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PREFACE

For almost twenty years the Radiation Laboratory of The University of Michigan
has been actively engaged in predicting the radar scattering behavior of a wide variety
of targets, both simple and complex, and out of this work a wealth of material has
grown. Much of it has been published in the open literature, but some has remained
bound in the experience of the individual investigators or has appeared only in techni-
cal reports with limited distribution. The suggestion that this material be collected
together and. in corjunction with an exhaustive review of ihe literature, be made
available to a wider audience, was the factor that led to the writing of this book.

In considering the form that such a becok might take, it was apparent that a rigid
limitation of objectives would be necessary to keep the manuscript to manageable
size. Because of the several treatments of the methods of scattering and diffraction
theory that have appeared in recent years, it was felt that the main focus should be
placed on the presentation of results, but even so, a further restriction on the type
and material composition of the scattering body was still required to permit a reason-
ably complete coverage of each particular case. We therefore decided to confine
ourselves to bodies which are soft or hard in the acoustical sense, or are perfectly
conducting to clectromagnetic waves, and fifteen geometrically simple scattering
shapes were selected for the study. Except in one instance (the wire), these shapes
arc determined by the coordinate system in which the wave equation is separable,
and are the ones for which extensive mathematical results are available.

The information about the scattering behavior of these fifteen different shapes
was collected, revised and systematically organized, and is here presented in chapters
divided according to the shape. Many new formulae and computations are included,
especiaily tor the wire (Chapter 12) and the cone (Chapter 18). Each section of ihe
book is as seli-contained as possible compatible with a tolerable amount of repetition,
and the contents of cach chapter are presented in a standard, stylized format to
facilitate ready reference. Emphasis is placed on results in the form of formulae and
diagrams, but a brief outline of the methods for the solution of scattering problems
s given in the Introduction, together with the main properties of those special
functions which are used extensively throughout the book. The bibliography is
selective and eritical, rather than exhaustive, and every etffort has been made to correct
errors in the seurce material. fCis our hope that a handbook such as this will prove
valaable 1o radar and antenna specialists, and to all interested in scattering theory,
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LIST OF SYMBOLS

Unless otherwise stated, the symbols most commonly used in the book have the
following meaning:

¢ = clectric permittivity (dielectric constant) in vacuo.

jt = magnetic permeability in vacuo.

1/Jen = velocity of light in vacuo (&~ 2.9979 x 10® m/sec).

7 = Y™' = Jufe = intrinsic impedance of free space (= 120n ).

w = angular frequency.

i = ' —1 = imaginary unit.

¢ """ = time-dependence factor {omitted throughout).

k = 2nji = w/su = wave number in vacuo (k = w/c in the acoustical case, where ¢
is the velocity of sound).

¢, = Neumann symbo! (e, = l;¢, = 2, forn=1,2,3,...).

X, v, 2 = rectangular Cartesian coordinates.
p, ¢, = = circular cylindrical coordinates.

r. 0. ¢ = spherical polar coordinates.

log = natural logarichm,

V = grad = gradient operator.
V- = div = divergence operator.
VA = curl = rot = curl operator.
V? = V-V = div grad = Laolace's operator.
R = |r—ry| = distance between the source point ry and the observation point r.
' = incident velocity potential.
I = scattered velesity potential.
b= 1"+ 1™ = total velocity potential.
E' = incident electric field vector.
H' = incident magnetic field vector.
E® = scattered clectric field vector.
H* - scattered magnetic tield vector.
E  E'+E = wotal clectric field vector,
H . H i - total magnetic fizld vector.
P far-field coetlicient in two-d.menstonal problems. | .
C e e o . . see Section 12,4
S far-icld coeflicient in three-dimensional problems. |
a(ft)  bistatic radar cross sestion, with separation angle 8
between lr.m,\mn.tcr and recen cr.. . e Section 125
a  ald)  back scattering or monostatic radar cross section, |
Ay total scattering cross sechien.
I," P Gt m. \l( R see Section L322,
i, n-th zero o Ai'¢-- ). f
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INTRODUCTION

J. J. BOWMAN, T. B. A. SENIOR and P. L. E. USLENGHI

I.1. General considerstions

Varicus factors dictated the choice of the fifteen shapes treated in this book.
Bodies such as the sphere, circular cylinder, wire, cone, wedge, half-plane, disc and
pariaboloid have important applications in radar and antenna theo: s, Others, such
as the elliptic cylinder and the spheroids, have often been used for the development
and testing of approximation methods of gencral applicability, in both the low and
high frequency limits. For all except the wire, the scalar wave equation is separable
in som: system of orthogonal coordinates. Shapes excluded from this book are the
triaxial ellipsoid (STRUTT [1897]); MoGLIcH [1927]), the elliptic cone (KRrAUS and
LeviNe [1961]), the quarter plane (RADLOW [1961, 1965]), the torus (WESTON [1960]).
the ogive (AR [1967]), the parallel-plate waveguide and the thin-walled half-cylinder
(VAINSHTEIN [1954]), among others. Composite shapes of great practical interest,
such as the cone-cylinder and the cone-sphere, are also excluded.

Acoustically soft and hard, and perfectly conducting bodies are considered. The
fifteen scatterers are divided into three groups: (i) infinitely long cylinders with genera-
tors parallel to the = axis, (it) finite and (iii) semi-infinite bodies with the = axis as
axis of symmetry. The emphasis is placed on scattering rather than on radiation
problems, i.e. the primary source is usually located off the surface of the scatterer.
Radiating slots in the scattering surface are not considered, and although the case of a
dipole on the surface is examined, no general discussion of the equivalence between
dipoles and slots is given. The primary field is that of a plane wave, a point source or
a dipole: in Part One, line sources parallel to the generators of the scatterer are also
considered.

The choice of time-harmonic fields (with time-dependence factor ¢ " omitted
throughout) is justified by the tact that this is an important case in practice. that most
ol the literature does indeed consider this type of field only, and that an arbitracy
freld can always be decomposed 1o the sum of monochromatic waves by Fourer
amalysis, T should be noted, however, that the high-frequency results quoted in thes
book are valid for real posttive freguaencies, and cannot in general be extended to the
wholr complex trequency plime (- particubar, they cannot in general be analyti-
v contimued o negative it fregquenaies ).

Fhe seattered field or the toet] Seld s given at an arbatrarily located observation
pomt. L aphet resudts are also exiubited for the total field at the surface of the scatterer

I
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(especially important in antenna applications) and for the far field, from which the
radar cross sections are derived.

[.2. Fundamental concepts

This section is not intended to be a comprehensive treatise on methods, but rather
a brief survey of the most widely used techniques in which the reader may find some
useful formulae and the most relevant bibliographical references.

[.2.1. Maxwell's equations

The electromagnetic field at a time ¢ and at any point in a lincar, homogenous
and isotropic medium of electric permittivity ¢, magnetic permeability u and zero
conductivity is described by the homogeneous Maxwell equations

VAH=£-6:E~, VAE= —p—, (L.1)
ot ct

which govern the behavior of the electric field E and of the magnetic field H at all
ordinary points in space, but do not describe the field at the source poinus. By taking
the divergence of both sides of egs. (1.1) and with the convention that at some time
the fields may become solenoidal (which is certainly the case if, for example, E,- _ ,, =
H,._, = 0) one finds the auxiliary equations

V-H=V-E=0. (L.2)

I a scattering body is embedded in the medium, eqgs. (1.1) and (1.2) are satisfied
by the incident or primary fields E' and H', by the total (incident plus scattered)
fields E and H, and thkercfore also by the secondary or scattered fields E* and H*,
which represent the disturbance added to the primary ficlds by the scatterer.

'n the following we shall consider only the particular case of monochromatic
radiation, The wave number & and the intrinsic impedance Z ol the medium surround-
ing the scatterer are given by

k=ofep=2n/A, Z=Y"'=/u, (1.3)

where s the angular frequency and 4 the wavelength (in free space. Z = 120 n ohm).
The time dependence factor exp (—iwr) is suppressed throughout the book. By
replacing the operator ¢/t with the multiphcative factor —iw, it is seen that egs. (1.1)
become:

VAH = —ikYE, VAE = kZH. (1.4)

122 Adcowstical cquations

I the mediumsurrounding the scatterer is a gas, such as air,with negligible viscosity,
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in which small perturbations from the rest condition occur, the equations that describe
the motion of the gas at all ordinary points in space ure Newton's equation
ou .
0o— = —Vp (1.5)
ot
and the continuity equation

P 5oV (6 = 1polbo) (16)
where 3, and pg are the density and pressure respectively of the gas at rest, y is the
ratio of the specific heat at constant pressure to that at constaat volume (y = 1.4 for
air at normal temperature and pressure), u is the gas particle velocity, p is the excess
pressure (i.e. the difference between the actual pressure and p,), and . is the time.

It is customary to introduce a velocity potential ¥ such that

u=Vy; (1.7)
then from eq. (1.5) and the fact that p = 0 at rest:
] 4
p=—0p—. (I.8)
ot

The symbols V', ¥* and V = ¥'+ V* will indicate the incident, scattered and total
velocity potentials, respectively.
For harmonic vibraticns with time dependence exp (—iwt), egs. (I.5), (1.6) and
(I.8) become:
i

W= — - Vp, (1.9)
woo

p=- l_ (s('czv T u, (IIO)
w

p = iwd, V. (L.11)

1.2.3. Wave propagation

In the electromagnetic case, it follows from egs. (I.1) that

: 42 42
(V/\VA +::;1:,)E=()‘ (VAVA +c;1i,)H=0, (1.12)
N ot
or
(V:—llﬂ i,) E=0. (V:—-Ell i ,) H =0, (1.13)
(i ct

where V2 operates on the rectangular Cartesian componeats of E and H. For har-
monic time dependence, egs. (1.13) become

(VIHKDE =0, (VI+K)H = 0. (1.14)
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In the acoustical case, it follows from eqs. (1.5) and (1.6) that

/ 2 2
(VZ_ 1 _0__) p =0, (Vz— lv -) u=0. (1.15)

. :
¢t o \ c? or

In the following we shall work with the velocity potential V, from which p and u
are obtained through simple operations of differcntiation as indicated in egs. (1.7)
and (I.8). We therefore consider the wave equation

-’2
(v’-' ¢ )V=0.
[4

.,2 “.}12
which for harmonic time dependence becomes
(VZ+RDY =0, (k= wfc). (1.17)

The solutions of eq. (1.17) represent sound waves of angular frequency o and
velocity ¢ (for air at N.T.P., ¢ = 340 m/sec). Similarly, the solutions of each of the
six_equations (L14) represent waves of angular frequency @ and velocity l/\f'ai
(in vacuo, 1 g x 29979 x 10* m/sec). Tt is thus evident that a certain correspon-
Jence exists between the solutions of scalar and vector boundary value problems, and
this “orrespondence takes a particularly simple form for two-dimensional problems
(see Chapter 1).

1.2.4. Boundury and radiation conditions

In the electromagnetic case we timit our considerations to perfect conductors, i.c.,
we require that the tangential component of the total electric field at any regular point
of the scattering surtuce be zero:

E—(E- A} = 0, (1.18)

where # is the it normal to the surfuce directed trom the body into the surrounding
medium. It is seen from Maxwell's equations that condition (1.18) implies that the
normal component of the total magnetic field is zero at any regular point of the sur-
face of the scatterer.

Some components of the electric and magnetic ficlds become infinite at those points
of the scattering surface where the Gaussian curviture is infinite. To ensure the
uniqueness of the solution one must then invoke an additional boundary condition,
the Meixner integrability condition: the electromagnetic energy contained in any
fimite volumie about the surface singularity must be finite (Mrixsir [1949]). For
example, in the case of the wedge with aperture angie 2Q shown in Fig. 6.1 (2 0
for the halt plane), it cin be shown that the components of the electric and magnetic
fields paraliel to the edge behave hhe p¥and these perpendicular to the edge like p* !
as p - Oowhere pas the distance of the observation point from the edge of the wedge
and v = (22 -2Q) (VAN Brani [1964)).

A generahization of the boundary condition (118) wiiich s not exphicithy consedered
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in this book and which has many practical applications is the so-called impedance
boundary condition or Leontovich condition:

E—(Z-A)A = nZAAH. (1.19)

where 5 is the relative surface impedance (4 = 0 for a perfect conductor). A nonzerc
surface impedance may account for the finite conductivity of the scatterer (see, lor
example, SENIOR [1960a]), for the roughness of its surface (Senior {19F0b]). Tor the
presence of highly absorbing coating layers (WESTON [1963}), or for un overiense
plasma,

If the scatterer and all the primary sources are located within a finite distance from
a fixed origin r = 0, the fields E and H are required to sutisfy the Silver-Miiller
radiation condition

lim[ra(VA)+ikr]E =0

r-*a

lim[rA(VA)+ikr]H =0

[

uniformly in  #. (1.20)

In the case of plane wave incidence it is necessary to separate incident from scatiered
ficlds: the scattered ficlds E® and H* are required to satisfy condition (1.20).

If the scatterer is an infinitely long cylindrical body vith generators parallel to the
S axis (2 = rcos @) and the primary sources are at a {inite distance from r = 0,
then condition (1.20) is to be satisfied for all 0 in the angular range0 < d £ 0 S 10
with & arbitrarily small and constant. If the primary source is a fine source parallel
to the z axis (two-diinensional problem) condition (1.20) must be replaced by

1 .
lim p (‘ —-ik) E =0

e 0(;) uniformly in  ¢; {1.21)
lim p¥ ( g —ik) H, =0
o0 ép

when the primary source is @ plane wave at broadside incidence, only the scattered
fields £7 and H; are required to satisfy condition (1.21).

In the acoustical case we only consider scatterers that are either perfectly soft or
perfectly rigid. At the surface of a soft scatterer, the excess pressure p is zero: it
follows from eq. (1.11) that the boundary cendition for the total velocity potential is

" =0, (L.22
At the surface of a rigid or hard scatterer, the normal component u - # of the particle
velocity & is zero; it follows from eq. (1.7) chat the boundary condition for the total
velocity potential s

<=0 (1.23)

Conditions (1.22) and (1.23) are ulso Known as Dirichlet and Neumana boundary
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conditions, respectively. A more general boundary condition is

(-57-- +i ‘_”.9.9) V=0, (1.24)
on n
where J is the density (mass per unit volume) of the medium surrounding the scatterer
and n is the normal acoustic impedance, i.e. the ratio of the excess pressure to the
normal compenent of the particle velocity at the surface of the scatterer (in particular,
n = Oforasoft bodyands ™' = Ofora hard body). Condition (1.24) is not considered
in this hbook; for a noteworthy application to the scattering of sound by circular cyiin-
ders and spheres, see LAX and FesHBACH [1948].

The radiation conditions for scalar scattering problems are similar to those pre-
viously stated for vector problems; namely, that

lim r (0_ —ik) V =0 uniformlyin ? (1.25)

r—u or

for three-dimensional problems, and

lim p? (-0 —ik) V =0 uniformlyin ¢ (1.26)
p® dp

for two-dimensional problems. If the primary field is a plane wave, than Vis to be
replaced by V* in egs. (1.25) and (1.26).

If the primary sources and the scattering body are given, the boundary conditions
at the surface of the scatterer and the radiation condition at infinity are sufficient to
ensure the uniqueness of the solution te the (scalar or vector) wave equation.

In three-dimensional problems. the far scattered field may be written as

Wy
¢
V'~ 8 (r- o) (1.27)
kr
m the acoustical case, and as
clhr
- i Sé  (r- o) (1.28)
.

in the electromagnetic case, so thatin both cases only the expression for S = S(0, ¢)
necds to be piven exphaatly. Silarly, the far scattered fields in two-dimensional
problenis may be written as

/

’ .
’)(d,) /n; ,cllﬂ"“n (I) N CD). (I.29)
/

T the tollowmg, the use of the i dield coetlicients S and 2 is restricted to the cuse of
plate wanve incudenee,

anadly, 1t should be pamted out that conditions (1.20) and (L.23) are sufhcient
Bun not necessary, i can be replaced by weaker requirements (WiLcox [1956a, b)).
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1.2.5. Radur cross sections

The radar cross sections are defined for plane wave incidence, and are closely
related to the far fickl coefficients § and P of the previous section,

In the three-dimensional case, the differential scattering cross section or bistatic
radur cross section a(0, ¢) is de” d by
sIZ

a(0, ¢) = lim 4nr? :E

EIIZ

(1.30)

r— o

where |E|* = |E|* +|E,|* +]£|%, and E* is the scattered electric field at the observa-
tion point {r, 4, ¢). For an incident electric field of unit amplitude, egs. (1.28) and
(1.30) yield:

o(0.4) = IS0, ) (.31)

The total scattering cross section a4 .s defined by the ratio of the time averaged total
scattered power to the time averaged incident Poynting vector, and is refated to the
bistatic cross section by the equation

n 2n
o1 If [ a(0, ¢) sin 0d0dep. (1.32)

4ndo-0dg o

A relation between o ¢ and the far field coeflicient S(#) of eq. (1.28) is provided oy the
forward scattering theorem (sec e.g. BorRN and Wour [1959]):

ﬁ=$mmmww) (1.33)

where £ 18 oriented in the direction of propagation of the incident wave, & gives the
direction of the incident electric fieid, and S s normalized to the amplitude of the
incident ficld.

In the case of broadside incidence on an infinitely long eylindrical body with genera-
tors parallel to the = axis, the bistatic eross section () pzr unit length is defined by

w2

: o}

a(p) = lim 2zp |, (1.34)
noro B

where P2 B3N the electrie field is parallel o the z axis, while #™0 = 130 if

the magnetic fickd s parallel to the = axis. 10 F7" has unit amplitude, it follows trom

eq. (1.29) that

4 :
6(h) = All’(«/’)l'- (1.35)

Fie total scattering cross section per unit length iy defined by the ratio ot tie tme
averaged total scattered power per unit length ol evlinder to the time averaeed incident

o B
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Poynting vector; if | V| = I, then
4
or = - ;Re P(,), (1.36)

where ¢, is the azimuth of the direction of propagation of the incident wave.

The definitions of radar cross sections may be modified to take into account the
polatization of the receiver. Thus, for example, the three-dimensional bistatic cross
section can also be written as

4r "
a(0, ¢) = 5 100, o)*e- FI, (1.37)
where é is the unit vector of eq. (1.28) and f represents the polarization of the receiver:;
if |- fi =1, result (1.37) reduces to eq. (I.31).

1.2.6. Electromagnetic potentials

It is ofien convenient to represent the electromagnetic field in terms of a scalar
potential &(r, t) and a vector potential A(r, 1)

E=-ve-94  m_-lyaa, (1.38)
ot It

where @ and A4 are required to satisfy the Lorentz condition

Voa+en® o0, (1.39)
ot

This condition has the advantages of assuring a relativistic covariant relation between
@ and 4 and of making both potentiuls satisfy the wave equation, namely

2

Vi —gpn aff =-£ (1.40)
t @

ViAd—en (; - =—uJ, (1.41)
ct®

where p and J are the charge and current densities of the primary and/or secondary
sources, depending on whether the potentials represent the primary and/or scattered
fickds, The particular solutions of egs. (1.40) and (1.41) are expressible as integrals
over the charge and current distiibutions; the retarded solutions are:

- ’ _ _ ,n’.‘

D(r.1) = '—J"("" Ir=rlc) . (1.42)
dne |r—r'|

Ar.ty = F ’J("""""“')dr', (1.43)
4n. |r—rl

\

where ¢ = (sp) 0 The advanced solutions, corresponding to (14 |r—r'| ¢) in the
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argument of the integrands, must be disregaurded on the basis of causality. For a
discussion of the dependence of @ and A on the field wources in the time-harmonic
case see, for example, VAN BLADEL [1964; Section 7.8].

For given fields E and H, the potentials @ and A4 are not uniquely defined; in fact,
if @ and A satisfy eqs. (I.38) and (1.39), the same is true of all potentials @' and A4’
related to @ and A4 by the gauge transformation

® = b+ ‘;f A = A-V], (1.44)
t

where f(r, 1) is any solution of the homogeneous wave equation

2 o
Vif—cn = 0, (1.45)

The potentiais =ave the advantage of being “more regular” than the electric and
magnetic fields. This regularity can be further enhanced by introducing other functions,
the so-called superpoi:atials, fiom whicle the fields are obtained by higher-order
differentiations. The most widely used superpotentials are the electric and magnetic
Hertz vectors I, and II,, also known as polarization potentials. The vector potential
I, originates fields

E=VAVaAIl, H=¢vA -1, (1.46)
(2
whereas the vector potential IT,, gives rise to fields
N
E=—pVa ;iﬂm, H=VAVAIL,. (1.47)
dt

The clectric and magnciie fields in a region where ¢ and g are constant and p =J =0
are the sums of the partial fields of eqs. (1.46) and (1.47). Observe that E and H
remain unchinged when the gradients of arbitrary functions of space and time are
added to the Hertz vectors. The fields determined by egs. (1.46) and (1.47) satisfy
the Maxwell's equations (I.1) provided that

(VAVA + ey -:);) I, =V,
V]
' (148)

~2

‘ ) 1, = vy,

h]
are

(VAV/\ +ep

where f(r. 1) s an arbitrary scalar function of position and time.
In particular, the potentials @ and A may be derived from Hertz vectors: thus,
one may choose either

&= -V-II. A=epn 1, (1.49)

ar

o

il

0. A=puvall,: (1.50)
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the fields are then given by eqs. (1.38), the Lorentz condition is automatically satis-
fied, and f = V- I, in eq. (1.48) for IT_.

A gencral theory of the Hertz vectors and of the associated gauge transformaiion
is to be found in Nisset {1955]; see also MCCreA [1957]. For the relation of the
Hertz vectors ‘o the sources of the field see, for example, STRATTON [1941; Sections
1.1, and 8.3 t¢ 8.6], BorN and WoLF [1959; Sections 2.2.2 and 2.2.3], PANOFsKY and
Puiuies [1962: Sections 14.5 to 14.9] and VAN BLaADEL [1964; Section 7.21. It is here
sufficient to ve:all that, in the time-harmonic case, an electric dipole located at the
point ry with « moment

4ne
ey [.5¢
: (15)
produces a ficld that can be derived from egs. (1.46) in which
kR
I, = ——z¢, R = |r—ry)), 1.52
- (R = |r—=rol) (1.52)

whereas the field of a magnetic dipole located at ry and with a moment

47
A 1.53
2 (1.53)
can be derived from egs. (1.47) in which
eikR
m,="°_¢ 1.54
e (1.54)

In the time-harmonic case, an especially important class of Hertz vectors is obtained
by setting
I, = ur, I, =vr (1.55)

where the scalar functions of position u and v, the so-called Debye potentials, satisfy
the wave equation

(VE4kHu =0,

o (1.56)
(V2 4k = 0,

and ris the radial vector from i tixed origin, Every clectromagnetic field defined in a
source-free region between two coneentric spheres cian be represented there by two
Debye potentials (Wicox [1957]): the components of the field .
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aZ
H, = ( ----- +k2) (rv), 1.57)

1o ikY Ou
Hy = - —~(rv e e
r ordd sin 0 J¢

2
R ik
rsin0 ordg 00

The Debye potentials can be expressed in terms of the current density distribution J
of the sources: see Bouwkamp and CasiMIR [1954] and VAN BLADEL [1964; Scction
1.71.

1.2.7. Green's functions

Consider the equation
if =—g (1.58)

subject to certain boundary conditions, where L is a differential operator, g(x) is a
given continuous function, ;(x) is the unknown function, and x may be cousidered as
a vector in an n-dimensional space. Its solution may be written as

f(x) = fG(xlx')g(x')dx’; (1.59)

here G(x|x') is the so-called Green function for the boundary value problem under
consideration, and satisfies the equation:

LG(x|x') = —d(x—x"), (1.60)
where o is the Dirac delta function. Thus, formally:
G(x|x") = =L '3(x=x")+ Gy, (1.61)

where G, is any solution of LG, = 0.
Green's function has the following properties: 1) it is symmetrical in v and x':

G(xix") = G(x']x), (1.62)

and 2) it is the solution of the homogeneous differential equation LG = 0 at all
points exeept v = v, where @ singularity occurs. The physical meaning of egs. (1.58)
and (L.39) is that the souree ¢ originates the ficid /2 Green's function represeitts the
tickd prodaced at ¥ by asource of unitintens ity located at X' (here v and v represent
both space iand time coordinates). Therelore, the field /£ is given by an mtegral over ail
the space-time positions of the souree,

We wish to point out that since we are here concerned only with niteroscopic
phenomena, the principle of causality must be respected: this implies that time
reversal must be mtroduced e the reciprocity relation satisfied by a time-dependent
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Green function. For example, the Green function for the scalar wave equation

2
(vz— 1 .am) V=0

¢ at?

must satisfy the reciprocity relation
G(r, t|r', 1") = G(r', =t'|r, —1). (1.63)
Fort’' = 0, eq. (1.63) becomes
G(r, 1jr’,0) = G(r', OJr, —1),

that is, the effect at the point r and at the time ¢ of an impulse started at r’ at time
zero equais the effect produced at " at time zero by the same impulse started at r
at the time —t. For a detuiled discussion of time-dependent scalar Green's functions
see, for example, MORSE and FrsiBAacH [1953; Section 7.3].

The Green function G(r|r’) for the steady-stute wave equation (1.17). i.e. the solu-
tion of

(V2+EHG = =8(r—-r), (1.64)

is investigated c.g. by MOoRSE and FesHBac [1953; Section 7.2]; for a bounded region
of space, see SOMMERFELD [1949; paragraph 27]. In free space, the solution of eq.
(1.64) which obeys the radiation condition is

cxp(iklr—r'”

G(rir') = (1.65)

4rlr—r'|
for three dimensions, and
G(rlr'y = 3i ) (klr=r')) (1.66)

in two dimensions, The corresponding free space Green function for the Laplace
cquation, te. the solution of

VG = —d(r—+'), (1.67)
iy
, |
G(rr') = ' {1.68)
dnjr—r'|
for three dimensions, and
> [~ l r 0 o
G(rir') = = In|r—rv/ {(1.69)
on

for two dimensions,

Green™s function technigue is also applicable to the solution of vector problems
such as

If = —g. (1.70)
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Now, however, it is in general necessary to use nine scalar Green functions to express
the three components of f in terms of the three components of g. These nine quantities
constitute a tensor of rank two, the so-called dyadic Green function %(x|x’), which
satisfies

LY(x|x') = —6(x—x").7, (1.71)
where .7 is the identity. Thus, the solution of eq. (1.70) is:
f(x) = fg(xlx') - g(x") dx’. (1.72)

The dyadic formalism enables one to discuss the solutions of vector scattering prob-
lems without actually calling into play the inevitably complicated representations
of solutions of particular problems. The dyadic Green function of free space has
been discussed by VAN BLADEL [1961]; also available are the dyadic Green functions
for the half plane (Tar [1954a]) and for the circular and elliptic cylinders, wedge,
flat ground, sphere and cone (Tai [1954b]). Some fundamental properties of dyadics
are listed in Appendix B.

1.2.8. Reciprocity theorem

Equations (1.62) and (1.62) of the previous section already constitute reciprocity
relations. A reciprocity theorem for time-dependent electromagnetic ficlds in vacuo
has been given by WELCH [1960]. If Maxwell's equations are written in the form

)
VAH =J+:F,
ot
oH (1.73)
VAE = -J,—pu-_ -,
ot

where i magnetic current J, has been introduced for reasons ol symmetry, then:

ta 2 3
f dxf (B J*+H - J]dv = — j dt J (E*-J +H - J.)dv,  (1.74)
1 o atl space fH all space

where E', H" are the retarded fields produced by sources J" and Ji,, and E*, H" are
the advanced fields produced by sources J* and Jy,; in deriving cq. (1.74), it has been
assumed that the sources were switched on at some time after ¢, . The reciprocity
theorem (1.74) can be modified for time-harmonic fields, yielding (sce VAN BLADEL
[1964: Section 7.5}):

LE"-J'=H"- ], ]dv :J‘ [E*-J"=F" -, ]de, (1.75)
Jall space all space

where £70 H and E*. HY are respectively generated by sources J°, Jy, and J*, J;,
operiating at the same frequeney. Reciprocity relitions for propagiation in a homo-
gencous aniotropic medium and for the scattering matrix have been respectively
derived by Ruamsey [1954] and by Di Hoop [1960]: see also Vax Branin [1964;
Sections 8.2 and 8.7} T'.¢ relationship between transmitting and receiving propertics
of an antenna has been discussed by D Hoop [1968].
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[.2.9. Babinet's principle

Bahinet's principle enables one to derive the electromagnetic field diffracted by a
set of apertures A in an infinite metal plane of zero thickness from the field scattered
by a plane metal screen S of zero thickness having the same size, shape and position
as the apertures (A = S). Here we follow the presentation of Babinet’s principle
given by BouwkAMP [1954], where a comprehensive bibliography on this subject is
also to be found. An extension of Babinet's principle to screens that are not perfectly
conducting has been attempted by NEUGEBAUER [1956].

Lct (F, G) denote any incident electromagnetic field, where the first vector repre-
sents the electric field (E' = F) and ihe second the magnetic field (H' = G), and
define the “‘complementary incident field” to be (—ZG, YF), ie. E' = —ZG and
H' = YF. For example, if the incident field is a plane wave, the complementary
incident field is obtained by rotating the plane of polarization through a right angle
counter-clockwise when looking in the direction of propagation. Both incident and
complementary incident fields satisfy Maxwell's equations for free space.

Firstly, we consider the scattering of the field (F, G) by a perfectly conducting
plane screen S of zero thickness, located in the plune z = 0. Secondly, we consider
the “complementary diffraction problem”, that is the scattering of the complementary
field (= ZG, YF) by the apertures A in a perfectly conducting plane screen of zero
thizkness located at z = 0, such that the apertures A in the second problem extend
over that portion of the = = 0 plane which was occupied by the screen S in the first
problem. In both problems, the sources of the nrimary field are supposed to be located
in the half space = > 0, so that = > 0 is the “illuminated™ half spuce, whereas = < 0
is the “shadowed™ half space. The rigorous form of Babinet's principle states that the
solution of ¢ither one of these problems cin be obtained at once from the solution of
the other.

In the first problem, let the total field at any point in space be given by (F+ EF,
G+ H*), where (E*, H*) is the scattered field due to the currents induced in the screen
by the incident ficld (F, G). In the complementary problem, we distinguish between
the ficlds in front of and behind the aperture. Let (k,, Hy) be the totai field that
would be present in the illuminated half space = > 0 if there were no holes A in the
periectly conducting screen = = 0, and let (E%, H?) be the diffracted field when the
apertures A are present. Then the total fictd behind the apertures (z < 0) is (E¢, HY),
whereas the total fickd in front of the apertures (z = 0)is (E, + EY, H, -+ H*). Accord-
ing to Babinet's principle:

E'= FZH, H'=+YE, (z20). (1.76)

Finally. observe that in the portion of the = = 0 plane that is not occupied by the
sereen,

E:=H, = H, =0, (1.77)

From which it follows that in the ape ‘tures the tangential magnetic ticld and the normal
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electric field are not disturbed by the presence of the screen. Also, the components
E-E-%  E°-E‘-3, H-% H':

are even functions of z, whereas
H-®-3 H'-H'-i, E-i E'::

are odd functions of z.

[.2.10. Integral equations

For an acoustic or electromagnetic wave incident on a body, integral equations
can be derived from which to determine the fields induced on the surface of the
scatterer. Although these are capable of exact solution for only a limited number of
geometries, they do form the starting point for most numerical methods (see Section
[.2.14.4) and are also valuable in the derivation of low and high frequency approxi-
mations.

It is convenient to confine attention to a three-dimensional, closed and bounded
body whose surface S is regular in the sense of KELLOGG [1929], and to treat successiv-
ely the cases in which the body is acoustically soft or hard, or is perfectly conducting.

If V' is the velocity potential of an incident acoustic field, the total velocity potential
} at a point r in the space surrounding S is

. U o (e’ e*R g
V(r =V‘(r)+~-f Vr)-—--( -)— - V(r); dS .78
(r) 4nsl('0n, R R('m,(l) (178)
where r; is a variable pointon S, R = |r—r(], and fi, = fi(r;) is a unit vector normal
to S directed out of the body and into the surrounding space. From this representation,
integral equations for either the field or its normal derivative on S can be derived.
For a soft body (¥ = 0 on §), eq. (I.78) reduces to

(=vi- [ 7 v 179)
V(r) = V'r)— f - ¥(r,)dS .

4nJs R On, W (
which in turn leads to two integral equations for the unknown surface field. The first
of these follows on allowing r to be a point on S and is

c:kR d

4nv"(r)=f o V(r)dS. (rr€S). (1.80)

s R ¢n,

The singularity of the kernel R™'e'*® at r = r, is integrable. The second equation is

obtained by differentiating eq. (1.79) in the direction # = f(r) of the outwards normal
towards the point r and then allowing r to lie on S:

2 ]

2 = vin+ 'j* ey € (‘7“) ds. (r.r,cS).  (L81)
" on cn 2nds On, Yean\RTT o ‘

where the asterisk denotes the taking of the Cauchy principal value at r = r. The




16 INTRODUCTION 1.2

kernel is no longer singular at r = r, and is continuous as r - r,. Eq. (.81} is
particularly useful for existence and uniqueness theorems (MuLLER [1952]), and is
also amenable to solution by iteration.

For a hard body (0V/on = 0 on S), eq. (I.78) reduces to

| 1 0 [elkR
V) = Vi - J‘SV(r,) = (7&“) ds, (1.82)

and as in the previous case, iwo integral equations can be derived for the unknown
ficld on S. For the first of these, r is allowed to approach S to give

I 1 * 0 elkR ’
2vi(r) = V(r)- --~f Vir,)-— (———) ds, (1.83
(r) = V(r) 2ns(‘)an, 5 )
where the asterisk again denotes the Cauchy principal value. The kernel is continuous
at r = r,. The second equation follows as in the corresponding Dirichlet case and is

ikR
iy = =2 f Ve (T )4 Gemes. (g
¢n ‘nds on, \ R
Since the derivative ¢/dn cannot be taken inside the integral, eq. ([.84) is actually an
integrodifferential equation,

In the clectromagnetic problem in which the field (E', H') is incident on S, the
derivation of integral equations again proceeds from a representation of the total field
in the souice-free region surrounding S (STRATTON [1941]):

O ) ia e ()
(r) = E\(r)+ 4RL llkZ(ﬂ,AH) p +(ﬁ,AE)AV(R)+(ﬁ| b)V(R)|dS

(1.85)

. 1 [ R IR Ry
H(r) = Hi(r)- 4;Js {1k)’(ﬁ,AE)---R -(n,AmAv( ) ) —(A, - H)V( ) ); ds

A)

(1.86)

in which the differentiation is with respect to the coordinates of the surface point ry .
If the body is perfectly conducting, an integral equation for the surface current
density J == A A H tollows immediately from cq. (1.86) und is {MAUE [1949]):

LY

14 [ l AL ‘ clkR ' ~ -
2y AH'(r) = J(r) - ‘ Ar)a J(r)AV ( ) dS.  (r.r, €9). (1.87)
2y | AR/

An alternative form of Mauc’s integral equation is
d=a(r) A E'(r)
kR i

a0 . S .
_'“.I_\» :n(r)A.l(rl)LR S\ -J(r.))a(r)Av(‘R ):d.\. (r.r eS),

(1.88)
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where V*- is the surface divergence operator at r;. Analogous equations for surfaces
at which an impedance boundary condition is fulfilled have been derived by MITZNER
[1967}.

1.2.11. Separation of variables

The solution }” of the scalar wave eq. (I.17) can be considered as a function of any
system of orthogonal curvilinear coordinates u,, u,, uy. There is a limited set of
coordinate systems in which ~ne can find a set of particular solutions ¥ that can be
expressed as products of three functions:

V(uy ua, uzy = Vi(u,) Valuy) Vs(us), (1.89)

where V(1,)(i = 1, 2. 3) is a function of «; only, and satisfies a second-order ordinary
differential equation. The general solution of eq. (I.17) is & lineur combination of the
separated solutions (I.89). There are eleven separable coordinate systems for the
scalar wave equation: the triaxial ellipsoidal coordinates and their ten degenerate
forms; the coordinate surfaces are confocal quadric surfaces or their degencrate forms
(for details see, for example, MORSE and FesHBACH [1953; Chapter 5]; MooN and
SPENCER [1961]),

In passing from the partial differential eq. (I.17) to the threc ordinary difTerential
equations with independent variables u, , u;, u; by means of the substitution (1.89).
two separation constants 4, and 4, arc introduced. The separated solution takes one
of the following six forms:

Vo= Vuy i ky Ay Ay) Valugs A) Vi(us, 45) (1.90)
for rectangular Cartesian and circular cylinder coordinates;

Vo= Viluy koA Vaug i Ay 2) Va(ug: 45) (1.91)
for spherical coordinates:

Vo= Viuy koA Valugi Ay A2 Va(usi A4, 4y) (1.92)

for parabolic cylinder coordinates;

Vo= Vilu i 2)) Vil KA 2) Viua kAL, 4)) (1.93)
for elliptic cylinder, prolate spheroidal, oblate spheroidal and parabolic coordinites:

Vo (s ko Ay A Va(ug i A A Vi(ug Ay L 4y) (1.94)
for conical coordinates;

Vo= Viuy ko zy 2 Vo ko2 200 iyt ko 2y 4y) (1.95)

for paraboloidal wid elfipsondal coordinates.

With respect to the separation constants, the solation P is completely separable
in cases (1.90) and (i.91), due to the high degree of symmetry in the coordinate
svstenisg it is only partially separable in cases (1L92) and (1.93), and it is nonseparable
i cases (1.94) and (1.95).
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The allowed values for the separation consiants may form a discrete or a continuous
spectrum, and are to be Geiermined by imposing the boundary conditions for the
specific problem on hand. Thus, for example, the field scattered from a circular cylinder
must be periodic with period 2z in the azimuthal variable ¢, and this requirement
restricts the separation constant 4, to integer values A, = 0, +1, +2,.. .. The spec-
trum for the other separation constant, 4, is determined by the type of primary field;
for a plane wave¢ incident at an angle a with the cylinder axis, only the value 4, =
k cos « is allowed; for a point source, 4, can be any real number.

The general solution of eq. (I.17), which is a linear combination of all the separated
solutions (1.89) that correspond to different values of 4, and 4,, is represented by a
double infinite series if both 4, and A4, have discrete spectra, by a double integral if
both 4, and 4, have continuous spectra, and by an infinite series of single integrals if
one spectrum is discrete and the cther continuous; only in particular cases will the
general so! tion be represented by a single infinite series or a single definite integral.

The combination constants that appear in the general solution of eq. ([.17) are
found by imposing the boundary and radiation conditions. The explicit determination
of these constants is possible for all scatterers whose surface is a coordinate surface
in any of the eleven separable coordinate systems, provided that the scatterer is either
perfectly soft or perfectly hard. If the scatterer is penctrable to the radiation, or if it
has a finite, nonzero surface impedance, then the explicit determinatior of the combi-
nation constants is straightforward only if the separated solution, {1.89) are completely
separablc for the separation constants 4, and 2,, i.c. in cases (1.90) and (1.91); for the
other eight coordinate systems, the explicit solution of the boundary value problem
requires the inversion of an infinite matrix or the solution of an integral equation,

The particular case in whichk = Oineq. (1.17) gives the Laplace equation V2V = 0.
In two-dimensional probieins, the Laplace equation separates in any coordinate sys-
tem which is obtained by conformal mapping from the rectangular Cartesian system
(x, y). In three dimensions, the Laplace equation obviously separates in the eleven
coordinate systems for which the scalir wave equation separates. In addition, however,
there are some coordinate systems in which any separated solution of Laplace's
equation is of the form

V(g ty, uy) = Vl(“l) Va(u,) Vy(us) ‘ (1.96)

B(uy, uz, uy)

where B, the so-called medulation factor, is independent of the separation constants
4y and 4, and can therefore be faciored cutside the summations over the allowed
values of 4, and 4, in writing the general solution of V2V = 0. The Laplace equation
in three dimensions separates in the sense of eq. (1.96) in all the cyclidal coordinate
systems, which include the ellipsoid:l coordinates and all theit degenerate forms;
the coordinate surfaces are confocal cyclides. In particular two important coordinate
systems in which the Laplace equation separates with a mr -ulation factor B that is not
identically equal to unity are the toroidal and the bispherical cocrdinates.
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The vector wave equatior
(VE4+k}F =0 (1.97)

could be solved by taking three solutions of the scalar wave equation (I.17) as the
three rectangular components of the vector F, and in this sense eq. (1.97) would
be separable in the same eleven coordinate systems in which eq. (1.17) is separable;
in most cases, however, it would then become impossible to fit the boundary conditions.
In the foliowing, therefore, we consider the separability of eq (1.97) only in the restrict-
ed sense of HANSEN [1935] and STRATTON [1941] (see also SENIOR [1960c]).

The solution F of eq. (1.97) can always be written as the sum of a longitudinal part

L=Vo (1.98)
and of a transverse part
T =VAA. (1.99)

Consider a system of orihogonal curvilinear coordinates u, , ¥, , u; with metric coeffi-
cients it,, h,, hy defined as in Appendix C, and Tor which the scalar wave equation
is separable. Suppose that the surfoce of the scatterer s described by u, = x, where a
is a constant. The transverse part Tcan be derived from two scalar fields, and in order
to satisfy the boundary conditions it is convenient to choose these two scalar functions
so that the partial field derived from one scalar is tangential to the suiface u, = a,
whereas the partial field derived from the other scalar is perpendicular to u, = «a.
This is possible if one of the metric coefficiciits is unity, and if the ratio of the other
two metric coefficients is independent of the coordinate corresponding to the unity
metric coefficients; these conditions are met by six of the eleven coordinate systeins
for which eq. {I.17) is separable: rectangular Cartesian coordinates; circular, elliptic
and rarabolic cylinder coordinates; spherical and conical coordinates (see MORSE and
Fesuacu [1953: Chapter 13]). For these six coordinate systems, the solution F of
eq. (1.97) may be written as the sum of three vectors L, M, N, with Lgiven by eq. (1.98)
and

i

M = V(fd,)nil,, (1.100)

» (1.101)

N = kfb, i, +k°'V [ f«z:z)] :

u,
where @, ¢, and @, are solutions of the scalar wave equation, f = 1 for the rectangu-
lar and the three cylindrical coordinate systems (with u, as the coordinate varying
along the cylinder generators), and f = r (4, = r is the radial distance from the origin
of coordinates) for the spherical and conical systems.

Of corrsz, solutions can also be found to certain vector problems which. because
of their syminctry, reduce to the solution of a scalar wave equation in one of the
cleven coordinate systems in which it is separabie. For an extension of the Hansen-

Stratton vector wave function method to spherically inhomogeneous media, see e.g.
Marcuvitz [1951], Ta1 [1958] and GUuTMAN [1965].

| |
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Finally, we observe that for certain scatterers whose boundary extends only to a
portion of a coerdinate surface {such as a thin-walied semi-infinite circular pipe),
a rigorous solution can be obtained by combining separation of variables and func-
tion-theoretic methods (see Section 1.2.14.3).

1.2.12. Low frequency methods

The first attempt to obtain low-frequency solutions of the stcady-state wave equa-
tion from the solutions of the corresponding static problems is due to STRUTT,
Lord Rayleigh [1897]; a comprehensive survey of Strutt’s contributions to scattering
theory is presented by TWERSKY [1964]). In general, the term ‘‘Rayleigh scatterer”
is applied to a body whose characteristic dimensions are small compared to the
wavelength, but authors often disagree with one another on the precise definition.
Thus, for example, to BorN and WoLF [1959] a Rayleigh scatterer is one that does
not change the frequency of the incident field in forming the scattered field, whereas
to other authors it is one whose scattered far field is iinearly polarized, or is pro-
portional to k%. For our purposes a satisfactory definition of Rayleigh scattering
has been given by KLEINMAN [19654]: for a given scatterer, the “*Rayleigh region™ is
that range of values of k for which the quantity of interest, c.g. the scattered far
field, can be expanded in convergent series in positive integral powers of k. For
three-dimensional scattering by smooth finite objects, such scries exist und have
finite radii of convergence, as proved by KLEINMAN [1965b] in the scalar case and
by WERNER [1963] in the electromagnetic case. These expansions are known as
“Rayleigh series”, or “‘quasi-static series”, or “‘low-frequency expansions'.

In keeping with Rayleigh's original work, some authors restrict the Rayleigh region
to the wavelength range in which the Rayleigh series is not only convergent but is
well approximated by its first term. To this order, the backscattering cross section
of a thin, elongated, perfectly conducting body of revolution on which a plane electro-
magnetic wave 1s axially incident is

o= f‘k‘vz, (1.102)
n
where ¥ is the volume of the body. As the body is made less elongated, the approxi-
mation (1.102) becomes worse; however, it can be improved somewhat by multiplying
the right-hand side of (I.102) by a shape factor (SieGEL [1959]). and anyhow, ¢q.
(I.102) is in error by only 27 percent for a sphere.

In the scalar case, the determination of the low-frequency expansion by the ex-
tension of Rayleigh's method consists of two steps: the terms of the expansion are
found fr the near field, and then they are continued into the tar field. The details
of this procedure may be found, for example, in NoBLE [1962] and KLEINMAN [1965a].
When applied to soft (hard) scatterers, the method consists of a serics of steps which
require the solution of the same Dirichlet (Neumann) potential problem, but with
different boundary values at each step. This inconvenience has been climinated in a
new method developed by KLEINMAN [1965b] (see also AR and KLEINMAN [1966]),
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which produces successive terms iteratively, without requiring the solution of a new
problem at each stop.

In both Rayleigh’s and Kleinman’s methods, the solution of the potential problem,
i.e. the static Green’s function for the scatterer under consideration, must be known.
For a limited number of shapes, potential problems can be solved by separation of
variables (see Section 1.2.11). DARLING (1960) has proposed a method of solving
potential problems for surfaces which are intersections cf separable surtaces, and
DARLING and SENIOR {1965] have applied it to a spherically-capped cone.

The extension of Rayleigh’s method to electromagnetic scattering by penetrable
three-dimensional bodies was performed by STEVENSON [1953a]; a detailed account
may be found in VAN BLADEL [1964; Sections 9.4 through 9.6]. The calculations re-
quired for obtaining each successive term in the low-frequency ser.es, however, rapidly
become so intolerable (see, for example, STEVENSON [1953b]) that Stevenson’s
technique does not seem to have been employed in deriving mcre than three terms.
KLEINMAN [1965¢c, 1967] has achieved some simplification and removed some of the
ambiguitics in Stevenson's work. Low frequency electromagnetic scattering by two-
dimensional bodies has been studied by VAN BLADEL [1963].

The extension of the method of KLEINMAN [1965b] to two-dimensional scalar
problems as well as to clectromagnetic problems might possibly be achieved by
combining it with an ex.:nsion of a variational approach due to ScHIFFER [1957];
however, no results are presently available. A survey of low-frequency scattering
for both scalur and vector problems has been given by KLEINMAN [1965a].

[.2.13. High frequency methods

The relationship between ray optics and wave n - agation was well understood
after the works of Huygens in 1690 and of Fresnel . .8, and the connection between
clectromagnetism and optics was established by Maxwell in 1873. For a rigorous and
extensive discussion of these and related matters, the reader should see the books by
BATEMAN [1915], LUNEBURG {1944], BAKER and CopsoN [1950], BORN and WOLF
[1959], SOoMMERFELD [1954], and KLine and KAy [1965].

When the wavelength is small compared with the characteristic dimensions of the
scattering body, asymptotic high-frequency methods must be employed. This is true
even if the solutions of scattering problems can be written exactly as series of cigen-
functions, because at high frequencies the convergence properties of these series
are generally very poor.

For a given scatterer, it is intuitive that as the wave number K tends to infinity,
the scattered field tends to the values predicted by the simple laws of geometrical
optics. It is on this observation that the methods of geometrical and physical optics
and the geometrical theory of diffraction are based. In that portion of space which
is illuminiited by the primary wave, one would expect the scattered field to be given
by the geometric optics value plus higher-order correction terms; indeed, starting
from the wave equation, it is possible to derive a complete asymptotic expansion in
inverse powers of «, the so-called Luneburg-Kline expansion, whose leading term is
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the geometric optics field. The transition region between light and shadow, or penum-
bra region, near the surface of a smooth opaque convex body has been investigated
in detail by Fock. A different high-frequency method, krown in its original form as the
Watson ‘ransformation, is applicable to those canonical shapes for which an exact
solution to the scattering problem is available. All these techniques are outlined in
the f..lowing subsections: for general surveys, see also Kouvyoumnan [1965] and
FELSEN [1964].

1.2.13.1. GEOMETRICAL OPTICS

In geometrical optics, the propagation of energy between two points Q and P
occurs according to Fermat’s princiole that the optical distance between Q and P
must be stationary; in particular, therefore, the optical rays in a homogeneous iso-
tropic medium are straight lines. The variation of the intensity of the geometric optics
field along a ray is dictated by energy conservation: the energy flux in a tube of rays
must be the same at all points along the tube. Let us consider the vector case, and
specifically the electric field E; with reference to Fig. 1.1, we have that

dSq

|E(P)! = 'E‘Q"Vas , (1.103)

Fig. I.1. Astigmatic tube of rays.

where dSq and dSp are the cross sections of the clementary tube of rays at Q and P
respectively, and are inversely proportional to the Gaussian curvature of the wave-
front. Thus, if we denote by s the oriented distance of the observation point P from
a fixed origin Q, and by p; = AQ and p, = BQ the distances of the astigmatic lines
A and B from Q, and if in addition we assume that the polarization of E is unchanged
along the ray, then

_PIPZ eik.c. “104)

HP - E(Q)V(p. +5)(p2+5)

This geometric optics result yields an infinite value of the field at the caustics A and B,
where either p; = —s or p, = --s: the field in the vicinity of a caustic has been
determined by KAy and KELLER [1954]. Note, however, that formula {1.104) gives the
correct phase jump of iz that occurs when the observer passes through a caustic.
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The first problem that arises when a wave is reflected at the surface of a body is
the determination of the reflected field at the surface, for a given incident field; we

consider the vector case only, since the scalar case is trivial. Let the incident fields
be given by

Ei - Eoeim’ Hi = HOCIkO (1.105)
where & obeys the eikonal equation (V®)? = I, and the incident fields E® and H®
at the surface of the body are assumed to be slewly varying functions of coordinates.
Let Ef and H* be the reflected fields at the surface of the body. Let &k, k., # and 0
be respectively the unit vectors reprcsenting the directions of propagation along the

incident and the reflected rays, the unit normal to the surface oriented from the body
into the surrounding space, and the angle of incidence, such that

k., A= —k A =cos. (1.106)
The reflected fields at the su:face are (Fock {1965; Chanter 8]):

E' = -;.(—) {R(E®- A)(A cos 20 +k cos 0)—ZR,(H® - A)An Kk},  (1.107)
Sin

H = -,_»-2!5 {Ry(H® - A)(A cos 20+k cos 0)+ YR,(E® - a)An Kk},  (1.108)
sin

where R, and R, are the Fresnel reflection cocfficients:

&' cos 0—/(e'u’'— sin® 0)

) [.109
¢’ cos 0+ ./(e'y’ = sin® 0) (1.109)

p' cos 0—\/(e'y’— sin® 0)
R, =

) [.110
1’ cos 0+ /(e'n’ — sin’ 0) ( )

and ¢ and p’ are the relative electric permittivity and the relative magnetic perme-
ability of the reflecting body. In particular, for a perfect conductor (¢’ = 1, '] = ),
R, = +land R, = —1.

The second problem that arises when a wave is reflected at the surface of a body
is the determination of the reflected field along the reflected ray as a function of
the reflected field at the surfuce. This problem has been solved by Fock [1965; Chapters
6 and 8) by taking into uccount the geometry of both the incident wavefront and the
reflecting surface at the point of incidence. Fock's general results will not be repeated
here: however, a simple formula which is useful in many applications is given in the
following.

Consider a scalar point source located at Py, such that

eiklPoQ)
~ k(PyQ)

is the ficld incident at Q on the surface of the scatterer. Let p, be the radius of curva-

Vi

(Li11)
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ture of the convex scattering surface in the plane of incidence at Q, and let p, be
the radius of curvature in a plane perpendicular to the plane of incidence and containing
the normal to thz surface at Q. The geometric optics scattered field at a point P along
the reflected ray is:

i = 5 O P Q)+ (O}

' k(Po Q)
ATy (@, 2QPT[,, (@F) |, 2QP cos 0
{LH(POQ)+p,coso][”(l’oo)+ " J}’ (1112)

where the upper (lower) sign holds for a perfectly soft (hard) scatterer, and 9 is the
angle of incidence.

1.2.13.2. KELLER'S THEORY

A significant extension of classical geometricl optics was provided by Krorigr
[1953, 1958, 1962], who proposed and systematically developed the peometrical theory
of diffraction. Keller postulates that along vath the usual rays of geometrical optics
there exists a class of diffracted rays which accounts for the phenomenon of diffrac-
tion. These rays are produced when incident rays hit edges, corners, or vertices of
scattering surfaces, or when the incident rays impinge tangentially on smoothly
curved boundaries. Diffracted rays may also arise at caustics and foci, or when total
reflection takes place. Some of the diffracted rays penetrate into the shadow regions
and account for the existence of fields there; other rays modify the feld in the illu-
minated regions. The initial value of the field on a diffracted ray is obtained by multi-
plying the ficld on the incident ray at the point of diffraction by an appropriate
diffraction coeflicient. By hypothesis the diffraction coefficient is determined entirely
by the local properties of the field, the media, and the boundary in the immediate
neighborhood of the point of difitaction. Away from the diffracting surfaces, the
diffracted rays behuave just like the ordinary rays of geometrical optics. Since only
the local properties near the diffraction points are important, the diffracted ray ampli-
tudes may be determined from the solution of the simplest boundary value problems
having these local properties. Such problems are called canonical problems, and many
of them are included in this book. Alternatively, experimental measurements on canon-
ical configurations can yield the diffraction coefficients. As in the case of classical
geometrical optics, the geometrical theery of diffraction is basically a heuristic theory:
nevertheless, the theory has been confirmed in a wide variety of cases by comparison
with special problems for which rigorous solutions are availible. Because of its
similarity to geometrical optics, Keller's method can be expectad to vield good
results when the wavelength is small compared to the obstacle dimensions. FHowever,
it has been found that in many cases the results are useful even for wavelengths as
large as the relevant dimensions of the scatterer. An important advaniage of the
method is that it does not depend on separation of variables or any similar procedure,
and it is therefore especially useful for shapes not easily subjected to rigorous treat-
ment,
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KeLLer [1958] presented his extension of geometrical optics in two equivalent
forms. The first 1s the explicit form, in which the different species of diffracted rays
are enumerated and an explicit characterization of each is provided. The second
formulation is based upon an extension of Fermat's principle to include discontinuous
media and classes of curves which may have arcs on discontinuity surfaces and
points on edges or vertices of these surfaces. The equivaience of the two formulations
follows from considerations of the calculus of variations. A comprehensive bibliog-
raphy and a discussion of previous work are also contaiuied in his paper. Later,
KELLER [1962] reviewed the ray theory of diffraction with particular attention paid
to specific applications and experimental confirmation of the theory. Today the
literature concerning Keller's theory, its many applications and refinements, is so
extensive that a complete bibliography here is precluded. A detailed summary of the
theory is presented by Lewis and KELLER [1964] with applications to representative
problems involving reflection, transmission, and diffraction in homogeneous and
inhomogeneous media, KetLeR and HANSEN [1965] have provided an exhaustive
survey of the theory of high-frequency diffraction by thin screens and other objects
with cdges, and have compared the resuits obtained by other methods with those
obtained by meuns of the geometrical theory. For lucid treatments of the theory as
applied to diffraction by smooth convex objects, consuit the now classic papers of
KEeLLER [1956] and LEvy and KELLER [1959]. In this connection it should be mentioned
that diffracted rays on convex surfaces were termed *‘creeping waves™ by FRANZ and
DeppeRMAN {1952] and by FrRANZ [1954], and this terminology is now widely used.
The geometrical theory of diffraction as applied to smooth transparent objects of
arbitrary shape is discussed by CHEN [1964], although only scalar fields and two-
dimensional problems are considered explicitly. By introducing the concept of com-
plex rays, KELLER and KARAL [1960] have deait with the excitation of surface waves
by a line source above an impedance surface, and they have checked their resulits
against certain special configurations for which exact solutions are available. For an
application concerning diffraction by an absorbing infinite strip with arbitrary face
impedances, along with experimental data, see BowMaN [1967]. Recent detailed
comparisons of the theory with experiment have been made available by BreuTteL
[1965] for finite cones (also included are additionai corrections to KeLLer's [1960,
1961a] results) and by Ross [1966] for rectangular flat plates; in both cases the angular
variations of the monostatic cross sections are evaluated. See YeE et al. [1968] and
FruseNn and Yee [1968a, b] for treatments concerning geometrical diffraction tech-
nigques and their relation to canonical problems with parailel plane-geometries (e.g.
the parallel plane waveguide, which is discussed in Section 1.2.14.3).

The simple ray formulation of Keller is restricted to the caleulation of fields in
regions that exclude the vicinity of caustics, focul points, shadow boundaries, and
other transition regions. Within such transition regions - which delimit the domains
of existence of the various ray species - more elaborate procedures are required.
FruseN {1964] has given a comprehensive review of the transition phenemena which
cannot be described by simple ray optics. The analyticai description of the field in
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a transition zone is generally achieved by means of a uniform asymptotic solution,
and boundary layer or transverse diffusion techniques, among others, have been
extensively employed in this connection. For discussions involving edge diffraction
see BucHAL and KELLER [1960] and WOLFE [1966, 1967]; for treatments involving
caustics see BUCHAL and KELLER [1960], KRAVTSOV [1964a, b] and LubwiG [1966];
for diffraction by smooth convex bodies see BROWN [1966], Focx and WAINSTAIN
[1963], LEwis et al. [1967]), LupwiG [1967] and ZANDERER [1964a, b; 1967]; ard
for diffraction by a smooth convex interface between two different media see RULF
[1967, 1968].

1.2.13.3. LUNEBURG-ALINE EXPANSION

This is a inethod for obtaining the high-frequency field reflected by an obstacle of
arbitrary shape, and can be applied to both scalar and vector problems. Assume that
the scalar wave function V, which satisfies the reduced wave equation (V24 k2)¥ = 0,
has an asymptotic expansion of the form

@®
V~e*Y o(ik)™", as k- oo, (1.113)
n=0

where the v,’s are functions of the coordinates of the observation point, but are in-
dependent of k. By inserting eq. (I.113) into the wave equation and by equating to
zero the coeflicient of each power of k, it is found that

(Vo) = 1, (1.114)
2V, Vo+0,Vd = “Vi,_,, (n=0,1,2,...;0.,=0). (L115)

The eiconal equation (I.114) determines the phase function @, whereas the v,’s are
obtained frcm egs. (I.115) by iteration. If s denotes the arc length along an optical
ray, that is a curve orthogonal to the wavefronts @ = constant, then the sclution of
eq. (I.115) can be written in the form (LUNEBURG [1944]):

+ s
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