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ABSTRACT 

A multi-product assembly line balancing problem is presented. The 

problem is formulated as a linear integer programming problem for which 

zero-one programming is applicable. A reformulation based on finding 

the shortest route in a finite directed network is developed and an 

example problem is solved. 
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Introduction 

Assembly line balancing is a constrained combinatorial problem 

for which the constraints are in the form of a precedence network. The 

problem can be briefly described as the assignment of tasks in the 

assembly of a product to work stations in the line so as to optimize 

a measure of efficiency. Numerous algorithms have been developed for 

the single product assembly line balancing problem. Ignall (5), 

Master (7), and Cauley (3) give a summary and evaluation of some of these 

procedures. 

A more common situation calls for more than one product to be 

assembled on the same line. This occurs, for instance, when the number 

of products exceeds the number of assembly lines and it is desired to 

keep every product in production rather than make batches intermittently 

for inventory. Kilbridge and Webster (6) propose a sequencing scheme 

for multi-product lines and Themopoulis (8), Arcus (1), and Bryton (2) 

allude to some procedures for balancing multi-product assembly lines. 

However, none explicitly treat the following problem. 

A Multi-Product Assembly Line Balancing Problem 

The multi-product assembly line balancing problem can be stated as 

follows : 

Given N products, each with its own precedence constraints, assign 

the work elements to work stations so that: 

a. Each work element is assigned to exactly one work station. 

b. The number of stations is the same for all products. 

c. The precedence constraints are satisfied. 



d. The work content of any station for any given product does not 

exceed the cycle time, i.e., 

i=l ,...,N 

k=l ,...,K 

Eqn.[1] 

where : 

is the work content of station k for product i 

C is the cycle time 

K is the number of stations in the line. 

e. Total idle time is minimized. Total idle time is given by: 

N K 
I = E E n. (C - S, .) Eqn.[2] 

i-1 k=1 1 K1 

where: 

n^ is the number of units of product i to be assembled. 

It can very easily be established that minimizing idle time is equivalent 

to minimizing the number of stations in the line. From [2] 

N K N K N K 
I = E E n (C - S ) = E E n C - E E n S Eqn.[3] 

i-1 k*l 1 kl i-1 k-1 i-lk-1 

let, 

N K 
E E njS. . * T Eqn.[4] 

i-1 k-1 

then T is the total work content of the assemblies, a constant; let, 

N 
En * M Eqn.[5] 

i-1 1 

- 2 - 



be the total number of assemblies, also a constant. Thus, we can 

write [31 as 

I = KCM - T E(ln* f6l 

Thus, for a fixed cycle time, minimizing I reduces to finding the min- 

imum number of stations(or alternatively, for a fixed number of stations, 

minimizing I reduces to finding the minimum cycle time). 

An Integer ProgramminR Model 

It will now be shown that this problem can be formulated as a zero- 

one programming problem. The following notation will be used: 

1 if task j of product i is assigned to station k 

^i 
{ 

0 otherwise 

is the time to perform task j of product i 

number of tasks in product i 

The work content of station k for product i, S^, can be written as 

ki 
V J XJ 

j-1 1 U 
Eqn.[7] 

Thus, the objective function, i.e., idle time can be written as 

I 
1 * , , 
E Z n (C - E tJ X¿ ) 

i-1 k-1 1 j-1 

Eqn.[L] 

and the constraints may now be expressed as: 

a. Each task is assigned to exactly one work station: 

K 

E 
k*l 

j=l,. 

i=l.N 

0’ 

- 3 - 



b. The precedence constraints: If for task Jj and j2 of product i, 

must precede j2. written jj j2» then 

K 
I k 

k-1 

for all j. ^ J. 

j, « 32 

XU - /,k k-1 
i»l ,... ,N Eqn.[10] 

c. The work content of the stations does not exceed the cycle time: 

£ '■ -c Eqn.[11] 
J-l 

^^-11 

Eqn.[12] 

k—1•... «K 

i-l,...,N 

d. , c{0,l} j*l,... 

1-1,...,N 

k-1,... ,K 

Two problems immediately arise if one attempts to minimize [8] 

subject to [9], [10], [11], and [12]. First of all the number K is 

a decision variable, and it is used in [8]-[12] as a known constant. 

The second difficulty concerns the constraint that the number of stations 

be the same for all products, which is ignored in the formulation. 

In order to resolve these problems several concepts must be introduced. 

Given the work content of a product and a value of the cycle time there 

is a minimum number of stations which are absolutely required for the 

assembly of that product. For product i, this minimum number of stations 

* 
will be denoted by K^. It can be seen that 

i j 
I t. 

J-l 

- 4 - 
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whrrt- : 

|k) In (h«> bracket function which yields the smallest Integer 

greater than or equal to x. 

A»»u*r that the value of C and the work content of the products 

are such that # 
K. - K i»l,...,N Eqn.f14] 

Therefore, since It is Impossible to balance the line with less than 

* 
K stations, to minimize the number of stations it is sufficient to 

minimise the work content of the stations after K* in such a way 

that if the work content of a station k{ (kj> K*) is zero then the 

work content of all stations k >k must also be zero and thus only kj - 

stations are needed. 

The total work content of station k is given by 

En. Í 
i-1 1 j.i Eqn.[15] 

Thus, the objective function can be written as 

N 1 i 4 
i' ■ E W E n. E xj. t] 

k-K*+l 11 1-1 1 j-i 111 1 
Eqn.[16] 

vhara: 

is a weight assigned to station k. This weight is set to insure 

that if the work content of station kj is zero, i.e., 

N 1 J j E n E Xj . H 
i-1 1 j-1 K11 1 

Eqn.[17] 

- 5 - 



then, 

Eqn.[18] 

for all k > kj. 

The purpose of the is to make an assignment to a station k2 

less favorable than the same assignment to station kj when 

kj < k^. Thus, the must be an increasing sequence of positive 

mmbers. If we let 

k - K* + 1 
, * 

k-(K + 1) K' Eqn.[19] ,..., 
k 

this will satisfy the above requirement. 

K* is a number large enough to insure that no assignment of work 

elements to work stations will require more than K* stations. An 

obvious choice for K* is 

Eqn.[20] K* ■ maxi } 

It remains to insure that the number of stations is the same for 

all products. If the work content of station k for product ij is 

zero then the work content of this station for all other products must 

also be zero. Now, if the work content of station k for product i^ 

is zero then 

Eqn.[21] 

and therefore we must have 

for all i Eqn.[22] 

- 6 - 



Let M be a large number, and consider the following inequalities 

£ 1 xu i M ï 2 4, Eqn.[23] 

i, 

Z 

j = l 

xj < 
Aki - ki2 

i 

M £ 
j=l kll Eqn.[24] 

If either 1 j 
I or 

j-1 kil 

Z ' 

j-1 

J 
is zero the only value 

of the other that satisfies [23] and [24] is zero. On the other hand, 

if one of them is different from zero then the other can take any value 

different from zero. One obvious choice for M is 

M * max { J } 
i 1 

Eqn.[25] 

Therefore if for every k > K and for every pair of products i^l.i =2,. 

we require that inequalities [23] and [24] be satisfied we are requiring 

that the number of stations be the same for all products. 

Thus, summarizing the above results, the multi-product assembly 

line balancing problem can be stated as follows 

.,N, 

K 
minimize 1' = z 

k-K* +1 

N i 

Wk I n Z xj. t] 
k i-1 1 j=l ki 1 

where W, * 2k~^K +1 ^ 
k 

1 
and K 

Eqn.[26] 

= max{ J } 

i 1 



subject to: 

a. Each task is assigned exactly once 

K 
Z X: 

k-l 
ki 

j“l,..., 

i**! » • • • »N 

Eqn.[27] 

b. The number of stations is the same for all products: 

1 j 

j-1 1 

M 2 2 
j-1 K 2 

Eqn.[28] 

i 4i 
j“l 2 

< M ï K* 
j-1 kll Eqn.[29] 

k - K* + 1,... ,K 

il- 1 

i^» 2,...,N 

M - max [J.) 
i 

c. The precedence constraints: If j2 in product i 

.1 
K j 

.1 
j. 

J. k Xki - 1 k Xki 
k-1 k-1 

i-1,... ,N Eqn.[30] 

d. The work content of the stations does not exceed the cycle 

time 

z t^ x¿ <. c 
j-l 

k-1,... ,K 

i-1,... ,N 

Eqn.[31] 
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»••• O. xj.i e {0,1} J 
i 

i=l > • • • f N Eqn.[32] 

* * 
The assumption that - K was necessary only to Í • • • > 

simplify the development. When [14] does not hold then 

* r *1 
K = max {K^} 

Eqn.[33] 

and additional constraints must be added to insure that the work 

* * * * 
content of stations to K is not zero for those i such that K^< K . 

Locational constraints, (e.g., that all welding must be performed 

at the same station) can also be incorporated. For example, if task 

jj of product ij and task of product ^ must be performed at the 

same station then we require that 

for k =1 Eqn.[34] 

consequently, locational constraints should improve the solution 

efficiency. 

The above formulation can then be solved by a zero-one programming 

algorithm for the assignment of tasks to stations which result in the 

minimum number of stations. The large number of variables and constraints 

would make this, however, a difficult undertaking even for problems of 

modest size. 

The main result from the above formulation is theoretical. It shows 

that the multi-product assembly line balancing problem can be formulated 

as an optimization problem. Further study of this formulation might 

- 9 - 



suggest a special structure which can then be solved by a specialized 

algorithm. 

A Network Model 

Gutjahr and Nemhauser (4) give an algorithm for solving a single 

product line balancing problem as a shortest route problem. The 

algorithm can be extended to the multi-product problem but only at the 

expense of a considerable increase in computations and memory require¬ 

ment . 

The process consists of developing a finite directed network for 

which the arcs represent stations in the assembly line and the nodes 

correspond to possible first station assignments. The arc lengths are 

the idle times within the stations. Thus the optimization procedure 

is equivalent to finding the shortest path in the network or, by 

Equation [6], the minimum number of arcs. To construct the network 

for the multi-product case, use the following to develop the nodes 

and arcs. 

A) Generation of states or nodes: A state consists of an ordered set 

of work elements which form feasible (consistent with precedence 

requirements) first station assignments (without regard to cycle 

time). All states, except for the empty state 0 , for each product 

are generated as if that product were the only one to be assembled. 

This results in a set, S^, of states for each product i. The set 

of all states for the multi-product problem is then obtained from the 

Cartesian product of all i.e., 

S = {S^ S2 • S3<* ...SN, 0} Eqn. [35] 

-10- 



is given by A typical element is S, say 

^1= ^11* ^21’ ''*^N1 ^ Kqn.(16| 

where is an element of ^or Note that if locational 

restrictions exist, then those states which violate these conditions 

may be discarded immediately. The States developed form the nodes in 

the network. The nodes are constructed from the empty state, nodeo , 

forming the states or nodes according to the above procedure. The 

final node in the network will consist of all elements for all products 

and will be denoted r. 

B) Construction of directed arcs; There is a directed arc from node 

or state T, to T if and only if 
1 m 1 

Sil C Sim i“1,...,N Eqn.[37] 

and 
I 

je S im 

i*l,...,N Eqn.[38] 

Thus, the network is formed according to the previous instructions 

and it is sufficient to find the shortest path from 0 to r containing 

the minimum number of arcs. With these extensions the algorithm of 

Gutjahr and Nemhauser (4) may be used to solve a multi-product problem. 

An Example Problem 

An example problem will now be given which shows the solution of a 

two product problem using the generalized Gutjahr-Nemhauser algorithm. 

Consider the following products with the corresponding precedence graphs: 

-11- 



Product l: 

Let the cycle time, C, be equal to 5. The solution begins by forming, 

S, - { (1), (1,2), (1,4), (1,2,3), (1,2,4), (1,2,3,4), (1,2,3,4,5)} 

S2 - Í (1), (2), (1,2), (1,2,3), (1,2,3,4)} 

and thus 

S - { [(1), (1)], [(1), (2)], [(1),(1,2)]. [(1), (1,2,3)), [(1),(1,2,3,4)), 

.... [(1,2,3), (1)), .... [(1,2,3,4,5), (1,2,3,4)),0 } 

A complete list of all states is given in Table 1 along with the state 

time. 

The network generated until node r ■ [(1,2,3,4,5) (1,2,3,4)] is 

reached for the first time is given in Figure 1. The numbers in Figure 

1 correspond to the ones given in Table 1. The optimal balance is then 

Product 1 Task Station 

1 1 

-12- 
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Table 1: State Generation 

Node 

State Elements 

Product 1 Product 2 

State Time 

Product 1 Product 2 

0 

1 

2 

3 

U 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

?5 

2n 

27 

.’8 

'9 

30 

(1) 

(1) 

(1) 

(1) 

(1) 

(1,2) 

(1,2) 

(1,2) 
(1,2) 
(1,2) 

(1,4) 

(1,4) 

(1,4) 

(1,4) 

(1,4) 

(1.2.3) 

(1.2.3) 

(1.2.3) 

(1.2.3) 

(1.2.3) 

(1.2.4) 

(1,2,4) 

(1.2.4) 

(1.2.4) 

(1.2.4) 

(1,2,3,4) 

(1,2,3,4) 

(1,2,3,4) 

(1,2,3,4) 

(1,2,3,4) 

(1) 

(2) 

(1,2) 

(1,2,3) 

(1,2,3,4) 

(1) 

(2) 

(1,2) 
(1.2.3) 

(1,2,3,4) 

(1) 

(2) 

(1,2) 
(1.2.3) 

(1,2,3,4) 

(1) 
(2) 

(1,2) 

(1.2.3) 

(1,2,3,4) 

(1) 
(2) 

(1,2) 
(1.2.3) 

(1,2,3,4) 

(1) 

(2) 

(1,2) 

(1,2,3) 

(1,2,3,4) 

-13- 



Table 1: (Continued) 

Mi'de 

U 

12 

•T 

15 

State Elements 
PrnHnrt 1 Product 1 

(1,2,3,4,5) (D 
(1,2,3,4,5) (2) 

(1,2,3,4,5) (1.2) 

(1,2,3,4,5) (1,2.3) 

(1,2,3,4,5) (1,2,3,a) 

State Time 
Product 1_Product _2 

13 

13 

13 

13 

13 

2 

3 

5 

9 

13 
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Figure1 1: Resulting Network 
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Product 2 Task Station 

1 
2 

} 

3 

1 

2 

U 3 

Total idle time is 2 for each unU 
of product 1 and 2 for each unit of 

product 2 assembled. 
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