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SOME CASES OF THE ELASTIC EQUILIBRIUM OF AN
ANISOTROPIC PLATE WITH A NONCIRCULAR OPENING
(PLANE PROBLEM)

S. G. Lekhnitskily

(Saratov)

Summary

In our report [1] there is given an approxi-
mate method for solving a plane problem of the
theory of elasticity for an anisotropic plane weak-
ened by an opening differing little from a circular
opening and was the distribution of stresses close
to an opening, having four axes of symmetry in case
of elongation and bending moments was investigated.
A comparison of sequential approximations for a
plate made of veneer shows that the second approx-
imation already assures sufficlent accuracy, even
in a case when the opening 1s close in form to a
square with rounded corners, i.e., it differs in
fact quite considerably from a circular one. The
method can be spread over a guite wide class of
openings which are considered as differing little

from an elliptical openling and especially from a
circular opening. —

Ingthisﬁquort there are givenygpproximate
solutiéﬁsAof'a’plane problem for an anisotropilc
plate with an opening close to an equilateral
triangle with rounded corners and to a rectangle
with twisted short sides, whereby expansion or
bending by moments is discussed a general case of
the distribution of external forces as well as
speclal cases. Some general formulas which are
used in finding approximate solutions for a plate
with an opening are given preliminarily.  \

.

~
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1. An approzimate method of solving a plane problem for a plate
with an opening differing little from an elliptical opening. Let us
examine an elazstic equilibrium of an infinite anisotropic plate with
opening along whose edges are distributed forces which act in the

middle plane (Fig. 1). Let the contour of the opening be given by
equation

z = g (co8 9 4 scos N9)
y = a(csind — esin N9) (1.1)

where 0 < ¢ <1, N is an integer different from one, and ¢ is low in
absolute value as compared with one. Such an opening dif'fers 1little
from an elliptical opening with semliaxes a and ac, and ac¢c = 1 - it

differs 1little from a circular one. If c = 1, the opening will have
N + 1 axls of symmetry; at a corresponding selection of ¢ it will be
close to an equilateral triangle, at N = 3 it 1s close to a square,

at N = 5 1t 1s close to a hexagon, and so on. At ¢ < 1 and N = 3 it
i1s possible to select € so that at a glven length to width ratio the

two sides of the opening wlll be practically rectilinear, and the two
other sides will differ little from a semicircle.

Fig. 1.

We wlll use ordinary designations for stress components and
values connected with the elastic constants of the material (as in
report [1]). Let us designate the projections of the external forces
per unit of area by Xn, Yn, and the arc of the contour opening by s.
At first we will not assume the existence of any elements of elastlc
symmetry except ihe planes of an elastic symmetry parallel to the

center xoy, and we will also further discuss the case of an
orthotroplc plate.

As it 1s known, the probl:m 1s reduced to determination in the
area of a plate of two functions ol(zl) and ¢2(z2) of complex variables

FTD-HT-23-366-69 2
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where

= P . A+ R 1 4 iy
smriy, $=z—iy, I.,-‘_‘.“:, =y (1.2)

and ¥y and My — complex parameters depending on elastic constants aij’
These functions satisfy definite regularity conditions in the area of
the plate, and on the contour of the opening at given external forces
they satisfy the boundary conditions:

2Re (D, + Dy) =/, + ¢, 2Re (D)4 py®y) =/, +¢5. (1.3)

Here

hm (Y, fym | Xeds

] ] (1.3a)
Re 1s the designation of the substantial part of the complex
expression, ¢,y and ¢, are constants which can be considered as
arbitrary; integrals are taken along the arc of the contour of the
opening from the initial point to the variable point (the opening is
bypassed 1n a counterclockwise direction). Stress components are
expressed through derivative functions of complex varliables from the
formulas

ox = 2Re [l‘l'“ + .'*n) (Dn' (z) + l‘!’ (1 = )‘i) O (z’)]
ay=2Re[(1 + 4) O, (z,) + (1 + &s) By (z9)] (1.4)
ey = —2Re [p,(1+ 2,) D, (z,) + ps (1 + 25) Dy'(z9)] »

For stress o, close to an opening affecting the areas normal tc

$
its contour we have the formula

0= g5 Rel(1 + 1) (dy —pdaf' @, (1) + (1 + h)dy —pdef &' @)l- () o)

The essence of the approximation method consists in the following

(1].

Let us reflect the area of the plate, an infinite plane with a
grocve (1.1) on the exterior of asingular circle |z| = 1. The
reflecting function has the form of:

B 14-¢ 1—c¢i
2=a (S ) (1.6)

FTD-HT-23-366-69 3
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The reflection will be mufually synonymous and conformal, if all
roots of the derivative function on the right side of (1.6) will be
smaller in absolute value than one. This imposes certain limitatioris
on constants ¢ and e, which will be considered as satisfied. Expec-
ially, at ¢ = 1 it should be

Nis|<1>

Let us introduce new complex variables g and 8yt

- =, 1--c1
;,.g.‘_iz'_"c+-’T°%+)..(’-'{—°C+-—z-f-f) (@7

(k = 1, 2; ¢ is a value conjugate to z).

Functions * and ¢, can be represented in the following form:

°|=010+‘°u+”'+'.0n+“'°
Oy=Dgo+ Dy, + -+ - - 8" P -2+ ¢ (1.8)

°1k do not depend upon ¢ and are expressed by functions
flk(;l) of variable ¢, in this manner:
Dy = T ()
4
0, = Ia @) + (&'ﬁ + '-%f'v) 5o )

Ou = fn @) + (35 + h) funa@ 4+ (g + 231 @0

(1.9)
N

In a completely similar manner ¢, are expressed by functions
£ (25)

For simplicity let us consider that the main vector of forces
acting on the edges of the opening are equal to zero. Assuming that
Xn’
the stages of this parameter. The integrals which make up the right
sides of boundary conditions (1.3) take the form:

Yn depend upon €, let us break them down into series according to

fibam D[t D (mem+amem)]

. R M=l

fita=2¢ ot Gmmt Fama=m)] (1.10)
oy

M}
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Here @y o and B, are arbitrary constants (substantial), @pm and
Bkm are given constants which depend on the law of the distribution
of forces Ekm and Ekm are conjugate values, and o = e$1. Boundary
conditions (1.3) break down into series of pairs of conditions for
functions olk’ °2k’ and are accordingly conjugate to a number of
degrees ¢ preserved in decompositions (1.8):

Oy + O + Oia + Pan = ane + 2 (axmo™ +:hn°—").-_ ‘

1O + 1O+ ]y ®ia + padss = o + El (3m°" + I‘M‘") (1.11)
(k= 0,,2..)0 ‘~

These conditions will be recorded in greater detail, thus (the
arguments of function flk and f2k are not written out):

hot+ fso+Fro+ Fao = ag + 2 (“om""'l';m""m)
(1.12.0)

Po/10 + Bafse + P:/no + Bafso = Boo + 2 (Bem"" + 5m°"')

q '\-l

I+ I+ (—N + A0 )l;,n-; +( - AgaN )'/,.,,'__l +ee
corb “\ N+A,cN) i+ ( + AoV /“(l)+

+ conjug. values =amp+ ) (Gamo™ + Gama™) |

M)
il + o+ (G + 10 e+ (e 2 s -
s '+ = ( % + A °N) /1°(.)+F|'(¢_N + )‘a"N) /ao‘"‘l‘

+ conjug. values = Bao + z ($Am°m+?um°"")
k=1, 23 ) (1.12.k)

When ¢ passes along the contour of a unit circle, variable z
passes along the contour of the groove (1.1), and the variable
= i+e¢ {—ct
V=it : (1.13)
along the contour of an ellipse with seml-axes 1 and n. Consequently,

s ! Il a r! Al
functions flk and f2k of variables 3 ' + Alc and Ly ;' + Azc

should be determined in an area which is an infinite plane with a
groove in the form of the indicated ellipse. 1In that way, our problem

——— .
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1s reduced to a series of probiems concerning the distribution of
stresses in an infinite anisotropic plate with an elliptical opening,
whose solutions are well known. Functions flk and f2k have the form
of¥:

Jin = Apy + Z Axm | — 14+ Mhtel—n) ]"‘

s 1.14)
-B By [——itlatcll—2) _Im (
Jan x + ”§l 3 [(: + V&= S (I—ap]°

At the points corresponding to points of the opening's contour
(1.1) we have

fw= Ao+ 2 Apma=" , Jan=Ro + Z‘l Bn3=™ o (l . 15)
M=y me=y

Constants AkO and Bko under given external forces do not affect
the distribution of stresses and can be fixed arbitrarily, and Akm
and Bkm are determined from boundary conditions (1.12.0)—(1.12.k).
From conditions (1.12.0) we find
3

Bom — Uaom B°m=_m (1.16)

Agn =
om h—pe 1 — iz

and determine functions flO’ f20. From the following conditions
corresponding to k = 1 by order we determine Alm and Blm and functions
fll’ f21; these functions, together with flO and f20, will give a
solution of the problem in first approximation. From conditions
corresponding to k = 2 we find A2m’ B2m and fynctions fl2’ f22, which,
together with those prevously found, will determine a solution to our
problem in the second approximation.

Thus any approximation can formally be plotted, preserving this
cr that number of terms in the breakdowns (1.8).

We will state that the problems of the convergence of the process
of sequential approximations will not be touched here.

¥See [2], foreign page 90. In our book other designations were
adopted.
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The problem becomes somewhat complicated if the main vector of
external forces does not equal zero. Then the integrals for (1.10),
in addition to series, will contain the components o lIn ¢ and Bk in o,
and functions flk and f2k are logarithmic terms.

2. Some general formulae. As was shown, coefficients Akm and
Bkm of functions flk and f2k will be determined from boundary
conditions (1.11) or (1.12.0)-(1.12.k). Under these conditions, in
addition to boundary values of the functions themselves, these
derivatives are figured

3 (e + oV G+ ) e (2.1)

In the general case these expressions are represented in the form
of sums of an infinitely large number of terms with negatlive degrees
of ¢ and, in addition, they contain terms with positive degrees of ¢
where number, of course, also depends on n and N.

Let us indicate the general formulas for the derivatives of (2.1)
at arbitrary values of n and N and ¢ < 1, and also for certain

particular values of these parameters. Let us introduce the
designations:

2 f—c + 2{1 +0) - e
WETEERET T Terna—a ek (=18 (2.2)

Let us note that everywhere |op, < 1.

By knowing how the boundary value of function flk 1s expressed
[see (1.15)] we will easily find the boundary values of the first
derivative and the derivatives of higher orders of that functilon
using the formulas
df df df « L
FEEE ETT HEE LIt (R Sa ia -
dll-l) % '
/,.(»'=w,—:,"7-(i+—:i+%+---)-

The final results are reduced to the following

071 A . nsmaa o 0O Nk
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-.-ib + ! " mel Mam)
(hmC, 1,23, ...,8=1,23,..,N=2, 3,

(2.4)

The coefficlents at positive and negative degrees of ¢ depend on
Akm' the ccefficients of function rlk' Let us indicate the general
formula by which it s possible to determlne Aﬁm, 1f the necessary
stipulation i1s made:

Aim = ?:: Avmi Naenis—tigmi (M) 8,0 (2.5)

Here g:i is an integral polynomlal with respect to Al and ay
plotted in the following manner:

g (&) = 00 (m - N —n 42— 20 x
X[(m4+Nn—n—i4+2)(m+Nn—n—i+3)...
wo{m4+Nn—i)i(i +1)...C+n—2) (\a,") +
+nm4+Nn—n—i+2—=N)(m+Nn—n—i+4+3—N)...
wi{m4+ No—i—N)(i—N)(i+4—=N)..(i+n—2— N) \o,N)1 4
+@E@)m+Nn—n—i+2—2N)y(m+ Nn—n—i+3—2N)...
wo (Mo N1 — i — 2N) (i — 2N) (i+1 — 2N)...(i4 n— 2 —2N) (A&, M) ... (2.6)
vt @) m—n—i4+42N)jm—n—i+3+2N)..
wi(m—i42N)(i—Nn+2N)(i— Nn+ 2N + 1) ...
w.(i—Nn+n<+ 2N - 2) A\, V) 4
+nm—n—i+24N)y(m—n—i+3+N)..
we{m—i4+ N)Y(i—Nn+ N)(i—Nn+ N +1)...
we(i—Nn4n+N=2)0a/N 4+ ,
+m—n—i+2)(m—n—i+3)..(m—i)(@i— Nn)(i—Nn+1)..
w(i—=Nn+4 n—2)] S

where (2), (g), etc., are binomial factors.

Formulas (2.5)-(2.6) may be used in the following manner. O©On
making a summation in (2.5) we have to reject all terms containing Akm
with a negative second subscript (since flk breaks down only in negative
degrees of o, and consequently, all Ak,—m = 0). Determining ggi
formula (2.€) we must discard all the terms with negative degrees of

aq 1 such apoear at the given values of n and N. From that
n

stipulation from formulas (2.5)-(2.6) is possible to fird Akm for any

g
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(integral) values k, n, m,'including negative values of m, also.

If ¢ =1, then w, =1, a =8, = 2 (k = 1, 2).

Let us introduce the expressions of the first three products (2.1)

for two openings which are characterized by the pearameters:

1)

c=1, N=2, and 2) ¢ < 1, N = 3. Henceforth, for brevity we shall
call the opening of the first type "triangular" and the opening of

the second type "oval."

1. The triangular opening
) (% + 1‘0') /;h' - o Algl; + 2 AM!C—“
: L .
%T(_:‘ + )‘lc‘)’ 1" = Angd % + 34a,* + 2 Aynle—™
. M

—fﬂ (_:‘ + )‘lc‘), / W' -— A, %0t — 4Auh %0 -
— (64nM,0 + 10 Apd?) + ) Apmls—™.
M)

Here
M= — D Apmisss (m+3—20)2 08 + 1)
Pa] .
‘ﬂ"‘ = '%'g, Avmient (M 44— 200" (m + 4 — i) in,* +
+2m+2—0)(i—2) A} + (m— i) (i — &)
A== 2 Anmpiss (m+ 5 — 20077 [(m 4 5 — i) X

X(m+6—di(i+ 1A +3m+3—i)(m+4d—=)(i—2)(i—1\s+
+3m A =) m+2— D=4 — 3K +
F(m—1—i)(m—i) (i —8) (i —5)]

2. The oval opening

(_:‘ + 1&"') Iw - Anbio — 248, + 2‘ Awm'a—m

Mam}

L 420 "= Bt + B + s, + B Ble +

+ (BArt, + 1040) By + 3} Armlo—™
. M)

(2.7)

(2.8)

(2.9)




(e W) 7 At — ot — (B, +1040) B |
' = (20 Aagty 4 20A0) Bi%0% — (204n,1,5+4 45 Argt, + {

+ 354x5) 8120 — (604ngw? + 84Ape, + 56440)3, + 2 Armis™ .

Here
Armi= — oy 2, At (M + 4= 20) 03122 + 1)
h- T 2 A. -2l (m + 6 2‘) [(m + 6 - i)i()‘l‘l')’ + * 1
+2(m+3-—¢)(¢—3)).,¢,’ + (m— i) (i —6)}

A = —%E Anmiast (m+8—20) ;™ [(m 4+ 8— i) (m +

(2.10)

+9—=d)i(i + 1)+
+3(m+5—d)(m+6—i)(E—3)(i—2)() +
+3(m+ 2= i) (o 3— )i 6) ([ — 5 a? +
(m =1 — i) (m— ) i — 9) (i — B |

The expressions contalning values of the derivatives of function |
f2k are determined from simllar formulas derived from (2.3)-(2.10) by
substituting A, @y Bl’ Al, and wy with the values B, Py 82, 12,
and w2'
In order to compute the stress of 94 at the edge of the opening
1t 1s necessary to find the boundary values of products ¢i and ¢é.
If the exact values of functions 01 and ¢2 are known, the boundary
values of thelr products wlll be obtalned by the formula

' = @ ay a(1-H,)’Zs'_(sino+chin1vs)+u,(ccoss-¢NcosN&)(k=1'2)' (2.11)

In the cases discussed below we determine only the approximate
1 and ¢,. Substituting same in (2.11) we will
obtaln approximate values of products ¢i and ¢é on the contour of the

values of functions ¢

opening.

We willl also introduce the designatlons:

25 = 0+ iy, = ¢q 1 i}y (2.12)
A=ccos®—sNcos N9, B=sm3+chinN0 (2.13)
C¥= A% + B%,

10




Let us write the formula for stresses gg at the edge of the
| opening as: ‘

oo = o Ro[(p + it) UIUT 4 (g, +igy) Ut ill] (2.14)

Tracing the action of partial loads, we consider an orthotropic

——

¥ = Bi’ uy, = 61, and consequently, Al and 12 are substantial rumbers
smaller than cne 1n absolute value:

h=iTE h=1}- (2.15)

Henceforth, such a plate is simply called "orthotropic." The
final formula for 04 in such a plate after the separation of a
substantial part in (2.14) takes the form:

0 = o (BB 1A (2B — 1) + B (332 5 2% — 1) + BY) +
+ 7B IAY (28 — 1) P 4B (BN + 28 — 1) + B 4
b AR (A 4 B (— PR £ 200 +1) + B2 — B + (2.16)
+ A A + AT (— P9+ 20+ 1) + B — W)

Here and henceforth

L = (A% 4 py) (4% + BY), (2.17)

From formulas found for an orthotroplc plate with purely
imaginary values of ¥y and Hyy We can easlly obtain formulas for two
other cases by means of the limiting process. when ¥y and M, are
purely imaglnary and equal and when they are complex.

Here let us Introduce expressions for certaln constant and varil-
able values depending upon B and 6, which will be a part of the
formulas for stresses 1n particular cases:

o 8(1—pY
E=a e+

h"(i-y—ﬁ‘g('ﬁ'-"ﬁ‘“ +42(ﬂ+5)@5“1)+§"“435 + * 4 3%

4 P [ 20—B--3—pY ' (2.18)
T+BT+3 ° d+pa+3
F —By = 3—
oy = 'Lg'__—‘g" ! by, = B——‘é __g' , h = B|B - g'p
8y == a,,* + 33b,,* + z_ﬂln'ﬂp:__+ﬂs'3_’ by = (3+9) b;,* + 2__¢.B|'p:¢;pt'

11

plate in which the complex parameters are purely imaginary and unequal:




g e W
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an = b+ by + 2140 b (2.19)

Gy = |':: "’ bu-'%'_.‘gi' cu-pn‘;:
Déem — AR 4 ASBY (1 — 2R — 1Y) - B (2 - R — 30— ) (2.20)

E¢ = — Bt 4 AVBY (W — 28 — 1) + AL 2P — B — P —B).

For an 1sotroplic plate

pmlmi, gm/im0, kmj [=m—1, au"bu"‘u“""r."..c '
’ 2.21 '
a,.r;b'i-c“ﬂ(T-.’-.—c)i, a”-b”=c!’=0‘ ( )

We 1llustrate the obtalned results by calculations for an
orthotropic plate in which the maln elastic constants (i.e., the
constants found for the main directions of elasticity) have the
following values: Young moduli, 1.2 x 105 kg/cm2 and 0.6 x 105 kg/cmz;
Poisson factors, 0.071 and 0.036, the shear modulus, 0.07 x 10°
kg/cmz. These values of elastlc constants were obtained for one of
the veneer types*. For brevity we also call a plate with such
elastlic constants simply a veneer plate. If the direction of the x
axis corresponds to the direction for which the Young modulus has its
maximum value (Ex = E axs Ey = Emin)’ we get: wuy = h.111, My = 0.3431,
i.e., 8 = 4,21, 6§ = 0.343. If the direction of the x axis corresponds
to the direction for which the Young modulus 1is lowest (Ex = Emin’

Ey = Epg,) then uy + 0.2431, uy = 2,914, 6 = 0.243, and § = 2.91.

‘3. Determining stresses in a plate with a triangular opening.
Let us introduce a solution to a plane problem for an infinite plate
with an opening whose contour equation has the form:

r=a(cosdecos2d,) y=a(sin9 —esin2d) (3.1)

and consequently, ¢ = 1, and N = 2. At € = 0.25 the opening differs
little from an equilateral triangle with rounded corners, whereby the
curvature at points in the centers of the sides equals zero. Let us
assume that the forces Xn and Yn are distributed along the edges of
the opening so that their main vector is equal to zero (otherwise, the
distribution can be completely arbitrary).

#See [3], forelign page 133.

12
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In wishing to solve the problem in their approximation, we should
preserve in the third degrees of ¢, which we rejected above the
expressions for ¢, and ¢, (1.8). We have

O, == Oy + 5@, + 8'D;y + $* Dy, Dy = Dy + Dy, + 83Dy 4 62Dy . (3.2)

In formulas (1.9) and (1.14) we should assume that ¢ = 1 and
N = 2, The expressions for functions flk and fzk are simplified and
take the form:

2 2_ Y ;b 4B (—2 )
/“-A“+”2_,‘Am(m-ﬁ). In B~+,2_',B-(:.+src*=1:) (3.3)
where
G=C341f w=l+AT. (3.4)

The conditions of (1.11) should be satisfied at the shape of the
opening.

On the basis of formulas (1.9) and (2.7) we obtain the boundary
values of functions ¢ and ¢, :

1k 2k
Oy g+ 3 Aumo~™, O =By + 3 Bems~™ (3.5)
. ] . @« e
Ou= A, + 3 (Am+ Aumd) o=, Oy =B, + 3 (Bim + Boml)a—™ (3.6)
Mam) Ml

Oy = 4y + A\ + D) (Awm + Ay + Agm?) 0™

M=)

- e (37
@4y = By + Byy's + 3 (Bym + Bim® + Bomd)a—™
M
O,y = Ay + (4,0, — 44g),%) 0 — 4\ %% +
+ Z (Asm + Asm® + Aim® + Aon) o™
M=)
Oy = B, + (Biuhy* — 4Byyhs?) 3 — pox)-:"’:' + (3.8)

+ D) (Bsn + Bym® + Bim* + Bom®) o™

Mmu=}

For constant components having no effect on the distribution of
stresses, the abbreviated designations AO, BO’ A5 B3 were adopted.

13
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From the boundary conditiohs of (1.11) we obtain systems of
equations which are satisfied by the factors Akm and Bkm' Let us
introduce equations for k = 0, 1 and 2:

Awn+ Bom = Tom . e
hAn+FtBn=Fm ! )
(Aim + Aew') + (Bim + Bow') = 1 ' (3.10
A 141 (Alfn'i't’ou') + 3 (Bym + Byml) =Flm ) -k )
(A + 41* + Au_’)+(Bn+3n'+8u’)=¢-;1—In)~_1’—§o;is’ (3.11.1)
P (An + Anl + Au’) + Ps (Bn + Bu‘ + Bu’ =§n o Zo;;‘nfn’ —?On;ail’
(4em + A’ + Aon®) + (Bym + Bin* + Bon®) = tym (3.11.m)
11 (Adsm+ 4! + Aoe?) + 13 (Bem + Bim* + Bom®) = om (m>2),
Solving them, we find
E.m-“'!;m _Eh_pl;bll - )
Ao ==+ Bom= 1 — ) (3.12)
A _Fun—“";lm __Elm_l‘l;lm
| A"'f"'"‘,‘,""‘___m—m  Bim+ Bem= — =y (3.13)
. B e a..3.8 oy B8 —
Ay + A+ AO:’=E":,1_“::’—' + Auh (12 l::i Iu’:ﬂo (S D
; R ¥ LY T T A
L — s
-m_“l;gm
4 A + Aomt=——""
ot A ?.“l::‘ (m>2)~ (3.14.m)
Bem Bunt + Bt = — 22 —10m
Finally, the boundary values of functions ¢10, ¢11, and
¢12 will be recorded in the following manner:
. = i B -m
<Dno=40+m2:,lmT_‘_“:;a"" (3.15)
oo Em—y,_‘:m o o
Dy =4+ Z'T_,‘,'—° (3.16)

Mwj
2 P i i (=) B s
@ = 4y + E _T-H—,a_m + Ao s + Ak (14 l;ll):iﬁmh'(l‘: l‘i)%_ . (3. 17)

mmel

Since the constant components are arbitrary in the right sides
of boundary conditions (1.11), the constant components AO’ Al’ and
A2 (as well as BO’ Bl’ Bz) remain arbitrary. For coefflcients of
functions ¢13 and ¢23 we get several more complex equations. Without

14




copying them let us show fhe expressions for the boundary value of
function 013:

Oy = 4, + 2 P """" 3= 4 (A0, — hdggh?) 8 — Agih 33t +

Mo
[(A..x-—u.,x =>“"“‘ + (B — Byl (3.18)
Aoﬁn'(l’m — 1) + Darha® (s — lh) 1
o Rl

We shall not dorive the boundary values of functions ¢20, ¢21,

¢,5, and ¢23; they are derived from (3.15)-(3.18) by replacing values
A, B, Ays Aps My and Mo by the values B, A, Aos Ays Mo and uy
respectively.

Without derivation let us also introduce the boundary value of

function °1h’ which we need if we want to sclve the problem in fourth
approximation:

‘ - d 2 Bam— t1%m 6™ o (Ag h3—hAgh 3 + 1045,2,5+1544),%) 3 4
ma

B1—Hs
+ (54uh* — Apiy) o + Agtytot + -
[ (Rt — 402 + 104578 + 154 ) 2L +
(3.19)

— - — = — a1 1
+ (Buky? — 4B, + 10By35* + 15Bosla) 22 ';;] 2+
= el Ty = M E
+ [GAuh — AT =Y 4GBkt — B,m b5+
+ Ao (g — Bn) + Bt (g — i) 1
B1— s o'

Let us determine the factors A,,, Ay,, and A,, from (3.13) and

(3.14) with the consideration of the first and second formulas (2.8).
We will cbtain

A“ Bll"_ “ﬁull + 2Ao|h‘

Eu—wﬁu (3'20)
STE™ +A°“+3A°’)‘ :
5!1 l‘lﬂn Ak (1 — 1) + Bonha® (g — 1g)
An = wm— + B — s + (3.21)
+ 2A“ll — 444“)\‘ - 10&‘)“ L] .

Coefficients Bll’ 512’ and 821 are determined from analogous
formulas which are derived from (3.20) and (3.21) by &« simple
rearrangement.

15
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In order to calculate the stress o, at the edge of the opening
it is necessary to find derivatives of boundary values °1k and °2k
according to and their real and imaginary parts 'lk? L wlk’ VYoo
and then use formula (2.14), or in case of an orthotropic plate,
formula (2.16). In these formulas it 1is necessary to assume:

A-éos&—zccos%. B e=sind 4 288in20, CP == { - 433 — 4ecos 39 - (3.22)

4. The elongation of an orthotropie plate with a triangular
opening. Let us examine a rectangular orthotropic plate weakened in
the center by a triangular opening and loaded by normal forces of
intensity p and p' uniformly distributed over the sides.

We will solve the problem under the following assumptions: 1)
the dimensions of the opening are =small in comparison to the
dimensions of the plate; 2) the main direction of elasticity (i.e.,
directions normal to the planes of elastic symmetry) are parallel to
the sides of the plate, and the opening is cut out so that the
direction of one of its three symmetrical axes coincides with the
main axis. We take the center of the opening as the origin of

~coordinates and direct the x axls along the axls of symmetry parallel

to the side of the plate. The equation of opening's contour has the
form of (3.1).

g
. We shall get the approximate solution of the problem, using a

known method. Let c;, o;, and T; be the stress components 1in a

plate without an opening. On line (3.1) there act forces with the
projections:

Xn® = 0:°cos(n, )+ 15 °co8 (R, y), Yo =1.cos(n, 2) +'0,” cos(n, ¥) (4.1)

n is the normal to curve (3.1),
d:
cos (n, :c)=—-:%. COS(".II)’=£' (4.2)

Let us superimpose a distributlon of stresses in the infinite
plate with the openlng toward whose edge the forcer

xn=‘—Xn°. Y“=—-Y“° (4.3)

are applied on the stress distribution in the solid ("basic") plate.
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This additional distribution will be found by means of functions
® 1k and P given in § 3. The stresses obtained as result of such
superimposition will accurately satisfy .ie conditions on the contour
of the opening, and they will tend to stresses in the solid plate in
proportion to the removal from the opening. Thus, we will also
formulate solutions for the case of bending by moments. Since all the
formulas necessary for calculating the stresses have been derived in
the preceding paragraphs, we, upon examining particular cases, will
only introduce the formulas for stresses of coefficlents ;km’ Ekm’
AOm’ and BOm in a plate without an opening and a final formula for
stress T4 at the edge of the opening (the third approximation) and
at individual points.

Let us stop at two basic cases.
Case 1. Elongation of the opening in the direction of axis of

symmetry (Fig. 2). If only forces p, distributed uriformly along two
sides, are active we have:

%’ =p, 3, =1y’ =0
X2 = pcos (n, z)f_p% (4.4)
a0 (4.5)
Xo=p%,  Ya=0. (4.6)

AY

bttt s
S
ERREL

3]

-
" -
-
-
-

ttivtt

Fig. 2.

For functions fl and f2 and coefficients a and 8 we have an
expression:

(=0, fom={Xedsm—py=Bio— 24 o[-0+ 3] (4.7)
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_i‘l-'_%' ﬂ!'.p';-' (4.8)
other values of Ekm and all values of ;km are equal to zero;

Ay =— ap.ts)’ Bu= (:?-8)'40m='3m=0 (m>2) (4.9)

B P ay e
3, = pr+ {AD%cos & 4 BC* (B + 3)8in§ —.
vret e (4.10)
— 2s[AD*cos8 28 4 BC* (3 + 3) 8in 28] +
+¢3C* (B + 8) (Bhsin 8 + Apdg cos ) — «*BC* (B + 8) (lh —

— kgp3) sin 28 — $2AC* (B + 3) B8 [kh + gl + gk (B + 3)) c0s 20} -

Values A, B, and C2 will be found by formulas (3.12), and values

of D’4 will be found by (2.20).

At points A($ = 0) and C($ = n) we will obtain*

o= Bt g (4 9 — S (4 3 lhh + gl + gk B+ ) (4.11)
sp= Gl o B8+ g B+ ) kA + gl + gk (B + D)) (4.12)

Results of calculations for various orthotropic materials show
that in these places where the curvature of the contour changes sharply
(in regions of rounded corners near points B and Bl) the stress also
changes sharply. It reaches maximum values close to points D and Dl’
where the tangent to the contour 1ls parallel to the acting forces
(or that in the given case the same 1s parallel to the x axis).

For these points § = iso, whereby 30 will be determined from the
equation

cos 9, — 2¢cos 28, = 0. (4.13)
In particular, for ¢ = 0,25 we obtain: $o9 = 111°30' at points
D and D1 the stress 1s determined by formula

3= p{l + B—Z—slsinao—hsin%, + s’hsin&,—-c'(lh—-kgBS)sinZ&.]} . (4.14)

*For stress o4 at given point M on the contour of the opening
the designation oy 1s adopted here and henceforth.
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For an 1sotropic platé
B=dm1, g=h=0, k=1, l=—1, D'=(C' L=(*

and we obtain

s.=§,~(i—2coa28+4ccoal}f4c')o (4.15)

It is interesting to mention that this formula, derived from
approximate formula (4.10) is identical with an exact formula#¥.

Case 2. Elongation in a direction perpendicular to the axis of
symmetry of the opening (Fig. 3):

3:.°=0, 0, mp', t,° =0 (4.16)
;u""":n"_z‘1 ‘_ (4.17)

2

other values of Ekm and all values of Ekm are equal to zero;

L S L
B S M T (4.18)

Am=Bym=0 (m>2).

Y
EEEERERRENS

bttt ittt t?
Fig. 3.

For the stress g We obtain the following expression

*See report by M. I. Nayman [4], foreign page 4l, formula (67),
where it is necessary to write R = a = 0, h = -p/A.
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% = '+ [ BE‘sin® 4 AC'( + ) Reosd +
+ 28 [BE¢sin 20 4 AC*(3 -+ ) B8 coe 29] +
+ $3BC* (3 + 3) Bigsin® — 3AC (B + 3) Bk + g (B + 8)1 cos & — (4.19)
—BC (3 +3) 3 [kh + gl + gk (B -+ 3))8in 20 +
+ $2AC (B 4 3) B3 [lh + (kh + gl) (B + §) + gk (p* -+ & + 33)] cos 28)

It is natural to expect that maximum stress will be detained at
point A:

w=r+ L s s g+ —

(4.20)
— kB + R+ g @+ AU+ k(B 43,
From (4.19) we will obtain a formula for an isotropic plate
which likewise, as in case I, coincides with the exact one#:

a.=c£,-(l+2cos29—4=(‘os€)—4,z)‘ (4.21)

Next we will introduce the calculation results for a veneer
nlate with an opening in which ¢ = 0.25. The stress on the contour of
the opening will be presented in the form:

in case I o, =pk (h.22)

in case II o, =p'k' o (4.23)

In Table 1 there are gliven values >f coefficlents k at points 4,
C, D.and values of coefficients k' at points A and C; calculated in
the first, second, and third, as well as in fourth approximation. Two
cases of the orientation of main directions and forces were examined:
1) elongation is made in the direction for which the Young modulus is
the greatest (1.2 x 155),and 2) elongation is made in the direction
for which the Young modulus has the lowvest value (0.6 x 105). Two
decimal signs are kept in all the numerical results. The preservation
of a large number of signs 1s hardly necessary: 1t. 1s necessary to
remember that the initial data calculated values of B and §, glven at

¥See (4], foreign page Ul, formula (67), where it is necessary
to assume R = 0, o« = /2, h = -p'/A.
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the end of § 2 are approximate; they are given with three significant
figures.

Table 1.
k ] ['Z
‘-p”i::g. Ex = Eqax Eym= Egin H By = Eggex Ey~Egiy
A [’} c A | b c | a c A c
1-¢ ~0.71]|10.61] —0.71| —1.41] 7.80 | —1.41}{ 14.38 | 2.49 | 10.45 2.05‘
2-0 —0.M] 10,94 —0.72| —1.36]| 7.93 | —1.40]| 13.95 | 2.34 ; 10.27 | 1.99
—0.77} 10.86] —0.70| —1.43| 7.90 | —1.37! 14.00 | 2.30 | 10.33 | 1.97
4-¢ —0.76} 10.8C) —0.70] —1.39| 7.88 | —1.36]| 14.08 | 2.29 | 10.33 } 1.97

For comparison let us introduce stress values at the points of
the opening; contour for an isotropic plate:

Case I

°‘=°c=—p. °D=5'32p' (18.2’4)

Case II
OA=7P', Oc=i.67p'o (ll.25)

From Table 1 it is evident thLat the fourth approximations within
the limits of the assumed accuracy differ very little from the third
approximation or do not differ at all. In order to evaluate the stress
concentration close to the opening in an orthotropic plate with an
accuracy sufficient for practice, it is possible to use only the third
cr even the second approximation. The stress concentration is greater
if the plate is elongated in direction of a large Young modulus.
During elongation in the direction of a smaller E, the stress changes
along the contour more uniformly, as a result of which the difference
between stresses in points A, C, and D is less than in the case of
elongation in a direction of a larger value of E. Comparing the
results derived for a veneer plate with results for an isotropic
plate, we can mention that in all instances the maximum stress in a
veneer plate is cons.derably greater than in a corresponding
isotropic plate. All these conclusions are also valid for a number
of other isotropic materials (wood pulp); the calculation results for
them will not be given.
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A solution to the problem of elongation of an orthotropic plate
with a triangular opening which we indicated by the method in third
approximation was first obtained by V. P. Krasyukov in his thesis®. An
entirely different approximation method of solving the problem of
elongating an orthotropic plate with a triangular opening and some
other problems has been proposed in the K. Stephens [5] report. 1In
this report there were given the results of calculating o4 at
individual points of the opening's contour in which € = 0.25 for
plates with elastic constants of oak and spruce (Canadian fir).

A comparison of these results with the calculation results for
the same materials based on our method shows that the numbers given
in the Stephens report are nothing but our second approximations.

Stephens does not examine the other openings, and her method is
in the form as it has been erxpounded in a report, evidently, only
applicable to a plate with triangular opening.

w~

Fig. 5.

#Krasyukov, V. P. Elongation of an orthotropic plate with
opening having three axes of symmetry and differing little from a
circular opening. Thesls. Saratov State Unlversity, 1952.
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§. Bending an orthotropic plate with a triangular opening by
momente acting in the center plane. Let a rectangular orthotropic
plate examined in the previous paragraph be deformed by forces
distributed along the sides which are brought by moments acting in the
center plane. Let us designate the values of the bending moments M
and M' and the moments of 1nertia of the transverse sections of the
plate, parallel to the sides by I and I'. Let us analyze two cases.

Case I . The forces applied to the sides of the plate, perpen-
dicular to the axis of symmetry (Fig. 4):

o=y o=y =0 (5.1)

F“-#' Fx:""‘-su-"ll';:' au"'”“ (5.2)

Other values of ka and all values of ;km are equal to zero.
- __Me Madi
Ay = AE—9° Bﬂ=81(p__-._3)
Ay = By =0, A....=-.B...=o (m>3) - (5.3)
0y = -—(mo— +5in28) 25 + gygr | —BC* (B + 8)cos 20 +AD‘ain 204
c[—BC‘(,e+8)(cos&—3coe38)+AD‘(sm8—3sin39)]+
-+ 26 [— BC* (B + 8) cos 49 + AD*sin 4D + (5.4)
+O’BC‘(3+3)[h+‘Is(keﬂl‘—lh)]fm&—"ﬂc‘(ﬂ+3)5585i03+
+ /36 AC* (B + 3) B8 [kh + gl + gk (B + )] sin ).

In points A and C gy = 0. The greatest stress, Just as in the
case of elongation, 1s obtalned close to point D, where the tangent
1s parallel to the x axis:

00 =2 (sin 9, — esin 28,) + +e BEE{_ 00520, + & (3 con 38 — cos B)—
' . -..ecom..+.'[h+-z-(kgps—zh)]coss,}. : (5.5)

From (5.4) we obtain a formula for an isotropic plate coinciding
with an exact one#:

o.=%(sin&—sin%+uin48—60’5in3)' (5.6)

%See [4], foreign page 44.
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Case II. Forces applied to the sides of the plate parallel to
axis of symmetry x (Fig. 5):

oy’ =0, 0.'-%'-3. tay w0 (5.7)
R T LT Y T C AP L (5.8)

(the remaining values of a, . and all values of B, are equal to
zero);

M'al8 ____Mdg
da=grg-n' Jm=~we—y |
Ap=DBy=0, Am=DBm=0 (m>3) (5.9)

3= 22008 + 208 20) 25 + 577w {BE*sin 26 + ACY (B -+ 88 c0s 20+
+ ¢ [BE* (sin 9 + 3sin 39) + AC* (B + &) B (cos & + 3cos 39)] +
+ 262 [BE*sin 49 -+ AC* (8 + 3) Bé cos 49] -

(5.10)
-+ Y3 #BC (B + 8) B3 (2 — kh — gl — gk (B -+ )] sin 9 +
+ 3y BAC B+ )P [A(l—2)+ (KR +gl—2) B+ 1Y) —
— gkpd 4 gk (B + 8)*) cosd} o
At point A
w=de g e B 05+2tey _—

+ 610,25 [ (I — 2) + (Kl + gl — 28) (B +8) — ghkBS + £k B+ 3)'} «

It is highly possible that this stress value will be greatest on
the contour of the opening. We get the stress in point C by the
same formula (5.11), substituting M' by -M' and ¢ by -e¢.

For an 1sotropic plate

a.='-#c';:[cosa+c0338+e(cos4~“—2)—6:’0033]' (5.12)

This formula also coincides with the exact one#.

Let us represent stress on the contour of the opening caused by
moments M' and M, in the following manner:

#See [U4], foreign page 42 (in formula for O 4 placed on the page
it is necessary to assume a = /2, AR = -M'/I").
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o=k, (5.13)
sp=TEk, (5.14)

In Table 2 there are given values of coefficients kl at point D
and ki in points A and C for a veneer plate; formerly, parameter e
was assumed to be equal to 0.25. For every point there are given
four approxime*ions. Cases are investigated when the greatest Young
modulus corresponds to the direction of the x-axis, even when the
least value of E corresponds to 1it.

Table 2.
"| kl’_

::z;’:::' Ex=Emax | Ex=Eqin Ey "__Enax .'u = ‘qll

D . D . A C A [+
1-e 6.77 5.11 10.16 | —0.75 |' 7.56 | —0.75
2e 6.73 5.09 10.71 | —0.94 | 7.95 | —0.88
3-e 6.7 5.08 10,70 | —0.94 | 7.94 | —0.88
4e 6.69 5.07 10.70 | —0.94 7.94 | —0.88

For an isotropic plate with the same opening we have:

Case 1
Ms
°D=3.63—I—-0 (5.15)
Case 2
w=BH0GE, o =m—08 . (5.16)

As can be seen from Table 2, for the evaluation of the stress
concentration is sufficient only for a second approximation. Just as
in the case of elongation, the concentration of stresses in an
anisotropic plate is obtained considerably greater than in an
isotropic plate.

6. Determining etresses in a plate with an oval opening. Let us
deduce an approximate solution to the problem about an elastic
equilibrium of a plate with an opening where the contour is given
by the equations

T=a(cosd +ecos3d), y=a(csin®—esin3d) (0<c<). (6.1)
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We assume, as before, that the main vecter of forces Xn and Yn’
distributed along the edge of the opening, equals zero. Let us limit
ourselves only to the second approximation, i.e., let us assumc

0‘ = 01. + C‘D“ + 3’01,' 0' 0'. + 30" + "03: e (6 . 2 )

Functions °lk and °2k are expressed through functions flk(;l)
and f2k(;2) by formulas (1.9), where it is necessary to assume N = 3.
At ¢ ¥ 1 the relationship between variables Z1s %o» and ¢, ¢ is given
by relationship (1.7). Functions £, and f, have the form of (1.14),
and on the contour of the opening values of the order of (1.15) are
assumed.

Let us write out the boundary values ¢1k and ¢2k (k =0, 1, 2),
which are obtained on the basis of formulas (1.9), (2.9), and (2.10).

@4 = A4+ D Aema—™, Dy = Bo.‘+ 2 Byma™—™ (6.3)

mm=]

Dy, = 4, — Aupis + 2 (Am-rA.,,‘)a-"' . )

m.:] R e,

Oy = B, — Byyfio + 3‘_,(8"" +Bom) o o4
Ois= dy + (e, + )b — Aubl o + |
| + 3Anys" + duile + mZ_ (Asm + Aim + Hom) 5=
Ous = By + ((Buts + 6By’ — Bufalo + L (6.5)

+ 3Bysto + Bnﬁ.’a'+ 2‘. (Bm+8:m+ .m) o,

Satisfying boundary conditions (1.1'), where k = 0, 1, 2, we
obtaln equations for the coefficients of functions convergent with
equations (3.9)~(3.11). Without writing them out, let us give only

finite expressions for boundary values ¢10, ¢ll’ and ¢12:
= A +2 po"' l‘:‘lg,, G=m '
o 0 M=l ‘L, (606)
- Bim —tadim _ Ao (s — ) + BoBalis—ina) 4
dumt+ Slnn g B BSR  (o)
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-+ 1880 + 6B B B, 1 =t } L+

+3 Ml'(“ﬁ‘—#l)+l’nﬂ:’(ﬂn—l‘a) 1 +4_‘_o|_31'(lh l‘l)+BOlpl"lhl-l;._)‘.
M=t 1= o

(6.8)

Coefficients A0m and B0m are determined by formulas (1.16). The
boundary values of functlons ¢,5, ®,;, and ¢,, will be derived from
(6.6)-(6.8) with tbe substitution of A, B, Hys Hos Bys Bys 0y, @
everywhere, values B, A. Hos Uy 32, Bl’ ays 0 respectively.
Coefficients All and Bll’ which must be known for the purpose of
calculating the second approximation, will be determined by formula

e

Ay = 3::_ l::ln Anby (ps— l‘:‘)‘ iﬁ:‘.L"" =) + (Ag; 2, 4- 3Ag3) By o (6.9)

and by a similar one. The constant components Ak and Bk can be
considered arbitrary.

Formula (2.7 ) will serve for calculating stress g4 at the edge

of the opening, or if the plate 1s orthotropic, (2.16) will serve where
it 1s necessary to write

A=ccos¥—3eco838, B=csin®+43:sin38, C'=42+ 8%, (6.10)

7. Elongation of an orthotropiz plate with oval opening. Based
on the general solution given in § 6, we can easily obtain approximate
formulas for stress calculation in a rectangular plate, weakened by
an opening of type (6.1), elongated by normal forces p and p',
unifornly distributed over the.sides.

Without considering the problem in its entire generality, let us
assume the following limitations: 1) the dimensions of the opening
are small in comparison with the dimensions of the plate, and its
center coincides with the center of the plate; 2) the plate is
orthotropic, whereas the main directions of elasticity in it are
parallel to the sides and the opening is cut out so that 1ts axes
of symmetry are parallel to the sides of the plate (and consequently,

27

B

e L T e




-y

to the main directions of elasficity also). Let us place the origin

of the coordinates in the center of the opening, and let us direct

the x axis along its greater axis. The solution of the problem is

obtained by the same method as for a plate with a triangular

opening. Therefore, we will give only the basic results, omitting all

conclusions and details.
It is possible to distinguish two basic cases.

Elongation in a direction of the greater axis of the

Case I.
opening (Fig. 6)
'-’:‘Pn °y°='~':y°=0 (7.1)
=82 Ba=gt (7.2)
the remaining valnes of Ekm and all values of ;km equal zero;
P ITES 4 i _ __pac e s
.'l.] z(p_a) B‘n-——z—(a:T). Am-——Bm 0 (m>2). (7. 3)
4
-
-
oz
.
Fig. 6.
the

The formula for the determining stress 04 at the edge of

opening in the second approximation emanating from (2.16) has the form¥*:

oy =p 'CR; +I—%{c[AD‘cos8+BC‘ B+ 3)sin 8} 4 -
+ 8 [24C% (} + ) pdb,, cos&—SAD.‘ 08 39 — BC* (B + 8) (2ca,,sin & + (7.4)
+ 35in 38)] 4~ 262 Clc (B + 3) [ — APS (b5, c0s & - 3byy c0839) +
+ B (as,8in & + 345, 8in 39)]} »

The distribution of stresses along the contour of the opening will

be symmetrical with respect to the x and y axes. The greatest stress

will be derived at points A, A, or B, B, (Fig. 6).

*¥See designations (6.10) and (2.19), (2.20).
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In points A, A,

oam =B gyle—s13+2 B+ eyl + 260 B+ Ve (bus + by, (7.5)

In points B, B1

op = p + ;=2 (B + 8 lc + 8 (3 — 2ay,) + 26% (a5, — Baya)) (7.6)

For an isotropic plate at the same points we obtain

a=— °"%§:+"u.%,r] (7.7)
=+ g e+ T+ o) (7.8)

In contrast to the plate with a triangular opening these formulas
do not coincide with exact ones, but are approximate [to the very same
extent as formulas (7.4)-(7.6)].

At ¢ = 1 from (7.4)-(7.8) we will obtain formulas for the
elongated plate with opening, close to a squaret.

Case II. Elongation in the direction of the small azls of the
opening (Fig. 7):

o’=0, o,°=p', t,,‘éo (7.9)
Ty =y = — EL (7.10)

the remaining values of Ekm and all values of Ekm are equal to zero;

plad p'a = B = .
A"=2—('9—_-8)' Box=—'f'(9—_%)'v A'M"’Bﬂm"’o (m>2) (7-11)

os = P’ 55 + 7o {AC* (B + 8)Bdcos & + BE* sin & +
<+ ¢ [AC* (B + 3) B (— 2¢,, c08 & 4~ 3cos 38) - 2BCH (3 - 3) 38b,,8in & + (7.12)
+ 3BE*sin 39) + 262C4 (B + 3) B0 (A(cy, c08 & + 3cgq CO8 38) —
v = B (bs, 8in 9 4 3byy sin 39)]}

¥See [1], § 5.
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Fig. 7.

At points A and A; (Fig. 7)

u=p'+c_f__'_3‘%+_siu+.‘(3-2c,.)+2s'(c,.+3cn)l. (7.13)

At points B and B1

o= — B — o3+ 2 (B 8) b+ 20° B+ ) by — 3bua) « (7.14)

One of these two values will be the greatest (probably, the first

ornie; but the possibility 1s not excluded that the greatest will be

not Ops but UB).

At these points of the 1sotropic plate

2p 54 3 4
c4=P'+c_P3‘ [1+.=1+c+e’.(1+c).] (7.15)
/ {~3c 8
OB=—T-£¥[1+31+C+82(1+¢)']. (7-16)

~

As an illustration let us give the calculation results for a

veneer plate with an opening of type (6.1) elongated in the direction
of large or small axis of the opening. /e consider two openings.

The first is characterized by parameters ¢ = 0.537, ¢ = -0.038,
and 1s a peculiar oval in which the length to width ratlo equals
1.93. The problem »f elongating an isotropic plate with such an

opening was considered by Greenspan [6], and the problem of bending
by moments was considered by Joseph and Brock [T7].

The second opening 1s characterized by parameters ¢ = 0.36,

e = -0.04, and in form i1t 1is close to a rectangle in which the
short sides are replaced by semicircles. The ratio of length of this
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opening to its width equals three; the curvature in the center of
its long sides equals zero.

Formulas for stresses at the edge of the opening will be recorded

in such a manner:
3y = pk (7.17)
op=p'k's (7.18)

In Table 3 there are given values of coefficlents k and k' at
points A and B, found in the first and second approximations for a
veneer plate weakened by an opening with parameters ¢ = 0.537 and
€ = -0,038. 1In this table and in the one following two significant
decimal points are kept. Instances of elongation in a direction for
which the Young modulus 1s greatest, and in a direction for which the
Young modulus 1s smallest, are examined.

Table 3. ¢ = 0.537, ¢ = -0.038
k .'
Approxi- By=Emay Ey=Eqp Ey=Epyx EymEgia
mations
A B A B A & I "B
-0 —0.63} 2,54 | —1.27 2.10 6.65 —0.63 5.04 —1,24
2-¢ ~0.63 | 2.50 | —1.27 2,09 6.62 —0.63 5.03 —1.2

In an 1sotropic plate with such an opening, the followlng stresses
are obtalned.

During elongation In the direction of great axls of the opening
°A'='_0'92Pv 03:—1.71p- (7.19)

During elongation in the directlon of the small axis
o= —0.92p, cg=1.39p. (7.20)

In Table 4 there are given values k and k' at points A and B for
a veneer plate with an opening in which ¢ = 0.36 and ¢ = -0.04.
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Table 4.

Approxie)
sations

By =By,

By E-m

8,- Egasx

Ey=EBgy

AIB

A | B

7

A ' B

e | —0.62] 1.79 -s.zsl 1.5 § 8.5 | ~0.61( 6.3 | —1.2
2¢ | —063) 1.78 | —1.24| 158 | 850 | —0.61| 6.38 | —4.19

For such an isotropic plate we obtain:

during elongation in the direction of the great axis of the
opening
0‘-3.58p', 0."-0.92,0' (7.21)

during elongation in the direction of the small axis

oa=4Abp', 2=—000p, (7.22)

Calculations show that when two significant decimal places are
kept, the third approximations in all the examined cases do not
differ from the secnnd, but the second approximations alsc differ
very little from the first or do not differ at all. The stress
concentration is greater in the case when the plate is elongated in
the direction for which the Young modulus has its maximum value. The
greatest stress in a veneer plate elongated in its main direction is
greater in all instances than in the same isotropic plate.

8. Bending of an orthotropic plate with an oval opening by
momente acting in the center plane. Let us examine that on the plate
weakened by an oval opening examined in 2 previous paragraph, there
act forces leading to moments M and M'. Ilere let us also examine

two basic cases.

Case 1. Forces applied to the sides of the plate parallel to
the small axis of the opening {(Fig. 8). '

02=All-y. 0:::1:,”:0 (8.1)
Boa= Msa;c’» B-u——ju:)z;’c- B-u"’%? (8.2)
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Bym ™ 0 for other values of k, m; ;km = 0 for all values of k and m;

Ao — MeSc¥ Bu = Mac¥
Up=nH' CeTuE=D Lo
Ay=By=0, Am=Bm=0 (m>3) '

c.-%-'-(cnin&—uin 30)-2;—4— -ﬂ‘%‘{c’[-—BC‘(F+8)m20+
+ AD*sin 28] + 2ec [— BC* (B + 8) (cos 28 — 208 48) +
+ AD* (sin 20 — 25in 48)) + 34 [BC* (B + 3) (2¢%ayy co8 20 — c08 69) +
+2AC% (B + 3) BAbyy 8in 28 4 AD*sin 69)) -

(8.4)

Fig. 8.

Values A, B, and ¢ are determined by formulas (6.10), and 2535
b23 are determined by formulas (2.19).

At points A and A, at the ends of the great axis (Fig. 8) o4 = 0.

At point B we obtaln the greatest stress:

dgﬂgg{c'*"'i' f:;-[O.SC’+3=¢+1-5"(1"'2"“”)]}‘ (8.5)

At opposite point B1 the stress has the same value but 1s of
opposite sign.

For the isotropic plate
M

The latter formula coincides with the precise formula¥.

#It 1s derived from a formula given in report [7], if a changeover
is made to our designations.
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Case 2. The forces applied tc the sides of the plate parallel
to the large axis of the opening (Fig. 9):

a0 =0, c,‘--%'rz. ey =0 (8.7)
=M =M oL N, (8.8)
1Y
M T\

H\K

Fig. 9.

The values ;km = 0 for other values of k, m; Ekm = ¢ for all
values of k, m;

_ M _ Ma®8
do=wp-n: In=

(8.9)
Aﬂ = Bﬂ =0, Agm = BQm =0 (m>3)

' a.=£’1# (cos® + scos 38)-3—:+2;3%{AC‘(3+8)BM032&+
+ BE*sin 20 + 2¢ [AC* (§ + 3) $8 (c0829 + 2 cos 49) + BE*(sin 28 + (8.10)
+ 28in 49)] + 3¢ {ACH (3 + 8) B3 (2¢45 CO8 208 + €08 68) —

— 2BC*(B + 3) BBy 8in 29 + BE*sin 69)) o

At points B and B1

At poi- L A

=27+ 0+ 5 S TR 05 + 36 41,50 (1 + 26)]. (8.11)

Thils value of Oy will be greatest, At the same point of the
isotropic plate

M'
OA=I_T,(°__¢ )(1+c+¢(3+c)]. (8.12)
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This formula is also identical with the exact one.

The stress close to the contour of the opening, just as before,
is in the form

o= o5, (8.13)
or
oo =2, (8.14)

In Table 5 there are given values of coefficient k1 at point B
and of coefficient ki at point A for a veneer plate with an opening
in which ¢ = 0.537 and ¢ = -0.038. For such an isotropic plate we
obtain:

case 1
Ms'
03-0.657- (8.17)
case 2
oa=216%%, (8.18)
In Table 6 there are given values of coefficients k, at point B

1
and of ki in point A for a veneer plate weakened by opening with

parameters ¢ = 0.36 and ¢ = -0.04.

In an isotroplic plate with such an opening we obtain:

case 1

op = 0.36 4 (8.17)
case 2

u=2557" (8.18)

In both tables there are given coefficients calculated in first
and second approximations. Two decimal places have been everywhere.
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Table 5.
¢ = 0,537, ¢ = ~0.038

Approxie & (8) 2
mations | L mBuer | Bx=Zais By =~Emux EBy=Egnp
1 0.84 0.74 3.6 2.84
2-: 0.84 l 0.74 3.60 2.84
Table 6.
(2] 0.35, [ £ -—0.0‘
¥ (B) k' (4)
doprexia _E_—ELE_— . =E
:glonl z ™ Bgax | ™ Bgis By=EByy By =Egy
10 | 0.44 I 0.38 4.50 3.47
2-0 0.41 0.39 4.49 J.46

If two decimal places are kept, the third approximations will
not differ from the second at all, and the second approximations will
differ very little from the first or coincide with the first ones.
Thus, during the bending by moments of veneer plates with the indicated
openings, the first approximation already assures an accuracy totally
adequate for practice for the evaluation of the stress concentration.
Remarks with respect to the concentration of stresses made previously,
in § 7, also pertain to the same extent to the case of bending.

An exact solution for an anisotropic plate with an opening which
is neither circular nor elliptical has as yet not been found. An
approximate method offers the possibility of calculating the stresses
in anisotropic plates close to all possible openings of type (1.1)
and thus by means of a relatively nonconplex mathematical apparatus
with an accuracy sufficient for practice. We assume that the given
numerical examples sufficiently convincir.gly attest the effectiveness
of this method (even in such cases when the openings differ quite
considerably from elliptical and circular openings).

Submitted The N. G. Chernyshevski
26 April 1954 Saratov State University
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