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SOME LOWER BOUNDS OF RELIABILITY 

by 

Tapae K. Sarkar 

1. Introduction and Summary 

Let us consider e complex system consisting of n components in 

series so that the system fails if one con^jonent fails. Let Xi 

+• V» 

represent the time to failure of the 1 component. Then the reli¬ 

ability of the system at time t is given by 

(1-1) R(t) = P(X1 > t,> t) . 

We will consider the problem of finding a lower bound on R(t). 

Various authors have considered this problem from time to time; in 

particular one may refer to Barlow, Proschan and Hunter [3 ] and 

Barlow and Marshall [2]. The approach usually taken is to assume 

that the form of the joint distribution of X^. ...,^ is given and 

then find a lower bound on R(t). We will take a different approach. 

We will assume that an easily calculable and useful function R*(t) 

is given. We will find a condition such that R*(t) is, in fact, 

a lower bound on R(t) for all t > 0. We want these conditions 

to be meaningful in the sense that they should have simple physical 

interpretations. 

1 



In the following discussion we will take 

n, 
(1.2) R*(t) = rip(xi>t) . 

i=l 

We note that if ...,Xn are independent then R(t) = R^(t), for 

all t > 0. Ifence if R*(t) is a lower bound on R(t) then it is a 

"sharp" lower bound in the sense that R*(t) may actually be attained 

by R(t) for all t > 0. 

We will consider a slightly more general problem as follows: 

Problem A: To find meaningful sufficient conditions such that 

n 

for all X,, ... ,x 
±' ^ n 

In reliability applications non-negative random variables are considered, 

in which case inequality (1.3) will be meaningful for (x^,...,xn) > 0. 

One answer to the problem has already been given by Esary, Proschan 

and Walkup [ 6 ]. They have introduced the concept of associated random 

variables. 

Definition: We say that random variables X = (X^,...,)^) are 

associated if 

cov[f(x),g(X)] > 0 

for all non-decreasing functions f and g for which E[f(X)], 

E[g(X)], and E[f(X)g(X)] exists. 
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They have shown that j.f X ,...,X are associated, then 
i n ’ 

n 

for all x^,...,xn 

Unfortunately association is not an easy property to verify. It 

is not an intuitively meaningful property either, except for binary 

random variables with n = 2 where association is equivalent to non¬ 

negative covariance. Hence we consider the following problem. 

Problem B: To find meaningful sufficient conditions such that 

(1-6) ...,Xn) are associated 

It is clear that any solution to problem B is a solution to 

problem but the reveise may not be true. 

Lehmann [JO] has considered problem A for two variables. For 

n = 2, inequality (1.3) is equivalent to 

(1-7) P(X1 < *!, Xg < x2) > P(X1 < Xj^PtXg < x2) . 

Lehmann has considered the problem in this form. Before we summarize 

his results we will define the concept of monotone likelihood ratio. 

The following definition is due to Lehmann [Çj. 



Definition: The real-parameter family of densities f0(x) is 

said to have monotone likelihood ratio in T(x) if there exists a 

real-valued function T(x) such that for any 0' < 0 the distributions 

Pg and Pg, are distinct, and the ratio fg(x)|fg,(x) is a non¬ 

decreasing function of T(x). 

If X > x' and if we replace T(x) by x, then the definition 

is equivalent to 

(1.6} fg(x)fgtfx') > fg(x')fg,(x) for all x > x' and all 0 > 0' , 

such that the densities are defined. In fact, there is no need to 

distinguish betweer x the variable and 0 the parameter. We can 

write inequality (1.8) as 

(1.9) f(0,x)f(0',x') > f(e,x')f(0',x) for all x > c' and all 0 > 0’ . 

We can generalize further and define a generalized monotone likelihood 

ratio (abbreviated g.m.l.r.) for a multivariate density f(u^,...,un). 

Definition: Let u^ > u^!, u^ > uÿ i ^ ^(u^, • •.,un) is 

said to have g.m.l.r. in u., u. iff 
1 J 

i'(u^/ • • • Í Uji • • • ^un )^(11^^ . • ,U^, . • . ,Uj, . • . ,un ) 

(1.10) 

-f (u^, • • • ,u^, • . • ,Uj, . . ,U^)f (Ui, • • • jUf, • . . ,Uj, • • • ,Un) > 0 
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for all Uy aa above and for the other (n-2) u's 

fixed at any value • • • #un with the 

proviso that the densities must be properly defined at these values. 

One consequence of this definition is that if f has g.m.l.r. 

in u^, Uj, i ^ j then the ratio 

i(U-l # * • * >U4 Í • >U,, ) 
( i H ) % J . 

íTv • • • ,u^,... • • • >un^ 

is non-decreasing in u^ for the other u's fixed provided the ratio 

is defined. We note that the concept of g.m.l.r. is symmetric in 

V V 
We note that tne ratio in (l.ll) may become co or ^ , depending 

upon the behaviour of f. To avoid such complications we assume in 

the proof tnat each of the random variables X^,...,Xn has the same 

range of definition and the density f is non-zero over this range 

except perhaps at the end points. For simplicity let. us assume that 

the range of X^,...,Xn is the n dimensional Euclidean space. In 

reliability applications one deals with non-negative random variables. In 

this case we assume that if X^ ...,Xn are non-negative then the density f 

is non-zero over tie positive orthant. 

We will assume further that there exists a dominating measure p 

with respect to which the density f(u^, ...,un) of exists. 

We will use this density whenever required. 

To summarize Lehmann's results let us consider the following 

conditions: 
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(1.12) P(X2 < x2[X1 < x1) > p(X2 < x2) for all x^ x2 such that 

the conditional cumulative distribution functions are defined. 

(1.13) P(X2 < < x{) > ^(^2 < x2lXi S xi^ for x{ < xi 

and all x,. such that both sides are defined. 

(1.14) P(X2 < XglX-j^ - x1) is non-increasing in x for each fixed x . 

For all x^j x^ such that the ratio of the conditional 

densities 

f(x2|xi = xx) 

f(x2|X^ = xp 

is non-decreasing in x2 over all values such that the ratio 

is defined. This condition means that f(x2|xi = x^ has 

g.m.l.r. in x^, x2- 

(1.16) 

Lehmann [9 ,10] has shown that 

/ 

(1.15) implies (1.14) , 

(1.14) implies (1.13) 

(1.13) •’mplies (1.12) 

(--•12) is equivalent to (I.7) 

We will try to generalize these conditions for an arbitrary number 

n of components. 

r. 
o 
ï: 

I 
1 

1 
I 
f 1 
I 
I 
1 
l 
I 
l 

i i 

- 

11 

I 
I 
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We have already mentioned the importance of associated random 

variables in our discussion. Esary et al., [6 ] have proved the following 

results: 

Any subset of associated random variables is associated. 

(1.18) The set consisting of a single random variable is associated. 

(1.19) Non-decreasing functions of associated random variables are 

associated. 

(1.20) Independent random variables are associated. 

As mentioned earlier associativity is not an easy condition to check. 

Moreover, the idea is not intuitive. Esary, et al., [6 ] have shown the 

following: 

(1.21) Let cov[7(x), 6(x)] > 0 for all binary non-decreasing 

functions 7,6. Then X = (X^...,Xn) is associated. 

(1.22) If p[X1 > x1|X2 = x2] is non-decreasing in x2 for all 

x^ then X^ Xg are associated. 

We note that for n = 2, statement (1.22) is a solution of problem 

B. We note that statement (1.14) is equivalent to statement (1.22) and 

(1.14) is a solution to problem A for n ^ 2. Hence these two statements 

establishes a bridge between the results of the Lehmann [10] and Esary 

et al., [6 ]. 
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We will generalize the conditions for associativity to an 

arbitrary number n of variables and try to give a meaningful 

interpretation to these conditions. 

We will consider some special cases, specially, the cases of 

multivariate exponential distribution as introduced by Harris [7 ] 

and Marshal and Olkin [11], and the case of multivariate normal 

distribution. Numerical examples will be given from time to time to 

illustrate our results. 

We will apply analogous techniques to the case of n 

components in parallel. 

Definition: A system with more than one component is said 

to be a parallel system if it fails only when all the components 

fail. 

Let there be n components in the system. Let X,,...,X 
1 n 

denote the times to failure of components 1 to n. The 

reliability of the system at time t is given by 

(1-23) R(t) = 1 - < t 

We want a lower bound to this reliability. Following our 

approach in the case of a series system we take 
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(1.24) R*(t) 1 
n 

- TT p(xi < t) 
i=l 

as a possible lower bound and want to find condition such that 

R*(t) is in fact a lower bound on R(t) for all t. We note that 

if ...,Xn are independent then R*(t) = R(t) for all t. 

Hence if R*(t) is a lower bound it is a "sharp" lower bound in the 

sense that R*(t) will actually be attained under the conditior of 

independence. 

As before, we will consider a slightly more general problem as 

follows: 

Problem C: To find meaningful sufficient conditions su^h that 

(1.25) 1 - P(X1 < x1,...,X < X ) > 1 - ]“[ p(x < X ) 

i=l 1 1 

for all x1,...,xn. This is equivalent to finding sufficient 

conditions for 

(1.26) P(X1 - Xi'**-'xn < xn) < TT p(xi < V 

In reliability application we consider non-negative random variables 

so that the above is meaningful only for (x ,....x ) > 0. 
1 ' n — 

Our analysis will show that, although some results 

analogous to those in the series case hold. 

o 





2. A Set of Sufficient Conditions for "Pi > x4 ) to be a Lower 
1=3. 1 1 

Bound on P( ... ,Xn > xn) 

In this section we will consider problem A as mentioned in the 

introduction. To recapitulate, let X-^, ...,Xn be n random variables 

not necessarily independent. We want to find meaningful sufficient 

conditions such that 

n 
(1-3) > x1,...,xn > xn) > j I p(xi > xjL) , for all (x1,...,xn) 

We establish the notation that the left hand side of inequality 

(1.3) can be written as P(Xi > x^ i = 1,2, ...,n). 

Ar mentioned in the introduction, our main results in this section 

will generalize the conditions in statements (1.12) to (1.15) of 

Lehmann given in [9 ,10]. 

In particular we will prove the foULowing main theorems: 

Theorem 2.1: If, P(X. > Xj, j = 1,...,i-1|Xi > Xi) 

- P^Xj X,j' ^ = 1 = 2, ...,n and for all then 

inequality (1.3) holds. 

^rem 2-2: P(XJ > Xj, J = 1,---,i-l|Xi > X±) is non¬ 

decreasing in Xi, i = 2,...,n for all other x’s fixed then the 

hypothesis of Theorem 2.1 is satisfied, and hence inequality (1.3) 

holds. 

^orem 2-If> > Xj, j = l,...,i-l|Xi = u.) is non¬ 

decreasing in Ui for footed x^ ... i = 2,...,n then the 



I 

hypothesis of Theorem 2.2 is satisfied, and hence inequality (l-3) 

holds. 

Theorem 2.4: If, f(u^,...,un) has g.m.l.r. in every pair 

u^, Uj, i ^ j, i,j = 1, ...,n then the tiypothesis of Theorem 2.5 is 

satisfied, and hence inequality (1.3) holds. 

We hope that in practical applications even if Theorems 2.1, 2.2 

and 2.3 are difficult to verify. Theorem 2.4 may be easily verifiable 
n 

and hence ve will know whether "| [ P(X. > x ) is a lower bound for 
i=l 1 1 

P(X. > xi, i = 1,...,n). We note that if inequality (1.3) holds for 

all x,,...,x then letting any subset of x-,,...,x tend to 
j- n 1 ' n 7 

inequality (1.3) will hold for the remaining variables. 

From time to time we will give examples to show that the 

conditions of Theorems 2.1-2.4 are sufficient and not necessary 

conditions. We will also show that the first three conditions may 

be "asymmetrical". We will try to interpret these conditions and 

will show that these interpretations are physically meaningful. 

Lastly we will consider the case of multivariate exponential 

distribution as introduced by Marshall and Olkin [ll] and Harris [7 ]. 

We will show that for this dirtribution Theorem 2.3 can be applied 

but Theorem 2.4 may be inapplicable. 
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2.1 Proof of Theorem 2.1 

Theorem 2.1 is really a generalization of condition (1.12) to 

n-variables. Apart from proving the theorem we will also show by 

examples that the theorem gives a set of sufficient conditions for 

n > 3 and not a set of necessary conditions and that the conditions 

are "asymmetrical" in the sense to be defined later. 

We now prove the theorem: 

Theorem 2.1: If, 

P(X. > Xj, J = 1 i-l|Xi > X^) > P(Xj > J = 1,...,1-1) 

(2.1) 

i = 2, ..., n and for ala x^ 

then inequality (1.3) holds. 

Prooí : Take i = 2. Then inequality (2.1) implies 

P(X1 > xlf X2 > x2) > P^ > x1) P(X2 > x2) 

Suppose, 

i-1 
(2.2) P(Xj > Xj, j = 1,..., i'1) > T7 p(X4 > X ) 

J=1 

Then, by inequalities (2.1) and (2.2), 
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P(XJ > V J = > p(xj > V J = 1,...,i-l)P(Xi > X.) 

i 
>Y^P(X.>x) . 

j=l J J 

Hence by induction inequality (1-3) holds. 

Inequality (2.1) is asymmetrical in the following sense. Let 

n = 3, then (2.1) reduces to IP(X1 > x1|X2 > x2) > P(X1 > x1) 

P(X1 > x1,X2 > x2|X3 > x5) > P(Xl > Xl, X^ > x2) , 

for all (x1,x2,x5) 

Even if these inequalities hold, they do not imply that, for example IP(X3 > x3|X2 > x2) > P(X3 > x3) 

P(X3 > x3,X2 > x2|X1 > xx) > P,X3 > x3, Xg > x2) , 

for all (X;L,x2,x3) 

The following is a counterexample. 

Example 2.1: Let n = 3 and consider the following data for 

random variables taking only values 0 and 1. 

Ik 

ÜÉÉI.^ ■UÍUW.^.., ..mi., 



m 

X1 ^ Probability 

0 

0 

1 

1 

1 

0 

1 

0 

1 

1 

0 

1 

1 

0 

1 

• 50 

• 35 

.05 

• 05 

•05 

The marginal distributions are given by 

X1 *2 Prob. Prob. Prob. 

0 

0 

1 

1 

0 

1 

o 
1 

• 50 

•35 

• 05 

.10 

0 

0 

1 

1 

o 
1 

o 
1 

• 50 

•35 

• 05 

.10 

0 

0 

1 

1 

0 

1 

o 
1 

• 50 

• 05 

• ) 

.40 

Prob. Prob. Prob. 

0 

1 

• 85 

• 15 

0 

1 

-55 

■45 

0 

1 

• 55 

• 45 

‘i - - or 1% i = 1,2,5 so In the example we will put = 0' 

that P(X1 > a , X2 > b", X5 > c") = P^ > a, 3¾ > b, Xj > c). 

Keeping this in mind the following figures show that inequalities 

(2.3) hold. 

15 

... I 







5 
P(X. > X., 1=1,2,3) 77 p(Xi > x±) 
11 1=1 

0 0 0 

10 0 

0 10 

0 0 1 

Oil 

10 1 

110 

111 

1 

■35 

•35 

•35 

.20 

.20 

.20 

• 05 

1 

•35 

•35 

•35 

.1225 

.1225 

.1225 

.042875 

But P(X1 > 1, Xg > l|X5 > 1) - P(X1 >1, Xg > l) 

.20 = .O5-.O7 
• 35 

< 0 . 

From symmetry, P(X1 > 1, X^ > 1^ > l) - P(X1 > 1, X^ > l) < 0 

und PÍXg > 1, X5 > > 1) - PiXg >1, X5 > 1) < 0. Hence 

inequalities (2.1) do not hold. 



2.2 Proof of Theorem 2.2 

Theorem 2.2 is a generalization of condition (1.13) to n-variable; 

We will prove the theorem and as in Section 2.1 we will give counter¬ 

examples to show that the conditions of the theorem are "asymmetrical" 

and sufficient without being necessary. 

We now prove the theorem. 

Theorem 2.2: If, 

P(Xj > Xj, j — 1,...,i-l|x^ > 

then inequalities (2.1) hold and by Theorem 2.1, inequality (1.3) 

holds. 

Proof: By hypothesis, for i = 2,3,...,n. 

P( > x1,.. 

Let x^ -> -oo. (For non-negative random variables we let x| 

Then P^ > ..^X^ > xi_1|X1 > x±) > > x^ ...,Xi_1 > xi 1). 

Let x^ -> -co. 

Hence, inequalities (2.1) hold and the theorem is proved. 

Again, inequalities (2.5) are asymmetrical in the following 

sense. Let n = 2. Then (2.5) reduces to 

19 
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# 

Also, 

P(X2 > OjXj^ > 0) = 1, P(X2 > OjXj^ > 1) = 1 

P(X2 > > 0) = .87, P(X2 > > 1) = .875 

> 0) = .50, P(X2 > 2|X1 > 1) = .50 

But 

P(X1 > OjXg > 0) = 1, Plx^^ > > 1) = 1, Pi^ > OlXg > 2) = 1 

P(Xi > > 0) = .80, P(X1 > > 1) = = .8046, P(XL > 1|X2 > 2)=.80. 

Hence, inequalities (2.5) hold for P^ > x2 ^ but not for 

PU-^l^^l) and P(X1 > 1^ > 2). 

As in Theorem 2.1 for inequality (1.3) to hold it is enough that 

inequalities (2.5) hold for at least one set of the n! numbering systens 

possible. Again, if inequalities (2.5) hold for one system it may not 

hold for another. 

Inequalities (2.5) give only a set of sufficient conditions for 

inequality (2.1) to hold. These are by no means necessary, as can be 

seen from the following example: 

Example 2.4: Consider the following bivariate distribution: 

\X1 
vx 0 1 2 

0 

1 

2 

.30 

0 

.12 

0 

0 

•09 

.10 

.09 

.30 

21 
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By actual calculations, we find that 

P(X1 > 0) = 1, p(xi > 1) = .58, P(X1 > 2) = .49 

PU!^ > 0) = 1, p(X2 > 1) = .60, P(X2 > 2) = .51 

P(X1 > > 0) = 1 = p(xi > 0) P(X^ > 0) 

P(X1 - °> ^ > P) = P(X2 > 1) = .60 = p(xi > 0) PÍXg > 1) 

P(> °, X^ > 2) = P(X2 > 2) = . 51 = P(X-, > 0) P(X2 > 2) 

P(X1 > Xg > 0) = PCXj^ >1) = .53 = P(X1 > 1' P(3^ > 0) 

P(X1 > 1> Xi > P) = -tó > .348 = P(xi > 1) P(X2 > 1) 

P^ > P, X^ > 2) = .39 > -2958 = p(xi > 1) P(x2 > 2) 

P(X1 > 2j> > 0) = P(X1 > 2) = .49 = P(X1 > 2) P(X2 > 0) 

p(Xl > 2, X2 > 1) = .39 > *294 = p(XL > 2) P(X2 > 1) 

p(Xi > 2, X2 > 2) = .30 > .2499 = P^ > 2) PtXg > 2) 

But 

p(X1 > 21X2 > 2) - F(X1 > 21X2 > 1) 

p(X2 > 2|X1 > 2) - P(X2 > 2|X1 > l) = 



f 

% 

2.3 Proof of Theorem 2.3 

Theorem 2.3 is a generalization of condition (1.1^) to n- 

variables. As before ve vill prove the validity of the theorem and 

give counterexamples to show that the conditions of the theorem are 

"asymmetrical" and are sufficient without being necessary. 

Let Fi(u) be the cumulative distribution function of 

i.e.. 

Fi(u) = P(Xi < u) . 

Then we have the following theorem. 

Theorem 2.3: Let 

h^(u^) — P(X1 > . .. >X^_^ > xi ¡^ i — 

■r r -i n =v u n =v ^ n 
ui=xi U2 X2 Ui-1 Xi-1 

dF(u1/...,ui_1|u1) 

[ hi(ui) is n°n-decreasing in ^ for fixed x.^, ...,X2 2 and 

(2.6) < 

23 



then inequalities (2.5) hold and by Theorem 2.2, inequality (1.5) 

holds. 

Proof: By definition, 

P(X^ > x^, ...,X^ > ) h^(u)dF^(u) , i = 2,..., n 

Xi 

Let x’ < x^ Then 

P(xl > > xi_1|xi > xi) - P(X1 > x-,^, ••.,Xi_1 > x1_1|Xi > x^) 

J hi(u)dFi(u) J h1(u)4Fi(u) 

P(Xi > xi) P(X. > x^) 

p(xi > x_ljp(x1 > x]7 [P(xi > xl\fx hi(u)dFi(u) 

- P(Xi > Xl)J ' hi(u)dPi(u)] 

xi 

“ PÖtjVx.Jptx^x;) ^Epixi > Xj > x|)+p(xi > x1))|'" 

' Xi 

X„ 

h1(u)dFi(u)J] 

X i 

= prx¡' > xi)p(Xi > X') [p(xi > xi > xi) / hi(u)dFi(u) 

Xi 

Xi 
- P(Xi > Xl) J ' h1(u)dF1(u)] 

xi 

- P(X1 > x1){j ( hi(u)dFi(u) + J' 

2k 



Xi 

Kx, > x.)p(xi > X') [/, v) / ^(ujdr^u) 

Xi Xi 

o> Xi 

-/ ^(v)/ Vu)^i(u)) 
i Xi 

xi 

FTXj > XjWx. > x;) i/_./u=x {hjtuJ-hjt.jjdF^uîaF^,)] 

Now ue(xi,®) 

Hence, u > v. 

VÉ(x:[,x1] 

5y hypothesis, h^u) > ^(v). Hence, 

Xi 

/V,X,X=X) (V^-V^iMaVvíiO , 

»nd inequalities (2.5) hold. Now by Theorem 2.2, inequality (l.J) 

Bnd Theorem 2*3 is proved. 

As in Theorem 2.1, conditions (2.6) are asymmetrical. Let n = 2. 

The following counterexample shows that although P(3^ > x2|xi *= u) 

is nondecreasing in u for any fixed x,,, > xj*, = u) is not. 

Example 2.^: We will use the data of Example 2.3. 

pUi > 01X2 = 0) = 1, P^ > 0|X2 = 1) = 1, P(X1 > 0|X2 = 2) = 1 . 

P(X1 ^ IIX2 ~ °) = = -7692, P(X1 > llXg = 1) = .Qlo8 



mmmm 

> 11¾ ' 2) = * -80 • 

Hence, (2.6) does not hold for P(X^ > = u). But 

PiXg > o|x1 = o) = i, > o|x1 = 1) = 1 

Pi*2 > 11¾ = 0) = - .85, POt, > l|x1 - 1) = 7¾ “ -875 , 

rOt, > r|x1 - o) - 1¾ = .50, r(x2 > rlx,^ = D = 753 - -50 . 

Hence, (2.6) holds for PÍX^ > ^1^1 = u^’ 

As before, for inequality (1.3) to hold it is enough that (2.6) 

holds for at least one set of the ni numbering systems possible. 

Again, if (2.6) holds for one system it may not hold for another. 

Theorem 2.3, of course, gives a set of sufficient conditions 

for Theorem 2.2 to hold. The following example shows that the 

conditions are not necessary. 

Example 2.6: 



f 

■pp 

F(Xi > OlXj > 1) - P(X1 > 01¾ > 0) « ^|| - i = 0 

P(Xi > 0]¾ > 2) - P(X1 > 01¾ > 0) = ^ . i , 0 

PUi > 01¾ > 2) - P(Xl > 01¾ > 1) = ^ . , , 

p(Xi>i^>D -P(Xl>i^>0) JÜ^22íi>0 

P(X1 > i^> 2) - P(Xl > 11¾ >0) ^ = 0 

P(X1 > 11¾ > 2) - P(X1 > 11¾ > 1) = 1¾ . > 0 

P(X1 > 21¾ > 1) - p(Xl > 2|% > 0) . - l^t = lio^pæ > 0 

P(Xi > 21¾ > 2) - p(Xl > 2]¾ > 0) = 1¾ . l^i = > o 

P(Xi > 2]¾ > 2) - P(Xl > 2(¾ > 1) . . 1^1 > o . 

But 

Hxi a = D - p(xi > 11¾ = c). . i« < o . 

27 
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2-^ Physical Interpretations of the Hypotheses of Theorem 2.1, 2.2 

and 2.3 and the Example of Multivariate Exponential Distribution 

Let us try to interpret the inequalities (2.1), (2.5) and 

conditions (2.6). Let n = 3. Then (2.1) reduce to 

PiXj. > Xl' X2> x2lX3 > *3) > ?(*! > Xg > x2) ^ 

P(Xl>xilX2>x2)>P(Xi>xi) • 

Suppose we have components 1 and 2 in series. We note the Joint 

probability that component i survives beyond a given time x , 

i = 1,2. If we add a third component to the system and condition 

on the survival of the third component beyond x^ then the conditional 

probability that the other two components survive beyond times x^ x2 

tends to increase beyond the probability of the same event when no 

component 3 were present. Similar interpretation holds for ccmponent 

1 and a series system with components 1 and 2. Hence each new 

component has a beneficial effect on the system in the sense that if 

the new component survives then the other components tend to survive 

longer than the time to which they would have survived if no new 

components were added. If the components were independent, the 

survival of one component would have no effect on the survival of 

the other components. 

Let us now consider the general case. Let us number the components 

1,2,...,n in any way. Theorem 2.1 requires that for at least one o:.' 

these n! numbering, for i= 2,...,n, the addition of component 
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i and its survival, tends to increase the conditional probability 

of survival of all the other previous components beyond the value 

which would have been obtained if component i were not added. It 

is sufficient for the theorem if this condition holds for all other 

components and not only for the previous components. Hence, for 

the particular numbering system there is a beneficial effect of 

t h 
the survival of the i component (i = 2,...,n) on the survival 

of all other components. Note, the same may not be true for a 

different numbering system. 

Let us now consider inequalities (2.5). Let n = 5. Then 

(2.5) reduce to 

> x2) non-decreasing in x2 for fixed x,. 

P(X1 > > X2lx3 > x3) non-decreasing in for fixed (x^Xg). 

Let us consider the first condition. It says that the longer the 

second component survives, the conditional probability that the first 

component survives longer than a given time also tends to increase. 

In other words, long survival of the second component tends to 

improve the chance of survival of the first conponent. Similarly, 

from the second condition a long survival of the third component 

tends to improve the joint probability of survival of the other two 

components. In a way the component we are conditioning on is working 

for the benefit of the other components. This should be contrasted 

with a system with independent components. In that case, the 
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conditioning on ene component has no effect on the chance of survival 

of the other components. 

Let us now consider the general case. As before let us number 

the components 1,2,...,n in any way. Theorem 2.2 requires that 

for at least one of these n! numbering systems, for i = 1,...,n, 

the longer component i survives the higher is the probability 

that all the other previous components survive past any given set 

of time periods. In fact, it is sufficient to say that the chance 

of survival of the other (not necessarily the previous) components 

beyond any given set of time periods is going up with the continued 

survival of the i*'*1 component for i = 1, ...,n. Hence, for the 

particular numbering system theie is a beneficial effect of the 

survival of any component on all the previous components. Note that 

the same may not be true for a different numbering. 

The hypothesis of Theorem 2.3 gives a set of sufficient conditions 

for Theorem 2.2 to hold. It says that for Theorem 2.1 to hold it is 

sufficient that a numbering system exist for which, for i = 1,2,...,n, 

if the time to failure of the i^*1 component goes up, the joing survival 

probability of all previous components beyond any Eet of time periods 

must improve. As before, we can drop the word "previous" from this 

statement. Hence, Theorem 2.3 is essentially a restatement of Theorem 

2.2 in terms of time to failure rather than in terms of survival 

beyond given points of time. Again, if conditions (2.6) hold for one 

set of numbering, they need not hold for another. 
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Example 2.7: Let us consider the case of multivariate exponential 

distribution introduced by Marshall and OUcin [ll] and »arris (7 ]. 

For simplicity in algebra we will consider the cases of trivariate 

exponential and bivariate exponential. 

Let X-j^ Kg, Xj be three random variables having trivariate 

exponential distribution. Then, 

P(X1 > xlfX2 > x2,X3 > x3^ 

= exp[->.1x1-X.2x2-X5x5-X1+ max(x1,x2)-X5 max(x2,x5) 

-X6 max(x1,x3) - ^ maxíx^x^x^)] 

(^,...,X7)>0, (x^Xj) > 0 . 

The trivariate exponential distribution has a discontinuous 

density function with 13 different forms including singular components. 

Hence we will only consider inequalities (2.5) for this case. 

By actual calculations 

F(X1 > x1|X2 > x2) - P(XL > x1|X2 > x¿) 

= exp[-(\1+X6)x1 - (^+^) max(x1-x2,0)] 

- expt-CX^Xgjx^^ - (^+^) max(x1-x¿,0)] 

Let x2 > x¿. Then 

Hence, max(x1-x2,0) < max^-x^O). 



This implies that P(X1 > x.^ > x2) - P(X1 > x1|x2 > x¿) > 0. Also, 

P^ > x1,X2 > x2|x5 > x5) - P(X1 > x1,X2 > x2|x5 > xp 

= expf-X.^-X.gXg-X^ max(x1,x2)] [exp{-X^ max(x2-Xj,0) 

-Xg max(x^-Xj,0) - max(x^-x^,x2-x^,0)} - exp{_X^ max(x2 x^,0) 

-X6 max(x1-x^0) - X7 max(x1-x^,x2-x^,0)} ] . If x^ > x^, we can 

easily see, as in the previous case, that the difference is nonnegative. 

These two results verifies (2.5). By Theorem 2.2 inequalities (2.1) 

and (1.3) hold. Similar calculations will show that for multivariate 

exponential inequalities (2.5), (2.1), and (1.3) hold. In fact, in this case, 

it is easy to verify inequality (1.3) directly. We also note that inequalities 

(2.5), (2.1) and (1-3) hold for all possible numbering systems. 

To verify condition (2.6) we will consider the bivarjate exponential 

distribution of two variables X1 and X2- Let us write the distri¬ 

bution as, 

P(X1 > xlfX2 > x2) = expf-X^-X^-X^ max(x1,x2)] , 

(X1,X2) > 0 , (x^Xg) > 0 . 

The density has three different forms including a singular com¬ 

ponent. Let us denote them by f^*,*)* i = 

a) Let x^ > x2- Then 

— ( X- “^*0^0 
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b) Let x1 < Xg. Then 

f2(xl,x2) = X.2+X, )e 
Xg+X^ )x2 

c) Let X. = X- = X. Then 

-(X^ +X-+X,)x 
fzÍJC^x) = X,e 0 

Let us consider > xJXg = u2) = ^ fiajugjdu^ 

Let u2 < x1- Then 

Xp -^(x1-uC5)-X1x 

> xil% = -¾) ' 5çíã; e 

increasing in u2 for fixed x1 > 0. 

Let u2 > x^ Then 

u. 
r c. ~to 

p(X1 > xi^Xg^g) = J fgí*-+ J + f^(u^,u2)du^ + 
X1 u2 

- (^2+^)e 
-X^x^-(Xg+X^)u2 

-Xixi 

Hence, = e , constant in u2 for fixed x^. 

Let u2 > x1, < x1. Then u2 > u¿ and 

-X X f X -X,(Xt -uL)1 

p(*i > xilV“2) - «Xj. > = - l1 - 5^5C7 * ^ J > 0 

Hence, condition (2.6) holds and Theorem 2.3 applies. 
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2-5 Generalized Monotone Likelihood Ratio and the Proof of Theorem 

2.1+ 

In the case of multivariate exponential one would probably verify 

inequality (1-3) directly or at most verify the conditions involving 

probability only. One can similarly consider multivariate normal 

distribution and determine under what conditions the different theorems 

hold. But the multivariate normal density is not too easy to integrate. 

In fact, exact integration is not possib3.e. In general, we may have a 

situation where the density function cannot be integrated easily and 

one would like to determine whether inequality (1.3) holds without 

performing any integration. This suggests that we should look for 

sufficient conditions involving density only. Such conditions are 

available and can be stated in terras of generalized monotone likelihood 

ratio abbreviated g.m.l.r. We have already defined the concept in the 

introduction. To recapitulate. 

(1.10) 

for all u¿, u^, Uj, uj as above and for the other (n-2) u's fixed 

at any value u^. 
n 

This definition 



í 

has a proviso and a consequence, both of which have been stated in the 

introduction. 

In ternis of g.m.l.r. we have the following 

Theorem 2.k: If, 

' f(u^,•••,un) has g.m.l.r. in every pair u^, Uj, 

\ i ^ j, i,j - 1,-..,n , 

then (2.6) holds and by Theorem 2.3, inequality (1.3) holds. 

We will need a few results to prove this theorem. To prove 

these results we will use the following result of Lehmann. 

Theorem 2.3: Let p(x|y) be a family of densities, indexed by 

y, on the real line with g.m.l.r. in x,y. Then 

(i) If >K •) is a non-decreasing function of x, then 

E t(X|y), (expectation with respect to X only) is a non-decreasing 

function of y. 

(ii) For any y > y', 

P(X > x|y) > P(X > x|y' ) , for all x . 

Proof: See Lehmann [9 , lemma 2, p. 74]. 
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Lemma 2.6: If, 

(2.8) 

f(ujl uj+i'‘ *'Ur'’ ‘ has e-™*1*1'- in \ 

other u's fixed, l<j<k<i< 

then iß a non-decreasing function of uk for other variables 

fixed. 

Proof: When all variables other than u^, uk are fixed, ve 

can look upon f(uj|uj+^,...,uk,...,u^) as the density of 

indexed by = Let > u^. By part (ii) of Theorem 2.5, 

P(X 
j > XjlUj+l,‘",V’'*,Ui^ - P^Xj > > 

l<,j<k<i<n , 

which proves the lemma. 

Let 

^1/...,^^+3.,1^) = > xx, ... , Xj > xJ|uJ+1,...,uk,...,ui) . 

Then 

r(Xl, . •. ,Xj+1jUj+2,uk) PiXj^ > xx, .. • ,Xj+1 > xj+1 |uj+2^ • • • ^ V 

Lemma 2.J: If, 



and 

(2.9) 

(a) f(uj+1|uJ+2,...,1^,has g.m.l.r. in u 

uk for the other u's fixed, and 
J+l 

(b) rix^ •. • JUj+1,ia^) is non-decreasing in u ,11 
j "^”1 Jit 

for other variables fixed, 

then r(x1i**->Xj+1;uJ+2,uk) is non-decreasing in for other 

variables fixed. 

Proof: Let > u^. Then 

r(V^xj+l;UJ+2^Uk) - r(xii • • • ,xj+i^Uj+2^uk) 

^1+l=xi+l ^ 1 1" 'Xj>xjluj+i>---iuk,---,ui)f(uJ+i|uJ+2,...>Uki...#Ui) 

- P(Xl > > Xj IUJ+1,. . • ,U¿, . . . ,Ui )f ( uj+i |uJ+2,. . . ,u¿,... ,Ui ) ]d4 

=x Ir<Xl''"’’tJ;UJ+1’Uk^i,(uj+l|uJ+2''---.¾) 
J+l J+l 

- v( vXiJ...,xJ;uJ+i,u);)f(ui+i|uJ+2,...,ui./...iUi)]dM 

GO 

--L. =x [r(xa' • • ‘ 'xj;uj+i'uk)f (uJ+i lu,+2. • • ■• • .,u, ) 
Uj+1 Xj+1 

- r(V--^xJjuJ+1,u¿)f(uJ+1|uJ+2,...,u¿,...,u )]d4 , by (2.9b) 

=/. u--n =x,, lUJ+2'' * • ' V ’ * *'ui) 
J J '"-J- 

" f^Uj+lluj+2,-,,->uk^"-'ui^dP * 
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For all other variables fixed, let us define 

*(uJtl) • 0 for uJ+1 < xJ+1 

for u3+1>xJ+1 

Hence t(•) is a non-decreasing function of uj+2* Using (2.9a) 

and part (i) of Theorem 2.5, ve get the lemma. 

The following theorem is a generalization of (1.15) and gives 

a set of sufficient conditions for (2.6) to hold. These conditions 

are given in terms of monotone likelihood ratio. 

Theorem 2.8: If |f(ujl Uj+^,... ,11^,... ,^) has g.m.l.r. in u^ and 

u^ for other variables fixed, k = j+1, i;j = 1,...,i-l; 

i — 2,..., n , 

then hi(ui) * P(X1 > x^ ...,Xi_1 > = u) 8 non-decreasing 

in u for fixed (x1,...,xi_1), i - 2,...,n. This means that (2.6) 

holds and by Theorem 2.5, inequality (1.5) holds. 

Proof : We will prove the result by induction. Let j = 1. Then 

by (2.10), 

f (u^ |u2^ • • • * * ’ >ui ) 

f ( ujJ u2> • • • j • • • > Ui ) 
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is non-decreasing in for and the other u's fixed. 

By Lemma 2.6, = p(xi > ^ |u2i • • • ) is non¬ 

decreasing in for other variables fixed. 

Let r(x1,...,xJ;uJ+1,uk) = PCX-)^ > > Xj |uJ+1, ... ... ,11. 

be non-decreasing in for other variables fixed, k = j+l,i. Then 

by (2.1J) and Lemma 2.7, 

is non-decreasing in for the other variables fixed. Hence, by 

induction on j. 

p(Xi > > xjluj+i''-^V^ui) 

is non-decreasing in for other variables fixed for k = J+l,i;j = 1, 

i-l; i = 2,...,n. Putting j = i-1, k = i, the result follows. 

The hypothesis of Theorem 2.8 requires conditioning on more than one 

variable and computation of marginal distributions. It is possible to 

avoid multiple conditioning as is shown by the lemma below. 

Lemma 2.9: f (uj luj+p, • • • • ,ui) has g.m.l.r. in uj>uk 

for other u's fixed i£f f (Uj, ... ... ,^ )1^) has g.m.l.r. 

in Uj^ for other u's fixed, k = j+1, ..., i; j = 1, .. . ,i-i; 

i — ^ n• 

Proof: Let 
\>uk- 

Now 



f^u,i Ki+i' 

f(ujlUjU' 

) 
.. . ) 

f^UJ,Uj+l,'*',uk,,,*-,ui^ f^uj+p-*^V 

f (u.k)f (uy ... f(ui+1,...,u¿, 

f(u 

f (u 
f(uj+i^-^uk-i^Vi^-^uiK) 
r(uj+1i •• ^uk_1^uk^.-.,ui|uk) 

Since uj+1i • • .. are fixed, the second ratio in the last 

expression is fixed. Hence, if Uj increases, then 

f Uj. • • • ... ,^ ¡u¿; 

increases (or decreases) together. Hence the lenuna. 

Corollary 2.10: If 

(2.11) 

f(uJ,...,uk_1,uk+1,...,ui|uk) has g.m.l.r. in Uj,uk for other 

u's fixed, k=j+l,...,i; j = 1,.i = 2,...,n , 

then (2.10) holds and hence condition (2.6) holds.. 

Proof: Follows from Lemma 2.9 and Theorem 2.8. 
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We can completely avoid considering conditional densities as is 

shown by the lemma below. 

Lemma 2.11, f’(^ . ^^k+1* * * * *^i I^ has g.m. 1 • r. in 

uj,uk and other u's fixed iff has m.l.r. in 

Uj,Uk and the other u's fixed, k = j+1,...,i; j = 1,...,i-1; 

i — ...,n. 

Proof : Obvious from the proof of Lemma 2.9. 

From Lemma 2.11, Corollary 2.10, and Theorem 2.8, it is 

sufficient to consider f(u., .. .,1^, ... ,^) for k = j+l,...,i; 

j = 1,...,i-1; i = 2,...,n, for inequality (l.J) to hold. 

We can completely avoid considering marginal densities, as is 

shown by the lemmas below. 

Lemma 2.12: Let r < n, (^, i2, ..., ir) c (1,2, ... ,n), 

P = (u. ,...,u. ) and Q = (u. ,...,u. ), j = 1,2,...,r with 
2 j-1 1j+l 1r-l 

the proviso that P = ® when j = 1 and Q = G when j = r. If 

fiUi ,P,ui ,Q,ui ) has g.m.l.r. in u ,u for s,t = 1,...,r; 
1 j r 1s 1t 

s ^ t and other u's fixed, then f(ui ) has g.m.l.r. 
1 xr 

ui ,Ui for s,t = s ^ s ^ Jj i ^ and other u's 
s t 

fixed. 

Proof : It is enough to prove this lemma for s = 1, t = r, 

and 1 / j /- r. We have to show that for every u > u' , u > u* . 
i-i i-. i_ i 

1 r 

(2.12) f(u± ,P,Q,u )f(u* ,P,Q,u! ) - f(u* ,P,Q,u )f(u. ,P,Q,u* ) > 0 
1 r 1 r 1 ^r 1 r “ 

4.1 
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We will follow essentially the technique of Khursheed Alam [ 1 ] 

and Lehmann [8]. (There was an error in Lehmann's original version. 

The error has been corrected by Khursheed Alam.) 

(2.13) f^ ,P,Q,u ) - T f(u ,p,u ,Q,U )d|i 
1 r Ju =-« h ir 

« f(uYP^ui ^u± ) f(ui >F>\ A,*! ) 

=-» 1-^ui ^P^ui ) f(u' ,P,Q,u ) Mb 
Ijr lr ^ r 

= f(u 

Similarly, 

o® f(ui ,P,ui "Q>ui ^ 

htFAf\)JUi f(u^,P,u^Q,uir) ^vlu'^P^Q^u.^d^ 

(2.14) f(u ,P,Q,u- ) = f(u? ,P,Q,u! ) r 
X1 Xr ^ ir v7u> =. 

1_j r 
f(uî ,P,u ,Q,u! J 

1 j 1r 

f(ui )dM 
j 1 r 

Since by hypothesis 

fiUi ,P,u1 ,Q,u^ ) 

fTu* ,P,u. ,Q,u*r) is n°n-decreasing in u^ for u > u' 
1 ir r 1 

1 

] 

1 
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and other u's fixed, we have for , 

r xr 

f(ui ,Q,u^ ) f(u1 ,P,Ui ,Q,u ) 
1 j r ,, 1 j r 

f(u! ,P,u ,Q,u' ) - f(u' ,P,u ,Q,u ) 

X1 .j r r 

Hence, from (2.14), 

f(u ,P,u ,S,Ul ) 

i. 1 j r 

f(u1 |u[ ,P,Q,u^ )d^ 

j 1 r 

Hence, the left-hand side of (2.12) is greater than or equal to 

f(u ,F,U ) 

(2.15)f(u; ,p,Q,u )f(u| ,p,a,u; ) / ^-.-¾ u j a u r) ^ 
11 r X1 1r -'u. =-» nui ,F,u ,4,Ui ; 

i. 1 j r 

[f(u juJ ) - f(u, |u’ ,P,Q,u' )]dn 
X1 r h 1r 

By hypothesis. 

f(ui |u* ,P,Q,ui ) f(u[ ,P,ui ,Q,Ui ) f(u¿ ,P,Q,u* ) 

f(u “ fiu^p.Uj ,Q,ujr) • f(uj1,p,a,u.r) 18 non-decreaolne 
j X1 Xt ^ Xr ^-1 1r 

in for ui > u’ and other u's fixed. Hence, 
j r r 
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then (2.6) holds and by Theorem 2.3, inequality (1-3) holds. 

Proof: Follows from Lemmas 2.13, 2.11, and Corollary 2.10. 

.■ii.i .. At 



2.6 Interpretation of the Conditions Involving Generalized Monotone 

Likelihood Ratio and the Example of Bivariate Exponential 

Distribution 

Let us now interpret the meaning of the conditions involving 

g.m.l.r.. Let A and B be a partition of the set (u^,...,un). 

Let (u^,...,un) > (u^,Let A’, B’ be the corresponding 

partition of (u-J, ... ¿u^). It is obvious that for the hypothesis of 

Theorem 2.6 to hold. 

(2.16) 

for all possible partitions A, B, A1, B’ such that none of these 

sets is empty. 

What is the physical interpretation of inequality (2.16)? Let 

us consider the case n = 2. Let A = {u, }, B = Then inequality 

(2.16) reduces to 

f(u1|u2) f(ujju2) 

f(u*|u¿) - f(ujju¿) ' 
for every u1 > u| and u2 > u/, . 

Suppose f(u||up = p, f(u1|u¿) = kp. 

f(U1lu2) = ^ ‘ 

Then f(u1|u2) > kq. 
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Let Xg be discrete random variables. Then f(•|• ) represent 

actual probabilities of survival. Given tvo times to failure of the 

second component^ the conditional probability of survival of the 

at a faster rate when is large than when . Xg is small. 

If X-j^Xg represent continuous random variables, we can no longer 

talk about probabilities; we have to talk about likelihoods. The generalized 

monotone likelihood ratio property in this casé implies that the likelinood 

of observing a large value of X^ increases at a faster rate when we 
JL 

have observed a large value of Xg than when we have observed a small 

value of Xg. 

Similar interpretations exist for an arbitrary number n of 

components. We have to consider X^ and X^ as random vectors rather 

than random variables. 

These interpretations become clearer if we consider the following 

facts. Let n = 2. Suppose we are given a random sample of size 2 of 

Xr Let the sample values be u1 > u£. Similarly, let u2 > u¿ 

be a random sample of size 2 from Xg* We are also giv^n that the 

density f(u1,u2) has g.m.l.r. in u^Ug i.e.. 

I 
I 

I 

.... 



We want to match (u^u^) with (u2,u£) such that the likelihood 

is maximized in some sense. 

There are two sets of possible matchings 

U1 <—> u2 <—> 

or, 

ui <—> u2 «i <—> u2 . 

The two sets of likelihoods are f(u^u^f(uj,u^) and 

Due to the g.m.l.r. property the first set of 

matchings tends to have a larger likelihood than the second set. 

This means that larger values of implies larger values of X1 

and conversely. The extension to n variables Y . x is 

immediate. Note, if we are considering discrete-valued random 

variables then the likelihoods can be replaced by actual probabilities 

and the interpretation becomes very intuitive. 

The physical interpretations of the hypotheses of Theorems 2.1, 

2.2, 2.3 and 2.4 point to the fact that each component (or each set of 

components) has beneficial effects on the other components in the 

sense that if the given set survives for a long time, then there is 

a greater chance (or likelihood) that the other components will survive 

for a long time also. 

Theorem 2.4 gives a set of sufficient conditions for inequality 

(1.3) to hold. These conditions are by no means necessary as is 

shown by the following example. 

Exampie 2.8: Let have bivariate exponential distribution 



I 
I 
I 

Î 
m 
i 

I 
I 

as given in Example 2.7. We have shown that (1.3) holds for this 

distribution. Let us check if f^,^) has g.m.l.r. in u^Ug. 

Let u1 > u| > u2 > u¿. Then using the values given in Example 2. 

fiUi'Vf^i'Up) - fCu^upfCu^i^) 

= f 1(^,= 0 

Let u1 > u2 > u| > u¿. 

f(u1,u2)f(u^up - f(u1,u¿)f(u',u2) 

= f 

= *-2( W2 eXpt-( VS)ul-(VX3)u2^1ui-X2u2J 

(u2-ui) \(^3) 

V w ] 
This difference can be negative if X (u -u') < log \ . 

^ 2 1 ^2^1^3^ 

For example, if = 2, A. = \ = 1 „ ^ ' 1 ^3 - -‘-i u2 - u1 < log (j;. Hence 

bivariate exponential density need not have g.m.l.r. 

To find if the density ever has g.m.l.r. we proceed as follows. 
f(u,jU0) 

We will consider the ratio as a function of U:L for 

fixed u2 > u2 for the following five cases. 

a) u2 > u¿ > Uy 

f(Ul-,U2^ _ f2^Ul,u2^ (X2+S^UP‘U?^ 
fru^Tup" _ fpü~üp = e f constant in 



b) u2 > = u1. 

^ ( ui^ u2 ) ( ^2+^3 ^ui-u2 ^ 

iTv^JT " f3(u1,u1) = XJ e ^ increasing 

in Ul if X2 + X5 > 0. 

c) u2 > Ul > u¿. 

f(u1>u2) - ^(n-jyUg) X1(X2+X^) X5(u1-u2)+X2(u¿-u2) 

fTÏÏ^TïJT " f-LÎu^u^) = ^2(\+^3) 6 " ^ 

increasing in if > 0. 

d) u1 = u2 > u¿. 

f(u]/ug) _ f3^ul^ul^ ^3 X2^u2"ul^ 
f[^7ÏÏJT " f1(u1,u¿) = Kp^l) 6 " ^ decreasing in 

u1 if \2 > 0. 

e) ui > u2 > u2' 

f(uru2) f^u^) -X2(u¿-u2) 

f(u1,u¿) - f1(u1,u¿) - e ^ constant in 

We note that as u1 increases from 0, it passes through the five 

cases e) to e) in that order. From d), the density do not have 

g.m.l.r. if X2 > 0. If we consider the ratio f (u^u^ |f (u',u2) 

U1 > ui then we will find that the density does not have g.m.l.r. 

if > 0. I 
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If A.£ - 0, it is more convenient to consider the difference 

f(u1,u2)f(u^u^) - f(u1,upf(u|,u2) 

for u2 > Ug, rather than the ratio as done previously. 

First ve note that 

fl(ul,u2) = 0 for > u2 

-X. u -X. u 

f2(ui^u2^ = f°r ^ < u2 

f5(u,u) = X.^e 
~(X1+X3 

for = u2 = u 

According to the relative positions of u2, there 

are 13 cases to consider. In 7 °f these cases the difference is zero, 

because at least one f in each term is zero. For 4 cases, u^ = u2 

^ U2 — ^1^ ^1 — u2 ^ u2 ^1^ u2 ^ ^1 = u2 snd u2 > u^ 

> u2 > uj^ the difference is non-negative the second term being 

zero. Let us consider the two remaining cases. 

u2 > U« = ui > U• . 

The difference = - f^u^u^f^u^u,,) 

2 “X1(u|+u1)-X.^(u1+u2) 
[X -1]. If X < 1 then this expression 

is always negative. If X^ > 1 this expression is always non¬ 

negative. In the one remaining case the difference is zero. 
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Similarly, we can take ^=0 and find that the density 

do not have g.m.l.r. if < 1. If = = o, then we do not have a 

bivariate distribution. Hence we conclude that a proper bivariate 

exponential do not have g.m.l.r. under any circumstances, if > 0. 

We will consider the case of multivariate normal distribution 

in the next section. 



3- Associated Random Variables 

We have already defined associated random variables in the 

introduction. To recapitulate. 

Definition: We say that random variables X = ) 
_ \ , n, 

are associated if 

cov[f(X),g(X)] > 0 

for all non-decreasing functions f and g for which E[f(x)], 

B[g(x)] and E[f(x)g(X)J exists. In our problem, their importance 

stems from inequalities (1.1+) and (1.5). By (1.1+), associativity 

of X^...,Xn is a solution to our problem A. By (1.5) we obtain 

an upper bound to the reliability of a parallel system. To recapitulate. 

Definition: A set of components is said to be a parallel system 

if it fails only when all the components fail. 

Hence, if X^ is the time to failure of the i^ component in a 

parallel system of n components, then the reliability at time 

R(t)> of the system is given by 

(3.1) R(t) = 1 - p(x, < t,...,X < t) . 
1 — n — ' 

If X;),...,Xn are associated, then by (3.l) and (1-5) 

n 
R(t) = 1 - P(X1 < t *n < o < i - r[ p(x, < t) . 
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This gives an upper bound to the reliability of a parallel system. 

Perhaps this upper bound is not as useful as a lower bound. However, 

note that this upper bound is sharp in the sense that it is 

actually attained if the components are independent. 

The définition of associated random variables, or its equivalent 

statement (1.21) is rather difficult to verify. Hence, as stated 

in Section 1 we consider problem B. To recapitulate. 

Problem B: To find meaningful sufficient conditions such that 

(1.6) X = (X1, ..^X^) are associated . 

In this section we will give some sufficient conditions for 

associativity. These conditions will be expressed in terms of g.m.l.r. 

whose physical interpretation has already been given in Section 2. In 

particular, we will show that if the joint density f(u^, ...,^) has 

g.m.l.r. in every pair u^ u^, i ^ j, i,j = 1,-..,11 then 

(X1,...,Xn) are associated. 

We will apply the above result to a multivariate normal density 

and deduce some sufficient conditions for associativity in this case. 

54 



5-1 Generalized Monotone Likelihood Ratio and Associativity 

In this subsection we will give some sufficient conditions 

for associativity of These conditions will be expressed 

in terms of g.m.l.r. 

Our main theorem is as follows: 

Theorem 3.1: If, 

then (X.^ .. •>Xn) are associated. 

We note that the hypothesis of Theorem 3.1 is the same as the 

hypothesis of Theorem 2.h. In fact by inequality (1.4),3.1 in^lies 

Theorem 2.4. We will prove Theorem 3-1 by taking a slightly different 

approach than that taken in proving Theorem 2.4. We will require a 

few results before we prove the above theorem. 

—h™3 Let be a set of random variables. Then 

Xy given Xi = Uy i = 1,2,...,n; i / j, is associated. 

Proof: This is essentially result (1.18) as given by Esary, 

— — , in [6 11 is sufficient to take j = 1. Let «(x^Ug,... ,un), 

ß(xl>u2>* •-.>un) be non-dec rea sing binary functions of x^^ when 

U2,***,un are fixed. Then either a<ß or ß < a. Let a < ß. 

Note o? = a and ß2 = ß. Also, a < ß implies a2 < op (since 
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ot > 0, ß > O). Let (i be a dominating measure with respect to 

which the density f (x.;,.., ,xn) of )L,...,Xn exists. Then, 

assuming that the relevant moments exist. 

cov 
XllXi=uiii=2^,---»nCa^Xl>”’#Xn^ ß^Xli,,--’Xn^ 

Xl=-~ 

r 
j ^(X2.» X2_ 1¾1 ” * ’ ^^n 

X^=-oo 

r® 

J ß( X2■>U2•, * ” " ■,un ^ X2.1U2^ " * ’ ^ Un 
X^=-a> 

> J ...,un) f(x1|u2,...,un)dp 

x1=-a> 

r * * ■ ^un^ ^^xj_ i^2^ * * * ^un 

X-J =~oo 

I ß(xjiu2^*••#un) f(x1\u2>’’ *iun)d^ 
X1=-a> 

= [J a(x1,u2,...,un) f(x1|u2,...,un)dp] 
X^=-oo 

tl ~ f ß(xi>u2i " ''iun) f(xi|u2^ ' * * 
X^=-oo 

> 0 since a and ß are Dinary functions; similarly, when ß < a 
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By (1.21) the result follows. 

Fi’ora now on, unless otherwise stated, we will assume that all the 

moments that we need exist. 

Let X = (...,Xn). Then for any two real-valued functions 

a and ß of X> cov[a(x),ß(x)] can be easily expressed in terms 

of conditional moments as follows: 

cov [a(X),ß(X)] = E cov , [a(X),ß(X)] 
— *2’ ' ’ ' *n ^i I *2~u2> ’ ’ ‘ * n^n “ ~ 

n-1 

+ ^ ^ Y COVY lv -,, V 
r=2 *r+l’ "‘>Xn Xr IXr+1 lr+l# ' *'^^n 

(3.3) 
LE 

EX ,...,x , |x =u ,...,X =u 
1’ ’ r-1> r T* ’ n n 

+ covx [Ex X lx -u {a(x)}x ey , {ß^X }] 
Xn xi> • • • t xn_i I Xn-Un Xl^ ' ^Xn-llXn^n “ 

where Ex|Y=y means expectation with respect to the conditional 

distribution of X, given Y = y, and similarly for the covariance. 

Lemma 3.3: If, 

0!(x) is a non-dec rea sing binary function of X and 

UJ+1'',,'V* •*•»%) has e-®-1*1'* in Uj,uk 

for other u's fixed,j,k = 1,...,n; k ^ j; 
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I [ 

s. 

li 

then' * v^...V“„Wï)I \ 
is a ncn-decreasing function of u^., j,k = 1,...,n; k ¿ j. 

Proof; Let > u^. Since C<(X) is a non-dec rea sing binary- 

ion of X, there e 

uj+l/-**>un) suchthat 

function of X> there exists an x* (depending on ...,Uj 

(3-5) ’ ,uj-l,uj+i''' ' * = 0 ^°1, 5 x* > 

= 1 for X. > x* 
J J 

Now, 

(5-6) ■ Pla(u1,...,Xj,...,Un) = 1|X1 - ut , 

Since CC is a non-dec rea sing binary function. 

«(V-v^Xj,...,^,...,un) > 0:(^,...,xJ,...,u¿,...,un) , 

since > u¿. Hence, 0(^,...^,...,1^,...,^)=1 implies 

a(u1,...,XJ,...,uk,...,un) - 1 

Therefore, 

^[0(^, .. .,Xj, .. .,1^,.. .,un) = 1] > P[o(u1,.. .,Xj,... ,u^,.. .,un) = 1] 
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Hence, from equation (3-6), 

~ ^ / i = X,---,11] 

P^Xj> Xj^Ul, ‘ " ■'uj-l,uj+l, ' ’ ’ “ ,un^ i-i»*--#»] , 

by equations (3-5)- 

From (3-4b) and Lemma 2.6 ve know that ^(X^ Xj|xi = u^, i ^ J, 

i = 1,...,n) is non-decreasing in u^ for the other variables fixed. 

Hence, from inequation (3-7), 

JX |X. = u,, i ¿ 0, i = 1,...,nia^ [a(X)] 

- p[xj> - 

i — 1 j f n ] 

P^a(u1,---,Xj,-.-^,---,^) - ijx^^ = u^,^. = u¿,i / j, i k , 

i — 1,•••,n] , 

by equation (3-5) 

XjlXi ' Ui,Xk ^ 1 ^ k> i - !,-••, 

Hence, h^u^) is a non-decreasing function of 1^, and the lemma 

is proved. 
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Let us define 

(5-8) hWV * V-’VlK = V 1 = r,...,„Nï)], k - 

The following lemma shows that under ertain conditions h* 
r,ct (ul-> 

is a non-decreasing function of u^. 

Lemma 3.4: If 

(3.9) 

(a) is a non-'iecreasing function of u^. for other 

u's fixed, k = r-l,k, and 

(b) ^(ur_iiur.> • * • • • • >un) g.m.l.r. in u^ ^or 

the other u's fixed. 

then i® a non-decreasing function of u. 

Proof: Let > u¿. Then 

<3-10) - K-ijK) 

' fn s,.>îIhï-a,a^Uk*f*ur-llUr’ • • • < V' ' ' ’un^ 
r-1 

" * ’ ^11]^ ' * * >un^d^ > 

using equation (3.8) and the definition of conditional expectation; 
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N 
'1 ... II ! .i.i.mmm 

i 

i 

U E COV., 
^\XyUy.. . ,Xn=Un , Xn-“n 1 ’ 

\lVv---,VuotP(i)!1 i0 ' 

Hence, Ey [U] > 0. This shows that the second term on the 
A-- #•••■» A 

n 
right-hand side of equation (3-5) is non-negative. 

We will now show by induction on r that 

X IX - u X - n 
V”-'Xr-llr V”'-,Xn“un 

is non-decreasing in ur for fixed. The above result 

starts the induction for r = 2. Lemma 3-4 proves the inductive 

step from r to r+1. Hence, the assertion. Similarly, 

|Xr = ur, ...,Xn = u^ [cï( X) ] 

is non-decreasing in u^ for other u's fixed. Replacing a 

by ß, we get similar results in ß. This starts the next inductive 

step. 

Using Lemma 3-2, Xr|Xr+1 = ur+1/---iXn = un is associated. 

Using the result just proved and the definition of associated 

random variables, 

covX |x =u X —n t^x y IX ,. , X =¾ {0£( X)} , 
Xr I r+l^r+l* ' ’ ' * n^n V'**#Xr-l r r n n 

X-i^, ... ,Xr_1|Xr=ur, ... ,Xn=un{ß(X)} > 0 for all fixed ur+i#***/un 

... 
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Hence, R 

r+l'",'Xn ^^r+l^r+l^'-^n^n 

[ V • * • ^Xr_1 |xr=ur,. • • ,xn=un{a(x)3, E . |x =u =u fß(x)3] 
l7 7 r-x1 r r7 7 n n 

is non-decreasing for r = 2,...,n-l. 

The inductive proof gi/en above and Lemma imply that 

V"'*nilv%t[a<í))) ana Jx-, X n-11 n n l' ' n-11 n n 
are non- 

decreasing in u^. Hence, as before. 

covx tEx X lx —n {«(x)} / Ev y Iy -i, ÍP(x)3] > 0 . 
n xi> ’ "* n-11 n^n Xl7 * * ' 7Xn-l lXn^n " ~ 

We have shown that each term on the right-hand side of equation (3.3) 

is non-negative. Hence, the left-hand side is also non-negative, i.e., 

cov[a(x),ßU)] > 0 , 

and the theorem is proved. 

We now come to the proof of Theorem 3.1. To recapitulate the 

statement of the theorem is as follows: 

Theorem 3.1: If, 

fi^,...,un) has g.m.l.r. in every pair u^Uj, i ^ j , 

i,j — 1,...,n , 

l 
I 
Î 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
Î 

I! 
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then (X^,...,x ) are associated. 

Proof: Follows from Lemma 2.13, 2.11, 2-9 and Theorem 3.5. 

We note at this point that all the results of Section 3 gives 

sufficient conditions and it is not known whether any of them are 

necessary conditions also. 



3-2 Multivariate Normal Distribution 

Let ...,Xn have multivariate normal distribution with mean 

Ml#’'‘,4n and covariance matrix V. Assume V is positive definite 

(i.e., no singularity). Then det V > 0 and v"1 exists. Let 

V 1 = R. Let det V s |v|, and 

note that r^ - r^ for all i,j - 1, — ,n. The density function 

of is given by 

f(x) = C(|V| ) exp[- i (x-h)TR(x-h)] . - ® < X. < œ 

- œ < < OD y i = 1,...,n . 

where C(|v|) is a function of |v| 

Let Pij = correJaWon between X1 and X^. We note that 

Pij = pji for a11 = ••i0* 

Lemma 3-6: The multivariate normal density f has g.m.l r. in every 

pair xi,xJ iff r1(j < 0 for all i ^ j, i, j = 1,... ,n. 

Proof: Let us consider x^x^ Let x1 > x|, x2 > x¿ and 

X,,...,x be fixed 

f(x) = C(|V|) exp[- § £ E (x -nJix.-nJr, .] . 
i=l j=3 0 j 

Î 

I 

! 

T 
I 
I 
I 
I 
I 
I 
I 
1 
l 
1 
I 
0 
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n n 
Now 

* + <~*2-^S 22 

+ 2 i^3 (xl"^l)(xi‘^i)ril + 2 ^ (x2"M2)(xi"Mi)ri2 

n n 

i=3 j=3 11 J J iJ 

f(xiiX2,x3" • ■ ••/xn)"f(xi/x2/x3/' • •/xn)f(x{/x2/x3/- • */xn) 

= C2( IVI ) exp[- + (x2-n2)2r22 + 2 £ (x -n )(x -n )r 
i=3 X i i il 

n n 

+ 2 £ ^x2"^^xi"Mi^ri2 + E S ^xi_,al ^xrM i 
i=3 ¿ ¿ 1 1 12 i=3 J=3 11 J J ^ 

+ (Xi-^x) rn + (x2"^2^ r22 + 2 i^5 ^xi"4l^xi"^i)rii 

n n n 
+ 2 Jj (*¿-M2)(x1-Wl)r12 + ^ jE (*i->‘1)(^-^)r1J}J 

[e 
-rl2{(xl-Ml)(x2^2Hxi-Mi)(x¿^2)} -^{(x^Jíx'-HgHx'-^JíXg-n )) , 

— P J 

By hypothesis. 

0 < (*1-x{)(x2-x¿) « (x1-1i1)(x2-1Í2)+(xi-„1)(x¿-Mií)-(x1.u:l)(x¿-l.2)-(xi-l.:L)(x2-li2) 

Hence f has g.m.l.r. in *2 iff -r^ > 0 i.e., iff ri2 < 0. 

Similarly, considering every pair we see that f has g.m.l.r. in 
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every pair iff < 0, for all i ^ j, i,j = 1,...,n. 

Since R is positive definite, if f has g.m.l.r. in every 

pail xiixj every column of R has exactly one positive element 

viz., the diagonal element. 

Corollary 3-7: If the multivariate normal density f has g.m.l.r. 

in every pair i / j, i, j = 1,... ,n, then > 0 for all 

i,j “ 1,.•,n. 

Proof : If i = j, then = 1 > 0. Let :l ^ j. Let f have 

g.m.l.r. in every pair x^Xj- Let us consider x1,x2. By repeated 

application of Lemma 2.12, the marginal bivariate density f(x^,Xg) 

has g.m.l.r. in x^,x2* We can easily see, as in the proof of 

Lemma 3-6, that fix^x^) has g.m.l.r. in x^Xg iff p12 > 0. 

Hence considering every pair x.,x. we get the corollary. 
1 J 

The concept of Leontieff matrix has been used in mathematical 

programming by various authors including Dantzig[ 4,5]. This 

matrix is defined as follows. 

Definition: An m X n matrix A is called a Leontieff matrix 

if 

(i) each column of A has exactly one positive element, and 

(ii) there exists an n X 1 non-negative non-zero vector X 

such that AX is a strictly positive vectc . 

In the present discussion the importance of Leontieff matrix 

stems from the following well-known theorem. 

Theorem 3.8: The following are equivalent. 
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1. A is a square Leontieff matrix 

2. A is non-singular, (i) in the definition holds and A ^ > 0, 

A~X i 0. 

Theorem 3»9- The multivariate normal density f ' has g.m.l.r. in every 

pair i í i,j = 1,...,n iff R is a Leontieff matrix. 

Proof: Let f have g.m.l.r. in everj pair x ,x i / j, 
i J 

i,j = 1,...,n. Then by Corollary for all i,j = 1,...,n. 

Hence V = R ^ > 0 and R ^ ^ 0, since diagonal elements of V are 

positive. Also by Lemma 3*6, r.. <0, for all i ^ j, i,j = 1,...,n. 

Since R is positive definite all diagonal elements of R are 

positive. Hence part 2 of Theorem 3-8 holds and R is a square 

Leontieff matrix. 

Let R be a square Leontieff matrix. Then since r^ > 0, for 

all i = 1,...,n, by Theorem 3.8, r^^ < 0, for all i / J, 

i,j = 1,...,n. By Lemma 3.^, f has g.m.l.r. in every pair 

xi,Xj. Hence the theorem is proved. 

We have shown that > °> i,J = 1,...,n is a necessary 

condition for f to have g.m.l.r. in every pair x^,Xj, i ^ j, 

i,j = 1,...,n. Unfortunately it is not a sufficient condition as the 

following counterexample shows. 

/ 1 .8 .9\ 
Example 3.1: Let p = 0, v = (.8 1 -SM* Since V is 

V9 -9 1/ 
symmetric and every principal minor is positive, V is positive 

definite. Hence V is a valid co-variance matrix. Note for this 

V, > 0 for all i,j = 1,2,3. But 
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R = V 
n 1/-1-9 -01 -.18\ 

= M.:Î8-:Î89 -:f6)’ iv|"036 

Hence by Lemma 3.6, f does not have g.m.l.r. in x;L,x2 for x5 

fixed. But the marginal density f^Xg) has g.m.l.r. in x^x^. 

Note, this example shows that reverse implication in Lemma 

2.12 need not hold. 
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4. A Set of Sufficient Conditions for 1 I”]” P(Xi < to be 

a Lower Bound on 1 - P(X-^ < x^, • • ^ xn) and the Case of 

Binary Randon Variables 

We have already defined a parallel system and stated our problem 

in the introduction. To recapitulate. 

Definition: A system consisting of more than one component, is 

said to be a parallel system if it fails only when all the components 

fail. 

Let X1,...,Xn be the times to failure of the n components 

comprising the system. The reliability of the system at time t is 

given b 

R(t) = 1 - P(X1 < t,...,Xn < t) . 

We take 

n 

as a possible lower bound on R(t). We consider the following problem. 

Problem C: To find meaningful sufficient conditions such that 

n 
(1.25) 1 - P^ < x^.. 

for all X-,, — ,x 
1' 7 n 
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1 

(1.25) is equivalent to 

(1.26) p(x1<x1,...<xn<xn)<rTp(x1<x1) 

We note that unde.- such sufficient conditions R*(t) is a sharp 

lower bound on R(t) in the sense stated in the introduction. 

We will prove the following analogues of Theorem 2.1, 2.2 and 2.3. 

Theorem 4.1: If, p(X < x , j = 1,...,i-l|X < x ) 
J J 11 

< P(Xj < Xj, j = 1,...,i-l), i = 2,...,n and for all 

then inequality (1.26) holds. 

1''’‘^ n^ 

Theorem 4.2: If, P(Xj < x^, = 1,..., i-l|x.L < x^ 

< Xj < Xj, j = 1,...,i-l|X^ < x^), i - 2,...,n, for all x^, 

Xi Xí, 1 = the hypothesis of Theorem 4.1 is satisfied 

and hence inequality (1.26) holds. 

Theorem 4.3: Let 1^(^) = P(X^ < x., j = 1,...,1-1^ = ui), 

i = 2,...,n. If Li(uJ ) > Lj^iup fo" ujL > u^ and x1,...,xi 1 

fixed for i = 2,...,n, then the hypothesis of Theorem 4.2 is satisfied 

and hence inequality (1.26) holds. 

Unfortunately, no analogue of Theorem 2.8 could be found for the 

general case. Hence we have considered the special case of binary 

random variables. 

Definition: A random variable X is said to be binary if X 

takes only values 0 and 1. 

L 

ï 
J* 

i 
i 
1 
1 
i 
! 
I 
I 
t 
! 
1 
I 
I 
I 



In this case, the result Is based on the concept of decreasing 

generalized monotone likelihood ratio. 

Definition: Let u^ > i ^ J. The function 

f(u1,...,un) is said to have decreasing generalized monotone likelihood 

ratio-(abbreviated d.g.n.l.r. ) iff 

(4.1) 

fiUj.,.. .. .,Uj, • • •^un)f(u1/ - • - . .,uj,.. .,un) 

. . • ,U^, . . . ,Uj, . . . ,Un)f . . .,Ui, ... ,uj,. . . ,Un) < 0 

for all u^ u', Uj, u^ as above and for the other (n-2) u's fixed 

at any value a±+1, ... uJ+1,...,un. 

This definition i^iplies that 

(4.2) f(ul^"^ f(v->^u^...,Uj,...,un) 
fiu-j^,... ... ,uj,.. .,un) - - ",u^,"-,uL-..,u ) * 

provided the ratios are well-defined. This means that the left hand 

side of the inequality is a non-increasing function of u^ for other 

u s fixed. It will be noted that d.g.m.l.r. is the same as g.m.l.r. 

with the final inequality sign reversed. 

In terms of d.g.m.l.r. we have the following analogue to Theorem 

2.8 in the case of binary random variables. 

Theorem 4.4: Let ( %, ..., 1^) c ( 1#2, ..., J ) suchthat 

k = l,...,j-l; 1 < % < i2 < ••• < % < j = 2,...,n. If, 
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I 
then the 

hypothesis of Theorem 4.3 is satisfied and hence inequality (1.26) 

holds. 

It might be thought that analogous to Lemmas 2.12 and 2.13, the 

d.g.m.l.r. property of the parent density is transmitted to marginal 

densities. Unfortunately this is not the case and we will give a 

counterexample to show this. 

In the case of general random variables the following theorem 

holds. This is probably not as useful as lemmas 2.12 and 2.13 or 

Theorem 2.8. 

Let there exist a dominating measure p with respect to which 

the Joint density f(u^,...¿u^) of ...,Xn exists. Then 

p(xx < ‘^ ^j+1^ Xi — Ui^ 

(U.3) 

Theorem 4.3: If, for i = 2,...,n 

a) f(u1|ui) has d.g.m.l.r. in u1,ui, and 

) ^ * ’ * * uj+llXi - ui) b) P(X1 < x1,..., Xj < Xj, Uj+1|x1 = Uj,) has d.g.m.l.r. in 

Vl' Ui f0r 0-1.2,---.1-2. 

then P(X1 < x1, ...,Xi_1 < = Ui) is non-decreasing in ^ for 

i = 2,...,n and by Theorem 4.3, inequality (1.26) holds. 

Lastly, we have given physical Interpretation of some of the con¬ 

ditions under which the theorems hold. 

X 

n 
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4.1 Proof of the Theorems 

Theorem 4.1 is analogous to Theorem 2.1. 

Theorem 4.1: If, 

'pUj <Xy j = 1,...,1-1(:^ < xi) £ P(Xj < Xj, j = 1,...,1-1) 

(4.4) < 

,1 = 2,...,n and for all x^,...,x , 
I n 

tnen inequality (1.26) holds. 

Proof: The proof is analogous to the proof of Theorem 2.1. 

Let i = 2. Then from inequalities (4.4) 

P(X1 ^ ^ x2^ < xi) * 

Hence, PÍX^ < xl, < Xg ) < PÍX-l < x^^JPÍXg < x2). 

Suppose , 

(4.5) P(Xj 5. xy 

i-1 
j = 1,...,1-1) < Tí P(X. < X ) . 

J=1 J J 

Then from inequalities (4.4) and (4.5), 

P(Xj < Xj, j = 1,...,1) < P(Xj < Xj, J = 1,...,i-l)P(Xi < xi) 

i 

< 77 p(x, < X ) . 
j=i J ~ j 

The theorem is now proved by induction. 
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Analogous to Theorem 2.2 we will now show that if the conditional 

probability P(Xj < j = 1,...,i-l|X^ < x^) is non-decreasing 

in then the inequalities (4.4) hold. In particular, we prove 

the following theorem. 

Theorem 4.2: If, 

p(xj - xy J 
= 1,...,i-l|Xi < xi) < P(Xj < Xy j = 1,...,1-1 |Xi 

(4.6) 

i = 2,...,n, for all x^, x^ < x^, i = 2,...,n , 

then inequalities (4.4) hold and by Theorem 4.1, the inequality (1.26) 

holds. 

Proof: The proof is analogous to that of Theorem 2.2. 

By hypothesis for i = 2,3,...,n. 

‘J’ j — 1,...,1-1IX^ < ) ^ 
F^Xj - Xj^ t) = * 9 * 9 

P(Xi < X') 

X, < x‘) 

Let x| -> cd. Then, 

P(Xj < Xj, j = 1,...,i-l|Xi < xi) < P(Xj < Xj, j = 1,...,1-1) . 

This proves the theorem. 

Instead of conditioning on the event (Xj^ < x^, we can condition 

on the event = x¿) as in Theorem 2.3- 
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But, V € (x^xj ] 

u e (-®,xi] . 

Hence, by hypothesis L^u) < 1^(v ), which proves the theorem. 

As in Section 2 we would like to find sufficient conditions in 

terms of conditional densities such that inequalities (4.7) hold. 

Unfortunately, the only set of conditions that we could find appeared 

to be vacuous, since no example could be produced to satisfy these 

conditions. For n = 3, these conditions are expressed in terms 

of g.m.l.r. and d.g.m.l.r. as follows. 

Let ^ be a dominating measure with respect to which the joint 

density f(u^,...,un) of Xl'”*'Xn exists. If, 

(4.8) 

a) fiu-Ju^u^) has g.m.l.r. in (u^Ug) , 

b) f^-Ju^Uj) has d.g.m.l.r. in (u^u^) , 

c) fCu-Jug) has d.g.m.l.r. in (u-^Ug) , 

^ d) f(u2|u^) has d.g.m.l.r. in (ug,u^) , 

then inequalities (4.?) hold for n = 3. 

This theorem can be generalis. 1 to any arbitrf :y n. Unfortunately, 

no example could be devised which satisfies (4.8) (a) and (b) simul¬ 

taneously along with (c) and (d). So it is quite possible that the 

set of conditions given by (4.8) is vacuous. 
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Even if (4.8) were not vacuous, as in Theorem 2.4 we would 

like to find conditions on fiu^jU^jU^) sich that (4.8) holds. As 

we have said before the d.g.m.l.r. property of fiu^u^^u^) may 

not be transmitted to its marginai densities as the following 

counterexample shows: 

Example 4.1: Consider the following probabilities. 

X1 X2 X3 Probatility 

000 .05 

100 .15 

010 .10 

001 .10 

011 .10 

101 .10 

110 .50 

1 .1 1 .10 I 

^ Xg Probability 

0 0 .15 

I 0 .25 

0 1 .20 

II .40 

^ *5 

0 0 

1 0 

0 1 

1 1 

Probability 

0 0 .15 

10 .45 

0 1 .20 

11 .20 

.20 

.40 

.20 

.20 

xl* ½ = x2' x3 = x3 By actual calculations we find that P(X^ = 

has d.g.m.l.r. in every pair. However 

Probability 

p(x1=o,x2=o)p(x1=i,^=1) - p(x1=o,x2=i)p(xl=i,x2=o) 

= .15 X -40 - .20 X .25 = .06 - .05 > 0 . 

Hence f(u^,u2) does not have d.g.m.l.r. in (u^,u2). We also 

get. 
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< 0,x2 < o,x5 < 1) - H\ < 0)P(X2 < o)p(x5 < 1) 

= .15 - *35 X .40 > 0 . 

Hence inequality (1.26) does not hold. 

In view of these difficulties we will now consider the special 

case of binary random variables. For this case we have the following 

analogue of Theorem 2.8. 

Theorem 4.4: Let (i^,i^,•••,i^) c (1,2,...,J) euch that 

k = l,...,j-lj 1 < ii < i2 < ^ J = If 

f(Ui |ui =0,...^^ = 0,^) has d.g.m.l.r. in u^,^ then 

P(X! < X;L,...,X ! < xj_1|Xj = uj) is non-decreasing in Uj, 

j = 2,...,n. Hence by Theorem 4.3, inequality (1.26) holds. 

Proof: First let us note that the d.g.m.l.r. property Implies, 

p(x, =o|x. =0,... ,x. =o,x =o)p(x =i\\ =o, ...,xi =0,X =1) 
il 1 ip K J 12 k 

<P(X =1|X =0,...,Xi =0,X =0)P(Xi =0|Xi =0,...,X.=0,Xj=3) 

‘■p K J 12 k 

But since. 

P(X. =0|X , 
11 12 

,X. ,x.=o) + P(X =1|X ,...,x ,x =0) = 1 
ik J iq 2-2 ik j 

and 

P(X =0|X , 
^1 2 

.,X ,X=l) = 1 , 
K J 

! 
I 
1 

1 

t 
1 

I 
! 
1 

I 
80 



ye have. 

(4.9) ?(XJ =01X ,X.=1.)>P(X. =o|x. ,X.=C) . 
1 12 Tt J 1 2 "k J 

Since — O or 1 for all i, we need only consider the 

subsets of (x1,...,Xj in k = 1, ..., J-.l |X. = Uj) 

which are 0. Suppose x^=0, l<k<j-l and 

xl, ^xj i are have to show that 

(4.10) P(^k~0!Xj=l) “ P(X^=0|Xj=0) > 0 . 

Let i, = k, (u ,...,u ) = 0. Then by hypothesis 
2 k 

f(uk|uj) has d.g.m.l.r. in uic^uj' Hence by inequality (4.9)/. 

inequality (4.10) holds. 

Now suppose out of (x^^,.. .;Xj_1), ,...,x^^ are 0 
1 k 

and 

the rest are 1. Then we have to show that 

(4.11) P(X =0,X =0,...,X, =01X. =1 ) - P(X. =0,X, =0,...,X, =0|X.=0) > 0 
11 12 ^ J X1 2 \ 3 ~ 

The left hand side of (4.11) can be written as 

= n p(xi =0IX1 =0.X =1) - fT P(X =0|x =0/..,X, =0/X.=O) 
m=l 1m+l 1k J m=l m 1m+l ^^k J 

Since f(u |u =0,...,u =0,u.) has d.g.m.l.r. in u. ,u. by 
m m+1 1k J 1m J 

inequality (4.9)> 
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for m = 1,...,k 

i: 
li 

P(X. =0|xi =0,...,Xi =0,x.=l) > PCX^^ =0|Xi =0,...,Xi =0,Xj=0) , 
m m+1 k ^ m idH-I k 

Hence inequality (4.11) holds and the theorem is proved. 

The following example shows that the conditions under which the 

theorem holds are not vacuous. 

Example 4.2: Consider the following probabilities. 

X1 X2 X^ Probability 

0 

1 

0 

0 

0 

1 

1 

1 

0 

0 

1 

0 

1 

0 

1 

1 

0 

0 

0 

1 

1 

1 

0 

1 

.04 

.20 

.20 

.20 

.20 

.06 

.06 

.04 

Xx Xg Probability X-, X^ Probability 

0 

0 

1 

1 

0 

1 

0 

1 

.24 

.40 

.26 

.10 

0 0 

0 1 

1 0 

1 1 

0 0 

0 1 

1 0 

1 1 

Probability 

.24 

.26 

.26 

.24 

.24 

.40 

.26 

.10 

I 
I 
i 

I 
l 
I 
! 

By actual calculations we easily see that f(ui|uj) has d.g.m.l.r. in 

(u^Uj), i < j; i,J = 1,2,3. Also, f(u1|u2-0,u5) has d.g.n.l.r. in u-^uy 

But, 

p(x1=oIXg=i) - p(x1 =0^=0) = > 0 , 

P(X1=0|X5--1) - P(X1=0|X5=0) = - ffá > 0 , 

ph 
P(X2=0|X3-1) - P(X2=0|X3=0) ^ > 0 , 

U 
!l 

82 





for i - 2,...,n and by Theorem 4.3, inequality (1.26) holds. 

The proof of this theorem vill require the following theorem 

which is analogous to Theorem 2.5. 

Theorem 4.6: Let p(x|y) be a family of densities indexed by 

y on the real line with d.g.m.l.r. in x,y. Then, 

(i) If t(') is a non-decreasing (non-increasing) function 

of X, then Et(X|y), (expectation with respect to X only) is a 

non-increasing (non-decreasing) function of y. 

(ii) For any y > y’ 

P(X < x|y) > P(X < x|y') , for all x . 

Proof: The proof is analogous to that of Theorem 2.5. We will 

prove part (i) "without parenthesis". The proof for with parenthesis 

will be analogous. 

Let y > y'• Then 

E*(x|y) - Ei|r(x|y ' ) = J t(x)[p(x|y) - p(x|y')]dn 
-00 

= J t(x)p(x|y1)[p|y|y/) - l]dn 

Since p(x|y) has d.g.m.l.r. in (x,y) and 

J tp(x|y) - r(x|y')]dq =0 , 
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there exists an x* such that 

for x < X* 

(4.14) 

< 1 , for x > x* 

E«Kx|y) - Et(x|y') = JX *(x)p(x|>• ) 

Jx* ’Kx)p(*|y,H$ y1) 
l]dp 

< sup \|r(x) (* p(x|y')[gl^kh - l]d[i 
x < x* J -oo PVXjy ) 

+ inf .Hx) f pUly'HgfokL - l]dp 
x > x* Jx* P'x iy > 

= [ sup \tr(x) - inf \|f(x)] f p(x|y' > - l]dp , using (4.13) 
x < x* x > x* PU|y ; 

Since \|f(x) is non-decreasing in x. 

sup t(x) - inf \|r(x) < 0 
x < x* x > X* 

and by definition of x* in (4.14) 

p(x|y*)[^7^7 - 1] > 0 for x < x* 

Hence E\|r(X|y) - E\|f(x|y') < 0, proving part (i). 
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> 

Let \|r(X) = 1 for X<x 

= 0 for X > X . 

The ÿ(x) is a non-increasing function of X. Hence by part (i) 

"with parenthesis". 

F\|r(x|y) - Et(x|y') > 0 

i-' -, P(X < x|y) > P(X < x|y*) 

proving part (ii). 

Proof of Theorem By part (ii) of Theorem 4.6, 

f(ullui) d.g.m.l.r. in u1,ui implies P^ < x1|Xi=ui) 

is non-decreasing in 

Since PÍX-^ < x^,^has d.g.m.l.r. in (u,,,^), and 

P(Xi < x1|X.i = is non-decreasing in ui, in a manner similar 

to the proof of Theorem 4.6, part (i), we get that 

P(Xi < < x2|Xi = -^) - P(X1 < x1,X2 < x2|Xi = up 

r X2 
= J [P(X1 < x1,u2|u1) - PiXj^ < x^Ugl^JJdM > 0 . 

—CO 

Proceeding in this manner we pro/e that 

I 
Î 

1 
I 
I 
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(a) k - ) non-decreasing ln , 

(b) < xk, k = 1i**-^J#Uj+1|Xi=ui) d.g.m.l.r. in uj+1>ui 

implies that ^(X^ < k = 1,...,j+l|Xi = u^) is non-decreasing 

in ui. Hence by induction the theorem follows. 



I..II L::iF" ..I.will.......WHIM 

J 

4.2 Interpretations 

We vill now interpret some of the conditions under which our 

theorems hold. Let us consider the hypothesis of Theorem 4.1, For n = 3 

the conditions are, 

< x2|x5 < x3) < < x^Xg < x2) , 

< x1|x2 < x2) < < x^ . 

Suppose we have components 1 and 2 in parallel. We note the 

Joint probability that cornponent i does not survive beyond a given time 

x^ i = 1,2. If we add a third component to the system and condition 

on the failure of the third component before Xy then the conditional 

probability that the other two components do not survive beyond times 

x^,Xg tends to decrease below the probability of the same event when 

no component 3 were present. Hence addition of component 3 tends to 

reduce the chance of failure. Similar interpretations can be given 

in the case of a system with n components. In general if the components 

are such that their addition tends to reduce the chance of failure of 

the system then the hypothesis of Theorem 4.1 holds. 

For n = 3, the conditions of Theorem 4.2 reduce to 

P(X1 < x2.**2 - x2lX3 - x3^ non-deereasing in x^ for fixed (x^,x2), 

P(X1 < 5 x2) non-decreasing in xg for fixed x^. 
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Consider a system with components 1 and 2 in parallel. If increases, 

then the second component tends to survive longer and the conditional 

probability of failure of the first component before x1 tends to 

increase. But since we have a parallel system the survival of one 

component ensures the survival of the system. Hence if the second 

component survives longer then the system survives longer even if the first 

component fails quickly. Similar result holds for a system with three 

components. In venerai, the hypothesis of Theorem 4.2 seems to say 

that if we progressively add components to the system it does not 

matter if the previous components fail quickly, the system will survive 

if the new component survives for a long time. 

The hypothesis of Theorem 4.3 says the same thing except that 

we now condition on the actual time to failure of the new component 

rather than on the event of non-survival beyond a given time. 

It seems that, as in the case of series system, in parallel system 

each component must act beneficially for the other components. Either 

it decreases the chance of failure of the other components or it 

must survive for a long time if other components fail quickly. 

Since d.g.m.l.r. is the same as g.m.l.r. with the direction of 

the final inequality reversed, the interpretation of d.g.m.l.r. property 

is analogous to g.m.l.r. property with the inequalities reversed. Hence, 

d.g.m.l.r. implies that large values of one variable tend to be 

associated with small values of the other variable and vice versa. Since 

the variables we are considering are the times to failure, we get, that 

the quick failure of one component is associated with long survival of 
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another component. In general, this should be fine because the 

system survives as long as one component survives. Unfortunately, 

this does not alvays work as Example 4.1 and our inability to get 

any theorem analogous to Theorem 2.4 shows. 

90 



f 

REFERENCES 

!• Alam, Khursheed, Some Results in Polya Type II Distributions, Ann. 

Math. Stat., 39, 1759-61, 1968. 

2. Barlow, R. E. and Marshall, A. W., Bounds on Interval Probabilities 

for Restricted Families of Distribution, Fifth Berkeley Symposium 

on Mathematical Statistics and Probability, III, 229-257, I967. 

3. Barlow, R. E., Proschan, F. and Hunter, L. C., Mathematical Theory 

of Reliability, Ch. 2, Wiley, I9Ó5. 

4. Dantzig, G. B., Optimal Solution of a Dynamic Leontieff Model with 

Substitution, Econométrica, 23, 295-302, 1955* 

5. Dantzig, G. B., On the States of Multistage Linear Programming 

Problems, Ch. Ill-6 of Mathematical Studies in Management 

Science (ed. by A. F. Veinott, Jr.), Macmillan, I965. 

6. Esary, J. D., Proschan, F. and Walkupy D. W., Association of Random 

Variables with Applications, Ann. Math. Stat., 38, 1466-74, 

1967. 

7. Harris, R., Reliability Applications of a Bivariate-Exponential 

Distribution, J. 0£. Res. Soc. Amer., l6, 18-27, I968. 

8. Lehmann, E. L., Ordered Families of Distributions, Ann. Math. Stet., 

26, 399-419, 1955. 

9- Lehmann. E. L., Testing Statistical Hypothesis, Wiley, I966. 

10. Lehmann, E. L., Some Concepts of Dependence, Ann. Math. Stat., 

37, 1137-53, 1966. 

11. Marshall, A. W. and Olkin, I., A Multivariate Exponential Distribution 

J. Amer. Statist. Assoc., 62, 30-44, I967. 

91 



f 
r 
r 
F 

0 

n 
n 

n 
n 

n 

n 
o 

UNCLASSIFIED) 

Security Classiiication 

DOCUMENT CONTROL DATA • R&D 
(Security clmmaltlcmtiorn ol I/U9. body ot mbmtimct »nd indmutng mnnotmtian mu«r 6« mnlmrmd whin thm ovmrmll report It clmttHitd) 

1 ORIGINATING ACTIVITY (Corporate author) 

Dept, of Operations Research & Dept, of Statistics 
Stanford University 
Stanford, California_ 

2« ««eoar »tcuairy classification 

Unclassified 

16 anca* 

1 nePORT TITte 

Some La*ier Bounds of Reliability 

4 OfSi'RiPTIVE NOTES (Type ot report and Inclueivu dette) 

Technical Report 
5- A'jTHORfSJ (Lett name. Ural name. Initial) 

Sarkar, Tapas K. 

« REPO RT DATE 

August 10, 1969 
8« contract or grant no. 

Nonr-225(53) 
b. PROJECT NO 

NR-0l»2-002 

7« TOTAL NO OF PASC» 

91 

76 NO OF RIFS 

11 
• • ORIGINATOR'S REPORT NUMBCRfSj 

Technical Report No. 124 

9b thlFrepoítf*0*7 (Any otfter numtere that may be aetinned 

10 AVAILABILITY/LIMITATION NOTICES 

Distribution of this document is unlimited. 

Il SUPPL EMENTARV NOTES 

V 

12 SPONSORING MILITARY ACTIVITY 

Logistics and Mathematical Statistics Branch 
Office of Naval Research 
Washington, D. C., 20360 

13 ABSTRACT ~ 

4-S0nSÍSer n seri®s system yith n components. Let X be the time to 

t ^nd lT^œ'P0^nt, iet R(t) bt the reliabi^ty of tÃe system at time 
nd ^(t) be the reliability when the components are independent. It is 

ï pm en meanineful éditions such that R*(t) is a lower bound 
of R(t; for all t. ^n particular, the following problem has been considered. 

t£Shlem A:*° find meaningful sufficient conditions such that 
n 

PCXj^ > x1,.. .,xh > xn) > J~J p(xi > Xl) for all 

/i .. It is well-known that if X^., ...,X are associated then the inequality 
under Problem A holds. This leads to the following problem. 

Problem B: To find meaningful sufficient conditions such that 
are sssonisted. 

. .,Let f(ulJ• ■ • 7¾) be the joint density of X1,...,Xn. The main 

îe rep0rt TS that^ "if, f(V--*DUn) has generalized monotone likeli- 
hSds aid (b)6^ ^ V 1 ^.hen (a) the inequality under Problem A nouns, ana to; Xi,...,Xn are associated . 

considered. 

^12 • • •fXjj -- 
For a parallel system with n components the following problem is 

Problem C: To find meaningful sufficient conditions such that 

1 ■ P(Xi < < xn) > 1 

of a series these con 
fl p(Xi < Xf) for all Xl,....x 
:onditions are I7 ^ n* 

not as elegant as those in the case 

DD 1473 UNCLASSIFIED 

.Sscurily Classification 



UNCLASSIFIED 

Clcsiüfication 

KEY WORDS 

Reliability of a system 
Components in series 
Components in parallel 
Lower bound on reliability 
Associated random variables 
Generalized monotone likelihood ratio 
Decreasing generalized monotone likelihood ratio 
Sufficient conditions 
Physical interpretation of sufficient conditions 

link e 

INSTRUCTIONS 

LINK C 

-.. 

1. ORIGINATING ACTIVITY: Entet the name and address 
of the contractor, subcontractor, grantee. Department of De¬ 
fense activity or other organization (corporate author) issuing 
the report. 

2u. REPORT SECURITY CLASSIFICATION: Enter the over¬ 
all security classification of the report. Indicate whether 
“Restricted Dwta” is included. Marking ia to be in accord¬ 
ance with appropriate security regulations. 

2h. GROUP: Automatic downgrading ia specified in DoD Di- 
JÛC. 10 and Armed Forces Industrial Manual. Enter 

the group number. Also, when applicable, show that optional 
marking* have been used for Group 3 and Group 4 as author¬ 
ized 

3. R. PORT TITLE: Enter the complete report title in all 
capital letters. Titles in all cases should be unclassified. 
If u meaningful title cannot be selected without classifica¬ 
tion, show title classification in aD capitals in parenthesis 
immediately following the title. 

4. DESCRIPTIVE NOTES: If appropriate, enter the type of 
report, e. g., iruerim, progresa, summary, annual, or final. 
Giv'. the inclusive dates when a specific .eportmg period is 
covered. 

5. aUiHOR(S): Enter the name(a) of author{a) as shown on 
or the report. Entet last name, first name, middle initia*. 
If military, show rank and brunch of service. The name of 
the principal author is on absolute minimum requirement. 

t>. Rt.PGRT DATE: Enter the date of the report as day, 
month, ycoi, or month, year. If more thon one date appears 
on the report, use date of publication. 

7« TOTAL NUMBER OF PAGES: The total page count 
should follow normal pagination procedures. Le., enter the 
number of pages containing information. 

7h. NUÎ.ÎIJER OF REFERENCES: Enter the total number of 
references cited in the report. 

8« CONTRACT OR GRANT NUMBER: If appropriate, enter 
i he applicable number of the contract or grant under which 
the report was written. 

86, 8c, & 8d. PROJECT NUMBER; Enter the appropriate 
military department identification, auch as project number, 
suhprrject number, system numbers, task number, etc. 

«a OUiüINATOR'S REPORT NUHBER(S): Enter the offi¬ 
cial report number by which the document will be identified 
and controlled by the originating activity. Thia number muet 
be unique to thia report# 

Ob. OTHER REPORT NJMBER(S): If the report haa been 
assigned any other report number# (either by the originator 
or by the sponsor), also enter thia number(s). 

10. AVAILABILITV/LIM1TATION NOTICES: Enter any lim¬ 
itations on further dissemination of the report, other than those 

imposed by security classification, using standard statements 
such as: 

(1) 

(2) 

(3) 

(4) 

(5) 

‘ Qualified requeste-s may obtain coplea of thia 
report from DOC.” 

“Foreign announcement and dissemination of this 
report by DDC ia not authorised. " 

"U. S. Government agencies may obtain copias of 
this report directly from DDC. Other qualified DDC 
users shall request through 

"U. S. military agencias may obtain coplea of thia 
repor-, directly from DDC Other qualified users 
shall request through 

_ _ M 

"All distribution of thia report is controlled. Qual¬ 
ified DDC neers shall raquesl through 

Usa for additional explane- 

H the report ham been furnished .o the Office of Technical 
Services, Department of Commerce, for sale to the public indi¬ 
cate this fact and enter the price, if known. 

IE SUPPLEMENTARY NOTES: 
tory notes. 

12. SPONSORING MILITARY ACTIVITY: Ent nr the name of 
the departmental project office or laboratory sponsoring (pay* 
tng tor) the research and development. Include adifeeas. 

13- ABSTRACT: Enter an abstrae* giving a brief and factual 
summary of the document indicative of the report even though 
it may alto appear elsewhere in the body of the technical rn- 
port. If additional apace 1. required, a continuation ahaat shall 
be attached. 

It is highly desirable that the abstract of classified reports 
be unclassified. Each paragraph of the abstract shall end with 
an indication of the military security classification of the in¬ 
formation in the paragraph, represented as fr*j. (S). (C). or (U). 

There ia no limitation on the length of the abstract. How¬ 
ever, the suggested length is from 150 to 225 words. 

**■ KEY WORDS: Key words are technically meaningful terms 
or short phrases that characterise a report and may be used as 
index entries for cataloging the report. Key words must he 
selected «o that no security clas.u'lcauc-.l ia require». üíauU- 

«suipn'en« model designation, trade name, ni litara 
project code name, geographic location, may be used as key 
words but will be followed by an indication of technical con¬ 
test. The assignment of links, rales, and weights is optional. 

DU 1473 (BACK) UNCLASSIFIED 

Security Classification 




