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ABSTRAL L

In this report, we investigate the application of Miller's algorithm

for backward recursion to the difference equation

]
> cyndy(n+) =0, Co=1,Cyn) 0, a>1,
v=0

n=0,1,2,..., where Cv(n) has a representation as an asymptotic series

~l/w
, Wit +

Xo/w
I

C\,(n)nan c v+cl ...],n-——a& ’

G,

and X,, 1is an integer, ¢ is an integer 21, Co,v # 0 unless

Cv(n)zz 0 . Aiso we discuss the convergence of several methods which are

related to Miller's algorithm and which con be used when Miller's algorithm

does not converge.

A number of examplas are included.
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SUMMARY AND INTRODUCTION

Computation by the use of difference equations in the backward direction
was introduced by J.C.P. Miller (1952). 1In this reference, he applied. the
method, now sometimes called Miller's algorithm, to the calculation of Bessel
functions, and it proceeds essentially as follows.*

Consider the difference equation
y(n) - gﬁ%ill y(n+l) - y(n*2) =0, x>0, n20, (1.1)

which is satisfied by the modified Bessel functions I,(x) and (-)nKn(x) SR

Let m be an integer 2 0 . Put
Ager(m) =0, A (m) =1, (1.2)
and calculate Au(m) tor 0 gn sml from (1.1), i.e.,
. “~{n+l
An(m) = —Kx—-—) An+l(m) + An+2(m) , 0snsm-l., (1.3)

How the seriles

= (1,k=0 ,

1= 5_ (-)kckI:3k(X) )y €y '-ti (1.4)

' 2,k>0,

O

* Mi{ller has stated that he tirst used the methad ns an aid in the computa-
tion oi Alry Integrals, sce Miller (1945).
: H * ? A) . N 4 .
#¢ ALl special functions in this work a Jderined as {a Eodel i et al (1983).

1




15 known (Erablyl et el (1953), v. II, p. 7).
let

e
a(m) = > (=) Ehpk(m) , (1.5)
k=0

where [m/2] means the lsrgest integer not greati. than m/2 . Then, by
using the known asymptotic properties of I, , Ko for large n , one can show

that

lim An(m}/(}(m) =I(x) ,n20,x>0. (1.6)
m-»o

In fact, the asymptotic estimates

1,00 = BT [uon ], (0 = LA ry e ™) ()

follow from the ascending series representaiicns of In and Kn , and, since
/\n(m) satisfies (1.1), it can be represented as a lincar combination of the

(1inearly independent) solutions (1.7), see the Appendix. This means that
An(m) = &y (m) Ip(x) + €o(m) (=) Kp(x) (1.8)
From (1.2) and
LK, 1 (%) + T ()% (3) = U/x, (1.9)

we conclude that




v e s

B

Ep(m) = xKpup(x) , &.(m) = X(“)m%n+1(x) . (1.19)

Thus

Ap(m) = m.‘(e/x)mIn(x) [l + O(m'l)] , Mo, ] (1.11)

O(m) = m!(2/x)m [l + O(m'l)] , M ,

so (1.6) follows.

The above analysis shows clearly why th2 process converges, arnd alsn vhy
it converges to I, and not to (-)“xh: I, 1is very cmall compared to K,
as n-»o , Th.s characteristic of Miller's algorithm, namely, that the solu-
tion of the difference equation to which the process converges, if it converges,
must, in a certain sense be the smallest soluticn, remains true when the algo-
rithm is applied to general homogeneous ditference equations, sce our Theorem
4.3.

A remarkable feature of the Miller algorithm is that no tabular values of
I, are nceded in the computations, only a nomuwalization relationship, such ag
(1.4). Tabular values would be required, of course, 1t (1.1) were used in the
forward direction, and morcover, when (1.1) is used Iln the forward dircction
to compute I starting with initial values of I; ard Iy, those small errors

inevitably introduced in the course o0 the compatation “row rapidly vith n .

P e
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Such a phenomenon is called instability.*

i e S i e i L Postetiyed e o i kit .
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The method propoced by Miller ereat:d enormous interest, and a number of ]

popers subsequently appeared in which the writers either further trcated the : ‘

T e e e T

application of the method to Pessel functions, or else showed that the method

pee e

could be used to compute other special functions. Stegun and Abramowitz

*

E (1957), Randels and Reeves (1958), Goldstein and Thaler (1959), Corbatd and

§~ ! Uretsky (1959), and Makinouchi (19€5a,b) all treated the computation of Bessel
b

g. ; functions. Rotenberg (1950) showed how the algorithm could be used to compute
i

toroidal hamonics (i.e., Legendre functions) and Miller himself applied the

,m
TR T

method to parabolic cylinder functions (1964).

N g
N pais dondy

Gautschi (19G6la) discussed the computation of repeated integrals of the

errvor function

y(n) = 1" erfex = (2/Wn') f (t-x)ne"tadt ,n20, (1.12)
X

vhich satisfy

¥ The computation of (-)"K, by using (1.1) in the forvard direction with

i initial values of K, and K; is stable, i.e., random errors intro-

. duced during the computations do not grow with n . In general, a differ-
1 ence equation can be used efliciently in the forward direction only to
compute the "largest" solution of the equation. However, the analysis of
i § the forward proccdurz is rather less of a problem than the analysis of

3 Miller's algorithm, sece Gautschi (ca 1862), and will occupy none of our

attention here.

T AR 1%
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y(n) - 2xy(n+l) - 2(n+2)y(n+2) = 0, (1.13)

and in a later paper (1961b) discussed the computation by backward recursion
of a number of other functions defined by definite integrals.

The Miller algorithm can be applied to problems other than the computa-
tion of the speeial functions. Recently, it hos been employed in such diverse
problems as the calculation of successive deriv.tives of [f(z)/z] , ¥here f
is an arbitrary analytic function (Gautschi (1966)) und the computation of
coefficients for the Chebyshev polynomial expansions of fw.ctions vhich zatisfy
differential equations with polynomial coefficients (Clenshaw (1957),(1362)).

Of course, any numerical technique of such general applicability demands
a thorough theoretical investigation. Gautschi (1S61b), who analyzed its con-
vergencce when applied to an arbitrory second order difference-equation, scems
to have been the first writer to discuss the Miller algorithmrfrom a general
point of view. He continues this analysis in two unpublished works (ca 1962,
1963)'using as his main tools the theory of continued fractions and the classi-
cal asymptotic theory of linear difference equations (e.g., the theorems of
Poincaré, Ferron, and Kreuser), and he applies his [indings to the computation
of Bessel functions, Lependre functions, the incompletc Beta function and the
nmumerical computation of Fourvier coefficients.

By now a great deal is known about the applica£ion of Miller's algorithm
to sccond order diff:rence equations. Conditions on the solutions of the equa-

tion vhich will guarantee the convergence of the algorithm have been givea by

R

e s
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Gautschi (1961b) and by Olver (1964). Mcthods of inereasing the efficiency

of the algorithm by using the adjoint equation to generate auxiliary sequences
have been given by Shintuni (1965). (Our Theorem 2.7 is a generalization of
one of this author's results.)

On the other hand, little is known concerning application of the algorithm
to difference cquations of arbitrary order. Gautschi (ca 1962) ras touched
briefly on the use of difference equations of order o > 2 , but, unfortunately,
the classical asymptotic theory on which his analysis is based does not give
very realistic conditions for convergence of the algorithm. More specifically,
Gautschi found it necessary to assume the existence of a fundamental set for
the equation (sce the Appendix) vhose members exhibited radically dissimilar

bchaviour as n-»e , namely if {yh(n)} wvere the set in question, and

Vi
yh(n+l)!yh(n) ~ tyn h it #0, Vg2 Vg1 P e >V, (1.14)

n»» , l1sh<g,

then it could be shown that Miller's algoerithm converged (to y,(n)) , provided,
of course, that a suitable normalization relationship was known. Needless to
say, this condition is excessively stringent, av least for a very wide class
of difference equations (ef ouvr Theorem 4.2).

The purpose of this work is to cramine the application of Miller's algo-
rithm, as well as several releted alporithms, to homoge ~ous lincar difference
cquations of arbitrary order with coefficierts of a fairly gencral type.

6
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(The related algorithms are modifications of Miller's algorithm which can be
usad when the equation has no smallest solution.)

First, in Chapter II, we formulate the algorithms as they arc applied to
difference equations with arbitrary coefficients, and investigate their con-
vergence‘properties. Conditions for convergence take the form of rather
unwieldy restrictions on the growth of solutions of the equation and determi-
nants involving them. To obtain more practical conditions, it is necessary
to restrict somchow the form of the coefficients in the equation., This is
done in the chapters following by requiring that the cocfficients possess
certein asymptotic representations as n-»o , Ue are then able to use aé our
principal investigational tool the analytic theory of singular difference
equations which was developed by RBirkhoff and Trjitzinsky. Virturlly all
difference equations encountered in practical applicationsare of the specified
form, including all equations with coefficients rational in n . In particular,
the computational procedures discussed by the preceding authors are included
in our analysis.

Chapter IIX is devoted exclusively to an asymptotic analysis of the solu-
tions of this differcnce equation, starting with the above-mentioned theory of
Birkhoff and Trjitzinsky. We then prove two new thcorems concerning th2 repre-
sentation of those solutions whose growth can be described with only elgebraic
and logarithmic terms.

In Chapter IV, we apply the asyimplotic results of the previous chapter

to the problem of dectermining more tractable conditions for the convergence

1
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of the algorithme glven in Chapter II. One result is that, for the type of

difference equation considered, at least onc of the algorithme will converge

to a solution of that equation, provided that one can find a fundemental sct
for the adjoint cqudtion in which no more than two solutions have the seme
rate of growth (in absolute value) as n-»e . A consequence of this theorem
is that, for a cecond order differcnce equation of the specified type,
Miller's algorithm, or a suitable modification of it, will always converge.
Chapter IV contains a number of examples, among which are the computation

of the integral

¥(n) = f exp {-tc - P(t)} t'dt , n 20, (1.15)

(o]

¢ an integer = 2 , P(t) a polynomial of degree (C-1) , and the computation

of a class of hypergeometric functions.
In the Appendix of this work are contained definitions, notation, and
those properties of difference equations which are frequently used in the pre-

ceding chapters. (References to material in the Appendix are preceded by an

\‘ A, as A'a, A"VI, etc.)

WA RIS A P e AR et e
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II.

In this chapter, we will discuss computation by backward recursion based

on the linear homogeneous difference equation of order ¢ =2

g

2 Cyln)y(nt) =0, Co =3, Coln) 40, (2.1)
v=0

vhere n is en integer 20 .
The first algorithm procecds as follows. Jet m be an integer 20 .

Put
I\mw_l(m) = I\mﬂ,_a(m) = e = Am_,,l(m) =0 ) Aln(M) = 1 ) (2.2)

and calculate A,(m) for 0 € n £m-1 by recursion from

g
Y Cy(n)Agey(m) =0 . (2.3)
v=0 .

Suppose we are given the convergent series (called a normalization rela-

tionship)

1= D Lyy(k) (2.4)
k=0

where y;(n) is a colution of (2.1).

U

o B AR
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Define

m
a(m) = 2 LAg(m) , (2.5)
k=0
and
Ta(m) = Ap(m)/a) (2.6)
Definition 2.1
If
lim Iy(m) = y3(n) , n20, (2.7)
m->e

then we say the computation of y;(n) by backvard recursion based on (2.1)

aund (2.4) converges.

Let us analyze the above algorithm. First, by A-IVwe note that (2.1)

possesses a fundamental set, {yh(n)} , and since A,(m) satisfiec the equa-

tion, we can write

(o]
Ag(m) = D> gu(myp(n) , (2.8)
h=1

vhere g, is independent of n . By setting n=m ,m+ 1, ... , m+ 0o -1

in (2.38) it is found that

. ekt PN




where Th
A"I, A-V,

Thus

gn(m) = a'-h<myn(m) , (2.9)

, D are defined in A-V, A-VI. D is not zero because of properties

and the fact that Cg(n) #0 .

o

> Ty (m)yp(n)

Tn(m) = —2= - (2.10)

[+
S Th(m) P Liyn(k)
h=1 k=0

and this formulation lcads to

Theorem 2.1

Let Ty(m) # 0 for m sufficiently large.
Define
T (m) L
Ry = Ry(m) = HOW Sy = 8,(m) = Zo Lop(k) , L€h s, (2.11)
k=
Now suppose
lm Ry = imByS, =0 , 2<h <o, (2.12)
m->o m-»»

Then the computation of y;(n) by backward recursion based on (2.1) and (2.4)

converges.

1)

T O A SRR A 1 e L e e et

s




-

i yl(o) is lnown from some source, the algorithm and the conditions for
its validity simplifly censiderably. This means we can tak? Ig = 0 for

k>0, and Lon]/yl(o) . Ve have

Corollery 2.1

Iet y3(0) be known and nor zero and let

linR, =0,2sh<o. (2.13)
n- o
Then
Anlm) _valn) oy, (2.14)

ae fotm  ¥3(0) T

In the application of Theorem 2.1 on2 will find it mere convenient, for

large m , to calculate Q using the following result, rather than (2.5).

Theorem 2.2

1 satisfies

*] .
Z Cc_v(mﬂ))ﬂ(mi-\)) = Iﬁnw ym2z0, (2.15)
V=0

with the initial values {as obtained from (2.2) - (2.5))

A(0) = Ly , A1) = -C1(0)Iy * Ly
(2.16)

a(2) = 1, [e(016,(1) - Ca(0)] - 18y(1) ¢ 1y

.




TR DRI

Proof':

By (2.8) and A-VI we have, for k , m 20,

g
2_ Coy(m)hy(mv) = 0,
v=0

so

Mi

g
2 Cyu(m)LA(aev) = 0 .
v=0

T

=0

(2.17)

¢2.18)

Bow Ag(m#v) = 0 for mtv+l S k S m+vig-l , so if empty sums are inter-

preted as zero, we can write (2.18) .8

-4

5 5 5
C_ (m+v) {m+v) + (mtv)
2 Cov {M%m 2 }

k=m¢+Wa

c
= Inighmo()Co(m) + 3 Coy(mv)a(mv)
v=0

<
= = Lyyg * 2 Couy(mv)a(mw) = 0 .
v=0

For o = 2, this rcsult {8 given by Shintanl (196H).

(2.19)

How suppose that u ol the R, 's bLehave stallarly as m-e»e , but that

the ratioc ol any one of ithece to each of the @-u other Rh'n approaches

13

i
2

[T PP




L

7. S b - 2 i AR

sero as m->o , A gencralization of a method due to Luke (unpublished),which ‘ .
was in twm suggested by Clenshaw (1964) for a three-temm recursion relation,

can often be used to obtain any one of the first u solutions corresponding

to the u Rp's . Clenshavw (1962) originally used this method, for o=2 , to ’ ‘

compute coefficients for the Cheby;;hev polynomial expansions of certain mathe- 3

matical functions. -
Without loss of generality, we may assume y;(n) 1s the sclution of

(2.1) that we wish to compute. The aigorithm is then described by the follow-

ing theorem.

Theorem 2.3

Let the constantis I.,"J be given for 0 S k<o , 1 <3 <u, and define

Sn,) S 8,50 = Y Iy, (k) ,2€h %0, 15)5u,25us0.
k=0
(2.20)

let R, b= bounded and bounded away from zero as m+e for 2 <h<u,
‘while R>0 as m*e for wl <h <o . Let [,(m) be as in (2.6) vith
Ly = Ip,y and lot ((m) , Ty(m) be non-zcro for m sufficiently large. Let

also

linsh,anﬁuo,uﬂ.shs:o,lt.)‘u,

nee
u
:?.Sh'J-%h’(-,z..h‘u,Al,.)al,ISJSu,.'Ah,J'lfO.
: (2.21)

14




Then for m; sufficiently large, we can determine my for 2 sh<u,

m<m<mg<...<m , 50 that the system of equations

u ny )
Z "vZ I’k,Jrk(lnv) = 1 ) J = 2,5,---,“
vl k=0 \
(2.23)
u
Z ty=1,
v=1 ’
has a unique solution {"h} (depending, of course, on the my, R
u
Let lﬂh(mj)h be bounded away from zero as m—»o . Then
u
lm ) wmTy(my) = yi(n) ,n20. (2.24)

my> e v=l

Proof:
Note that since T(my), Q{(m,) arc not zero for m; sufficiently large,
the system (2.23) is well-defined.

Byuation (2.23) is

'} o -
Z w’[Z Rh(mv)sbh)('?‘.,,)] =l,1€$§<u,

val h=l (2.25)
“v. = T (o )/ 0wy) .

The determinant of (2.25) is

. e
Ty e iy SR LU

by
i
M
=
£
¥
®
3
b

e .
F P N R R " B e
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P

!Rh(mj) l: |Aht3l: (1 + o(l)) ) e, (2.26)

The 1, can be chosen so that (2.26) is not zero, else the R, are
u
lincurly dependent, by A-I, A-JI. Since ‘ah, 3‘1 £ 0 , ve conclude that
(2.23) uniguely detcrmines =, for m, sufficiently large. Furthermore,

when {2.25) is solved for n,* , one finds that this guantity (and hence n,

itself) is bounded as m->w .

We urite
2 o 7
Z Tz = Z cg¥s(n) , eg = cglmy,mp,... m,) (2.27)
=1 8=3
Then
u :
ey = Z mRs(y) . (2.28)
=1
>_ Bylm)sy 1 (my)
h=1
Cleaxrly
1im cg=0,u+l<s<o. (2.29)
b N

Also, Trom (2.25) and the boundedness of the ™, ve have

Me

Ah,jcrh =1+0(1) , m>=,1<jsu, (2.30)

=
1l
jus}

16
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and since Al,J = 1 , we conclude from this system of equations that

l' 8 = 1 K}
lim ¢g = (2.31)
m > 0,2<s<u,

vwhich, when used with (2.29) in (2.27), gives the theorem.

The application of the above theorem requires that we know u normaliza-

. } tion relations for the desired solution, yl(n) . If, instead, we know u
I

values of y; , then the following result can be used.

Theorem 2.4

Let

limRp =0 ,u+lsh<g, (2.32)
n->o

while Ry, 1s bounded and bounded away from zero as m->eo for 1l <€h <u,

!
i
H

Then we can determine ky , L<h<u, 05k <kp< kz<...<ky, 1 ‘«35
so that i .f
u e §
|yh(k3)! #0 {2.33) .
L 4
and for my sufficiently large, m, can be determined, m} < mp < ... < m, , _é»
so that the system of equations %

17
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u

S nvA,,_J(mvyAkl(m,,) =yy(ky) ,1€5 2, (2.34)

v=1

u
has a unique solution, m, , 1 <h £u . Furthermore, suppose IRh(m.J)|l is

boundd away from zero as my->eo . Then

u
lm Y nvl\n(mv}/!\kl(mv) =yy{n) ,n20. (2.35)

ml-) w y=1

Proof':

As for Theorem 2.3.

Unless additional assumptions are made about the nature ¢f the coeffi-
cients Cy(n) in the difference equation, it may not be possible to find a
fuidamentel set so that Ty(m) is non-zero for m large. However, in most
applied problems, in particular in all those examples of computation by back-
vard recursion vhich we discussed in the introduction of this work, the dif-
ference equation in question possessed coefficients which were rational func-
tions of n . If this is the case, as we shall see, a fundemental set can
alvays be chosen so that Ty(m) is non-zero for m sufficlently large, and
the Miller algorithm at lcast has a chance of converging. DLven if it is only
1/w

required that C,(n) poscess an asymptotic series in powers of n~ , W an

18
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integer 2 1 , the same is true.

It is thus natural that we turn our attention to this kind of cquation.

(2]
~
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In this and the following chapters of this work, the standard form for

the difference ecuation will be i -

[*]
D> cylnlylntv) =0,C=1,C f0;022,n20, (3.1)
v=0

Kv/(n -/w -2/w
C,= ¢,(n) ~n {co,v + €y, v0 / * ey n / + } ; n—e, (3.2)

where X, 1is an integer, w 1s an integer 21, and ¢ , # O unless

Cv = 0 . We also assume that the coefficients are written with the smallest

e 8 b A B - e i i %4

possible value of w . Note that the equation adjoint to (3.1) also has co-
efficients of tlie same general form as (3.2). 3Dy (A.12), ecuaticn (3.1) has

a unique solution y(n) satisfying

y(ngty) =ay , Lsjso,n20 . (3.3)

Thus, for n 2 ny 2 0, (3.1) has a fundamental set.

We shall see that there exists a certain fundamental set for (3.1)

wvhose members share an unusual property: each has an asymptotic expansion,

valid as n-—»® , vhich consists of an exponential leading term multiplied by

| .

‘ a descending series of the kind (3.2) (where, however, » may be replaced by
i

| an integral multiple of w , see (3.4)-(3.7) below). Essentially, these

I

serles are the same as the so-called subnormal series encountered in the study

of ordinary linear differential equaticviio with polynomial coeft'icients near

20
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singular points, see Ince (1956, Ch. 17). This is another example of the

close analogy between differential equations and difference equations.

For our purposes, the existence of solutions of {he difference equation
(3.1) which have such asymptotic representations is quite important, since the
very form of the asymptotic series enables us to determine much more practical
conditions for the convergence of the class of algorithms discussed in
Chapter II.

However, we will have to examine the properties, algetralc ard analytie,
of these solutions in great detail before we can attack the convergence prob-

lem directly, and the present chapter is devoted entirely to this study.
Ve begin with several definitions.

Consider the series

) (pny (3.4)
p B2
Q(n)=Q(p;n) =u,n lnn + pa P : (3.5)
o ;;; 3§

t .

s()= s(psn) = 1® D (nnpn o g (pim) (5.6)
3=0
a;(p;n) = q(n }:b 2, (3.7)
5=0

where p , Ty BgP ore Integers, p 21, MJ ; 8, bs,J are complex param-

eters, bo,j # 0, unless bs,J =0 forall Css<e®,r, =0,

~-n S Impy<m.
2l
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Definition 3.1

The series (3.4), called a formal series (F.S.), will be called a formal

scries solution (F.S.S.) of (3.1) if, when it 1is substituted in (3.1), the

equation is divided by eQ(n) and the cbvious algebraic manipulations (see

below) are performed, then the coefficient of each quantity

+r/p+
ne v/p s/w(ln n)J , 08y <t, r,s =018, .. (3.8)

is equal to zero.

A concept of formal equality between two F.5. can be defined by requiring
that, when the series are written with the same value of p (as is always pos-
sible), then the parameters t , 0 , LIPIFIE FP T fof both series are the
same. Formal equality of formal solutlions alsoc ar*ses in the theory of or-
dinary differential equations (see Coddington and Luvinson (1955), p. 114 £f).

The construction of F.5.5. may be carried out by using the identities

) ) e
+ - -
eu(n ). M 1+ :E: a nk(6 1)+~ , (3.9)
k,J

p(ntv)  poatu v py R
n+v) ° =n° %e 1424 ... , (3.10)

en
(ntv)? = n°’[1 - ] , (3.11)

22
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[ln(n+v)_]r = [1n n + % - ...]r , (3.12)

although, in practice, it is difficult to obtain by hand other than the first
few terms this way, see Birkhoff (1930).%

Very often, we shall let "Q(n)," "s(n)," be generic symbdls for the
series (3.5), (3.6). The series so denoted do not necessarily have the same
values of the parameters 8 , t , bs,J » By s when the series occur in dif-
ferent equations. If, however, it is necessary to differentiate between fwo
such series, we shall do so with subscripts, e.g., Q;(n) , sy(n) , Q(n),

se(n), etc. With this convention understood, we see that F.S. possess the

following properties:

+v) = eQ(n)

<

eQ(n+v)sl(n

52(1’1) ) = 1)2,-o0) (3013)

Q,(p;n) Q,(p'sn) Qg (p*;n)
e sl(Pin) e Sg(P'in) e 53(9*51’) ’ (3'14)

it

where p* 1is the least common multiple of p and p' .

The sum of two F.S. is not in general a F.S., but if Q(n) , 8 are the

same for both series, we have

* J.C.P. Miller has bLrought to our attention the fact that the determination

of these series can be done very efficiently by computers.
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Q(n)neqs(p*;n) . (3.15)

eq(n)neql(P;n) * eQ(n)neqa(p'sn) =e

Definiticn 3.2

f(n) ~ eQ(n)s(n) , N (3.18)
means that, for every k 2 1, we can determine functions Ak,J(n) )
0<J <t , such that
-q(n) - b ryy/p KL
edn)y ®(n) = ZZ: (1n n)n -9 ZZ: b, Jn-s/p
3=0 s=0
x/p < Ty 3/P
+n k/p :E: (in n)Jn & Ak,J(n) , (3.17)
J=0

and lAk,Jl is bounded as n-»>® , for all k,J .

See Birkhoff and Trjitzinsky (1932, p. 62). If t = 0, this definition

coincides with (A.7)-(A.8). Also (3.17) is unique, since it is readily veri-

fied that zero has no non-trivial representation of the form (3.1€).

Definition 3.3

Let

- th(n+J ) (3.18)

k
Wk Sh (n"',j ) l .

24

s i g,




By (3.12)-(3.14), W, 1s a F.5., and

S Q(n)
Wy = exp 321 Q(n) p 5(n) = e"V5(a) . (3.19)
Qh(ﬂ)
We say the k F.S. qe sh(n) are formally lineurly independ(nt if

5(n) ¥ 0 . Otherwise, they are formally lincarly dependent.

Definition 3.4

There exist exactly r F.S.8. of a certain type (e.g., with Q(n) = 0)

for the equation (3.1) means r F.S. of that i{ype can be constructed which are

formally linearly independent, and any r+l such F.S.S. are famally linearly

dependert.

Now we may formulate two very important questions about the difference
equation (3.1). Does the equation always possess exactly ¢ F.S.S. of the
general type (3.4)? If so, what relationship do these F.S.S. bear to the

fundamental sets for the equation?

These questions were answered partially Ly a number of mathemsticlans,

see Adams (1328) and the references glven there. lowever, only with the ad-

vent of two papers, the first by Birkhorf (1930) and the second by Birkhoff

and Trjitzinsky (1932) was the theory completed. The results of these two

writers yleld
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Theorem 3.1 (Birkhoff-Trjitzinsky)

There exist excctly o F.8.S. of equation (3.1) of type (3.4), where
b = vw , for some integer ¥2 1 , and each F.S.8. represents asymptotically
some solution of the equation in the sense of (3.16). The ¢ solutions so

represented constitute a fundamental se: for the equation.

Definition 3.5

The particular fundamental sets mentioned in Theorem 3.1 will be called

Birkhoff sets. Each member of a Birkhoff set is called a Birkhoff solution.

Now let {yh(n)} » L < h<o, be a Birkhoff set for (3.1), i.e., let

Gu(pin) ‘
Ypln) ~e sp(pst) , n>e , lsaso , (3.20)

which is permissible, since we can write all the F.S5.S. of Theorem 3.1 with a

common value of p .

Then none of the determinants

u
ylsm<m<...<n €0, (3.21)
1

Vin, ™ l Yoy (0%

can be zero for n sufficiently large, and {n particular, y,(n) £0 far n

sufficiently lorge, 1 s h ¢ . In fact, since the F.8.8. are farmally

linearly independent,




D T S

wmu = ceq(n)na(ln n)r[l + o(l)] ,h—>o , c£0 , (3.22)

s0 ultimately W is monotonic in n , as is |yh(n)| .

my

We now examine more closely the structure of the F.S.S. (3.4).

Theorem 3.2

Iet (3.1)-(3.2) hold, and let

k /
;n) 0 Tx-4'P
o (n) = lpiny E (1n n)‘qt+g-k(9;n)n k-¥ (t+l-x), /8! ,
=0
(3.23)
0Oskst ,

r‘j an integer.
Then 1f @y (n) is a F.5.S. of (3.1), so are ¢u(n) , 0 sh <t-1.
Proof:
et
Q(n)_ —
oe) = g (), yin) « 5 (3.24)
Then
v (bt :
eQ(nW )-Q(n) | nP'o e(U-Q “1)"[1 ' cn—1./p + J ; (3.25)
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ko 35 of the form m/p , m an integer, so the difference equation for
y{n) will be c® the same kind as {3.1), except with w replaced by p . Let

Cy(n) be the coefficient of the transformed equation and
k
- ) tr_¢/P
¢y (n) = n® Z (n n)"q, (pin)a k-t (t+1-k),/e! , (3.26)
£=0

c;t(n) teing, by hypothesis, a F.S5.S. of that equation. Substituting (3.26)

with k = t into (3.1) and setting to zero the coefficient of (In n)" gives

g _ t-u o071y e
> C,(n)aw)’ f.:) Qg (5wt )y(nww) 2 fin(uvfal] 2t = o,
v=C (3.27)
tsust .
let u=t-j:
g _ J / -’
S o)) 3 apuegmdav) ¥ (er1-g), [inunm)] /2t =0,
v=0 4=0
(3.28)
csjst .
Now writing
) L
[‘m(lw/n)} = [m(nw) - In n] , (3.29)

and expanding by the binomial theorem, we get

28
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g - 0 J U, U Ju p-lr.j-t-u
> Cy(n)(nv) Zo (1n n) (=) /u? % Gt gioy (549 ) (04V)
us= = .

r v=0

(3.30)
N L,
X (t+1-3)“u[1n(n+v)] [t =0,0<3st .
(
From (3.26) we have
!
z - -1
! J-u p T
! — e z - _‘
| Oyy(m) =0 > (nn)ay,, (e I Heaneg)ar 0 (s31)
£=0
and so
@ o _ ) »
z Z ¢,(n) Z (-)*(1n n)* (441-3), B (@v)ul =0, 0s 5 st . (3.32) ;
v=0 u=0 E
Now suppose c’ﬁo(n),tﬁl(n),...,c?k(n) are F.S.S. of the transfarmed egua- *
tion, and let § = k*1 in (3.32). We have \
o nd -
Z Cv(nkpl‘+l(n+v) =0 . (3.33)
: v=0
. But for J§ = 0, (3.28) gives %
| g - 9 o _ ;
Z Cv(n)(n-w) q‘t(nw) = Z Cv(n)Qo(nW) =0 , (3.54) ¥
5 v=0 v=0 E
k
i
l s0 the induction is complete, and the ¢u(n}, 0 <h <t , satisfy {3.1).
, 29
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Birkhof'f ( .350) has noted that, once a maximum value of t is found so

(n)
that eQ° 8o(n) 1s a F.5.8. of (3.1), then there are t other F.S.S.,

Qy(n) \
e sp(n) , Lshst, and in s, (n), Inn occurs to the t-h power.
However, the explicit form of the series, i.e., (3.23), secems to be new.

We will need information about the number and form of those F.S.S. of

(3.1) vhose exponential leading terms are constant. The necessary results

are contained in

Theorem 3.3

Iet (3.1)-(3.2) hold, and define

g
P = Bln) =D cv®, k=12,...,
v=l

} (3.35)

Ma
&

Py = Py(n) =

<
i
Q

Then we can write

/o -1 -2
Py ~m [_a‘o,k *a,k® o 22,k B o, ]: n—>e ,  (3.36)

@, an integer, ao,kf O unless P, = 0, in vhich case we interpret

ak=-°’ . Iet'
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ko <% <Ky < ... <Ky (3.38)

be those values of k for which
fw-k=T,0sk<e . (3.39)

Then k' < g , and there exist exactly k' F.S8.S8. of (3.1) of the form
s(p;n) , and p = ® . Each represents asymptotically a solution of (3.1) as

n—»® , the k_ solutions so represented being linearly independent.

'
Furthermore, 0 = 6, is one of the ky values satisfying

t k
= - J - ! =
GO(O) Jzz ( ) ( B)kéao,kj,/kju 0 » (3 .40)

and if no two of the 0y's differ by integral multiples of 1/w , then the
F.S5.S. take the form

2(a) = o, + bn 0w L] v b0 (3.41)

Logarithmic solutions can occur only if same of the rocts of G,(8) differ




Preview of Proof:

First, we show that p = w in any purely algebraic-logarithmic F.S.S.
of the diiference equation (3.1).

Second, by considering (3.35) as a system of equations in the "unknowns"
C,(r) , 0<v <o, ve show there exists a finite 7 satisfying (3.37) and
that k' <0.

Third, the existence of F.5.5. 1s shown by actual construction, using
Frobenius' method, first for the case where none of the roots of Gu(8)
differ by integral multiples of 1/w , and next for the case where none of
the roots of G,(8) are equal, but where there exists a subset of roots
differing from each other by integral muliiplies of l/u) . It is then shown
that in these two cases, any purely algebraic-logarithmic F.S.S. of (3.1) can
be expressed as a linear combination of the solutions already constructed,
i.e., for these two cases, there are exactly k’ such F.S5.S.

Tastly, we indicate briefly how similar results are obtained when some

of the roots of G,(9) are equal, and the solutions for this case are

displayed.

Proof :

Let

k
$k(n) = Z (1= n)"nrk"‘/pqz(mn) , (3.42)
=0
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r be a F.S.S. of (3.1). Dy the Euclidean algorithm, we have

where ry , my are integers, and ¥ 1is as in Theorem 3.1.

§ We can also effect the decomposition
!
¥
v, /9 Y-1 §/p-p, Jw
‘ k-4
n q,(p;n) = n 875 (win) (3.44)
) o4
J=0
: : or
o
! y-1
A
9 (n) = > sy y(win) (3.45)
_ J=0
)4 *
N e¥ L Ty-p,3/® .
sp,u(om) =10 ) (1an) n Kb g ain) (3.46)
2=0
{ where
: * = - + * =
. Tktsd T Mkt T Byt Pk oy = 0)
; and s

5.k is a series of the type (3.6) with p =w and @ an integral
2

multiple of l/w . Note that some of these series can be zero.
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The difference equation is unchanged by replacing n by neghﬁiw y h

on integer, so cach of the functions $k[ne2h"1w] is also a F.S5.S5. of (3.1).
An application of Theorem 3.2, or o result of Birkhoff (1930, section 2),

shows, furthermore, that each of the functions

<
H

eahﬂid/v'sJ k(w;n) (3.48)

J

Q’h,k(n) =

[
1l
(@]

is a F.S.5. of (3.1). Ve can determine unigue constants By 5 » Oshsv-l,

where v is the number of non-zero 55,k 2 so that
v-1 A
hZ:o Ah’J(Ph,k(n) = sd’k(w,'n) , 053 =< 1 (3.49)

since the determinant of the system of equations (3.48) is a Vandermonde

determinant which is non-zero.

But (3.49), when substituted in (3.45), shows that every purely algebraic
logarithmic F.S.S. of (3.1) can be expressed as a finite linear combintation
of similar solutions, each of which can be written with p = w , and the

first step of the proof is completed.
Not all the Py 's , O <k <o, can be zerounless C, =Cy = ... =

Co = 0 , since the determinant

‘h‘j‘z = 1i2!3!,..0! (3.50)
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3 | does not vanish. Hence there cxists at least one finite @ , 0<k <o,
| and therefare a finite T satisfying (3.37). Also, from (3.35), we have
3
| for k = 1,2,...,
b
3
| it
. [+];
o P
| 2 "h
. =0 (3.51)
‘ Fo
otk otk b
Py 1270 ... ¢ ;
|
! = N
‘,. P ik ‘1,1:1’1 + ze’kP2+ EEERIE MRV S (3.52)
: and
Al
o /oS max aj/w , k=1,2,..., (3.53)
lLsisg
or v.
! : [ozo_,_k/w - (o+k)] <  max [aj/w - J] , k=1,2,..., (3.54)
‘ lsj=o i
' and k, €0 .
? ¥
‘ Now assume 3
f *
, 4
| 5 & / i
u -5/ w
yim)~n° D va™" v fo0, (3.55)
5=0
35
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Substituting (3.56) in (3.1)

8 - .
nG n-s/w
2 v Y

8 k=0

| We can write

(/0-0 ) () P/itn®
k=0

and so0

mn=0

We must have

m

¥

5]

y{ntv) ~nd :E: bsn-s/w :Z: (s/w-o)k(—)kvk/k!nk .
=0 '

k=0

gives

(s/w—e)k(-)kPk/k!nk =0 .

g 0+T o ") m
Zo Cy(aw) ~n’ ' > ™S b g (0-s/u) = 0
V=

5=

:ZB bgGy_g(6-s/w) = 0, m = 0,1,2,... .
S:

36

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

If none of the roots, 6y, , of Gy(0) differ by integral multiples of L/w ,
then the construction of the k, solutions can proceed directly from (3.60).
If some cf the roots of G, (8) do differ by integral multiples of 1/w , then

the construction of solutions is done by the method of Frobenius, as follows.




Consider the difference equation

a
ZE: Cyy(ntv) = cne+TG°(0) (3.61)
v=0
vhere
b < /
i) ~n’ > B(en™Y s cho . (3.52)
s=0

Then the Bh's satisfy the recurrence relation

B(8)e, g(8-s/w) =0, m=1,2,..., 8,(8) =c . (3.63) )

e

¢’ in (3.62)-(3.63) we obtain the previous

kW solutions, provided non: of the Gh‘s differ by integral multiples of

By putting 6 =8, , 1 £h <k
1/w . We can solve the system (3.63) to obtain
5,(0) - Es(e)/ﬂ Gol0-3/e) , 521, (5.54)

wvhere E; is a polynomial in 8 . Now suppose that

62 = e-L + Ll/w b} 03 = el + L‘?/')}) e ,ex+l = el"'Lx/UJ ) x+1 S k (5-65)

q 2

vhere L, 1is a positive integer and
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b 0< L <Ip< .. <L, =0, (3.66)
5 { but that eh-al is not an integral multiple of 1l/w for %X¥*2 <h < kV .
3" | Define
|
1
t Ly
; Bs(0) = 85(0) T cpe-3/w) , s 20 , (3.67)
J=1
or
! Ly
Bs(0) = cEg(8) T| o,(0-3/w) . 0ss < Lol - (3.68)
|
|
‘] Then B (0) 1is well defined when 8 =8, , L sh £ XxtL . We can write
|
g o+T IX

> cuntv) = en®T T o (e-3/w) (3.69)

v=0 j=0

ot vt J
= en’ "L, (0) [T (e-8;) (3.70)
=1
‘ where
e /
Fn) =o® > B lon™/v (3.71)
' s=0
Ix(e} a polynomial in @ .

?
38
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We now differentiate (3.69) h times with respect to 8 , set 0 = 6p,,

and use the fact that

r = ,
?g; b5(0) 8=0y41 =0, 058 s IyL-l (3.72)
=B+

to obtain the X+l F.S.S.

8, - L,/
Gprn() =1 =S ()4t n) ey pta ¥ a, (s.73)
£4=0

«Q
S/W ¥
8g,n(n) = 2 gy yn Ty B gy = T Beep, 1, (0) :

5= 8=y

Oshsyx . (3.74)
Since
h —
Yo,k = T Bol®) Fo o, (3.75)

36" 8=0,41

the above solutions are clearly formally linearly independent, by A-VII. ; ”;

Let (3.42), wvith p = w , be a F.S.5. of (3.1), and let Gy(6) contain
no multiple roots. We wish to show %k(n) can be expressed as a linear com- 3 '}
bination of the solutions alrcady constructed. Denote by ds,z the coeffi-

cient of n-s/w in qg(n) . We can write
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A = ot ry-o/©
g)(n) = Z —(n )ag(=in)n ’ {(3.76)
£=0 38

L e o

and cubstituting this in (3.1), ve find thet 6 and dg ; must be such that

T

| L +1-2 r/m -a/a n v-£ a5
_» ‘Z Mkt ! Zn"/ ZO k-1 v-zc‘_s(e-t.—g-—.):o,

F(v+‘-l) o

(3.77)

[N

Osv <k .

T iy

For v = 0 , the zbove eguation demands that Gg{d) = O . Thus ascume

R

2 s h < x+#l , can be treated similarly,

aﬁﬂl,sincethe cases @ = &,
§
as can thn cases where 8 Yelongs to any other grep of roois of co(e)

1
uvhich dirfer oy integral mitiples of Yo . If 8 = Su + where Bu differs

from no uther root of G o(8) by an integral mltiple of 1/o , then the

ve must have kX = 0 in (3.76}, and the result is

BRI <A 1ot oucAaon: 100 Wha IR C TR T

analysis is onite simple:

one of the purely algebraic F.S.S. (3.41).

Oxe can show by induction, using farmula (3.77), that the rh‘s cannot

ve arbitrary, but mst sutisfy the relations

O=rg =Ly <rp=Ty <rg=ly <...<ne= Ly Sk o (3.78)

and k€%, jp <3< ... (To avoid doubie subscripts on the x,'s , it
: is assumed that any 1), vhich correspends to a ¢, _p({n) = 0 is deleted from

the chain (3.78).)




o < oo g < han 51

Row let p be the highest power ot In n which occurs in any of the

functions @u(n) , 1 sh s xtl . HNote tiat the last term in o4,(r) is

ne /@

Bh,h(n) 2 8h,h‘°) fo . (3.79)

alﬁk/m
Hence we may select a @ (r) which contains the term n gy’y(n) ’

and subtracting a constant multiple of this function from ak(n) leaves a

8 try/o »
series of the same kind whose lead term is either zero or n ao(n) ,

rg < Ty - Bat, by (3.78), ry must be one of the L; - Hence we car find

Q

.|.r*
another @y (n) with iead term n 17k a-d subtract a constant miltiple of

thic series from thé above series so that the initial power of n Iin the
- _
9Ty

lead term is again diminished, to n » Ty <1y . This may be con-

tinved until Qk(n) is reduced to

Pi(n) = £,{n) *+ gy(n) , ~ (3.80)

where g (n) is a linear combination of the Pp(n) and

k -
] 1 l'r_‘/m - r
fi(n) =n 1 El (1n n)"q4(w;n)n < , k= lnaJCLk,u] s (3.81)
L:

also satisfies the difference equation. It is our intention to prove that
any F.S.S. of the form (3.81) must be identically zero.
Denote by d the coefficient of n-s/w in q,(n) . Sinced_, =0,
s, 4 £ S,0

the result of writing out (3.77) for (3.81) eand k =v = k is

41

e e o AN

s a0 AL G

P

:e‘[;;pj'.ds'«

"

. :l

P g gy gt
wﬂw‘qr«émt:e-.mqiw Gt .,




Mg

bt SO e WL ol g M o A ML W s - -

E

T e

PR

S CENCVER TR Y

k-1 = Jo & m X-4 T,-
Tyo -m/w 3 ) e
St YAy T i, (L =0, (s.22)
4=0 m=0 §=0 aek'z s 9=91
F-_l/w
and setting to zero the coefficient of the highe:t pawer of n (n )
glves
ry o Atre - fu =
9,1 35 Go(o+ri_1/w) 0-8, 0 (3.83)

which is only rossible, since G,(6) has no doub:e roots, if Ho L=0.
2
Hlence, by (3.7), al(n) =0 . The sua (3.8L) becomes a sum frox £ = 2 to k.

k-1 to show that —de(n) = 0 . Eventually,

1
J
[

i

Now write out (3.77) for v

we arrive at al(n) = Ee(n) = ... = Ei(n) =0, 0r f(n)=0, so (?;k(n)
is a linear cembinapion cf the @, (n) , 1 <h<x+l, and hence k s p .

Thus, if none of the roots cf G,(@) are equal, there exist exactly k’
algebraic logarithmic solutions of (3.1).

The same analysis can be conducted vhen some of the 8,'s are allowed
to be equal, and the construction of the solutions in this case 2gain is
analogous to the procedure 'used for differential equations, see Ince (1956,
Ch-. XVI) or Forsyth (192, Ch. II). Here we simply display the solutions,
since their forms will be of importance later.

Let 8, be as in (3.65)-(3.66), and, furthermore, let it be a root of

Go(8) of mltiplicity &, > 1 . Define
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5; =6yt by toeee t by, 5; =0 .

The &y F.5.5. corresponding to 0p are

LY g v
8 J)y J-v -sfw 3" =
Q) o g ¥ (n) =n N ——— (1n n) n £-p.(0)
h,J-6, ;L ;;% v! gz; 37 ° 8
5.y <J S 651 .
Ncte that
Bi.g(e) $0,328"
I v - >
aej o 0=0,, h-1

since the multiplicity of (G-Bh) in 56(9) is exactly 6;_1 .

(3.84)

(3.85)

(3.86)

The linear independence of the above solutions can be shown by the same

arguments used by Ince, p. 402, and the proof that there are always exactly

ky

G,(8) are simple, but the details are considerably more messy.

such F.S5.S5. requires the same type of reasoning as when the roots of

Theorem 3.1 1s now applied to show that the F.5.S. constructed above

represent asymptotically kW

the proof of Theorem 3.3 is complete.

Definition 3.6

linearly independent solutions of (3.1), and

A Birkhoff set {yh(n)} for equation (3.1) is a canonical set if
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yh(n) = cth(n)[l + o(l)] y B>, ¢y £o , (3.87)

]
M, (n) = th(n)n h(1n n)ph , (3.88)

P, & positive integer, and M, = Mj for n=1,2,3,..., if and only if

h=3 .

By the construction (3.85) and Theorem 3.1, every equation (3.1) has a

canonical set, and so does the equation adjoint to (3.1). No two members of

a canonical set display the same asymptotic behaviour as n-—>« , so not

every Birkhoff set is canonical, e.g., {l,ne,n2+n} is a Birkhoff set for

Yn - S¥n+1 t Wnep - Ypez = O (3.89)

but not a canonical set, as is {l,n,ne} or {l,n+l,n2+n} .
Also, let S denote a subset of a canonical set, all the members of

which correspond to the same Q(n) and to a group of 6y's which differ by

integral miltiples of 1/w . Then S contains a smallest member zy(n)

and a largest member z,(n), i.e.,

lim ) lim Yp(m) o, (3.90)

n—ow yl(n) n—wo 2\,
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where y;(n) is any member ¢® 5 other than z; and y,(n) is any member

of 5 other than zp .

For the construction (3.85), z; and 2z correspond to F.5.5. ¢p 1(n)

and (Pxﬂ’&xi-]_(n) , respectively, and

zl(n) = clnel{l + o(l)] , (3.91)

25(n) = canGX+l(ln n)GX+1_l[1 +o(1)] . (3.92)

(In the general case, a term eQ(n) will appear on the right-hand side

of (3.91)-{3.%).)

Theorem 3.4

Let {yh(n)} be a Birkhoff set for (3.l1),

Q,(p;
yh(n) ~e n(e n)sh(p,;n) ,lshs<g . (3.93)
Then:
i) D(n) ~ eQ(wm)s(w;n) , (3.94)
where in Q(n)
v X /w ‘
;;o = -}(o/w , € l,: (_)Oe 0/ /CO,O' y ;,],2 = -u)cl’c./ Bw-l)co,o] ’
(3.95)
2 2
M3 = (u:,g) [(Cl,o/zco,o) - (ce,c/co,o)] AR J
45
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is as in (3.2), and s(w;n) is free from logarithms;

where ¢
Js

g

g
11) Qwsn) = > Qulein)
h=1

-Q, {n)
B sx(pm) , Lshso,

|
; 111) y;(n) = Th(n)/n(n) ~e
|

are a set of Birkhoff solutions for the equation adjoint to (3.1).

Ei. ~ Proof:

; The proofs of i) and iii) are purely computational, i) following from
the difference equation for D(n) , (A.15). No logarithms appear in s(w;n)
since, by Theorem 3.2, the F.S.S. of a first order difference equation can
never contain logarithms.

To prove iii), note that from A-VI,

g g g
[Th(n+j-l)/D(n+j—l)]lX [yj(nm-l)]l = [ejh]l , (3.98)
&
where

§ 1,J=h,
i ejp = (%.99)
. 0,h>),
:
!
! 46
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and so

| l h(nt -1)10 = p(n)*
& : Yplntd=ti}, )

solutions.

Theorem 3.5

Let
. n
s=s(a)=y f£(k),nz20,
k=0
where
‘ f(n) = eQ(n)v(n)[l to(1)], noe
% v(n) = n®(1n n)* ,

r is a non-negative integer, and Q(n) is given by (3.5).

h=01,2,...,p and u* = 0 if &ll the Re W, are zero.

47

Since the yﬁ(n) can be represented by the F.S. (3.97) which are

formally linearly independent, by (3.100), it follows that they are Birkhoff

o : We close this chapter with a theorem on exponencial sums.

Let p* be the first non-zero element in the sequence {Re ”h} B

Ot

(3.100)

|

:

3

4

(3.101) F
(3.102) .
1.

(3.108) ¥
I

RERARHIAREE ARy
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Then:
i) if p*< 0, we can write

A=) 2(x) , (3.104)

=0

g
PR SOy

and

S(n) =A + 0 {eQ(n+l)nv(n)} , n—>o ; (3.105)

i) if p*>0,

S(n) =0 {eQ(n)nv(n)} , n—e (3.108)

111) if w* =0,
0 {m)(n)} ; Re 8 > -1 ;

S(n) =10 {(1n n)r”-} , Re 8 = -1 ; (3.107)

ho 0(L) , Re 8 < -1 .

Proof:

We can write

f(n) = ceQ(n)v(n)[l + K(n)] , nx1l, (3.108)

e A [P

where K(n)—>0 as n—>e .
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For p¥ < 0, the serles converges absolutely. Define

d LW
Yo

| ?; ) = (k) . (3.109)

k=n+1

: i We have

«©

|e'Q(n+l)T(n)| s le] > ek IL+ K(x)| (3.110)
k=n+1

-

sc' > gk, (3.111)

k=n+1

i AT A, AR SRS
. Rt

where

Pt T

N k) = |v(i) | WeRe Ak)Re Qlutl) (3.112)

PR

and we take v realand > 1.

Now

dg(x) . g(x) {Re Q'(x) + X(—E-+ 0+ €>} . (3.113)

dx X \ln x
‘
But g(x) #0 for x > 1, and any zero of the quantity in brackets

§
| above cannot depend on n . Since g(x)-—>0 as x—>® , it follows that g
|
! is monotone decreasing, x > x, , or, for n sufficiently large
14
] v :

dk)S(mu)lﬂwﬂ)|SMEWﬂnH , k 2 ntl , (3.114) :
! 49




PR U

and so
Q(n+1) = =
Ie Ty su v 2" > k™ (3.115)
k=n+l
- -} —
<M |v(n)| n¥ f xVax = Mwln) 0 (5 116)
A (v-1)

which gives 1).

The result i1) follows by a simple majorization, while for iii) it

suffices to consider

n

> Re 0
lv(k)| < (Inn)" > k°° . (3.117)
k=1 k=1

When Re @ 2 0, the series on the right is easily bounded. Otherwise

we use

n n
z_.kRee<l+‘/'xReedx,Re6<0 ) (3.118)
=1 1
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Iv.

By using the asymptotlc theory of the last chapter, we can now apply the
general theory of computation by backvard recursion, as developed in Chapter
1I, to difference equations of the kind (3.1).

Throughout this chapter, we assume the difference equation in question

to be (3.1).

Theorem 4.1
There exists a canonical set {¢;(n)} for the equation adjoint to (3.1)
and an integer u 2 1 such that

e, #0,lshsu,

lim Icp;(m)/cpi(m)l = (4.1)
mn—> % 0 ) utl £h < g .

Furthermore, if wu = L then for some n* , 0 s n* < g-1,

Lin  y(m)/Apy(m) = y(n) , n 2 n*, (4.2)

m—®

exists, is not identically zero and satisfies (3.1), while, if u =2 , then
my , my can be chosen so that (2.35) holds for some solution, y;(n) , of
(3.1). Furthermore, yl(n) » the function to which the algorithm converges,

is independent of the particular set of(n) .
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Proof':

Equation (4.1) i1s obvious, since, clearly, the absolute value of the
ratio of any two canonical solutions must elther approach zero, a constant,
or infinity. Ilet {yh(n)} be that (unique) fundamental set for the original
equation (3.1) which 1s obtained by iettin, T, (1)/D(n) = ¢;(n) in (A.18),
ﬁhen solving for y,(n) for n 2 o-1, and finally uslig (3.1) to compute

Yu(n) forall n20,1shsg. Wehave

g
Ay(m) = ; op (m)y, (n) (4.5)

aad the statement for u = 1 follows immediately. Note tﬁat Ap»(m)  cannot

be zeso for more tLin o-1 consecutive valuas of n¥, for it satisfies (3.1)
and is not identicaliy zerc. Sirce Ay(m) 1s fully determined by the condi-
tions (2.2), it is independent of ¢p(n) , and so is yy(n) .

Now

2 1 aeiQ(ml)mie(i + o(1))

am) = [rytm)| = | C )
! ye (me)mge(l + o(l))

where Q , 6 are real, |of =c; , and p, in Q is zero. Alro ve may

assume -t S W) S, or else replace iQ by iQ ¥ 2rm , r a sultably

chosen integer.

e st g e - et s Sl o




+o(l) . (4.5)

|a(my )| = 2¢; |sin {M}-

5 + g- (ln m,-1In ml)}

First, assume Q(m) # const., pp =0, 80

o 1ekE

G(m)=Zurm p,asksp,p.k;‘o. (4.8)

r=K

Let

k-1 k-1 E
} =m + Kmlp + 0(1) ) “ «

my | my + Km?
L

[ofe 65

and [x] means the largest integer not greater than x . We have

> (4.7) Y

e S 4 )
P

Qmp)R(my) L | 1+ .

2 3 Hp T - m

r=

©
w
[
3
e

=D w0+ ED)m? (v olni?)) (4.8)




g0

Un  Ja(m)| = 2¢ey , (4.9)
ml—> ad

which assures us that (2.34) has a unique solution my, my, and also that

(2.35) nolds.

Next, we note that if Q is constant, we cannot have 8 = 0, else @3

is proportional to ¢} . Thus, let
m2 = [mle"“e'] = mle"“e' + O(l) . (4.10)

Then (4.9) again holds.

Lastly, if p; #0 in Q, let my = m*r, r a positive integer.
ir
|amy) | = ey [& L -1+0(1)] . (4.11)

il‘l.ll
Since r can be chosen so that e # 1, (4.9) egain follows, and,

by Theorem 2.4, the proof is complete.

Theorem ¢.2

Let there exist a canonical set {yh(n)} for (3.1) such that one of its

members, say yl(n) , has the folloving property:

}; e vttt s sy e st e vt e -




1im yl(n)nx/:’h(n) =0,2<hso ,
n —-» '

v'or all X . Then

Lm  Ay(m)/A u(m) = y1(n)/yy (n*)

m—>w

for all n 2 n* and some n*, 0 s n* < o-1.

If, in addition to (4.12) we are given the series

1= Ly(x) ,

k=0

where

Um ¥y (k) = 0

k—o

(4.12)

(4.13)

(4.14)

(4.15)

_—-4 v

for all X , then the computation of y;(n) by backward recursion based on

(3.1) and (4.14) converges.

Proof:

Note that Y1 if it exists, is unigue, apart from a constant multiple,

by A-VII. Since

'V‘A‘;.;.,VV' ' '

“
il Be s U




yyp(n) = cheqh(n)neh(ln n)'t (1 + o)) (4.36)
we have, by (3.97)
1 ay/nym) = (@) ™), 2 snse ,  (437)

for some real oy , and the firet part of (2.12) follows.
Now, fiom (4.15), we deduce

-Re Q;(k :

|1 | = ve

80

ENCIERS f—; - S e B e, (419)
k=

end we may apply 1i) of Theorem 3.5, since (4.12) implies that By y < Bop

The result is that we can determine constants K, so that,for m > m ’

lsh(lﬂ)i < Khvh(m)m.ah-l‘/yl(m) . (4.20)

Thus, by (4.17)

lim Rhsh =0, 2<hso (4-21)

m—re

and the proof is complete.

S6

e e 4 e SR LR PR, 'w&f@'k!‘m?w""*"’%w e e

e e i e arrmt + g e s




-

T L T IR T T e e e -

e 2 T e G - g S 21 o < v b

The condition (4.12) is rather stringent, and for o =2 or 3 it can be:

weakened considerably. We have, in fact,

Theorem 4.3

let o=2o0r 3, and let {yl(n),ya(n)} be a fundamental set for (3.1)

if o =2 and let {yl(zx),ya(n),y3(n)} be a canonical set for (3.1) if

o=3.

Let

un o) n)""zyl(n)/yh(n) =0,2%5hsc , (4.22)
n—>o

vhere L(g) 1is a positive number depending only on ¢ , L(2) =0, L(3) = 1 .

#*

Then for same n* , 0 sn* < o-1,

(4.23)

"

lim An(m)/An*(m) = y]_(n)/y]_(n*) y 2

m—>o

Let, in addition to the above, (4.14) hold, with

L =0 (eq(k)ka) (¢.2¢)

for some Q(k) , @ such that

RMENLOPL ) )0l 5 moa)




B T

Then the calculation of y,(n) by backward recursion based on (3.1) and

(4.14) converges.

Proof':

We have, from Theorem 3.5,

Ay + o(L) , szyh(k) convergent,
Sh(m) = { (4.26)
0 (eq(”')maﬂ'ln m yh(m)) , otherwise .
It remains only to show that
Rh(m) = O(mL(c)ln 'mo'eyl(m)/yh(m)) ;2<hsao. (4.27)

Then (2.12), and hence the Theorem, will follow from (4.22) and (4.25).

h 3-h\ ¢

Let, then, 0 = 3 . It suffices tc consider only Ry . Now {yh(n)}

is canonicel, so, by the construction of Theorem 3.3, wve can write

P 4y 4y
Ynln) ~ e [ flnu*(lnn)z‘\"' ’ (¢.29)
Ph(n) - Qh(n) N 0, 1n a + p In(ln n) + n ¢y - (¢.30)
58
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[1n(n+l)]-J . [1n n] Ll - ;_Jln_; + ] (s.31)

we have

AP (n) 1
Yy (nt1)/y(n) = e BB [1 * 0( m)] ) (4.32)

where A, is the forward difference operator, Milne-Thomson (1960). Thus

Roln-1) = - (0 A(n)/[yo(e)e(a)] (4.53)

A(n) =1 -e

b (7 (0)-85(m) [1 o(-—-———( L )2)] , (4.34)
n(ln n

B(n) -l - n (Pa(n)"Ps(n)) 1+ 0( )2 ]
L n(ln n

) (4.35)

n nlnn

L (R, (r)45(n)) ’1 \ (92-93) (py- ps) o( L )] '
a(ln n)?

It v, [ B » then (¢.22) shows that oy < Bp and 80 Be(l)'—" .
Hence assume ko) = Mo « If By £ kgg , then Bg) < Boy and the leading
term of both A(n),B(n) is unity, so again, by (4.22), Ro(m)—»0 . Hence
aszume M, = B3 . Then A(n) is bounded, and R(n) 1is asymptotically

ssallest in the vase vhese Qy =Qy , 0, = 8y . Then it approaches zero ss
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1/(n 1n n) , since we cannot have, furthermore, py = pz . Thus (4.27)

follows, and Ry , RyS;, , h = 2,3, approach zero. This prowes the theorem.

We conjecture that Theorem 4.3 is true for all o , i.e., that there
exists an L(g) for (4.22) vhich will insure (4.23) and (2.7).

For o =2, (4.23) followe from a result Gautschi (1961) proved for a
second order difference equation with arbitrary coefficients; and also for
this equation, Olver (1964) has determined other conditions on Y1,¥2 which
will guerantee the couvérgence of Miller's algarithm, based on (4.14), to
y,(n) .

We now present several examples of applications of the previous mate-

rial.
1at
[ ] g )
y(n) = j ot “B(t t™t , n = 0,1,2,... » (¢.38)

(4]
-1

P(t) = i art“ ,ox22 (¢.37)
=) '

A single integration by parts shova that y(n) satiafies the difference

squation

6o
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-1
y(n) - (n+1) ; va,y(ntv) = 0, a, =1l . (4.38)

From de Bruijn (1961 , p. 119) we have

rg"_“iz .1 -2 .1.‘
y(n) ~ oo exp{Pan ° + psn g + ss e} “ a q(g’n)’ n—>o ’
L
° >
b2 * - 8,10 ’ (4.39)
2 2.
a 2 =-1
o-1 IN g
%a[TQ"'&)'a-Z]" .
s

When o =2, y(n) is essentlally the par#boue cylinder function
U(n+§,al/ N2) , the theory and computation of vhich are discussed by Miller
(1964 ).

Now, by Birkhoff (1930, section 2) , we khw there exists a fundamental
get for (4.38), ,{'yh(n)} » where y, has as en asymptotic expansion the F.S.
cn the right of (4.22) vith n replaced Ly nee"t(h'l.) s21lsh<ao. This
Glves o‘F.S,s., so there are no more. Furthermore, by Definition 3..'6, '
{yh(n)} is canonical. We can identify y(n) vith yl(n) .

We have

¥/

17180 spe (0)] = exp {2!%-1!(:\/@" AOHE o(n“/")]} ) (4.40)

8l
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e
|

£u(Y) = sin(v-hn/o) sin(bn/c) , vy = arg 8.1 ¢ (4.41)

For |¥] <m, f;, has zeros only at the points hn/oc and kn/c -1, 80

fy, is of one sign for y between these points. Since

£,(0) = - 81t/ ) < 0, (4.42)
we have
fu{v) < 0, /o -n< y < hn/a (4.43)
or
f,(v)<0, -nfo<y<nfo,lshsol . (2.44)

and so, for these values of arg a;.j , condition (4.12) of Theorem 4.2 is
fulfilled.

Let

P(t) . r1+1/0) i Lt* . (4.45)
=0

Since the left-hand side is an entire functien of order g-1 » ve liave,

by Boas {1954, p. 10) ,

-x/
. ILl< ¢ x Ko w21, (4.46)
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£0

KNty || vy (k)| s Mlk“ﬂ/o-% exp {- £ (14n o)[1+142k'1/"] ] =o(l) , (4.47)

for all X .

Also

D Lolk) = Ly(k)=1 . (4.48)
k=0 k=0

Thus, by Theorem 4.2, the computation of the integral (s.35) by backward

recursion based on (4.38) and (4.48) converges when |arg as.1] < /o .

Jur next examnle is a class of hypergeometric functions. (For notation,

see Erdélyi et al, 1953; v. I.) Let

(«)nxn(3+l)n _ nta, ..., nt
= =t 1 Q2 |
() (Y)gn Q+2FQ+1( ntby, ..., ntbg,2ntytL 9 ’ (4.49)

where Q,n are non-negative integers, p+tl , Y , 8 » bJ are complex con- -
stants, (aQ+2 = B+1) , none of which are ncgative integers or zero, and 2\

is a complex variable, finite, £ 0, |arg(l-A)|< v .

o A
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Then (Wimp (1966)) y(n) satisfies the difference equation

2 T BN oo - B il e i Ty e T o
et s— ;

Q2
Z [»\, + NV/A] y(ntv) = 0 , (4.50)

v

- = "
';."4

vhere Mo-l,nbsﬂq.,e=o,and

vl b PN, oS Sty

Q Qe
(-3 (em+)gus TT (mtyiv-a,)
i=1

M, = a2
I‘(Q+5-v)(2n+y+v)v+l -IT (n+aJ)
J=1

v-Q-2,2n+y+v, nty+y *l«al gven ,n+'y+\a+1..a,Q 0
F L
X Qe Q+3( 2OHYRVEL, IHYHV-0 o, YU ,1> > (4.51)

for 1<v<Qt , and ’

(nty+v+l-b 3)

l
F N, = 3=

Q¥
r(Q+2-v {2 +Y+y+1 )\a ﬂ- (n+a 3 )
] . J=1
|

/7 \)-Q‘l,zn*'Y"V"'l.h*Y"'\H“«? “"l) LI ) ,n"’YW"‘Q 'bq
‘1) , (4.52)

: F F 1
_; X Q2 Quk 2n+Y+2v+]l SFYHVHL-D, L ,n+v+v+l-bQ

i for 1 sv <Q+l .

e Nl e

Note that (4.51)-(4.52) are terminating hypergeometric functions, and

for any value of v, they are raticia’ “uncticns of n . Thus (4.50) 15 of

the farm (3.1) with @ =1 .
6%
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A result of Wimp and Luke (1952, the Corollary on p. 7, with m = 0 and

then w = O ) shows that
1= D Loy (4.53)

Since

-2 -1
M,=———+0n "), n—= , (4.54)

-Q
= %(é%:l + O(n'l) , h—>® - (4.55)

there are cwo linearly independent solutions of (4.50) with the behaviour

n
y@) ~ (P lea0)] s1(n) , nve (4.56)

ra@) ~ (a0 syle) , mve (4.57)

see Wimp (1965), where

2 2
Cl(x) = [l - m] /A, Ce()\) = [l + JT-K] A, (4.58)
end ve define
s[ara(a-)-
LA - |’-"\|§°2[ n] » 0<arg(-l)<2n . (¢.59)
1)

et = T . PR B




It can be verified that (; maps the A plané cut along the real axis

from Lto =, (i.e., |arg(l-1)| < m ) onto the interior of the unit circle

[\l <1, vhile (, maps the cut plane onto [A| > 1. Thus for the values

of arg A considered,

e <1, Jea)] >, (4.60)

and so (4.12) bolds not only for h =2, but also when y, 1is any purely
algebraic-logarithmic solution of (4.50). We now proceed to show that all
the remaining members of any canonical set {yh(n)} to which yy,yo belong
are purely algebraic-logarithmic.

Consider

Q+2
Oym) = > (-v)M,, OsmsQe , (4.61)

v=m

Q+lL
Oylm) = > (-v)N, , 0O <sms@Qel . (4.62)

v=m

Using (4.51) in (4.61), interchanging the order of summation and evaluat-

ing a oF; of unit argument, we have

Q+2
] (a4-v-m-x)
(-) ! (enty)qss A(Q+2-m) }:( yrn
x (2"*”“)”]_

(¢.63)
x=n
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where A£Q+2“m) is the farward difference operator, see Milne-Thomson

(1960). But the quantity in brackets above may he decomposed into a poly-

nomial of degree Q+l-m in x , the indicated difference of which 1s zerc,

and a sum of %erms

4 / (2x+'v+m+j) . (4.64)

M

[~ 1}

=0

The d; may be calculated by multiplying the bracketed quantity in (4.63) vy

2x+ytm+] and letting x—>-(Yy+m*j)/2 . Then substituting (4.64) in (4.63)

glves
ey, 42
(") +Q(2n'{Y) m (-m) r (n+ 2 ) -rr (Y""m-r-cu.d)
Oyy(m) Q2 r! T LT 1 o3 (4.65)
2Q+5 1:]; (n+a‘)) = I'(n Q >

and an order estimate for this sum 1s easily obtained by using

[(n+a)/T(ntg) = n“'B[l + o(n'l)] . (¢.66)

The result is

N ¥
) = (- “n“'Q‘eAﬁm’{?'[ (v-aa,)} [L+o™] . G0
J=i
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gimilarly, one finds that

. |
a(- )Q*"‘nm-%\({m) { H (y+2-2bd)} [1+o(n'1)], 0<msQ,

(m; +° (4.68)

™ lo(l),m-Qﬂ .

Next, we have

oK = }k- ('k)m("’)m (::)

— ) (4.69)

m=0 .

the B's being Bernoulli numbers, see Norlund (1954, p. 150).
We may use tihie above results to finally arrive at the estimate for Pk
in Theorem 3.3,

Q
4x'1(- Qn'Qask) ‘]:[ (y+2-2bj)} [1+o(n'l)], 0sksQ,

n kPk = "Q"l (4.70)
O(n ), WL sk s Q¥ .

Thus, in Theorem 3.3 we have p=l,-r=-Q,kJ=.),k'=Q, and

J (-3),. 8

:)i > == T (ywee-2ny)

r=0 ' g=l

Q (-8
co®) = - S~

Js:
> (4.71)

-1, Q Q
= 4x “(-) | | (y+0+2-2b) ,
53l

and 0o
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eh-'Qbh-Y-a, L‘.=l,2,...,Q » (4.72)

According to that theorem, there are exactly Q algebraic-logarlthmic
golutions of (4.50), and, if none of the 6, differ by integers, these are

of the form

feln) = a L+ o)), 1ansq .

Otherwise, logarithmic terms may appear.

We have thus determined a canonical set for (4.50), { yh(n)} « A result
of Luke (1968), which is a generalization of Watson's result foraoF; (see
Eraélyi et al (1953); v. I, p. 77, formula {(16)), enables us to identify
y(n) with a constant multiple of y,(n) . Lastly, by examining Moo 28

given by (4.51), we see that if

8y F -y-Q-2,-YyQ-3,..., L s J sQrR , (4.74)

then #0 for n20. If this condition is satisfied, as well ae the
+2

conditions immediately following (4.49), then Theorem 4.2 may be invoked:

the hypergeometric functions (4.49) may be computed by backward recursion

from ‘6.50} and g&.s&l.

In particular, we have demonstrated a way of computing Gauss' function

wherever it is analytic, i.e., far |arg(l-1)| < n , as is seen by lotting

Q=0,a =2, 8;=ptl «b,ytl =c in (4.49)-(4.52):




.

S
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(. nn
y(a) = (=) (&)n(b) (n-i-a, ,n+b l) (4.75)

(e-1)p, 2n+e

(2ute-1) [2n2+2n(c+l Je(atb+l )-Eab]
(2n+c)(nt+a )(n+b) » ’

MO = 1 H Ml 2 -

} (4.76)

s {ntctl-a)(nte+l-b)(2n+c-1)(2n+c) N = (2n+e-1)(2n*e)
% © T i{nn)Earer2) (2nrer3) 0 M T (mra)(at)

To further illustrate the power of the methcd, we compute the function at a

point on the circle of convergence of its Taylor series

ni/3

A=e = (1L +431)/2 , (4.77)

with a=2/3,b=1, c=4/3. Itisknowm, e.g., Erdélyi et al (1953,

v. I, p. 105 (55))

n1/6 |
y(O)l2F1(2/3 Y /3 ) __2*.'1/1_1[‘21 0.8833L 9376+ 0.50998 46791 .(4.78)
or(e/z 2

Computation of y(0) by backward recurrence using (4.50), (4.53) yields the

following table:
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& it

:
i
i
| ?
| E o i = o)1
r 5 0.88239 8541 + 0.50945 30661 (9.2 + 5.31) x 107
9 0.88331 4192 + 0.50998 16871 (5.2 + 3.01) x 107
13 0.88331 9347 + 0.50998 46631 (5.0 + 1.81) x 1072

and T,(15) agrees with y(0) to all the places (4.78).

The series for y(0) converges only conditionally, Knopp (1947,p. 401),
but this is irrelevant, because the Miller algoritha will work whether the
Taylor series converges or not, as long as |arg(1-1) | < m , and, as is easily

seen from the formulation (2.10), the convergence is exponential,

', y(n) = I, (m) [1 * o(m"gl(x)“‘)], n—>e . (4.79)

5
z, In this case

| ¢ (a) = 1(2 -43) , | (0)] = 0.z68 .- . (4.80)

{ As our final example, we take the confluent hypergeometric functlon T
@ ON) |

| A° (). (8

‘ ) = —— B y(n+s,6+1-b;A) « (4.81)

o
-

(our notation and subsequent analysis draw heavily on the material contained

LR e

in Erdélyi et al (1953, v. I, Ch. 6).) _ &

yl(n) satisfies the difference equation

7n b




(n+1)B?-’n*6*b*1)“k] (ne1) + i)(n2)

y(n) - (n+6)(n+b) (n+6)(n+b) y(n¥2) = 0 ’ (4-82) . :
_ a
yl(n) - v()‘)n(6+b)/2-5/4c-2n§)\ [1 + o(n 5)] , (4.83) ! ,
lacg Al =7, v(x) =i aC8RV2EM2[ iy (4.84)
1= y(k), |agrj<n . (4.85)
=0

Another function satisfying (4.82) is

ya(n)'--(-:-‘%’l#(n%,&l-bsk) )  (4.88) o

- L2 ro)rtsrs-o(a a8 Y2 - S/ 4“2“%’\%[1"0(:53‘*)] :

|arg 2] s m . (4.87)

It is thus seon from Theorem 4.2 that the computation of y; by backward
recursion based on (4.8°), (4.85) converges for |arg A\ | < mw . To illustrate '

this, let §=b =%, so

7 (0) = g - x‘}e"/"’xo(x/a)/ﬁ ,  (4.88)

e R
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(1) = ?- ¥(3/2,1;0) =\ -g-i{x*v(lle.lsx)] (a.89)
- A '.L[xieh/a “/2)] - Ai/f e>\/2 [_x (A/2)+ (1/2)(1+1,/)‘)] (4.90)
17 A % 2 {7 1 % N

For )\ = 4 , standard tables give

yl(o) = 0.94960 8042 +-« , yl(l) = 0.04171 2616 ... . (¢.91)

Teking m = 10 in (2.2) to (2.6) ylelds
[o(10) = 0.94961 1302 ... , [y(L0) = 0.04171 2759 ... , (¢.92)

with approximate absolute errors of 3.3 x 106 and 1.4 x 1077 » respec-
tively. It is interesting that the difference equation (4.82) serves to
compute K, , vhile the usual recursion relation does not.

If arg A = n , then ve can define
oi(m) = =°e21’“.}”"i[1 + O(n'i’)] ’ (¢.98)
o3im) = f«""“*'”ﬁ[x rowd)], (4.54)

and Theorems 4.1 and 2.4 apply, vith p-k=2,u2-4lx|§, b =0, and

n [ o /@ity (4.55) _»
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R Thus both the functions (4.81) and (4.85) can be computed in this case, : ‘
provided that suitable ncrmalization relationsbips (or initial values) are
- known, since it is clear the series {4.85) will, in general, no longer suffice. |
IS¢ {
L [
An even more efficient algorithm for the calculation of the Y function f
can be based on the third order difference equation satisfied by the functicns -
* z(n) = {-)nfam-a-l L({nta-1) 3 <A 1-n,nta> (4.96)
P(e)r(8)r(n+v) et '
—2 (2n+a-1)r (n+a- l)xn a L{As'av(me,&ﬂ-b;x) ’ (4.97) !
(see Wimp (1966, 1967) and Luke and Wimp (1963)). This is because (4.96) '
(. . :
1 -
i _ behaves as
»_; : ‘
p 1/3 2/5
: -3 -
z(n) = ¢ nde ™A [1 + O(n 1/3)] , Do, (4.98)
B
: ‘ for some c¢ , 4 (independent of n ), |arg A\| < 3m/2 . (A canonical set for
v ' the equation is readily obtained by replacing n above by nezhﬂi )
f h = 1,? . ) '
A i
3 In fact, the hypergeometric functiions discussed in the above three ref-
“‘ - erences, which are of the form
i ' 1-n,n+Y+1, by
;' E %Ve P"l( QP)B‘.I / ) n= 0,1,2,... F} (‘099)
i 7
1
g
b i




can all be computed by Miller's algorithm, using the recursion rclations and

normalization series given by Wimp (1966), provided |arg A| < m for
P>QH , and |arg(lA"Y) < for P = Q+L, in which case (4.99) is
related to (4.49). For P > Q+l , the difference equation for (4.99) has Q
algebraic-logarithmic solutions with the same values of 8, as given by

(¢.72), plus an additional P+1-Q anormal F.S.f.

yh(n) ~ chn(lh exp { -(P+1-Q,)(n2Ae

2 1/(P+l-
bt /( Q)} , b= 0,1,..0,P<Q ,(4.100)

while 1f P<Q , ther p =w =1 in all the F.S.5. of the difference equa-

tion. Thus the recursion relation for (4.99) has canonical sets whose com-

i . ponents exhibit widely varying behaviour, depending on the relation between

P and €@ , and the equation may be expected to furnish a number of eddi-

tional interesting applications of the theory developred in this work.
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APPENDIX

Here we set forth the notation used in the body

of the thesis, and list

some frequently invoked results from the theory of linear difference equa~

t_ions .

For determinants and matrices, we use the notation

@, %t A

U] Q@ v OGoy

T L] * *
laJ)hll = . ’ .

Ory QG - Ao

i e e
@1 %2 a7
. ¥y Yp* " Opy
[aj)h]]. = . . .

“3 h always denoting the element in the ,jt'h row and
?
terminant or matrix.

Let @, , ¥, be (complex-valued) functions of

vn s c(*n) ’ n—rw ’

] (Awl)
-

s (A.2)
ht‘h column of the de-

n=01.2,... . We write

(A.3)

it 4, #0 for n>n, and if a positive A exists for wh.ch
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'¢n/*n'< A,n>n, |, (A.4)
and
P = °(¢n) )y e, (A.0)
if, given ¢ > 0, there exists an N(¢) 2 n, such that
'vn/wni< ¢ forall n>N . (A.6)
E
Iet p be an integer 2 1 . '
-1, 2
¢n ~ *n[co"'cln /p+02n /p+ "'] ] co f 0 » n——>® 3 (Al?)
:
means that
L +
Pl - Z ckn'k/p l = 0@'(r l)/p) , i—>e (A.8) ;
(=0 j
for each + = 0,1,2,... . B
Occasionally 05V will ve functions of a complex variable A belong- ,lﬁ
"
ing to some sector S in the complex plane. Then o

o(1) = oGO ) A==, ass (A.9)

ete., are interpreted similarly. See Erdélyi (1956) or de Bruijn (1961) for
detalils.
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Suppose we have a set of (complex-valued) functions {yh(n)} ’

l1<hs<g, defined for n = 0,1,2,... . The functions are called linearly

dependent if and only if a relation
clyl(n) + caya(n) + eee ¥ coyc(n) =0, n=0,1..., (A.20)

holds for some constants (independent of n ) c‘1 which are not all zero.

Otherwise, the functions are linearly independent.

Good sources for the following material are Gautschi (ca 1962), Milne-

Thomson (1960) and Norlund (1954).

A-I. The functions { cph(n)} » L sh s ¢ are linearly dependent if and only

if
o
D(n) = l:ph(n*-j-l)ll =90, n=0,1... . (A.11)
A-II. The functions in any subset of linearly independent functions are
linearly independent.

A-III. For any integer k 2 0, the difference equation of order o(z 1)

[*]
ZQ c\)(n)y(n"’v) =0, n=01,2,..., Co = l, Co.(n) f 0, (A12)
V=

possesses a unique solution satisfying the conditions
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y(k"‘\)) d av r} v = 0)1,2’0-0,0"1 . (AQB)

A-1Iv. Equation (A.12) possesses a linearly independent set of solutions
{ yh(n)} , 1L<h <0, called a fundamental set, and any solution of {A.12),

such as (A.13), can be expressed as a linear combination of these functions.

% A-V. lLet
. Nl
D(a) = |yy(ata-1)] (A1)
Then

D(atl) = (-)°D(n)/Cy(n) , n = 0,1,2,... . (a.15)

A-Vi. The equation
g
Z_ Ca_v(n'l'v)y*(nw) =0, n=0,12,0es , (A.18)
v=0 :

1s called the equation adjoint to (A.12), and the functions T,(n)/D(n) ,

! 1 <£h s o are linearly independent and satisfy (A.16) where

yp(ntl), ey 1 (n¥1), 741 (0%), <+, y4(n¥l)

T, (n) = (-2 NN

vy (nvo-1), 00 yp o (nta-1),yy, (n¥e-1), - -,y (n%e-1)
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1,r-o;

i T, (n)yy(n+r)/D(n) = 90, L sr so-1, (A.18) é

b=

"’l/co(n) ’ r=20 . E

A-VII. lLet the functions {yy(n)}, L sh <o, be such that

Un  y,(n)/y4y(n) =0, Lshso-l . (A.19) |
n—® |
|
!
Then the functions are linearly independent. {
L]
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