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SUMMARY 

Whether Contopoulos' galactic system Is separable 

(unlikely) or not (likely), the fact Is that there exists 

a vicinity of the equilibrium In which numerical Inte- 

gration of high accuracy cannot separate the system from 

its Image through a Blrkhoff's normalization of high 

order.  To all practical purposes. Stellar Dynamics Is 

then Justified in pretending that the model is, in that 

region, structured by a so-called third integral. 
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1.  A PRAGMATIC AiTROACH TO THE THIRD INTEGRAL 

The usefulness of the so-called Chlrd Integral in stellar 

dynamics has been recently debated (Goudas 1969a, Barbanla and 

Contopoulos 1969, Goudas 1969b).  We like to think that we have 

several facts to contribute to the debate.  But before we do so, 

we wish to express very clearly that our Intention is not to 

enter into an argument with the authors we Just mentioned, but 

simply to report some facts and to indicate how, in our opinion, 

they seem to support a pragmatic approach to the third integral. 

Essentially we have to deal with conservative Hamlltonian 

systems with two degrees of freedom.  Repeatedly, in the past, 

mathematicians have warned us that the structure of their phase 

space is generally far from trivial.  Nevertheless, the physicist 

Inclines to look there for the kind of phase portraits he is aost 

acquainted with, namely those of eeparatle  dynamical systems. 

We understand the concept of separability in a general way:  in 

principle two distinct Integrals in Involution make it possible 

to generate a transformation to a set of phase variables in whicl 

the angular coordinates become ignorable.  Evidently the meaning- 

ful problem Is not to categorically decide whether or not a given 

dynamical system possesses two independent Integrals in involution 

in a generic  way, I.e. not only for the particular system under 

consideration, but also for all—or only almost all—systems close 

by, provided of course an adequate topology has been defined on a 

set of specified Hamlltonian functions.  Questions of that kind 
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have received clear cut answers In a few particular Instances under 

well-defined topological and function-theoretic conditions; some are 

negative (Siegel 1954, Moser 1968), others are in the positive 

(RUasmann 1967).  Therefrom a physicist is Justified in concluding 

that this rigorous approach is not the proper one.  For non-integrable 

dynamical systems are with us to be investigated, and if straightforward 

statements of existence and convergence are felt to prove wrong or 

inadequate, they should not be used to bar further numerical investi- 

gations, quite the contrary; they should urge to assemble more 

evidences and help direct the mathematician toward constructive approaches. 

We like to look at the problem from this angle.  Thre? algorithms 

essentially have been proposed to analyze the phase space around an 

equilibrium:  cross sections by numerical integration (He'non and Helles 

1964), construction of the adelphic integral (Whittaker 1917) and normal- 

ization by recurrent canonicjl transformations (Birkhoff 1927).  Each of 

these algorithms may be compared to a lens focused on the equilibrium 

itself.  It magnifies some detailo of the phase portrait, it obscures 

others.  Islands of stability come out enhanced, although their finer 

structures are blurred; zones of instability usually fall off the field 

of view unless a special effort is made to untangle some of their 

complexities (Danby 1968).  In sum the lens hai built in itself a 

definite power of resolution.  Where a high commensurability ratio 

causes a chain of thin, elongated islands, the algorithm deforms the 

picture into a continuing flow of quasi-periodic orbits, distorting the 

isolated natural families of periodic orbits into tori of ordinary 
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famlUfH of periodic orblto, and smoothing out the manifolds of 

asymptotic orbits.  In domains where two resonances overlap, however 

wild the portrait becomes, elimination even at a low order of all 

periodic terms but the resonant ones helps in discerning mechanisms 

likely responsible fur the instability of the system and its ergodlcity 

(Walker and Ford 1969, Ford and Lunsford 1969). 

Distorted and fuzzy as they often come out of a numerical 

experimentation, these phase portraits are far from being the 

ultimate truth about the phase space.  But authors have given so 

much of their time, effort and ingenuity to develop them that 

they can be forgiven for not strongly cautioning the reader against 

Identifying them with the reality. Thus Instead of concluding that, 

within a certain accuracy and provided that the Interval of 

integration does not exceed a certain upper bound, the elliptical 

restr. "ted problem behaves roughly aa  if it  were separable, one 

announces that "two integrals of motion have been found" (Contopoulos 

1967).  Which statement, of course, will prompt a supercilllous 

colleague to produce evidence to the contrary. At this point there 

Is great risk that  the  debate will sink Into a sterile exchange. A 

comparison may help to convey our point. The sine function does not 

belong to the vector space of polynomials In one letter; yet, according 

to the Weierstrass' theorem, It can be uniformly approximated in that 

space over a finite Interval:  The former of these two statements is 

a triviality; but the latter one is eminently useful.  In the same way, 

we all accept that a dynamical system generally is not a separable one. 

Yet, in the recent years, we have learned to give to the formal 
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approximations of a non-separable syscem by separable ones more 

credit than elementary mathematics Is willing to grant (see for 

Instance Moser 1968, pp.   14 and  15). 

2.     THE NUMERICAL LENS THAT  IS A  BIRKHOKF'S NORMALIZATION 

To us  the search  for a  "third  Integral"  In a conservative 

Hamlltonlan system having an equilibrium proceed«  essentially in 

:wo steps:    first we use the given Hamlltonlan system to generate 

separable systems related  to It,  then we check to what extent In 

the phaae space and within what  threshold of accuracy we can trust 

the physical Information brought  forth by  the separable model. 

Blrkhoff's normalization  rathet   than Whittaker's  adelphlc 

Integral seems  to provide  a better approach to  these problems. 

For not only does  Blrkhof/'s normalization yield all  the geometric 

Information contained  In  the  Invariant  sections  computed  from the 

adelphlc   Integral,  but   It  also exhibits  the dynamical  features of 

the problem.    This  is especially  relevant,  considering that  Slegel's 

objection to the existence of  an adelphlc  integral  is  of a dynamical 

nature.     For,  should  the system admit  an adelphlc  Integral,  then 

there would appear around  the elliptic equilibrium tori   filled with 

periodic orbits—i.e.  ordinary  families of periodic orbits  in the 

sense of Uhittak&r  (1917).     But  Siegel proves that systems present- 

ing  this  feature  form a  rare  set   in a certain  set  of dynamical 

systems  provided with a usual  topology.     Hence  in  order  to assess 

the  credibility of an adelphlc   Integral  in  the neighborhood of an 

elliptic  equilibrium,  we  recommend to analyze  the behavior of  the 
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actual system on the tori of ordinary families of periodic orbits 

exhibited by the normalized "approximations".  Blrkhoff's normal- 

ization locates Immediately where these tori could be. Can Che sane 

be done as eaully by means of only the explicit expression of the 

adelphlc Integral? Quite recently Contopoulos (1968) suggested Chat 

It Is feasible. 

We have treated the Hamlltonlan function of a galactic field 

proposed by Contopoulos (I960), namely 

31 - >5(X2 + Y2) + «j(Ax2 + By2) - cxy2 - -j e'x3 (1) 

where 

A - 0.076 

B - 0.55 

e - 0.206 

0.052 

This system presents four configurations of equilibrium E., 

E_, E.. and E,.  For increasing values of the energy, we have drawn 

in Fig. 1 the evolution of the curves of zero velocity:  the shaded 

areas are prohibited, since In their the kinetic energy would be 

negative.  Only for energies below the level corresponding to the 

equilibrium configurations  E., and E , and only in the closed 

admissible domain around  E. ,  could the Hamlltonlan (1) be suggestive 

of the galactic field in our solar neighborhood. 

We introduce the frequencies 

and u) - B'. 
s (2) 

Since A -^ B, we have ui  ,  and we agree to refer to w 
8 V- 
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hB <h<hB 

Flg.   1.     Evolution of the curves of  zero velocity, 
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(resp.    a) )    as the  long period  (reap,  the at a .   \>etiod) frequency 
s 

In order to Initialize filrkhoff's non tilziixon, we ^ropc».'   the 

completely canonical  transformation 

x ■=  (2L/üü  )^8in i,        y -  (2S/u)   >>55ln  ., 

X -  (2La)  )^cos £, Y »  (2Sai       cos  s 

from the original Cartesian state variables     ',. ,y,X,V)     to the ati^V 

coordinates     (£,s)     and the action momenta     (.   ,S).     'he  Ha«ii Itonl^n 

now becomes the function 

(3J 

where 

and 

31 -3(Q +5£, 

^0 " "lL + ^s8' 

C* 

":) 

:n ^ Ea^a.s.s.L) 

Is a homogeneous polynomial of degree  3 in    l/5     md    S'',     rv 

coefficients being trigonometric lines in    s     ar      *    'itl'   -e^T 

coefficients;   Jf.    presents  the usual d'Alembfrt characteristic. 

Birkhoff's normalizaticn consists in cor.structin^ a completely 

canonical transformation  from the angle-acLlun  statt variables     (i,s,L,5i) 

to a new set of angle-action state variables     (£'.s',1/,8')    having the 

property that  the transformed of  (4)  decomposes into the sum 

3t- oV+JP (7) 

where oV is polynomial of an assigned degree N in L1  and S1, 

whereas the residual JP is a series in L'^  and  S1  beginning 
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wlth terms of degvee 2N + 1, the coefficients bjlng trigonometric 

•urns In £' and s'. The canonical normalization can be constructed 

explicitly by means of Lie transforms (Deprlt et al  1959).  We have 

carried It automatically by computer up to degree N - 10, thus 

neglecting a residual of at least order 21 In L   and S . The 

main advantage of a normalization by Lie transforms Is that It makes 

the transformation of any function of the old angles and actions 

depend only on the generating function WU'.s'.L" ,8'). The conversion 

Into the new angles and actions consists then In recursively constructing 

a triangle made of binomial comblnaticns of Polsson brackets; the 

construction can easily be carried automatically by computer. We have 

had access to an IBM 360-44, and the codes consisted In calling sub- 

routines out of a package called MAO (Rom 1969). 

3.  THE TEST OF A THIRD INTEGRAL BY LIE TRANSFORMS 

Considering the ease with which conversion to the normalized state 

variables can be carried out, we undertook to check various expressions 

of the third Integral recently published. Once the Hamlltonian (4) has 

been given the form (7), if the residual Ji    is neglected, the principal 

part cV defines a separable dynamic system:  the actions L'  and S' 

are thus Integrals.  Th?refore the various expressions proposed in the 

literature as third integrals, when converted Into the normalizing 

variables, must turn out to be functions of the actions L' and S* 

exclusively.  As a matter of fact, we found that Hori's (1968) formula 

for the third Integral is precisely the action S*. at least as far as 

degree N ■ 2, beyond which Hori did not carry out the developments. 
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Flg.   3.     Period curves  for  the  family    £     and the f.unlly    0(3/1).    For  the 
family   £ ,     the  periods have been multiplied by  3 so as  to show 
how    0(3/f)    branches  out  of   £ . 
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Table III.  Periodic Orbit In the Ordinary Family 0(1/3) 

Goudas Isoenergetic 
Improvement 

Isoperiodic 
Improvement 

Initial abscissa 

Initial velocity 

Period 

Energy 

Stability index 

0.298704 

0.221645 

27.223990 

0.0274918 

2.000004 

0.300318 

0.221513 

27.225836 

0.0274918 

1.9999999 

0.298618 

0.221656 

27.223990 

0.0*74917 

1.9999999 

Table IV. The Adelphic Integral along the Periodic Orbit of rable III 

t Goudas 3rd order 4th order 

0 -0.472 -0.436 -0.454 

1 -0.488 -0.450 -0.454 

2 -0.503 -0.463 -0.453 

3 -0.500 -0.451 -0.452 

4 -0.489 -0.448 -0.453 

5 -0.485 -0.456 -0.453 

6 -0.494 -0.456 -0.453 

7 -0.494 -0.456 -0.453 

8 -0.491 -0.453 -0.452 

9 -0.490 -0-451 -0.452 

10 -0.491 -0.452 -0.452 

11 -0.491 -0.452 -0.452 

12 -0.A90 -0.452 -0.452 

13 -0./J91 -0.452 -0.452 

14 -0.490 -0.452 -0.452 

15 -0.490 -0.452 -0.452 
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In Che instance in case, we Just discover that a double precision 

integration is unable to decide whether the orbit is singular or 

belongs to a one-parameter family of periodic orbits generated from 

one another by the group of adelphic transformations corresponding 

to the "third integral".  Incidentally Goudas' Inconclusive test of 

constancy for that integral suggests that his program might have 

used the erroneous formula of his paper. Meanwhile the improvement 

we observe from column 3 to cell-in 4 in Table IV Indicates that a 

normalization of sufficiently high order may account adequately for 

what a double precision integration would tell us about the galactic 

potential at thf energy h - 0.0274918. Our point, however, is not 

that the gala^L.V. potential should be declared to be there a separable 

system, but that It is impossible to distinguish it from its separable 

image as given by cV; numerical Integration is not sharp enough to 

resolve the fine details of the phase portrait beyond its blurred appear- 

ance through that magnifying glass which is the normalization. 

It thus turns out to be an interesting proposition to follow the 

ordinary family 0(1/3) and detect at what level of energy its breakdown 

into a two-lane bridge of natural periodic orbits becomes noticeable. 

For, once the breakdown is patent, normalization loses its practical 

value, the galactic potential can no longer be Identified there to the 

separable system It describes, and functions of L'  and S'  are no 

longer practical substitutes of a "third integral". Unless, of course, 

as Contopoulos proposes, one refocuses the normalizing procedure from 

the equilibrium to the regions where the commensuiability islands for 

o ■ 1/3 are expected to appear. 











— 

-25- 

Fig.   5,     Orbit No.   7  In  the family    Ö(A/11)     (symmetric with  respect 
to the  x-axis). 
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Flg. 6.  Cross section In the ordinary family 0(4/11) at the energy 
level h - 0.008.  (The circles indicate the successive inter- 
sections of one of the symmetric orbits in the family; tick 
marks refer to other orbits in the same torus). 
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