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ABSTRACT 

Some methods of analyzing experimental data for 
complex targets and reverberation are outlined, 
including a heuristic discussion of what con- 
stitutes an ensemble and how to obtain one 
experimentally.    The problem of then determining 
whether or not the actual data form a valid ensemble 
Is considered.   Tests for the stability, or station- 
är Ity, of the underlying random mechanism are briefly 
described (test of Independence and homogeneity); 
tests of whether or not a particular data set belongs 
to some postulated probability distribution are pro- 
vided (goodness-of-flt).  Including a powerful test 
for establishing the normality or non-normality of 
the sample.    Among the tests considered are the x*"» 
the Kblmogorov-Sralrnov, the runs test, and the W-test 
for normality.   These tests are carried out for some 
hypothetical reverberation data tr Illustrate the 
Individual tests, at particular rauges, which can 
Include the domain of a target In the reverberation. 
Some second-order properties of various classes of 
second moments of these data are also discussed, and 
an approach to relating simulated data to those from a 
real environment Is briefly sketched.    This memorandum 
Is  Intended as a preliminary guide to the statistical 
treatment of data that are obtained In target and 
background measurements.    As a subsequent task, add- 
itional tests and techniques remain to be chosen for 
this class of problems. Including the explicit analysis 
of data already obtained. 
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I. Introduction*: 

The purpose of this memorandum, the second in a continuing series, 

is to provide a number of statistical measures of experimental data, here 

obtained in the study of the simulated, modeled, and actual versions of 

complex targets, observed in a reverberatory or ambient noise environment. 

The same types of statistical measures are to be similarly applied to the 

background noise and reverberation themselves.    Since target data and 

reverberation are nonstationary phenomena, as the background (ambient) 

noise may be on occasion, meaningful results must be obtained from a 

suitably defined set of observations:    measurements on a single member 

(representation) of the set are usually quite inadequate.   Furthermore, 

for obvious practical reasons of stability and economy it is not possible 

to generate the theoretically desirable infinite set:    we are necessarily 

limited to the generation of sets of finite size and representations of 

finite duration. 

Before we can proceed in a technically clear fashion, we must define 

a number of fundamental terms, whose meanings are not necessarily identical 

with those of more conventional statistical usage, but which are quiet 

common to statistical communication theory (Ref. l).    Here we shall refer 

to the set of data, or observations,as an ensemble,  and, furthermore, we shall 

say that an 

ensemble ? a set of objects, data, observations, etc., which possess 

statistical regularity,  i.e., to which some probability 

measure can be meaningfully assigned.    The probability 

measure in question is usually a probability distribution 

of one (or more) of the defining attributes of the set, 

for example, magnitude. 

♦Portions of the material in this memorandum are based on some results of 
the author's current work under Contract Nonr-U883(00) with the Office 
of Naval Research. 
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Our terra "ensemble" here, accordingly implies, reproduceable, or invariant 

statistical properties.    Similarly,  a random process  is an ensemble of 

functions  (or representations) of time (and often,  space,  as well) where, 

of course,  the underlying mechanism producing these functions  is random 

in some sense.    A theoretical ensemble, when descriptive of a random 

process like reverberation here, consists of an infinite number of re- 

presentations, or elements.    An experimentally obtained ensemble, of course, 

can contain only a finite number of representations.    In conventional 

statistical usage the theoretical ensemble is equivalent to the (infinite) 

"population," while the finite, or "experimental" ensemble is usually 

called the "sample."   In what follows, the nature of this terminology will 

be quite clear.    For further details, see Ref. 1. 

Key questions accordingly are: 

A. Do we have a valid ensemble, or sample, to begin with; i.e., 

does the set of representations we have constructed, or observed, truly 

represent an ensemble, and hence can we legitimately deduce from it the 

various desired statistical properties of these data?    In technical 

language,  is the set (or sample) "homogeneous" and its members "independently 

generated?" 

B. Is the ensemble stationary or nonstationary? 

C. What probability distribution best "fits," or "describes" 

within preset bounds, the statistical process in question? 

Other questions are: 

D. What is the effect of sample duration, (the duration of each 

member or representation in the sample) and ensemble size (the number of 

representations,or members,  in the sample) on the accuracy with which various 

statistics, e.g.. means,  intensity,  covariances, etc., can be measured? 



E. How closely (in time or space) can one sample the data (of 

each representation) and still retain statistical independence of the 

sampled values?,  and other questions. 

To answer these we turn to the appropriate statistical methods, and 

in particular to those that put the least premium on prior knowledge.    Many 

sources for this are available, and are described, for example,  in the books 

by Cramer (Ref. 2), Hoel (Ref. 3), Mood (Ref. U), Wilks (Ref. 5), Fräser 

(Ref. 6), and others (Ref. 7).    A particularly useful text, describing the 

applied properties of some of the more important statistical techniques, 

is that of Siegel (Ref. 8), from which we shall take some of the needed 

tables (Appendix, end of this memorandum) .    Our general task here is thus 

twofold:    (l), to select appropriate statistical measures and tests for 

answering questions like the above about our data; and (2), to show in 

detail how these measures and tests are to be specifically applied. 

Let us state the basic questions more fully, and arrange them in a 

hierarchy of descending order of generality (although not necessarily of 

practical importance), by means of which we attempt to interpret our data 

statistically.    Our ordering becomes: 

A.     Tests for independence of the sampled data:    essentially, the 

question here is "are the individual members of the "ensemble" independent, 

so that the sampled data, from member to member,  can be treated as represent- 

ative of independent random variables, with the same distribution?"    (See 

pp. 195-198, Wilks (Ref. 5).)    This is really the joint question of (l) 

"homogeneity" of the ensemble—i.e., of whether or not the members are 

generated, by the same underlying mechanism, and (2).that the members are 

independently generated. 

Thus, we have the equivalent; 

Tests for the existence of the ensemble; fundamentally we must 

establish whether or not our set of observations (of size M, j = 1,..., M) 

[   ■ 
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constitutes a valid ensemble.    Tests of this property are known as tests of 

homogeneity (of the ensemble),  and independence (of the sample members) where 

we wish to show that our data can be considered as generated independently 

by the same statistical mechanism.    Thus, one has here a test of the 

"stability" of the underlying mechanisms as the members of the ensemble 

are interchanged,for all times in the interval (t,, t,+T) during which each 

member is defined; (see Sec. 30-6, Ref. 2, for example). 

B. Tests for "goodness-of-fit;"    in this case we desire to determine 

whether or not our set (of M random members) belongs to a specific dis- 

tribution, e.g., gauss  (for high-density reverberation), Poisson, or others 

(such as those theoretically predicted for envelope an^l phase in the case 

of narrowband illumination (Ref. 9)> for example).    Various tests for 

this are discussed in Ref.  2, Sec.  (30.l)--Secs.  (30.1+) ,(30.8); see also 

the nonparametric tests of Chap. lU, Ref. 5, esp. ll+.2(b); Sec. (1U.3), 

order statistics, etc.), and p. U60, and, in particular, Siegel (Ref. 8). 

Some others are considered here below.    We can also test for the a priori 

probability of an event's occurrence:    e.g., signal in noise vs. noise alone, 

with tests of this type. 

C. First- and Second-Order Sample Statistics;    here we wish to 

determine the dependence of the mean and variance of the sample mean and 

variance, covariance, etc., on sample duration and ensemble (i.e., "sample") 

size, and on the (infinite population) parameters of the corresponding 

theoretical ensemble.    In addition, we wish to examine the dependence 

and independence of samples on sampling intervals.    (See Sees. 6.1, 8.2, 

of Wilks (Ref. 5).) 

We distinguish various types of tests, accordingly as the samples 

are large or small, or the tests themselves are distribution-free, or 

"nonparametric" (Refs. 6 and 8).    In these latter, we avoid the often 

unsnpportable assumption of a particular or specific distiibution, with, of 

course, an attendant loss of efficiency in deciding an hypothesis for a 



given sample-size vis-a-vis the case of known distributions.    Tests of 

homogeneity (cf., A, above) may also be applied to situations involving a 

known form of the distribution, but unknown distribution parameters--usually 

the mean and/or variance.    Thus, one can ask for tests of homogeneity of 

the means, or the variances, etc.    Other pertinent questions in the analysis 

and interpretation of data are:    (l), confidence limits and regions; 

(2), the distributions of the sample statistics (e.g., means, variances, 

etc.,   cf.Wilks  (Ref. 5), Sec.  (8.5) et seq.); (3), stationarity and non- 

stationarity:    if the process appears to be nonstationary,  is this non- 

stationarity removable by a model based on the concept of stationary in- 

crements?    (See Yaglom (Ref. 10), Sec.  (l8); also Sec.  (l1*).) 

In the present treatment we are not concerned with the derivation of 

statistical tests, nor with such important questions as what is a "best" 

test.    We intend here merely to summarize and illustrate a few useful 

results, and quote any pertinent properties they may possess, referring the 

reader to the statistical literature for the analytical details (Refs. 2, 

5, and 6).    Nor is any special originality claimed in this respect here, 

with the possible exceotion of actual application to our present class 

of problems.    Other tests and measures vlll be introduced as the work 

progresses.    What we shall do, however,  is to provide enough "mechanism" 

for the reader to make his own applications to specific problems. 

We emphasize that in the kinds of problems we are dealing with here— 

the measurement of random phenomena—targets and background noise—it is 

essential to establish the reliability of these data:    pertinent results are 

ensemble measures, not individual measures, so that it is vital to determine, 

within acceptable bounds, that we have a valid ensemble and that useful 

measures can be obtained from it.    The fact that we have to deal with finite 

and even small samples makes this a definite problem. 



Aocordincly, we shall begin In Sec. II with a brief discussion of 

statistical tests, both conditional and unconditional; Sec. Ill is devoted 

to the question of the existence of an ensemble, given certain data; Sec. 

TV is concerned with a number of procedures for "goodness-of-fit:"    do these 

data belong to a specified distribution?    Section V discusses various 

properties of the sample statistics.    At present we consider both small- 

and large-sample statistics.    Section VI suggests how statistical measures 

may be used to connect simulation with reality, and in Sec. VII we conclude 

with a short summary of the principal results and their interpretation. 

II.      Some Brief Remarks on Statistical Tests: 

The problems outlined above are all examples of the statistical test 

of one hypothesis against another. Let us review very briefly the salient 

features of such binary ("two-alternative") tests.    Generally, we have 

r 
H :    the "null" or "true" hypothesis vs H,:    the alternative to H . o 1 o 

< 

H   states that the data sample in question belongs to the assumed 

population; or "true" hypothesis state. 
(2.1) 

H.:    the alternative hypothesis to H , which states that H   is not 1 o o 
"true," viz.that the data sample belongs to some other population, or, 

equlvalently, represents some other alternative hypothesis. 
V» 

On the basis of a data sample, X = (X, ,...,X ), where the X., j = 1,..., n, 

are n observations (e.g., measurements) of a quantity X, we are asked to 

decide whether this data sample belongs to H , or alternatively, to H^-or, 

in other words, on the basis of the observation X, whether or not H    Is ' ' o 
"true."    For this purpose a test statistic, Z = Z(X),   is constructed and 

compared with a prechosen threshold, Z •    If z/sam -y \ > Za, we reject H , 

and accordingly accept the alternative H,, and conversely,  if Z        ,    S Z , 

we say that H   Is "true," rejecting H,. 
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Of course, neither of these decisions is always correct, since 

X (and...Z(X)) are random variables.    Two types of error can occur in any 

one decision "decide H ." or "decide H, ."    These are known as Type I and o x 
II errors, where H   It. rejected (and H,  accepted) when H    Is the true 

state, and where H   Is decided when H,   Is the true state, respectively. 

Let us now determine these error probabilities for the statistical test 

of H   vs.H,  described above.   For this we need o 1 

W^zlH ) = p.d. of the test statistic Z(x), under the hypothesis H 

W,(zlH,)  = p.d. of the test statistic Z(x), under the hypothesis H,. 
i    '  x m x 

) 

Our test of H against the alternative H, is for any Z = Z(X), 
o i m 

(2.2) 

de cide H ,  If Z S Z  •, or,  decide H.,  If Z > Z o Or      ' 1' < a (2.5) 

The situation Is sketched In Fig. (2.1) for the ensemble of possible test 

statistics, Z, corresponding to the enaemble of possible data vectors X. 
m 

If Z > Z   we decide H-, but there will be a Type I error probability a 

that this decision is incorrect, and that these data are really representative 

of the H    state.    Similarly,  if Z « Z_ we decide H , but there will be a 

Type II error probability ß that this decision is also incorrect, and that 

these data really belong to the H,  ctate     This situation is shown in 

Fig.  (2.1).    With the help of Eq.  (2.2) we can accordingly say that 

09 

a =J  w1(z|Ho)dZ = P0(z>za) (2.U) 
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and that 
za 

ß = f W^ZlH^dZ  = P1(ZSa) , (2.5) 

where P  ,  P1  are probabilities under H , H.  respectively.    The quantity 

a is called the significance level of the test H   vs.H,; the interval " '   o i 
Z S Z    is the acceptance region, while Z > Z    is the rejection or critical 

region.    The quantity 

ß = T W1(z|H1)dZ = P1(Z>Za) , (2.6) 

is termed the power of the test. Thus, in the test (2.3) we say that if 

Z   n > L,.  H is false (and H, is true) at significance level a, i.e., sample   or o       »   ^      »    o 
the test Z   . > z(v li significant (H false) at level a. On the other 

hand, if Z   . * Z . we say the test of H (vs.H,) is consistent, at level 
'   sample  a*   ^ o   1 

a, with the hypothesis H . Ideally, we would like to choose a test 

statistic, Z, to make both a and ß indefinitely small, but this is not 

possible for finite sample sizes (n<»). A good test of H (vs.IL) is one 

in which a,  say, is fixed, and the power of the test, cf. Eq. (2.6) is large, 

or equivalently, the Type II error probability ß is small. A "best" test 

here is one where ß is made as small as possible, i.e., the power of the 

test is maximized (for given sample size), with the Type I error probability 

fixed. In general, increasing the sample-size increases the power, 1-ß, of 

the test. 

In actual practice our data X have a certain a priori probability, q, 

of belonging to the null or K hypothesis class, and conversely, an a priori 

probability, p = 1-q, of belonging to the state H, . (if q = 1 we would know 

for sure, a priori, that X belonged to the process described under H and 

no test of H vs. H,, would be necessary. Similarly, for p = 1, X is known 

I 
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surely a priori to belong to H, and no test would again be needed.)    The 

error probabilities a, ß, and the power of the test, 1 - ß, are all 

conditional probabilities«-conditional on the "true" state of affairs 

(i.e., on H   or H.) . 

Thus, we have more explicitly 

a = OCHJH ) = (conditional) Type I error probability of deciding 

H,| when H    is really true, I 
/ 

ß = ß(H JH.) = (conditional) Type II error probability of deciding 

H , when H, is true, 
o      1 

(2.7) 

and 

qa = unconditional probability of deciding H. when H is true; 

pß = unconditional probability of deciding H when H. is true. 

(2.7a) 

It can be shown (Ref. 11) for the "best" test in the Neyman-Pearson 

sense of fixing a and minimizing ß,  i.e., 

min(pß + Xqa) = Rjjp       , 
6 

(2.8) 

10 
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(where 6 Is the rule, analogous to Eq. (2.3), for making decisions, and 

\ Is a Lagrange multiplier), that the optimum test statistic Z* here Is the 

likelihood ratio 

*  W.(X|H ) 
z ' W   ' (2-9) 

and the test itself is 

decide Ho, If Z* * Za(= ^); or, decide H^ If Z* > Za(- ^); H = p/q. 

(2.10) 

The threshold Z    Is now seen to be a ratio of \ and the a priori probability 

ratio II; \ Itself,  In the more general sense of statistical decision theory 

(Ref. 1, Chap. 18),  Is a cost ratio.    Thus, our threshold Z   embodies both 

the subjective elements of cost assignment (value judgements) and priori 

probabilities, and takes account of the fact that the occurrance of the 

particular data X at hand is a priori weighted vis-a-vis H   and H,.    Similar 

remarks apply for sub-optimum tests, where Z ^ Z* now:    the threshold Z 

still embodies \ and (i. 

Finally, the validity of a test,  i.e., that it yield meaningful 

results on the basis of the experimental data and uhe significance level 

chosen—depends on randomization and replication (Ref.  12).    By random- 

ization is meant effectively the generation of a true ensemble in the process 

of data production, cf. the remarks A., Sec. 1, above.    Replication is the 

generation of sufficient amounts of data, i.e.. the establishment of an 

ensemble ("sample") of sufficient size—to provide statistically accurate 

decisions, or in other words, to yield decisions with acceptably small 

probabilities (ct,ß) of error.    What is "acceptable," of course, will depend 

on the experimental environment and the accuracies desired. 

To summarize then, we proceed as follows to construct a statistical 

test: 

11 
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A.      Select the hypothesis (H ) whose validity at significance level 

a is to be tested (vs some alternative H.,   i.e., all other possibilities, 

for example),  appropriate to the experiment undertaken. 

B. Select an appropriate test statistic, Z(X).    This generally 

means selecting am appropriate type of test. 

C. Choose a, and therefore (in principle, at least) obtain the 

threshold Z    from Eq. (2.U).    This usually means that W.^lH )  is known, 

or approxiraable. 

D. With an experimental sample Zsajnple = ^Lample^ apply the 

decision rules: 

Accept H (at significance level a)   if Z        .    S Z  : or o sample       a 

Reject H (at significance level a)  if Z       n    > Z fand;.accept H,). o sample       ct 1 

Particular care, moreover, must be taken to insure (l),that these data, 

X       ,   , belong to a valid ensemble, and (2), that sufficient replication is 

made,   i.e., the sample is large enough,  under proper ensemble conditions, to 

yield acceptable (i .e.,  "reasonable") probabilities of correct decisions. 

Usually, only W..(Z|H ) is available,  so the only control on the test of H 

vs.H,   is given by the Type I error probability a.    If at all possible,  the 

attempt to determine the Type II error probability ß should be made; this 

can be done when the mechanism governing the process X under the hypothesis 

H.   is known, which,unfortunately, is not a frequent experimental situation, 

however. 

With the above  in mind,  let us proceed to the program sketched in 

Sec. 1 earlier. 

12 



III.    Tests for Independence of the Data and Validity of the 
Ensemble (Homogeneity and Independence);* 

As we have mentioned earlier (Sec. l) a collsction of data samples 

does not necessarily constitute an ensemble (of finite size) which may be 

regarded as a subset of the  infinite-member ensemble that represents the 

usual theoretical limit.    If the underlying mechanism is changing in the 

course of the observation we cannot expect the statistical properties of 

the experimental subset to approach those of the  infinite population, under 

stable conditions, so that the subset itself is not in any way representative 

of other subsets, obtained subsequently,  and so on.    The defining statistical 

character of an ensemble    is that it have reproducible measures or properties-- 

in the case of finite samples, these should converge in some sense to the 

corresponding measures or properties characteristic of the infinite population. 

Let us elaborate further and discuss the construction of a valid 

ensemble.    A key question here is what is meant by an ensemble (Ref. 15).    As 

noted above in Sec.  1, 

"An ensemble is a set of similarly prepared functions (here of time, 

space, or both,  etc.) to which can be assigned a probability measure." 

The critical point here  Is that the ensemble is an unordered set,   in that the 

same properties  (e.g.,  statistics, distribution,  etc.) of the set remain 

invariant under an arbitrary ordering.    Changing the order of an ordered set, 

i .e., disordering it,  however,   implies changing the mechanism of the re- 

presentations, and that, of course, destroys the original set properties. 

Thus,  if {X^')  is the ensemble (j = 1,...,M), with various statistical 

properties,  such as the mean X, mean-square X  ,  p.d., W..(X), etc., these 

remain unchanged (except for a subset of measure zero)  as the ordering (or 

"indexing") j is arbitrarily changed, e.g., j -♦ J ', randomly or otherwise. 

For example,  if 

♦Adapted from ONR notes of D. Middleton, 

13 
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X = jj 7 X(J)  = (ensemble) mean of X (5.1) 

then,  If the  {X J') form a true ensemble, we must have 

M 
??      1 x=i I   I W) .. 

M 
|  ^X(J);  (j ^ j' arbitrarily), (3.2) 

and so on for the other statistical properties of the set, which are 

accordingly invariant with respect to the index (j). 

Ideally, we can think of generating an ensemble by producing the set 

of random functions simultaneously, under identical conditions and identical 

statistical mechanisms.    For example,  an ensemble of M independent "pings" 

from a sonar producing reverberation  in a medium and/or returns from a target 

is theoretically obtained by introducing an identical, single ping into 

each of M independent media, each of which itself possesses the same basic 

scattering properties.    The identical pings are all released    at the same 

instant from the M distinct sources.    Each medium also has a receiver at some 

point in it, and each receiver is identical with all the others vis-a-vis 

location and processing properties.    The observed reverberation then consists 

of M representations X^(t), X^(t),..., X^(t),  t, < t < ^ + T, on the 

same interval (t1, ^ + T).    By definition of the manner in which each re- 

presentation is generated,  each is  independent of the other,   in the sense 

that given X^'(t) we can in no way construct X^k'(t)  (k ^ j)  from it:    the 

random mechanisms producing X^'1'  and X^   ' are separate and unrelated.    From 

this follows the required invariance of ensemble properties with respect to 

ordering.    If,  however, the M scatter mechanisms of the idealized experiment 

above are not independent or are not the same, ordering will depend or 

coupling and mechanism, and we no longer have an ensemble,  in the desired 

sense, whose properties are  invariant of index. 

Ik 



Theoretically, we can always construct (on paper) M identical random 

mechanisms and operate them simultaneously.    Practically, this  is nearly 

always impossible.    Instead, we must take our data sequentially in time, 

generating one long record which under certain conditions we can split up 

into independent representations which then can constitute an ensemble.    In 

place of our example above we now have a single source of pings and a 

single scatter medium.    The medium is "pinged" at different times t   ., j=l,..., 

M, none of which is commensurable with another.    Sufficient intervals 

(t  ...  - t   .) between successive pings are allowed, so that eacn reverberatory 

return from the medium dies down at the receiver before the next appears. 

Then, we take the single record of M consecutive ping returns and split it 

up into M separate returns, or representations, one for each individual ping. 

Each representation is then potentially a member of an ensemble (of size M). 

If each repre •,  ..tation is independent and the underlying scatter mechanism of 

the medium does not change during the overall time (t M - t .), we then have 

an ensemble  in the statistica1  sense defined above.    In more recondite 

language, we require that the mechanism be "ergodic,"   or more simply, 

"stable," with independent excitations.    Thus, we see that "independence" 

of the representations is closely related to the existence of the ensemble, 

so that a test for independence of the representations is essential to a 

test for the existence of the ensemble,  as  is a test of "homogeneity,"  implying 

invariance with respect to ordering of the members, etc.:    there should be 

no change  in ensemble properties (cf.  (3-1)>  (5«2))  if we have a true 

ensemble, as the ordering (j)  is changed. 

Similar remarks apply to a target enbedded in reverberation, or any 

background noise.    Ideally, we would prefer that position and aspect of 

the target be unchanging in the course of time, or at worst,  changing in a 

completely predictable way.    Physically,  however,  this is also never 

strictly the case:    there are always aspect and positional variations that 

are both deterministic and entirely random,  and which are not predictable 

to the observer.    We can still obtain a valid ensemble,  for target plus 

*See Sec.  1.6 of Ref.  1 for a more precise definition. 
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hackground,  provided again that the mechanism of random target variation 

remains basically unchanged in the observation period,  and that the 

deterministic (i.e., systematic) effects are compensated for.    For instance, 

with the target at a given aspect (and fixed transmitting and receiving 

platforms) there will be (small) random variations  in the target returns, 

due to random rotational and translational target movement.    If the aspect 

is alowly shifted from one bearing to another in the course of the overall 

observation, the record at the initial bearing will obviously be different 

from that at a later period of the experiment.    Consequently, whereas 

these data at the earlier time can be split up into representations that 

may form an ensemble, i.e., may be homogeneous and independent (if the rate of 

change of aspect is slow compared to ping-rate, of course),  and similarly for 

these data taken at later aspect periods,  the various sets of representations 

will not in any combination constitute a valid ensemble, since the under- 

lying mechanism is no longer stable, or "stationary," but changed.    Tests 

of homogeneity also provide a measure of the size of the ensemble (and 

interval) which can be obtained under such slowly varying,  "unstable" 

conditions. 

With the above in mind, we must now cite some specific tests for 

the existence of a valid ensemble or, equivalently, for the homogeneity and in- 

dependence of a data set (sample ensemble).    Let us consider, again as 

our example, a set of reverberation data, containing a target at some aspect, 

as shown in Fig.  O«!)»    This set is obtained, as above, by repeated,  in- 

dependent pinging of the target and medium.    Our basic question here is, 

"Do we have a valid ensemble?".    We proceed first by splitting the set into 

two subsets and then testing for the homogeneity of the two subsets.    By 

successively interchanging the members of each subset and repeating the 

test,  we can then establish the homogeneity of the total set.    (Other 

variations of this procedure are briefly indicated below.) 

16 
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Lot M,  + Mp = M ^ total nvmiber of reverberation (sind target) records 

generated in an experiment,  and let M, ,M   represent the number in a pair of 

sequences s..,  (sample size M..),  s0(sample size M~).    Successive pings are 

produced sufficiently far  apart  in time that there  is no overlap of returns 

from ping to ping,  and the total duration of the experiment may be 

not so long that the underlying propagation mechansims change.    Our initial 

question is:    "Is the set s..  drawn from the same population as the set sp 

(and vice versa)?".    Now we form a grouping into r-,,rp categories,  as 

follows:    Let 

v.   = no. of samples   (in s    set) where X(t.)  falls   in range X.(t.) 

X.^)   + fiX; 
1=1 

(3-5) 

^.  = no. of samples  (in sp set) where X(t.)  falls  in range X. (t.) 

X^t^) + tfC; 
1=1 

Each group, therefore, has a set of probabilities  (p^      ,..., p.    ' 
(1)        (2) (2) (2)x .       A     .^^    .      n   

1 

...,  p ; p,       ,•••> P-t       >'"> Py        )  associated with the i = 1,..., r., ; rj_ x x rp x 

1  = 1,..., r0 groups of amplitude levels.    Here it is convenient to set the 

number of levels the same  in each group,  so that r    = r0 = r.    The pro- 
r \        d 

habilities (S p,   = l)  are not known here, but the test of homogeneity of 
i-l ;L 

the sequences is equivalent now to establishing the hypothesis (H ) that 

these probabilities are constants, which remain the same (for the same 

Interval levels) from sequ^r^» (s1) to sequence (s-).    In other words, the 

underlying statistical descriptior, as given by the various p.d.'s of the 

(infinite) ensemble,  remain the same for the set s    as for the set s?. 
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We axe now ready to describe a number of tests for homogeneity of the 

(sample) ensemble:    the first is distribution-dependent, while the second and 

third are distribution-free  : 

2 
A.      Ax -test for Homogeneity of the Sample. 

It is shown by Cramer (Ref.  lU)  that the test statistic for 

testing the homogeneity of the two sequences (subsets), that comprise the 

experimental ensemble s,  0 described above is 

^ple = X2 = M^ l   ^j.   Q: - ^ (> 0) , (5.10 

i=l   1        1 

2 2 where x    is distributed with ax- ?•<*. of r - 1 degrees of freedom (r 5 2). 

Specifically, this p.d. is 

r-l ml   r-3 

V2!^ = [wi(x2IV=]   {22 T^\   z2 e"z/2'  z>0'     (3-5) 

(cf. Ref. 2,  Eq. 50.1.2).    In particular,  r £ 2 and we must have M-, Mp > > r 

for the sampling distribution,  i.e.,  W^Z        n  ), to converge  in probability 

to the infinite sample p.d. W1(Z|H )  above  (cf. Sees. 50.1,  50.6, Ref. 2). 

If M,   = Mp = M/2,  which is often a convenient "sizing" for comparison, the 

test statistic (5'1+) becomes 

r (vi  - ni) 
Sample ^■     ~    ^ "        ' ^-6) = y_i—S. 

with r 5 2,   and M/2 > > r for us to be able to use Eq.  (5-5)  as the p.d. of 

sample Z.    We next select our significance level, a,  and determine the 

threshold Z    according to 

♦Here by distribution-dependent we mean that the test statistic,  Z, obeys a 
specified form of probability distribution, whereas  in the "distribution-free" 
case, Z does not depend on a specific form of p.d. 
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a = P(Z  ■= x2 > Zjr)  = j    W1(z|Ho)dZ;  with W^ZJ^)  - Eq.   (5-5), 

z =y 
2   J 

(5-7) 

for r degrees of freedom from the Table of the x    distribution (Table 1, 

Appendix, or cf. p.  c)l59>  Cramer, Ref.  2,  for example).    Then we determine 

Z from Eqs.   O^),  or (5.6),  and apply the test (2.3): 

decide H :    if Z        ,    < Z :    the two sequences came from the same  o sample       a ^ 

statistical population,   i.e. .  belong to the same dis- 

tribution, or 

(3.8) 

decide H,:    if Z        ,    S Z  :    the two sequences do not come from the  1 sample       a ^ 

same population:    sequence s^ is  not homogeneous with 

I sequence s. 

The decision H    then has  a (conditional)  probability 1 - a of being correct, 

Note:    This test is  a first-order test,  i.e., only the first-order p.d.'s 

of  {X      ]  are  involved  in determining the levels X., X. + AX,  etc. 

Example; 

As an example,  let us consider the hypothetical case of a set of 

reverberation pings,  presumably independently generated, of the experiment 

described above and  il ustrated iti Fig.  (3.1)«    Let M = 200,   i.e.,  200 records 

with I ping each is the total sample ensemble size,  and  let us consider the 

fenvelopes) X       of the returns at a time t. ,   (t.e T).    We divide the ranre 



of amplitudes of X       into 10 intervals, all equal except for the tenth, 

which ranges from 9ÄX to «.    Then M,   = M   = M/2 = 100 and r.   = r    = r = 10, 

if we divide the set into two equal parts for the test of homogeneity. 

From our data let us say that we find that 

r 
R1:    v1 = 5; v2 = 1; \>^ = 17; vu = l6; v5 = 28; v6 = lU; v7 = 11; 

v8 = 5; v9 = 3; v10 = 2, 

^8 = 8^9 = ^ ^io = l. 

(3-9) 

s2:    ^ = 1; n2 = 6; n, = 16; ^ = 21; n   = 17; n6 = 13;    U™ = 10; 

From Eq.  (5'6) our test statistic is computed to be 

Z       ,    = 10.67, at t = t, sample ' I (3.10) 

and from the Table 1 (or Ref. 2, p. 559), for r - 1 = 9 deg of freedom we see 

that Z    = 16.92 at the 5< (a = O.O5) significance level.    Evidently, z
SMIDle 

< Z   0 ^ = 16.92 here, and H    is therefore accepted:    the two sequences are 

homogeneous, with a 0.95 probability of this being so,  and with O.O5 pro- 

bability that this hypothesis (H )  is falsely rejected.    This test is then 

repeated for the different ranges (t.e T).    If homogeneicy prevails (at 

this a-signlf icance level) we can conclude tnat these data everywhere in 

the range interval considered effectively belong to a valid ensemble.    If 

there are ranges (t, ') where H    is rejected, we conclude tentatively that 

different random mechanisms are at work in the two subsets,  at least at 

these ranges. 

Of course, we could raise our threshold Z   by decreasing the false 

rejection probability a, and tighten the test with respect to H .    However, 

at the same time we would Increase ß, the (conditional) probability of 
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falsely deciding H    when H1:    "inhomogeneity" of s.      is true.    Since 

we do not here know the limiting distribution (let alone the sample dis- 

tribution) of the test statistic Z under the alternative H.., we cannot use 

Eq. (2.5) to determine ß.    Clearly, one reason for looking for "best" tests, 

in the sense at least of minimizing ß (or maximizing the power, 1-ß),  is 

that for a given control or significance level, a, we can hope to keep ß 

acceptably small.    In any case,  choosing a too small penalizes us by a 

correspondingly large ß:    falsely deciding H    when it really is not true. 

As noted in Sec.  2,  the threshold Z    really is the ratio of two other 

subjective factors:    \/V - ratio of cost or value assignments to the possible 

decisions, to the ratio of a priori probabilities that the data at hand do 

or do not belong to H , H., cf.  (2.10).    Selecting a threshold,  accord- 

ingly,  involves elements outside the physical data themselves and includes 

the general significance and "value" of the experiment and its consequences. 

(Statistical Decision Theory (SDT)  includes such elements,   in a broader 

formulation of the decision process  in the face of uncertainty (Ref.  15, 

Chaps.  1,  2, and 5)  and (Ref. 1, Chaps.  18 and 19).) 

So far, besides independence of the renresentations, we have assumed 

that each data group s  , Sp is itself a valid subensemble and what we sure 

testing for is whether or not the combined data belong to a single statistical 

population (at each of the ranges t.eT).    This  is really a test of the 

"stability" of the ensemble, here at times t..    In our example above we have 

shown that there is no apparent change of statistical mechanism between the 

time when the first representation was obtained, through the time of the last, 

so that if subsets  1 and 2 are themselves valid subensembles, the complete 

data set is likewise.    However, to establish that each subset is a valid 

subensemble we must be able to interchange representations without damaging 

ensemble properties — i .e., we must have an unordered set,  and this  in turn 

Implies, basically,   independence of the mechanisms generating each representation, 

There is no unique way of establishing this fact.    One possibility 

is to d'vide up the complete data into now four equal parts and test these 
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against each other pair by pair (or) jointly, by an extension of Cramer 

(Ref. 2, Sec. 30«6, for S = U, etc.).    If homogeneous,  continue, splitting 

each quarter in half, etc.    The trouble with carrying this too far (e.g., 

when the number of degrees of freedom (r) becomes comparable to or larger 

than the number of representations in the subgroup)  is that we begin to get 

significant results too often:    there are not enough data to provide adequate 

sample sizes. 

Another possibility is to exchange every odd-Indexed representation  in 

s, with its covaterpart in s« and test for homogeneity using the above 

procedure.    Then, replace these elements and exchange all even-numbered 

representations and repeat the test.    If H    is rejected In one or both 

tests we strongly suspect that the subensembles are not valid, I.e.,  do not 

consist of independent (i.e., unordered) representations.    (More refined 

(and complicated) tests of independence exist; these Involve calculation of 

"contingency," cf. Ref. 2,  Sec. 50.5, but will not be discussed here 

further.)   Usually, the above may suffice, at least as an Initial approach. 

Of course, If there are cyclical mechanisms with several cycles at least 

in a subgroup, these will not be revealed, and a valid ensemble may be 

decided, when such is not the case.    (See C. below, on the  "runs test.") 

Again, we must refer as much as we can to our knowledge of the basic physical 

mechanisms that govern these data, to assist us in choosing our tests and 

interpreting the results. 

B.     A Nonparametric Test for Homogeneity of the Data; The Kolmogorov- 
Smirnov Test: *" 

This is the Kolmogorov-Smirnov test (Refs. 16 and 17, and In 

particular, pp. ^7-52; 127-156 of Ref. 8), which has the considerable 
2 

advantage over the y -test above in that it  is distribution-free,  i.e., 

it does not depend on the  (infinite) population statistics, but only on 
those of the sample.    Furthermore,  It is usually more powerful (i.e., 

given larper values of 1-ß)  than does the x •    (Ref.  8,  p. 127, et seq.) 
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For the basic problem here of testing the homogeneity of the 

data set, we again divide the sample (of size M)  into two sets of representation, 

of size M,, M?,  with M,  + Mp = M.    The test statistic now is  (Ref.  8, p. 127, 

et seq.) : 

sample      -<»< X(t.) < <»  '    »-'v VI       Mp   -C/'a ' 

where SM (X.),,  S.. (X.)p are the cumulative experimental distributions of 

X,  taken over the sets J  = 1,...,M,,  J   - M1 + 1,..., M,  + Mp = M,  at time 

t; ,  when the X,   are arranged in order of (ascending) magnitude  in each 

subset M,, Mp.    The test based on (5.11)  is a two-tailed test.    It is 

sensitive to any kind of difference in the distributions from which the two 

subsets are drawn--such as location,  dispersion, etc.,  as well as the form 

of the distributions themselves. 

The test of whether the subensemblei (s,, Sp)  are from the same 

population is then, as before. 

decide H   :    the two sets are homogeneous,  i.e., belong to the same 

distribution,   if Z .     S Z„, ' s ample       a' 

(3.12) 

1 

L 
decide H, :    the two sets arc not homogeneous,  i.e., belong to different 

"""       ' distribution?,   if Z > Z , s amp xe       a 

where now,   however, the threshold £v is given by 

Za ~ Xa ! M1M2 

/ M, +M 
/    12 . (5.^) 
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and \    is determined by 

2 2 ■2kV 
a = 1 -£   (-l)ke a       , (3.13b) 

k=-co 

which relates the significance level, a, to the threshold parameter \ . 

When M,  = Mp = M/2,  (3.13a) simplifies to Z    = 2\JM'    To carry out an 

actual test, with chosen a, we must first obtain X, .    (These values axe 

provided for in Table 5,  Appendix; \    is the coefficient of 
1 a 

(M1+M?)(M,, M?)2 in Table 3«    Table 2 is used in the small sample case 

when M,  = M« $ UO,  and the test statistic is K = M,  Z       .   ,  i.e., the 12' 1   sample   ——' 
maximum numerator (3.11),  and the threshold Z    is replaced by K .) 

One-tailed tests can also be constructed.    These use the test 

statistic 

Zsample = -« < X(t^) < - {\^l\ " V*^        ' ^'^ 

and are employed to decide whether or not the values (magnitudes) of the 

population (i.e.,  the theoretical ensemble)  from which one of the subsets 

was drawn are statistically larger than the magnitudes of the population 

from which the other subset is taken.    For small samples (M,  = Mp S Uo) 

critical thresholds K    are given by Table 2 (Appendix), where now the 

test statistic is iuodified to K       n    = M,  Z        n     = M.   • Eq.  (3.lUa). sample       1    sample       1       ^    w 

For large samples  (M. , Mp * hQ), the test statistic  is shown to be (Ref.  8, 

p. 151) 

2 M1M2 
Z sample =       sample M^+M^        ' (3.1^) 

where Z' obeys the y~-distribution of (3.5)  with 2 degrees of freedom; 

the significance level a is determined by (5.7);  and the test Itself is 

given by (3«8).    (See Table 1, Appendix.) 
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From this point on we test for homogeneity and validity of the 

sample ensembles precisely as   in the preceding Case A above,  repeating for 

each time (range) t.  in the records.    In practice, we would choose only a 

few such ranges usually,  unless we had reason to suspect possible variations 

in the statistical mechanisms for some local range interval.    Over the 

target our selection of t.'s would be denser, to examine the target return 

for any level features.    Whereas the amount of computation for the Kolmogorov- 
2 

Smirnov test is usually larger than the x   test, the effectiveness of the 

former  is less sensitive to the true distribution involved and is more powerful, 

(Again, unless we know the distribution of the test statistic under H,, 

we cannot determine fully how accurate our decisions are.) 

Example; 

Let us again return to the data of our reverberation example, 

discussed in A, above. The X are the magnitudes of the reverberation 

envelopes  (cf., Fig.  (3'l)), which for the unordered data set are 

and 

C(l)(^) - 5; X(2)(tt)  = 2;....; X^^) = 7;....; X   1 (t^) = k 

(s1  sequence of M, representations) 

(.1-4*,+!) (M1+2) (M +M ) 
x (t^) --8; x   ■L    (t^) - 3;....; x   "•   Mt^) = 6. 

(s- sequence of M   representations). 

(5.15a) 

These become, on being ordered, 

(Sl): X^}  2; X2 
1 = U; X^ -->;....',  X^'^ 16; 

(M^S) 
(Sp): X. .  - 3; X.«..•; X, 

(M,+Mj 1 * 2' 
O $ • • * • ) A 

(M^l) 
(5.15b) 

8;. 
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Next, we determine the cumulative distributions SM (X.),, SM (X.)p, noting 

that there may be more than one sample member having the same value.    This 

is done by adding increments v./R,,  |i./Mp to the preceding value of S.. , 

S    , at S.  ,, respectively for the two data subsets.    (Again, v., \i.  are the 

number of ordered X.  having the same values,  cf.,  (5'5)')    From these 

distributions we take the largest difference,  according to (j.ll) or  (J.l^), 

and this  is the desired test statistic Z        ..   .    This is shown in Fig.  (5*2) sample 
and in Table (5'l), O-ncluding first and second sample moments) for our 

reverberation example. 

Here M,   = M   = 100 and again we choose the significance level 

a = 0.05.    From Table 5 (Appendix)  applied to (5.12), we get 

Z0.05 = 2X0.05//5SD = /2 ' 10"1 N).05 = 0-192' ^0.05 = ^    '      (5'l6a) 

and from Table 5.1 and FiR. 3.2 we see that the test statistic (3.11) 

here becomes (for the present two-tailed test) 

We = 0-07        ' (5-l6b) 

so that Z        ,    < Z- _c, and therefore we conclude from (3.12) that (at sample        0.05' ' v 

the 0.05 significance level) the two subensembles (M,, M-) are homogeneous, 

i.e., belong to the same distribution. 

We can also determine whether the values of X belonging to 

subset 1 axe statistically comparable to those belonging to subset 2 by 

using the one-tailed test statistic (5.1M, which for the present large 

samples  is modified to (3.1^0, viz 

2     2 
Z'sample = ^'0-0^2 10^0   = 0-98 -■ X    (2 de& of freedom) .    (3.1?) 
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TABLE (3.1) 

AXi No.   of magnitudes V 'i V   '2 i ranj?e of X in interval AX 

1 0-1 v    ■ 3   ! u* 1 0.03 0.01 0.02 

2 1-2 1   l         6 O.OU 0.07 -0.03 
3 2 - 3 17   !       16 0.21 0.23 -0.02 
1» 3- h 16   |       21 0.37 O.kk -0.07 
5 k - 5 28   |       17 0.65 0.61 o.oJ* 

6 5 - 6 Ik   |       13 0.79 0.7^ 0.05 
7 6 - T 11   |       10 0.90 0.8U 0.06 
8 7 - 8 5   1         8 0.95 0.92 0.03 
9 8- 9 3   1         7 0.98 0.99 -0.01 

10 9 . « 2   I          1 1.00 1.00 0.00 

M   -  100   M9 100 

20 

.08;    ^ 

.06 ;   (x*) 

■ 20.3    ;     o, 

«    U.15 

= 21.37 

= 21.6 
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2 p 
From Table 1 we see that X 0 Qr^df = 5-99' while P^Z > x 0.05-2df = 0•98^ 

0.62 (> a - O.O17)).    Thus,  we conclude that H  :   "no statistical difference 7 o 
in maf:nitiides"--applles,   at a = O.O5, which is,  as expected,  consistent with 

the result of the two-tailed test,  tha'^ the two subensembles are homogeneous. 

C.      A Test of Sample Randomness and Validity of the Ensemble; 
One-Sample Runs Test 

A key condition that the data sample constitutes a valid 

(experimental)  ensemble  is that the member representation be statistically 

independent,    as well as having the same underlying statistical mechanism. 

(See the remarks at the beginning of Sec. 3,  above.)    A useful test for 

establishing this fact, viz. the "randomness" of the sample,* in addition to 

what is known about the physical mechanism producing the random phenomenon— 

e.g., ping-rate  in our specific example,   is the so-called "runs test"  (cf. 

Ref. 8, pp. 52-58), which uses the order or sequence  in which the original 

data are obtained. 

This test is based on the number of runs the data sample exhibits, 

where a run is defined as  a succession of identical symbols (numbers,  + or - 

signs, etc.) which are preceded and followed by different symbols  (or none 

at all).    The idea behind a test using runs  is  as follows:    the total number 

of runs  in a sample ensemble of any specified size gives an indication of 

whether or not the sample  is random.    For very few runs,  some   ^ausal mechanism 

producing a time-trend or data bunching  indicating a lack of element  in- 

dependence  is suggested,  whereas   if an excessive number of   runs occurs,  some 

systematic cyclic,  short-period mechanisms appears to be operating.    In 

either  instance,   independence of the representations does  not seem to hold 

and the sample  is said not to be random (at some level  of significance, 

a, of course, which is selected for the actual   tests).    The  importance of 

a test based on runs  is the fact that the order  in which the events occur 

*In conventional statistical language,  the sample values are said to be "random." 
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is specifically used, unlike A and B above, where such information Is 
2 

neplected in the testing.    Thus,   it  is quite possible that a y   or 

Kolmogorov-Smirnov test might indicate acceptance of H , while a runs 

test would  indicate an inhomogeneity in the statistical mechanism,  i.e., 

rejection of H • 

To set up a runs test we select two attributes of the sample, 

which appear in sequence.    For example, one attribute might be all values 

of an observed magnitude that are positive, the other,  all negative values. 

In a sample with M representations,  let M, be the number having attribute 

No.  1 (positive values,  say),  and M    the number having attribute No.  2 

(negative values),  e.g., M = M,  + Mp.    Next, observe the order in which 

these attributes occur in the original data and count the number of runs, 

R.    Thus, the test statistic is Z        -,    = R here.    We distinguish two cases: 
sample 

Small Samples [M,, M   < 20]: 

decide H ,  if R_ „ < R < RT_    :   i.e.,  decide that the sample  is 
o' I-a Il-or  ' 

random - the elements are  independent and unordered. 

decide H,,  if R < R_    ,or R > RTT    ,   i.e.,  decide that the 
1' I-a Il-or  ' 

elements are not independent, but are ordered in some fashion. 

If R < RT     , there are two few runs,  while for R > R__    . there are too many. 
I-a' ' II-a' 

Here RT „  is riven in the body of Table IJ and R_T „  in Table  5, for the I-a J Il-a ' 
a = O.O^ significance level. 

Large Samples [M,, M- 5 20]:    Here the sampling p.d. of R is 

essentially normal, with mean and variance 

^M 2        2M1M2(2MlM2-M1-M2) 
R   " ^ = rrsr + 1; a p = s        • (5-18) 

^      Ml+K2 R       (M1+M?)2 (M1+M2-l) 
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The test statistic  is taken to be the standardized normal random variable 

R-MR 
Z        ,    =—        , (3.19) sample        cv, ' ^    ^/ 

and the test itself is two-tailed,  specifically: 

r 
decide H   :    if  |Z        .   I <  Iz  I,  we conclude that the sample is 

0 ' sample1  'a" 
randomly (i.e., independently) generated, with an 

j invariant statistical mechanism, 

V  or (5.20) 

I      decide H, : if Iz   , I > Iz I, where we conclude that the 1 ' sample'      ' a" 
I "' sample is not independently generated and has  a 

varying statistical mechanism. 

In short, the runs test provides an alternative and nonparametric approach 

to determining whether or not the sample ensemble is a valid one,  i.e., 

whether  it can be regarded as belonging to a single random process, with 

specifyable measures.    Here we have 

P(|Z| > |Zal)  = a       , (3.21) 

and P/2 is given  in Table 6 (Appendix) for this large-sample case;  (the 

probability P is twice that shown in Table 6 because we are using a two- 

tailed test). 

/ 
Exampfe; 

/ 

/Let us now apply the runs test to the reverberation example of 

the preceding portions of this report, keeping as before a significance 

level a = 0.05. First, we note that our data [cf., Fig. (3.1) and 

Table (3.l)] refer to envelope values, which are always positive. To set 

up a meaningful runs test let us use as our sample attributes the positive 

and negative differences between successive envelope magnitudes, taken 

in Independent pairs A{. = X.+1 - X^ A i+1 = X1+3 - Xi+2, etc. , 
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and in particular, the pluses and minuses so generated in the sequence of 

M = 100 pairs of representations (taken at time t = t , as before), a 

typical section of which, let us say, looks like 

 ++ _ ++ +++++ — + +++++++  

FIGUBE (3-3) 

A portion of tht sequence of +'3 and -'s (signs of 

the envelope differences Af of the reverberation 

sample ensemble of Fig. (3.1) at t .  (Each run is 

underlined.) 

Let us also say that in the sample of M = 100 representation (and «, 

(+ or -) values of A{ ; no zeros) we find that there are M= 5^ 

(+'s) and M? = 46 (-'s), and R = 58 runs. At plylnr, (3-18) through 

(3.20) we obtain 

^1 = ^^*1^0.6;^ 4.9^ 

1 sample' 
12,^1 . 1.49   . (3.22) 

so that from Table 6 we see that P(|z| > |Z   , I) = 2« (0 068l) = 0.1362, x' '  ' sample'     v     '       ' 
which exceeds a = 0.05- Accordingly, we retain the hypotl isis  H and 

conclude that our sample ensemble is a random sample, from a single 

population. 

In the nreceding three cases (,A through C) we have shown how 

a variety of useful statistical tests may be used to establish the validity 

of the sample ensemble. The Kolmoforov-Smirnov test, which is applicable in 

all cases where the population distribution is continuous (as is certainly 

the case in our physical applications), is  usually the most powerful. 

(For the runs test no meaningful stater'.'rt as to its power can be made, 

apart from the possible context of a specific problem.) 
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IV Tests of "Goodness-of-Fit:" 

Here we wish to test the hypothesis (H ) that our sample ensemble 

belongs to some specific distribution;  (the alternative (H,)  is any other 

distribution).    In other words, we are testing for a "fit" of our data to 

the postulated distribution.    Again, we may distinguish both parametric 

and nonparametric tests, like A vs. B, C  in Sec. 5 above.    We begin with 

2 
A.      A x -test of "Goodness-of-Fit;" 

In this case we have M independent* data samples (X^'Ct.)}, 

j  = 1,.... M,  say, of reverberation,  at range t..    We wish to determine 

whether or not the X's here belong to some a priori specified distribution, 

e.g., Rayleigh, Hoyt, etc.,  (Ref. 9),  where the X's are the envelopes 

of narrow-band reverberation.    We precede as follows; cf. Sec.  30.1, 

Ref. 2: 

1. Divide the range of amplitudes into r (equal)  intervals 

(except for the r^): 

X1; X1 + AX = X2; X5 = X2 + &C, etc., where X^ = Xi + &(; 

2. Let v.' = number of values of the set of M sample values 

having X's  in the range X., X.  + AX (as  in (5.5)  above) 

.•.£ v.' = M        ; 
I 

(^.1) 

5.    Let p.  = probability that X.  falls  in trie  interval X., 

X.  + AX, determined from the postulated p.d.    against which we are testing 

*We have established that our data is  a valid sample ensemble by the 
methods of Sec.  5. 
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the sample for "fit.  These p, are given by' 

p. = w1(xi) AX (U.2) 

where WJX.)  is the postulated p.d., and the amplitude  interval ÄX is 

chosen according to 

rAx = X(b) - X(a) (U.5) 

where X/.v, X/  >. are the upper and lower limits on the range of values of 

X in our sample set. 

Now,  it can be shown that (cf.,  Sec. 50.1, Ref. 2) the test 

statistic here is 

Sample = Sample =£ (^-Mpl)2/Mpi        , ih.U) 
i=l 

and that as M-», W1(Zsam le|H0)- W]L(Z|H0) = x -probability density with 

sample r-1 degrees of freedom.    Again, a is determined by (5«7), for this Z 

SO Z,  cf.,  (U.U), provided M > > r,  (rS2).    The test is, accordingly, 

r 
decide H : the sample ensemble belongs to a population with 

or 

P.d. w^x), if zsample^V 

(U.5) 

decide H.:    the sample ensemble belongs to a population with 

a p.d. ^(X),  if Zsample> V 

*The X's here can be standardized variables, e.g., X.  = (Y.  - Y     )/ov      > where 
'  ■   i   1   exp ' iexp 

Y^^^, 0
C   are the experimental means and variances of the original, un- 

exp» vexp     T"^"
-""^"~ 

stamdardized data lY.}. Or, equlvalently, the X.'s are nonstandardized, 

and we use the experimental means and variances in the a priori p.d. 

W.(X.)f as above. 
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This  is, of course, for range t.•  We must repeat for various ranges t.cT 

in order to establish with more reasonable certainty that the reverberation 

has the same first-order p.d. as that postulated.    With a target present 

(at ranges t.et_ + AT,  say),cf.    Fig.   (5.1), we would expect a non-fit 

to the postulated d.d. of reverberation alone, even when W.. (X) for this 

is not correctly chosen.    Again,  from the structure of the physical model 

of reverberation (Ref.  9)^  and possible models of target,  we should often 

be able to make a good guess at the form of W, (X). 

Example: 

Let us use the data of our reverberation example (cf.,  Table (3'l) 

earlier)to test whether the observed envelopes obey a Raylelgh distribution, 

-x2/x2 

W/XIH ) =|£ , x>o      . ik.S) 
2 

X* 

Here M = 200; and v.  = v.  ■•■ n.; r = 10,  (Table (J.l)).    The p    are determined 

from (^.6)  and (^.2).    However, we do not know the true ensemble value of 
2 

X  ,  so we are forced to use an estimate,  namely the sample mean-square 

/XS\ (Vexp * (X^exP 
Wexp 2 

X w(Xl)exp = ^ ^^ g ^ yeXr = 20.71, (cf., Table (J.l)). (h.l) 

Consequently, our estimated p, 's are obtained from 

2X.  -X2/20.71 
P* - ■—$ e '     ; (X1 = 0; X2 = 1, X^  = 2, etc.),       (Ü.8) 

and arc s; ecif ically, with the accompanying values of v.': 

p* = 0.00;  v^ = h pj = 0.1»+U;  vg = 2? 

p* = 0.095; v' =7 p* = 0.102;  v' = 21 

0.161; v' =55 Pß = 0.06^; vg = 15 
(l..8a) 

p* - 0.188; vi; = 57 P^ = 0.055; v^ = 10 

p* - 0.178; vr; - h5 p*0 = O.Olfi; V^Q - 5 
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Applying (l+.8a) to Eq. (U.U) gives us (on discarding the values at i = 1, 

x1 = 0) 

^a^ple = 11-1^ = ^        ' ^.9) 

which with 9 = (r-l)  degrees of freedom, gives P(Z > Z        .  )  = 0.27 from 

Table 1 (Appendix), which is certainly larger than our chosen significance 

level a = O.O5.    Consequently, we accept H :    the observed data do fit 

a Rayliegh distribution (with evperimental mean-square 20.71)' 

B.      A Nonparmetric Test for "Goodness-of-Fit" (Kolmogorov-Smirnov Test) 

This,  again,   is a Kolmogorov-Smirnov two-tailed test (Ref.  8, 

pp. ^7-51 and Refs.  16 and 17), constructed as follows:    the test statistic 

is now 

We  =  - < X^X -  IF<X(V)   " VX(t
t" I ' C1-10' 

where F is the theoretical (or postulated)  cumulative (first-order)  dis- 

tribution of the ordered X.(t.),  cf.,  Eq.  (5.15),  against which we sure 

testing the experimental cumulative distribution SM(X.).    Thus, 

^) =J    w1(x) F(Xi)  =/      W1(X)  dX        , (li.ll) 

-to 

and we can use standardized variables for X, or apply the same experimental 

means and variances to the e'cplicit structuring of F, through W (X),   (U.ll), 

(cf., the footnote preceding Eq.  (^.2)).    The threshold at level a is now 

given by 
Za = V^       ' (U'12) 

where \    is determined by (5.13b)  and Table 5-    Thus, the test takes the 

largest of the differences   |F-SM|  and compares  it to the threshold Z    in 

the usual way,  cf.,  (3.12).    (Figure (5.2) applies here with s,  replaced 

by F and M by Mp.)    The test is repeated for the different ranges, t., 

of interest,  including those about the target. 
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Example: 

For the reverberation example treated in A above we find from 

(i+.6),   (U.7)   in v1*.!!) that 

-X?/20.71 
FU.)   -   1 - e    ' ,   (Xj^ = 0; X2 = 1; X.   = i-l), (U.lj) 

where again we have replaced the unknown value of X   by the sample estimate 

(x /       ,   (^.7).    [This procedure  is an approximation, of course, vis-a-vis 
exp 

the ease for which Table 7 is  calculated under the assumption of F(X) 

completely known,  including its statistical parameters.    However, there is 

evidence that when the K-S test  is applied, with estimated parameters of 

the distribution used in place of the (unknown) true values,  the employment 

of Table 7 will lead to a conservative test—i.e., when Z        n    > Z  . the ——' sample       a* 
hypothesis H    may be even more safely rejected than in the case of F 

completely specified (and test at level en).]    Equation (^.13) for our 

example  is shown in Fig.  (3.2),  from which we obtain for (^.lO) 

We = 0-09> M
2 = 100        > ^lU) 

and M = M? for purposes of numerical illustration.    [Of course, a better 

test would be to use all data M = M,+M» = 200,  and obtain Z        .    for M = 200. 1    2 ' sample 
The present  case is chosen simply for illustration.]    From Table 7 we 

see that at the a = 0.05 level of significance, 

^05 = Tfif = O'1* > We = 0-09        ' (,4-15) 

so that we retain H    and accordingly say (for this significance level) that 

our data fit the Rayliegh distribution (U.13).    This  is   consistant with our 
2 

conclusion under A above, based on the y -test. 
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C.      A New Nonparametric Test for the Normal Distribution (Ref.  18); 

In a great many applications  it is reasonable, for physical 

reasons, to expect normal, or gaussian statistics--for instance,  in the 

case of ambient sea noise (Ref.  17),  and in our example discussed above, 

where the (instantaneous) reverberation amplitudes (as distinct from the 

envelope magnitudes)  will generally obey a normal distribution if the number 

of independent  illuminated scatterers  is sufficiently large (Ref. 9^  Sec. 10.1, 

2).    Accordingly,  it  is practically very important to be able to handle 

the gaussian cases in as powerful fashion as possible.    Now, while both 
o 

the x    and Kolmogorov-Smirnov (K-S)  tests are applicable to the problem 

of testing whether or not the sample ensemble belongs to a normal process, 

at least with respect  to the first-order p.d.  W (W; t.), a recent test,  called 

the W-test for normality (Ref.  l8),  has been derived that is particularly 

powerful (more so than either the x    and K-S test) and is quite simple 

to calculate.    The test statistic here is 

Z        ?    = W        ,     = b2/S2        , (1.16) sample       sample ' ' 

where, if we have M sample values X J'(t.), j  = 1,..., M, as before, we 

order the {Xv*J/)-»{X.} into an ordered sample set, and compute 

M M 
s2 -r (x(J)- <x>)2=r (x.- (x»2    , (u.17) 

where (x) = sample mean, and we obtain b from 

M^2 
(M even):    b -£ Vi^-Ul " Xi) (U-l8a) 

1=1 

(M odd):      b = aM(XM.Xi) 
+ — ^ V^ (^ - W» i^o) 

2 2 2 
where the a    are obta'ned from Table 8 (Table 5 of Ref.  l8). Next,  we compute 
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W   , according to (U.16) through (l».l8b) and use Table 9 (Table 6 
sample 

of Ref. l8) to find Z for various values of a. Table 9 gives values 

of Z for various values of 

a a a o' 

(l-o) 100i=  100 f dP(w|H0) = 100 !    W1(w!Ho) dW   ,      (U.19) 

W W 
o o 

and sample-size M, from which one at once obtains 

1 
r 

a = ;   W;L(W|HO) dW      . (U.20) 
./ 

a 

The upper limit on Z = W is unity, and there is a positive nonzero lower 

limit, W .    Specifically,  here, the test statistic W is scale-(«<TY)  and 

origin-C^)  invariant,  and has a p.d. which depends only on seunple size M, 

for samples from a normal population.    Furthermore, W is statistically 

independent of S    and of (x)  , the mean of the ordered sample values. 

(See p. 593, Ref.lB.)    Note here that small values of Z       •,    = W are ' ' ' sample 
sigr.ificant--i.e.,   indicate non-normality.    However, by (^+.19) and (I». 20), 

the test remains, 

f decide H :    normality of sample,  if Z        .    = W       ..    < WJ^Z )  o *    ' sample       sample       a     oc 

decide H,:    non-normality of sample,   if Z        ,    > V/ .  1 r    ' sample       a 

(^.21) 

Again, we proceed in similstr fashion for each range t.,  including those 

coverinr the target. 

V.        First- and Second-Order Sample Statistics; 

Frequently, the  lower-order moments of the observed data provide 

isef1;!  information about the process and possible indication of stability. 
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stationärity,  etc.    In particular,  if the corresponding infinite population 

moments are known we can determine how finite sample-size  influences their 

measurement. 

If {X(t)}  Is the observed reverberation (and target)  process,  con- 

sisting of M representations, statistics of interest to us are: 

1.      The sample mean; 

M 
_ J. 

jxp " " ^X(t)ixp SHlx('3)(t)  -V=X of wilks (Ref- 5), Sec.  (8.2));        (5-1) 

2.      The sample intensity; 

Jxp 
J=l 

5.      The sample covariance; 

M x 
I'exp     '"xx'l'"2'exp (^^ ^^exp £ VVVexp - k^^ ^it,)        , (5.5a) 

J-l 

x(j)(t) SX(j)(t) - <X(t)>exp        . (5.5b) 

We also have the following relations: 

J=l J=l 

with M 

V5^! (x^^«.)2    , (5.ub) 
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th'1  unii'il   camrlo vurian^c  (l\ef.  r',  Eq.  8.?.6).     We  have also 

M<X(t)^ Mm xp e 
M-l or <x2> _ (^)s/ + m 2 

exp MX e 
O^c) 

We assume in the above that   in the set of representations  {X      }, the X 

represent  inctependent random variables, with the same p.d.'s.    (This 

assumption, of course,  must be justified, by procedures like those discussed 

in Sec.  I above.) 

Let 

r 
n        X -- (•» - population) ensemble* mean; 

2      —~ * X    - X    = (m _ population) ensemble    variance; 

(5-5) 

KyCt.jt.)  = x(t1 )x(tp)  = (X.-X^CXp-Xp)  = (oo - population) ensemble covariance. 

We want now: 

1. The (ensemble)* mean of the sample mean; this shows whether 

there is any departure from, or "bias" between, the two measures, i.e., 

between the sample m^an vs.ensemble mean; 

?.      The (ensemble)* variance of the sample mean:    this pives a 

measure of spread in the experimental mean as  a functior of ensemble size 

and the true variance;  and 

3.      The (ensemble)     covariance of the sample mean:    this provides 

a measure of correlation between means at different times (ranges)  and 

some   idea of how close samples (in time)  can be taken before such 

correlation becomes significant. 

♦"FYisembie" here refers to ■'he theoretical,   infinite population orsomblc, 
'ft  to tho subonsemble of the experimental  data set. 

U2 



From previous work* we find, finally, that (with x = X-X) 

1. Variance of the experimental variance [x=xri=x.,=x. ;(x.-x(t.)) ]; 

varA2>       ./xA2        .(*Y*^A-        • (5.6a) \ 1 /exp     \ 1 / exp     \ 1 yfexp M 

(Also:    ^--o7tlT^~k{%'(M)^h%*'^   '    (5-6b) 

[cf.,  Wilks  (Ref. 5), Eqs. 8.2.?, 8.2.9.]) 

2. Variance of the experimental covariance [x,=x,; Xp=x, ]: 

vtr <xlx^exp = aKx-exp H ^h'V exp " WVexp 

2    2      „2 
Xl X2     " Kx-12 

M 

with 

FT 5        I 
xl x3    " xl ' x3 

M 

*D. Middleton,  current ONR Research Notes. 

^3 

(5.7a) 

Kx-12 = ^TtTRtJI       . (5.7b) 

5.      Covariance of the experimental variance [x, =Xp;  x,=x> ]: 

K^exp -^exp^^exp " <x2>exp)  s ^Vv t3't5) 

(5.8) 
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U.      Covariani'o of the exporlmental povariaiice; 

ic      (t,,...,t,) - K (t-^tj   '"TTTCXl      - K (tn,t0)      • K rCTtl) TC 1 h x    1    ? exp        x    5    U'^xp        x    1'  2 exp        x    5    ^ < 
x-cxp 

xi 

x.xx.Xi   - K    ,„   * K     ,|, 1  .' j 'i        x-L?        x-3'' 
M    ■ " 

(5.9a) 

(5.9b) 

By specializInt.' (',•l,)  wo (.',et tlie other cases  (5.6)  throurh (5-8)  directly. 

When the process  x   is r'iussian wo may use Eq.   7.?^a of Ref.   1   to obtain 

directly 

i .      var •• x,    ) 
\ 1   /ex | 

2 x^ /M (5.10a) 

var /x,   x^\ 
\ 1    j/exp 

? 2 
Kx-12"  + Xl "2 

M 
(5.10b) 

3. {Ky-      ) 
x 12 

2 x.x,.   /M        , 
15' 

(5.100) 

x 125 U 
(K    ,,   '  K    0,   + K    ,,   '  K    n.)/M. 

X-I5        x-2',        x-1^        x-l[' ' 

(5.10d) 

A practical difficulty with usinr these moment relations is the fact 

that very often we do not know the ensemble average in question, e.g., x , 

K        ,  etc.    A number of partial resolutions of this difficulty is: 
X~-Lt- 
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1.      Use the sample statistics involved, e.g.,  for x1    use 

i 

etc., with the largest sample sizes available; 

2.      Use the alternative approach of making repeated observations on 

subensembles of the data, and estimate the variance (and mean) 

between samples  (of these subensembles) by (5.6a), now given by 

exp'        M-l t.     K       M-i » 'exp 
k=l k=l 

with 

zksi   V^^VJ       , (5.12) 
J=l 

- M)2 
where G,   is the statistical form in question, e.g., G.   = x 

with J = j',...,  j'+ J.) •   Of course, S      is itself a random 
K Z 

variable, whose p.d.'s depend   on still other unknown parameters. 

(For some simple applications and a discussion of the implementing 

circuitry, see Korn  (Ref. 19) •) 

VI.      Simulation and Reality; 

Simulation—in tank, by computer,  in a lake—provides a powerful 

tool for obta'ning quantitative results under varying degree* of control. 

The crucial problem in applying the results of simulation is to determine 

the extent to which the results are truly representative of the correspond- 

ing real-life situations.    Statistical methods appear to be the needed 

link between simulation and the real-data environment.    We very briefly 

sketch the approach: 
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1.      First, verify that the ensemble data from simulation constitute 

a valid ensemble  (tcstlnt;' for  independence and homogeneity of the 'iiember 

representations,   (ef.    Sec  5). 

?..      Next,  establish the valid ensemble size for the "real" data to 

be studied. 

5.       Simulation, of course,  must be carried out under as close 

similarity to the actual, known conditions under which the real-data 

ensemble was established.    In practise,  one may conveniently be able to 

treat a range of conditions  in the simulation, and thus "straddle" the 

real environment's constraints. 

h.      Next,   "calibrate" the simulatiun in terms of the real data set: 

specifically,   for reverberation without target, we use the statistical 

measures of the real data to establish the form and relative scale of 

tne distributions and their (lower-order) moments ("goodness-of-fit" 

tests and estimation, etc.).    It  is understood that the conditions of 

simulation are matched as closely as possible to those under which the 

real data were taken.    Then,  we S3ek isomorphisms between the results 

from the real data and the hoped-for equivalent simulation.    The absolute 

s-ale   is not   important, but  isomorphisms  and departures from them on the 

part of the simulated data then provide quantitative and qualitative clues 

as to possible differences  (and relative equivalon.'os) between the real and 

simulated models. 

5.      Once  an acoept'ible calibration of the simulation has been achieved, 

including known  (relative)  departures from the results of the real data,  we 

can proceed to exploit the simulated model for other properties,   checkinrr 

back with the real data when feasible.     This is, of course,   a kind of 

boot-strap operation, hnt it  is typical of the kind of joint statistical. 
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experimental interaction aided by physical insights  appropriate to the 

problem at hand, that must be devised if one  is to relate simulation and 

reality in a convincing fashion.    The details of what statistical properties 

(usually first-order probability densities and first- and second-order 

moments to bepin with)  are particularly useful, will depend on the type 

of measurements undertaken.    In any case,  statistical methods provide the 

needed connection between reality and simulation,  so that the techniques and 

results of the latter may be relied upon with confidence (determined by 

the significance levels, a,   chosen). 

VII.   Concluding Remarks 

In the preceding sections we have briel'ly described some of the 

principal features of statistical tests in general and specific tests in 

particular, for determining whether or not the observed data set represents 

a valid ensemble, whether two data sequences belong to the same underlying 

process, i.e., have the same distributions, and whether a data set has a 

particular (first-order) distribution.    Examples of both parametric (i.e., 

distribution-dependent) and nonparsunetric (distribution-free) tests are 

provided.    Generally, the nonparametric tests (Kbimogorov-Smirnov; Runs, 

W-test, etc.) are the most reliable, since they require few,  if any, un- 

available a priori    statistical data.    The Koimogorov-Smirnov tests are 

also among the more powerful (larger 1-ß values) even for small samples, 

with the x -tests breaking down when sample-size is too small. 

All of the above is cast in the particular framework of measuring 

the characteristics of reverberation data, which can contain a target at 

certain ranges, and is intended to provide a working preliminary for the 

analysis of data in such situations, vith attention to target properties. 

Included, also,  is a short "program" for relating simulatfid and "real" 

data, which is a critical problem in ultimately practical applications. 

The present discussion is far short of offering a comprehensive account 
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of "best" rests for all. such environments:    one next step here is to 

extend,  from working experience,  this small collection of procedures, to 

still others that may prove particularly useful in future experiments. 

Finally, we emphasize that statistical measures of data by themselves 

can be worse than useless:    they can be seriously misleading*.    We must 

always embed our statistical   analysis as deeply as we can  in the physleal 

background of the experiment,  and use this background as fully and carefully 

as possible  in our choice of data selection processing,   choice of tests, 

and interpretation.    In this  important sense practical statistical anal/sis 

remains an art, and is not purely a technical device to be used unthinkingly, 

In a later memorandum,  we hope to extend the above,  stressing the results 

for actual experiments. 

*See,  for example,  the remarks of W. Feller,  "Are Life ScitmLlsts Over- 
awed by Statistics?" p.  ?h of "Scientific Research," Vol.   »4, No.  5 
February 5,  1969 (published by McGraw nill). 
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APPorcix 

TABUS 1.    TABU OF CMTICAL VAIUP OF CHI SQUMg« 

Probability a under M   that Z 2 Z   ■ x*j 

•Ttbltl 

yubllihtri. 

it ibri<lc«i (rww T»hU IV «I Fithet ud Y»»«t! SlalitlkU fVn ftr Utl*tittt, tfkiduni. 
tunrek, puMMttd fcjr OlUtr M4 BaH I.U., Ediaburgh. by p«rntlnlM •/ lln •ulhora M4 

51 



AFPHSIX 

TABLE 2.    TABLE OF CRITICAL VALUES K   of (M/2)Z        ,     IH THE 
a sasple 

KOLMOOOROV-SNUIIOV TWO-SAMPLE TEST 

(Small suplei)*» 

j Ono-Uilcd tut* Two-Uiled iott 
Mi -M2 

- M/2 • - .05 {«-.01 or - .05 1 • - .01 

3 3 1               „^ !      « I        ... 

4 |        4 — 4 1     ~ 
5 4 5 5 1       s 
G 1       5 C 1     S 1       0 
7 1       5 o 1       G     1       C 
S 1       5     <      6 !       0     i       7 
9 1       0     !       7 i       «i     i       7 

10 :     ö    !     7 m         1            o 
i        «      :       8 

U 0     |       8 7 • 
12 0             8 7 s 
13 7     1      8 7 •   9 
14 7     1       8 8 0 
15 7     {      0 8 9 
1C 7             0 8 10 
17 8 1> 8 10 
IS 8 10 0 10 
10 8 10 0 10 
20 8 1(1 9 u 
21 8           10 9 11 
22 9           U 0 11 
23 0           11 10 11 
24 9           11 10 18 
25 9           11 10 13 
26 0     1     U     1 10     | 13 
27 9 12 10     i 13 
28 10 12     1 11 13 
20    I 10 12 11 13 
30    1 10    1 12 11 13 
35    1 11 13 12     | 
40 n    ! 14 13     | 

ii 

••At aodlfltd fran Selg«! (B«f. 8, pp. 278) 

"From NONPAHAMETRIC STATISTICS: FOR THE BEHAVIORAL SCIEIICES 
by Sidney Siegel. Copyright 0 1956 by McGr«w-Hill, Inc. 
\Jsi"l with perm'.ssion of Mc(]r»w-HlU Book Conpany." 



APPOIDIX 

TABLE 3.    TABLE OF CRITICAL VALUES Z   OF Z IH THE a ••■pie 
KOUCOOROV-SMIRMOV TWO-SAMPLE TEST 

(Urgt ■•aples; two-tilled test)* (M,, M2 i l»0) 

Lrral of tigai: 
a 

.10 

.05 

.02ft 

.01 

.00» 

.001 

Vkluc of >aM_ls »o larie •» to e*U for rejection 
et «6 et the tadle«te4 Irrel of •IttlfleMee, 

where l,^,^ ■ mmalmm lyx), - S^X),! 

^ 

'■«V^ 

'•»V^ 

•Modified frca 8ei«el («ef. 8. p». 2X9) 

"From HOHPARAMETRIC STATISTICS: FOR TOT. BEHAVIORAL SCIUtCES 
by Sidney Siegel.   Copyright  ©  1956 by McOr»v-Hlll, Inc. 
Uied with permission of McOrawHill Book Coapuy." 
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APPENDIX 

TABLE U.  TABU OF CRITICAL VALUES OF R IN THE RUNS TEST» 

Given in the bodies or Table li and Table 5 are various critical 
values of R for various values of Mj and M2.  For the one-sample 
runs test, any value of R which is equal to or smaller than that 
shown in Table h  or equal tc or larger than that shown in Table 5 
is significant at the .05 level.  (For the Wald-Wolfowitz two- 
sample runs t»st, any value of R which is equal to or smaller 
than that shown in Table U  is significant at the .05 level.) 

Table ti 

\«, 
— 

".\ 
2 3 4 5 0 7 8 9 10 11 12 13 14 15 IG 17 18 19 20 

2 2 2 3 3 2 2 3 2 2 
3 2 2 2 2 2 2 2 2 2 3 3 3 3 3 3 
4 2 2 2 3 3 3 S 3 3 3 3 4 4 4 4 4 
5 2 2 3 3 3 3 3 4 4 4 4 4 4 5 5 5 
0 3 2 3 3 3 3 4 4 4 5 ft A 5 ft ft 0 0 
7 2 2 3 3 3 4 •1 5 5 5 5 G 0 a a 0 G 
8 2 3 3 4 4 5 5 5 a 0 0 C 7 7 7 7 
9 2 3 4 4 S S S C G 7 7 7 7 3 8 8 
10 2 3 4 S 5 6 G a 7 7 7 8 8 8 8 9 
11 i 3 4 5 S G 0 7 7 8 8 8 0 9 9 9 
12 8 2 3 4 5 G 6 7 7 8 8 8 9 9 9 10 10 
13 2 2 3 5 5 G 6 7 7 8 0 9 9 10 10 10 10 
M 2 2 3 3 5 a 7 7 8 0 0 9 10 10 10 11 11 
l!i 2 3 3 5 0 C 7 7 8 8 9 9 10 10 11 11 11 12 
16 2 3 4 5 0 G 7 8 8 0 9 10 10 11 11 11 13 13 
17 2 3 4 5 C 7 8 0 0 10 10 11 11 11 12 13 13 
IS 2 3 4 5 0 7 8 8 0 9 10 10 11 11 12 13 13 13 
10 2 3 4 G 0 7 S 8 0 10 10 11 11 12 12 13 13 13 
20 2 a 4 ti G 7 8 0 0 10 10 11 12 12 13 13 13 14 

•Adapttd froa Scigel (Bef. 6. pp. 252 ■253) 

From NONPARAMETRIC STATISTICS: FOR THE BEHAVIORAL SCIENCES 
by Sidney Siegel. Copyright (c) 1956 by McGraw-Hill, Inc. 
User! with permission of McGraw-Hill Book Company." 
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Apparoix 

TABLE 5. TABLE OF CRITICAL VALUES OF R IH THE RUBS TEST 

TABLE 5 

H j 2 3 4 S 0 7 8 0 10 It 12 13 14 18 10 17 18 10 20 

2 
3 
4 0 0 
5 9 10 10 11 11 
0 9 10 U 12 13 13 13 13 13 
7 11 13 13 13 14 14 14 14 16 IS 15 
8 11 13 13 14 14 15 15 10 10 10 10 17 17 17 17 17 
0 13 14 14 15 10 10 10 17 17. 18 18 18 IS 18 18 
10 13 14 IS IC 10 17 17 18 18 18 10 10 10 20 20 
11 13 14 1» 10 17 17 18 10 10 10 20 20 20 21 21 
ia 13 14 10 IC 17 18 10 10 20 20 31 21 21 32 23 
13 IS IG 17 18 10 10 20 30 21 21 32 22 23 23 
14 IS 16 17 IS IU 30 20 21 22 22 2:» 23 23 24 
15 15 lli IS 18 10 2U 21 32 22 23 23 24 24 25 
10 17 18 10 20 21 21 23 23 23 34 25 25 25 
17 17 18 10 2u 21 22 23 23 24 25 25 20 20 
18 17 18 10 20 31 22 23 2i 25 33 20 20 27 
10 17 18 -2Q 21 33 23 23 24 25 30 20 27 27 
20 17 18 20 21 33 23 24 23 25 20 37 27 28 

•Adapttd froa 8«l|el (Rtf. 8. pp. 252-253) 

"From WOIIPARAMETRIC STATISTICS! FOR THE BEHAVIORAL CCIENCEr 
by Sidney Siegel. Copyright 0 19^b by McGraw-Hill, Inc. 
tlaerl with permir.slnn of MKlraw-mil  Book CoBpany." 
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APPENDIX 

TABLE 6.    TABLE OF PROBABILITIES ASSOCIATED WITH VALUES AS EXTMME AS 
OBSERVED VALUES OF Z IN THE NORMAL DISTRIBUTION« 

The body of the table gives one-tailed probabilities under H   of z. 
The left-hand marginal column gives various values of z to one decimal 
place.    The top row gives various values to the second decimal place. 
Thus, for example, the one-tailed p of z 2 .11 or z s -.11 is p ■ .1*562. 

■ .00 •01, .02 .03 .04 .05 .00 .07 .08 .09 

P /s - 57 2 
.0 1.8000 .4960 .4920 .4880 .4840 ,4801 .4761 .4721 .4681 .4641 
.1 .4602 .4562 .4523 .4483 .4443 .4404 .4364 .4325 .4286 .4247 
.3 .4207 .4168 .4129 .4090 .4032 .4013 .3974 .3930 .3897 .3859 
.8 .3821 .3783 .3745 .3707 .3009 .3032 .3594 .3557 .3520 .3483 
.4 .8146 .3409 .3372 .3336 .3300 .3264 .3228 .3192 .3156 .3121 

.S .30S5 .3050 .3015 .2981 .2940 .29 2 .2877 .2843 .2810 .2776 

.6 .2743 .2709 .2076 .2013 .2011 .2578 .2540 .2514 ,2483 .2451 

.7 .3130 .2389 .2358 .2327 .2296 .2200 ,2236 .2206 .2177 .2148 

.8 .3119 .2090 .2001 .2033 .2005 , 1977 .1949 .1922 .1801 .1867 

.9 .1811 .18 4 .1788 .1702 .1736 .1711 .1685 .1660 .1635 .1011 

1.0 .1687 .1502 .1639 .1515 .1492 .1469 .1446 .1423 .1401 .1379 
1.1 .1357 .1335 .1314 .1292 .1271 ,1251 .1230 .1210 .1190 .1170 
1.3 .1151 .1131 .1112 .1093 .10"5 .1050 .1033 ,1020 .1003 .0985 
1.8 .090S .oon ,0934 .0918 .0901 .0SS5 .0809 .0353 .0838 ,0823 
1.4 .0808 .0793 .0778 .0761 .0749 .0735 .0721 .0708 .0094 .0081 

1.6 .0008 .0055 .0013 .0630 .0018 .0000 .0594 .05S2 .0571 .0550 
1.6 .0518 .0037 .0520 .0516 .0505 .0105 .0485 .0175 .0105 .0455 
1.7 ,0116 .0430 .0127 .0418 .0109 .0401 .0392 .0381 .0375 .0307 
1.8 .0359 .0351 .0341 .0330 ,032y .0322 .03 4 .0307 .0301 .0294 
1.0 .0287 .0281 .0274 .0208 .02u2 .0250 .0250 ,0244 .0239 .0233 

3.0 .0228 .0222 .0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183 
3.1 .oiva .0174 .0170 .0100 .0102 .oirs ,0151 ,0150 .0i<j .0143 
3.2 .0139 .0136 .0132 .0129 .0125 ,0122 .0119 ,0110 .0113 .0110 
3.3 .0107 .0101 .0102 .0030 .0090 ,0091 .0001 .0089 .0087 .0084 
3.4 .005:. .OOSO .00/8 .0075 .00-3 ,0071 .0019 .00U8 .0000 .0004 

3.5 .0002 .0000 .0059 .0057 .0055 .0054 .0052 ,0051 .0019 .0018 
3.6 ! .0017 .0045 ,0011 ,00 3 .00 1 ,0040 .00139 .00. S .0037 .0036 
3.7 .0035 .0031 ,0033 .00.V2 .0031 .0030 .002(1 .0028 00?7 .0020 
3.8 .00% .0025 ,0021 ,0023 ,0023 .00'-2 .0021 ,0021 .0020 .0019 
3.(1 .0019 .0018 ,0018 .0017 .00 6 .0010 0015. ,001.} .0014 .0014 

3.0 .0013 .0013 ,0013 .0012 .0012 ,0011 .0011 .0011 .0010 .0010 
8.1 .0010 .0003 .0000 .0000 .OOOS ,0003 ,00US .00's .0007 .ono- 
8.2 '. .0007 
8.3 .0005 
8.4 .0003 

8.6 .ooo:.{ 
8.6 .oooiC) 
3.7 .00011 
3.8 .00007 
3.9 ,00000 

4.0 .00003 

•Taken from Siegel (Ref.  8, pp.  2hj) 
"From NONPARAMETRIC STATISTICS;   FOR THE BEHAVIORAL SCIENCES 

by Sidney Siegel.    Copyright   ©   1956 by McGraw-Hill,  Im.. 
Used with pprmisslon of McGraw-Hill Book Company." 
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APPEHDIX 

TABLE 7.    TABLE OF CRITICAL VALUES OF Z IN THE KOLMOOOBOV-SMIRIOV 
ONE-SAMPLE TEST« 

Sunpte Level of signlflcMce for Zf      1T ■ mveinm |F(X) 

M ,o -  .20 .16 .10 .05 .01 

1 Z -.900 .925 .050 .075 .005 
3 * .684 .726 .770 .842 .030 
S .     .8W .697 .642 .708 .838 
4 .404 .625 .664 .634 .733 
5 .448 .474 .610 .665 .660 

6 .410 .436 .470 .631 .618 
7 .381 .405 .438 .488 .677 
S .858 .381 .411 .457 .643 
9 .339 .360 .388 .432 .614 

10 .322 .342 .368 .410 .400 

11 .307 .828 .352 .391 .468 
» .295 .313 .338 •     .875 .450 
13 .284 .302 .325 .361 .433 
14 .274 .292 .314 .340 .418 
1ft .266 .283 .304 .338 .404 

18 .258 .274 .295 .328 .392 
17 .250 .268 .286 .318 .381 
18 .244 .259 .278 .309 .871 
19 .237 .252 .272 .301 .363 
SO .231 .246 .264 .204 .356 

26 .21 .22 .24 .27 .32 
SO .19 .20 .22 .24 .20 
S6 .18 .19 .21 .23 .27 

Over 35 1.07 1.14 1.22 1.36 1.63 
• V* VR vw v* VX 

"Adapted from Seigel (Ref. 8, pp. 231) 
"From NONPARAMETRIC STATISTICS: FOR THE BEHAVIORAL SCIENCES 
by Sidney Siegel. Copyright (c) 1956 by McGraw-Hill, Inc. 
Used with permission of McGraw-Hill Book Company." 
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APPEMDIX 

TABLE 8.     COEFFICIENTS    \_in 

FOR M « 2(1)50. 

FOR THE W TEST FOR NORMALITY,• 

X" 10 

1 ••7071 0-7O7I 0-CS72 0-6646 06431 06233 06032 058SS 05739 
3 — ••000 •1677 •2413 -2306 •3031 •3164 •3244 •3291 
3 — —. — •0000 •0875 •1401 •1743 •1976 •2141 
4 — — — — — •0000 •0301 •0947 •1224 
5 — — — — — — — •0000 •0399 

X" II 13 13 14 15 16 17 _    18 19 20 

1 •4601 9-5475 0-5359 03251 0-3150 .0-3030 04964 04886 0-4808 0-4734 
3 •3315 •3325 •3325 •3318 •3300 •3290 •3273 •3253 •3232 -3211 
3 •22W •2347 •2412 •2460 •2493 •2521 •2340 •2553 •2361 •2563 
4 -1429 •1986 •1707 -1802 •1878 •1939 •1088 •2027 •2039 •2065 
ft 4605 •0923 •1009 -1240 •1333 •1447 •1324 •1587 •1641 •1686 

ft •0000 0-0303 0-0539 O0727 0-0880 0-1005 0-1109 01197 01271 01334 
3 — — •0000 -0240 •0433 -0593 -0723 •0837 •0932 •1013 
• — — — — •0000 •0196 •0339 •0496 •0612 •0711 
t — — — —   — •0000 •0163 ■0303 ■0422 

10 — '— — — — — — — ■0000 •0140 

X" 11 23 33 34 25 26 37 28 29 30 

t O-iftll 0-4390 •■4542 o-4m O44.-0 04407 0-4360 0-4323 04291 04234 
3 •3185 •31.16 -3126 •3098 •3069 •3043 •3018 -2?I92 •2968 •2944 
3 •2578 •«371 •2563 •2534 •2343 •2333 •2322 •2310 ■2499 •24S7 
4 -2II9 •2131 •2139 •2145 •2143 •2151 •2132 -2151 •2130 -2148 
5 •1730 •1764 •1787 •1807 •1822 •1836 •1848 •1837 •1864 •1870 

ft •1390 •1443 0-1430 01312 0-1339 0-1363 01584 01601 01616 01630 
7 •1093 •«30 •1201 •1245 •1283 •1316 •1346 •1372 •1395 •1415 
S ••804 •0878 •0941 •0997 •1010 •1089 •1128 ..   -1162 -1192 -1219 
9 ■0530 •0618 •0696 •0764 •0823 •0876 •0923 •0065 •1002 •1036 

10 •0263 •0368 •0430 .   -0539 •0610 •0672 •0728 -0778 •0822 •0862 

11 o-oooo 0-0122 0-0228 0-0321 00403 O0476 O0340 O0398 0-0630 00697 
13 — — •0000 -O107 •0200 •0284 -0358 •0424 •0483 •0337 
13 — — — -. •0000 •00G4 •0178 •0233 •0320 •0381 
14 — _ _ —- — _ .  -0000 •0084 •0159 •0227 
15 — — — — — — — _ •0000 •0076 

•Adapted from Shapiro and Wilk  (Ref.  18, pji,  603-601*) 



TABLE 8. COEFFICIENTS ^^    FOR THE W TEST FOR NORMALITY, 

FOR M - 2(1)50 (cont.) 

31 32 33 34 35 36 37 38 39 40 

1 0-4220 0-4183 0413C 0-4127 O4090 04003 0-4040 04015 03939 0-3904 
2 •2021 •2808 -2876 •2854 -2834 •2813 •2794 •2774 •2755 ■2737 
3 •2475 •24C3 -2451 ■2439 -2427 •2413 •2403 •2301 -2380 -2309 
4 •2145 •2141 •2137 •2132 -2127 •2121 •2116 •2110 •2104 -2093 
S •1874 •1878 •1880 •1882 •1883 •1883 •1883 •1881 •1880 '-1878 

« 0>IC41 01051 0-1000 016Ü7 01673 01678 01683 01680 01680 0-1691 
1 -1433 •1449 •1463 •1475 •1487 •1496 •1505 •1313 -1520 •1526 
t •1243 •1263 •1284 •1301 •1317 •1331 •1344 •1356 •1360 •1370 
9 •106G •1093 •1118 1140 •11C0 •1179 •1106 •1211 •122.T> •1237 

M •0809 •0931 •0961 •0988 -1013 •1036 •1050 •1075 •1092 •1108 

It 0-0739 00777 0-0812 O0S44 O0873 0-0900 0-0924 0-0047 00907 O0980 
12 •0586 •0620 •O6C0 •0706 •0739 O770 •0708 •0824 -084S •0870 
13 •0435 •0485 •0530 •0572 -0610 •0645 •0677 •0706 -0733 •0759 
M •0289 •0344 •0393 •0441 •0484 •0523 •0559 •0502 •0022 •0031 
IS •0144 •0206 -0262 •0314 •0361 •0404 •0444 ■0481 •0815 •0340 

16 0-0000 0-0068 0-0131 O0187 0-0239 00287 00331 0-0372 00409 O0444 
17 — —- OOOO •0062 •0119 •0172 •0220 •0264 •0305 •0343 
18 — —- — — •0000 •0057 0110 •0158 •0203 -024^ 
19 —   — — — — •0000 •0053 •0101 *-0140 
20 — — — — — — — — •0000 -0049 

K. 41 42 43 44 45 46 47 ' 48 < 49 50 

0-3940 03917 0-3891 0-3872 0-3850 O3S30 O3808 0-3789 0-3770 03731 
•2719 •2701 •2684 •2667 •2631 •2633 •2620 •2604 •2589 -2574 
•2357 •2345 •2334 •2323 •2313 •2302 •2291 •2281 •2271 •2200 
•2091 •2085 •2078 •2072 •2065 •2038 •2052 -2045 •2038 •2032 
•1876 •1874 •1871 •1868 •1865 •1862 •1839 •1855 •1851 •1847 

0-1593 01631 01695 0-1693 0-1695 01095 0-1695 0-1693 0-1602 0-1091 
•1531 •1535 •1539 •1542 •1545 •1548 •1550 -1851 •1553 •1534 
•1384 •1392 •1303 •1403 •1410 •1413 •1420 •1423 •1427 •1430 
•1249 •1259 •1269 •1278 •1286 •1293 •1300 •1300 •1312 •1317 
•1123 •1130 •1149 •1160 •1170 •1180 •1189 •1107 •1205 •1213 

0-1004 0-1020 0-1033 0-1049 01002 O10-3 0-1085 0-1093 OHO", 01113 
0891 •0909 •0927 -0943 •0059 •0972 •0936 -0998 •1010 -1020 

•0782 •0804 •0824 -0342 O860 •0876 •0892 •0906 •0919 •0932 
•0677 •O701 •0724 " 0745 •0763 •0783 •0801 •0817 •0832 •0840 
•0575 •0602 -0628 •0651 •0673 •0094 0713 •0731 •0748 0764 

0-0476 00o06 0-0334 0-0360 O0384 O0007 O0628 0-0648 0-0667 0-0683 
•0379 •0411 0442 -0471 •0497 •0522 0346 -0568 •0588 •060H 

18 •0283 -0318 0332 -0383 •0412 •0430 -0465 •0480 •0511 •0332 
19 •0188 •0227 -0263 -0296 •0328 •0337 0385 •0411 •0438 •04.-.9 
30 •0094 •0136 0175 ■0211 0245 •0277 O307 •0335 •0301 •0380 

31 0-0000 0-0045 0-0087 O0126 O0103 O0197 0-0229 0-0259 0-0288 00314 
22 _ •0000 -0042 •0081 •0118 0153 -0183 •0215 0214 
23 _ _. — — •0000 •0039 •0076 •Olli •0143 0174 
24 — — — — — ~ •0000 •0037 •0071 O104 
25 — —. _ — • _ — — ^ •8000 ■0035 



TABLE 9.     PERCEHTAOE POINTS OF THE W TEST» FOR M - 3(l)50 
Lovtl 

3 
M 

- 0.99 0.98 0.95 0.90 0.50 o.Uo 0.05 0.02 0.01 

X /"Ö.Ol 0.02 0.05 0.10 0.50 0.90 0.95 0.98 0.99 

w  ■ z -J^U 0.753 0.7C.6 0.767 0.789 0.759 0.998 0.999 1.000 1.000 
4 •o«: •7"7 •748 •702 -935 •087 ■002 ■90«! •OOT 

S •68«'. •715 •762 ■BOO ■927 -979 -986 •991 •993 

t 0-713 0 743 0-T88 0-826 0027 0074 0081 0-986 0-989 
7 •730 •760 •803 -838 •028 •72 -979 -985 •088 
• •749 •778 •818 -ar.l •033 •972   • ■978 •984 •W7 
9 •7«4 •791 •829 -Sri» ■935 •072 ■978 •984 -986 

10 •781 -800 -842 -860 •938 •972 ■978 -983 -986 

11 0-7DS 0817 0-8.-.0 0-876 0-910 0-073. 0-0*9 0084 0-98'J 
12 •80.1 ■828 •830 -883 •943 •973 ■979 •984 -986 
13 •814 -837 •866 •889 •945 •974 •979 •984 -986 
14 •82'. -840 •874 ■895 •947 •973 •980 •984 •986 
15 •833 -855 •881 •901 -950 •975 •980 ■984 •937 

16 0-844 0863 0-8S7 0006 0-902 0-976 0-081 0085 0-987 
17 •831 -800 •892 -910 -954 •977 •981 •985 •987 
18 •838 -874 •897 •914 -936 •078 ■982 •936 •988 
W •«C3 •879 -901 ■917 -957 •978 •982 •936 •988 
70 •80» -884 •905 •920 -959 ■979 •983 •930 •988 

21 0-873 0-888 0003 0-023 0-060 0-930 0-983 0-987 0089 
22 •878 ■802 •911 ■926 -961 •980 -984 •987 •98« 
23 •881 •895 •014 ■928 •962 •981 •984 •987 •989 
24 •884 •893 •916 •930 -063 •981 -984 •987 •989 
25 •888 •901 •018 •931 •964 •981 ■985 •988 -989 

26 0-801 0-904 0-920 0033 0-965 0-082 0-985 ••988 0-980 
r •804 •900 •23 ■935 -905 -982 •983 -938 -990 
28 •896 •90S •924 •936 -966 ■932 ■985 -988 -990 
29 •80S •910 •026 •037 •960 •82 ■985 •988 •900 
30 •900 ■912 ••27 •939 -967 •83 ■985 •888 -900 

31 0-002 0-014 0-929 0-040 0-967 0-033 0-986 . 0-988 0-990 
32 -904 -915 ••30 -941 •968 •983 -986 ■988 -990 
33 •000 -917 -931 ■942 -968 -933 -986 ■989 •990 
34 •003 •919 •933 •943 •0G9 •983 -986 -989 •90O 

35 •910 •920 -•34 •944 •960 •984 -986 •989 ■990 

36 0012 0-922 0035 0-045 0-970 0-984 0-9S6 0-989 0-900 

37 •014 •924 ••30 -946 •970 •984 ■987 -989 -990 
38 •916 -925 ••38 -947 •971 ••84 -987 •989 •990 
39 •917 -927 •39 •948 •971 •84 -987 ■989 •991 
40 •919 •928 ■940 -940 -972 •985 •987 ••89 -901 

4: 0-020 0-920 0-941 0-050 0-972 0-985 0-987 0-089 0-901 
42 ■922 •930 •942 •951 -972 •985 -037 •089 •991 
43 •923 •032 •043 •951 •973 -985 •987 •990 •991 
44 •924 •933 •944 ■9?2 -973 •985 -987 •990 -991 
45 •926 -934 •45 •953 •973 •85 •988 •900 •991 

46 0-927 0-935 '  •■943 0-053 0-974 0-985 0-988 0-990 0-991 
47 •928 ■936 •940 -984 -974 •985 •988 •990 »91 

48 •920 «37 •47 •954 -974 •85 •988 •990 •91 
49 •929 •937 ••47 •955 •974 ••85 •988 •090 •991 
80 •930 .•938 ••47 •955 •974 »85 ■988 •990 •91 

•Adapted from Shapiro and WilJt (Ref. 18, pp. 605) 

60 



REFERENCES 

1. Middleton, D., An Inlruduetion to Statistical Communication 
Theory, McGraw-Hill Book Company, Inc., New York, N. Y., 
I960,    Sees.  1.3 -  1.6. 

2. Cramer, H., Mathematical Methods of Statistics, Princeton 
University Press, Princeton, New Jersey,  19^6; 
cf. Chapter 30. 

3. Hoel, P. G.,    Introduction to Mathematical Statistics, 
Jchn Wiley & Sons,  Inc., New York, N. Y.  1947; 
cf .    Chapter 11. 

h.      Mood, A. F., Introduction to the Theory of Statistics, 
McGraw-Hill Book Company, Inc., New York, N.  Y., 1950. 

5. Wilks, S. S., Mathematical Statistics> John Wiley & Sons, Inc., 
New York, N. Y., 1962}  cf. Chapter lh, 

6. Fräser, D. A. S., Nonparametric Methods in Statistics, 
John Wiley & Sons,  Inc., New York, N. Y.,  1957« 

7. Bendat, J. S. and A. G.  Pierso.l, Measurement and Analysis of 
Random Data, John Wiley & Sons, Inc., New York, N. Y., 1966. 

8. Siegel, S., Nonparametric Statistics for the Behavlorlal 
Sciences, McGraw-Hill Book Company,  Inc., New York, N. Y.,  1956. 

9. Middleton, D.,   "A Statistical Theory of Reverberation and Similar 
First-Order Scattered Fields," Trans.  IEEE on Information 
Theory, IT-13,  No.  3, pp. 372-hlk, July 1967,  Sec. 10. 

10. Yaglom, A. M.,  Introduction to the Theory of Stationary Random 
Processes,  Prentice-Hall, Inc., New York, N.  Y., 1962. 

11. Middleton, D.,  An Introduction to Statistical Communication 
Theory, McGraw-Hill Book Company, Inc., New York, N. Y., 
I960, Sec.  19.2-1. 

12. Hoel, P. G., Introduction to Mathematical Statistics, 
John Wiley 8c Sons,  Inc., New York, N. Y.  1947} 
cf. Chapter 11, pp. 215-216. 

13. Middleton, D., An Introduction to Statistical Communication 
Theory, McGraw-Hill Book Company, Inc., New York, N. Y., 
i960. Sees.  1.3,  l,k. 

Ik.      Creiadr, H., Mathematical Methods of Statistics, Princeton 
University Press, Princeton, New Jersey, 1946} 
cf. Chapter 30, pp. ^7, ^8. 

15. Middleton, D., Topics In Communication Theory, McGraw-Hill Book 
Company, Inc., New York, N. Y., 1965« 

16. Wllks, S. S., Mathematical Statistics, John Wiley & Sons, Inc., 
New York, N. Y.,  1962;  cf.  Chapter lk,  Sec.   lU.3 6(e), 
PP. ^ ^57. 

61 

Mi 



f 

IT.       Arase,  T., and E. M.  Arase,   "Deep-Sea Ambient-Noise Statistics," 
J.  Acoust.  Soc.  Am., Wj-, No.  6, 1679-1681+, December 1968, 
for some pertinent applications. 

18. Shapiro,  S.  S., and M. B. Wilk,   "An Analysis of Variance Test 
for Normality," Biometrika,  52, 3 and h, pp. 591-611,   1965. 

19. Korn, G.  A., Random Process Simulation and Measurements, 
McGraw-Hill Book Company,  Inc., New York, N. Y.,  1966, 
Sees.  5-T, 11,  1^,  Chapter 6. 

62 

i 

L i. 



UNCLASSIFIED 
S»jciirij^CI«R»i(ir«lion 

DOCUMENT CONTROL DATA   R&D 
Serufify (Jmttihruttoa ol title, body ot tibntrmrt mud mdttmg unnoimtttm HWM br >m»f d whrn the owrmii report la clttnltitd) 

!•■ HEPOnT SECURITV  CLASSIFICATION i   OMiciNATiNc A c T i v i r v rrofponM «uihor; 

Applied Research Laboratories 
The University of Texas at Austin 
Austin, Texas    78712 

UNCLASSIFIED 
lb. GHOUP 

1     «r.POBT    TITLE 

Acoustic Modeling, Simulation, and Analysis of Complex Underwater Targets 

II.    Statistical Evaluation of Experimental Data 

A   DESCRIPTIVE NOTtt fTVp« afrcpori and In 

Technical Report No.  69-22 
s   AuTHORii) (Flrßt name, middle Initial, (••maim) 

David Middleton 

6    NEPOMT  o« TC 

26 June 1969 
7«.   TOTAL NO.  OF PAGES 

75 
lb.  NO   OF MCFS 

19 
Sa.   CONTRACT   OR   ORANT  NO 

N0002)i-69-C-1129 
b.  PROJEC T NO. 

SF 11121100, Task 08212 

«a. ORIOINATOR'S REPORT NUMBCRIS) 

ARL-TR-69-22 

tb. OTHER REPORT NOISI (Any other number» thai may be aealtned 
thle report) 

to    DISTRIBUTION STATEMENT 

This documtnt has been approved 
for public release and sale; 
its distribution is unlimited, 

II     SUPPLEMENTARY NOTES It    SPONSORINO MILITARY   ACTIVITY 

Naval fihip Systems Command 
Department of the Navy 
Washington, D.  C.    20360 

Some methods of analyzing experimental data for complex targets and reverberation 
are outlined,  including a heuristic discussion of what constitutes an ensemble 
and how to obtain one experimentally.    The problem of then determining whether 
or not the actual data form a valid ensemble is considered.    Tests for the 
stability,  or stationarity,  of the underlying random mechanism are briefly 
described  (test of independence and homogeneity); tests  of whether or not a 
particular data set belongs to some postulated probability destribution are 
provided  (goodness-of-fit),  including a powerful test for establishing the 
normality or non-normality of the sample.    Among the tests considered are the 
X2, the Kolraogorov-Smirnov, the runs test, and the W-test for normality.    These 
tests are carried out for some hypothetical reverberation data to illustrate 
the  individual tests, at particular ranges, which can include the domain of a 
target reverberation.    Some second-order properties of various classes of 
second moments of these data are also discussed, and an approach to relating 
simulated data to those from a real environment is briefly sketched.    This 
memorandum is  intended as a preliminary guide to the statistical treatment of 
data that are obtained in target and background measurements.    As a subsequent 
task, additional tests and techniques remain to be chosen for this class of 
problems,  including the explicit analysis of data already obtained. 

DD .?o":..1473   ,PAGE1, 
NO 

S/N OIOI.607.6aot 
UNCLASSIFIED  
"" ~~" Security Clsseincatlon 



eSHOKS Jl.l—- 

UNCL\o3II'IF.r 
S»c-urnv rUamiftration 

KFV  wonoi 

Statistical Evaluation oi" Reverberation Data 

Reverberation 

Tests for Ensemble 

Test? for Goodness-of-Flt 

Tarr.et Data 

Gimulation Data 

Sample Statistics 

Simulation and Reality 

DD;r..1473  BACK, 
(PAGE' 2) 

KOLC 

UNCLASSIFIED 
Security CUtalflcalion 


