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Preface

The designs presented in this publication are for experiments with some
factors at two levels and other factors at three levels. The designs are con-
structed so that the grand mean, all main effects, and all two-factor interaction
effects ean be estimated without aliasing among them. It is assumed that all
higher-order interaction effeets are negligible, and their absence makes it
possible to estimate the error variance.

These designs were developed in the Statistieal Engineering Laboratory
of the National Bureau of Standards under a program sponsored by the Bureau
of Ships, Department of the Navy. Revision of the introduetory material
and of the analysis for six designs was carried out at The Research Triangle
Institute under the sponsorship of the Office of Ordnance Rescareh. The work
was performed under the direction of W.S. Connor. Professor R. C. Bose
served as consultant and contributed to the development of related theory.
Shirley Young performed most of the work of construeting the designs and
working out the eorresponding estimates. Carroll Dannemiller devised an elee-
tronie eomputer program which was used to eheck the normal equations. A
program previously developed by R. C. Burton was used to generate treatment
combinations from 3" factorials. Also, R. C. Burton participated in eertain
aspeets of construetion during the summer of 1958. ILola S. Deming super-
vised the preparation of the manuseript in final form.

OcToBER 1960. A. V. Astin, Director.
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Fractionalf’fFactorial Designs for Experiments With Factors
at Two and Three Levels

W. S. Connor and Shirley Young
1. Introduction

This catalog is the sequel to [1]! and [2]. It contains fractional factorial designs for use in ex-
periments which investigate m factors at two levcls and n factors at three levels. The grand mean p,
all main effects, and all two-factor interaction effccts are estimated. All higher order interactions are
assumed negligible and their abscnce allows estimation of the error variance. A design has bcen con-
structed for each of the 39 pairs (m,n) included from m+-n=>5 through m+n=10, (m,n0). The design
for (m,n) is designated DESIGN 273",

It is believed that the method of construction described in section 2 is new. Morrison |[3] pub-
lished several designs which can be constructcd by the present mcthod, and his paper was an inspiration
to the authors in formulating their method. The objective in forming these fractions was to keep the
number of required treatment combinations small while retaining as much orthogonality among the
estimates as possible. The designs are neither unique nor exhaustive, and thcre may be attractive
alternative ways of fractionating the 2"3* complete factorials.

Section 3 contains a description of the mathematical model, in which it is assumed that all inter-
actions between three or more factors are nonexistent, and of how to estimate the parameters contained
in the model. Section 4 contains a discussion of how to test hypotheses and construct confidence
intervals. A worked example is presented in section 5.

Section 6 is devoted to six designs, viz, 2333, 2532, 2°3%, 2334, 2°3%, and 2°3%, for which the interaction
effects betwcen factors at three levels are defined in a special way.

2. Construction of Designs

The designs are constructed by associating fractions Sy, S,, . . ., S, from the 2™ complete factorial
with fractions S}, S}, . . ., Si from the 3* complete factorial. The fractions S; and St (i=1,2, .. ., ¢
are obtained by convcntional methods which have been described, for example, in [4,5]. Fractions are
selected so that low order interaction effects, including main effects, are aliased with each other as
little as possible. The association is such that every trcatment combination in S, is adjoined to every
treatment combination in Si, thus forming trcatment combinations from the 2™3* complete factorial.
The resulting fraction from the 23" complete factorial may be denoted by

(2.1) SiSt S,S! o o SIS

To illustrate, consider the 223? complete factorial, which contains 72 treatment combinations.
The three factors with two levels will be denoted by A;, As, and A;, and the two factors with three levels
by B; and B,. One way of fractionating the 2* complete factorial into two distinct sets S; and S, is by
finding the treatment combinations (z,z.25), (z;=0,1; j=1,2,3) having 2’s which satisfy

(2.2) Zy+2342;=0 and 2,4z, +2;=1 (mod 2),

respectively. These sets are as follows:

1 Figures in brackets indicate the literature references on page 14.




Sets of Treatment Combinations from the 23

S1 S
At A Ay A A A
000 111
(2.3) 110 100
101 010
011 001

One way of fractionating the 3? complete factorial into three distinet sets Sy, S, and S; is by finding
the treatment combinations (2,2;), (2,=0,1,2; k=1,2), having 2’s which satisfy

(2.4) 21+2,=0, 214+ 2,=1, 2,+2,=2 (mod 3),
respectively. These sets are as follows:

Sets of Treatment Combinations from the 32

s 0% 8
BB, BB BB
(2.5) 00 10 20
1 2 01 0 2
20 1 2 2 1 1

DESIGN 2°3? appearing on page 20 of this catalog is a fractional design from the 223? complete
factorial consisting of the following treatment combinations:

Treatment Combinations in the Fraction from the 2332

Ay Ay A; B, B, Response A; A; A; B, B, Response A, A; A, B, B, Response

000 0O (89 001 01 (88.9) 0 0 1 0 2  (139.0)
011 00 (993 010 01 (78.4) 0 1 0 0 2  (153.8)
1 01 00 (11998) 1 0 0 0 1 (42.0) 1 0 0 0 2  (180.0)
110 00 (1155 1 1 1 0 1 (1420) 1 1 1 0 2  (172.4)
000 1 2 (1183) 0 0 1 1 0 (94.9) 0 0 1 2 0  (184.0)
(26) 0 1 1 1 2 (115.4) 0 1 0 1 0 (110.4) 0 1 0 2 0 (93.0)
1 01 1 2 (18.9) 1 00 1 0 (92.8) 1 0 0 2 0 (96.9)
110 12 (161.7) 1 11 10 (167.2) 1 1 1 2 0 (172.7)
000 21 (2.6) 0 01 2 2 (158.9) 0 0 1 1 1 (125.7)
01 1 2 1 (166.8) 0 1 0 2 2 (184.3) 0 1 0 1 1  (102.7)
1 01 21 (1586) 1 0 0 2 2 (114.3) 1 0 0 1 1  (131.2)
110 21 (888) 1 11 2 2 (199.9) 1 1 1 1 1 (228.7)
2




These treatment combinations may be dcnoted conciscly by
2.7 S,S; S.S; S,Ss.

The numbers in parentheses under the column headed ‘“Response’ are data that will be used subsequently
for a numerical illustration.

This fractional factorial design involves 36 trecatment combinations and is a one-half fraction of the
complete factorial. In DESIGN 2332 the expression (2.7) is called the ‘‘Experimental Plan,” and indi-
cates how the sets S; and S, which are given under “Construction,” are to be associated to form the
trcatment combinations (2.6).

This forin is followed for all of the designs in the catalog, except that the actual formation of the
trcatment combinations as shown in the Experimental Plan is left to the reader.

3. Estimation of Effects

The responsc to thc treatment combination (% . . . Zwm2ziZ2 . . . 2,) will be denoted by
Y*@x, . . . Tmz2 . . . 2,), which is a random variable with expected valuc n(z2. . . . Zn2i22
2,) and variance o®. It is assumed that the cxpected value of the response is expressiblc as a
linear function of certain parameters which are the grand average, main effects, and two-factor inter-
action cffects. It also is assumed that there are no higher order interaction effects.
In the linear function corresponding to a treatment combination, the coefficient of the grand average
p is 1, but the cocflicients of the other parametcrs depend on the treatment combination. If the factor
A is at level 0, then the coefficient of the main effect of A, also denoted by A, is —1; but if at level 1,
then the coeflicient is 1. The coeflicient of the interaction parameter A ;A is the product of the cocffi-
cients of the component main effects A; and Ay as is shown in the following table:

Coefficients of Pure A Effects

Coeflicients
Factor levels
Main effects Intcraction
A] I&j’ Aj A]' AjAj'
3.1) 0 0 —1 —1 1
1 0 1 —1 —1
0 1 —1 1 —1
1 1 1 1 1

For a B factor there arc two parameters which correspond to the main effect, viz, the linear effect
B and the quadratic effect B2. The terms ‘linear” and “quadratic” apply literally only to equally
spaced levels but are formally useful in other cases too. For the levels 0, 1, and 2, the coefficients of B
arc —1, 0, and 1, respectively, and the coefficients of B% are 1, —2, and 1, respectively;

For two factors B,B,., there are four interaction parameters, viz, By By, BB}, BiBy, and BIBL.
The coeflicients of thesc parameters are thc products of the coeflicients of the component main effects,
as follows:

582422—61——2 3




Coefficients of Pure B Effects

Cocfficients
Factor levels
Main effects Intcractions

B:. By B, By B} B} |B;B» B,B} BIB, BB}
0 0 =i —1 1 1 1 —1 — 1

1 0 0 —1 —2 1 0 0 2 -2

2 0 1 —1 1 1| —1 1 —1 1
(3.2) 0 1 - 0 1 —2| o 2 0o —2
1 1 0 0 —2 —2 0 0 0 4

2 1 1 0 1 =2 0 =2 0 =2

0 2 —1 1 1 1= = 1 1

1 2 0 1 -2 1 0 0 —2 -2

2 2 1 1 1 1 1 1 1 1

For six of the designs, viz, 2333, 2533, 2°3%, 2534, 2335, and 2%3%, the coefficicnts of the intcraction effects
will be defined in a different way. These definitions will be presented in section 6.




For two factors A and B, there are two interaction parameters, viz, AB and AB% The coefficients
of these parameters, too, are the products of the component main effects, thus:

Coefficients of Mixed A, B Effects

Factor levels

Coefficients

Main effects

A B A B B?
0 0 ) 1
(3.3) 1 0 (| 1
0 1 =il 0 =2
1 1 1 6 =2
0 2 exil 1 1
1 2 1 1 1

Interactions

AB AB?
1 —1
—1 1
0 2

0 —2
—1 —1
1 1

These rules will be illustrated for DESIGN 223?% which is a one-half fraction of the 2332 complete
factorial. In (3.4) the expected responses, n(22:%3212,), for all 36 treatment combinations are expressed
as linear functions of 27 parameters. The column vector 7 contains the following elements in the

order given:
H, Aly Az, Aa, A1A2, A1A3,

AﬁAay Bly f} B2y Bgy B1B2)

BlBgy B¥B2y BfBgy AlBly AlBg) A1B27

AB3, A;B,, A:Bi, A;B;, A,B}, A;B,,

AsBi, A.B,, ABL




Expected Responses of the Treatment Combinations in Design 2°3? Expressed as
Linear Functions of the Grand Average and Main and Interaction Effects

I=1=1=1 1 1T 1=1 1=1 4 1=1-1 1 1=1 1=1 1=1 1-1 1=1 1=1

1-111-1-11-11-111-1-111-1 1-1-1 1111111
11-11-11-1-11-111-1-11-11-111-1 1-1-11-1 1

1111 1-1-1-11-11 1-1-11-11-11-11-11 1-1 1-1

1-1-1-11110-2110 0-2-20 2-1-1 0 2-1-1 0 2-1-1
-111-1-110211002202-1-10-2110-211
11-11-11-102110022021102-1-10-211

111-11-1-10211002-2021102110 2-1-1

1-1-1-1 11111 0-2 0-2 0-2-1-1 0 2-1-1 0 2-1-1 0 2
-111-1-111102020-2-1-102110-2110-=2
11-11-11-11102020-2110-2-1-102110-2

111-11-1-111020202110-2110-2-1-102

1-1-111-1-1-1102020-21-1021-102-110-2

1-11-1-11-1-110202021-102-11021-10 2

11-1-1-1-11-11020202-110-21-1021-102

1111111-110-20202-110-2-110-2-110-2

1-1-111-1-10-2-11002-202 1-1 02 1-1 0-2-11

1-11-1-11-102-11002-2021-10-2-110 2 1-1

11-1-1-1-110-2-11002-20-2-11021-10 2 1-1

111111102-11002-20-2-110-2-110-2-11

1-1-111-1-111111111-1-1-1-1-1-1-1-1 11 1 1

1-11-1+-11-111111111-1-1-1-1111 1-1-1-1-1
11-1-1-1-1111111111111 1-1-1-1-1-1-1-1-1

r1111T11I0r111111T33131112100 01

1-1-11 1-1-1-1111-1-111 1-1-1-1 1-1-1-1-1 11 1
1-1 1-1-1 1-1-1111-1-1111-1-1-1-111 1 1-1-1-1

11-1-1-1-11-1111-1-111-1111 1-1-1-1 1-1-1-1

t1111111-1111-1-111-1111-1111-1111

1-1-111-1-111-11-11-11-1-11-1-1-11-111-11
1-1 1-1-11-111-11-11-11-1-11-11 1-1 1-1-1 1-1

11-1-1-1-1111-11-11-111 1-1 1-1-1 1-1-1-} 1-1

1171111111-11-11-1111-1111-1111-11

1-1-111-1-10202000402020202 0202

1-11-1-11-10202000402020202020 2

11-1-1-1-110-20-200040-20-202020202

1111111020200040-20-20-20-20-20-2

00000
01100

10100
11000

00012

01112

10112
11012

00021

01121

10121
11021

00101
01001

10001
11101

00110
01010

10010

11110

00122
01022

10022
11122

00102
01002

10002
11102

00120
01020

10020

11120

00111
01011

10011

11111

n

(3.4)



The first equation is read as
7(00000) =p— A, — Ay — A3+ AlAs+AjA -+ AsA,
—B,+Bi{—B,+B3+B,B,—B,B;—B{B,Bi{B;
(3.5) +AB,—ABi+AB,— A, B} -+ A,B,— A, B+ A,B;— A,B}
+A;B,—A;Bi+A;B,—A;B

and the other equations arc read similarly.

For the following discussion it is assumed that the responses Y*(z, . . . 2,2 . . . . 2,) have
variance ¢ and are uncorrelated.

The normal equations are formed from the equations of expectation in the usual way. Let the
column vector of expected responses be denoted by 7, the matrix of coeflicients by X, and the column
vector of parameters by 7. Then the equations of expectation may be written concisely as

(3.6) n=Xr.

Letting ¥ denote the column vector of observed responses, and “ the column vector of estimates, the
normal equations are

(3.7 Y(r)=X'"y=X'X7=C7,
for C=X’X. The equations may be solved for 7 as follows:
(3.8) r=C" X’y

The designs in this catalogue have been constructed so that C is nonsingular and there are not
many nonzero elements in C~. Indeed, for some of the designs C~! is diagonal. Letting f denote
the number of treatment combinations in the design, the elements in the principal diagonal can be
calculated from (3.9), except when there is a nonzero element off the diagonal in the same row as the
element under consideration. In that event special formulas are required. If all of the off-diagonal
elements are zero, then the analysis is termed ‘“Completely Orthogonal.” The formulas for B;By,
B,B2/, B?B,., and B2B2 do not apply to the six designs which are discussed in section 6.

Elements in the Main Diagonal of the Inverse Matrix
(except as explained above)

Parameter ~ Element
A, AA, 1/f
AB, B 3/2f
(3.9) AB?, B? 1/2f
B.B, 9/4f
BBz, BB,  3/4f
BiB2 1/4f

For DESIGN 233%, appearing on page 20 there are 36 treatment combinations, so that these
elements, excluding the first, are 1/24, 1/72, 1/16, 1/48, and 1/144, respectively. To estimate the effects
of Ay, Ay, As, AiA,, A1A, and A, A; requires special forinulas, which are given under the heading “Analy-

”

L g8 =1 . As A, A,
sis.” Tt is stated that ““the matrix — l: :I 18 used to estimate
96 _—1 3 AA ], LAALL LAA]

7



by which is meant that the following matric equations are formed:

(3.10)

The values of the estimates are as given in (3.11).

(3.11)

(A 1 s 1] [yan ]
i %11 3l Lycaand
—ﬁz-_l— 3 —1| [vay ]
A ®l-1 sl Lyvaal,
(A o[ s -] [yan ]
Al %L1 3] Lywmanl

Estimates of the Parameters

Ax—— BY (A1) —Y(A.A0)]
Az—_ [3Y(A))—Y (AA0)]

Aa—'— BY(A)—Y (AA,)]

Kihy=ls (=Y (A) +3Y (Ai4))
KRi=l (=Y (A) 3T (AA)]

AzAs'—— [—Y(A)+3Y(A:A))]

P Zay 1
AB=Y(AB)  ABi=y Y (AB)
N\ N
ABi=Ly@aBn ABi=LYQB
72 7
S N1
A1B3 ; (Ale) A2B2=ﬁY(Asz)
N\ N

B

1 1
xB§==7—2Y(AlB§) AzB§=7—2Y (AsB3)

1
@2='1‘6Y(-8132)

1
BB~ 1Y BiBY)

1
BiB,— 1Y (B7By)
2 2
BB =i 4Y(B2B )

)

1
an=2—4Y(Aan)

)

1
3B¥=7_2Y (AsB”

B

)

1
ﬁY (A;By)

>

382

»

1
Bi=2-Y (A,B)



4. Tests of Significance and Confidence Intervals

In this section it is assumed that the responses Y*(z; . . .25 2 . . .2,) are normally and inde-
pendently distributed, with expected valucs n (2. . .2Za2;. . .2,) and common variance ¢°>. The
estimates will, in general, tend to be normal even if the responses are not very normal. If all of the
estimates for a design are least squares estimates, then the estimate s of o is obtained according to the
usual theory: the sum of squares for error, S,, is the total sum of squares, S,, minus the sum of squares
for parameters, S,. Then s is the square root of S,/(f—g¢), where f is the number of treatment combina-
tions in the design and ¢ is the number of parameters to be estimated. The expected value of s? is ¢%.
The quantity S;is Zy?, where the summation runs over all observed responses; and the quantity S, is
ZpY(p), where the summation is over all parameters p in =

To test the null hypothesis H, that the parameter p is zero, Hy: p=0, against the alternative hy-
pothesis H;: p#0, Student’s ¢t with (f—¢) degrees of freedom is used as follows:

(4.1) t=p/V8(3), with (f—q) d.f.

where 9(p) is the estimated variance of p. For a least squares estimate p, the variance V(p) is o® times
the appropriate element in the main diagonal of the inverse matrix, C~!. For some estimates, this can
be calculated from (3.9), and for others, read from the matrices which are presented under *“ Analysis.”
For example, in DESIGN 2332 the variances of A;, A, As, AjA,, and A;A; are 3/96 o° where 3/96 is read
from the matrices. The estimated variance (p) is obtained from V(p) by replacing ¢* by s*. A two-
sided confidence interval with confidence coefficient 1 —a for p is defined by the following limits:

(4.2) 5+t 1avV5(p), where t;_4o has (f—¢) d.f.

If this interval includes zero, then the hypothesis Hj is accepted ; otherwise H, is rejected. It should be
noted that all values in the interval are consistent with the data.

It may be desired to carry out a test for several estimates simultaneously. For example, it may be
desired to test that all two-factor interactions for the A factors are zero; or that the linear and quadratic
effects for some factor B are zero. This can be done by an F-test.

5. An Example

Some data corresponding to DESIGN 233? are given in (2.6). They are taken from a publication
by W. J. Youden [6]. Youden was concerncd with comparing various methods of producing tomato
plant seedlings prior to transplanting in the field. Comparison was made by planting in the field and
then weighing the ripe produce. Thus, the observations were pounds of tomatoes.

Although Youden used five methods of production, we shall select only three: flats, fibre pots, and
fibre pots soaked in one percent sodium nitrate solution. Other factors considered were different soil
conditions, different sizes of pots, different varieties of tomato, and different locations on the field. The
factors and their levels are recorded below:

Factors and Levels for a Tomato Experiment

Factors Levels
bstheemtlibion; iy {If:iie}sd folizer
Size of pot, A, {%ggg?;rlll(:ﬁh (1)
Variety of tomato, A, 11310;;%;:)}]? :St (1)

lat 0

Method of production, B, Fibre 1
Fibre+NO; 2

Location on field, B, 0,1,2



The object of the experiment was to evaluate the effects of these factors on the yield of tomatoes.
The Y’s are the inner products of the column vector ¥ with the column vectors of X. They can be
conveniently calculated by forming summary tables of the kind often used in analyzing complete fac-
torials. For example, Y(A,), Y(A,), and Y(A,A;) are obtained from the following table, which contains
sums of nine responses:
A Summary Table
Size of Pot (A,)
0 1 Total
0: 1118.2 1104. 1 2222, 3
Soil Condition
(A)) 1: 1120.5 1493.7 2614. 2
Total: 2238.7 2597. 8 4836. 5
Diagonal totals: 2611.9, 2224.6

From the entries in this table we find
Y(A,)=2614. 2—2222,3=391.9
Y (A;)=2597. 8—2238. 7=359. 1
Y(AA;)=2611.9—2224, 6=387. 3

The complete list of 27 distinct Y’s is given below:
Values of the Y (p)’s

Y (1) =4836. 5 Y(B,)=373. 6
Y(A)=391.9 Y(@B})=-—50.2
Y(A,)=359.1 Y(B;)=445.5
Y(A))=581.7 Y(B2)=257.9

Y(AA,)=387.3 Y(B,B;)=—118.9
Y(AA;)=354. 7 Y(B,B2) =—347.3
Y (A:A;)=60. 3 Y(B:B,)=100. 5

Y (B#B2)=620. 9
Y(AB)=—490.4 Y(A,B)=—175.5

Y(A,B;)=51.1 Y(A;B,)=175.4
Y (AB2)=—46. 1 Y(ABH)=—2.4
Y(A2B1)=14. 2 Y(A3B2)=“—‘190. 3

Y (A;B3)=—40.8 Y (A;B)=—273.9

10




From the Y’s the cstimates are calculated as indicated in (3.11). The estimates are given below
bracketed by their 0.95 confidence interval limits.

Estimates and Confidence Liinits

A

124.9, A=134.3, 143.8 3.9, B,=15.6,27.2
A A

1.6, A,;=11.6,21.7 —74, B!:=—07,6.0
A A

—2.5,  A=—7.5,17.6 6.9, B,=18.6,30.2
A A

41, A,=14.1,24.2 —3.1, B2=36,103
ZZ N ﬁ\

—4.0, A,A,=6.0,16.1 —21.7, BBi=—74,68
PR ZOON

—2.7, AA=7.3,174 —15.5, BBi=—7.2,1.0
PN N

—12.3, AA;=—2.2,7.9 —6.1, B#B,=2.1,10.3
o

—0.4, BBi=43,9.1
N N

—18.1, A,B,=—6.5,5.2 —111, A,B:=086, 122
P N

—13.5, AB}=—6.8, —0.1 —9.1, ABi=—24,43
S P Gant

_9.5, A1B2=2.1, 13.7 _4.3, A3B1=7.3, 189
N AN

—7.3, A,Bi=—0.6, 6.1 —6.7, AB}=—0.03,6.7
AN N

—11.0, A;B,=0.6,12.2 —19.5, AB;=—17.9,3.7
N N

—7.3, ABi=—0.6,6.1 —10.5, AB:=—3.8,2.9

The analysis of variance is as follows:
Source of Sum of  Mean
Variation D.F. Squares Square F

Parameters 26 50404 1939 3. 06
Error 9 5708 634

Total 35 56112

This value of F may be compared with the upper 0.95 point of the I7(26, 9) distribution which is 2.89.

Until now nothing has been said of the fact that there are both qualitative and quantitative factors
in this example. The analysis has been carried out, effects estimated, confidence intervals placed on
the cstimated cffects, and an analysis of variance test performed, all ignoring the fact that we have
both qualitative and quantitative factors. This has becn done to illustrate the calculations.
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The breakdown of the total sum of squares by sources of variation is given in the following analysis
of variance table:
Source D.F. S.S. M.S. F

Pure A Effects 6 20297 3383 5:.33%*
Mixed Effects

AB,, AB? 2 4341 2171
AB., AB! 2 138 69
A,B,, A,Bi 2 32 16
AsB,, A;B? 2 435 218
AsB,, A;B? 2 1282 641
AsBs, A;B2 2 2551 1275
Pure B Effects:
B,,B? 2 5851 2925  4.61*
B,,B? 2 9193 4597 7.25*%
B,B,, BB}
4 6284 1571
BiBs, BB}
Error 9 08 en
Total 35 56112
*Significant at 0.05 **Significant at 0.01

From these analyses, all main cffects arc significant, except for the size of the pot. No two-factor
interaction effects arc significant.

12




6. Six Speeial Designs

Designs 2333, 2°3%, 2033, 253%, 2335 and 2°3% have been treated differently from the other designs in

this catalogue.

The pure B effects have been defined differently from the definitions in section 3.

They arc denoted by L(B), Q(B), L(B,B,), Q(B,B,), L(B,B}), and Q(B,B}). In the linear function,
which is the expected response to a treatment combination, the coefficients of the B effects depend on
the levels of the B factors as follows:

(6.1) Coefficients of Pure B Effects
Coefficicnts
Factor levels
Main effects Interaction effects
B: Be [LB) QBy LBy) Q@By) |LBBr) QMB:Bw) L(B:BL) Q(B:BY)
0 0 il 1 = 1 =4 1 ] 1
1 0 0 ) —i 1 0 B 0 —2
2 0 1 1 —1 1 1 1 1 1
0 1 —1 1 0 —2 0 —2 1 1
1 1 0 -2 0 —2 1 1 -1 1
2 1 1 1 0 —2 —1 1 0 —2
0 2 -1 1 1 1 1 1 0 —2
1 2 0 —2 1 il —1 1 1 1
2 2 1 1 1 1 0 —2 —1 1

The main effects are the same as before, i.e., L(B)=B and Q(B)=B? However, the interaction
effects are diffcrent from the effcets of section 3, but are related to them by the following matric equation:

(6.2)

The inverse equation i8

(6.3)

L(B,B,")
Q®B.B,) |_1
LBB2)| 6
Q(B,B})
B.B,. -3
BB, | 1 1
BB, | 4 1
BB 1

-3 3 3 97 [B,B.
-1 —3 =3 3 B,B;
-3 38 —3 —9| |BIB,

1 8 -8 8 BB

-3 -3 3 L(B,B,)
—3 1 3 Q(B.B)
-3 -1 -3 L(B,B2)

1 -1 1] LQ®BBHL

13




The reason for introducing these new interaction effects is that there is more orthogonality among
them than among the effects of section 3. The normal equations are easier to solve. If it is desired to
estimate B,B,, . . ., BB, this can be done by using (6.3).

The elements in the main diagonal of the inverse matrix can be calculated from (6.4), except when
there is a nonzero element off the diagonal in the same row as the element under consideration. In
that event, special formulas are required.

Elements in the Main Diagonal of the Inverse Matrix (except as explained above)

Parameter Element
AJAA, 1/f
(6.4) AB, L(B), L(B,B,,), L(B,B;") 3/2f

AB?, Q(B), Q(B,By), Q(B,B},)  1/2f

As before, f denotes the number of treatment combinations in the design.
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8. Designs
Design 23!

There are four factors at 2 levels and one factor at 3 levels. 21 effects are estimated from 36 treat-
ment eombinations. This is a ¥ fraetion.

Experimental Plan
S8 S’ SaS’

Analysis
. 1 3 —1 ) . M ] AQBI —AaB%
The matrix — is used to estimate 3 o2 6 ’
82l —q 3 AA] TlAaB] |LAB
2 1 —1 [ A, AT A,
.1 . .
and the matrix res 1 2 —1 | is used to estimate AA | [ AAs |, | AA; |
—1 —1 2 | A AzA, AA,
/
Construction
Sets of Treatment Combinations from the 2* Treatment Combinations
Set S, S, S 5 i S
0000 0001 0011
nt+on+n=0 0 1 1100 0110 0100
0111 1010 1000
23+2,=0 1 0 1011 1101 1111

There is only one set S’ of treatment combinations from the 3!, viz, the full replieate.
Design 2°3!

There are five faetors at 2 levels and one factor at 3 levels, 28 effeets are estimated from 48 treat-
ment eombinations. This is a ¥ fraetion.

Experimental Plan
Ss
Analysis
Completely orthogonal

Construction
Treatment Combinations
Sets of Treatment Combinations from the 2° S
00000 01100
00011 10100
Set S

00101 11000
01001 01111
o+ 2+ 2 tatas=0 10001 10111
00110 11011
01010 11101
10010 11110

There is only one set S’ of treatment combinations from the 3!, viz, the full replicate.
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Design 23!

There are six factors at 2 levels and one factor at 3 levels. 36 effects are estimated from 48 treat-
ment combinations. This is a ¥ fraction.

Experimental Plan

S8t S8, S8

Analysis
L 1 3 —1 . s A1A3 z\1£\4 A1A5 AlAs
The matrix — is used to estimate ; " b ;
128 — ]l 3 A2A5 Az:’&s A2A3 A2A4
5 1 3 1 . A A3A4 AsAa
the matrix — 18 used to estimate I :
128| 1 3 AsA, AA;
2 —1 —1 AA,
ey 11 : .
the matrix m —1 2 1 | is used to estimate | AzA; |.
'—‘1 1 2 A4Ag
Construction

Sets of Treatment Combinations from the 2°
Set S S, S
2+ a2y+X3-+x;=0 0 1
X1 +Xo+ X4+ xe=0 1 0

Treatment combinations
Sy S, S

000000 000100 100001
000101 000001 100100
110000 110001 010001
110101 110100 010100
011001 011000 001000
011100 011101 001101
001010 001011 000010
001111 001110 000111
100011 100010 111000
100110 100111 111101
101001 101000 110010
101100 101101 110111
111010 111011 101011
111111 111110 101110
010011 010010 011011
010110 010111 011110

Sets of Treatment Combinations from the 3! Treatment Combinations
Set S S; S; S, S S
21=0 1 2 0 1 2
16




Design 273!
There are seven factors at 2 levels and one factor at 3 levels. 45 effects are estimated from 96 treat-
ment combinations. This is a ¥ fraction.

Experimental Plan

SiIS1 88 S

Analysis
)| 3 —1 AA AA AA
The matrix —[ ]is used to estimate e ’ o y i 1
256 —1 3 AZA, AA, ALA,
Construction

Sets of Treatment Combinations from the 27
Set, 81 Sz Ss

7+ 2+ T3+ 1=0 0 1
T3+ 24425+ 2s+2,=0 1 0

Treatment Combinations
S, S, Ss

0000000 0000001 1000000
1100000 1100001 0100000
0011000 0011001 1011000
1111000 1111001 0111000
1001100 1001101 0001100
0101100 0101101 1101100
1010100 1010101 0010100
0110100 0110101 1110100
1001010 1001011 0001010
0101010 0101011 1101010
1010010 1010011 0010010
0110010 0110011 1110010
0000110 0000111 1000110
1100110 1100111 0100110
0011110 0011111 1011110
1111110 1111111 0111110
1001001 1001000 0001001
0101001 0101000 1101001
1010001 1010000 0010001
0110001 0110000 1110001
0000101 0000100 1000101
1100101 1100100 0100101
0011101 0011100 1011101
1111101 1111100 0111101
0000011 0000010 1000011
1100011 1100010 0100011
0011011 0011010 1011011
1111011 1111010 0111011
1001111 1001110 0001111
0101111 0101110 1101111
1010111 1010110 0010111
0110111 0110110 1110111

Sets of Treatment Combinations from the 3! Treatment Combinations
Set 8 S § 5 8 &
0 1 2

z21=0 1 2
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Design 253!
There are eight factors at 2 levels and one factor at 3 levels. 55 effects are estimated from 96

treatment combinations. This is a % fraction.

Experimental Plan

SiSi S.S; S:S;

Analysis
2 —1 —1 AA;
The matrix l_és —1 2 1 |is used to estimate | AA, |;
—1 1 2 AdA;
1 |3 1 AzA AzA;
the matrix — is used to estimate ) i
25611 3 AA, AAs
1 3 -1 A1Az] I:AIA‘:I I:Ale] I:A1A7]
the matrix — is used to estimate , ) ) .
2566 —1 3 AsA, AzA, AsA; AjA,
Construetion
Sets of Treatment Combinations from the 28 Treatment Combinations
Set S S, S, 5, S S
00000000 10000010 00000011
2+ aF st at+a2=0 0 0 00001001 10001011 00001010
00000111 10000101 00000100
T+ 2+ 2o+ 2,=0 0 1 00001110 10001100 00001101
00110011 01000001 00110000
2y +at o tr,=0 1 0 00111010 01001000 00111001
00110100 01000110 00110111
00111101 01001111 00111110
01010001 00100011 01010010
01011000 00101010 01011011
01010110 00100100 01010101
01011111 00101101 01011100
10010010 00010000 10010001
10011011 00011001 10011000
10010101 00010111 10010110
10011100 00011110 10011111
01100010 11100000 01100001
01101011 11101001 01101000
01100101 11100111 01100110
01101100 11101110 01101111
10100001 11010011 10100010
10101000 11011010 10101011
10100110 11010100 10100101
10101111 11011101 10101100
11000011 10110001 11000000
11001010 10111000 11001001
11000100 10110110 11000111
11001101 10111111 11001110
11110000 01110010 11110011
11111001 01111011 11111010
. 11110111 01110101 11110100
Sets of Treatment Combinations_from the 3! 11111110 01111100 11111101
Set S S S; Treatment Combinations
S, Sf 08
21=0 1 2 = == =
0 1 2
18




Design 2°3!

There are nine factors at 2 levels and one factor at 3 levels. 66 effects are estimated from 128
treatment combinations. This is a ¥, fraction.

Experimental Plan
S,S; S.S, S,S; S.S,

Analysis
12 1]. ; AB,
The matrix 62l 1 1:| 1s used to estimate i 4Ae] [ ] [

1[5 /
and the matrix 5761 1 - :|1s used to estimate [Bz:l’ [ K Bz:l’ [ A?ﬁz]: I: & sBz:l’ [ A Bz]
1\7 1\3 Ag
AI,B2 i A,B ABIE [ ABI] | 4Bt

Construction
Sets of Treatinent Combinations from the 2° Treatment Combinations
Set S S S S, 8 8, S5 ) 84
embainiaml 0 0 1 gomer owm ooweon | iooed
whutatata=0 1 0 1 o olom oo oo
whababa=o 0 1 1 QUM oow oo oo
Gt =t 1 1 1 101101100 000001000 111001111 000101100

100000010 001100110 110100001 001000010
011100010 110000110 001000001 110100010
010011010 111111110 000111001 111011010
101111010 000011110 111011001 000111010
111010110 010110010 101110101 010010110
000110110 101010010 010010101 101110110
001001110 100101010 011101101 100001110
110101110 011001010 100001101 011101110
101010001 000110101 111110010 000010001
010110001 111010101 000010010 111110001
011001001 110101101 001101010 110001001
100101001 001001101 110001010 001101001
110000101 011100001 100100110 011000101
001100101 100000001 011000110 100100101
000011101 101111001 010111110 101011101
111111101 010011001 101011110 010111101
110010011 011110111 100110000 011010011
001110011 100010111 011010000 100110011
000001011 101101111 010101000 101001011
111101011 010001111 101001000 010101011
101000111 000100011 111100100 000000111
010100111 111000011 000000100 111100111
011011111 110111011 001111100 110011111
100111111 001011011 110011100 001111111
111000000 010100100 101100011 010000000
Sets of Treatment Combinations from the 3!

Set S S S Treatment Combinations
0 1 2

Z[=O 1 2
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Design 233?

There are three factors at 2 levels and two factors at 3 levels. 27 effects are estimated from 36
treatment combinations. Thisis a ¥ fraction.

Experimental Plan

S:81 S.S; S.S;

Analysis
! 1 3 —1 Y . A3 Az Al
The matrix 96 is used to estimate ) ) .
—1 3 A4, ALA, AjA;
Construction
Sets of Treatment Combinations from the 22 Treatment Combinations
Set S S, _s_l_ .i
0 111
T +22+2,=0 1 (1)(1)0 100
101 010
011 001

L Treatment Combinations
Sets of Treatment Combinations from the 32

Si 8 8
Set Sj S: Si '0_0 "1?) 20
21+ 2,=0 1 9 12 01 02

21 22 11

Design 243?

There are four factors at 2 levels and two factors at 3 levels. 35 effects are estimated from 72
treatment combinations. This is a % fraction.

Experimental Plan

S8 S8 S:S;

Analysis
L 1], . ALA, ALA, AA
The matrix 193 1S used to estimate ) ) .
1 3 AGA, AA, AsA,
Construction
Sets of Treatment Combinations from the 2+ Treatment Combinations
Set S, S, 5, S,

i e 0000 1000
1otz o 0100
1100 0010
1010 0001
1001 1110
0110 1101
0101 1011
0011 0111

Treatment Combinations
81 B S

Sets of Treatment Combinations from the 32

Set S{ S; S; 00 10 20
a0 .
20




Design 2°3?

There are five faectors at 2 levels and two faetors at 3 levels. 44 effeets are estimated from 72
treatment combinations. This is a ¥ fraction.

Experimental Plan

SiSi S.S3 SsS3

Analysis
| 1 A,
o, : .
The matrix 96 1 2 1 | is used to estimate | AJA; | and
1 1 2 AA,
. 1 3 1 3 . A] A2 A4 A5 A]A4 A1A5
the matrix 199 is used to estimate ’ ’ A ) ) .
1 3 ALA, AA, AGA; AGA, ALA,; ALA,
Construction
Sets of Treatment Combinations from the 2° Treatment Combinations
Set S] Sz S3 S] S S;
—= 1 00000 00001 10000
:‘i:“’i:"’_g (1) 0 00011 00010 10011
LU 11000 11001 01000
11011 11010 01011
10101 10100 00101
10110 10111 00110
01101 01100 11101
01110 01111 11110
) Treatment Combinations
Sets of Treatment Combinations from the 32 , , ”
5, 8, Ss
Seta Sl Sz S; 00 10 20
_ 21 01 02
dirfe= 10 1 2 12 22 11
21




Design 283?

There are six factors at 2 levels and two factors at 3 levels. 54 effects are estimated from 96 treat-

ment combinations. This is a % fraction.

Experimental Plan

S8 S8,  S5S; S8
Analysis
. 1 4 1 . . A[Bl A2B1 A3BI— —A4B1— —A5B1_ —ABBI— i
The matrix 540 1s used to estimate ’ ) ) ) )
1 4 AB, AB, AB, | [AB:]| LAB:] |AsB,]
E 4 —17 _ ABYl TABY] [ABY] [ABY] [ABI] [ABI]
the matrix — 1s used to estimate . gl . P . | . I . ;
720 — il 4 Ale Asz AsBz_ _Ath_ LAsBz_ _AoBz._
4 2 2 Al A4 1\5
.1 ’ ]
the matrix 195 2 3 1] 1s used to estimate | A,A; |, | AsAs |, | AsA, |
2 1 3 I\ng Ale A1A2
4 2 =2 A, Ag [ Ag
1
the matrix 102 2 3 —1|is used to estimate | AjA; |, | AAs |, | AAL
-2 —1 3 AsA, ALA, [ Ay A
e -
680 204 —68 0 0 P
204 1377 51 102 102 B,B,
Sk poei — . z B2B2
the matrix 58,752 68 51 153 34 34| is used to estimate 1 ) 2
0 102 34 340 —68 1
B2
0 102 34 —68 340 ==
20 4 -2 2 B,
v - 1 4 20 2 = N . B
and the matrix is used to estimate ’
- Lsz| —2 2 11 B’
2 -2 1 11 BiB,

Construction

Sets of Treatment Combinations from the 2°

Treatment Combinations

Set S, S, S, S, Sy S2 S3 Ss
— 000000 001100 000101 100001
#t2: s t2=0 1 111100 110000 111001 011101
sz, +25=0 10 011010 010110 011111 111011
100110 101010 100011 000111
Tyt t2s =0 0 001101 000001 001000 101100
110001 111101 110100 010000
010111 011011 010010 110110
101011 100111 101110 001010

1o
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Sets of Treatment Combinations from the 32 Treatment Combinations

! ! ’

Set S S; S 5 & &
00 10 20

21 +2,=0 1 2 12 01 02

2. 83
Design 273?

There are seven faetors at 2 levels and two faetors at 3 levels. 65 effects are estimated from 144
treatment combinations. This is a % fraction.

Experimental P'lan

SS;,  SS,  S.S,

Analysis
2 1 -1 A, AA;

The matrix %2 1 2 —1 |is used to estimate | A,Aq |, | AsAq |;
—1 —1 2 AqA, AGA,

h .13 1], d to estimat, & = o o
. e stim , ' , g
emBURG ey o |iPmsditorestmate AA, AA, A24, AA;

h . 1 3 - 1 . d to t' t A3 A5 A1A3 A1A4 A3A6
trix — S stimate ) ) ’ ) §
the matrix 384 1 7 1S use e A A, o AA, oy

Construetion
Sets of Treatment Combinations from the 27 Treatment Combinations
S(.‘t: Sl Sz S3 5 S, 5,
0000000 1000001 0000100
&+ 2+ 23 F2,=0 1 0 1100000 0100001 1100100
0110100 1110101 0110000
TsF 2zt 2s+2,=0 0 1 1010100 0010101 1010000

0101010 1101011 0101110

1001010 0001011 1001110
21+ 2+ 23+ 2o+ 2,=0 0 0 0011110 1011111 0011010
1111110 0111111 1111010
0011001 1011000 0011101
1111001 0111000 1111101
0101101 1101100 0101001
1001101 0001100 1001001
0110011 1110010 0110111
1010011 0010010 1010111
0000111 1000110 0000011
1100111 0100110 1100011

Sets of treatment Combinations {from the 32 Tisaiinens b et

00 10 20
12 01 02
21 22 11

21+2,=0 1 2

23




Design 2332

There are eight factors at 2 levels and two factors at 3 levels. 77 effects are estimated from 144
treatment combinations. This is a ¥, fraction.

Experimental Plan

’ ’

SS; S8, 0SSy S8, S8y SS: S8y 5SS S

Analysis
11 '_‘1 '_‘1 1 A1A2 A1A3 A1A4
A 1 = 1 11 S 1 1 A A A3A4 A2A4 A2A3
The matrix 1536 is used to estimate g L ‘
— 1 s 1 1 1 1 A5A6 A6A7 A5A7
1 1 1 11 AA, ALA; AA;
AAg] [AA, AA, Ay,
AAp | | Ads AA; AA,
H » 9 -
AA,] | AsA, Az, AsA;
AAs ] LAA, AA AiAq
Construction
Sets of Treatment Combinations from the 28
Set, S] Sz Sa S4 85 Ss S1 Sg
x1+xz+xa+x4=l 1 1 1 0 0 0 0
o+xtxs+2=1 1 0 0 1 1 0 0
32+xa+x5+x7=0 1 1 0 il 0 1 0
xl+xz+xa+x4+x5+xa+x7+xg=1 1 1 1 1 1 1 1
Treatment Combinations
Sl S) Sa S{ 85 SG S1 Ss
01110000 01000000 00100000 00010000 00001000 00111000 00000010 00000001
01001100 10110000 11010000 11100000 11111000 11001000 11110010 11110001
10000000 10001100 11101100 11011100 11000100 11110100 11001110 11001101
10111100 01111100 00011100 00101100 00110100 00000100 00111110 00111101
11101010 00101010 01001010 01111010 01100010 01010010 01101000 01101011
00011010 11011010 10111010 10001010 10010010 10100010 10011000 10011011
00100110 11100110 10000110 10110110 10101110 10011110 10100100 10100111
11010110 00010110 01110110 01000110 01011110 01101110 01010100 01010111
00101001 11101001 10001001 10111001 10100001 10010001 10101011 10101000
11011001 00011001 01111001 01001001 01010001 01100001 01011011 01011000
11100101 00100101 01000101 01110101 01101101 01011101 01100111 01100100
01000011 10000011 11100011 10000101 10011101 10101101 10010111 10010100
10110011 01110011 00010011 11010011 11001011 11111011 11000001 11000010
10001111 01001111 00101111 00100011 00111011 00001011 00110001 00110010
01111111 10111111 11011111 11101111 00000111 00110111 00001101 00001110
00010101 11010101 10110101 00011111 11110111 11000111 11111101 11111110




Sets of Treatment Combinations from the 32
Set S S, S8 S; S§ S S St &
21+ 2.=0 0 0 1 1 1 2 2 2

Treatment Combinations
St S, 8 8. s S St S Se
00 12 21 10 01 22 02 20 11

Design 223?
There are two factors at 2 levels and three faetors at 3 levels. 34 effects are estimated from 54
treatment combinations. This is a ¥ fraetion.
Experimental Plan
SS1 8,8, S8
Analysis

.o s LA .
The matrix - is used to estimate
48 1 3

A n AB AB AB AB! A,B? A,B]
3[‘], 3[ } 2[“], 2[”], 2[”], 6[1:], 6[‘:, 6 ‘:-
A, AA, AB, A;B, AB, A,B A,B! A,B!
Construction
Sets of Treatment Combinations from the 22 Treatment Combinations

Set Sl Sz S S

2+ 2,=0 1 00 10

11 01

Sets of Treatment Combinations from the 3° Treatment Combinations
; 8 8 8
Set S, S, S L L . <
000 001 020
21+ 2+ 2;:=0 1 2 222 010 002
120 022 011
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
25




Design 2¢33

There are four factors at 2 levels and three factors at 3 levels. 53 effects are estimated from 108
treatment combinations. This is a ¥ fraction.

Experimental Plan
S8 58, 58

Analysis

i A;B, A3B,
The matrix [ ] is used to estimate 6 |: A, A;:' |: AB, ] [ :'

AsBy |, Ast], I:AsBz]’ |:A3B§:|,
s A4Ba:| 12[A4B¥ aB] ?lamB

2 1 1 A, A, A;
and the matrix 14 1 2 1| is used to estimate | AzA; |, AA; A,
1 1 2 ACA, A A AA,
Construction
Sets of Treatment Combinations from the 2* Treatment Combinations
Set Sl Sz Sa S S, Ss

0000 0001 1110

UtEtan=0 0 1 1100 1101 1001

TSR 1 0 0111 0110 0101

1011 1010 0010

Treatment Combinations

Sets of Treatment Combinations from the 3° s! s s
Set S;0S; S; 000 001 020

222 010 002

21+ 2o+ 2;,=0 1 2 120 022 011

102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221

26




Design 2'3?

There are seven factors at 2 levels and three factors at 3 levels.

treatment combinations. This is a ¥ fraction.

Experimental Plan

S8 58 S8

Analysis

% 1 =i
1
The matrix - i 9 —1 ] 1is used to estimate
576 | ] =

the matrix

3
=il

—1 . . As
3] 1s used to estimate [A2A7:| [

Construction

. 1
the matrix 1i5e [

Sets of Treatment Combinations from the 27

Set Si S, Ss
I+t r3+ 1, =0 1 0
T3+ T+ 25+ 26=0 0 1

T+ 23+ 25+ xs ;=0 0 0

Sets of Treatment Combinations from the 33

)
S, S

1

Set, S,
:1+22+23=0 1

2

582422 61— -5

1 3 1 . : A1A5 1&11\6
1152 [l ,;:I is used to estimate [AgAs AsA,

Ap\g 1\7
As,As ’ A1£\4 ;
Aa;\.; AQ[&Q

A1 1\4

:I' [A,;j\-;]‘ [}\1}\7]‘
A{XIAg x A3A5 : Agf&g 5
AQ:\4 1\44’&\,‘ A4A5

Treatment Combinations

S S, Ss
0000000 0100000 0011100
1111000 1011000 1100100
0110100 0010100 0101000
1001100 1101100 1010000
0110010 0010010 0101110
1001010 1101010 1010110
0000110 0100110 0011010
1111110 1011110 1100010
1100001 1000001 1111101
0011001 0111001 0000101
1010101 1110101 1001001
0101101 0001101 0110001
1010011 1110011 1001111
0101011 0001011 0110111
1100111 1000111 1111011
0011111 0111111 0000011

Treatment Combinations

S| S, M
000 001 020
222 010 002
120 022 011
102 100 110
012 121 101
gl0 118 192
201 220 200
021 202 212
111 211 221

89 effects are estimated from 432



Design 2'3*

There is one factor at 2 levels and there are four factors at 3 levels. 42 effects are estimated from
81 treatment combinations. This is a ¥ fraction.

Experimental Plan

88 88, S8,

Analysis

The matrix —[_? - ] is used to cstimate 3 [ :l [ ] [ B, ] [ B, ]
134 B o Bl 6 [ B!
AW’ aBb S Lagi) ©las:]

Construction
Sets of Treatment Combinations from the 2! Treatment Combinations
Set Sl Sg _S_l _Sf
rn= 0 1 0 1
Sets of Treatment Combinations from the 3* Treatment Combinations

? 7 ?

Set S, 8, & o e B

1 2

atatata= 0 1 2 iy dlo e
2220 0220 1220

2001 0001 1001

0111 1111 2111

1221 22211 0221

1002 2002 0002

2112 0112 1112

0222 1222 2222

0120 1120 2120

1200 2200 0200

2010 0010 1010

2121 0121 1121

0201 1201 2201

1011 2011 0011

1122 2122 0122

2202 0202 1202

0012 1012 2012

0210 1210 2210

1020 2020 0020

2100 0100 1100

2211 0211 1211

0021 1021 2021

1101 2101 0101

1212 2212 0212

2022 0022 1022

0102 1102 2102
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Design 223*

There are two factors at 2 levels and four factors at 3 levels. 52 effects are estimated from 162
treatment combinations. This is a ¥ fraction.

Experimental Plan

SISt S8 S.S;

Analysis

N . 1_ 3 _1 . . A B2
The matrix 3[ 1 3] is used to estimate 96 AgB ] 96 [AzB :l 96 AzBa] 96|:A2B :I

AB} AB; A,B; A,Bf
288| wrpz b 288| yopi | 288 Api) 288 AB: | 144 A A, b 144

Construction
Sets of Treatment Combinations from the 22 Treatment Combinations
Set S, S, 8 08
00 01
x1+12=0 1 11 10
Sets of Treatment Combinations from the 3* Treatment Combinations
Set S S;  S§ Si Y 8!
0000 1011 1000 2011 2000 0011
a+2+2z+2,=0 i 2 1110 1122 2110 2122 0110 0122

2220 2202 0220 0202 1220 1202
2001 0012 0001 1012 1001 2012
0111 0210 1111 1210 2111 2210
1221 1020 2221 2020 0221 0020
1002 2100 2002 0100 0002 1100
2112 2211 0112 0211 1112 1211
0222 0021 1222 1021 2222 2021
0120 1101 1120 2101 2120 0101
1200 1212 2200 2212 0200 0212
2010 2022 0010 0022 1010 1022
2121 0102 0121 1102 1121 2102
0201 1201 2201
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Design 233!

There are three factors at 2 levels and four factors at 3 levels. 63 effects are estimated from 162
treatment combinations. This is a % [raction.

Experimental Plan

5,51 S,S% S353 SiS4 5,54 RAH 5,57 S,5% S,5%

Analysis
11 —1 —1 —1 “
The malrix 1 —1 11 —1 —1 | is used to estimate | A;A,
' res | —1 —1 11 —1 AA,
—il —1 —1 Tl .‘3\21\3
10 —1 —1 A [A,B, AB,
and the matrix —| —1 10 —1 |is used to estimate 18] A, |, 12] AB; |, 12| AR},
] I — 10 A | AB, AB,
A1B3 A1B4 Ale l\lBg AlBg _AIB.Z,—
12| ABs |, 12| AB.|, 36| ABIY 36| ABEl, 36| A.BI|, 36| A.BL|.
1\3B3 Ag:B,; AaB? “\3}';«2_) 1\3B§ _4\3]3?_
Construction
Sets of Treatment Combinations from the 23 Treatment Combinations
S(’t S] SZ Sa S4 i S? i Sl
000 001 010 100
r+a,=0 0 1 1 111 110 101 011

x1+13=0 l O 1

Sets of Treatment Combinations (rom the 34
Set St S S 0S¢ 8 S 8 0§ "
21 —}" 2 : 33=0 0 0 1 1 1 2 2 2

22+223+24=0 1 2 0 1 2 0 1 2

Treatinent Combinations
0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 1111 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 212] 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021

30




There are four factors at 2 levels and four lactors at 3 levels.

treatment combinations.

Design 2'3*

This is a % [raction.

Experimental Plan

75 effects are estimated from 162

SIS 0SS S8S: 0 S8 S8 SeSg S8 S8 S5
Analysis
[ 14 1 -1 1 1 -1 1 [ 4]
§ B i =1 -1 T =1 AA,
P T B U G RS Al
The matrix e 1 —1 1 14 —1 1 —11 is used to estimmate | AjA,
2600 | ;1 -1 14 1 —1 AGA,
s 1 l = 1 l 1 14 l 4\21\4
| 1 —1 1 —1 —1 1 14 | ALA
11 1 —1 Ay A B, AB,
. 1 l 1 1 . . . 4'\2 Ao_]’; A\ali
the matrix 1s used (o estimale 18 12 el 12 Sl
and e maliesesl. 5 Al AB, | AB, |
l _l 1 1 1 A4 A\‘I;l 4\4]33
AB, A B, A, Bi A,B; A, B3 A, Bj
B \,B? A,B2 A, B} A,B?
12 A2B3,12 A‘“,3G 2 galctr L BE |l 36 e
A3B3 A3134 Aal‘l A3B2 Aalia Aal;.g
A4B3 A‘B4 (\413% )\4B§ A4B§ A‘\‘B?
Construction
Sets of Treatment Combinations [rom the 24
Set S S S5 S, S 0SS, S
o+x=1 1 1 1 0 0 0 0
Iyt a=1 0 1 0 0 1 0
Treatment Combinations
S] Sz Sa S - Ss_ Se S7 Ss
1010 1001 0100 1000 0001 1100 0010 0000
0101 0110 1011 0111 1110 0011 1101 1111
Sets of Treatment Combinations from the 3*
Set S S S5 SF O SE OS5 S 8 S
21+22+23=:O 0 () l 1 1 2 2 2
22+223+ 21=0 il 2 0 1 2 0 1 2
Treatiment Combinations
Si Ss S; A - 87 3a S
0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 1111 1112 2110 2111 2112 0110 0111 0112
2220 2221 29222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
31




Design 2°3*

There are six factors at 2 levels and four factors at 3 levels. 102 effects are estimated from 324

treatment combinations.

8% 0SS S5 S8 S8 S88¢ 85 88, S5,
Analysis
i —1 —1 1 m
— 1 1 1 A 1 1 . . 11\5
The matrix —— 3 45 sl —1 1 11 1| used to estimate Ryl
1 1 1 11 A31\5
13 1 1 1 1 1 A,
1 13 -1 =1 -1 -1 As
1 o 1 13 = 1 = 1 Y 1 . . 1A2
the matrix — 4032 1 1 4 13 i 1] used to estimate AA, I
1 -1 =1 -1 13 —1 AsAs
TR R, P (| 13 AA,
13 —1 1 —1 1 —1 Ay A,
—1 13 1 —1 —1 A, A
1 1 1 13 1 ‘_1 1 . . N A1A3 A2A3
the matrix w05 | —1 —1 1 13 _1s used to estimate A, Ak
1 1 '—1 1 13 1 A3A5 A3A4
= 1 — 1 1 S 1 1 13 ‘\5A6 JA‘I\G
. 1 9 '—1 . . A]B] A]BQ _A B ¥
: 0 2 1194
the matrix S0 [_ :| is used to estimate 24 [ i 4 AB, b 24 AsBs | AB, |

[ ) i I e It e B b 132]’ iR} 7

This 1s a ¥, fraction.

Experimental Plan

’

[232:]

AB! 2] [ 2B3:| [ 2B4:|,
72[ 4B2], 72[ apl 2lamb 2lam)

1
the matrix 80

AsBz]Y - [

1] . . ' AsB AsB, A;B,
9
9:| i1s used to estimate 24 :| 24 [A BBZ} [ AB, 24

72[ w7 Am,]

32
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Construction

Sets of Treatment Combinations from the 2¢

Set Sl Sz S3 S4 S5 S5 S7 Sg
ot+a+a=1 1 1 1 0 0 0 0
$3+$4+$5=1 1 0 0 1 1 0 0

2+ 23tas-+2,=0 1 0 1 0 1 0 1
o+ttt actast+ae=1 1 1 1 1 1 1 1
Treatment Combinations
Si S; S Sy
111000 001000 010000 100000
010011 100011 111011 001011
100101 010101 001101 111101
001110 111110 100110 010110
Ss Se Sy Ss
000100 000010 000111 000001
101111 101001 101100 101010
011001 011111 011010 011100
110010 110100 110001 110111
Sets of Treatment Combinations from the 3*

Set, S 8 B s & Se S, S S,

21+22+23=0 O O 1 1 1 2 2 2

22+223+Z4=0 1 2 0 1 2 0 1 2

Treatment Combinations
A S S S S 8 8 & S
0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 1111 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
33




Design 2'3°

There is one factor at 2 levels and there are five factors at 3 levels. 62 effects are estimated from
162 treatment combinations. This is a % fraction.

Experimental Plan
SiSt S:S;
Analysis
Completely Orthogonal
Construction

Sets of Treatment Combinations from the 2!

Treatment Combinations
Sct Sl Sg

858,
0 il

[1=0 1

Sets of Treatment Combinations from the 3°

Set S

2ttt 2t 2= 1

Treatment Combinations

’ ’
Sy Sp

00000 00111 00222 10000 10111 10222
11100 11211 11022 21100 21211 21022
22200 22011 22122 02200 02011 02122
20010 20121 20202 00010 00121 00202
01110 01221 01002 11110 11221 11002
12210 12021 12102 22210 22021 22102
10020 10101 10212 20020 20101 20212
21120 21201 21012 01120 01201 01012
02220 02001 02112 12220 12001 12112
01200 01011 01122 11200 11011 11122
12000 12111 12222 22000 22111 22222
20100 20211 20022 00100 00211 00022
21210 21021 21102 01210 01021 01102
02010 02121 02202 12010 12121 12202
10110 10221 10002 20110 20221 20002
11220 11001 11112 21220 21001 21112
22020 22101 22212 02020 02101 02212
00120 00201 00012 10120 10201 10012
02100 02211 02022 12100 12211 12022
10200 10011 10122 20200 20011 20122
21000 21111 21222 01000 01111 01222
22110 22221 22002 02110 02221 02002
00210 00021 00102 10210 10021 10102
11010 L1121 11202 21010 21121 21202
12120 12201 12012 22120 22201 22012
20220 20001 20112 00220 00001 00112
01020 01101 01212 11020 11101 11212
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Design 223°

There are two factors at 2 levels and five factors at 3 levels. 74 effects are estimated from 162
treatment combinations. This is a % fraction.

Experimental PPlan
S8t S,S; S;8;

Analysis

1 ' ’ A AB
The matrix 3 [i’ :1,)] is used to estimate 144 [A“Ag]’ 144 [Al]' 96 [A;Bl]’ 96 [AgB ]
X\]B IXIBS
:I 96 [AgB ] 96 AgB ] 288 [Ang]y 288 [AzB ] 288 [:Asz]’ 288 [Ang]a 288 [AzB5 -

Construction
Sets of Treatinent Combinations from the 22 Treatment Combinations
Set S S, S S
e = &
Sets of Treatment Combinations from the 3° Treatment Combinations
Set s 8 8 St S S
2+ 2a+ 232+ 2,=0 0 0 00000 22101 02100 21201 01200 20001

21000 20211 20100 22011 22200 21111
12000 11211 11100 10011 10200 12111

21+ 2,+22,=0 1 2 10110 02211 12210 01011 11010 00111
01110 00012 00210 02112 02010 01212
22110 21012 21210 20112 20010 22212
20220 12012 22020 11112 21120 10212
11220 10122 10020 12222 12120 11022
02220 01122 01020 00222 00120 02022
00021 22122 02121 21222 01221 20022
21021 20202 20121 22002 22221 21102
12021 11202 11121 10002 10221 12102
10101 02202 12201 01002 11001 00102
01101 00201 02001

35




Design 2'3°

There are four factors at 2 levels and five factors at 3 levels. 101 effects are estimated from 324
treatment combinations. This is a Y, fraction.

Experimental Plan

S8 S8, S

Analysis
1 2 1 1 A, ] A, A,
The matrix 5 1 2 1 |is used to estimate | A, |, | AsA, |, AA, |, and
1 1 2 AA, AA AA
s A1E(ES 1]. . ’ AB A.B AB
the matrix —[ ]15 used to estimate 288[ oo e = s
sl 3 Adl At %am ) Y2aB )
A3B4} [A,B,,] A,B?} A,BZ A,B? A,B? A,B}
192 192 576 576 576] '\ 1l 2 na |-
[A;B; AB, ABI AB AB:) ST aBi} 7% AB
Construction
Sets of Treatment Combinations from the 2*¢ Treatment Combinatious
Set; S] Sg S3 S Sz s.‘i
gt 4 4 0000 0010 0001
I‘j:z?j:xa__o 0 1 1100 1110 1101
A R 1011 1001 1010
0111 0101 0110
et at inati
Sets of Treatment Combinations from the 3% Tieaument Cembinatons
' i ; A S; S;
Set S 8, 5 00000 02100 01200
21000 20100 22200
21+2+2+2,+2,=0 0 0 12000 11100 10200
10110 12210 11010
2+ 2,+22,=0 1 2 01110 00210 02010
22110 21210 20010
20220 22020 21120
11220 10020 12120
02220 01020 00120
00021 02121 01221
21021 20121 22221
12021 11121 10221
10101 12201 11001
01101 00201 02001
22101 12012 20001
20211 20211 21111
11211 10011 12111
02211 01011 00111
00012 02112 01212
21012 20112 22212
12012 11112 10212
10122 12222 11022
01122 00222 02022
22122 21222 20022
20202 22002 21102
11202 10002 12102
02202 01002 00102
36




Design 2!3¢
There is one factor at 2 levels and there are six factors at 3 levels. 86 effects are estimated from
243 treatment combinations. This is a % fraction.

Experimental Plan
’ ’ ’
5,5, S,S, S.S,

Analysis

_— 3 —1
The matrix = 3 [ 1 3] is used to estimate 216 [ ] 144 [AxBx] 144 [A Bz]

) Bj
144[ 3] 144[ 4] 144 [ ABﬁ] 144 [AlBo]’ 432 [ &Bz], 432 AB’]’ 432 [ A,Ba]’

2 2 2
432 | B ] 432 B“z, 432 B",].

AB} AB; A,B;
Construction
Sets of Treatment Combinations from the 2! Treatment Combinations
x1=0 1 0 1
Sets of Treatment Combinations from the 3°

Set ST A

21+ 2+ 2 25+ 22,=0 0 0

25+ 223+ 25+ 22,=0 1 2

Treatment Combinations
S, S; Sa

000000 000011 000022 010000 010011 010022 020000 020011 020022
110020 110001 110012 120020 120001 120012 100020 100001 100012
220010 220021 220002 200010 200021 200002 210010 210021 210002
101010 101021 101002 111010 111021 111002 121010 121021 121002
211000 211011 211022 221000 221011 221022 201000 201011 201022
021020 021001 021012 001020 001001 001012 011020 011001 011012
202020 202001 202012 212020 212001 212012 222020 222001 222012
012010 012021 012002 022010 022021 022002 002010 002021 002002
122000 122011 122022 102000 102011 102022 112000 112011 112022
200100 200111 200122 210100 210111 210122 220100 220111 220122
010120 010101 010112 020120 020101 020112 000120 000101 000112
120110 120121 120102 100110 100121 100102 110110 110121 110102
001110 001121 001102 011110 011121 011102 021110 021121 021102
111100 111111 111122 121100 121111 121122 101100 101111 101122
221120 221101 221112 201120 201101 201112 211120 211101 211112
102120 102101 102112 112120 112101 112112 122120 122101 122112
212110 212121 212102 222110 222121 222102 202110 202121 202102
022100 022111 022122 002100 002111 002122 012100 012111 012122
100200 100211 100222 110200 110211 110222 120200 120211 120222
210220 210201 210212 220220 220201 220212 200220 200201 200212
020210 020221 020202 000210 000221 000202 010210 010221 010202
201210 201221 201202 211210 211221 211202 221210 221221 221202
011200 011211 011222 021200 021211 021222 001200 001211 001222
121220 121201 121212 101220 101201 101212 111220 111201 111212
002220 002201 002212 012220 012201 012212 022220 022201 022212
112210 112221 112202 122210 122221 122202 102210 102221 102202
222200 222211 222222 202200 202211 202222 212200 212211 212222
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Design 223°

There are two factors at 2 levels and six factors at 3 levels.

treatment combinations. This is a % fraction.

Experimental Plan

100 effects are estimated from 486

Ay
A,

13
AlAg

|

} ol

AiB,

] [ : l]
lkﬂBl

| 8 5 I f&lB:

1&2B6

AB?
4 1472
AzBf]’ & [AzB:

],

K S,S; S,S;
Analysis
o [F B —-17 . .
The matrlxg = 3|18 used to estimate 432
ABy], oo [4Bs TAB] eq [ABs
288 I:Asz], 288 | A,B, by 288 | A,B, b 288 A,B, y 28
864 AB; by 864 [ AB by 864 [ AB; by 864 A:Be |
A B3 | A,B; | A,B; A,B?

Construction

Sets of Treatment Combinations from the 22
Set Sl Sz

xl+x2=0 1

38

Treatment Combinations

S] Sz
00 01
11 10



Sets of Treatment Combinations from the 3¢

Set S 8L S
21+t zst 24+ 25+ 22=0 0 0
22 + QZ3+ 25+ 2Zg=0 1 2
Treatment Combinations
8i 83
000000 022100 202001 011211 120102 010000 002100 212001 021211 100102
110020 100200 012021 121201 001102 120020 110200 022021 101201 011102
220010 210220 122011 002201 111122 200010 220220 102011 012201 121122
101010 020210 200111 112221 221112 111010 000210 210111 122221 201112
211000 201210 010101 222211 102112 221000 211210 020101 202211 112112
021020 011200 120121 000022 212102 001020 021200 100121 010022 222102
202020 121220 001121 110012 022122 212020 101220 011121 120012 002122
012010 002220 111111 220002 100222 022010 012220 121111 200002 110222
122000 112210 221101 101002 210212 102000 122210 201101 111002 220212
200100 222200 102101 211022 020202 210100 202200 112101 221022 000202
010120 000011 212121 021012 201202 020120 010011 222121 001012 211202
120110 110001 022111 202012 011222 100110 120001 002111 212012 021222
001110 220021 100211 012002 121212 011110 200021 110211 022002 101212
111100 101021 210201 122022 002212 121100 111021 220201 102022 012212
221120 211011 020221 200122 112202 201120 221011 000221 210122 122202
102120 021001 201221 010112 222222 112120 001001 211221 020112 202222
212110 222110
85

020000 012100 222001 001211 110102

100020 120200 002021 111201 021102

210010 200220 112011 022201 101122

121010 010210 220111 102221 211112

201000 221210 000101 212211 122112

011020 001200 110121 020022 202102

222020 111220 021121 100012 012122

002010 022220 101111 210002 120222

112000 102210 211101 121002 200212

220100 212200 122101 201022 010202

000120 020011 202121 011012 221202

110110 100001 012111 222012 011222

021110 210021 120211 002002 111212

101100 121021 200201 112022 022212

211120 201011 010221 220122 102202

122120 011001 221221 000112 212222

202110

39




Design 233°

There are three factors at 2 levels and six factors at 3 levels. 115 effects are estimated from 486
treatment combinations. This is a ¥. fraction.

Experimental Plan

SIS 8S: S8 SS SS SS S8 SS& SS

Analysis
11 —1 —1 —1 m

.1 = 11 —1 —1]. : AA,

The matrix 5182 | —1 o i _1/® used to estimate AA,

—1 —1 —1 11 AA,
1 10 St 1 = 1 A] A]B] A]Bz

and the matrix 38 —1 10 —1 | is used to estimate 54 | A, |, 36| A.B;|, 36| A.B; |,

—1 —1 10 A, AB, AB,

A,B, A,B, A,B; A,B, A,B? A,B} AB3
36| ABs|, 36| AB,| 36|ABs;|, 36|AB,|, 108|AB}| 108|AB3| 108|A.B;]|
A;B, A.B A;B; A;B, A;B A.B; A.B;

A,B? A,B? A,B2
108 | A;B2], 108 | A;Bi|, 108| A,BE|.
A;B; A.B; A.Bj§

40




Construction

Sets of Treatment Combinations from the 22

Treatment Combinations

Set Sl Sz S3 S4 &_ __S_7_ _S_S__ §_‘_

G 000 001 010 100
aten=0 0 1 1 111 110 101 o011
2+ 1:=0 1 0 1

Sets of Treatment Combinations from the 3¢

4 4 4 4 4 4 4 ’ ’

Set S S, S8 8§ 5§ S5 S5 9§ 8§

21+ 23+ 24+ 25+ 22,=0 0 0 0 0 0 0 0 0

2.+ 22,4 254+ 22,=0 0 0 1 1 1 2 2 2

21+Zg+23+25=0 1 2 0 1 2 0 1 2

Treatment Combinations
81 S Ss S Ss &% S S S
000000 211000 122000 200010 111010 022010 100020 011020 222020
010120 221120 102120 210100 121100 002100 110110 021110 202110
020210 201210 112210 220220 101220 012220 120200 001200 212200
101010 012010 220010 001020 212020 120020 201000 112000 020000
111100 022100 200100 011110 222110 100110 211120 122120 000120
121220 002220 210220 021200 202200 110200 221210 102210 010210
202020 110020 021020 102000 010000 221000 002010 210010 121010
212110 120110 001110 112120 020120 201120 012100 220100 101100
222200 100200 011200 122210 000210 211210 022220 200220 111220
200111 111111 022111 100121 011121 222121 000101 211101 122101
210201 121201 002201 110211 021211 202211 010221 221221 102221
220021 101021 012021 120001 001001 212001 020011 201011 112011
001121 212121 120121 201101 112101 020101 101111 012111 220111
011211 222211 100211 211221 122221 000221 111201 022201 200201
021001 202001 110001 221011 102011 010011 121021 002021 210021
102101 010101 221101 002111 210111 121111 202121 110121 021121
112221 020221 201221 012201 220201 101201 212211 120211 001211
122011 000011 211011 022021 200021 111021 222001 100001 011001
100222 011222 222222 000202 211202 122202 200212 111212 022212
110012 021012 202012 010022 221022 102022 210002 121002 002002
120102 001102 212102 020112 201112 112112 220122 101122 012122
201202 112202 020202 101212 012212 220212 001222 212222 120222
211022 122022 000022 111002 022002 200002 011012 222012 100012
221112 102112 010112 121122 002122 210122 021102 202102 110102
002212 210212 121212 202222 110222 021222 102202 010202 221202
012002 220002 101002 212012 120012 001012 112022 020022 201022
022122 200122 111122 222102 100102 011102 122112 000112 211112
41




There are four factors at 2 levels and six faetors at 3 levels.
This is a %, fraction.

treatment combinations.

SiS; S5,S;  Ss8;
14 1 1
1 14 —1
1 1 —1 14
The matrix —1 1 1
6480 1 1 1
1 —1 -1
| ik = —4
11
and the matrix L ] o
96 1 —
=]
AB; AB, AB;
A.B, A,B, A,B;
36 AB, | 36 AB, | 36 AB, |
A4B3 A4B4 A4B5
AB} ABE AB}
A,B? A,B? A,B?
108 AB2 | 108 A3B§ , 108 ABz |
A B? AB? A B?

Design 2!3°

Experimental Plan

S.S4

14
—1
1

1s used to estimate 54

S:Ss
Analysis
—1 1

1 =i

1 —1

14 1

1 14

I =il

A B
A.B,
AB, |
AB,

42

108

SeSe

A,Bi
A.Bi
AsBi
AB?

131 effects are estimated from 486

S:S5 SeSg SiS,
oy
AJA,
AA,
is used to estimate | AA,
AA,
ALA,
L AsAy
Al A1B1 AIB2
Az 1\2B1 A2B2
A P aB 0 AB|
A, AB, AB,
AB3 A,B}
A,B3 A;Bj
, 108 |l 108 g |
AB; A B}




Construction
Sets of Treatment Combinations from the 24
Set S S S S S S 08 S
Ty+7,=0 0 1 1 0 0 1 1

11+x3=0 1 0 1 0 1 0 1
n+z,=1 1 1 1 0 0 0 0

Treatment Combinations
Sx Sz Sa 54 Ss So S7 Ss

0001 0011 0101 1000 0000 0010 0100 1001
1110 1100 1010 0111 1111 1101 1011 0110

Sets of Treatment Combinations from the 3¢
Set St S, S S S, Sy S; S 0S
?1+23+Z4+25+226=0 0 0 0 0 0 0 0 0

23+ 2234 2,4-22,=0 0 0 1 1 1 2 2 2
21+22+23+25=0 1 2 0 1 2 0 1 2

Treatment Combinations

S 8 S; S 85 Ss S; S S,
000000 211000 122000 200010 111010 022010 100020 011020 222020
010120 221120 102120 210100 121100 002100 110110 021110 202110
020210 201210 112210 220220 101220 012220 120200 001200 212200
101010 012010 220010 001020 212020 120020 201000 112000 020000
111100 022100 200100 011110 222110 100110 211120 122120 000120
121220 002220 210220 021200 202200 110200 221210 102210 010210
202020 110020 021020 102000 010000 221000 002010 210010 121010
212110 120110 001110 112120 020120 201120 012100 220100 101100
222200 100200 011200 122210 000210 211210 022220 200220 111220
200111 111111 022111 100121 011121 222121 000101 211101 122101
210201 121201 002201 110211 021211 202211 010221 221221 102221
220021 101021 012021 120001 001001 212001 020011 201011 112011
001121 212121 120121 201101 112101 020101 101111 012111 220111
011211 222211 100211 211221 122221 000221 111201 022201 200201
021001 202001 110001 221011 102011 010011 121021 002021 210021
102101 010101 221101 002111 210111 121111 202121 110121 021121
112221 020221 201221 012201 220201 101201 212211 120211 001211
122011 000011 211011 022021 200021 111021 222001 100001 011001
100222 011222 222222 000202 211202 122202 200212 111212 022212
110012 021012 202012 010022 221022 102022 210002 121002 002002
120102 001102 212102 020112 201112 112112 220122 101122 012122
201202 112202 020202 101212 012212 220212 001222 212222 120222
211022 122022 000022 111002 022002 220002 011012 222012 100012
221112 102112 010112 121122 002122 210122 021102 202102 110102
002212 210212 121212 202222 110222 021222 102202 010202 221202
012002 220002 101002 212012 120012 001012 112022 020022 201022
022122 200122 111122 222102 100102 011102 122112 000112 211112
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Design 23"

There is one factor at 2 levels and there are seven faetors at 3 levels. 114 effeets are estimated
from 243 treatment combinations. This is a ¥z fraction.

Experimental Plan
’ 14 ’
88, S8 S8

Analysis

.1 3 —1]. . "
The matrix §|: i 3:| is used to estimate 216 I:Ax]’ 144 [ :I 144 I: :I
B3 B4 i
144 AlBa:I’ 144 A1B4:|’ 144 ] 144 I: :I 144 I: AB 7:| 432 [ ,:I, 432 B’:I'
B;
432[[ " Ba]’ 432 I: } 432 |: & B’:I’ 432 I: 5 BZ:I’ 432 [A,B

Construction
Sets of Treatment Combinations from the 2! Treatment Combinations
Set S, S, Si S,
T o o
x,=0 1
44




S,

Sets of Treatment Combinations from the 37

2000100
0010200
1020000
2101000
0111100
1121200
2202200
0212000
1222100
1200010
2210110
0220210
1001210
2011010
0021110
1102110
2112210
0122010
0100220
1110020

2120120
0201120
1211220
2221020
0002020
1012120
2022220
1100201
2110001
0120101
1201101
2211201
0221001
1002001
2012101
0022201
0000111
1010211
2020011
0101011

Set, S; S, S
atatatazst2z, =0 0 0
22+223+25+226+Z7=1 1 1
21t 2+ 2+ 2+22; =0 1 2
Treatment Combinations
S;
1111111 0102102 2000210 2120200 1111221 0102212
2121211 1112202 0010010 0201200 2121021 1112012
0202211 2122002 1020110 1211000 0202021 2122112
1212011 2100212 2101110 2221100 1212121 2100022
2222111 0110012 0111210 0002100 2222221 0110122
2200021 1120112 1121010 1012200 2200101 1120222
0210121 2201112 2202010 2022000 0210201 2201222
1220221 0211212 0212110 1100011 1220001 0211022
2001221 1221012 1222210 2110111 2001001 1221122
0011021 2002012 1200120 0120211 0011101 2002122
1021121 0012112 2210220 1201211 1021201 0012222
2102121 1022212 0220020 2211011 2102201 1022022
0112221 1000122 1001020 0221111 0112001 1000202
1122021 2010222 2011120 1002111 1122101 2010002
0200002 0020022 0021220 2012211 0200112 0020102
1210102 1101022 1102220 0022011 1210212 1101102
2220202 2111122 2112020 0000221 2220012 2111202
0001202 0121222 0122120 1010021 0001212 0121002
1011002 1202222 0100000 2020121 1011112 1202002
2021102 2212022 1110100 0101121 2021212 2212102
0222122 0222202
Sz
2000020 2120010 1111001 0102022
0010120 0201010 2121101 1112122
1020220 1211110 0202101 2122222
2101220 2221210 1212201 2100102
0111020 0002210 2222001 0110202
1121120 1012010 2200211 1120002
2202120 2022110 0210011 2201002
0212220 1100121 1220111 0211102
1222020 2110221 2001111 1221202
1200200 0120021 0011211 2002202
2210000 1201021 1021011 0012002
0220100 2211121 2102011 1022102
1001100 0221221 0112111 1000012
2011200 1002221 1122211 2010112
0021000 2012021 0200222 0020212
1102000 0022121 1210022 1101212
2112100 0000001 2220122 2111012
0122200 1010101 0001122 0121112
0100110 2020201 1011222 1202112
1110210 0101201 2021022 2212212
0222012
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Design 2237

There are two factors at 2 levels and seven factors at 3 levels. 130 effects are estimated from 486
treatment combinations. This is a s fraction.

Experimental Plan
SIS; SZS; SIS;

Analysis

. l 3 —11. . m
The matrix 3 |: i 3] 1s used to estimate 432 [ :| 432 [Az] 288 [AzB]
13 A B, L
288 [ :I 288 [A2B3 288 [AZB :l 288 [: 2B » 288 :| 288 [AzB] 864 Ang]’
I 28 ) (23]
864 I:Ang:I 864 [Ang 864 [ 2B2:l 864 A,B? 864 A,B? 864 AB?
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Construction

Sets of Treatment Combinations from the 22 Treatment Combinations
Set Sl Sz é _S_2
z =0 1 00 01
12 11 10

Sets of Treatinent Combinations from the 37
Set S; S; S;
21tz 24+ 25+22,=0 0 0
2o+223+ 25+224+27=1 1 1

21+ zt 2+ 2s+22,=0 1 2

Treatiment Combinations

S, Sz

2000100 2112210 0221001 2001221 0110012 2000210 2112020 0221111 2001001 0110122
0010200 0122010 1002001 0011021 1120112 0010010 0122120 1002111 0011101 1120222
1020000 0100220 2012101 1021121 2201112 1020110 0100000 2012211 1021201 2201222
2101000 1110020 0022201 2102121 0211212 2101110 1110100 0022011 2102201 0211022
0111100 2120120 0000111 0112221 1221012 0111210 2120200 0000221 0112001 1221122
1121200 0201120 1010211 1122021 2002012 1121010 0201200 1010021 1122101 2002122
2202200 1211220 2020011 0200002 0012112 2202010 1211000 2020121 0200112 0012222
0212000 2221020 0101011 1210102 1022212 0212110 2221100 0101121 1210212 1022022
1222100 0002020 1111111 2220202 1000122 1222210 0002100 1111221 2220012 1000202
1200010 1012120 2121211 0001202 2010222 1200120 1012200 2121021 0001012 2010002
2210110 2022220 0202211 1011002 0020022 2210220 2022000 0202021 1011112 0020102
0220210 1100201 1212011 2021102 1101022 0220020 1100011 1212121 2021212 1101102
1001210 2110001 2222111 0102102 2111122 1001020 2110111 2222221 0102212 2111202
2011010 0120101 2200021 1112202 0121222 2011120 0120211 2200101 1112012 0121002
0021110 1201101 0210121 2122002 1202222 0021220 1201211 0210201 2122112 1202002
1102110 2211201 1220221 2100212 2212022 1102220 2211011 1220001 2100022 2212102

0222122 0222202

83

2000020 2112100 0221221 2001111 0110202
0010120 0122200 1002221 0011211 1120002
1020220 0100110 2012021 1021011 2201002
2101220 1110210 0022121 2102011 0211102
0111020 2120010 0000001 0112111 1221202
1121120 0201010 1010101 1122211 2002202
2202120 1211110 2020201 0200222 0012002
0212220 2221210 0101201 1210022 1022102
1222020 0002210 1111001 2220122 1000012
1200200 1012010 2121101 0001122 2010112
2210000 2022110 0202101 1011222 0020212
0220100 1100121 1212201 2021022 1101212
1001100 2110221 2222001 0102022 2111012
2011200 0120021 2200211 1112122 0121112
0021000 1201021 0210011 2122222 1202112
1102000 2211121 1220111 2100102 2212212

0222012
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Design 237

There are three factors at 2 levels and seven factors at 3 levels. 147 effects are estimated from
486 treatment combinations. This is a ¥, fraction.

Experimental Plan

58 88, 88 88 S8 88 &S S8 S8

Analysis
% ) (| "
. 1 1 11 -1 ] ! AA,
The matrix 5184 1 —1 11 1|% used to estimate AA,
—1 1 1 1l ALA,

1 10 1 1 Al A[Bl A[Bz AlBa
and the matrix 35 1 10 —1 |is used to estimate 54 2, 36 |A:B; |, 36| AB.|, 36| ABs|,
1 S 1 10 A3 AaB, Ang A;B
A1B4 A1B5 A[Bc AlBg A]Bl AIB: AIB;
36 [A2B4 ) 36 A2B5 ) 36 Ach y 36 A2B7 ’ 108 t\ng ) 108 [AQB: ) 108 A;B; y
A3B A3B A3B ASBT IXSB? AaB’ A:;B’

AB? A,B? A,Bi A,B?
108 | A:Bi|, 108 | A,Bi|, 108 | A,Bi|, 108 | A,BZ|.
AB: AB? AB; AB;




Construction

Sets of Treatment Combinations from the 23

Treatment Combinations

Set S S, S S, 8, S, S S,
2 +2;=0 0 1 1 000 001 010 100
111 110 101 011
z+23=0 1 0 1
Sets of Treatment Combinations from the 37
Set St S: S3 Si S§g St 7 S§ S8
21+ 23+ 24+ 25+ 22,=0 0 0 0 0 0 0 0 0
29+2z2:+ 25224+ 2,=1 1 1 1 1 1 1 1
21+ 22+ 23+ 25+ 22,=0 0 0 1 1 1 2 2
z1+22+ 23+ 22+ 22,4+ 224+ 22;=0 1 2 0 1 2 1 2
Treatment Combinations
8 S; S, A Ss Ss 5; Sy S,
0000111 1010211 2020011 0120211 1100011 2110111 0210011 1220111 2200211
1111111 2121211 0101011 1201211 2211011 0221111 1021011 2001111 0011211
2222111 0202211 1212011 2012211 0022011 1002111 2102011 0112111 1122211
0011021 1021121 2001221 0101121 1111221 2121021 0221221 1201021 2211121
1122021 2102121 0112221 1212121 2222221 0202021 1002221 2012021 0022121
2200021 0210121 1220221 2020121 0000221 1010021 2110221 0120021 1100121
0022201 1002001 2012101 0112001 1122101 2102201 0202101 1212201 2222001
1100201 2110001 0120101 1220001 2200101 0210201 1010101 2020201 0000001
2211201 0221001 1201101 2001001 0011101 1021201 2121101 0101201 1111001
2002012 0012112 1022212 2122112 0102212 1112012 2212212 0222012 1202112
0110012 1120112 2100212 0200112 1210212 2220012 0020212 1000012 2010112
1221012 2201112 0211212 1011112 2021212 0001012 1101212 2111012 0121112
2010222 0020022 1000122 2100022 0110122 1120222 2220122 0200222 1210022
0121222 1101022 2111122 0211022 1221122 2201222 0001122 1011222 2021022
1202222 2212022 0222122 1022022 2002122 0012222 1112122 2122222 0102022
2021102 0001202 1011002 2111202 0121002 1101102 2201002 0211102 1221202
0102102 1112202 2122002 0222202 1202002 2212102 0012002 1022102 2002202
1210102 2220202 0200002 1000202 2010002 0020102 1120002 2100102 0110202
1001210 2011010 0021110 1121010 2101110 0111210 1211110 2221210 0201010
2112210 0122010 1102110 2202010 0212110 1222210 2022110 0002210 1012010
0220210 1200010 2210110 0010010 1020110 2000210 0100110 1110210 2120010
1012120 2022220 0002020 1102220 2112020 0122120 1222020 2202120 0212220
2120120 0100220 1110020 2210220 0220020 1200120 2000020 0010120 1020220
0201120 1211220 2221020 0021220 1001020 2011120 0111020 1121120 2101220
1020000 2000100 0010200 1110100 2120200 0100000 1200200 2210000 0220100
2101000 0111100 1121200 2221100 0201200 1211000 2011200 0021000 1001100
0212000 1222100 2202200 0002100 1012200 2022000 0122200 1102000 2112100
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Design 2'38

There is one factor at 2 levels and there are eight factors at 3 levels. 146 effects are estimated from

243 treatment combinations. This is a Y% fraction.
Experimental Plan

SiSi S8S; S8

Analysis
.1 3 —1 T . u B, 2 1
The matrix o = 3] is used to estimate 216 [Al} 144 [A1 1] 144 A1B2_,
[ B, B, [ B}
16t [ ] _A1B4]’ i [A B:l e [A B] — [A B:l = [AI s] A B"’:l’
B B; B
432 [Ale]’ 432 | 4 B._,:l: 432 I:A B{I’ 432 I:& Bﬁ:l’ 432 I:A B2:|, 432 [A B2:| 432 _A1B§}

Construetion

Sets of Treatment Combinations from the 2! Treatment Combinations

Set S, S & 5
- 0 1
X =0 I
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Sets of Treatment Combinations from the 32

Set Si S; S
2+ 23t 20t 25+ 24+ 2,=0 0 0
21+ 23t 20+224+ 224+ 2,=0 0 0
21+223+225+25+ 27=0 0 0
23+223+225+ 27=0 1 2
Treatment Combinations
S S
00000000 21021020 11102111 01210202 00000121 21021111 11102202 01210020
11110000 02010120 22212111 12020202 11110121 02010211 22212202 12020020
22220000 10120120 00201211 20100202 22220121 10120211 00201002 20100020
00212100 21200120 11011211 02021012 00212221 21200211 11011002 02021100
11022100 02222220 22121211 10101012 11022221 02222011 22121002 10101100
22102100 10002220 01012021 21211012 22102221 10002011 01012112 21211100
00121200 21112220 12122021 02200112 00121021 21112011 12122112 02200200
11201200 02211001 20202021 10010112 11201021 02211122 20202112 10010200
22011200 10021001 01221121 21120112 22011021 10021122 01221212 21120200
01202010 21101001 12001121 02112212 01202101 21101122 12001212 02112000
12012010 02120101 20111121 10222212 12012101 02120222 20111212 10222000
20122010 10200101 01100221 21002212 20122101 10200222 01100012 21002000
01111110 21010101 12210221 00220022 01111201 21010222 12210012 00220110
12221110 02002201 20020221 11000022 12221201 02002022 20020012 11000110
20001110 10112201 01122002 22110022 20001201 10112022 01122120 22110110
01020210 21222201 12202002 00102122 01020001 21222022 12202120 00102210
12100210 00110011 20012002 11212122 12100001 00110102 20012120 11212210
20210210 11220011 01001102 22022122 20210001 11220102 01001220 22022210
02101020 22000011 12111102 00011222 02101111 22000102 . 12111220 00011010
10211020 00022111 20221102 11121222 10211111 00022202 20221220 11121010
22201222 22201010
Ss
00000212 21021202 11102020 01210111
11110212 02010002 22212020 12020111
22220212 10120002 00201120 20100111
00212012 21200002 11011120 02021221
11022012 02222102 22121120 10101221
22102012 10002102 01012200 21211221
00121112 21112102 12122200 02200021
11201112 02211210 20202200 10010021
22011112 10021210 01221000 21120021
01202222 21101210 12001000 02112121
12012222 02120010 20111000 10222121
20122222 10200010 01100100 21002121
01111022 21010010 12210100 00220201
12221022 02002110 20020100 11000201
20001022 10112110 01122211 22110201
01020122 21222110 12202211 00102001
12100122 00110220 20012211 11212001
20210122 11220220 01001011 22022001
02101202 22000220 12111011 00011101
10211202 00022020 20221011 11121101
22201101
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Design 2238

There are two factors at 2 levels and eight factors at 3 levels. 164 effects are estimated from 486
treatment combinations. This is a ¥, fraction.

Experimental Plan
S,S; KA S,S;

Analysis

_1 . . u s Al 5 AlBl
[ 3] 18 used to estimate 432 [ A, Az] 432 [ Az] 288 [ A2B1]
1B3:| 1B4:| A Ba] [ ch [AlB1:|
y 288 » 2 4
288 | A sz] 288 |: A,B, 88 | AB, 288 AB, 88 A,B, 288 AB,

" A,B, ] AIBz], [ IB{I [Ale], [ BY ]
288 ] [ 864 AB? 864 A,B! 864 A,B! 864 A,B’

| A.B,
[ABY], A, B,] 'AIBg],
864 | Ang] 864 [ AB | 54| A

The matrix

Construction
Sets of Treatment Combinations from the 22 Treatment Combinations
Set & S, s &
ontz,=0 1 o

11 10
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Si

Sets of Treatment Combinations from the 3%

00000000
11110000
22220000
00212100
11022100
22102100
00121200
11201200
22011200
01202010
12012010
20122010
01111110
12221110
20001110
01020210
12100210
20210210
02101020
10211020

21021020
02010120
10120120
21200120
02222220
10002220
21112220
02211001
10021001
21101001
02120101
10200101
21010101
02002201
10112201
21222201
00110011
11220011
22000011
00022111

Set S S: S
2t2t 2t 2+ 2+ =0 0 0
214234204225+ 224+23=0 0 0
21+22;4+ 225+ 24+ 2,=0 0 0
20+223+224+2,=0 1 2
Treatment Combinations
Ss
11102111 01210202 00000121 21021111 11102202 01210020
22212111 12020202 11110121 02010211 22212202 12020020
00201211 20100202 22220121 10120211 00201002 20100020
11011211 02021012 00212221 21200211 11011002 02021100
22121211 10101012 11022221 02222011 22121002 10101100
01012021 21211012 22102221 10002011 01012112 21211100
12122021 02200112 00121021 21112011 12122112 02200200
20202021 10010112 11201021 02211122 20202112 10010200
01221121 21120112 22011021 10021122 01221212 21120200
12001121 02112212 01202101 21101122 12001212 02112000
20111121 10222212 12012101 02120222 20111212 10222000
01100221 21002212 20122101 10200222 01100012 21002000
12210221 00220022 01111201 21010222 12210012 00220110
20020221 11000022 12221201 02002022 20020012 11000110
01122002 22110022 20001201 10112022 01122120 22110110
12202002 00102122 01020001 21222022 12202120 00102210
20012002 11212122 12100001 00110102 20012120 11212210
01001102 22022122 20210001 11220102 01001220 22022210
12111102 00011222 02101111 22000102 12111220 00011010
20221102 11121222 10211111 00022202 20221220 11121010
22201222 22201010
S;
00000212 21021202 11102020 01210111
11110212 02010002 22212020 12020111
22220212 10120002 00201120 20100111
00212012 21200002 11011120 02021221
11022012 02222102 22121120 10101221
22102012 10002102 01012200 21211221
00121112 21112102 12122200 02200021
11201112 02211210 20202200 10010021
22011112 10021210 01221000 21120021
01202222 21101210 12001000 02112121
12012222 02120010 20111000 10222121
20122222 10200010 01100100 21002121
01111022 21010010 12210100 00220201
12221022 02002110 20020100 11000201
20001022 10112110 01122211 22110201
01020122 21222110 12202211 00102001
12100122 00110220 20012211 11212001
20210122 11220220 01001011 22022001
02101202 22000220 12111011 00011101
10211202 00022020 20221011 11121101
22201101
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Design 2'3°

There is one factor at 2 levels and there are nine factors at 3 levels. 182 effects are estimated
from 243 treatment combinations. This is a s fraction.

Experimental Plan
SiS; S, S S.8;

Analysis

o I 8 0
The matrix 3 l:—l 3] 1s used to estimate 216 [ ] 144 [A Bl] 144 I: ] 144 [A,Ba]'
™ B, B;
144 _AIBJ, 144 [AIBJ’ 144 [ ] 144 [ ] 144 [ ] 144 I: ] [A Bz]’
432 2 432 432 432 432 B% 432 432
B ! AB2 { 2 4 2 : AB2 A,B2 i A,B§ i

o
432 _Ale]'
Construction
Sets of Treatment Combinations from the 2! Treatment Combinations
Set S, S, 81 S
$1=0 1 0 .
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Sets of Treatment Combinations from the 3°

Set S S; S
2+ 23+ 25+ 25+ 2%+ 2,=0 0 0
a1t 2t 2+22+ 225+ 2,=0 0 0
21+ 2+ 22+ 225+ 25+ 2,=0 0 0
gtz+2z+2+22=0 0 0
21+ 22,2234 2,4 2,=0 1 2
Treatment Combinations
s s,
000000000 202211020 101211111 000211202 001210210 200121200 102121021 001121112
121210000 001202120 222121111 121121202 122120210 002112000 220001021 122001112
212120000 122112120 021112211 212001202 210000210 120022000 022022121 210211112
011111100 210022120 112022211 021201012 012021010 211202000 110202121 022111222
102021100 012010220 200202211 112111012 100201010 010220100 201112121 110021222
220201100 100220220 012102021 200021012 221111010 101100100 010012201 201201222
022222200 221100220 100012021 002012112 020102110 222010100 101222201 000222022
110102200 022011001 221222021 120222112 111012110 020221211 222102201 121102022
201012200 110221001 020210121 211102112 202222110 111101211 021120001 212012022
010212010 201101001 111120121 010120212 011122220 202011211 112000001 011000122
101122010 000122101 202000121 101000212 102002220 001002011 200210001 102210122
222002010 121002101 001021221 222210212 220212220 122212011 002201101 220120122
021020110 212212101 122201221 001110022 022200020 210122011 120111101 002020202
112200110 011200201 210111221 122020022 110110020 012110111 211021101 120200202
200110110 102110201 011022002 210200022 201020020 100020111 012202212 211110202
002101210 220020201 102202002 012221122 000011120 221200111 100112212 010101002
120011210 002220011 220112002 100101122 121221120 000100221 221022212 101011002
211221210 120100011 022100102 221011122 212101120 121010221 020010012 222221002
020121020 211010011 110010102 020002222 021001200 212220221 111220012 021212102
111001020 010001111 201220102 111212222 112211200 011211021 202100012 112122102
202122222 200002102
5%
002120120 201001110 100001201 002001022
120000120 000022210 221211201 120211022
211210120 121202210 020202001 211121022
010201220 212112210 111112001 020021102
101111220 011100010 202022001 111201102
222021220 102010010 011222111 202111102
021012020 220220010 102102111 001102202
112222020 021101121 220012111 122012202
200102020 112011121 022000211 210222202
012002100 200221121 110210211 012210002
100212100 002212221 201120211 100120002
221122100 120122221 000111011 221000002
020110200 211002221 121021011 000200112
111020200 010020021 212201011 121110112
202200200 101200021 010112122 212020112
001221000 222110021 101022122 011011212
122101000 001010101 222202122 102221212
210011000 122220101 021220222 220101212
022211110 210100101 112100222 022122012
110121110 012121201 200010222 110002012
201212012
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Design 2°3°

There are three factors at 2 levels and three factors at 3 levels. 43 effects are estimated from 72
treatment combinations. This is a ¥ fraction.

Experimental Plan
Si8] S8 S8y S8
Analysis

1[4 17. . L(B,) ] [L(Ba)
The matrix — T80 l:l 4] is used to estimate l:L (Bsz)] [L ®B.By) | L(B,B,) |
1[4 -17. : QBy) } [Q(B,) ] Q(Bs)
and the matrix —— 7 [ 1 4] is used to estimate l:Q (B,B,) Q®BBy) ! LQ®By/}
30 0 -3 -3 3 -3 L(BIB )
g 10 —3 1 3 1 Q(B,B))
-3 =3 30 0 6 ol .= . L(B,B})
and the matrix —— 1 29 sl —s 1 0 10 0 o is used to estimate Q@B |
3 3 6 0 30 0 L(B,B3)
= i 0o =2 0 10 Q(BB3)
Construetion
Sets of Treatment Combinations from the 22 Treatment Combinations
Set Sl Sg Sz S4 S S, Ss S,
+z,=0 0 1 1 000 001 010 100
111 110 101 011
21+23=0 1 0 1
Sets of Treatment Combinations from the 33 Treatment Combinations
Set  Si S; S &oB5 &
21+ 23+ 2=0 1 9 000 001 020

222 010 002
120 022 011
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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Design 2°3°
There are five factors at 2 levels and three factors at 3 levels. 64 effects are estimated from 144
treatment combinations. This is a % fraction.

Experimental Plan

SiSi 88 S8:S;  SS;

Analysis
.1 [4 1]. : LB, L(B,) L(B.)
The matrix 366 [1 4] 1s used to estimate I:L(BzBa) » |L@Byl [L®@B)S
" 1 4 —1]. s Q®B)) ] [Q(Bz) ] [Q(Bs)
and the matrix 1080 | —1 4] 18 used to estimate QB.By) ) |Q®BBy ) | QBB
30 0 —3 —3 3 —3 L®B,B3)
0 0 —3 1 8 1 Q(B,B3)
. 1 |{—3 —3 30 0 6 . : L(B,B?)
and the matrix 3502 | —3 1 0 10 S 1s used to estimate Q@B |
3 3 6 0 3 0 L(B.B3)
-3 1 0 —2 0 10 QBB
Construction
Sets of Treatment Combinations from the 2% Treatment Combinations
Setv S| Sz Sa S4 Sl Sﬂ Ss Sl
00100 00010 10000 00001
ntotetedts=1 1 1 1 11100 11010 01000 11001
01011 01101 11111 01110
at+atan=1 0 1 0 10011 10101 00111 10110

r3t+z=1 1 0 0

Sets of Treatment Combinations from the 32 Treatment Combinations

Set S S S - S
000 001 020
21+2+2;=0 1 2 222 010 002

120 022 011
102 100 110
012 121 101
210 112 122
201 220 200
021 202 212
111 211 221
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Design 2°3°

There are six factors at 2 levels and three factors at 3 levels. 76 effects are estimated from 288
treatment combinations. This is a ¥ fraction.

Experimental Plan
S8 S8, S8 S8

Analysis
1 T4 1. . L(B,) ] I:L(Bz) ] I:L(Bs) :|
The matrix 720 | 1 4:| 1s used to estimate I:L(B2B3) ' |lLeBy | [LBBY )

and the matrix e [_4 _1] 1s used to estimate Q(B,) ):|, [Q(Bz) ):|, Q(Bs)

2160 | —1 4 Q(B.B QBB Q@B.By) |
30 0 -3 -2 B —8 L(B,B})
0 10 —3 i 3 1 Q(B,B)
L A —8 =3 30 0 6 o |. ) L(B,B?

and the matrix 5184 —3 1 0 10 0 5 is used to estimate QBB |
3 3 6 0 30 0 L(®B,Bj)
—8 i 0 -2 0 10 Q(B,B2)
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Construction

Sets of Treatment Combinations from the 2°

Set Sl

S,

ntr =1
r+2,42=0

T3+ 425+ 12,=0

Sets of Treatment Combinations from the 3°

Set

’
3

21+ 2+ 2;=0

59

Treatment Combinations

S Sz Ss 84
010000 000010 000001 100000
100101 110111 110100 010101
011001 001011 001000 101001
101100 111110 111101 011100
010110 000100 000111 100110
100011 110001 110010 010011
011111 001101 001110 101111
101010 111000 111011 011010

Treatment Combinations

RN Se
000 001
222 010
120 022
102 100
012 121
210 112
201 220
021 202
111 211

S

020
002
011
110
101
122
200
212
221



Design 2°3*

There are five factors at 2 levels and four factors at 3 levels. 88 effects are estimated from 216
treatment combinations. This is a Y, fraction.

Experimental Plan
S8 S8, 88, S8 S8 SS 88 88 S8
SiS:  SuS;  SuS

Analysis
] 2 -1 -1 AA; | AsA, AA,
The matrix — 588 —1 2 1 | is used to estimate | A A, |, AA, | ALA; |,
—1 1 2 AA, AA AA

. 1 3 1 . . 1 _A4 A4B]]
and the matrix 5[1 3] is used to estimate 192 [AtAa]’ 192 _AJ, 128 AB, |

2
128 [A‘B’], 128 [A‘Bs 128 A‘B‘], 3sa | AB1] 384 AB:], 384 [A‘B*‘] 384 20t
5

AB, AB, AB:} ABL T
24 0 —3 3 L(B,) L(B.)
1 0 8 3 1] . : QB Q(By)
and the matrix —— =il —3 3 o4 0 is used to estimate L(B,B)) | L(B,B) |
3 1 0 8 Q(B:B,) Q(B:By)
L(Bs)
Q(B:)
L®B,B,) |
Q(B,B,)
30 0 —6 9 =% .3 L(B;Bj)
0 10 0 -2 38 1 Q(B:B3)
—6 0 30 0 -3 3. % L(BlBg)
and the matrix ——— 3888 0 —o 0 10 3 L |8 used to estimate Q (B,B:)
—3 3 —3 3 30 0 L(B,B;})
3 1 3 1 0 10 Q(B,By)




Construction

Sets of Treatment Combinations from the 25

Set S S, S, S, Ss Se S; Ss S, Sie  Su Sz
z,+2,=0 0 0 0 1 1 1 1 0 0 1 1
2, +23=0 1 0 1 0 1 0 1 0 1 0 1
$1+$2+$3+$4=0 0 0 0 0 0 0 0 1 1 1 1
z1+z2+z3+z5=0 0 1 1 0 0 1 1 0 0 0 0
Treatment Combinations
Si S, Ss Sy Ss Se
00000 00111 00001 11001 10100 10011
11111 11000 11110 00110 01011 01100
S, Ss Se Sie Su Sta
10101 10010 00010 00101 10110 10001
01010 01101 11101 11010 01001 01110
Sets of Treatment Combinations from the 3*
Set, RV M A M A O A 4
2, + 22+ 23— O O O l l l 2 2
2042234 2,=0 1 2 0 1 2 0 1 2
Treatment Combinations
S Sa Ss S: Ss Sa S; Se Se
0000 0001 0002 1000 1001 1002 2000 2001 2002
1110 1111 1112 2110 2111 2112 0110 0111 0112
2220 2221 2222 0220 0221 0222 1220 1221 1222
1201 1202 1200 2201 2202 2200 0201 0202 0200
2011 2012 2010 0011 0012 0010 1011 1012 1010
0121 0122 0120 1121 1122 1120 2121 2122 2120
2102 2100 2101 0102 0100 0101 1102 1100 1101
0212 0210 0211 1212 1210 1211 2212 2210 2211
1022 1020 1021 2022 2020 2021 0022 0020 0021
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Design 2°3°

There are three factors at 2 levels and five factors at 3 levels. 87 effects are estimated from 216
treatment combinations. This is a % fraction.

Experimental Plan

Si51 5,52 SsS3 SS4

Analysis
.1 e 1. . L(B,Bi)] [L(BlBi)
The matrix T [ ] 4] is used to estimate [L @.B) I | LB.BY |

g - : Q®BBY Q(B,Bi)'J
and the matrix 1630 [ 1 4] is used to estimate Q(B,B?) y Q(B,B: ;

24 0 —3 8 L(B,) L(B.)
.1 0 8 3 1. . Q@) | Q®B2) |,
and the matrix 3940 —3 3 924 0 18 used to estimate L(B,B?) ¥, (B,Bg)
|l 3 1 0 8 Q®B:By)] LQ®BBI)
24 0 3 3 LB, B L(Bs)
.1 0 8 -—3 1. ) Q®By |, Q(Bs)
and the matrix 3316 | 3 —3 24 o0 is used to estimate L(B,B?) L(B,B3)
3 1 8 0 Q®:B)] LQ®BBYH
" 30 0—6 0 —3 3 [L(B,B3)]
0 10 0—2 3 1 Q@®B,B)
. - 1 —6 0 30 0 —3 3| is used to estimatc | L(B;B;) |,
¢ MAIX =233 0—2 0 10 3 1 Q(B.B;)
—3 3—-3 3 3 0 L(B,Bs)
| 3 1 3 1 0 10 | Q(B.Bs) _
© 80 0 6 0 —3 —3] [L(BB,)]
0 10 0—2 -3 1 Q@B:By)
| 6 0 30 0 3 3] is usced to estimate | L(B,B2)
and the matrix 3588 0—-2 0 10 —3 1 Q(B.BY |
—3—3 3-—3 30 0 L(B;B;)
[ -3 1 3 1 0 10 [ Q(B;Bs) _
[~ 30 0 —6 0 3 —3 ' L(B,)
0 10 0 —2 3 1 QBs)
. 1 |—-6 o0 3 o0 3 —3|. . L(®B.B,) |
and the matrix 3888 0 —o 0 10 3 ] is used to estimate Q(B,B,)
3 3 3 30 0 L(B.By)
-3 1 -3 1 0 10 QB.Bs)
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Construction

Sets of Treatment Combinations from the 23
Set Sl Sz S3 S4

2;1+:l,‘2=0 0 1 1
11+(L‘3=0 1 0 1

Sets of Treatment Combinations from the 3%

Treatment Combinations

S Sy Ss S

000 001 010 100
111 110 101 o1l

Treatment Combinations

S: S; s: A
SHIE . -
Set . : 2 . 00000 02100 01200 00001
ttmtatata=0 0 0 1 21000 20100 22200 21001
12000 11100 10200 12001
o1t 23 22,0 1 2 0 10110 12210 11010 10111

01110 00210 02010 01111
22110 21210 20010 22111
20220 22020 21120 20221
11220 10020 12120 11221
02220 01020 00120 02221
00021 02121 01221 00022
21021 20121 22221 21022
12021 11121 10221 12022
10101 12201 11001 10102
01101 00201 02001 01102
22101 21201 20001 22102
20211 22011 21111 20212
11211 10011 12111 11212
02211 01011 00111 02212
00012 02112 01212 00010
21012 20112 22212 21010
12012 11112 10212 12010
10122 12222 11022 10120
01122 00222 02022 01120
22122 21222 20022 22120
20202 22002 21102 20200
11202 10002 12102 11200
02202 01002 00102 02200
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Design 2°3°

There are five factors at 2 levels and five factors at 3 levels. 116 effects are estimated from 432

treatment combinations. This is a ¥; fraction.

Experimental Plan

S8 S8 S8 S8
Analysis
.1 4 1. . L(B,B) L(B,B?)
The matrix 1080 [1 4] is used to estimate [L(Bng) ' | L®B,By }
. 4 —1171. . Q(Ble) Q(BlBg)
and the matrix 3240 | —1 4] is used to estimate Q@B | |Q®B,By
24 0 —3 3 L(B)) L(B,)
. 1 0 8 3 T . . QB |, QB2 |,
and the matrix 6—480 —3 3 924 0 is used to estimate 1(B,B2) L(B,B3)
| 3 1 0 8 Q(B,BY) Q(B,BY
24 0 3 3 LBy L(B;)
.1 0 8-—3 1]. . Q®By | | Q®By |
and the matrix 6—480 3 _3 o4 o0 is used to estimate L(B,B2) L(B,B?)
| 3 1 0 8 Q(B;B?) Q(B;B})
30 0—6 0 —3 3] L(B,B)
0 10 0-2 3 1 Q(B,B)
g 1 —6 0 30 0 —3 31N : L(B,B,)
and the matrix 7776 0—2 o0 10 3 1] used to estimate Q(B,B, |
—3 3-—-3 330 0 L(B,B,)
L 3 1 3 1 0 10] Q(B.By)
30 0 6 0 —3 —3 L(B;sB,)
¢ 10 0 =2-—3 1 Q(B;B,)
o Al 6 030 0 3 3. ! L(®BB})
and the matrix 7776 0—2 0 10 —3 1 is used to estimate Q (B.BY) ’
—3 —3 3—3 30 0 L(B;sBj)
| -3 1 3 1 0 10] Q(BsBs)
" 30 0 —6 0 3 -3 L(B,)
0 10 0 —2 8 i Q(Bs)
.1 | —6 0 30 0 3 —-31. . L(B;B,)
and the matrix 7776 0 —2 0 10 3 Nk used to estimate Q(B,By |
3 3 3 3 30 0 L(BB;)
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Construction

Sets of Treatment Combinations from the 2° Treatment Combinations
Set Sl Sg S3 S4 S, S, Ss S
P I I TP R g 1 1 1 00100 00010 10000 00001
11100 11010 01000 11001
itz zm=1 0 1 0 01011 01101 11111 01110

10011 10101 00111 10110
I3+I4=1 3} 0 0

Sets of Treatment Combinations from the 3° Treatment Combinations
Set S; S, s, s S 8 S S
2+ 2+ 2+ 2+ 25=0 0 0 1 00000 02100 01200 00001
21000 20100 22200 21001
21+ 29+22:=0 1 2 0 12000 11100 10200 12001

10110 12210 11010 10111
01110 00210 02010 01111
22110 21210 20010 22111
20220 22020 21120 20221
11220 10020 12120 11221
02220 01020 00120 02221
00021 02121 01221 00022
21021 20121 22221 21022
12021 11121 10221 12022
10101 12201 11001 10102
01101 00201 02001 01102
22101 21201 20001 22102
20211 22011 21111 20212
11211 10011 12111 11212
02211 01011 00111 02212
00012 02112 01212 00010
21012 20112 22212 21010
12012 11112 10212 12010
10122 12222 11022 10120
01122 00222 02022 01120
22122 21222 20022 22120
20202 22002 21102 20200
11202 10002 12102 11200
02202 01002 00102 02200
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