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ABSTRACT 

The propeller-rudder Interaction problem is studied by means of the 

unsteady lifting-surface theory. Both surfaces of arbitrary geometry are 

Immersed In a nonuntform flowfleld (i.e., hull wake) of an Ideal Incom¬ 

pressible fluid. The boundary-value problem yields a pair of surface 

Integral equations, the inversion of which is achieved by the so-called 

"generalized lift operator" technique, a new approach developed by the 

authors, in conjunction with the presently used "mode-col location" method. 

The analysis demonstrates the mechanism of the Interaction phenomenon by 

exhibiting the filtering effects of the propeller on the harmonic con¬ 

stituents of the wake which allow the rudder to be exposed only to the 

blade harmonic and multiples thereof. A numerical procedure adaptable to 

the COC 6600 computer has been developed which furnishes Information about 

I) the steady and time-dependent pressure distribution on both lifting 

surfaces, and 2) the resultant hydrodynamic forces and moments. A limited 

number of calculations exhibits the importance of some parameters such as 

axial clearance, number of blades, and harmonic components of the hull 

wake. 

KEY WORDS 

Hydrodynamics 

Unsteady Theory for Propeller-Rudder Interaction 
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NOMENCLATURE 

a 
ms 

b 
ms 

B 

CR 

F ( ) 

Fx,y,z 

fr 

f( ) 

I M (x) 

I P (x) 

V) 

Km<> 

KJI 

RJ1 
,a 

k 

k 

1' 

n/u 

coefficients defined In Equation (47) 

defined In Equation (48) 

semi chord of rudder 

functIon 

propeller hydrodynamic forces 

side force on rudder 

function 

function defined In Equation (42) 

defined In Equation (4o) 

defined In Equation (43) 

modified Bessel function of order m 

index 

Bessel function of order m 

Index 

modified Bessel function of order m 

kernel of integral equation 

kernel after and to - Integrations 

see Equations 30-32 

variable of Integration 

positive numerical Index 

loading, lb/ft^ 

V 
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(P) 

l 

\ 

m 

mk 

N 

ñ 

n 

n 

P 

P 

P 

Vl/2<Z> 

q 

R 

R,R1 

r 

r 

ro 

S 

t 

U 

spanwlse loading distribution 

spanwise loading components 
(coefficients of Birnbaum distribution) 

Integer multiple 

moment about rudder stock 

order of lift operator 

index of summation 

number of blades 

order of chordwlse mode 

blade index 

normal to surface at loading point 

normal to surface at control point 

subscript Index of propeller 

perturbation pressure 

Index of summation 

propeller hydrodynamic moments 

Legendre spherical function of half odd-integer order 

order of blade harmonic 

subscript index of rudder 

Descartes distance 

radial coordinate of control point 

superscript index of control point 

propeller radius 

lifting surface 

time, sec 

uniform velocity 

vi 
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V(4)(r) 

W 
P 

X 

X 

x,r,cp 

X 
O 

y 

z 

Z 

Z 
O 

ß 

6 

ô( ) 

eR 

c 
Tl 

© 

0(n) 

Fourier coefficients of downwash velocity normal to 
propel 1er blade 

downwash velocity distribution normal to propeller at 
control point 

downwash velocity distribution normal to rudder at control 
point 

see Equation (27) 

longitudinal ordinate 

cylindrical coordinate system of control points on 
propeller or rudder 

Cartesian coordinates of control points on rudder 

distance between propeller plane and rudder stock 
(see Fig 1) 

horizontal ordinate 

argument of Legendre function 

vertical ordinate 

I* - Cl 
small radial length 

small length 

Dirac delta function 

distance between rudder stock and rudder midchord 
(see Fig 1) 

vertical ordinate on rudder 

horizontal ordinate on rudder 

see Equation (27) 

chordwise modes 

0 angular coordinate of loading point 

0O angular position of propeller loading point with respect 
to midchord 1ine 

vi i 
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epír) 
A<*') (x) 

AÍ5’(x) 

5,p,e 

p 

p 

T,T' 

* 

•(m) 

'«’o 

Y 

0 

U) 

angular chordwise location of loading point 

projected propeller semichord length, radians 

(n-1), n»l,.. .N 

2rr 
N 

geometric pitch angle 

defined in Equation (40) 

defined in Equation (43) 

positive integer multiple 

longitudinal ordinate of loading point 

cylindrical coordinate system of loading points on 
propeller or rudder 

Cartesian coordinates of loading points on rudder 

radial coordinate of leading point 

superscript Index of loading point 

mass density of fluid 

angular measure of skewness 

variables of integration 

velocity potential 

generalized lift operator 

angular coordinate of control point 

angular position of propeller control point with respect 
to midchord Iine 

angular chordwise location of control point 

acceleration potential 

angular velocity of propeller 

angular frequency of loading 

viii 
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INTRODUCTION 

This study Is an extension In scope of the series of theoretical In¬ 

vestigations at Davidson Laboratory which have been concerned with adaptation 

of the lifting-surface theory to the marine propeller- The ultimate purpose 

of this series Is to obtain adequate estimates of the vibratory loading on 

propeller blades In realistic flow conditions. Information which Is needed 

for the study of hull vibration, hydroelastic Instability and material 

failure, as well as underwater acoustics- 

The present investigation treats the problem of the unsteady hydro- 

dynamic interference between a marine propeller and a rudder, when both lift¬ 

ing surfaces are located in the wake of a hull. The problem of propeller- 

rudder interaction is of considerable interest to the naval architect since 

it is immediately connected with the maneuvering of a ship and with Its 

propulsive efficiency- Since the rudder is a steering device inducing the 

ship to assume its designated course, accurate knowledge of the rudder action 

is essential for a quick and proper response of the hull- 

The previously developed method* ^ which was used to evaluate the 

loading on propeller blades of known geometry rotating in a known wake and 

the method used to determine the loading on a finite aspect ratio hydrofoil 

operating in a known flow field or undergoing prescribed motions^, are ex¬ 

tended to this problem of propel 1er-rudder interaction. The fundamental 

difference between predicting the unsteady hydrodynamic loading on an 

isolated lifting surface and the loadings on two interfering surfaces is 

that a pair of simultaneous surface integral equations must be treated as 

contrasted with a single equation- New kernel functions are developed for 

the cross-coupling terms which indicate the effect of the mutual Interference 

of the liftinr surfaces- The "Generalized Lift Operator" technique, which 

was used successfully in predicting unsteady hydrodynamic forces of propellers 

and the lift on a foil is employed in conjunction with the collocation method 

for the solution of the pair of integral equations- 

1 
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There has been very little theoretical treatment of the propeller- 

rudder Interaction problem when propeller and rudder are In the spatially 
g 

non-uniform flow In the wake of a hull. Isay developed the Integral equa¬ 

tion describing the interaction problem in a uniform flow field through a 

combination of lifting line approach for the propeller and steady-state 

We I ssInger method for the rudder. However, he abandoned this approach In 

favor of a simplified approximate theory where propeller loading Is replaced 

by an optimal circulation distribution, 

q 
Sugar used lifting-surface theory to evaluate the effect on the 

rudder of a propeller operating in uniform flow (no wake). He assumed there 

was no reciprocal effect of rudder on propeller. As was done in Ref. I, 

he transformed the surface integrai equation into a line integral equation 

by means of the Weissinger approximation in which the surface lift distri¬ 

bution is replaced by a line distribution along the -¿-chord line, with the 

control points along the 3/4-chord line. The line integral equation Is then 

solved for the loading by the dauert lift operator technique. 

The interest of these and other theoretical Investigators as well as 

experimental studies has been in the design of rudders and propel 1er-rudder 

configurations for increased propulsive efficiency based on uniform flow 

conditions.^ Other experimental studies have measured rudder forces and 

moments behind a hull for single screw ships^, but most have treated multiple- 

screw ships with the rudder on the centerline out of the propeller slip stream. 

Unfortunately, none of these has recorded the inflow field which is essential 

Information Input to the program for the theoretical approach. 

The present investigation is more comprehensive than the other theore¬ 

tical studies, treating realistic flow conditions and accurate geometry of 

lifting surfaces- It will provide fuller information on the propeller- 

rudder Interaction and should clarify the question whether the rudder's 

influence on the propeller can be neglected, in respect to all steady and 

unsteady propeller hydrodynamic forces. 

This research was sponsored by the Department of Hydromechanics 

of the Naval Ship Research and Development Center under Contracts 

N600(167)61303X106 and NOO6OO-67-C-0725. 
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STATEMENT OF THE PROBLEM 

A propeller and a rudder of arbitrary geometry and zero thickness 

are Immersed in the wake of a hull. Thus both surfaces are operating in a 

non-uniform inflow field which Is assumed to be that of an ideal Incompress¬ 

ible fluid. The propel 1er-rudder arrangement and the coordinate system 

are shown in Figures I and 2. 

The fact that the induced velocities from each individual lifting 

surface should be equal to the given velocity distribution at that surface 

constitutes the basic relation of the interaction phenomenon. Through 

the application of the linearized unsteady lifting surface theory, the 

kinematic boundary conditions which exist on both lifting surfaces (pro¬ 

peller and rudder) are expressed as two simultaneous surface integral 

equations. 

» *"p »Vp * 0 “ J* 1-pp> 0 p*^ pi 0 Kpp(Xp, rp,cPp;Çp,pp,9p;t) d Sp 

SP 

+ I «Í LR^R,0,CR:t^ KRP^Xp,rp,'Pp;^R,0,^R;t^d SR 0) 

WR(xR,0,zR;t) = p(Çp>Pp»ßp,t) kpR(xr,0,zr,Çp,pp,8p;t)d Sp 

+ 4r(Çr*o>CríO ®®»Cp)d SR (2) 

where x, r, cp and Ç, p, 9: cylindrical coordinates of control and loading 
points, respectively, associated with the 
prope 1k r 

X, y, z and Ç, T], Q; Cartesian coordinates of the corresponding 
points associated with the rudder 

t: time, sec. 

3 
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$p» propeller and rudder surfaces, respectively, 

Wp, WR: downwash velocity distributions normal to propeller 
and rudder, respectively, ft/sec 

Lp» L^: unknown loading on propeller blade and rudder, 
respectively, Ib/fr 

Kj| induced velocity on element I due to oscl1latory 
load of unit amplitude located at element j, ft/lb sec 

It may be more convenient to use cylindrical coordinates (x,r,cp) and 

(5»P,9) for the rudder also. These are related to the Cartesian coordi¬ 

nates (x,y,z) and (Ç,T],£) in the following manner: 

,„-1^ (rRslnÎR) K’ (pRsln0R) 

2r - II» (rRccs„R) (Cr = ( cos6 ) (3) 

\ ft 

The second term on the right-hand side of Eq.(l) 

and the first term on the right-hand side of Eq.(2) represent the Inter¬ 

ference effect of the rudder on the propeller and of the propeller on the 

rudder, respectively. The remaining terms of Eq. (1) and (2) represent the 

contribution to downwash from the individual lifting surface. The kernel 

functions Kpp, KpR and KRR have high-order singularities with Hadamard 

finite contributions, whereas the cross-coupling term KR, Is not singular. 

The oscillatory loading and the prescribed downwash velocity can be 

expressed as 

/ , 00 
L (?,p,9;t) = E L! k (Ç,p,0)e k 

\.=0 J 
k 

W.(x,r,cp;t) = E (x, r ,cp)e,qi5t /m 
J q=0 J 

where n is angular velocity of the propeller, and and q are positive 

integers. Since in the linearized theory the princip'e of superposition 

4 
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applies, the various flow disturbances can be treated separately and their 

effects are simply added- The flow disturbances considered are those due 

to hull wake, and to incidence angle and camber of propeller blades and 

rudder. Blade thickness and rudder thickness are not taken into account in 

this study. 

Hie acceleration potential method was used in the earlier Davidson 

Laboratory papers to derive the kernel Kpp, for the case where both con¬ 

trol and loading points are on the propeller. The other kernels will be 

derived by the same method and, as before, expressed in separable form as 

the product of a function of the spanwise coordinates and a function of the 

chordwise coordinates. 

The usual mode approach6,7 will then be employed to reduce the surface 

integrals to line integrals- The procedure is to assume a form for the un¬ 

known chordwise distribution of loading and to leave the unknown spanwise 

distribution to be determined by the solution of the integral equations. 

In this case, n terms of the Birnbaum chordwise modes are taken as the 

chordwise distribution, since that series manifests the proper leading-edge 

singularity and fulfills the Kutta condition along the trailing edge.*^ 

After the application of the "Generalized Lift Operator"6,7 of m 

modes to both sides of equations (I) and (2), these are reduced to a set 

of line integral equations. The number m of the integral equations must be 

equal to the number n of the unknown chordwise modes- Thus the original 

integral equations after the chordwise integrations (0 and cp integrations) 

may be represented for a given frequency q as 

n 

X,=0 m=I n=l 

no n (I 

V _v L 

+ 
(5) 

5 
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n 

m* I 

_(q.m) 

WR (,<R’rR’Ve 
i q i t 

n n 

J y -?■ -Z 
Pp X^=0 m=l n=I 

n n 
+ J t _y j, 

CR x4=0 m=' n=> 

(X.,n) IX Ot _(m,n) 

Lp (Rp)« KpR dpp 

(X, ,n) iX.Qt - (m, n) 

LR ^’R^e KRR d^R 
(6) 

where the superscripts m and n refer to the orders of the lift operator and 

the assumed chordwise mode, respectively, the bars over W and K indicate 

that the chordwise integrations (i-e., R and cp integrations) have been per¬ 

formed, L. is spanwise loading in Ib/ft and X. an integer which will be 
J k 

determined in the course of development of the kernels* 

Then the set of m = n line integral equations is solved by the eolio 

cation method* In this method, the spans of propeller and ruoder are 

divided into strips of small lengths* The spanwise loading is considered 

constant over each strip, hence only the kernel need be integrated over 

the span. With these simplifications, the integral equations (5) and (6) 

can be converted to a system of simultaneous algebraic equations* 

On the left-hand side of Equation (I) or (5), the downwash distri¬ 

bution can be expressed in Fourier series as 

wW(VvVe,qQt = V<<><ro,ei<(Q,-'‘™) P 

,(q) 

(7) 

(rp) are Fourier coefficients of downwash velocity normal to the where V 

propeller blade and cPpQ is initial angular position of the control ^oint 

on the propeller blade* The downwash velocity is that due to hull wake, 

and in the steady-state case only, since the blades are considered rigid, 

that due to incidence angle and camber of the propeller blades in addition 

6 
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When the rudder is amidships, the normal component of the velocity 

(WR) is zero. With rudder deflection there is a normal component of 

velocity due to incident flow angle which also, under the present assump 

tlons, affects only the steady-state condition q = 0 . 

DEVELOPMENT OF THE KERNEL FUNCTIONS 
AND LOADING DISTRIBUTIONS 

The Kernel K„^ 
_ PP 

The kernel Kpp describes the seif-induced velocity at a point on a 

propeller blade due to unit amplitude load at various locations on all the 

blades of the propeller. The linearized formulation of the unsteady lift¬ 

ing surface theory for a marine propeller alone, with its N blades lying 

on a helicoidal surface and operating in non-uniform flow of an incompress¬ 

ible, ideal fluid, was derived by means of the acceleration potential 

method in the earlier papers.The following is an adaptation of the 

development of Ref. 6. 

It is known that the pressure field generated by a lifting surface 

S Is given by distributed doublets with axis parallel to the local nor 

mal, and with strength equal to the pressure jump across the surface 5 

Thus the pressure P at a point (x.r.cp) at time t will be given by 

Mx,r,cp;t) APU,p,e;t) ò_i_ 
R1(x,r,9;Ç,p,Q) dS (8) 

(Note that, in this section, subscripts P of the coordinates of both 

control and loading points are omitted for simplicity.) 

in Eq. (8) t Is the acceleration potential function defined as i' =- 

Pf 
Pp "fluid densi ty 

a 
3ñ " normal derivative on the surface S at the loading 

point (Ç.p.e) s 
—♦ 

n "unit normal vector having positive axial component 

7 
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AP(Ç,P,9;t) = pressure jump across the lifting surface, i.e. 
AP = P+ " P_ (pressure difference between upper 

and lower surfaces) 

R' (x,r,cp;Ç,p,9) = (x-Ç) + r + p - 2rp cos(9-cp)J2 

Descartes distance between the given control point 
and loading point. 

For doublets with pulsating strength AP (Ç,o ,e)eIUJt at point (Ç.p.e) 

which rotates with angular velocity -n, Eq. (8) yields 

Hx,r,cp;t) AP(5,p,e )e 
o 

KDt 
^n R' (x,r,cp;Ç,p,9 -nt) dS (9) 

where uj = frequency 

®o = angular position 

When the relation between velocity potential t and acceleration 

potential i|r is util ized, viz., 

« (x, r ,cp; t) 1 
U 

x 

I Ht 
-00 

»r.cp; t d t ' (10) 

and the lifting surface is identified as the helicoidal surface of an 

N-bladed propeller, where both control and loading points rotate with angu¬ 

lar velocity -n, then the expression for the velocity potential is given by 

#(x,r,cpo;t) 

¡X jQt 

n-l X,.0 '‘"»f11 

1-. I *. . »x lx I 
n(5.0-v /p 

a(t1-x)-9 

ín (l>dT'dS (") 

where a = Q/li 

Xj »= üu/Q is order of harmonic 

®n = (n-0 . n = 1,2-N 

8 
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R - {(t'-Ç)2 + r2 + p2 - 2rp cos [90’90+9n_a(T'-x)J 

cp = angular position of control point with respect to midchord line 

The self-induced velocity at (x,r,<Po;t), the first Integral of Eq. (5), 

will be given by 

- * 

ix,nt 

n=l X|>=o ^TTp^J 

y ¿Pft|)<ç,o.eo)^ Sn VR )dT'dS (12) 

W^ere ^n' 's norma^ derivative on the helicoidal surface at (x,r,;p), 

the control point. 

The directional derivatives normal to the helicoidal surface, which 

Is given by x = cpQ/a or Ç = e^a, are: at the control point 

an' "X77 

at the loading (doublet) point 

(a J_L -à-, 
Sx r2 âcp * (»3) 

A. 
dn 
Ä (a 2 ae 

P o 

The fact that the left-hand side of Eq. (1) is 

04) 

W(x,r,cp ;t) = E W^q\x,r,cp Je’^1 * " u^q! ,q^t-®o^ 
q=o q=0 (r) 05) 

where the time dependence is of the form and that the time dependence 

of the first term of the right-hand side, which is equivalent to Eq. (12), 

is of the form e^l^t, dictates that 

9 
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X I “ q 

hence 

'l " T L^q^(p,9o)e ^ Kpp(r,cpo;p,9o;q) dSp 
S_ q«0 

(16) 

where 

Lp(q)(p’ft0) s ap(X,)(p.0o)’ ,b/ft2 

N - Iq9 
'PP 4np,U . f ¢-¾ n-l 

iim 1 . " " f, r e'q»(T'-x) i ,1, 
Ôn* J Än 'p^ òn 'R' dr1 (17) 

¢-9 
6 - -2--S - (x - 5) 

and by 6-*0 Is meant x^cpQ/a and ^-*9 /a. The limiting process Is Introduced 
to avoid the mathematical difficulty due to the hlgh-order singularity of 
the kernel Kpp. 

The surface integral (16) is equivalent to 

(p.e^e^Kpp} ~ +” pdpd9 (18) 

where 9b Is projected semichord length of the propeller blade at the loading 

point, In radians, and the factor (\/l+a8p3/ap) Is the result of changing 
the integration over the actual propeller blade to Integration over Its 
projection In the propeller plane. With the transformation 

« P *.P 9 - or - 9* cos9 o b * 

10 
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(where is angular chordwise location of the loading point, and is 

angular position of the midchord line of the projected blade from the verti' 

cal through the hub, or skewness) and with 

Lpq)(p,9o) = L¿(q) (p,eo) ' p0p, |b/ft 

the integral becomes 

I, -Mis L^(„.Ve^'Kpp) 
0 p q=0 ^ rr 

where Kpp is given by (17) • 

ap d0 dp n/iy 09) 

By utilizing the expansion scheme for the inverse Descartes distance: 

r (T1-?) 3+r3+ps -2 rpcosB 
T“i where B = 0 -cp +9 -a(T'“x) 5 o o n ' 7 

¡rrijB « 

ñ m^*-« 6 ’ J ‘m. ^kl0)Km (Iklrje1^ dk, for p < r 
I -no 1 1 

(20) 

(for p > r, p and r are interchanged in I ( ) and K ( ) the modified 
nfi « m « 

Bessel functions of order m^, the kernel (Eq. 17) wàs shown in Ref. 5 

to be, for p < r: 

Kpp(r,Vp’Vq) = 

D r 

l+r^PpU 

I 

r' 
mj=q+£N' 

ne “i9(Vq0) 

(l+aso2) ( I +aa r3 ) j 2 

[a' (m1-q)+[^as (mJ-q)+ -^]Im (almj-qlp)^ (aj^-qlr) 
r o 1 I mj =-¾ 

: k , 

. s - im. (cp -9 ) f* - ia e I ' o o7 J 
k3|m (l k| p)Km (l k' r)e' i(CPo"0o) 

k-a(m.-q) 
dk 

11 
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im (rn fi ï ^ * (1^1 P)K (|k|r) ^ 6 ^ 

- 'am1 ( _ + .)6 ' ° ° J -]-1-*- dk 
1 ra p- 

¡ma -¡tr, (cp -9 ) "n 'm 
—L g loop — 

3 3 J 
r p 

k-a (it)| -q) 

(I k| p)K (I k| r)e'a 

k-a(mj-q) 
(21) 

where the discrete values of m1 = q + AN, t, = 0, ±1, ±2. are deduced 

from the fact that 

N I (m.-q)9 N i (m.-q)2Tr(n-l )/N 
He = E e 1 

n*l n=l 

N for (mj-q) = £N 

0 for (rrij-q) ^ XN 
(22) 

Since B = - 9^ cos9 and cp = ar- 9r coscp , where 9 and cp are 
o b ry o b ^ 'ï 

angular chordwlse locations of loading and control points, in Eq. (21) the 

9^ and cp^ chordwlse dependence of the kernel function occur In exponential 

form 

±ivcos9 ilvcoscp 
nt , (y 

e and e 

as factors separated from each other and from the other coordinates. The 

kernel Is now in separable form, which not only facilitates the 9^ chordwlse 

loading integration, as will be seen later, but also permits use of the lift 

operator technique. 

The cp- exponential can be expanded in terms of the following ortho¬ 

gonal and complete set of functions, $(m) 

I-coscp . l+2coscp , cos>p ,. .. ,cos (m-1 )cp...., 0 ^ cp £ rr (23) 
Of Of Of uf 0( \ * i 

in the form 

12 
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èlvcoscp as 

e «s J (v) + 2 E 
° X“l 

(-1 )X J2X(v)cos2XtPcr + 21 T. (-l)XJ2X.I(v)cos(2X-l)ipa 
X*1 

where Jn(v) are Bessel functions of the first kind. The orthogonality pro¬ 

perty of # (m) dictates operation on both sides of integral Eq. (I) by the 

following operators 

i Jo (’ " cosV { I 

“ r (I + 2coscpo)i )• dcpa 

^ f cos(m - l)cpa Í ]• dq>a 

m » 1 

m ■ 2 

m > 2 

(24) 

which are termed "generalized lift operator" to conform with the well-known 

dauert lift operator (m “ 1) introduced in steady airfoil theory. In this 

way the cp^-dependenee is eliminated from the kernel function and the chord- 

wise 9^-Intégrât ion can now be analytically performed. 

The unknown loading function L^íp,^) is now approximated In the 

chordwise direction by the Birnbaum mode shapes 

lÍ<,) (P,0 ) (L£q,,)(p)©(l) + _Z Ljq,n)(o)0(ñ)} (25) 
P n»2 

where Lpq’ ^(p) are the spanwise loading components to be determined by the 

solution of integral Eqs. (5»6) and 

9 
0(1) * cot -f 

®(n) « sin (ñ - 1)6 , ñ > | 
Or 

13 
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With Eqs* (24) and (25) the integral (19) becomes 

I, - Te 
q»o 

J 1 T Kpp^m,n) Æ 
p m»1 n* 1 ^ 

dp (26) 

whe re 

TT n 

1 
KPP * j J* *(m)Kpp * Tt 0 0 or or « 

which Is called the modified kernel function. 

Equation (21) for Kpp was developed In Ref. 5 which treats the heli¬ 

coidal wake exactly. When the helicoidal wake Is approximated by a staircase 

function, the mathematics is simplified considerably. Since Ref. 5 shows 

that the results of both treatments. are In satisfactory agreement, the 

staircase approximation^ (see Figure 3) has been adopted In evaluating Kpp: 

{] <18 

! 9 
X-pf+6 (27) 

where 

R ■ ^X3+ra+pa-2rpcos® J 

0O ■ 2tt/N and p ■ 0,1.... 

In addition, in this approximatlonVHa^pVap -• I. 

PP 4ttp Ua n.j 1 Im 
6-*o 

r 
p*o 

- lq(Q-Kp 

; 
■0O> 

[• — 
L SX* 

9 +9-cp 
n o o 

The kernel can be expressed In separable form by making use of the following 

expansion 

I 
R 

r 
mj»0 

cosrrij © r-L. 
Ln/rp" -i <■ 

¿i¿¡¿ 
2rp ] (28) 

14 
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whe re 

e 
m 

I 

1, nij «= O 

2, nij ¿ O 

and ) is the Legendre function of second kind, of ha I f-odd-Integer 

order. Then 

3a 1 

ax5 R 
i ï 

m, =0 
s cosm.g ■ 
(¾ 1 L 

q;.x(z) 
"l 2 

(ro) 
3/2 

XSQ" ™_i(z) 
"12 

(rp) 
5/2 

(29) 

where 

Z = (X2 + rs + p2 )/2 rp 

Q' .(Z) = ÒQ i(Z)/SZ 
n\ “2 ^-2 

(?' t(z) = S2Q^ i(Z)/5Z2 
11¾ 1^-2 

Equation (27) can be reduced to the following form 

PP 
4TTprUar2 

f o 

(Ki + K9) 

where 

- iq(cp -9 ) N ^ 
; ^ o o' „ 

TT(rp) 
J7T T T, e I 1 im 

n=l 1¾ =0 ^ 6-0 

9 +9 /2 

p c~!qp>( 

9 +9 -ip 
n o o 

cosmjG 

d® '• 
rp 1^-2' J| J 

X=6 

(30) 

(3D 

15 



R-1284 

” I q (fl) ) ra m . , _ 
Kg« _ £-_2__2 ^ E e (lim J e" q® 

Tî(rp) p* 1 ®0 Ô-’O g CO 51¾ ® 

d© } (32) 

X=p — + 6 r a 

and appears in the denominator because now all dimensions of ^ and Ka 

are fractions of propeller radius r and a « r 0/U. 
o o 

It is easily proved that the non-singular kernel Ka Is 

-MvV 
^ ' p", t^TT- ] [Vi(z) *^Vi(2)] (33) 

X-p9o/a 

Reference 6 shows that Eq. (33) can be approximated by 

2e-tq(y80) 8= 
Ka w " 

(rp) 
Y2- fa [5-94Qq_i(Z1) - ig.SSQq.^Za) + 13-59¾^^¾)] (34) 

whe re 

Z, . [(J2522) + ra +ia]/2ro 

1.169 8 
Z2 * [(—¡—2) + ra + ps] /2rp 

r 1 ’ 309-. 8 n 

Z3 " [(“T^) + r3 + PJ /2rp (35) 

When p ¡i r, Kj is also non-singular. It has been shown® to be 

equal to 

16 
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« N 
T « f (m. ,q ,n) Q' _1(z) 

ITI|=0 rï*1 n= I H1! 2 
(36) 

where Z = (r3 

coord¡nates, 

+ o')/2ro and f(mj , q, n) is a function of the chordwise 

the result of the Q-intégrât ion multiplied by exp [-MVq-Gq)]- 

When p = r, Kj is given by 

•<! 
I 

TT(rp) 
3/2 

I im 
X-0 

no 

T 
=0 

e 
mj T f K ,q,n)rQ' X(Z) + xf. Q** JZ)! (37) 

n = l "H 2 nij-2 J 

where Z = (Xs + r3 + p3)/2rp approaches unity as X - 0 when p = r- Equation 

(37) has a high-order singularity with Hadamard finite contribution which 

must be carefully evaluated- 

Since the kernels are in the separable form, the p-intégrât ion and 

% and ^ integrations are independent of each other. With Kpp(m,n) used 

to designate the modified kernel after the chordwise integrations, the 

integral (26) becomes 

I 
q=0 

iqfit 
e 

p m=l 

T 
n 

(q.n) _(m,n) 

LP (o) Kpp dP 

eîqQt 
4np,Uar 

1 I 

T 
r. 

(38) 

where dp is now nond¡mensionalized with respect to r 
c 

In Eq- (38) 

S>")~e'.q<°r-0P) K) A(l;)(qe»b) F( r,p) (39) 

where 

17 
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F(r,p) is the factor of exp j^”iq(<Po-0o)] in Eq- (34) 

I(m) (x) * J *(m) exp(ixcoscpff)dçp^ 

A^n^(x) Jn ®(n) exp(- ixcosfl^)s 

_(m ,n) 
(P + r) 

TT(ro)^^ n\ =0 '"i n=l 

flO 
r e I f(m,n^ (1¾ ,q,n) Q' i(Z) 

" 2 

where Z = (r3 + p3)/2ro> For ^ q 

N 
T 

n= 1 

¡N 

T f ("’»^ („^ ,q,n) = 

[e,K-q)V2e-,q(ar-aP,|(-)(^)ft(;)(^) 

2(m1-q) 

e'lmi{n ^ )|(m)(m1o^)A(n)(ml9^)J 

-iK+qJ^/Z -iq(ar-a°) (-} (-} 

P^■1. 

iN + r<^y[e ‘ ° 1.K>*'"'K> 

i"'(nr-,P) A<"> - e 

where rr^ + q = i,N , X integer, ¿ 0, q ^ 0 

For mj = t; 0 and 2q = £N 

-,qi,-r-p 

2 

(40) 

(41) 

N (m,n) 
E f (q 

n=l 

- I (m) (-0^) A<n>,-q<)[^--1 

,n) - f {P(")(qep) A<">(q6pb)[f + ^-] 

2q 

18 



R-1284 

For 1¾ ■ q ^ 0, 2q i* *N 

S -| e-|,'<'’r-'’°>{l(i")(q^)A(")(q^)[^ + ,r - »»] 
1*1 

- «J ^(qeilA^’fqSj) * »»l^fq^AÎ^qq»)} 

For mj = q = 0 

" ?<"•*><o,n) - H {l(:;)(0)A(;;)(0)[-f * ,r - aP] - Brb 1^(0^^(0) 
n=] 

+ RP l(m)(0) A{n)(0)} (42) 

The symbols ( ) and ( ) are defined as follows: 

lj;(x) * ~ *(>") exp ( Ixcoscp^) coscp^dcp^ 
' O 

AÎn^(x) ““F ®(n) exp(-lxcos0 )sin6 cos9 d9 
i ff J ot ry or a/ 

O 

The followlny relations can be easily proved: 

A^(x) « JQ(x) - IJj (x) 

„ ri"2 

A^n^(x)=-^-[Jñ-2^ + Jñ^] ’ " > 1 

a{^ (x) - - rJQ(x) - J2(x)] - !J,(x) 

AÍ"1« LJS-3<)<, ' Jñ+I(><)] • " > 1 

I(,)(X) * Jo(x) - IJ i (x) 

l(2)(x) - J0(x) + 2 I J| (x) 

I ^ (x) "= im 1 j" I (x) * m > 2 m-1 

(43) 

(44) 

(45) 
(Con1t) 
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.^(x) = -i[j0(x) - J2(*)] + ! J, (x) 

lf2^(x) = Jo(x) - J2(x) + 1 Ji (x) 

l,(m)(x) - -y- [j-.2(x) ■ • "* > 2 (45) 

The values for (-x) are the complex conjugates of the foregoing expres¬ 

sions for (+x). 

As mentioned earlier, the p-jntegration is done In strips, with the 

spanwise loading coefficient Lpq,n^(p) assumed to be constant over each 

strip and evaluated by the collocation method. The kernel Kg ^m,n^ can be 

integrated over each strip by any appropriate numerical method, as can 
/ • “\ 

Ki ' outside the strip in which the radial positions of control and 

loading points are close. 

The integration of R, (m»n) over the narrow singular range 

rl”ß<Pj<rl+0» ß very small, can be done by expanding the Legendre 

function in a series valid near Z ■ 1 . Such a series representation was 

given in Ref. 13 and used in Ref. 6 which showed that the integral can be 

given by 

/'* Rj „ - Jr ^ j! f.-. ip 
r j -ß 

p(m,ñ) _ 
(46) 

1¾ =0 1 n* 

where 
-Ur^b 

a_ . = 4 2- 2 ? vt-tO - 6 ) rriiO 2 

1¾ o 
J 1, 1¾ = 

^ 0, 

0 

0 

2j-l' n^o' 

= -1/2 rr\ o 

p(p+0 

mi.p+l (¾ p 2 (p+1 )l 
(47) 

(Cont'dD 
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R->284 

^ ’p+l am] p 
['"i2^ -PÍP+I)J 

2(p+l)a 
- b 

rr^p 

^(ma - ¿•)+p+ lj 

2(p+l)2 
(47) 

. lt ,S t0 be n0ted that the staIrcase approximation of the helicoidal 
wake from the propeller blades, as defined In Eq. (27) and used In the 

subsequent development, viz., 

0 

X = P-f + 6 
where 

Vf 

-t be modified s,tghtly ln order to accoraradate a|| of ^ 

interest „Ith expended eree ratio EAR up to |.3 . Thus, for a| 

use, the upper limit of the Ö-integral of K (Fn îH h .j u 
bv S +R .4 .u . ntegra of Kx (Eq. 31) should be replaced 

, , • e sta,rcase function In the representetlon of Kg (£,.32) 
should be replaced by ^ 

x = f8 - f + l>5o] + 6 (<•8) 
where 

B = g /2 o 

and 
if (eSt9b)sV2 

8 ‘ eb * 9b if <eb + 9b> V2 

Ed im ‘n, TZ CaSe' tbe ar9UmentS <35) °f the La9endra étions of Eq* (34) will be changed to 

r B - 8/2 + .6788 2 

Zl ~ + r‘! + PñJ/2rp 

r B - 6 /2 + 1.168 2 
= L( à-+ r3 + p3J/2rp 

r/'V2 ^1-308 2 
[_( --) + r2 + p-J/2rp 

(49) 
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The Kernel K 
RP 

i s When the control point is on the propeller and the loading point . 

on the rudder, the pressure field is generated by the lifting surface S 

of the rudder and is given by distributed doublets with axis parallel ^ 

the local normal and with strength equal to the pressure jump across the 
surface. 

The pressure at a point xpIrp,cpp at time t wi 11 be g iven by 
(cf. Eq. 8) 

Mxp.rp.qyt^çJ- ^ .M iM* a , 
k,=o lr (VpR’Ve sttV* 

K 
dSR (50) 

eR=n° 

Here R' is expressed in cylindrical coordinates 

R' ' [(,,P-5R)2t rp + Pp - 2rppRcos(eR - tpp)]2 

provided that 9R- o „hen CR > 0 , and eR- n „he„ C < 0 . 
^ R 

. i à 

(51) 

(52) 

is the normal derivative on the surface SR at the loading point. (The 

positive sign is taken when 0R = 0 , the negative when 6 = tt .) 
R 

V I » ) /p „ 0 X iA.2Ut . .- 
=0 LR {VPR’Ve 5 ûp(§R,pR,9R;t) A.2 =0 (53) 

represents the sinusoidal pressure jump with frequency fWhere Ù is 

the angular velocity of the propeller and \3 is a positive integer. 

The velocity potential is then from Eq. (10) 

^(xp.rp.cppjt) = 7--- . IT E o 0 X I^QtT i^,a(T'.xJ ò vl^ 
ïnPfU T \^0 Lr ^R’PR’^ J e f5~(R)d^dSf 

(54) 
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R-1284 

where 

"■{(T,-V^r?+p3.2wos(,^po+nt)}i 
(55) 

and the substitution cp - cp - n* h« ^ 
point is ror».» , u p P° 5 been s,nce the control 
P s rotating with angular velocity -fl 

The induced ve loci tv at a noi«*• ^ ., 

'oed on «h. rudder wMI J g¡vean7;nt °n the Pr0”"'r <“« = PU'»«.„g 

'=■ 4tí; 
K -• onR K R 

(56) 

where 

trol pofÜT (given by Eq. °n the he,îco'daI surface at the con- 

put ting 
The second surface intearal of /.\ 

9 T- - T + 5 , « ( ’ the" be wr,tten- °ft‘r 
R 9 

Llo ^R,PR’®R^e^a^tKRp(j<p»rp,'Pp ;VPR’V 0 R* R* R 1^-3 )dS, 

-cR Í,, VO L9<X")(5R’l>R-e«)elXant Kspd?¿d£ RP SR bR (57) 

where 

K = - ,—1 
RP 4np 

•/ 

XP’?R ,X3a(T-Xp+§R) 

dr 

r n 

(58) 
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R - {t3 +rp + P3 -2WoS(oR^po<ac)}' 

\p ■ xp - W* 

'Ppo ‘ °r - eb cos (59) 

5r ■ xo + eS + 5r and ÇR ■ -cPR cos "a 

= semi chord of rudder at loading point 

Since dÇI = slnO^dO , (57) becomes K K u Qf 

TT 

L^2)(?R-|:R-8R)a'V‘t KRPSlnWC( 
ix0nt (60) 

where = L^^3^, Ib/ft. (The superscripts p and r refer to 

the values at the loading point and the control point, respectively. 

The kernel KRp (Eq. 58) is expressed In separable form by utilizing 

the expansion scheme 

I«I y 
lm(eR-cppo-*flt) J» 

R rr £ e 
m=-® 

J lm(lklp)K (lklr)elTkdk (61) 

(for p < r). The indicated T-integration can now be performed, yielding 

pxP'5R i (X,a+k)x .. , l(k+aXa)(xp-;R) 
J ' 3 dr«n6 (k+ak3 )-- 

where 6( ) is the Dirac delta function. After the derivatives with re¬ 

spect 1 

Po < r. 

spect to Xp, cppo and 0R are taken, the kernel function becomes, for 

P ’ 

RP "4rF 

, I- rp . / +l f°r ‘r>01 
-—r ■::: — Um ï \ _+| ; 

6R|>-0 nb— (.1)^ 1 for CR < o J 

' T ' ^( 7]n|m (^PrIS (akjr( 
R » d 3 

"iaXa Íxp_5rÍ 
)e 3 P R 

(62) 
(jCont'd) 
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V ik(vV 
, r“ I^OklP^VÍlklr )e 

+ ia J k —^-2  --- 
dk 

(62) 

k + a A. 

dk 

}J 
where all the dimensional quantities within the square brackets are non- 

dimensional i zed with respect to propeller radius r0 . When PR > rp * 

anc^ rp are 'n^erc6anged in the modified Bessel functions. 

The time-dependent factor in the second integral of Eq. (1), as can 

be seen from Eq. (60) and Eq. (62), whereas 

on the left-hand side of Eq. (1) it is of the form exp (iqTit) (see Eq. 15). 

The equality of time-dependent expressions requires that 

Ar¡ + nv; - q 
or 

m.-; = q - Aa 

Since A;,. ^ 0 , m cannot be larger than q . Therefore, the nfc-series 

ranges from to q and the double series over An and (¾ can be 

reduced to a single infinite series. 

The expansion scheme has introduced a Cauchy-type singularity in 

the k-integration. There are no other singularities. Appendix A proves 

that 1/R is non-singular since XD - 0 . 
r K 

After the limit is taken and the transformations (59) are made, the 

chordwise integrations over 9 and cp are performed by following the 

procedure of the preceding section for Kpp . With *(m) and ®(n) 

as defined in (24,25), Eq. (60) becomes 

Z Lv s 
- LR 
n 

(Aa ,n)eiAa.;t 
KRp(,J (ñ)í (m) s i nG^dO^dcp^dÇ a a bR 

r (63) 

where is nondimensionaIized with respect to r and, for P„ < r 
o R 
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the kernel function is 

K,|p,n)(nb=q-^)= - 
-i^or rR 

4tt P Ur a 
f o 

{ 
1 +a r'n 

(+1) 

(-1) 
(¾ +i 

for CR;' °l 1 

for CR' 0J PR 

•{e 

ia(q-irt ) (xo+e^-or/a) 
[a:: (q-itv, )- Jn l^ialq-nfe |pR)K^(alq-rrfelrp) I (m|q^r ) 

• A(n) (a (q-^ )Cp ) 

+ ia J 

-ik(x /a) .-. .-. 

« k,nb (,klpR)Km3(,klrp)e ° l(m,(K-7)ebr) A n (-kCR)dk 

k + a(q-nfe) 

-ik(x +60-0/^),-. ... 
L (lklPD)K„ (lklrp)e ° R l(m,((rrfe-j)^r)A(n) (-kCP)dk 

+i -¾. r- 
rp ioo k + a(q-rrfe ) 

(64) 

evaluated at 1¾ “ q - A3 . (For PD rD » PD and r are interchanged 

In the modified Bessel functions.) Im(x) and A'n'(x) are given by (44) 

and (45). 

It should be noted that when ^=0, KRpm,n^ = 0 , even when q or 

k are also zero since 

I im m| 
nr* 0 
X "* 0 

m 
(x)Km(x) = lim ^-m xm log xj = 0 

m1 0 
X- 0 

The first k-integral may be simplified for the numerical solution by 

substituting 

k = )_ a(q-nfe) 
k+a(q-nfe ) k+a(q-nfe ) 
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the second term of which can be combined with the second k-integrat. The 

k-integrations are done by Simpson's rule. Appendix B evaluates the 

integrand of Eq. (64) at k e 3((¾ -q). The amplitudes of unknown loading 

for the different values of ^ are assumed constant over a small radial 

strip. The corresponding kernel is integrated over the elemental strip 

by a convenient numerical method. 

The Kernel K 
PR 

When the control points are on the rudder and the loading points are 

on the propeller, the induced velocity due to a pulsating load of all 

frequencies 

£ 
X3 =0 

il (^3 ) 
p (5p»Pp.8po)e 

i\3nt 

will be 

N 
- Z 
n=l 

£ -p v*p.Pp.8po 
)e Hi 

R i\: 
í(T,-XR)-5n]ô .1..,. 

5TT(R)dT 

(65) 

where 

Ò , I Ô 
SÏÏ7 " 7“ ScT nR R ^R 

is the normal derivative at the control point and ò/ôn is given by 

Eq. (14). The Descartes distance R is, in this case, 

<={(T'-5p) 2+ ^ 4- 5n- a(T'-V]}' (66) 

The first surface integral of Eq. (2) can be written as 

,3= Ip ^o1'^ 3^Pp,0po^e 3 KPR(xR,rR,cpR;?P,PP,ePo;X3)dSp 

(^•3),. « \ i^.5 

>P A3 

Û 

00 
£ Lvl3,(P G )e',"3ntK ^ ’^^Pp ' 

O'Pp *3=0 P P’ Po) PR aPp 
sin9ad9adpp (67) 
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where 

LP(pP,ÖPo) 5 LP(pP'0Po),p0b « ,b/ft 

which Is approximated by Eq. (25). The kerne! K_D Is 
PR 

{ = _ .,_Î_ £ 1 'm 
PR WrU 6B - r n=l PR 

d 

D ^7-1 R R 

p (,4_' ^ . 
Vn PP 

'J. 
VÇP l>.3[a(T.xR+?p)-5j 

dT (68) 

where 6p^ “ 5p - ®p0/a and T 6as been substituted for (Tf-?p). The 

reciprocal Descartes distance can be expanded as before 

Li I 
R TT L 

1¾ 

!l,b^+9Po-<|,R-nt-a<T-XR+5p)J 
J (IklrJe'^dk nb * ' P' 1¾- R' 

(69) 

f»r Pp < rR . 

On substituting (69) Into Eq. (65), it is easily seen by the same 

reasoning used in the case of the kernel function KDD that 
RP 

= q 

Because of this, tne double series in ^ and r% can be reduced to a 

single Infinite series in ms or Xj . With the following 

R *P 

J e¡ (qa+k)T^T=;n6 (k+aq) 
i (k+aq)(xR-Çp) 

k+aq 

and 
N 
E 
n=! 

e -,ciön 
{N for q=a multiple of N 

0 for all other values of q 

the kernel becomes 

(70) 
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kpr" - r-äN Hm [i — JL] 
4Trp,U t _«L rB ocpTJ f0 

pf in-0 K <PR-tn 
P 0 1 0 ^ 

( SÍ” " F 5F“' 
V Pp WPo ¡1 +aa pp 

« -Ii% (nt-KpR-Opo)^ -¡aq(xR-Çp) 
' S e 
n\3"-q 

TTe (»qPplK^ (aqrR) 

lk(xD-Ç ) 
l.^dKIPpJ^dklr,,). '“dk 

k + aq } (71) 

where q ¡s a multiple of number of blades, q “ /N. 

After the derivatives with respect to cpR, epo and Çp are taken, 

Eq. (71) becomes, for PD < r , 
r K 

Sr" 
_,,m - r(-0 por zR> 0) .1^(nt-opo) 

4TT^PfU rRip+aap£ ô^-Onb-.q ^(-D^for zR< o/ 
(¾ -q 

{'í2<'-■¾e'iaq(v5|>, '^(aqp») k„ (aqrj Pp- rfe ^ P7 H R7 

where 

ia J 

i k(x0-§_) 
• kliTb(lklppiK^ (|k,rR) R P dk 

k + aq 

Ik(xD-Ç0) 

r“ lnb(lklPP)Knb(lklrR)e dk 
+ i n2 J ----} Pp -oa 

8Po * aK 6b c°5ea 

xk ° xo + \ - ci co% 

6PR * 5P - SPo/a 

k + aq 

CR = semichord of rudder at control point 

(72) 

(73) 

lf PP > rR’ PP and rR are interchanged in the modified Bessel functions, 
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This is the case when rR « zR >= 0 and pp > 0, in which case there is no 

singularity. 

The expansion scheme has again introduced a Cauchy-type singularity 

in the k-integration. In addition, examination of the original kernel 

(Eq. 68), before the expansion of 1/R, reveals a singularity when p® r_ 
» R 

and T » 0 , which can occur since xR - §p > 0 . Appendix C demonstrates 

that this singularity is also present in the infinite nfe-series of Eq.(72) 

and that it is a high-order singularity. 

After substitution of (73) in (72), application of the lift operators 

and introduction of the Birnbaum distribution, the 0^- and cp^-integrations 

are performed. Equation (67) then becomes 

SS-íT i-J , S .S 5 L<X3’n) (p )eU3n,K 
0 0 Pp Xa^O m**l n 

*©(n)#(ri, sin0 d0 dtp dp_ 
Of a Ta P 

roi, , \ (74) PR “0 m-1 n r p 

where *(m) and ®(fi) are given by (24) and (25), and pp is a fraction 

of . The modified kernel function becomes 

4ttsp Ur3 
_i_r(-') for ^ 
ar„ 1 
°'R '(-I)"6 for z 'D 

iTbe 
irtbo^ 

{{“V (aqPpjK^ (aqrR), « (aqcJ)A("‘) ((^+q)^) 

+ laI.--1 (m'(-kcJ)A(n) (("«=- k + aq 

..laq(|klpP>K%(|l<"-R)«'k(Xo+‘"",P/a> 

k + aq ^(-kC^AÍ^ÍK- ^)eP)dk} 

(75) 
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for Pp rR , evaluated at (% = A.3 - q , w¡th q a multiple of N . 

All dimensions within the brace are fractions of propeller radius r and 

a = rQW/u . Again, the first k-integral may be simplified for the numeri¬ 

cal solution, by substituting 

-. k = i _ aq 
k+ aq k+ aq (76) 

Appendix D evaluates the integrands of Eq. (75) at k =-aq . The 

integration with respect to k is performed by Simpson's method. 

The loading amplitude for harmonic X3 is assumed constant over each 

elemental strip into which the propeller radius is divided, and the kernel 

evaluated at 1¾ = \3 - q is integrated over the strip by any appropriate 

numerical method. In the region where pp approaches rR , a numerical 

scheme is used which avoids the point = rR . This is justified by the 

fact that although the infinite nfe-series of Eq. (72) has a high-order 

singularity, each term does not and only a discrete number of these terms 

are used. 

The Kernel K 
_KR 

When both control and loading points are on the rudder, as in the 

second surface integral of Eq. (2), |4 , the self-induced velocity is 

(cf. Ref. 7 for the case of a finite foil) 

'4 s{ ^4=0 Lr ^R,0,Ve 4 KRr(xR,0,zr;5r °’£r;X4 )dSR 

yR 

;j 
'R *R 

= ! T ^ i i (^4 ) (c n r \ .»i 
J £ lr (iR»0,CR)e KRRd^Rd^R 

-CD Go \4=0 

TT 

(¼) =JJ £ Ld^4^(5q»°>GR)ei^4^tKR sin0 d0 dGD 
0 c ^4=0 K R R RR Oí a bR 

where 

(77) 
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5R = Xo + €R + ÇR 

5A ■C„ cos9 
R a 

^ ' "o + eS - CS “% 
L = C^L1 
lr lrlr 

and the kernel is, in Cartesian coordinates, 

Krr' ' ^ "2- RR 

where 

R ” [(t'-Çr)2 + rj 

rR ■= (VR-1V)3 *(zR- CR)= 

o*’ 41 {„ 

r iX-4 a (t 1 -x_) 
e R 

dT1 (78) 

(The subscripts will be omitted in the following discussion^ 

The reciprocal of the Descartes distance R can be expressed as 

1 
R 

-« 

Ko(lklr)e 
ik(T'-Ç) 

dk (79) 

where K ( ) is the modified Bessel function of order zero. It is clear o 
from Eqs. (2), (77), (78) and (79) that if the time-dependent expressions 

of the left- and right-hand sides of Eq. (2) are equated 

(80) 

Then the kernel can be written as 

RR lim (-r^-) J eiqa(T'"x)dT'J K (lklr)eik(T''?)dk (81) 
4TT2 p^U 6-0 3y -00 
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The T1-intégrât ion involves 

¡el(k+qa)x 
J gi (qa+k)T dT, „ n6(k+qa) _ ^ (82) 

The k-integration then becomes 

^ -iCkf , i(k+qa)x. 
Ik- J Ko(lklr)e Çk{n6(k+,a)- -•} dk 

. * . “ K (lklr)e*k^x-^ 
HK (qar)e,,'a5-lel,,i,x J -2---dk 

k+qa 
(83) 

which has an integrable Cauchy-type singularity. After the y-derivatives 

and the limit are taken, with 

d3l. ä3 ôl. a 2 ô2<l kor k . /Orf _k 
ô7" ä7 ST*+ W ôT5" 

and 

it 0 1. i 

(y-Tl)-O öy^ ^ r Sr 

Kdd becomes 
RK 

K, 
I 

RR 4np Uza 
f o 

{qazo Kx (qazo)e",qa 

iz ® Ikl Ki (Iklz )e 
o P _ 0 

n J 

ik(x-Ç) 

k+aq 
-dk (84) 

where z * Iz - Cl . 0 

When z =0 , the terms within the brace of (84) reduce to 
o 

klqa(,<'5) -wJ a',qa<X'5)[' + 

,-iqa(x-§)r2 when (x-5)> 0 
'•O when (x-Ç)< 0 

(85) 
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Therefore, the kernel has a high-order singularity when z - C and 

(x-§) > 0 . Equation (85) demonstrates the well-known step behavior of 

the kernel function as x = x-Ç-^Oi , 

When q^O 

krr(<>’0> ■ - 

the kernel Is 

1 

kVf'Uzl 

r Iza# 

0-^21 

IklMlkl^e"'0'-5* 

k 
dk } 

4fpfuz*; {,+ Kl lklz0)sîn kxodk} (86) 

If the Birnbaum mode shapes are used for the chordwlse rudder load¬ 

ing distribution and the generalized lift operators are applied to Eq.(2), 

the second integral of that equation becomes 

U 
ñ 
E 

m=l 
E 
ñ 

LR(q,n)(C)kRRm,n)dCR 

where 

s (m,ñ) 
krr 

n TT 

^ J J 0(S) §(m)KRRsinOadeadcpa 
0 0 

(87) 

4(m) and 0{ñ) are as given by Eqs. (24) and (25) and ÇR is nondimenslon- 

alized with respect to r . 
o 

For q ^ 0 , and with z , C, e and I/a non-dimensionalized with 
O K 

respect to r , 
o 

¡7 (m,ñ)_ 
KRR 4np ur2z3 

f o o 

jqaz^x (qazQ) I ^qaCr)A^^ (qaC^Je"^3^6^-6^^ 

ik(er-ep) 
Iklz^x (lklzo)l ^ (-kcr)A^n^ (-kCP)e R R 

k+qa 
dk (88) 

and for q = 0 , 
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K^,n)(q“0)' 4rrpfUr: 2 z2 
O O 

.{, J T zoK' ^'^'(ÂWr) A'15* (-kcp) 
^ obOD 

,kK (89) 

where I ^ (x) and A(fî)(x) are defined in Eqs. (44) and (45). 

Appendix E describes the treatment of the singular k-integral. The 

k-integration is again done by Simpson's rule. 

The integration of over all elements of the rudder span 

except that which includes z = C is performed by the tangential method. 

In the region where zo = lz-CI-0 , the integral has a high-order singu¬ 

larity. Its finite part is obtained by using a polynomial approximation 

of the modified Bessel function valid in a narrow range about zQ - 0 , 

and a three-point Gaussian quadrature for the immediately adjacent ranges 

(see Appendix F). 

The linearized unsteady lifting surface theory requires the rudder 

to be amidships (i.e., rudder angle 6 = 0) in which case the downwash dis 

tribution normal to the rudder wjq'm)“ 0 , and hence from Eq. (2) 

la = “ U • 

Therefore, the time-dependent expressions of l3 and l4 must be equal, 

which dictates that 

\4 = X3 - 1¾ = q = ¿N . 

Thus, the rudder loading must be at blade frequency and multiples of blade 

frequency. 

On the other hand, a non-zero rudder angle will affect 

state propeller-rudder interaction. In such case the ^dder 

attack gives rise to a resulting normal velocity ¿ 0 

the steady- 

angle of 
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SOLUTION OF THE PAIR OF INTEGRAL EQUATIONS 

Direct Solution 

On summarizing the results obtained In the preceding sections, one 

can write Eqs. (l) and (2), or equivalently, Eqs. (5) and (6) for given q 

(order of shaft frequency, or order of wake harmonic) and given m (order 

of lift operator) as follows. 

Equation (1) or (5) Is written as 

■nip»"’) _ £ p ((qjñ) r (mijñ'jñ).. 
WP “ ^ =o J P PP P 

. £ p i (ta >n)c (roa,m,n)j- 
+ \a =o JCR LR SP ^ 

where mi = q + 4 N, =(^-1,-2,, 

(90) 

(¾ = q - \a 

(It will be shown below that Xa = ia N, is = 0,1,2,...) 

Equation (2) or (6), in the unsteady case, can be written as 

n r p ,(X3»ñ)r (m3,m,ñ) 
0= \a=o " p_ LP KPR 

* /CR lr(X*’S)krr(,'S’S) -C, 

dp, 

(91) 

where X3 - m3 = ¿N, l any non-zero integer. 

It Is shown in Appendix G that Eq. (90 Is equivalent to 

J’pp (‘•p(X3’S)i<P^'iaN’'"’:;) + conjugate 

(90 ICr 4(x‘=isN) 

where £a = +1, +2 ,. Since \4 = iaN, Xa In Eq. (90) Is limited to 

multiples of blade number only. 

1 
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In the steady state case, X4 = \3 - r% = 0, Eq. (2) or (6) can be written 

(92) 

R 

where normal velocity component, equal to U6 6 

Is rudder angle and rm'(0) = 1 for m = 1,2 and zero otherwlse- 

It Is seen that the propeller loading is affected by all harmonics 

of the inflow field (hull wake), whereas the rudder loading occurs only 

at blade frequency and multiples thereof. The propeller Is exposed to all 

harmonic constituents of the wake, but through the mechanism of Its cyclic 

motion, it acts as a filter so that those harmonics not at blade frequen¬ 

cies do not act on the rudder. It àppears that this filtering mechanism 

will affect the loading of any appendage located in t.ie neighborhood of 

an operating propeller. In a study at Davidson Laboratory of the pro- 
14 

peller-duct interaction (at present in the computational stage), It is 

seen that the duct responds only to components at blade frequency and 

multiples of blade frequency although the propeller is influenced by all 

harmonic components of the inflow field. 

It should be remarked that the resultant integral equations for the 

propeller and rudder loadings are frequency coupled. A large number of 

frequency components of the loadings of both lifting surfaces participate 

in the interaction problem even at one given frequency of the inflow. For 

instance, if a three-bladed propeller is considered and propeller loading 

is evaluated up to blade-frequency-plus-one (i.e., q = 0,1,2,3,4) and the 

rudder loading is evaluated at Xg - 0 , 3 only, it is seen that seven 

unknown loadings are present in the set of integral equations. If, in 

addition, each loading is expressed in terms of ñ = 3 Birnbaum modes, the 

unknowns are increased to 7x3=21 . There are available two equations. 

The required 21 can be achieved through the concept of lift operator. 

However, the lift operator approach in conjunction with the collocation 

method brings the total of simultaneous algebraic equations to an extremely 
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high number. Although this direct approach Is feasible, It Is Impractical. 

An Iterative procedure Is therefore suggested which Is on the one 

hand physically plausible, and on the other, computationally advantageous. 

The Iteration Procedure 

It is assumed Initially that the effect of rudder on propeller Is 

small and, hence, that the second term of Eq. (90) can be neglected. 

The first approximation of propeller loading Lp^’ ^ at any fre¬ 

quency q » 0,1,2 ... , N, N+l, ... Is evaluated from Eq. (90) by the 

numerical method of References 6 and 7. The substitution of these load¬ 

ings into Eq. (91) reduces the latter to an Integral equation with unknown 

L which can be solved for each m 0,1,2 ... 

Rl , u , , (O.ñ) , (N.ñ) , (2N,S) Upon substituting the loadings LR) , LR) , i-R| ... 
(q.R) 

PI Into Eq. (90), the second approximation of the propeller loading L 

will be obtained for arbitrary q . If Lp, values are different from 

Lp0 , a new iteration Is started with Lpj as Input into Eq. (91)i and 

so on. When the rudder Is not amidships (l.e., 6 0), the solution 

from Eq. (92) is used In the Iteration for the steady-state value. 

The procedure Is Illustrated below for a three-bladed propeller 

(curtailing the Infinite series, l.e., \a “ 0,3 and \3 and q - 0,1,2,3,4«) 

0-1teratlon 

l(0,R) . (,-0)] 

L 
0,R) 

(2.ñ) . (,-2)] 

(S.S) . fl».«[($."'> (,.3)J 

(4,R) . (,.,,,] 

-1 

-1 
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LÍ?’"* , (3,S)f(3,i5,ñ) 
RI I* PO PR "-pó ,'PR LP0 >R “L“'' K''» ■PO PR 

'•R?'"' -{LpS,S)C,S,S>+ 1<¿-S)R<r-2’"'"'>+ l(2.Ä."')+ lO.S)R(0.»,-) 

* [RRR(q-3)J- 

-conj. [k 

'PO PR WP0 ''PR 

■1 

(q=3 
RR 

where 
c(m,ñ) m Z «K ,nipñ) 

PP ¿0 pp 
m^q+^N 4 =0,±1,±2, ... 

U6 = U6 1^(0) 
I-iteration 

-1 i (°»õ) B ÍQÍO.m) . (0,ñ)-(0,m,ñ) .(3,0)^(-3,^,0)^17(15,0)/- 1 
Lpi lwp ”lri krp ’lri krp jLkpp (q0d 

[_0 ,n) „ |jj(1 ,m)_L(0,ñ)j^(1 ,m,ñ)_L(3,ñ)j^(-2,m,ñ^|^(m,ñ) 

LPl’n) “ {Wp2,m^"L^,n^R|jp,m,n)-L^,n^R^p' *m,n^}[^p*n) (q^jJ”1 

1-1 

• 1 

i (3,n) „ /q(3,ííí) , (0,0):,(3,m,ñ) .(3,0)(7(0,01,0)^(,((5,0) 
Lpi lwp "lri krp "lri krp jlKPP (q 3)J 

L(4,ñ) B |g(4,m)_L(0,ñ)j-(4,r5,ñ)_L(3,ñ)j^(l ,m,ñ)}[Rjp,n^ (q-4)]-1 

(°.ñ) J— L(0,ñ)j,(0,m,ñ) ,(1 ,ñ)j,(1 ,m,ñ)_L(2,ri)-(2,m,ñ)-L^,n^K^,m,n^ \Uo-Lpi KpR -Lp| KpR -Lp1 KpR PI PR 

.^.Sí^.S.S)} [v.0) j. 
■R2 

1-1 

i (3,ñ)E_ f, (0,ñ)j,(-3,m,ñ) (1,0)(,(-2,(5,0) . (2,ñ)j,(-1,m,ñ) , (3,ñ)¡7(0,(5,ñ) 
LR2 lLP1 KPR LP1 KPR LP1 KPR +LP1 KPR 

j-: 
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(o,ñ)- (5,m,ñ) 
PI ^PR 

+ L 
0,ñ)r (4, 

Pl PR 
m, 

The final values of líq,n^ and liq,n^ are used to determine the 
P K 

spanwise loading distributions, which follow from Eq. (25)* 

L^tr) - J L<q) (r,9o) sln«^ 
o 

= i Aiq,l)(r)(1 + cose^îde^ + 1 ; L^n)(r)sln(R-l)Ôasln9cyd0w 
^ o ' n=¿ o 

- l(pq’0 (r)+^L<q'2) (r) (93) 

and similarly 

LRq) <2) ’ff J'o '■R“'’0 (z) ('«05Sa)dSa 

+ ¿ Lpq,n^ (sl"V4a 

= L<q',) (z) +5 l^q’2) (z) (S1*) 
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HYDRODYNAMIC FORCES AND MOMENTS 

Propeller-Generated Forces and Moments 

The principal components of the propeller-induced forces and moments 

are shown in Figure 4 and listed below: 

Forces: F = thrust (x-direction) 

Fy and Fz = horlzonta, and vertical components, 
respectively, of the bearing forces 

Moments: = torque about the x-axis 

0 and = bending moments about the y- and z-axis, 
respectively 

The elementary forces and moments of the various components can be de¬ 

termined by resolving the loading force (r) acting on an elementary 

radial strip, normal to the strip, and taking the corresponding moments 

about any axis. The forces acting on a strip at radius r of the 

N-bladed propeller will be given by (cf. Ref. 15) 

N (a) 'q(Qt+9 ) 
ÛF = g Lp (r) e n cosep(r) 4r 

x n»l ^ K 

N fn) iq(nt+Õ ) 
AFV “ E Lp (r) e sin0 (r)cos(nt+0 ) 4r 

Y n“l r P n 

n ia) íqí^t+õ ) 
4F = E Lp^^(r) e sin© (r)sin(nt+0 ) Ar 

z n=l 1 P n 

where 0p(r) is the geometric pitch angle. Since 

E eiq®n = |N vhen © = . ^ = OJ .2, ... 

nI!* when q ¿N 

and 

N •(q±05n j-n when q = iN^l 
E e = -j 

n=l when q j* £N+1 

the total forces at frequency ¿N acting on the N-bladed propeller will 
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be given by 

Fx = Re {Nr0el£NUt L^N)(r)cos9p(r)dr} 

Fy. Re 

Fz - Re {^2 e^nl^-^O-L^^fr^in^Irldr} 

(with the sign convention adopted in the present investigation). 

The moments are determined by 

Qx = -Re{NrViNUtjJ L^£N^ (r)sin6p(r)rdr}- 

^ = ^eî^t^L(,N..)(r)+L(iN+i)(r)jcosep(r)rdr} 

Qz = Rej^e’^jlL^-^frJ^'^oJcosQ (r)rdr} 

(95) 

(96) 

(97) 

(98) 

(99) 

(100) 

It may be observed from the foregoing that the propeller-generated 

transverse forces and bending moments are evaluated from propeller load¬ 

ings associated with wake harmonics at frequencies adjacent to blade 

frequency, i.e., at q = f>N±l, whereas the thrust and torque are determined 

by the loading at blade frequency. The steady-state thrust and torque are 

determined at zero frequency; the corresponding mean transverse forces and 

bending moments are determined at shaft frequency. 

Rudder Forces and Moments 

The side force on the rudder at any frequency q = ¿N is simply 

FR = roJ LRq)<2>dZ 
z 

where Lpq^(z) is given by Eq. (94). 

The moment about the rudder stock is obtained from 
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r" n 

MR= "tT JzI0 {LRq,,)(z)(,+cos0a)+_52LRq’n)(z)s¡n(ñ-í)e(ysíneJ[eR-CRcoseJ 

. d9 dz 
a 

where ^eR-CRcos6^J is the moment arm. Then 

V rô{4LR<,'')(z> 

2 
j- 

- IT IzCRlp{LRq,1)(zH,+cosecy)cosV-E2LRq,n)(2,SÍn(ÍÍ",)VÍneoCOSeJ 

• de dz 
a 

Wi th 

and 

J (i+ cose )cose de = 1/2 
ti a 0/ a 

I f»n 
- sin(n-l)e sine cose de 

a a a a 

= -^r f71 sin(ri-l)e sin26 de 
2n 'a 01 a 

0 for (ñ-i) / 2 
= r 

‘•i for (ñ-i) = 2 

the moment becomes 

V ro{{eRLLRq'')<z> tîLR(<,'2)(z)J 

-cRLÍLR(q'',(2> + Wq,3)wJ} 

(Note that eD,CD and z are fractions of r .) K K O 

(102) 
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NUMERICAL RESULTS 

A numerical procedure has been developed and adapted to a high¬ 

speed digital computer which yields a numerical solution of the propeller- 

rudder Interaction problem. The solution evaluates (a) the steady and 

time-dependent pressure distributions on both lifting surfaces, propeller 

and rudder, and (b) the steady and time-dependent hydrodynamic forces and 

moments on the propeller (three forces and three moments) and on the rud¬ 

der (side force and rudder-stock moment). 

The expressions for the kernel functions given by Eqs. (39),(41), 

(46),(64),(75), and (88) and the pair of Integral Equations (90) and (91) 

or (92) constitute the desired working forms. The computer program pre¬ 

pares all the nececjary Information for the application and execution of 

the suggested Iteration procedure. 

It Is a lengthy program, the duration depending on the number of 

propeller blades, on the number of selected chordwlse modes and on the 

harmonic constituents of the hull wake. In fact, the latter Influences 

the decision as to a proper truncation of the harmonic series of the load¬ 

ing functions on both lifting surfaces. 

The Information required as Input to the program Is divided Into two 

main categories: the geometry of both lifting surfaces Including their 

relative positions, and the velocity survey of the Inflow field. The 

geometrical Information Is readily available, In the form of detailed 

drawings, from which measurements can be taken, If not of more accurate 

tabulated data. Unfortunately, detailed wake surveys (wake in the absence 

of propeller and rudder) are scarce. 

Primarily to test the developed program and to find out the number 

of Iterations necessary to attain a stable solution and also to obtain 

an estimate of the time required for computation, a numerical example was 

worked out for a 3-bladed propeller and a thin rectangular rudder, both 

Immersed in an inflow field defined by an available wake survey for a 
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surface ship. This is an artificial case, i.e., the combination of ship, 

rudder and propeller is not an actual one. A 3“b1aded propeller was chosen 

for this pilot example to cut down on computer time. For this reason also, 

the number of chordwise modes was limited to five. It had become apparent 

in preliminary calculations that this number was the minimum which could 

fairly represent the loadings on both lifting surfaces. 

The propeller was the NSRDC propeller 4118 (see Refs. 15 and 16) 

with the following particulars, 

number of blades, N = 3 

propeller radius, rQ = 0*5 ft. 

expanded area ratio, EAR = 0.6 

pitch-diameter ratio, P/D *■ 1.077 

design advance ratio, J = ^ “ 0*'831 where U = 

The particulars for the thin rectangular rudder were, with 

the propel 1er-rudder arrangement shown in Fig. 1, 

CR - 0.562 r0 

b - 1.025 r u 0 

bi- = -975 ro 

eR = *337 ro 

*0 “ -35 ro 

12.465 f.p.s. 

reference to 

rudder angle, 6 =- 0.1 radian (to starboard). The wake survey was that 

measured in the propeller plane behind the Mod V hull of NSRDC Model 4423"2 

(for details see Ref. 17) with high third and fourth harmonics of the wake 

components. The 3”blade propeller thus is assumed to operate in the wake 

of a ship which requires a propeller of at least 4 blades. 

Although this artificial example was attempted primarily to test 

the numerical procedure, certain conclusions of a general type can be 

drawn about trends. Results of the calculations are exhibited graphically 

in Figs. 5 to 10. 
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Figures 5 to 7 present the values of all hydrodynamic forces and 

moments in terms of iteration number. Attention is called to the fact that 

"zero iteration" identifies the condition where the propeller loading is 

determined in the absence of the rudder and the rudder loading Is deter¬ 

mined In the presence of the propeller. It is seen that four iterations 

are sufficient to bring all hydrodynamic forces and moments, steady and 

unsteady, to their final values. 

The calculations indicate that the presence of a thin rudder has 

negligible effect on the mean thrust and torque, which confirms the con¬ 

clusion of Ref. 18. In contrast the rudder has a large effect on the 

steady propeller transverse forces and bending moments. The presence of 

the rudder also has considerable effect on the propeller vibratory forces 

and moments. It will be seen later that the percentage variation up or 

down depends on the particular case as well as on rudder ngle. 

In Fig. 7 the mean rudder side force coefficient in the presence 

of the propeller is seen to be 0.29 at angle of attack 6 = -0.1 radian. 

This compares with a value of 0.296 obtained from aerodynamic theory for 

a wing of the same aspect ratio 1-78, without propeller. On the other hand, 

the vibratory rudder force and moment, which should be zero in the absence 

of a propeller, are shown to be relatively large. Figures 8 and 9 show 

the spanwise distributions (amplitude and phases) of the mean rudder lift 

and rudder stock moment at 6 = - 0.1 radian. Figure 10 shows the real and 

imaginary parts of the corresponding spanwise distributions of the vibra¬ 

tory force and moment. 

After the success of the developed program in attaining a stable 

solution for the pilot example after only a few iterations, it was decided 

to apply the procedure to the actual case of the Hod V hull with its de¬ 

signed 4-blade propeller and rudder of aspect ratio 1.72, for three values 

of axial clearance between propeller and rudder, the designed clearance 

to the smallest possible clearance. Calculations have been made for a 

range of rudder angles from 0.3 radian to port to O.3 radian to starboard. 

The theoretical development assumes, of course, that the ship is steering 

a straight course. There is a lag between the time when the rudder is first 
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thrown over and the time when It reaches its maximum angle, at which point 

the stern of the ship begins to swing. The calculated results for the 

various rudder angles therefore apply to the time interval before the 

rudder reaches Its maximum and approximate the initial conditions of steer¬ 

ing and turning. 

The propeller Is NSRDC No. 3376 with the following particulars: 

N - 4 

r = II ft 
o 

EAR - 0.499 

P/D - 1.10 

J - 0.726 

U - 28.29 ft/sec 

The particulars of the rudder, which again is assumed to have negli¬ 

gible thickness, are: 

CD - .682 r 
R o 

b = 1.318 r 
u 0 

b/ - 1.023 ro 

fO.8356 r (design) , 0.72 r and 
X “ j o 0 

V56 ro 

Tables I-VI show the amplitudesof the hydrodynamic forces and moments 

at the various iterations. When x * 0.8356 r , stable values are reached 
1 0 0 

In all cases after the third iteration. In the case of the smallest axial 

clearance, x = O.56 r , four Iterations are required. 
0 0 

The calculations for the propeller hydrodynamic forces and moments 

show that the presence of the rudder has no effect on the mean thrust and 

torque and very little on the vibratory thrust and torque. The propeller 

transverse forces and bending moments, both steady and unsteady, show the 
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effects of rudder angle (6 i* 0) . In the unsteady case these effects are 

more pronounced for F and Q than for F and 0,* 
y y z z 

Figures 11-13 present the final values of the amplitudes and phases 

of mean and blade frequency propeller bearing forces and bending moments 

as functions of rudder angle 6. It is seen that when the rudder is on the 

centerline (6= 0) there is no effect of axial clearance xo> but when ó¿0 

the generated forces and moments are larger for the smaller clearance. 

Figure !*+ shows the variation with rudder angle of mean rudder side 

force and rudder stock moment, as evaluated in the presence of the pro¬ 

peller by the present lifting surface theory, and without a propeller by 

the aerodynamic lifting line theory and by the semi-empirical formulas of 

Whicker and Fehlner . (The calculated amplitudes are approximately the 

same for negative 6, with phases out by 180 .) It is seen that, in con¬ 

trast to the case of the 3“blade propeller behind the Mod V hull with small 

axial clearance between propeller and rudder, with the 4-blade propeller 

the rudder forces show a propeller effect and the effect is somewhat 

larger for smaller axial clearance. 

Figure 15 presents the spanwise distributions of the mean rudi'-;r 

side force for the various rudder angles. The curves are similar in form 

to those derived from measurements in Ref. 11, which shows an asymmetrical 

distribution with respect to the propeller axis. In fact, for a rudder 

angle to port the distribution bulges above the axis, whereas for a rudder 

angle to starboard the bulge is in the lower section. 

Figure 16 is a graph of the calculated amplitudes and phases of the 

blade-frequency rudder force and rudder stock moment versus rudder angle. 

The calculations show that in the unsteady case the axial clearance has 

a great effect, not only when the rudder is thrown over but also for 

6 = 0, which was not the case for the steady rudder force and moment nor 

for all propeller forces and moments- As can be seen in the section on 

the iteration procedure, the rudder loadings (and hence forces and moments) 

depend on the products of propeller loading coefficients Lp^ 3 ^ and 

the kernel functions KpR ^3^ defined by Eq. (75) • which shows that )var¡es 
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approximately as exp (-laq *o). Here Is the frequency of the space 

function and q is the shait frequency. When 6=0 and q = 0, there Is 

little influence of axial clearance xq, either Indirectly through the ef¬ 

fect of rudder loading on propeller loading or directly through the kernel 

function. On the other hand, at blade frequency, q = N, there Is a varia¬ 

tion with axial clearance xq which Is oscillatory In nature, the period of 

the oscillation depending on number of blades N and inverse advance ratio 

a = n/j. Sugai^ in his theoretical treatment implies this oscillation In 

the propel 1er-induced rudder force as a function of spacing distance, and 

the experimental data of Ref. (20) not only shows the oscillation but also 

that the wave length of oscillation is smaller for lower J. Lewis, In his 

experimental study^21 \has also observed that the rudder is subjected to a 

periodic force depending on its position relative to the propeller (i.e. XQ)> 

with period approximately equal to pitch divided by the number of blades. 

Figure 17 presents the real and Imaginary spanwlse distributions of 

blade-frequency rudder force and moment for one axial clearance. The 

curves are for one rudder angle onlyj for the other rudder angles the 

curves are the same in form and only slightly different in magnitude. Com¬ 

parison between the spanwlse distributions in this case with i+-blade pro¬ 

peller and those shown In Fig. 10 for the case of a 5_blade propeller Indi¬ 

cate why the integrated vibratory rudder force is so much smaller in the 

4-blade case. In contrast to the distributions of Fig. 10, those in Fig. 

17 above the propeller axis are opposite in sign to the distributions below 

the propeller axis and almost the same in magnitude. The explanation 

for this difference between the cases with 3- and 4-blade propellers can be 

found in an examination of the kernel function KpR^ which is the 

factor of Lp^0,n), the largest propeller loading contributor to the blade 

frequency rudder force (see under Iteration Procedure). In Eq. (75) It is 

seen that RDD^‘N,m,n^ has the factor (-1) for the rudder span above the 
PR 

propeller axis and (-1) below the propeller axis. When N is odd upper 

and lower distributions have the same sign, and when N is even opposite signs. 

Another comparison of the two cas^s (3- and 4-blade propellers) for 

6 = -0.1 yields the observation that the amplitudes of the mean K coef¬ 

ficients, which depend on the zero wake harmonic for thrust and torque 

and on the first wake harmonic for bearing forces and bending moments, 
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ara only slightly dlfforont In both casos. Th« vibratory thrust and torqua 

depend on the blade wake harmonic, and since the third and fourth harmonics 

of the wake are not too different In strength the blade frequency thrust 

and torqua coefficients for 3" end l♦■blade propellers are not far apart. 

On the other hand the coefficients of bearing force and bending moment 

depend on the (N-l) and(l**1) wake harmonics, In the J^blade case on the 

second and fourth and In the l»-blade case on the third and fifth, and since 

the second wake harmonic for a hull symmetrical about the centerline Is 

strong and the fifth Is weak, the coefficients are larger for the 3-blade 

case than for the Jt-blade. 

Thus, although the number of calculations Is limited, the results 

exhibit the Importance of such parameters as axial clearance, number of 

blades and harmonic components of hull wake. 

CONCLUSIONS 

The problem of the unsteady hydrodynamic Interference between a 

marine propeller and a rudder, when both thin lifting surfaces are located 

in the wake of a hull, has been studied theoretically and a numerical pro¬ 

cedure adaptable to high-speed digital computer (CDC6600) has been developed 

for Its solution. The theory demonstrates the filtering effect of the 

propeller on the harmonic constituents of the wake, an effect which results 

In a flow to the rudder of blade frequency and Integer multiples of blade 

frequency. The numerical solution furnishes Information about 

a) the steady and time-dependent pressure distributions on 

both lifting surfaces, 

b) the steady and unsteady components of all hydrodynamic 

forces and moments on both interact I.<g surfaces. 

The numerical solution provides means for a systematic study of the 

effects of all parameters, such as number of blades, geometry of both 

lifting surfaces, axial clearance and wake constituents. From the small 

number of calculations performed It Is seen that the mean thrust and torque 
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•r« not «ffoctod by th« protonco of tho ruddor, In contrast to tha corres¬ 

ponding vibratory components and to tho steady and unsteady transverse 

forces and moments. Tha axial clearance plays an Important role In evalua¬ 

ting both steady and unsteady hydrodynamic forces and moments on both 

lifting surfaces. Tha experimental evidence of Ref. 21 Indicates that very 

large reductions In transverse forces can be achieved by placing tha rudder 

at Its optimum location. A small deviation from this rudder clearance 

gives rise to a sizable Increase In the vibratory level of the side force. 

The limited number of calculations have demonstrated the Inadequacy 

of the currently used method, based on a modification of low aspect ratio 

aerodynamic theory, for evaluating steady-state rudder lateral forca and 

rudder stock moment. Furthermore, the failure of seml-ernplrlcal methods 

to take cognizance of the vibratory components of lateral force and rudder 

stock moment can easily lead to erroneous conclusions and disastrous con¬ 

sequences. There are cases where the lateral force Is smaller than esti¬ 

mated by the modified low aspect ratio theory, but the shape of the pressure 

distribution is such as to Introduce a large rudder bending moment which 

cannot be predicted by that theory. There are cases where the unsteady 

rudder stock moment Is of the same order or larger than the steady-state 

moment, and neglect of this time-dependent component will foster falsa 

conclus ions. 

The present study provides a clearer understanding of the nature of 

the interaction effects and more Information of practical Interest for the 

design of hull-propeller-rudder configurations than do the currently used 

methods. For greater precision in estimating the magnitudes of the Inter¬ 

action effects It Is suggested that this study be complemented by a study 

of the effects of thickness of both lifting surfaces. It Is imperative 

to exploit further the concept of optimum rudder location by studying a 

variety of propeller-rudder configurations under different wake conditions. 
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TabU I 

Variation of Naan Forca and Nomant Coafflclants 
With Itaration Number for a Ranga of Rudder Angles 

{4-Blade Propallar and Rudder behind Nod V Hull) 

* - 0.8356 r 

Amplitudes 

*T 

4 
y»* 

V 

Rudder 
Angle (rad) 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

I 

.3737 

.3737 

.3737 

Itaration Number 
2 3 

.3738 

.3738 

.3738 

.0648 - 

.0648- 

.0648- 

.00227 :00386 .00380 .00379* 

.00227 .00220 - 

.00227 .00521 .00538 .00537’ 

.00197 .000324 .000326- 

.00197 .00200 

.00197 .00423 .00429 .00428’ 

1.0125 1.0350 1.0320- 
.0258 .0257 .0256 

1.0125 1.0344 1.0320 1.0318- 

.06760 .06920 .06900- 

.00179 .00180 

.06808 .06967 .06950 .06949’ 

NOTE: vp/^;> 

A
A

A
 

K K
A
 

A
A

A
 

A
A

A
 

A
A

A
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TabU II 

Variations of Blads-Fraqusncy Forca and Homant Coafflclants 
With Itaratlon Number for a Ranga of Ruddar Anglas 

(4-Blado Propallar and Ruddar behind Nod V Hull) 
X- ■ O.8356 r 

0 0 

Amplitudes 

\ 
V. 

Ruddar 
Angla (rad) 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

-0.3 
0 

0.3 

.0121 

.0121 

.0121 

.00211 

.00211 

.00211 

.OO252 

.00252- 

.00252 

.00201 

.00201 

.00201 

.00279 

.00279 

.00279 

.00224 

.00224 

.00224 

.0437 

.0437 

.0437 

.0120 

.0120 

.0120 

1 

.0120- 

.0120 

.0120 

Iteration Number 

2 3 

.00209 .00210’ 

.00210 - 

.00210 - 

.00354 .00350- 

-C» 

-o 

.00203 .00212- 

,00249 .00246- 
.00200- 

-o- 
-o 
-o* 

.00194 .00200’ 

.00302 .00299- -C» 
-O’ 

.00279 .00284 .00285’ 

.00233 .00231- 

.00227 .00230 

-o- 
-o> 
O’ 

.0729 .0745 - 

.0441 .0440 - 

.0518 .0509 .0508 

o 
0 
0 

0200 .0193 
.0122 - 
.0130 .0126 .0125 

O 
o 
0 

I 

I 

I 
Î 

Î 

I 

1 

I 
I 

I 

I 

I 

I 
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TabU Ml 

Variation of Maan Forca and Moment Coefficients 
With Iteration Number for a Range of Rudder Angles 

(4-Blade Propeller and Ruddar behind Mod V Hull) 
x« " °-56 r o o 

Amplitudes 

4 

«a 

Rudder Iteration Numbar 
Angle (rad) 0 I 2 3 4 

-0.3 
-0.1 
0.3 

.3738 .3737---c> 
• 3738 .3737-0 
.3738 .3737-- 

-0.3 .06483 .06483 .06482-0 
-0.1 .06483 . 06482---- 
0.3 .06483 .06483 .06482- 

-0.3 . 00227 . 00825 . 00842 . 00801 .00795 .007960 
-0.1 .00227 .00290 .00260 . 00245 --e> 
0.3 .00227 .00957 .01059 .01028 . 01020-O 

0.3 . 00197 . 00224 . 00254 . 00239 . 00235 .002360 
0.1 .00197 .00057 .00054 .00061  O 
0.3 .00197 .OO6I3 .00645 .OO628 .OO625-O 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

1.0128 1.0898 I.053I 
.3386 .3639 .3515 

1.0125 I.0909 1.0544 

.0675 .0715 .0689 

.0224 .0237 .0228 

.0682 .0722 .0696 

1.0446 1.0457 1.0462-0 
.3487 .3491 .3493-0 

1.0459 1.0470 1.0475-0 

.0684 .0685-0 

.0226 .0227-0 

.0691 .0692- 
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TabU IV 

Variations of Blada-Fraquancy Forca and Montant Coefficients 
With Iteration Number for a Range of Rudder Angles 

(4-Blade Propeller and Rudder behind Mod V Hull) 

xo " 0*56 ro 

Amplitudes 

% 
\ 

Rudder 
Angle (rad) 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

1 

.0108 

.0111 

.0119 

Iteration Number 
2 3 

.0117 

-O» 
-o 

0 

.0121 

.0121 

.0121 

.00211 .00189 .00189 

.002)1 .00195 .00194 

.00211 .00207 .00205 

.00252 .00963 .00951 

.00252 .00438 .00414 

.00252 .00736 .00816 

.00201 .00562 .00545 

.00201 .00279 .OO26O 

.00201 .00462 .OO5I5 

.00279 .00469 .00442 

.00279 .00312 .00290 

.00279 .00343 .00418 

.00224 .00292 .00271 

.00224 .00234 .00224 

.00224 .00233 .00270 

.0539 .0963 .1056 

.0539 .0631 .0681 

.0539 .0804 .0659 

.0135 .0355 .0372 

.0135 .0195 .0204 

.0135 .0234 .0218 

.00190 -^ 
---o. 

---—0» 

.00913 .00909 .0091 ic> 

.00401 -O’ 

.00789 .00782-C» 

.00525 .00524-0 

.00254 --0 

.00502 .00498-o- 

.00422--0 

.00286 --O 

.00414 . 00409-C=* 

.00263-O 

.00222-- 

.00270 . 00268-O- 

. 1048 — 0 

.0679---0 

.0617--1> 

.0363 -O 

.0201 ---0 

.0204 — " 0 

n 
r* 

& à 

I 
I 
1 
I 
I 
I 
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Tabl« V 

Variation of Haan Forca and Manant Coafficlanta 
With Iteration Number for a Ranga of Rudder Angles 
(4-Blade Propeller and Rudder behind Mod V Hull) 

X o 0.72 ro 

Amplitudes 

*T 

Rudder 
Angle (rad) 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

Iteration Number 
0 1 2 3 4 5 

.3738 

.3738 

.3738 

.0648 

.0648 

.0648 

-0.3 .00227 .00518 .00508 
-0.1 .00227 .00227 .00213 
0.3 .00227 .00661 .00688 

-0.3 .00197 .00098 .00102 
-0.1 .00197 .00098 
0.3 .00197 .00490 .00497 

-0.3 
-0.1 
0.3 

1.0128 
.3386 

1.0125 

1.0460 1.0392 1.0386 
.3498 .3475 .3473 

1.0455 1.0386 1.0347 

-0.3 
-0.1 
0.3 

.0675 .0699 .0692 

.0224 .0232 .0230 

.0682 .0703 .0698 

A
A
A
4
A
A
 A
A
A
 
A 

A A
A
A
 A
A
A
 



Table VI 

Variations of Blada-Fraquency Forca and Montant Coefficients 
With Iteration Nimbar for a Range of Rudder Angles 

(4-Blade Propeller and Rudder behind Mod V Hull) 
■ 0.72 r 

Amplitudes Rudder 
Angle (rad) 

\ 

\ 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

-0.3 
-0.1 
0.3 

.0121 

.0121 

.0121 

.00211 

.00211 

.00211 

.00252 

.00252 

.00252 

.00201 

.00201 

.00201 

.00279 

.00279 

.00279 

.00224 

.00224 

.00224 

.03446 

.03446 

.03446 

.01396 

.01396 

.01396 

1 

.0119 

.0119 

.0119 

itaration Number 
2 3 4 

.00207 

.00208 

.00277 

.00244 

.00209 

.00207 

.00210 

.00462 

.00305 

.00257 

.00303 

.00220 

.00232 

.00314 - 

.00306 *- 

.00235 - 

.00222 - 

.00239 - 

.06031 .06390 - 

.04193 .04345 - 

.04607 . 04340 . 0429- 

.02720 .02822 .02813 

.01798 .01834 

.01625 .01573 .01560 

A
A

A
 

A
A

A
 

A
A

A
 

A
A

A
 

A 
A
 

A
A

A
 

A
A

A
 
A

A
A

 



R- 1281» 

PROPELLER-RUDDER ARRANGEMENT 
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FIG. 4. RESOLUTION OF FORCES AND MOMENTS 
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FIG. 5. AMPLITUDES OF PROPELLER MEAN FORCE AND MOMENT 
COEFFICIENTS (8^-0.1 RAD, 3-BLADE PROPELLER) 
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FIG. 6a. AMPLITUDES OF PROPELLER BLADE-FREQUENCY FORCE AND 
MOMENT COEFFICIENTS (8«-O.I RAD, 3-BLADE PROPELLER) 
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FIG. 6b. AMPLITUDES OF PROPELLER BLADE FREQUENCY FORCE 
AND MOMENT COEFFICIENTS (B«-O.I RAD 3-BLADE 
PROPELLER) 
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ITERATION NO. -•* 

FIG.7. AMPLITUDES OF MEAN RUDDER FORCE AND RUDDER STOCK 
MOMENT COEFFICIENTS (8«-0.l RAD, 3-BLADE PROPELLER) 

FIG. 7. AMPLITUDES OF BLADE FREQUENCY RUDDER FORCE 
AND RUDDER STOCK MOMENT COEFFICIENTS (8--0.1 RAD, 
3-BLADE PROPELLER) 
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8 —0.10 RAO. 

V0.35r0 
i 

FIG.IO. SPANWISE DISTRIBUTION OF BLADE FREQUENCY Ê. AND C 
Fr M 

FOR RUDDER ANGLE OF 0.1 RADIAN TO STARBOARD, AND 
RUDDER LOCATION X0»0.35 r0 (3-BLADE PROPELLER AND 

RUDDER OF m-1.78 BEHIND MOD V HULL) 



R-i28fc 

8(Rad.) 

O • X0«0.8356 r0 

FIG. II. MEAN BEARING FORCE AND BENDING MOMENT COEFFICIENTS 
VERSUS RUDDER ANGLE 8. (4-BLADE PROPELLER AND RUDDER 
BEHIND MOD V HULL ) 
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8 (RAO.) 

FIG. 12. BLADE-FREQUENCY COEFFICIENTS OF HORIZONTAL BEARING 
FORCE AND BENDING MOMENT ABOUT Y-AXIS VERSUS RUDDER 
ANGLE 8. (4-BLADE PROPELLER AND RUDDER BEHIND MOD V HULL) 
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8 (RAD.) 

FIG. 13. BLADE-FREQUENCY COEFFICIENTS OF VERTICAL BEARING 
FORCE AND BENDING MOMENT ABOUT Z-AXIS VERSUS 
RUDDER ANGLE 8. (4-BLADE PROPELLER AND RUDDER 
BEHIND MOD V HULL) 

Î 

r 
Î 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

% 



R-1284 

FIG. 14. MEAN RUDDER LATERAL FORCE AND RUDDER STOCK MOMENT 
COEFFICIENTS VERSUS RUDDER ANGLE (4-BLADE PROPELLER 
AND RUDDER BEHIND MOD V HULL) 
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FIG. 15. SPANWISE DISTRIBUTION OF CF FOR VARIOUS RUDDER 
R 

ANGLES. (4-BLADE PROPELLER AND RUDDER BEHIND MOO 
V HULL) 
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o • Xo *0.8356 r0 

I 
T FI6.16. BLADE“FREOUENCY RUDDER LATERAL FORCE AND RUDDER 

STOCK MOMENT COEFFICIENTS VERSUS RUDDER ANGLE 

j (4-BLADE PROPELLER AND RUDDER BEHIND MOD V HULL) 
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FIG. 17. SPANWISE DISTRIBUTION OF BLADE FREQUENCY CF AND CM 
rR MR 

FOR RUDDER ANGLE OF 0.3 RADIAN TO STARBOARD, AND 
RUDDER LOCATION X0*0.56r0 (4-BLADE PROPELLER AND A 

RUDDER OF/R-1.72 BEHIND MOD V HULL) r 
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APPENDIX A 

EXAMINATION OF THE KERNEL K, 
RP 

FOR SINGULAR BEHAVIOR 

Before the l/R expansion, it is obvious that R cannot go to zero 

since T is never zero. Therefore, Knp as given by Eq. (59) is non¬ 

singular. 

After introduction of expansion scheme (61), an integrable Cauchy- 

type singularity appears in the k-integration of Eq. (62). In order to 

detect whether or not higher-order singularities are hidden In the Infinite 

m-series, the series will be analyzed for Iml ¿ IMI large. 

The series can be rewritten for r.i large (or \g large since 

m *= q - \3 ) as 

(A-l) 

where 

+ia dk 

a* - f* 

kl (lklp)K (lklr)e,k^x"^ 
m m 

Al 
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(The subscripts P and R are dropped for convenience.) 

When m a M large, the following approximation can be used to 

analyze the infinite series for singularity 

lk(x-Ç » ik(x-Ç) 

L,(k)Sra^dk dk (A-2) 

By the residue theorem, since (x-£) <0 in this case 

,-iaMx-Ç) 
- elk(x-!) 

J TÆ dk 
•OD « 

■ |ne (A-3) 

Making use of (A-2) and (A-3) with f(k) in (A-2) alternately 

k lm0klp)Km(lklr) and l(n(lklp)Km(lklr), 

A « me“,mCpo| [a3\a - lm(a\a p)Km(a\a r)e"ia^ 

♦ l^-|ne-|aX> (x'5)J [-aXa r)] 

Sá 0 

Similarly, B can be shown to be approximately zero for large M . 

Therefore, the kernel KRp has no singularity other than the Cauchy-type. 

I 
I 
I 
I 
I 

I 
I 
I 

E 
A2 



APPENDIX B 

EVALUATION OF THE INTEGRAND OF KRp AT k = -a(q-m) 

With the substitution 

k+a(q-m) " k+a(q-mj 

the k-integrais of Eq. (64) become 

iS__ = J _ -. a (q-m) 
k+a (q 

where 

f(k)= lm(lklp)K (lklr)e-'k<><o+'R-o/a),«((„,. ¿)8k)A(i’)(-kC„) 
3 D R 

when P < r . When P > r , r and p are interchanged in f(k). (Cer¬ 

tain subscripts and superscripts have been omitted for simplicity in 

writing.) 

The first integral is nonsingular; the second has a Cauchy-type 

singularity at k = -a(q-m), where (q-m)^ 0, i.e., It exists only in the 

sense of a Cauchy principal value. Then the second integral can be written 

as 

-« 0 ^k+a (q-m) J^k-a(q-m) 

C30 ff] 

f f (k)dk _p F(k)dk 
(B-l) 

where 

- » 

F(a(q-m))= -2a(q-m) • f(-a(q-m)) 

I 
1 
I 

The value of the integrand of (B-l) at the singularity (i.e., the 

Bl 

WMMWMNMMNMU 
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finite contribution) is 

lint {integrand}0 
k-aíq-m)1* J ôk 

/2a(q-m) 
k°a(q-m) 

- f (a (q-m)~f (-a (q-rw) ) 
2a(q-m) -§^ 

k=a(q-m) 

where 

à {0K)m.lk<V'«-^> ,W((m+ X)A<"->(kCR)} 

+(1 "V (Ko+eR‘0/*)[ I (x0*en-a/.). W ( („* ¿) .b)A("') (kC.) 

a s- Al")(kcBN:R.‘'">((n+i)..))äAWiücsL] 
a a((m+¿)9|)) " a b a(kcR) J 

rL^P^mikO u ^ 
(IK) ■ -j m m when p < r 

m ^lm^kr^Km^l<P^ when p > r 

^ (IK) 
m „fP,m-l (kp)Km(kr)“rlm(kp)Km-l(kr)- T(|K) 

^ r*m-l (kr)Km(|cP)*P *(I1(krtKm.i ('‘P)- IK) m 
and 

blf («) 
Ox » lli(m)(x) (see Eq. 45) 

when p < r 

when p > r 

(see Eq. 44) 

Equation (B-2) becomes 



11m {Integrando " 
k-*a(q-m) 

I 
2a (q-m) 

e-la(q-m)(x0+eR-c/a)t(m) 

{ la(q-m)(x +eR-a/a).(m) 
k=a(q-m) 

((2m-q)Ob)A^n^(-a(q-m)CR) 

(qOb)A^(a(q-m)CR)} 

- "liH11 {e,aiq’m) (X°+eR"a/a) «(ii) (qö^A^ (a(q-m)CR)} 

k"a(q-m) 

-I OK) J .'“«O-"1' (V'^/-){(xot,^/,), <« (q,b)A("') (a(q-f»)CR) 

k=a(q-m) 

+ Ji l/m^(qOb)A^n^(a(q-m)CR) 

- CRl("5)(qOb)A1(fî) (a(q-m)CR)} 

(B-4) 

Here for p< r 

0(lK)m 
”5T<- = p,m.) ia^-n’)p)Km(a(q-m)r)-rlm(a(q-m)p)Km_| (a(q-m)r) 

k=a(q-m) 

■ 3fc)lm(a(‘'',n,p)Km(a(',-")r) 

(B-5) 

and for p > r , p and r are interchanged in (B-5). 
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APPENDIX C 

EXAMINATION OF THE KERNEL KpR FOR SINGULAR BEHAVIOR 

Before the l/R Expansion 

From Eq. (72) It Is obvious that R can go to zero when pp ■ rR 

and T = 0 . Let the singular part of the kernel In the region -Vs T£ y • 

Y a small fixed number, be designated by Kq with 

where 

li = 0 -Qt + 8- a(r-x+5) 
o n 

(The subscripts P and R have been omitted for convenience.) The 

derivative with respect to <P Is 

r± 1 ò I /1X P sinp. (C-2) 

where the upper sign corresponds to cp = 0, zR > 0 and the lower sign to 

cp « tt , Zr < 0 . 

The derivative with respect to Ç is 

a 
ò f i\a(T-x+Ç) 
ST Ie |^t3+ r2+p3^2rp cospj 

p slnp 

a3peIXa(T-x+5) 

T2 +r2 +p2 ¢2 rpcosp 

i\sinp-cosp 
:i57H (c-3) 

and the derivative with respect to 0Q is 

Cl 
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LJ_{eiM,-.-î)r_£îIa__î72} 
T'ST’' ^t3 +r3 +p3 +2 r pcosM-j^2 

i.IXaÍT-x+Ç) 
P * 

COSM. 

3+ra+paT2rpcosM- FT 
(t??rPsin3^ 

T3+r3+pa^2rpcosM. 
57T 

} (C-4) 

After taking the limits, Ko becomes 

m e l\a(x-Ç) 
e1kaT ■ria3p3XslnM.-(a3p3-»l)cosM. 

^+aap3 -V |^t3 +r3 +p3 +2 rpcosp-J 

+ WilfiJ^iUs^ K 
[Ta+ra+p2-‘i- 5/2 } '$2rpcosM- 

(C-5) 

where kk B 8 - Ot -a(T-x) . The condition for a singularity is that 

pi ■ -aT when zD > 0 , or n = -aT + tt when z_ < 0 . Then (C-5) be- 
K K 

comes 

K „ e“i^a(x-Ç) e^aT f + ia3p3\sinat+ (a3pa+i)cosaT 

° "Y +aap3 ^ " T3 +r3 +Pa -2 rp cosarJ^2 

•3rp (a3p3 + Qsin3aT \ 

^T3+r3+p3-2rpcosaT 
dr (C-6, 

Let p * r + e where e Is very small, then the terms of Kq can 

be expanded in a series of e and t . Since the range of t is also 

very small, the following approximations are used. 

C2 

i: i ; I iéàtiilMMiM^ *11 ^^ nÉüyliQft 
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t2+ ra+ p2- 2rp cos ar « t3+ r2+(r+e)3-2r(r+e) (1- 2-l_) 
a3 T3 

« T3 (1+ r3aa+ ra3e)+ e3 

sin aT a T 

cos ar ta 1 - 
2 2 a T 

l\aT , X.2a2T2 . ,, 
e ta 1 - — V ■ ■ " + Uar 

After these substitutions are made and the r-integration is performed, 

the singular behavior of Kq is described by 

Singular Part of +e -_-iMx-Ç)j 2 
(l+a2r2)(p-r)2 / aS P"r 

(C-7) 

and is thus of the Hadamard type. 

After the 1/R Expansion 

The part of Eq. (75) corresponding to Kq of Eq. (C-l), after the 

T-integration, can be written for large m as 

imO, 

K' 
o 

p » r-e u for z >0^ 

k= L { „MV") Fnr . <0 1 ãpa m=M ' e for zR<0 
m 

{n^aaq’ lm(aqp)Km(aqr) 

. kl (lklp)K (lklr)e,k^X"^ 
i a J -2-dk 

k+aq 

m « lm(lklp)Km(lklr)eik(x"5) > 
i T- f —-2- dk} 

o ¿cd k+aq J 
(C-8) 

The following approximations are made for large m = M which are similar 

to those used in Appendix A with the exception that here x-Ç > 0 . 

C3 
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J 
kl (Iklp)K (lklr)e,k(x"^ 

in m 

k+aq 
dk« -lTTaqlm(aqp)Km(aqr)e 

-iaq(x-§) 

m I (Iklp) K (lklr)eik^X”^ -iaaix-e;) 
J J2-2- sá |n (aqp) Km(aqr)e 

k+aq 

Then for large m , the m-summation Is 

* m®o 
I re|m(ô0±TT)} m(2TT)(a2q--f)e-|aq(x‘Ç) I (aqp)km(aqr) 

m=M e 0 

by' 

The product of the modified Bessel functions can be approximated 

lm(aqp)Km(aqr) « 

r w-irow/ 

For very large m » q 

^(aqPÍ^Íaqr) 
1 

Therefore for large m 

-laq(x-S) 
Kl « o 

££. 

■^7 

K1 
o 

00 

E 
m=M 

Is approximately 

<£)" (a'q- f) 

cosm0 - I slnmO^ o o 

cosm (0o±tt) + is i nm (Qo±tt) (C-9) 

“NICHOLSON, J.W., "The Approximate Calculations of Bessel Functions of 
Imaginary Argument." Phil Hag.,Ser. 6,Vol.20,Dec. 1910, pp.938-943. 

C4 
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£* 
r < 1 , then 

î'«V 

Z Xm slnma “ _ 
m!=) 1 -2Xcosa+Xa 

Xslna 

Z Xmcos m a 
m=0 

1 -Xcosof 

1-2Xcosa+Xs 

.m 
Z mXm cosm a m E X slnma 

m=l m“! 

x[(l+X3)cosa - 2x] 

[l-2Xcosa+X2JZ 

.m _ ô ” vm__ Xslna(Xa-l) 
Z mX slnma “ “ ^ x cosma 

m=l m=0 [ I-2Xcosa+X2J* 
(C- 

The singularity as P - r occurs when a “ 0, 2tt, 4n, ... In which case 

Z Xmslnm a = % mXmsinma = 0 
m=1 m“l 

08 _ J 
Z X cos m a = 

m=0 

09 y 

Z mXmcos ma ■■ 
m=l ('»X)* 

Since the summation from m = 0 to m * M Is obviously not singu¬ 

lar, It can be shown that the singular part of K¿ reduces to 

[_j_. 
+ — L/_ _\2 ^ p 

\+.=p3 (p'r)' 

J^-l 
p-rJ 

as P - r (C 

which has the same hlgh-order Hadamard-type singularity as (C-7). 

,W\J0LLEY, L.B.W., ed., Summation of Series, Dover Publications, Inc 

New York 1961. 

C5 
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APPENDIX D 

EVALUATION OF THE INTEGRAND OF KpR AT k - -aq 

With the substitution 

£5?" 1 -1¾ 

the k-Integra Is of Eq. (75) become 

I. J f(k)dk-l(.2q -4) J |^<fk 
—00 ^ mtto ' 

where 

f(k) = lm(lklp) Km(lklr)e,k(xo+€R"a/a)|ím)(-kCR)A(n)((m- ¿)Ob) 

when p < r , otherwise p and r are interchanged In f(k) . 

The first integral Is nonsingular; the second has a Cauchy-type 

singularity at k* -aq , similar to the singularity of RRp . For the 

reasons given In Appendix B, the present integral can be written as 

r f (■<)<* - 7 .i 
-0# k+a<l i Tl<+aqTTk-aqT 

? 7£ikI-;(aq). 
J0 (k+aq) (k-aq) 

dk (0-1) 

where 

F(k) - f(k)(k-aq) -f(-k)(k+aq) 

F(aq)“ -2aqf(-aq) 

It can be shown (compare Appendix B), that at the singularity the 

integrand is finite and is equal to 

Dl 



¿y,nu*r*"d} 

5? 
(IK) I , <"> 

I kaaq 

, (m) (,,0,((:)((^)^)} 

ä(IK) m {.-1*q(*<,+«,-°/*)i(S)(„c >,(")((„-,)«.)} 
kBaq 

♦ KIK)J ,-'«q(V«R^*){(x0+V£),W(.qCR)A<"l(^)«b) 

lkBaq 

-C,4W(.qC|,)At5)((i<>*,)«k) 

+ ^ l(l")(aqCR),1(n>((m+q)ab)} (0-2) 

where for p < r 

a(iK) m 
- l>lm.l(*qP)Kn,(*qr)-rlm(.qp)Knl.|(.qr)- ^ lm(.qp)Km(.qr) 

kBaq 

and for p > r 

ô(IK) m 
„ ' rlm-i<*qr)Km(*qp)-("m(*qr)Km-i(*q'')-^ '„(■q'-i^^qp) 

kBaq 
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APPENDIX E 

EVALUATION OF TOE SINGULAR k-INTEGRAL OF R0D 
KR 

The Integral term of Eq. (88) can be written as 

I - T F(k)dk 
-00 

(E-l) 

where 

F(k) - Iklz Kx (lkl2n)lim^(-kCr)A(n^(-kCP)e,ki<r’*P^ o *-o' 

As In Appendix B( It can be shown that 

, . dk + ^ J . J (E.2) 

For large Ikl s INI, IMI > qa , F(k) Is approximately zero, there* 

fore 

(E-3) 

But 

- log ÍÍIS2. 
M 9 M+qa 

so that 

M 

and 

1 ^ in dk - fí-i-Mos 

j?(m,ñ)_1 

RR ’ ^PfUro2 

(M Is chosen by trial.) 

J?{q«z0K1(q.z0)l('"tq.Cr)A(f;) („.c'’).-'"»«'''-*'’) 

• E + W ,09 Sî?f] 

■ dk} (E-M 

El 
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The k-Integral of (E-4) can also be written as 

21 rM “‘l*^1 ^qazo^f^qa^ 
0 k- - q8aa 

where 

f(k) - qa Re« [Vm)(kCr)A^ (kCP)e",k^*r" cPü 

+lk lm{l(i;i) (kCr)A(S)(kCP)e‘,k(ir* *P,j 

and 

f(q.) - ql l(5,(,.Cr)A(5)(q.Ci’)6-'<'*(,r ' ,P) (E-5) 

The finite contribution of the last Integral at k ■ qa can be determined 

In a fashion similar to that of Appendix B. 

E2 
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APPENDIX F 

THE C-INTEGRAT I ON OF Rrr NEAR 

In the rudder spanwlse strip which Includes the singularity, the 

C-Integratlon will be performad before the k-Intégrât Ion. This strip wll 

be divided into three parts so that the Integral Is of the form 

r z-e X+3P -, ,- -. 

H’"”« (-• 

In the middle strip, where It can be assumed that Cr ■ CP and 
I* P 

« ■ « , the C-Intégrât Ion Involves (see Appendix E) 

rqaz - 

•L {if (,.0 [ui legal] 

where 

+ 21. |.H ^01¾ 0«o)f (k) ■ (q.2n)f(q.) 

" J0 lj(ks . qaa2) ^ 
(F-2) 

T(k) • qa Re* [l ^ (kC)A^n^ (kC)] 

+ Ik lm *[|(m) (kC)Ain) (kC)] 

f(qa)- qa 1^ (qaC)Aln, (qaC) 

*n th,s reglon, z-ß < C<»8, use can be made of a polynomial approx! 

mation of the modified Bessel function for argument near zero, viz., 

xKi (x) « xa Xn |(0.5 + .0625xa)+ I + .0386xa - .04205* (F-3) 

After substituting (F-3) Into (F-2) and Integrating with respect to C , 

noting that zq ■ Iz-Cl , the integral (F-2) becomes 

(fi) 

ABhÜÜ!ÍITÍ^m« STEGUN, I.A., editors. Jlandbook of Mathematical Func 
tlons, National Bureau of Standards Applied Hathemattes Series 55.- 
Washington, D.C., June 1964, Chapter 9, Section 8. 

FI 
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P{g(q«)lím) (q«C)A(n) (qaC)[l-»-i log 

where g(k) - | a3 (.0625 log | - .06288)k* 

+ (-.9228 + log £)ka - ¿ 
2 ß3 

+ ka log a (I + .0417 aak*) 

(F-4) 

In the outer strips 

C 2-38 Z46 
(F-5) 

and for each strip a 3-polnt Gaussian quadrature is used. The Integral 
Is 

2+38 - 

4* ^R,n)<®*"lmp^îr 1 (<|.C)A^n'(q.C)|Í+¿log 

dk} 
0 k - q-a J 

where 

u/LX 3 Z°lk Kl(z0|k) h(k) - £ —I-1-—!— W| 

«-> 2o, 

2^ - 1.225403 a Wj ■ 5/9 

2¾ " 2 8 Wa - 8/9 

2^ - 2.774507 B W3 » 5/9 

It Is assumed here also that Cr - Cp and er - ep . 

(F-6) 

F2 
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where 

Hence, 

Z+3P - 

U RRR,n d^-Irn^u{G^a)|im)(4aC)A(n)(qaC)[i+i >og~3i] 

H 
+ 21 r C(k)f(k) ■ G(o.)f(g.) 

" 6 k3 . q3a3 

G(k) - 2h(k) + g(k) . 

F 3 

(F-7) 
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APPENDIX G 

EXPLICIT FORM OF EQUATION (91) 

For convenience In writing, the p-integration and orders of the 

chordwise modes and lift operators, ñ and m , wlII be omitted In the 

following. 

Equation (74) of the text can then be expressed In the form 

I . [,(0) ^ , (^a) I^3nt“l[n(m3"0) j sima) -Imafít 
13 LLP %-l LP e JLKPR +m3-l KPR ® 

+ S K<Jns)el"wnt] 
ma"! 

where 

\a - ma ■ ±¿N , JÍ ■ 0,1,2 ... 

¢-1) 

Since in (G-1) X3 and ma are 0 or positive, It Is easily shown 

that In the steady-state case when ¿"0 

(0) t 
PR Xa -I 

i (Xa ) 
LP 

ff(Xa) m r ¡(Xa) »(Xa) 
PR X, -0 P PR 

(G-2) 

and In the unsteady case (¿>0) 

la 
I L(Xa) »(X3-*N) UNnt. J , (X3 íj-ÍXa+iN) -UNOt 

x3 -o LP kpr e x3-o Lp kpr 6 (G-3) 

Equation (G-3) Is equivalent to the first integral of Eq. (91) of 

the text. In a similar fashion, the second Integral |4 can be expressed 

as 
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and since R.P.I« - -R.P.I3 , Eq. (91) for ¿ > 0 becomes 

W1H) <V“> 

\ loLpXa ) R {X*HH) •’1 Afnt} (G ’5) 

Now R.P.[(e+lb)e,n0 +(c+ld)e“,n0]- R.P.[(e-Hb)e,n0+(c-ld)e,n0] 

Therefore Eq. (G-5) Is equivalent to 

WiH) Rw>w) •,1’nt}* -*■*■ «S*'1N) 
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