yield meaningful
results on the basis of the experimental data and the significance level
chosen--depends on randomization and replication (Ref. 12). By random=

ization is meant effectively the generation of a true ensemble in the process
of data production, cf. the remarks A., Sec. 1, above. Replication is the
generation of sufficient amounts of data, i.e., the establishment of an
ensemble ("sample") of sufficient size--to provide statistically accurate
decisions, or in other words, to yield decisions with acceptably small
probabilities (a,B) of error. What is "acceptable," of course, will d:pend

on the experimental environment and the accuracies desired.

To summarize then, we proceed as follows to construct a statistical
test:

11

-




—re T e sl o o

A. Select the hypothesis (HO) whose validity at significance level
a is to be tested (vs some alternative Hl, i.e., all other possibilities, C

for example), appropriate to the experiment undertaken.

B. Select an appropriate test statistic, Z(ﬁ). This generally

means selecting an appropriate type of test.

C. Choose a, and therefore (in principle, at least) obtain the
threshold Z  from Eq. (2.4). This usually means that wl(zlﬂo) is known,

* or approximable.

D. With an experimental sample Zyample Z(§sample)’ apply the

decision rules:
4 s .
Accept Hb(at significance level a) if Zsample $2.5 or
4 .

Reject Ho(at significance level a) if zsample > Z,(and . accept Hl).
Particular care, moreover, must be taken to insure (1),that these data, :
A%sample’ belong to a valid ensemble, and (2), that sufficient replication is

made, i.e., the sample is large enough, under proper ensemble conditions, to
vield acceptable (i.e., "reasonable") probabilities of correct decisions.
Usually, only wl(Z'Ho) is available, so the only control on the test of Ho
vs.Hl is given by the Type I error probability a. If at all possible, the
attempt to determine the Type II error probability B should be made; this
can be done when the mechanism governin-~ the process X under the hypothesis
H, is known, which, unfortunately,is not a frequent experimental situation,

1
however.

YWith the above in mind, let us proceed to the program sketched in

Sec, 1 earlier.

12 *
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ITII. Tests for Independence of the Data and Validity of the
Ensemble (Homogenelity and lndependence):¥

As we have mentioned earlier (Sec. 1) a collection of data samples
does not necessarily constitute an ensemble (of finite size) which may be
regarded as a subset of the infinite-member ensemble that represents the
usual theoretical limit. If the underlying mechanism is changing in the
course of the observation we cannot expect the statistical properties cf

the experimental subset to approach those of the infinite population, under
stable conditions, so that the subset itself is not in any way representative
of other subsets, obtained subsequently, and so on. The defining statistical
character of an ensemble 1is that it have reproducible measures or properties--
in the case of finite samples, these should converge in some sense to the

corresponding measures or properties characteristic of the infinite population.

Let us elaborate further and discuss the construction of a valid
ensemble. A key question here is what is meant by an ensemble (Ref. 13). As

noted above in Sec. 1,

"An ensemble is a set of similarly prepared functions (here of time,
space, or both, etc.) to which can be assigned a probability measure."

The critical point here is that the ensemble is an unordered set, in that the
same properties (e.g., statistics, distribution, etc.) of the set remain
invariant under an arbitrary ordering. Changing the order of an ordered set,

i.e., disordering it, however, implies changing the mechanism of the re-

presentations, and that, of course, destroys the original set properties.
Thus, if {X(J)} is the ensemble (j = 1,...,M), with various statistical

properties, such as the mean X, mean-square X°, p.d., Wi(x), etc., these
remain unchanped (except for a subset of measure zero) as the ordering (or
"indexing") j is arbitrarily changed, e.g., j = J', randomly or otherwise.

For example, if

*Adapted from ONR notes of D. Middleton.

13
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M
X (= % ; X(J) = (ensemble) mean of X 5 (3.1)
=1

then, if the [X(J)] form a true ensemble, we must have

M I M >
z )(("j ) =-:j ZX(J); (3 # 3" arbitrarily), (3.2)
3'=1 J=1

X =

<4 I

and so on for the other statistical properties of the set, which are

accordingly invariant with respect to the index (j).

Ideally, we can think of generating an ensemble by producing the set
of random functions simultaneously, under identical conditions and identical
statistical mechanisms. For example, an ensemble of M independent "pings"
from a sonar producing reverberation in a medium and/or returns from a target
is theoretically obtained by introducing an identical, single ping into
each of M independent media, each of which itself possesses the same basic
scattering properties. The identical pings are all released at the same
instant from the M distinct sources. Each medium also has a receiver at some
point in it, and each receiver is identical with all the others vis-b-vis
location and processing properties. The observed reverberation then consists
of M representations X(l)(t), X(2)(t),..., X(M)(t), t, <t<t, +7T,on the
same interval (tl, tl + T). By definition of the manner in which each re-
presentation is generated, each is independent of the other, in the sense
that given X(J)(t) we can in no way construct X(k)(t) (k # §) from it: the
random mechanisms procducing X(j) and X(k are separate and unrelated. From
this follows the required invariance of ensemble properties with respect to
ordering. If, however, the M scatter mechanisms of the idealized experiment
above are not independent or are not the same, ordering will depend on
couplins and mechanism, and we no longer have an ensemble, in the desired

sense, whose properties are invariant of index.

L




*#See Sec. 1.6 of Ref. 1 for a more precise definition.
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Theoretically, we can always construct (on paper) M identical random
mechanisms and operate them simultaneously. Practically, this is nearly
always impossible. Instead, we must take our data sequentially in time,
generating one long record which under certain conditions we can split up
into independent representations which then can constitute an ensemble. 1In
place of our example above we now have a single source of pings and a
single scatter medium. The medium is "pinged" at different times toj’ =5 0000
M, none of which is commensurable with another. Sufficient intervals
(toj+1 - toj) between successive pings are allowed, so that eacn reverberatory
return from the medium dies down at the receiver before the next appears.
Then, we take the single record of M consecutive ping returns and split it
up into M separate returns, or representations, one for each individual ping.
Each representation is then potentially a member of an ensemble (of size M).
If each repre: .tation is independent and the underlying scatter mechanism of
the medium does not change during the overall time (toM - tol)’ we then have
an ensemble in the statistica’ sense defined above. In more recondite
language, we require that the mechanism be "ergodic,"* or more simply,
"stable," with independent excitations. Thus, we see that "independence"
of the representations is closely related to the existence of the ensemble,
so that a test for independence of the representations is essential to a
test for the existence of the ensemble, as is a test of "homogeneity," implying
invariance with respect to ordering of the members, etc.: there should be
no change in ensemble properties (ef. (3.1), (3.2)) if we have a true
ensemble, as the ordering (j) is changed.

Similar remarks apply to a target enbedded in reverberation, or any
background noise. Ideally, we would prefer that position and aspect of
the target be unchanging in the course of time, or at worst, changing in a
completely predictable way. Physically, however, this is also never
strictly the case: there are always aspect and positional variations that
are both deterministic and entirely random, and which are not predictable

to the observer. We can still obtain a valid ensemble, for target plus

15 .
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background, provided again that the mechanism of random target variation

remains basically unchanged in the observation period, and that the
deterministic (i;g;, systematic) effects are compensated for. For instance,
with the target at a given aspect (and fixed transmitting and receiving
platforms) there will be (small) random variations in the target returns,

due to random rotational and translational target movement. If the aspect

is alowly shifted from one bearing to another in the course of the overall
observation, the record at the initial bearing will obviously be different
from that at a later period of the experiment. Consequently, whereas

these data at the earlier time can be split up into representations that

may form an ensemble, i.e., may be homogeneous and independent (if the rate of
change of aspect is slow compared to ping-rate, of course), and similarly for
these data taken at later aspect periods, the various sets of representations
will not in any combination constitute a valid ensemble, since the under-
lying mechanism is no longer stable, or "stationary," but changed. Tests

of homogeneity also provide a measure of the size of the ensemble (and
interval) which can be obtained under such slowly varying, "unstable"

conditions.

With the above in mind, we must now cite some specific tests for
the existence of a valid ensemble or, equivalently, for the homogeneity and in-
dependence of a data set (sample ensemble). Let us consider, again as
our example, a set of reverberation data, containing a target at some aspect,
as shown in Fig. (3.1). This set is obtained, as above, by repeated, in-
dependent ninging of the target and medium. Our basic question here is,
"Do we have a valid ensemble?". We proceed first by splitting the set into
two subsets and then testing for the homogeneity of the two subsets. By
successively interchanging the members of each subset and reneating the
test, we can then establish the homogeneity of the total set. (Other
variations of this procedure are briefly indicated below.)

16 L]
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Let Ml + M2 = M = total number of reverberation (and target) records

generated in an experiment, and let Ml,M represent the number in a pair of

2
sequences s, (sample size Ml)’ s (sample size M2). Successive pings are

produced sufficiently far apart in time that there is no overlap of returns
from ping to ping, and the total duration of the experiment may be

not so long that the underlying propagation mechansims change. Our initial
question is: "Is the set s, drawn from the same population as the set s

2

(and rice versa)?". Now we form a grouping into r,,r. categories, as

17 r2

follows: Let

-

vy = no. of samples (in s, set) where X(tL) falls in range xi(tL)’

1
: I
; X,(t,) + X3 Y. vy =M
i i=1
J (5.3)
\
i
y = no. of samples (in 5, set) where X(tL) falls in range Xi(tL)’

i 2
L xi(tt) + X3 2: My = M,

i=1

:
Each group, therefore, has & set of probabilities (pl(‘),..., pi(l)
(1), (2 (2)

2 \ :
ceer Ppy 3P Taeey By seeey prg( )) associated with the i = 1,..., r

H

13
1= s, r,, groups of amplitude levels. Here it is convenient to set the
number of levels the same in each group, so that r. =r

1 2

r

habilities (lei = 1) are not known here, but the test of homogeneity of
1=

= r. The prec-

the sequences is equivalent now to establishing the hypothesis (Ho) that

these probabilities are constants, which remain the same (for the same

interval levels) from sequ~r-e (sl) to sequence (52). In other words, the
underlying statistical descriptior, as given by the various p.d.'s of the

(infinite) ensemble, remain the same for the set s, as for the set Sy

18
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We are now ready to describe a number of tests for homogeneity of the
(sample) ensemble: the first is distribution-dependent, while the second and

third are distribution-free™ :

A. A x2-test for Homogeneity of the Sample.

It is shown by Cramér (Ref. 1L) that the test statistic for
testing the homogeneity of the two sequences (subsets), that comprise the

experimental ensemble s > described above is

l’
r V. M2
Zsa.mple =X F MlME Z vi oMy ] M (> 0) ’ (3.b)
i=1

where X2 is distributed with a X2 - p.d. of r - 1 degrees of freedom (r 2 2).
Specifically, this p.d. is

O
wzli) = [wGAH)-] {22 rED} 2F 2 250, )

(cf. Ref. 2, Eq. 30.1.2). 1In particular, r 2 2 and we must have M, My>>r

for the sampling distribution, i.e., wl(z ), to converge in probability

sample
to the infinite sample p.d. wl(zlno) above (cf. Sees. 30.1, 30.6, Ref. 2).
IfM =M, = M/2, which is often a convenient "sizing" for comparison, the

test statistic (3.lL) becomes

2
r (Vl E ul)

Zsa.mple - v, + I,
i=1 + 1

) (3.6)

with r 2 2, and M/2 > > r for us to be able to use Eq. (3.5) as the p.d. of
sample Z. We next select our significance level, a, and determine the

threshold Za according to

*Here by distribution-dependent we mean that the test statistic, Z, obeys a
specified form of probability distribution, whereas in the "distribution-free"
case, Z does not depend on a specific form of p.d.
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2 .
a=P(% = x" > 2 |r) =f W (2|5 )dz; with W, {Z|H)) = Eq. (3.5),
oL
267 %
(3.7)

for r degrees of freedom from the Table of the X2 distribution (Table 1,
Appendix, or cf. p. 559, Cramér, Ref. 2, for example). Then we determine
Zsample from Egs. (3.4), or (3.6), and apply the test (2.3):

decide Ho: if Zsample < Za: the two sequences came from the same

statistical population, i.e., belong to the same dis-

tribution, or
(5.8)

decide Hl: if Z Z Z : the two sequences do not come from the
sample 0]

e ANS L

same population: sequence Sy is not homogeneous with

k sequence s,.
The decision H0 then has a (conditional) prubability 1 - a of being correct.
Note: This test is a first-order test, i.e., only the first-order p.d.'s

of {X(J)] are involved in determining the levels X,, X, + X, etc.

Examgle:

As an example, let us consider the hypothetical case of a set of
reverberation pings, presumably independently generated, of the exreriment
described above and il ustrated in Fig. (3.1). Let M = 200, i.e., 200 records
with 1 ping each is the total sample ensemble size, and let us consider the

(ervelopes) X(J) of the returns at a time t,, (tLe T). e divide the ranre
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of amplitudes of x('j) into 10 intervals, all equal except for the tenth,
which ranges from 9aX to =. Then M; = M2 = M/2 = 100 and r,=r,=r-= 10,
if we divide the set into two equal parts for the test of homogeneity.
From our data let us say that we find that

r S8 vy =35 v, =1 vz = 175 vy, = 16; Vg = 28; vg = 14, vy = 11;
vg =55 vg = 35 vig = 2,
< (3.9)
Sp1 Wy =15 by = 65 M = 163 u), = 215 by = 175 ug = 135 u, = 10;
L Mg =85 ug = 75 Mg = 1.
From Eq. (3.6) our test statistic is computed to be
zwmple = 10.67, at t = t, . (3.10)

and from the Table 1 (or Ref. 2, p. 559), for r -~ 1 = 9 deg of freedom we see
that Z, = 16.92 at the 54 (@ = 0.05) significance level. Evidently, zsample
< Za=0.05 = 16.92 here, and Ho is therefore accepted: the two sequences are
homogeneous, with a 0.95 probability of this being so, and with 0.05 pro-
bability that this hypothesis (Ho) is falsely rejected. This test is then
repeated for the different ranges (t{‘e T). If homogeneicy prevails (at

this a-significance level) we can conclude tnat these data everywhere in

the range interval considered effectively belong to a valid ensemble. If
there are ranges (tl,') where H  1is rejected, we conclude tentatively that
different random mechanisms are at work in the two subsets, at least at

these ranges.

Of course, we could raise our threshold Za by decreasing the false
rejection probability a, and tighten the test with respect to Ho. However,
at the same time we would increase B, the (conditional) probability of

21
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: "iuhomogeneity" of s is true. Since
1 1,2

we do not here know the limiting distribution (let alone the sample dis-

falsely deciding H0 when H

tribution) of the test statistic Z under the alternative Hl, we cannot use
Eq. (2.5) to determine B. Clearly, one reason for looking for "best" tests,
in the sense at least cof minimizing B (or maximizing the power, 1-B), is

that for a given control or significance level, @, we can hope to keep B
acceptably small. In any case, choosing a too small penalizes us by s
correspondingly large B: falsely deciding Hb when it really is not true.

As noted in Sec. 2, the threshold Za really is the ratio of two other
subjective factors: A/u - ratio of cost or value assignments to the possible
decisions, to the ratio of a priori probabilities that the data at hand do
or do not belong to HB’ Hl’ cf. (2.10). Selecting & threshold, accord-
ingly, involves elements outside the physical data themselves and includes
the general significance and "value" of the experiment and its consequences.
(Statistical Decision Theory (SDT) includes such elements, in a broader
formulation of the decision process in the fuce of uncertainty (Ref. 15,
Chaps. 1, 2, and 5) and (Ref. 1, Chaps. 18 and 19).) -

So far, besides independence of the representations,we have assumed

that each data group s is itself a valid subensemble and what we are

LS
testing for is whetherlor iot the combined data belong to a single statistical
population (at each of the ranges tLeT). This is really a test of the
"stability" of the ensemble, here at times tL' In our example above we have
shown that there is no apparent charge of statistical mechanism between the
time when the first representation was obtained, through the time of the last,
so that if subsets 1 and 2 are themselves valid subensembles, the complete
data set is likewise. However, to establish that each subset is a valid
subensemble we must be sble to interchange representalions without damaging
ensemble properties--i.e., we must have an unordered set, and this in turn

‘mplies, basically, independence of the mechanisms generating each representation.

There is no unique way of establishing this fact. One possibility
is to d'vide np the complete data into now four equal parts and test these
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against each other pair by pair (or) jointly, by an extension of Cramer

(Ref. 2, Sec. 30.6, for S = L, ete.). If homogenecus, continue, splitting
each quarter in half, ete. The trouble with carrying this too far (g._g;,
when the number of degrees of freedom {r) becomes comparable to or larger
than the number of representations in the subgroup) is that we begin to get
significant results too often: there are not enough data to provide adequate

sample sizes.

Ano‘her possibility is to exchange every odd-indexed representation in
s with its cowuterpart in S5 and test for homogeneity using the above
procedure. Then, replace these elements and exchange all even-numbered
representations and repeat the test. If Ho is rejected in one or both
tests we strongly suspect that the subensembles are not valid, i.e., do not
consist of independent (i.e., unordered) representations. (More refined
(and complicated) tests of independence exist; these involve calculation of
"contingency," cf. Ref. 2, Sec. 30.5, but will not be discussed here
further.) Usually, the above may suffice, at least as an initial epproach.
Of course, if there are cyclical mechanisms with several cycles at least
in a subgroup, these will not be revealed, and a valid ensemble may be
decided, when such is not the case. (See C. below, on the "runs test.")
Again, we must refer as much as we can to our knowledge of the basic physical
mechanisms that govern these data, to assist us in choosing our tests and

interpreting the results.

B. A Nonparametric Test for Homogeneity of the Data; The Kolmogorov-
Smirnov Test:

This is the Kolmogorov-Smirnov test (Refs. 16 and 17, and in
particular, pp. L47-52; 127-136 of Ref. 8), which has the considerable
advantage over the x2-test above in that it is distribution-free, i.e.,

it does not depend on the (infinite) population statistics, but only on
those of the sample. Furthermore, it is usually more powerful (i.e.,

given larper values of 1-B) than does the x2. (Ref. 8, p. 127, et seq.)
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Por the basic problem here of testing the homogeneity of the
data set, we again divide the sample (of size M) into two sets ot' representation,
of' size Ml’ M2, with Ml + M, = M. The test statistic now is (Ref. 8, p. 127,

et seq.):

2

max

Zsample RS x(tL) <o | S‘:l(XL)l - SMe(xL)Q | ’ (3.11)

where SMl(xL)l’ SMQ(XL)E’ are the cumulative experimental distributions of
X, taken over the sets j = l""’Ml’ J = Ml + 1,000, Ml + M2 = M, at time
t{,, when the X{. are arranged in order of (ascending) magnitude in each
subset M;, M,. The test based on (3.11) is a two-tailed test. It is
sensitive to any kind of difference in the distributions from which the two
subsets are drawn--such as location, dispersion, etc., as well as the form
of the distributions themselves.

The test of whether the subensemble:s (sl, s2) are from the same
population is then, as before,
7
decide HO: the two sets are homogeneous, i.e., belong to the same

. . =
distribution, if Zsa.mple < Za’

(3.12)
I decide Hl: the two sets are not homogeneous, i.e., belong to different

distributions, if Z > Za’

sample

where now, however, the threshold Za is given by

/Ml+M2 -
Z, =N A ; (3.13a)
Qa o ! lVIlM2

el




and A‘a is determined by

-2k2h2

S1-F (fe @ (3.130)

which relates the significance level, @, to the threshold parameter xa.
When M, = M, = M/2, (3.13a) simplifies to Za = 2>\a//M. To carry out an
actual test, with chosen a, we must first obtain )‘a' (These values are

provided for in Table 3, Appendix; A’a is the coefficient of

1
(M 2) M2)2 in Table 3. Table 2 is used in the small sample case
when M, = M2 s 4O, and the test statistic is K = My Zsa.mple’ i.e., the

meximum numerator (3.11), and the threshold Za is replaced by Ka')

One-tailed tests can also be constructed. These use the test

statistic

]
Zsample = - < X L) <o {S (x,) Mg(xt)Ef ) (3.1La)

and are employed to decide whether or not the values (magnitudes) of the
population (L_e_., the theoretical ensemble) from which cne of the subsets
was drawn are statistically larger than the magnitudes of the population
from which the other subset is taken. For small samples (Ml =M, s L0)
critical thresholds Ka are given by Table 2 (Appendix), where now the
test statistic is iwodified to K =M S Ml - Eq. (3.1ka).

sample 1 zsample
For large samples (Ml’ M, 2 L0), the test statistic is shown to be (Ref. 8,

p. 131)

‘ 2 MlM
4 sample = bz sample M +M 2 (3.1kb)
where Z'sa.mple obeys the yg-distribution of (3.5) with 2 degrees of freedom;

the significance level « is determined by (3.7); and the test itself is
given by (3.8). (See Table 1, Appendix.)
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From this point on we test for homogeneity and validity of the
sample ensembles prccisely as in the preceding Case A above, repeating for
each time (range) t{’ in the records. 1In practice, we would choose only a
few such ranges usually, unless we had reason to suspect possible variations
in the statistical mechanisms for some local range interval. Over the
target our selection of tL's would be denser, to examine the target return
for any level features. Whereas the amount of computation for the Kolmogorov-
Smirnov test is usually larger than the X2 test, the effectiveness of the
former is less sensitive to the true distribution involved and is more powerful.
(Again, unless we know the distribution of the test statistic under H

we cannot determine fully how accurate our decisions are.)

l)

Example:

Let us again return to the data of our reverberation example,
discussed in A, above. The X('j) are the magnitudes of thc reverberation

envelopes (cf., Fig. (3.1)), which for the unordered data set are

k m,)
AT - O ¢ ) PRI . S
X (ty) =55 X(Ey) = 250 XU(E,) = Tieee s X (tL)
(sl sequence of Ml representations)
zand (3.158)
(J=M,+1) (M, +2) (M, +M,)
S . 1 . . 172 _
X (ty) = 85 X (tg) = 3500005 X (t,) = 6.
(s2 sequence of M2 represertations).
\
These become, on heing ordered,
N C N L ¢ N € 1 W
(sy): X327~ 25 X, 7 = by X370 = 5ty xvl = 163
(M, +2) (1, +10) (M, +1) S
M, +2 M. +M M, +1
3 177 2, : 172% ., . I e,
(sp): Xy =35 Xyeeee5 Xy -6,....,va = B3.. 4
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Next, we determine the cumulative distributions SMl(xL)l’ Sy (XL)e’ noting
that there may be more than one sample member having the same value. This
is done by adding increments vi/Ml, ui/M2 to the preceding value of SMl,
SM2, at Si-l’ respectively for the two data subsets. (Again, Vi, My are the
number of ordered X, having the same values, cf., (3.3).) From these
distributions we take the largest difference, according to (3.11) or (3.1k),
and this is the desired test statistic Z_ ., . This is shown in Fig. (3.2)
and in Table (3.1), @ncluding first and second sample moments) for our

reverberation example.

Here Ml
a = 0.05. From Table 3 (Appendix) applied to (3.12), we get

= M2 = 100 and again we choose the significance level

-1 : .
Zg.05 gko.os/m =2 1 1077 Ny o = 041925 Ny oo = 1.36 , (3.16a)

and from Table 3.1 and Fig. 3.2 we see that the test statistic (3.11)
here becomes (for the present two-tailed test)

Z 0.07 p (3.16b)

sample -
so that Zsa.mple < ZO.OS’ and therefore we conclude from (3.12) that (at
the 0.05 significance level) the two subensembles (Ml’ M2) are homogeneous,

i.e., belong to the same distribution.

We can also determine whether the values of X belonging to
subset 1 are statistically comparable to those belonging to subset 2 by
using the one-tailed test statistic (3.1L), which for the present large
samples is modified to (3.1ka), viz

z' = L(-0.07) = 0.98 = X2 (2 deg of freedom) (- Paks)

2 102.10°
sample 00

2

2l




TABLE (3.1)

B4 No. of magnitudes Sy ( )l -5
i range of Xiin interval Axi 1
1 [o-1 v, =3 bug=1 0.03 0.02
[}
2 |1-2 11 6 0.04 .03
3 |2-3 17 : 16 0.21 .02
5 b -5 28 | 17 0.65 .ok
6 [5-6 ] 13 0.79 0.05
7 6 -1 11 10 0.90 0.06
8 [7-8 5 | 8 0.95 0.03
9 8-9 31 T 0.98 0.01
10 | 9-» 2 : i 1.00 0.00
]

M, = 100 'M, = 100

-

<x1>exp = L.08; <<21>

0 = 20.3
X

exp

<x2> = 20.06 ; <x§>
1 exp exp
2 2

X
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From Table 1 we see that X 0.05|2df = 5,99, while P(Z > X 0.05-2df ° 0.98)
- 0.62 (> a=0.05). Thus, we conclude that H_: "no statistical difference

in marnitudes"--applies, at a = 0.05, which is, as expected, consistent with

P

the result of the two-tailed test, thal. the two subensembles are homogeneous.

C. A Test of Sample Randomness and Validity of the Ensemble:
One-Sample Runs Test

A key condition that the data sample constitutes a valid
(experimental) ensemble is that the member representation be statistically
independent,* as well as havines the same underlying statistical mechanism.

(See the remarks at the beginning of Secc. Dy above.) A useful test for

establishing this fact, viz. the "randomness" of the sample,” in addition to
what is known about the physical mechanism producing the random phenomenon--
e.g., ping-rate in our specific example, is the so-called "runs test" (cf. i
Ref. 8, pp. 52-58), which uses the order or sequence in which the original

data are obtained.

This test is based on the number of runs the data sample exhibits,
where a run is defined as a succession of identical symbols (numbers, + or - 0
signs, etc.) which are preceded and followed by different symbols (or none
at all). The idea behind a test using runs is as follows: the total number F
of runs in a sample ensemble of any specified size ¢ives an indication of
whether or not the sample is random. For very few runs, some causal mechanism
producing a time-trend or data bunching indicating a lack of element in-
dependence is suggested, whereas if an excessive number of runs occurs, some
systematic cyclic, short-period mechanisms appears to be operating. In
either instance, independence of the representations does not seem to hold
and the sample is said not to be random (at some level of significance,
@, of course, which is selected for thc actual tests). The importance of

a test based on runs is the fact that the ggder in which the events occur

*In conventional statistical language, the sample values are said to be "random.”
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is specifically used, unlike A and B above, where such information is
nepglected in the testing. Thus, it is quite vossible that a xe or
Kolmogorov-Smirnov test might indicate acceptance of Ho’ while a runs
test would indicate an inhomogeneity in the statistical mechanism, i.e.,

rejection of Hb.

To set up a runs test we select two ettributes of the sample,
which appear in sequence. For example, ore attribute might be all values
of an observed magnitude that are positive, the other, all negative values.
In a sample with M representations, let Ml be the number having attribute

No. 1 (positive values, say), and M. the number having attribute No. 2

2
(negative values), e.g., M = M, + M,. DNext, observe the order in which
these attributes occur in the original data and count the number of runs,

R. Thus, the test statistic is Zs =R here. VWe distinguish two cases:

ampl :

Small Samples [Ml’ M, < 20]:

decide Hb, if RI-a <R < RII-a; i.e., decide that the sample is

random - the elements are independent and unordered.

_~’or R >R

I-a i.e., decide that the

decide Hl’ if R <R IT-o’

elements are not independent, but are ordered in some fashion.

If R <Ry .,

Here Ry_, is riven in the body of Table L and R

a = 0.05 significance level.

there are two few runs, while for R > RII-a’ there are too many.

17-q P Table 5, for the

Large Samples [Ml, M2 Zz 20]: Here the sampling p.d. of R is

essentially normal, with mean and variance

2] a0 -
_ MM, 2 “MlM2(mlM2 My Me)
“fw, * L op > (5.18)
142 (M1+M?) (M1+M2-l)
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The test statistic is taken to be the standardized normal random variable

R-up
R

sample

’ (3.19)

and the test itself is two-tailed, specifically:

7

decide H_: if |z < IZaI, we conclude that the sample is

sample'
randomly (i.e., independently) generated, with an

‘ invariant statistical mechanism,
\ or (3.20)

\
| decide H : if |z | > |Za|, where we conclude that the
i

sample
sample is not independently generated and has a

varying statistical mechanism.

In short, the runs test provides an alternative and nonparametric approach
to determining whether or not the sample ensemble is a valid one, i.e.,
whether it can be regarded as belonging to a single random process, with

specifyable measures. Here we have
P(|z] > |24 =, (3.21)

and P/2 is given in Table 6 (Appendix) for this large-sample case; (the
probability P is twice that shown in Table é because we are using a two-
tailed test). v
,///

Exanple

P

) /ﬁet us now apply the runc test to the reverberation example of
the preceding portions of this report, keeping as before a significance
level @ = 0.05. First, we note that our data [cf., Fig. (3.1) and
Table (3.1)] refer to envelope values, which are always positive. To set
up a meaningful runs test let us use as our sample attributes the positive
and negative differences between successive envelope magnitudes, taken

in independent pairs A&i = Xi+l - Xi, A i+l © X1+3 - Xi+2, etc.,
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and in particular, the pluses and minuses so generated in the sequence of
M = 100 pairs of representations (taken at time t = tl, as before), a

typical section of which, let us say, looks like

mome ++ = ++ emecaa ttttt o= 4 mmmem bttt —me

FIGURE (3.3)
A portion of the sequence of +'s and -'s (signs of
the envelope differences 4§ of the reverberation
sample ensemble of Fig. (3.1) at t, (Each run is

underlined. )

Let us also say that in the sample of M = 100 representation (and.z
(+ or -) values of A¢ ; no zeros) we find that there are M = 54
(+'s) and M, = 46 (-'s), and R = 58 runs. Arplying (3.18) through
(3.20) we obtain

LR e RSl SO e 90.05 op 2 b.9h;

Mg = 100

_ |58 - 50.6| _
IZsample| - E.§E = 1.49 ’ (3.22)

so that from Table 6 we see that P(|Z]| > |Zsample|) = 2. (0 0681) = 0.1362,
which exceeds a = 0.05., Accordingly, we retain the hypotl 2<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>