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ABSTRACT 

Many communications systems, sonar and radar systems, control 

systems, and pattern recognition systems such as biomedical signal 

processing systems must partition a multidimensional sample space so 

that decisions can be made on the underlying active source events. 

Unfortunately, the a priori information necessary to construct an 

acceptable partition is not always available. For many problems estimation 

using samples of unknown classification is the only source of additional 

knowledge on the sample space statistical structure. Since the sample 

classifications are unknown, these estimators are called unsupervise^ 

estimation algorithms. 

This research is concerned with investigating practical approaches 

to the unsupervised estimation problem which are in some sense optimum. 

The emphasis is on recursive estimation algorithms having fixed storage 

requirements and on sequential sample processing. A Bayesian framework 

is utilized as a guide towards "optimality", and to provide a unifying 

relationship for the approaches of the report. The relationship between 

Bayes a posteriori, stochastic approximation, and decision directed 

approaches is determined. It is shown, for example, that an optimization 

criterion derived from the Bayes approach can be used to relate maximum 



likelihood-related stochastic approximation algorithms with decision 

directed estimators. The application of unsupervised estimation 

algorithms to a practical problem is illustrated using the problem 

of intersymbol interference. 

A direct implementation of an optimum a posteriori approach is 

to approximate the parameter space with a finite set of vector points. 

The Bayes estimator on such a discretized parameter space is proven 

to converge to an asymptotic vector with probability one and in mean 

square. The asymptotic estimator and asymptotic rate of convergence 

are also found. These results on a discretized parameter space lead 

to a new continuous parameter space criterion. The maximum of this 

criterion minimizes average risk against the a priori assumption of a 

particular parametric density function family. The properties of the 

criterion surface are largely unknown, but contours evaluated for a 

two class Gaussian problem show unimodality for this problem. For 

the case where the criterion surface is unimodal, stochastic approx¬ 

imation algorithms which seek the maximum are defined. Also, a 

criterion form resulting from a separable Gaussian assumption allows 

the definition of a simple clustering technique for maximizing the 

criterion. 

A class of decision directed algorithms are defined which minimize 

a criterion derived from the separable Gaussian criterion. This class 

of algorithms unifies several previous papers on decision directed 

estimators. The decision directed estimators are given the interpre¬ 

tation of stochastic approximation algorithms with random weights. 

This allows a comparison of properties found for the decision directed 
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algorithm class with results in the literature on conventional 

stochastic approximation algorithms. Theoretical asymptotic probabil¬ 

ity of error curves and experimental dynamic convergence results are 

presented. 

The problem of intersymbol interference occurs whan a channel 

smears energy from one signal baud onto following ones. The mode or 

cluster structure of the multibaud sample space is discussed and used 

to relate the approaches of previous papers. Two decision directed 

estimators suitable for the interference problem are defined. Exper¬ 

imental and asymptotic performance curves are presented. Extensions 

and related problems are also discussed. 
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I. INTRODUCTION 

Many coomunications systems, sonar and radar systems, control 

systems, and pattern recognition systems such as biomedical signal 

processing systmns must operate in environments which are unknown 

to the systmn designer. A classical design approach, which is still 

in widespread use, is to assume a particular environment and then 

maximize a measure of performance for operation in this environnant. 

While the resulting system is optimum in the assigned environment, 

it may be almost useless in another. A more conservative approach 

is to establish a worst case environment and optimize performance 

for this worst case. However, this criterion may be too conservative 

for the actual operating conditions, and the performance of such a 

systmn may be considerably poorer than the maximun attainable 

performance. Classical design approaches such as these usually 

result in systems with parameters that are fixed rather than dependent 

on the actual statistics. The ability of such fixed parameter systems 

to perform well in a wide variety of environments is fairly limited. 

A "learning1' systmn which can determine current operating 

conditions offers a considerable increase in system flexibility and 

perhaps a significant improvement in performance over a fixed system. 

The learning system takes advantage of favorable environments while 

still maintaining an ability to perform as well as can be expected 
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under unfavorable conditions. Also, less conservative design criteria 

can be used because more accurate information on the actual mode of 

operation is available to the system. For example, if a receiver is 

to process signals transmitted through an unknovm time varying channel, 

a design based on estimates of the current received signal set has 

obvious advantages over a system design that minimizes average risk 

over the entire ensemble of possible received signal sets. The use 

of learning systems to Improve performance is still in its infancy, 

and major results on practical problems are very limited at this 

time. 

The principal topic of interest here is the development of 

practical solutions to problems characterized by a finite number of 

sources* and by the requirement that a multidimensional sample space 

must be partitioned so that decisions can be made on the underlying 

active source events. If enough prior knowledge to construct an 

acceptable partition is not available, it is necessary to estimate 

(i.e., to "learn") the statistics corresponding to each set of active 

source events. The unknown statistics can be estimated using samples 

of known classification as training samples if such samples are 

available. This estimation approach is called supervised estimation 

and is particularly valuable where the statistics are stationary and 

and enough samples are available. However, for many problems it is 

+The terms sources, classes, and patterns will be used almost 
interchangeably throughout the report. 
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either impractical or impossible to obtain enough fully classified4" 

samples to define an acceptable partition of the sample space. For 

these problems the statistical structure of the sample space must 

be estimated using samples of unknovm classification. Since the 

classifications of the samples are unknown, such a procedure is 

called unsupervised estimation. 

This report is concerned with finding practical approaches to 

the unsupervised estimation problem which are in some sense optimum. 

The emphasis is on recursive estimation algorithms having fixed 

storage requirements and on sequential sample processing. The ap¬ 

plication of unsupervised estimation algorithms to a practical problem 

is illustrated using the problem of intersymbol interference. 

In Section 1.1 the unsupervised estimation problem is examined 

further, and previous results are discussed. A literature survey 

for the intersymbol interference problem is presented in Section 1.2. 

Finally, the chapter concludes with a discussion of the approaches 

and contributions of this report. 

1.1 The Unsupervised Estimation Problem 

In unsupervised estimation problems the "structure" of the sampl< 

space is inadequately known and it is necessary to "learn" this 

structure using samples whose classifications are 

unknown. If the density function of can be expressed as a linear 

combination of density functions from a known family whose members 

A sample is called fully classified if all the active source events 
are known. For example, it is difficult to diagnose all of a patient: 
physical aliments; on the other hand, in a particular ccmmunications 
system the totality of message events might be either a zero or a one 

3 



»re indexed by a parameter vector, this is called parametric 

structure. An often used parametric family is the family of Gaussian 

density functions which is indexed by a mean vector and a covariance 

matrix. Another type of structure of importance is mode or cluster 

structure in which groups of samples that are close in some sense 

are defined to be clusters. 

There are several excellent tutorial papers available on 

clustering algorithms and unsupervised estimation algorithms [l], [2], 

and [3l. Thus, in this section only results of historical Importance 

or particularly relevant to the work in this report will be described. 

As discussed previously, the report is principally concerned with 

recursive estimation algorithms that process sample vectors 

sequentially. This objective can be contrasted with the approach 

used by most of the clustering algorithms described in [l]-[3] where 

it is assumed that a fixed finite data set is to be processed 

(usually repeatedly) to determine the clusters. 

The earliest unsupervised problem to receive considerable 

interest was one where a single unknown signal waveform was aperi- 

odically transmitted through an unknown noisy stationary channel. 

Hence, the problem was to estimate the unknown waveform and to 

determine when it was present. An energy detector which evolved 

into a matched filter was formulated by Glaser [4]. Each time a 

signal was decided to be present, the current waveform was averaged 

into the estimate of the unknown signal waveform and the match 

filter part of the detector was weighted more heavily. The sampling 

times were determined by the zero crossings of the likelihood 

4 
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function derivative. A simulation was presented to indicate 

convergence. Jakowits, Shuey, and White [5] presented a digital 

system which used a "window" on samples of the received waveform. 

The vector representing the last k time samples of the received 

waveform were correlated with the current estimated signal vector. 

If the correlation coefficient exceeded a variable threshold, the 

estimated signal vector was updated. There was no apparent statistical 

basis for the definition of the threshold variation. This system 

was slightly modified, and the mean and variance of the threshold 

analyzed theoretically by Hi nick [6]. 

In decision directed estimators, decisions made on past samples 

are utilized to make a decision on a current sample. These three 

papers are examples of better, early uses of the decision directed 

concept, in each of the papers an arbitrarily defined threshold 

determines whether or not the estimated statistics are updated. 

There have been several other papers using the decision directed 

concept which were heuristic to the extreme, and some of them show 

how a basically good approach can be abused. 

In other early work, a minimum conditional risk solution to 

the unsupervised estimation problem was found by Daly [?] when he 

formulated the problem in terms of the Bayes algorithm. Since it 

partitioned the parameter space, the complexity of Daly's approach 

grew exponentially with the number of samples. Fralick [8] under 

an assumption that the posterior density of parameters characterizing 

M classes factors into the product of the posterior densities of 

the parameters charactering each class, found an iterative form of 

5 



th. algorithm. Thl. Imdopondonc. a.mmption im .om. odd 

behavior of hi. «timator. Finally. Patrick and Hancock Cl3l 

found th. general iterative form. The equivalence between Daly'. 

work [7l and the general solution is shown in [50. 

In CO. Coop« and Cooper showed how simple, easily calculât«! 

statistics such a. a »ample mean «vl the eigenvector corresponding 

to th. largest eigenvalue of th. »mple space could be used to 

define » optimum two class decision boundary for a wide variety 

of statistics. Monent estimator, for a two class Gaussian case 

presented in [id. The cosplexlty of th.. s«v,s 

., « indication that th. use of mcent estimators in a complex 

multimodal sample space appears limited. 

A, approaches to unsup«vis«d estimation became more statistical 

„d les. heuristic, th. math«atical definition of th. problem was 

as^hasised more. Statistically, the sample, are fr«, several active 

source events, and hence, are from what is call«! a mixture. 

Properties of mixtures were first consid«ed in the statistical 

literature [111, [55l and applied to the unsupervised learning prob¬ 

lem by «.gin.«. [131. The problem of unsup«vised estimation then 

i, to resolve » unknown mixture into the und«lying active source 

event., « equivalently, to find th. indices (p«amet« vectors) 

and weight, (mixing p«smet«s) that express the unknown mixt«, 

density as a line« combination of density functions. 

Implicit in the solution of unsupervised estimation problems 

is th. concept of ident If lability or that th«e should be a 1-1 

mapping « relationship between a set of mixing parameters and th. 

6 



resulting mixtures. Teicher’s work on finite mixtures Till was reduced 

by Yakowitz to a sufficiency theorem that a necessary and sufficient 

condition for identiflability of a class of finite mixtures is linear 

independence of the density functions in each finite mixture [12]. 

Yakowitz also showed that a large number of parametric families 

(including Gaussian) are identifiable. 

The unsupervised estimation problem involves a class of problems 

including nonstationary class probabilities, statistically dependent 

observations, and unknown synchronization. The general problems were 

formulated in a Bayesian minimum sample conditional risk framework by 

Patrick in [l3],[lAl with the mixture concept emphasized. Combined with 

similar work by Lainiotis [15], this provides a precise formal definition 

of the problem. 

More recently, maximum likelihood equations were used to obtain a 

maximum likelihood estimator in [l6] and [l?"'. Under a Gaussian mixture 

assumption, numerical method? for finding a solution for a fixed data 

set were presented in [171, and a similar approach was used repeatedly 

on a growing data set in [l6l. Stochastic approximation algorithms which 

seek the maximum of the average likelihood function were defined in [6/*] 

for a nonmixture problem. In [l8Vr23] similar decision directed 

approaches were examined. The algorithms partition the sample space into 

M regions and adjust the boundaries according to where the samples 

fall. MacQueen [18] proved convergence with probability one for 

an M-ary case algorithm. The asymptotic probability of error for 

a two class Gaussian problem was evaluated in [191 and [21] for one 

and two unknown means respectively. Both of these results assumed 

7 
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the correct values of the mixing parameters were known. A moment 

estimator for the two unknown mean, unknown mixing parameter case was 

presented in [20] and [5ll. The updating in [l8]-[2l] was done using 

a uniform weighting sequence (i.e. 1> A nonuniform weighting 

sequence was derived in [22] and resulted from an attempt to find an 

"optimum" weighting sequence. A hardware Implementation of the two 

class decision directed estimation algorithm was described in [23]. 

Other approaches to unsupervised estimation were examined in [37], 

[53j,[6$]. One group of algorithms selected a finite subset of a 

parametric family in order to obtain digitally implementable forms. 

The Bayes estimator was defined by computing the posterior density on 

the discretized parameter space and taking the average. The storage 

requirement for the algorithm was found to be impractically high 

for more than three or four unknown parameters. Since a direct 

implementation of the Bayesian results of [13]-[15] requires such a 

discretized parameter space+, another method of seeking the minimum 

risk solution is needed. A similar conclusion on the inadequacy of 

a discretized parameter space approach can be reached for the minimum 

integral square error algorithms discussed in [37] and [53]* In an 

effort to reduce the storage requirements, a i net was constructed on 

the parameter space. For the i net variations of these algorithms, 

the parameter space is searched to find the optimum parameter 

vector. However, the entire sample sequence ... ,Xn 

+If there are only one or two unknown parameters, an analog technique 
such as described in [8] for example, does not require a discretized 
parameter space. 
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must be stored. Hence, ~ net algorithms exchange a storage limitation 

for a time limitation and a growing storage requirement. Other 

algorithms discussed in these two papers had similar complexity 

difficulties. 

The performance of decision procedures that use consistent 

unsupervised estimation algorithms to improve knowledge on the under¬ 

lying statistics has received considerable study ([56]-[59], for 

example). Decision procedures that make decision on X^Xg,...only 

after their unsupervised estimation algorithm has processed an entire 

finite data set called compound decision procedures. 

However, if is used to make a decision on Xn, this is called 

a sequential compound decision procedure. Most results assume that 

the samples corresponding to each active source come from a known 

parametric family of density functions. The algorithms used in the 

decision procedures estimate the parameters characterizing the mixture 

u-'.ing and respectively. The decision procedures then 

make a Bayes decision against these estimates (i.e. assuming them to 

be correct). The measure of performance used in analyzing compound 

and sequential compound decision procedures is the regret function. 

This is defined as the difference between the average risk of the 

procedure using the estimator and the minimum average risk given the 

number of samples from each member of the parametric family. There 

is a good brief tutorial on compound and sequential compound decision 

procedures in [59]. 

Assuming a known fixed finite parametric family, and estimating 

the unknown mixing parameters, Van Ryzin found uniform bounds on the 
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rate of convergence of the regret function to zero for both ccmpound [56] 

and sequential ccmpound [57] decision procedures. This concluded over 

a decade of work «1 the problem defined by the fixed finite family • 

assumption. Van Ryzin's unsupervised estimation algorithm used Robbins' 

functions [6l] which minimize integral square error between the empirical 

density function and the mixture density resulting from the estimated 

mixing parameters [37]. Alens [58] assumed an infinite known parametric 

family and showed that the respective regret functions for sequential 

ccmpound decision procedures using moment estimators and using 

maximum likelihood estimators converge to zero. 

These results can be summarized as showing that if an unsupervised 

estimation algorithm converges, a Bayes decision procedure based on 

the algorithm converges. This is a worthwhile finding, but the algorithm 

used in [56]-[59] are impractical for most problems of interest. 

1.2 Intersymbol Interference Literature Survey 

The problem of intersymbol interference arises when using signaling 

rates at which seme of the energy from one baud is smeared onto the 

following bauds. Methods to reduce the effect of intersymbol inter¬ 

ference include signal design, receiver design, and joint transmitter- 

receiver design. In [24], Schw&rtzlander showed that it is possible 

to design band limited transmitted signals so that the received signals 

are confined to one sample baud. However, using a standard one sample 

correlation receiver^ the resulting probability of error is larger 

.f 
Sample bauds are linearly operated on and then compared with a 
threshold in a correlation receiver. 
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than if a slight overlap is allowed. Aeiji and Hancock [25] showed 

that the use of past samples can improve the performance over a 

one sample optimum correlator approach. Aaron and Tufts [26] used 

both minimum average probability of error and minimum mean square 

error criteria to specify linear receiving filters for digital data 

transmission with intersymbol interference. For signal to noise 

ratios of practical interest, the optimum filters can be represented 

by matched filters followed by tapped delay lines. In [2?], Tufts 

used a Joint transmitter-receiver approach where the receiver was 

constrained to be linear. A minimum mean square error criterion was 

used on a pulse modulation system. Quincy [28] used a Joint transmitter- 

receiver design approach in which the receiver was allowed to be 

nonlinear, and the performance criterion was minimum average probability 

of error. All of these results for reducing the effect of intersymbol 

interference reauire complete knowledge of the statistics of the 

problem. 

Other results are available which bound the correlation receiver's 

error if the channel statistics are known [29] and [30]. These results 

can be used to evaluate a system’s performance under wider conditions 

than assumed in [2A]-[28], 

Lucky [31] et. al. used a supervised estimation technique to 

implicitly estimate the channel gains. The equalization system was 

implemented using a tapped delay line with an adjustable gain on 

each tapped point. If there are k + 1 taps, mathematically the 

system seeks the best hyperplane projection of the k dimensional 

space corresponding to the last k samples. Moment estimators were 
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used by Chang [32] for unsupervised estimation on a one baud sample 

space with binary antipodal signals. However, moment estimators 

become cumbersome rapidly and it would be quite difficult to extend 

Chang's work to sample spaces of more than one baud. Also, moment 

estimators are not really suited for multimodal problems [2], In 

Chapter 4, it will be shown that the use of a multiple baud sample 

space can improve performance, and estimation algorithms suitable 

for the intersymbol interference problem will be defined. A prelim¬ 

inary version of these results was presented in [331. 

1.3 Approaches and Contributions 

In this report a Bayesian framework is utilised as a guide 

towards "optimality", and to provide a unifying relationship for the 

approaches of the report. A Bayesian approach has the advantages of 

requiring a list of the a priori assumptions used to solve a problem, 

and of minimising conditional risk against these assumptions. 

In most unsupervised estimation problems, a direct implementation 

of an a posteriori approach requires the approximation of the param¬ 

eter space with a finite set of vector points. In Chapter 2, the 

Bayes estimator on such a discretised parameter space is proven to 

converge to an asymptotic vector with probability one and in mean 

square. The asymptotic estimator and asymptotic rate of convergence 

are also found. These results on a discretized parameter space lead 

to a new continuous parameter space criterion. The maximum of this 

criterion minimizes average risk against the a priori assumption of 

a particular parametric family. For most parametric density function 

families the criterion is difficult to evaluate without resorting to 
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numerical methods; however, stochastic approximation algorithms which 

seek the maximum of the criterion surface are readily defined. The 

stochastic approximation algorithms defined in Chapter 2 are recursive 

and have fixed storage requirements. Since the algorithms converge 

under reasonable conditions on the criterion surface, they are 

asymptotically optimum. 

The properties of the criterion surface are unknown in general. In 

Section 2.6 the contours of the criterion surface are found numerically. 

The contours show that for this problem the criterion has a unimodal 

surface. For other problems however, particularly for incorrect a 

priori knowledge (e.g., assuming the mixture is Gaussian when it is 

not), the criterion surface may be multimodal. Also, the contours show 

the fallacy of the assumption (such as in [6*1) that the parameters are 

conditionally independent. 

The assumption of a separable Gaussian family results in an 

easily evaluated form of the criterion. This criterion form allows 

the definition of a simple clustering technique in Subsection 2.5.2. 

The algorithr is similar to others in the literature except that it 

uses a criterion derived from an optimum approach. The criterion 

resulting from a separable Gaussian assumption has the disadvantage 

of not being able to resolve sane mixtures which violate the 

separability assumption. A mixture resolution limit is investigated 

in Section 2.6. 

A class of decision directed algorithms is defined in Chapter 3 

which minimize a criterion derived from the separable Gaussian family 

criterion. The class of algorithms contains the estimators from 
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several previous papers. The decision directed estimators are given 

the interpretation of stochastic approximation algorithms with random 

weights. Results in the literature on conventional stochastic approx- 

imation algorithms are then compared with the properties of the decision 

directed estimator class found here. In Subsection 3.1*2, the relation¬ 

ships between different decision directed estimators are discussed, and 

it is shown the scattered results on particular algorithms actually 

apply to the entire algorithm class. The M-ary class of estimators is 

proven to converge with probability one using an extension of a proof 

due to MacQueen [18], The remaining results of this chapter are for 

the M = 2 class case. Three sets of assumptions on the mixing parameters 

lead to the definition of three subclasses of algorithms. For eaflPbf 

these subclasses, all of the algorithms in the subclass are prov^g».to 

converge to a common vector point. Theoretical asymptotic probability 

of error curves and experimental dynamic convergence results for these 

M - 2 subclasses are presented. 

In Chapter 4, decision directed estimators are applied to the 

problem of intersymbol interference. The mode or cluster structure 

of the multibaud sample space is discussed and used to relate the 

approaches of previous papers. The decision directed estimator defined 

in this chapter as Algorithm 1 is a direct application of the M-ary 

algorithm class of Chapter 3. Experimental dynamic convergence 

curves are presented and it is noted that this algorithm converges 

to the asymptotic vector very slowly. The second algorithm defined 

in Chapter k uses the a priori knowledge on the mutual constraints on 
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the locations of modes in the multibaud sample space. The experimental 

results converged extremely rapidly for a multimodal problem such as 

this. Since basically the algorithm estimates the unknown channel 

gains, a "tracking mode1' form for ncnstationary sUtistics (i.e., 

slowly varying channel gains) is very reasonable. Extensions and 

related problems such as differential phase shift keying (DPSK) 

communications systems are also discussed. 



( 

II. MINIMUM RISK SOLUTIONS 

Except for a few degenerate cases, an unsupervised estimation 

algorithm which minimizes sample conditional risk must compute the 

posterior density on the parameters that characterize the problem. 

In this chapter attention is restricted to the case of a stationary 

random process with sample conditional independence and only one 

of M classes u>\ i « 1,2,...,M active for each i dimensional vector 

sample X.. It is assumed that the class distributions belong to a 

known functional family 3 in which every member is indexable by a 

parameter vector. In general, such a family has an infinite num¬ 

ber of members and the indexing set forms a continuous parameter 

space. In order to actually construct the posterior density, it 

is necessary to approximate the family with a finite subset. In 

Section 2.1, the Bayes estimator on the finite subset is proven to 

converge with probability one to the parameter index maximizing a 

measure of information. Rates of convergence in mean square are 

then evaluated for some families of interest. The rest of the 

chapter examines the problem of asymptotically maximizing the 

measure of information (thus minimizing the risk) on a continuous 

parameter space with algorithms constrained to have fixed storage 

and to be recursive. 
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V 

2jl Preliminaries 

Let * [Fu|er); o€G, xÇR1} constitute a family of t 

dimensional cumulative distribution functions indexed by a point 

o in a Borel subset Q of Euclidean m-space Rm such that F(x|cr) is 

measurable in R*XG, and ? is dominated by Lebesgue measure [33] 

(denoted by v ) »ith 

fixier) = (dr(*|«;/dv)(x) < e 

for eon» e < . . Denote this correepondtag family of deneitie. by 

where Lj „d L2 are function apace» of Lebeeque integrable 

and square integrable function», reepectively. Additional 

assuaptions on ? will be made for some of the result» obtained 

later. 

A finite nfefrurq from 3 is defined [11] 

J f / a k k 

)\J = Y F(*|„ ^1) 
I»! 

(2.1) 
i=l 

Mk 
where P(tt , 0, i = 1,2.f f(a% , 1( gk < ^ 

The weights {P(<, »re call«l nfajag parameter,. Lrt p (a 

Borel subset of R) be a set of mixing parameter values, and M' 

an a priori upper bound on the number of non zero mixing páramete 

The class of all finite mixture of 1 having Mk < M' and PfeSg» 

is then, 

M' . 
[H(x!Bk)l - [I K(x|tt i)P(a i'j t 

i=l 
(2.2) 
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where 

and 

Ji'. 

Bk s B^íüXP)*4 , ^ p(<» ^ = 1/1^ »kj i + 
i=l 

for 1 < i,j < M'joCaiB1^)] ^ 2ra.(BJ)J,k + j 

(2.3) 

The notation X denotes cartesian product, £( * ) is an operator such 

that £(Bk) = {a * P(cr *), P(® and flfcr(Bk)j denotes any 

ki ki ki 
permutation of the component pairs {a F(of ), P(af )) in 

U k. k, k, w/ 
«(Bk> - (« 1 P(« h, P(« . 

ki ‘'l 
Further restrictions on the a and P(ar ) that can be combined 

k m/ 
in a vector B may reduce the number of points in 3 from that 

of (2.3)» however, for notational simplicity such additional 

assumptions are not considered here. The set (UXP) is called 

the product parameter space. 

2«2 Baves Minimum Conditional Risk Solution /or Finite / 

The Bayes solution which minimizes the conditional risk given 

M/ k 
» and the a priori p.d.f. on the product parameter space po(B ), 

computes the posterior probability density function p(B lY ) on all 

bV', 
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p(Bk|X1) 

[I 
k., . k. 

Y [numerator] 

bW' 

H' k,. , k. 

piBkiy 
[I 
JÄ._____ n >1 

Y [numerator] 

k M' BK6«n 

(2.4) 

»here Y = [X, ,X0,... ,X„}, [14]. For (2.4) to actually be Implemented, 
n 1 ¿ “ k v 

it is necessary that be a finite set of V vector points [B 

The results of this and the next section assume such a finite set. 

The Bayes estimator for a quadratic loss function on the 
M' 

discretized parameter space Q is 

B(Yn) = 7 Bkp(BklYn) (2.^) 

k=l 

where o(Bk|Yn) is calculated from (2.4). Denoting the true mixture 

by h(x), define the quantities 

T)(Bk) ^ E[in h(x|Bk)] 

= ¡tin h(x|Bk)]h(x)dx liV (2.6) 

The convergence properties of the posterior density presented here 
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le strongly depend on T|(b ) which is a measure of distance between 

h(xlBk) and h(x). 
a * 

! 
Convergence properties of the Bayes estimator defined on the 

finite set will be established in Theorem 1. In this theorem 

it is shown that under certain conditions the Bayes estimator on a 

finite parameter space converges in mean square and with prob¬ 

ability one to an asymptotic vector point. Rates of convergence in 

mean square and the asymptotic vector are also evaluated. For the 

case where there is a unique vector point (denoted by B*) in 

that maximizes the T|(B) measure of (2.6), the Bayes estimator is 

proven to be a superefficient estimator (i.e., converges in mean 

square faster than 1/n) if E[|Li h(x|B*)lSl < • for some s > 3. 

The asymptotic solution for this case is B*. If there is more 

than one vector point maximizing TUB), a bound on the mean square 

probability mass associated with the rest of the points in is 

shown to go to zero as a power of l/n. 

If the set of mixtures defined by the finite contains the 

true mixture (i.e., h(x) £ {h(x|Bk)}), it is shown in the theorem 

that under certain conditions only those h(xlB ) = h(x) will 

maximize T|(B). However, if the restriction on {h(xlBk)l is added 

that h(x|B*) ¿ h(xlB^) on a set of measure greater than zero for 

all with i ^ j, then only one h(x!Bk) is in the set max¬ 

imizing 11(6). 

It should be noted that since 1(6) may be multimodal, there is 

no guarantee that the vector points maximizing H(B) will be close 

20 



to each other in the Euclidian distance sense if h(x) f {h(x|3k)). 

Exceptions may occur in cases where the discretisation can be taken 

•'fine enough" as in some one parameter problems. 

The following list of assumptions will be used as needed in the 

different parts of Theorem 1. 

ti; Mxn|x1,x2,...,xn_1) = h(Xn) 

(2) There exists a positive integer s > 1 such that 

E[|ln h(x|Bk)J3] < m for all . Denote by s* the 

largest even integer for which this absolute moment exists. 

(3) The probability measures corresponding to {h(x|Bk)} 

are absolutely continuous with respect to Lebesque 

measure v 

(4) v[x : |hU|Bk) - h(x|B^) J > 0] > 0 for all Bk, 

bW\ k 3* j. 

These last two conditions require no diracs and that pairs of 

mixture densities be different on an open set. They are 

satisfied for such functional families used in practice as the 

Gaussian, exponential, and uniform density families. 

(5) (h(x|B )} contains the true mixture h(x). 

In the proof of the theorem, the sample conditional independence 

and absolute moment existence assumptions l(l) and (2)) will allow 

application of the strong law of large numbers. If assumptions (3) 

and (4) are not satisfied, the distance measures between the {h(x|Bk)} 

and h(x) defined in (2.6) are not different for the respective 

h(x|B ). These two conditions together with (5) will be used to 

establish a uniqueness property of the Bayes estimator. 
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THEOREM 1 

If assumptions (1) and (2) are satisfied, and for B* defined 

£ Bk P0(Bk) 

H» = BÜ£l5Ía- (2.7) 

ï P0(Bk) 

Bk6{B^*} 

where 

(B1*) - (arg[ T|(Bk)lf, (2.8) 
B88 

then the Bayes estimator B(Yn) defined by (2.5) has the properties 

(a) PCn1^. B(ïn) = B»] = 1 

(b) There exists a positive number c < • such that for 

n large enough, 

e[|| I Bk p(Bk|Yn)!!2] < cn'8*^2 

B^B1») 

I I 
and if there is only one point in [B this implies 

Er¡|B(Yn) - B»||2] < cn"s*/2 

+For convenience in following the proof it can be assumed that there 
is only one Bk which maximizes although for h(x)^{h(x|Bk)} 
this is not necessarily the case. 

1 -I 

If 1)(B) has no flat regions and is reasonably smooth, the 
probability that two parameter space points selected at random 
have the same 7|(B) value is essentially zero. 



fe 

(c) nT1. Enié^„) - - O 

If In addition (3), (4), and (5) are satisfied 

(d) B* is unique and h(x|B*) s h(x). 

Proof: Prom (2.4) and (2.5) the Bayes estimator can be 

expressed 

V ft h(X |Bk)p (Bk) 

B(Y ) = 7 Bk £lJ_° 
^ t—I 

Î " h(Xj|Bi)p0(Bi) 

i=l J=1 

V [.s Î 
> B 

k=l 

(Bk) 

V 
r' 

L 
i=l 

[eî I ^ h«jlBÍ)Í ,ni 
J“1 to«8» 

(2.9) 

The strong law of large numbers can be applied because of conditions 

(1) and (2) so that 

Ci". ï ^ l"h(Xj|Bk)-1t(Bk)].l 
j=l 

Thus, 

n 

i 7 In h(Xj|Bk) 

Pf 1ÍIn e J®1 7l(Bk)l 
PLn . * = ] = 1 (2.10) 
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and with probability one for any B*€{B 

lia ; P^IVl1/n , 
n h -lp(B*lYn); ^(B») 

(2.11) 

p(Bk.Y ^ 

From (2.11), if , - O') = 1 .0 as . 

P'B lYn' lim 
consequence of (2.7) and (2.9) it follows that P[n ^ m 
proving the first assertion of the theorem. 

The mean square error expression can be expanded 

= 1 

E[||í(Tn) - B*||2] - I 

k-l J^l 

“I 7 (Sk - ^(B3 - H»)E[p(Bk|Yn)p(B,5|Yn)3 i2*12) 

k*l fl 

Denote the number of vectors in {B1*} by V* and for notational 

convenience assume the vectors {Bk)kI1 are ordered so that the first 

V* are in {B1*}. The mean square error can then be bounded, 

E[||B(Yn) - ffH|23 < ) y (Bk - “ ^)E[p(BklYn)p(BJlYn)] 

k*=l j=l 

V* V , 
+ 2 Y y (Bk - B*)t(B^ - B*)mln{E[p(Bk|Tn)],E[p(BJ|ïnn) 

k=l j-V*fl 
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V V 

+ ¿ I (ßk " - B*)®ME[p(Bk|Y )],E[p(BJ|Y )]} 
k*V«+l 

(2.13) 

The next several steps will be used to show that for 

E[p(Bk|Yn)] -» 0(n"8*/2) which along with (2.13) will allow us to 

conclude (b). 

k i V 
For B ¿{B *}, the random variable p(Bk|Yn) can be bounded by 

the random variable^ 

Zk(Tn) â. 

P(Bk|ïn) P(Bk|Y ) 

Rêïiy! w ,/2 

(2.U) 
: elsewise 

where B^ is any vector in {Bi#) defined by (2.8) and (dk) à ,,(8#) . 
Then the expectation of the random variable zk(Y ) bounds the 

n 

expectation of the random variable p(Bk|Y ). 
I Jl' > 

ErP(Bk|Yn)] < E[zk(Yn)]. (2.1>) 

Defining 

rk(Y ) = 
' n7 

P(Bk|Yn) 

P(B*|Yn) 

This avoids difficulties in bounding (2.13) caused by the noraalization 

T*1 k 
term ^ p(B |ïn) in the denominator of (2.3). 
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the expectation of z^(Yn) can be expanded, 

EUk(ïn)l = J0"*kiYn)p(zk(Yn))d zk(Yn} 

-n(dk)/2 . , , 

» f rk p(rk)drk + f p(rk)drk 

° e*Hi(dk)/2 (2.16) 

The second integral in (2.16) is the probabUity rk(Yn) is greater 

than or equal to e”*1^ ^2. Ke-expressing this integral as a 

probability, 

rp(BltIV 
p[p(B*|Yn) 2 e 

-n(dk)/2 ] 

n (B*/ 
=■ p¡} ^ In hCXjlB11) - ln htXjIB») > - (dk)/2 - i In 

J-l 

n V i p (Bk)_ 
= pg y In - in hUjjB*) + dk > y - - In ^py] 

< p[|i y In h(Xj|Bk) - In + dkj > y] (2.17) 

n A 

! P (Bk) I k 
for n > 6 In ( °(p»j) [/(°^ Uaing the Markov inequality (see Loeve [35] 

p. 158) equation (2.17) can be bounded giving 
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» 

1 
i 

í 
-n(dk)/2 

p(rc)drk < 

•E[|i \ m híIjIB“) - H. hUjlB») + d1') ] {2a8) 

Using the property of Lp spaces that for any random variable U, 

(E[|U|k])l/k < (E[|U|rDl/r 1 ^ k ^ r ^ • (2.19) 

and a straightforward application of Minkowski's inequality (see 

Rudin [X'l, p. 62), it is shown in Appendix A that after some 

simplification (2.18) can be bounded for s even and n ^ s by 

-n(dk)/2 

. k.. k -s/2rs+28"1-nr 
P(r )dr ^ n [ s/2! Jt 

s r 
L L 

1=0 j-0 

*(E[|ln h(x|Bk)(ij)i~^(E[|ln hixlB»)!1])1^) (2.20) 

From (2.19) this exists for any even s < s* and s* gives the fastest 

rate. Substituting (2.20) into (2.16) and bounding the first integral 

we finally obtain, 

^ sVs^28#"1-l-|f r f /’Jk\S*-i 

L sV2! '-JÍ L l {d) 
i=0 j=<3 

(^)(J)(E[|ln h(x|Bk)|i])i"*î(E[|ln hixlB^1])-3} (2.21) 

E[zk(Yn)l < )/2 + n“S*/2(^) 
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As a consequence of (2.15) this proves the first part of (b). 

Also this shows that the second and third summands in (2.13) 

go to zero at 0(n"8#^2). If V* » 1 (i.e., there is only one 

point in {Bk} that maximizes T|(Bk)) then the first sunmand in (2.13) 

is identically zero and E[||B(Yn) - B*||2] 0(n 8 ^2) proving the 

second part of (b). 

To establish (c), a proof similar to the one used in (a) shows 

that 

lÎT. p^IV^IV 

P0(Bk)p0(BJ) k , , 
° 0 : Bk,BJ both efB1*} 

( I ^)1 

Bt€{Bi*} 

elsewise 

= 1 (2.22) 

Since the random variables [p(Blc|Yn)p(B^|Yn)] are bounded, (2.22) 

gives that 

pn(Bk)p (Bj) 

n 
llm. E[p(Bk|Yn)p(BJ|Yn)l 

jk rjj 

( /. Po(B >>» 
B^iB1*} 

— : B,BJ both €{B *} 

0 
V. 

: elsewise 

(2.23) 
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Using this result in (2.12) and rearrangin& ^ E[||B(Yn) - B*||2] - 0 

proving (c). 

To finish the proof, it is well known (see Kullback [36], p. 14, 

for example) that under conditions (3) and (4), if h(x)€{h(x|Bk)}, 

only those hlxjB1*) ■ h(x) maximise E[ln h(x|Bk)]. Also (4) implies 

uniqueness of the mixture densities (such a unique mapping between 

the {Bk} and the [h(x|Bk)) is called identiflability). Hence, there 

is only one B* ¡mch that h(x|B*) = h(x) proving (d). 

Conment: The definition of T|(Bk) in (2.8) is a measure of 

information. Hence asymptotically, the Bayes algorithm maximises 

this measure of information. 

2.3 Convergence Rates for Some Function»! Family a« 

If some restrictions are applied to the density functions of the 

finite family or the true mixture, a stronger mean square convergence 

result can be proven. In Proposition 1, a Gaussian assumption is made 

establishing "almost exponential" convergence, and Proposition 2 requires 

that 0 < hix)^) < «o, for all points x*R* for which the true 

mixture h(x) is non zero—a reasonable assumption for many practical 

problems (for example, {h(xjE^)} Gaussian mixtures and h(x) a truncated 

Gaussian mixture). 

Definition: If a sequence {Tk) is defined such that for any positive 
lim 0 

finite integer s, k ^ ^ = 0» then {Tk) is said to converge 

to zero almost exponentially. 
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Proposition 1» If assumption (l) of Theorem 1 holds and 

in addition, if 

(2) the family of densities {f(x|«k)1 is Gaussian 

(3) the true mixture h(x; is a finite mixture of Gaussian 

densities 
k V k\ (4) only one parameter vector B*ç{B ^ maximizes t)(B ) 

then 

E[||B(Yn) - *♦ 0 almost exponentially 

Proof: If it can be established that assumptions (1) and (2) 

of Theorem 1 are satisfied, then from the proof of that theorem it 

is sufficient to show E[|ln h(x|Bk) - In h(xjB*)|s] exists for all 

positive finite integers s. Because {f(x|or )} are Gaussian from (2) 

above, then as x -4 + *, In h(x|B ) U (- x x) and there exist 

constants c, c' < » such that c + c^xSc)3 > jin h(x|Bk) - In h(x|B*)Js 

Jc'lxSclhtxJdx > J|ln h(x|Bk) - In h(x|B*)|s h(x)dx - c 

(2.24) 

From assumption (3) above, h(x) is a Gaussian mixture and the left 

integral is just an absolute moment of h(x). Since all finite moments 

of a Gaussian mixture exist, the integral of (2.24) exists for all 

finite s. Hence (1) and (2) of Theorem 1 are satisfied for all positive 

s and the proposition proven. 



Proposition 2. If assumption (1) of Theorem 1 is satisfied 

and in addition, if 

(2) Jin hixjB^)! < c for some c < • for all 

where the set D is the support of the true mixture h(x) 

(i.e., D equals the closure of the set {x : h(x) > 0,xçR*}). 

k M ' k (3) only one parameter vector 3 Çft maximizes ^(B ) 

then 

E[l|B(Yn) - B*!!2] < pn 0 < p < 1 n large enough. 

Proof: From the proof of Theorem 1, it is sufficient to find an 
n 

exponential bound on P[ 7 h(X.|Bk) - In h(X.|B*) + n(dk) > n(dk)/3]. 
j=l J J 

Since the random variable [In h(Xj|Bk) - In h(Xj|B*)] is effectively 
V O A 

bounded because of assumption (2) above, then (o ) = 

E[|ln h(x|Bk) - In h(x|B*)|2l is finite. Also, letting 

c' ' [X : h(x) > 0} I1" h<x1Bk)-l„ h(x|B*) + (dk)| 

then c' < ». As a consequence of Kolmogorov's inequalities 

(see Loeve ß5l, p. 254), for arbitrary € > 0 and (^)€ > 1, 
a 

i n k 
L T 111 h(Xj!Bk) - 111 h(Xj|B*) + n(dk) j > ej < exp[ - 

J=1 

1 o/ 0 

Letting Ç = n?(—p), (2.25) is bounded for n > (-■ ' )2 
3ok o'(dk) 

(2.25) 



p{[y in h(Xj|Bk) - In + n(dk)] > n(dk)/3] < (d )/12c 

proving the proposition. 

2.L Sow* Approaches to Asymptotic Minimum Risk Solutions 

The previous two sections showed that the maximum of the 

measure of information 7|(B) on a finite set of vectors 
M' 

defines the asymptotic minimum risk solution relative to ß . Because 

of the Bayes algorithm definition in (2.4), the posterior density 

on a continuous parameter space is proportional to the posterior 

density on a discrete parameter space at the discrete parameter 

vector points. Hence, for arjy set of vectors ß , the asymptotic 

minimum risk solution relative to ^ is defined by the parameter 

vector W' that maximizes 7l(B). Storage requirement calculations 

in [37] show that for most practical problems+, storage limitations 

prohibit taking the vector points in the discretized parameter space 

close enough for the Bayes estimator to be useful. The rest of this 

chapter investigates asymptotically optimum algorithms with fixed 

storage requirements which seek the maximum of the regression surface 

b) on a continuous parameter space. Of course for finite sample 

size, the algorithms are suboptimum with respect to a non implement able 

posterior density approach on such a continuous space. The approaches 

Piscussed in this section are: 

+Exceptions include problems characterized by one parameter such 
as target bearing in sonar or signal frequency [8], [6o]. 
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1. Stochastic hillclünb on the regression surface T|(B) 

2. Stochastic solution of maxims, likelihood related 

equationse 

3. Nonlinear regression on estimates of HtB) on a 

finite set of vectors n . 

The stochastic approximation algorithm of 2.4.1 searches 

for the maximum of the regressiv surface t|(B) by estimating the 

slop, and hUlclimbing. The algorithm of 2.4.2 seeks the sero of 

the regression surface The last approach discussed in 

this section is an unsuccessful attempt to utilise knowledge on 

the structure of H(B) to interpolate between points of the natural 

log transfonsed posterior density on a finite set IB \=r 

O ^ i Ooehert.ic mnc-Hmb 2H Hegresslon Surface TUBj. 

This stochastic approximation algorithm is a modification of the 

Keifer Woifowits procedure^38] to maximising b[ln h(x|B)l subject 

... ^ pj .i\ — i and Pin1) pO 1 * 1,2,...,M 
to the constraints that Pv® / *" 

Let rf1' be a known closed’bounded convex set isee equation (2.3)) 

containing the solution vector, and for notational convenience, 

order the components of B such that the first W are the mixing 

parameters. The maximisation problem is then to maximise the 

expectation of 

M' . 

In h(x|B) - y[][ P(®X) - -Lj 

i=l 

(2.26) 

(^hich is T1(B)) where t is a unknown Lagrange multiplier. Taking 

the partial derivative with respect to P(o ), 
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multiplying by Pía1) and summing over i shows that T = 1. To approximate 

the slope of (2.26) in the direction of the jth component of B, 

= 

u' 

In h(x|B + ceJ) - [ ^ (Pi«»1) + ce^ 6iJ) - 1 ] 

i=l 
r? 

- In h(x|B - ceJ) + [ ^ (P^1) - ceJ 6iJ) - Ij 

i«l 
/2c 

(2.27) 

where e^ is the jth column of an (m + 1)M' dimensional identity matrix, 

c is a oositive number, and is the Kronecktr delta function. 

Evaluating (2.27), 

In h(xlB + ceJ) - In h(xlB - ceJ) _ ± 

i 2c DJ = 4 . 4 
In h(x|B + ceJ) - In h(xlB - ce ) M/+l<j<(mf-l)M' 

Substituting Xn+1 = X, cn+1 - 2c, and Bn =* B in (2.28), the stochastic 

aoproximation algorithm for maximizing T](B) is defined, 

M' 

= < 

1*1 * Vi + Vi I Dí+iJ 
i=l 

tB¿+ Vi “irt1 M'+lSj^nH-ljM' 

and 
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I 

B 
n+1 

B ̂+1 

Bn 

Bfln+1 
othervdse 

Whare the rector Dn+1 » (D^+1 )*, with 

n+1 

h(Vll\ + Vl *J) - ^ h<WBn - °n+l eJ) 

'n+1 

h'VllBn + Vl *J) - h(VllBn^n+l ^ 

'n+1 

■ - 1 

M'+l<3<(nH-l)M' 

and the non-negative sequences satisfy 

n“2 

11a 
n + • cn 

While being of extrene importance in the performance of the algorithm, 

the selection of the initial vector is arbitrary. 

If the first order partíais of T)(B) exist and are bounded, 

E[|ln h(x|B) - T1(B)|2] < c for some c < • for B€fl^ , and if for 

arbitrary € > 0, 

sup 
€ < ||B - B*|| < €" 

Be««' 

(B* - B)t(^ T)(B)) >0 

a slight extension of Venter's Theorem 3 C39l can be used to prove conver¬ 

gence with probability one to B*, the vector that uniquely maximizes 

1)(8). The unimodality of 1)(B) will be examined further in Section 2.6. 

2.4.2 Stochastic Solution of Maximum Likelihood-Related Equations. 

In this section an algorithm utilizing the Robbins-Munro procedure [40] 

obtains the solution to 
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! I 
; 

0, 

|gJ|ln[h(x|B)] - ^ Píof1) - ljjh(x)dx » 0 (2.30) 

i=l 

for f(x|cr*) multivariate Gaussian with mean vector Y*, covariance 

matrix It is assumed that h(x) is bounded and has compact 

support 134]. Under these conditions, the integral and partial 

differentation operations may be interchanged in (2.30), 

M' 

j^{ln h(x|B) - f[ ¿ Pi«1) - l]}h(x)dx = 0 (2.31) 

i*l 

Eqi! .cion (2.31) is a maximum likelihood-related equation having the 

constraint that ^ P(a ) = 1. 

Define the likelihood 

^(x) 
rtxltt1) 

M' 

Y fíxl^JPÍ«1) 
i=l 

(2.32) 

Evaluating the partíais in (2.31) with respect to the mixing 

parameters, 

ôP(<*) 
£ [in h(x|B) - 

M' wr r 

i=l 

Pier1) - l]} = Lk(x) - Y 

k = 1,2,...,M* (2.33) 

To obtain the value of the Lagrange multiplier Y, multiply (2.33) 
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1« 

for each k by the corresponding nixing parameter P(cr ) and sum, 

M' 

¿ Lk(x)P(ork) - YP(flrk) * 0 (2.34) 

k-1 

Using the definition of Lk(x) fr«n (2.32), then T = 1. Evaluating 

the other partial derivatives in (2.31), 

¡7 N "<*1®) - ’[ I p(*l) -1]} 

= P(crk)Lk(x)(*k)"1 (x - yk) = ® 

i1" ¿ Hot1) -1]} 

= I P(ork)Lk(x)(tk - (x - vk)(x - Yk)t) * ® (2.35) 

»diere ® is the appropriate i-dimensional vector or Ixl matrix of zeros. 

Removing the non zero factors in (2.35) which are not functions of x, then 

together with (2.33) we obtain a set of stationary equations which 

are equivalent to (2.31) 

j[Lk(x) - lTh(x)dx = 0 

j(x - Vk)Lk(x)h(x)dx = 0 

j[(x - Yk)(x - Yk)t - #k]Lk(x)h(x)dx = 0 (2.36) 

Given a sequence of conditionally independent samples X^X^..., a 

modification of the Robbins-Munroe procedure for solving (2.36) yields 
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the following set of estimators* to be updated simultaneously 

W»k> [Pn«'k) + + Vi ¿ 

Vi> - n] 

•ífi “,k + Vic«„ - ^)(X„ - - *X<w 
k “ 1,2,...,M (2.37) 

if Bn+1 €8" , otherwise, P^iw") = P„(<»k),^+1 - ï^, »0 

Again, if T)(B) is unimodal on ^ , it may be possible to use 

results in [39] to prove convergence with probability one and in mean 

square. The approach leading to the recursive algorithm of (2.37) can b 

contrasted with approaches that end up effectively assuming that n 

samples are stored and the maximum likelihood estimator for these n sam¬ 

ples is to be found. For example, in [13] implicit equations involving 

XpXp. ...,Xn are presented for the M' class case; hovwver, the constrainl 

tnat ^ P(a ) » 1 is not imposed and when the constraint is violated, the 

resulting estimators do not converge. The two class case presented in 

[13 I does include this constraint and an iterative method to obtain the 

solutions is presented in [16]. For the M' class case with the con¬ 

straint that 2 Pi»1) = 1, Wolfe [17] found simplified implicit stationary 

equations for the maximum likelihood estimator. He also presented 

slightly more complex estimators are obtained by reolacinc the term* 

Ä&Ä r-h-S- °f (í-37) ^ «« «Ä derivative a 
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an algorithm basad on the Newton-Raphson technique, and an iterative al¬ 

gorithm for finding a solution. The algorithms, of course, are not 

recursive requiring the entire data set to be repeatedly reprocessed. In 

[6U, Sakrison defined a recursive algorithm form for finding the seros of 

the derivative regression surface in a nonmixture problem (i.e. ^ Bt 

lnf(x|«)]). A discussion is presented in Subsection 2.6.3 comparing as¬ 

sumptions such as Sakrison-s that (f(x|«):«€G} contain the true statistics 

with the minimum risk approach used here. 

In comparing the algorithm of (2.37) with the hillclimbing algorithm 

of the last section, it might be noted that users of stochastic approx¬ 

imation algorithms generally have observed better performance of algorithms 

based on the Robbins-Munro procedure than those based on the Keifer- 

Wolfowitz procedure. Intuitively, this is because estimation of a noisy 

slope is far more difficult than estimation of the value of a noisy sur¬ 

face. Also, for the R-M procedure, if a priori bounds on the magnitude of 

the derivative regression surface can be obtained, Dvoretzky [42] has 

found weighting sequences that can be used to accelerate convergence over 

that for z weighting. 

The assumption that allowed the simplification of (2.35) and lead to 

the recursive algorithms of (2.37)-that the Pío1) i = 1,2,...,M' are non¬ 

zero—effectively requires that all values of M up to H' be considered as 

hypotheses. This can be partially accomplished by parallel processing the 

samples with algorithms from (2.37) having different hypothesized values 

of M. Unfortunately, since TtfB) is never actually calculated, it is 

difficult to establish which hypotheses value of M is correct without 

resorting to a rule. 
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It should be emphasized that given an unlimited number of samples, 

the number M of classes can be estimated by the number of non zero 

estimated mining parameters, assuming M' is larger than or equal 

to M. The parallel processing discussed above is an attempt to 

experimentally compensate for a limited number of observations. 

2.4.3. Nonlinear Regression on This section 

presents an attempt to utilize knowledge that the class densities 

belong to a known parametric family to interpoUte between points 

of the posterior density on a finite vector set lBk} V . Thus, 

the samples have the mixture density h(x|B*). Define the regression 

surface 

T1(B}B*) = Jin [h(x|B)]h(x|B*)dx 

k V 
and on (B construct the estimates 

^n = IT ^Bk)n-l + n k - 1,2,...,V 

The approach is then to least squares fit the {i)(Bk) } V with a 
n k«X 

regression surface T1(B¡B) using nonlinear regression. The 

resulting vector Bn is then defined as the nth estisiats of the 

vector that maximizes T)(B). 

Inherent in the use of the method is the requirement that 

T)(B;B) be a convenient function of B and B. An attempt is made 

in Appendix B to evaluate 7)(B;B) for a mixture of two, one 

dimensional Gaussian probability densities. The difficulties 

encountered in evaluating such an extremely simple example 
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.uggert that th. (Wtwtial of «>i» W™'" for 

problems Is limited. 

* 
?|, .»»«.otic Mr--- mi §smim msz » ss^hio &ma¿s 

For » asymptotic mini»» risk solution it is nsc.ssary to 

find th. parameter rector E*/' with M» non zero sdccing parameter, 

1 < M» < M* that maximises 

11(B) = jin h(x|B)h(x)dx 

M* 
- jln[ ^ f(x|ak)P(ak)}^(x)dx ^-38) 

k*l 

m this section th. sample space is partitioned into M* disjoint 

regions where the regions are defined 

Sk = (x : f(x|ak)P(ak) > f (xla^P^) all j ^ k) 

k = 1,2,...,1^ (2.39) 

given a parameter vector B. It is assumed that over each 

partitioned set the class density is Gaussian having mean vector 

Yk, covariance matrix #k, with the density truncated at the 

partition boundary+. The true mixture h(x) is assumed bounded. 

Under these assumptions 11(B) in (2.38) can be expanded, 

+Separability results from this truncation assumption. 



' 

M* 

^(B) ® ^ j [f(x|Qrk)P(ark)Jh(x)dx 

k=l Sk 

F 

= L Uuh(x,dx} 
k=l S' 

^ P("k) + ^(^,4/2^,1/2] 

J (x - 1 (x - Ylt)h(x)dx 

- 1/2 

J h(x)dx 

7 (2.40) 

2.5.1. General Case J“Iaximlzation of Separable T)(B). Ignoring 

k 
for now the definition of the IS regions in (2.39), take 

” fixed set of regions which are independent of the B vector 

components. It can be shown by taking partial derivatives with 
& . 

respect to each parameter under the constraint ) F(«¿k) = 1 
kW. 

that for this fixed partition, (2.40) is maximized if the parameters 

are defined, 

P(®k) = f h(x)dx 

Sk 

Yk - j x h(x)dx/J h(x)dx 

‘k = j (x - Vk)(x - Yk)t htodx/i h(x)dx 
,k ^ * 

k = 1,2,...,M* (2.U) 
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• .# 

Since these definitions maximize (2.40) for any partition into 

M* regions, they maximize 7)(8) for the regions satisfying (2.39). 

If the parameters are defined as in (2.41), then maximizing 

7)(8) is equivalent to finding the partition and the value of M* 

which maximizes 

T|(B) - £ - I <^> 

This equation illustrates the advantage of the separable approach. 

Since 7)(8) can be expressed explicitly as a function of the 

parameter vector 8, unsupervised estimation algorithms can be 

defined (as is done in Section 2.5.2 below) the ability to 

incroase or decrease M* according to the current estimate of 7)(8). 

Equation (2.42) for 7)(8) can be used to determine the quality of 

M* or the sigrificance of relatively small mixing parameter 

estimates. There is a cost associated with the separable 

Gaussian assumption—the inability to resolve mixtures having 

low signal to noise ratios except in some cases where M is known. 

One aspect of the resolution problem for M unknown is investigated 

in 2.6.2. 

If the complexity reducing assumption that = (ok)2 I 

is made, it can be shown by taking partial derivatives as discussed 
k 2 previously, that (o ) should be defined 
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J II* - Y* H2 h(x)dx 

(o")2 . ^- 
i h(x)dx 
Sk 

(2.43) 

The "metpic" of (2.42) remains tho same. 

This subsection has been concerned with determining a criteron 

for evaluating the quality of estimated parameter, and the 

corresponding partition (defined by (2.39)). The following 

subsection presents an approach for maximising t](B) using estimator, 

corresoonding to (2.41). 

^f2>—4a jjnsupervised Estimation Algorithm for 

HLb) Under a Separable Gaussian Assumption. This unsupervised 

estimation algorithm is design«! to maximise the T|(B) criterion (2.42) 

given an upper bound M' on the number of classes. Since the 

algorithm operates without knowledge of the number of classes M» 

which maximise, (2.42), it is possible that M' is not Urge enough. 

lr contrast to the previous algorithms, this algorithm will provide 

sn indication when M* should be inert.,«! so that the ««dm»» of 

11(B) can be reached. The algorithm utilises 11(B) to dsteraine 

whether 1|(B) 1, .»xlmised by «signing a sample to on. of M' 

classes, or maximised by combining two classes and defining the 

eampl. as a new class. No convergence proof is presented. 

A distinction is maintained in the algorithm between two types 

of statistical cU.se,: LoUted point, and clusters. * cluster 

is a collection of samples, while an isoUted point is a single 
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sample which potentially generates a new cluster. The number of 

clusters which the algorithm determines as maximizing 11(B) 

is M*. The M'-M* isolated points have no effect on 11(B). If 

the number of isolated points becomes too small, M' can be 

Increased to obtain more isolated points provided there is 

sufficient storage available. An isolated point at x is defined 

to have the statistics 

1) zero probability mass 

2) mean vector Y - x 

3) correlation matrix C = XX^ 

and the convention used when calculating 11(B) is that LO ln(^)l = 0* 

The kth cluster has the statistics 

k & 
1) n = total number of samples assigned to this class 

2) mean vector Y^ 

3) correlation matrix C 

The following rules define the manner in which the statistics 

of two combined classes are updated. It is assumed that classes 

r and s are combined into class j. 

Case A. Two Clusters 

3) 

1) 

2) 
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Case B» A cluster (class r) and an isolated point (class s) 

1) n^ ■ nr + 1 

2) 
nr + 1 

3) 
nr + 1 

Case C. Two isolated points. 

1) nJ = 2 

2) YJ » Y 'g-— 

3) C 
Cr + CS 

th 
The rule for updating the statistics of the r class with a sample 

are Cases D and E. 

Case D. A cluster (class r) and the n^*1 sample. 

1) nr 

2) yr 

3) C1 

nr + 1 

nr Yr + X, n 

nr + 1 

nr Cr + X n n 

nr + 1 th 
Case E. An isolated point (class r) and the n sample. 

1) nr = 2 

Yr + X 
2) Yr = 

n 

3) Cr = 
Cr + xn xl 

n n 

Figure 2 contains a flow chart of the algorithm. The 

algorithm is started by using the first M' samples as M' 

isolated points. Then, given sample Xn, there are two types 

+A third possible action is to make Xn a new class (isolated point) 
and thus increase M' by 1. 
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Figure 2. Flow Chart of Algorithm to Maximize 7)(B) Under 

a Separable Gaussian Assumption. 
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0 

of possible actions: 

1) Assign to one of the M' classes (M' possible 

actions). 

2) Combine two of the M' classes and make XR a new class 
M* (isolated point)(( ^ ) possible actions). 

The T|(B) criteria of (2.42) is calculated for each of the M# + (1^ ) 

possible actions. The update corresponding to the action which 

maximizes 1)(8) is then performed. Effectively, the favorable action 

produces the largest estimated T)(B) by accepting classes having large 

estimated values of P(crlt)lnLP(crlc)/|#lt|^]. 

This procedure is somewhat similar to such clustering 

techniques as adaptive sample set construction L48J and Isodata [493. 

However, these other algorithms do not utilize a criterion such 

as T|(B) derived from an optimum approach. 

2.5.3. Special Case: *k * (o)2I and P(ork) « | Where M 

is Known. Under these conditions the 1)(B) expression in (2.40) 

becomes 

T)(B) = in F 1 
^(ZTT)1/2 (O) 2(0)2 ^ V 

||x - yV h(x)dx 

(2.44) 

and maximizing T)(B) is equivalent to finding 

min ^ I* 
llx Yk H2 h(x)dx (2.45) 

This criterion, or the slight generalization ior P(ork) not identical. 
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is asymptotically minimized by the class of decision directed algorithms 

defined in the next chapter. As will be seen, it is extremely 

easy to implement an algorithm to asymptotically minimize risk 

under the a priori assumptions that lead to ^2.4i>)• One disadvantage 

of the criterion of (2.41)) is that it cannot be used to detemine 

M if this knowledge is not available. This drawback occurs because 

(2.45) does not incorporate a cost for adding additional classes 

as does the criterion of (2.44). Parallel processing as suggested 

by MacQueen [18] for M* = 1,2,...,M* can produce more classes than 

there really are. For example, suppose h(xj is composed of a 

single one dimensional Gaussian density function with mean zero, 

variance (a)^. If it is assumed M* = 2, the solution of (2.45) is 

a partition through x = U. Denoting the variances on either side 

i 2 of this solution partition by (o ) , i = 1,2 the strict inequality 

(a1)2 + (o2)2 < (o)2 holds. This shows that even though there 

was only one class, (2.45) is less for M* = 2 then for ^ = 1 

and the use of (2.45) to determine M failed. For many applications, 

knowledge of M is not an unreasonable assumption, and the criterion 

of (2.45) motivates one of the simplest unsupervised estimation 

algorithms currently in existence. This class of algorithms will 

be discussed in the next chapter. 

2.6 Topological Properties of the Tl(BJ Measure of Information 

Because all of the algorithms discussed in this chapter deal with the 

measure of information Tl(B) under various assumptions, it is of interest 

to establish some properties of the regression surface defined by T)(B). 

While the subject is not examined extensively, in this section contour 
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plots of constant IKS) for a Gaussian mixture are presented, and 

a mixture resolution limit under the separable Gaussian mixture 

assumption is determined. 

2.6.1. T1(B) Contour Plots for a Gaussian Mixture,. Suppose 

the samples are from a mixture of tvr^ one dimensional Gaussian 

distributed random variables. Assume that the density family, the 

2 
equilikely mixing parameters, and the common variance (o) = 1 are 

l0 20 
known, and that the true mean values Y and Y are unknown. From (2.6) 

we want to plot contours of constant T)(B) where T|(B) = T)(y\y^) is 

defined 

TKyV) = ¡ [ln I 1/2 f(x|Yk,(o)2)] 

k=l 

2 j 

« ^ 1/2 f(x|Y °,(a)2)dx (2.46) 

2 
In the above equation, f(x(Y,(o) ) is a one dimensional Gaussian 

2 
density with mean Y, variance (o) . This equation was evaluated 

numerically since, as noted in Section 2.4.3» explicit evaluation 

of (2.46) is unattainable at this time. The contours were found 

■^0 20 
for parameter values Y = 5, Y = 2 at signal to noise ratios 

4 . v20 2 
(SNR = (--—)*) of 4.0 and 9.0, and plotted in Figures 3 

and 4 respectively. At SNR = 4.0, the mixture density is unimodal, 

while at SNR = 9.¾ the class densities are beginning to become 

separable (although there is still considerable overlap). 
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From the complexity of the contour shapes, it is not surprising 

that the attempt to explicitly evaluate (2.46) was unsuccessful. 

Also, the contours in Figures 3 and 4 do not exhibit marginal density 

function nroperties that are characteristic of the case where the 

i. i M' 
parameters were conditionally independent (i.e. if p({cr ,P(ar )}^^) 

M' i i 
1¾ p(a|Yn)p(P(a )|Yn^* shows fallacy of the assumption 

(Fralick [81) that the parameters are conditionally independent for 

the mixture case. 

Results on the asymptotic posterior density and maximum 

likelihood estimator can be used to give additional information 

about the regression surface Tl(B). LeCam [431 found conditions which 

were applied in [37] to the mixture case under which the posterior 

density was shown to be asymptotically normal with mean vector the 

maximum likelihood estimator and inverse covariance matrix the 

Fischer information matrix uultiplied by n. Also, under these 

conditions the maximum likelihood estimator converges with 
a u 

probability one. The (i,j) term in the Fischer information 

matrix C(B*) is defined, 

ciJ(B*) = J{-~ In h(x|B)}h(x)dxL = (2.47) 
Ô0 09“ 

• X u 

where 01 denotes the i component of B. Expanding the posterior 

density, 

U h(X |B)p (B) 
^=1 K _ 

TÍ h(X. |B)p (B)dB 
k=l K 0 
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= exp{£ ln h(XjjB) + ln po(B) 
le®! 

then under LeCam's conditions, 

p(Biy. 
n (an)*'2 

• M- ?(b - c(b#)(b - Bmxn)} (2-w) 

as n tends to infinity where B^ is the maximum likelihood estimator 

n (J ven ïn - (Xi>X2,...,Xn). Since converges with probability 

one to B*. equations (2./,8) and (B.W^taply that for B arbitrarily 

close to B*, 

- ln[nonn]j- 

(2.4S) 

k=l 

= - |(B - B*)t C(B^)(B - Ó*) + c] = 1 

^ (2.5°) 
where c comes from the normalization term and is finite. Applying 

the definition of 7)(3) from (2.6), for B in an arbitrarily small 

neighborhood of B*, 

T)(B) Í - 1/2(B - B*)^ C(B*)(B - B*) + c (2.51) 

This result combined with the definition of the matrix C(B*) shows 

that at higher signal to noise ratios where the densities are 
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essentially separable, the contours neftr the solution tend to 

ellipses with axes parallel to the coordinate axes. This informa¬ 

tion about the quadratic contours "near" the solution could 

possibly be used to accelerate the convergence of the likelihood 

weighted estimators of Subsection 2.4.2. 

9[At9. A Mixture Resolution Limit Resulting from the Separable 

Assumption. The criterion of (2.42) was derived under 

a separability assumption. The following is an investigation 

of the limiting case for which the criterion can resolve a 

mixture of two classes when the separable Gaussian assumption 

is violated. 

Suppose the true mixture density h(x) is the sum of two one 

1c 2 
dimensional Gaussian densities f(x|(- 1) Y, (<j) )> k — 1»2 

having means at - Y and + y, variances (o)2, and mixing parameters 

1/2. Evaluating (2.42) under these assumptions for one active 

class M* = 1, 

max 
M* 

f Pi.1) - i 
^ V5S(oV 2 

w (— 

72^(01) 
(2.52) 

where ((o1)2 is the variance of x assuming there is one class 

when in fact there are two) 

(o1)2 * J_. x2 h(x)dx 

x2 J f(xJ(— l)k Y,(a)2)dx 

k=l 
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= (a)2 + (y)2 (2.53) 

Substituting (2.53) into (2.52), 

-i_) _ I 
2"[(a)2 + (y)V 2 

(2.54) 

Sijnilarly evaluating (2.42) for two active classes M* = 2, 

2 2 
where ((a ) is the variance of x assuming there are two classes 

when in fact there are two) 

(°2)2 * 2j x2 h(x)dx - [aj x h(x)dx]2 
0 L ’'o J 

Evaluating the terms in (2.56), 

r -2 H(x)dx= 
0 2 

- (°)2 + (v)--’ 
2 

(2.56) 

(2.57) 

and letting 0(*) denote a noraalized zero mean Gaussian distribution, 

from Cramer [44], 

J0 X h(x)dx ' IÍ’ 51 f(x|v,(0)2)dx + ¿f x f(x| . Y,(o)2)dx 
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where 

« |{v + X1 old - ^)) + 5Í- V + X2 ®Ki - ¢(5)) 

(2.58) 

(2.59) 

Combining (2.58) and (2.59)> 

[" X Mx)dx * ïWj) -5) +OÍ' 

"0 

(2.60) 

Substituting (2.57), 
(2.60) into (2.56), then (2.55) becomes 

1 > . 1 
tfMo2)1 2 

8n{(a)2 + 

_1___N .1 

(V2) -LV(2^) -1) 2 

(2.6l) 

I„ Flsure 5, H(B) 1» platted for «» = 1 (one aesumed active 

sample claes) and :<* = 2 itwo assumed active classes) as a fonction 

of the signal to noise ratio kty2. The intersection of the two 

corves gives the dividing line between the S»R values where 

M» = 1 maximizes 11(b) and the SNR where M* = 2 maximizes 11(B). 

The figure shows that below a signal to noise ratio ~ 9.0 (the 

two class means are 3« apart). 11(B) evaluated under a separable 

Gaussian mixture assmnption cannot resolve two classes for the 

case considered in this section. 
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2.6.3. Comnenta on Classical Maximum Likelihood Results 

and the TUB) Approach. Classical results on maximum likelihood 

estimators [50] assume that the true mixture h(x) can be 

expressed as a linear combination of a finite number of functions 

from a known parametric family lf(x|cr) : o€G}. Estimators are 

constructed using this known family and if certain conditions 

are satisfied the estimators are proven to converge. However, 

in practice, the choice of parametric family is not only dictated 

by an intuative feeling for the statistics of the problem, but 

also by the convenience or simplicity of the resulting description. 

For example, a Gaussian assumption requires only a mean vector 

and a covariance matrix to completely describe each density 

function. The approach of this report has been to assume a 

parametric family (such as Gaussian), and then to determine 

the parameter vector that best describes an unknown h(x) using 

the T)(B) criterion. There is obviously a close duality between 

the classical maximum likelihood approach and the ^(B) regression 

surface approaches and, in fact, if h(x) is a finite mixture 

of functions from the assumed family, they are solutions to 

the same problem. Since it can be stated almost categorically 

that actual sample distributions never belong to a known parametric 

family, the T1(B) approach used here seems to be a more realistic 

model of the physical world. 
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III. A CLASS OF DECISION DIRECTED ESTIMATION ALGORITHMS 

In unsupervised estimation problems the samples are from a 

mixture of several classes and the statistics required to classify 

a sample Xn are incompletely known. These unknown statistics 

must be "learned" from a sample sequence whose true 

classifications are unknown. The problem of concern here is 

illustrated in Figure 6. One of M classes o>^, i = 1,2,...,M 

is active with probability P(u>*) to cause the X dimensional 

vector sample Xn« It is assumed that the unknown mixture density 

h(x) is to be represented by a sum of separable Gaussian densities 

having mean vectors y1, mixing parameters Piy1), and a common 

2 i 2 
covariance matrix (a) 1. Letting f(x|y ,(o) I) denote a Gaussian 

i 2 
density witn mean y , covariance matrix (o) I and defining 

(Yi,Y2,...,yM ) 

p(y) = (p(y1),piy2;,...,p(vm); (3.1) 

then under such a separable Gaussian assumption, it was found 

in Section 2.5.1 that the average risk is minimized by maximizing 

over y and P(y) 
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M' 

Tl(ï,P(ï)) = ¿ j h(x)dx ln Píy1) 

i=l Si(i,P(i)) 

- -y-2 A J " vi !l2 
2(o) i=l si(i,p(ï)) (3.2) 

where 

S^&EÎï)) = {x : fUlvSia)2 DPÍy1) > fíxlY^.ía)2 I)P(yJ) 

1 < j < M') 

i t i (3.3) 

and tied points are assigned arbitrarily to th° lowest indexed 

set. In this chapter a class of algorithms is defined that 

minimize 

y j !|x - Y1 II2 h(x)dx (3.4) 

i=l Si(ï,P(i)) 

and are thus suboptimum with respect to the assumptions unless 

the P(y^), i = 1,2,...,M' are assumed equal. As discussed 

in Section 2.5.3, the "metric" of (3.4) cannot be used directly 

to determine the number of classes. Hence, it will \ assumed 

throughout this chapter that M is known (although perhaps 

incorrectly). Methods of handling the mixing parameters include: 

1. P(y^) unknown and to be estimated. 

2. P(y^) unknown but assumed equal to 1/M or P(uZ') 

known equal to l/M, 1 < i < M, implying P(y^) = j-j, 1 < i < M. 
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m 

• J 

3. Piv1) unknown but Pi«»1) known and an ordering 

known on the component vectors in x ® (A...,/) for 

every 3C6(RA)M. 

This last condition reflects the difficulty that knowledge of 

the class probabilities is not useful unless there is a way to 

associate them with correct estimates of the components in 

= (such as an ordering on the component vectors 

of for all }[€(R^)^) is known. 

Several previous papers have considered either the two 

class problem [19]—[23] or the more general M class problem 

[2],[18], under assumptions equivalent to a separable Gaussian 

assumption. In this chapter a class of estimators is presented 

which includes, among others, the convergent algorithms (and 

with minor modifications of a weighting sequence the nonconvergent 

algorithms) from these papers. The algorithms take a weighted 

sum of the samples falling into a subset of each 3^(^,P^) 

region to estimate the mean vectors. Estimation of the mixing 

parameters is assumed done using a function of the estimated 

mean vectors and other recursive statistics. 

In Section 3.1 the class of M-ary algorithms is presented 

and related to some previous results. These estimators will 

be used in the next chapter on intersymbol interference. An 

extension of a convergence with probability one proof due to 

MacQueen [18] for the M-ary case is presented in 3.2. This 

is a generalized proof in the sense that general conditions 

on an estimator are assumed. It may be nontrival to show 

that a particular estimator satisfies the required conditions. 
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Most of the results of this chapter are concerned with 

the special case of M = 2. In Section 3.3 the specialization 

of the M-ary case estimator is discussed. For M = 2, considerably 

weaker assumptions on the mixture density h(x) than those of 

Section 3.2 are sufficient to prove convergence. In Section 3.A 

a set of nonparametric conditions on h(x) is presented for each 

of the three M = 2 subclasses defined by the three methods of 

handling the Piy1) discussed above. These conditions are shown 

to be sufficient to prove convergence with probability one and 

in mean square for all the estimators in each subclass in 

Propositions 3-5. Also under these conditions, all the estimators 

in a particular subclass converge to a consnon asymptotic 

vector point which is unique on 8** . Analytical evaluation of 

the M = 2 asymptotic vector point in Section 3.5 leads to a 

set of implicit equations which can be evaluated using a numerical 

technique. Curves are presented showing the algorithm subclass's 

increase in asymptotic probability of error over the optimum 

system with all parameters known for a Gaussian mixture. In 

Section 3.6 experimental convergence results are presented and 

used in Section 3.7 in a discussion of the tradeoffs involved 

between different members of the algorithm class. 

1.1 The M-arv Class of Decision Directed Algorithm« 

The decision directed algorithm class is defined as an 

algorithmic form with several parameters unspecified. Specification 

of these parameters gives particular members of the algorithm 

class. The algorithmic form is defined by updating the current 
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estimates of the mean vectors Yj^ i = 1,2,...,M with samples 

i M falling into subsets of the (S (^,^)}^ regions, denoted 

Ajj ^ S* (^j,Pjj) i — 1,2,...,M (3.5) 

In this and the following section's general formulation, the 

method of obtaining the subsets is not specified nor is 

the method of obtaining the mixing parameter estimates P(y^), 

i = 1,2,...,M. However, in Section 3.3, a particular method 

of obtaining the A^ subsets and of estimating the mixing parameters 

are each defined forming some algorithm subclasses of interest. 

Also, the case where there are fewer than M mean vectors unknown 

follows as a special case and will not be discussed. 

3.1.1 The Algorithm Class. In the algorithms, the mean 
1 M 

vectors ^ = (vN,...,Vji) and the corresponding update regions 

Ajj = (Aj*j,...,A^) are held fixed for K samples f 

Vihile the ^ are being held fixed, conditional sample mean 

vectors k — 1,2,...,K are calculated from the samples falling 
i i M -f into each A^ region. The will be used to update the 

Thus, for NK + 1 < n < (N + 1)K 

< ' (1 * <><-1 + 8k W (3.6) 

where 

This introduces a "smoothing effect" for K > 1. 
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i 

j 

1 

9Í = 

r¿r: ’W+k ön 
and K1 = K1 -í- 1 

O : otherwise 

i = 1,2,...,M (3.7) 

and t*o^i=l “ ®* After X(n+1)k has been classií,ied and 

calculated, the IyJ)^ and the iS1 (^,¾) (along with 

the corresponding update regions) are updated using the 

?K* 1 = 1»2****»M and a weighting sequence {,0^}^. Hence, at 

n = (N + 1 )K 

VN+1 ~ " °N+1^yn + °N+1 i != (3.8) 

where 

°N+1 “ 

a . : K1 > 0 

WN 

^ Vl = WN + 1 

0 : K1 = 0 

and WN+1 = Wj 

i = l,2,...,M (3.9) 

and if K1 s 0 for all i = 1,2,...,M, w^ = wj + 1, i = 1,2, 

After the updating is completed, thj K1, i = 1,2,...,M are 

reinitialized to zero. The selection of the initial vectors 
i i 

and counts w^, vrtiile important to the algorithms' performance, 
■4* to ' 

is arbitrary . If {or^}^ is a non-negative sequence satisfying 

Of course, is an integer greater than zero, :1 ■ 1,2,...,M. 
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« (3.10) 
; cr = ® L r 

r«=l 

V 
L 
r=l 

c.r)‘ 

Then it nay he possible to establish convergence of the algorithms. 

The update sets have important functions for 

«Yjb y i any 1 = 1,2.M. If the miming parameters are being 

estimated and is replaced by S¿¡ = S1(yN,PN) in U.9), it 

1. possible that ^ SlrV Sln0' lniS leadS t0 lmae8lrable 

trap states*, the ftj subsets can be used to allow only those 

updates with Yd+1 € S¿+1 i - 1,2.M. Similarly, if an 

ordering on the components of y€(RA)H is known, ^ is updated 

only if the updated vector components satisfy the required 

ordering relationships 

Like most minimum seeking stochastic approximation algorithms, 

the decision directed algorithms are sensitive to sample correlation 

(i.e. if the correlation is severe enough, the algorithms do not 

converge). By computing sample means on each partitioned region 

with K > 1, some of the convergence power of a sample mean is 

combined with partition updatability in an algorithm more 

widely applicable than the K = 1 estimator. 

^.1.2 ReJat'tonship with Other Estimators. Equation (3.8) 

has the form of a stochastic approximation algorithm [/42 J with 

random weights oj, i = 1,2,...,M. In conventionally weighted 

stochastic approximation algorithms, the non-negative pj sequences 

+A trap state is defined as a state at whjjnh no further updating 
is oossiblo for one or more of the IvjUiSi. 
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essentially are non zero for n large enough. However, in 

the decision directed estijnators, any of the weights ojj, 

^ “ 1,2,...,M may be zero for any value of N, depending on 

the current set of K samples. 

There are two parameter sets besides M which are undefined 

in (3.6)-(3.10): K and the weighting sequence {a ) ",. We 
r r=l 

now look at some members of the algorithm class defined by (3.6)-(3.10). 

Case 1. K = 1, a = l/r 

For M = 2 this is the ''classical'' uniformly weighted decision 

directed estimator. Under assumptions of a two class Gaussian 

mixture and the P(Yi) i = 1,2 known along with a corresponding 

ordering on (y ,Y )€(R )2, the method of evaluating the asymptotic 

probability of error was found by Scudder [19] for one unknown 

mean vector. This was extended to two unknown mean vectors in [21] 

by Patrick and Costello. These analytical methods will be 

shown to be applicable for a far wider set of values for K and 

«r. Both results were found under an assumption that the 

estimators converge. A moment estimator for Pfv1) (and thus 

for P(Y2) = 1 - Piv1)) was presented in [20], [51] for the two 

unknown mean vector, unknown mixing parameter case. For the 

M-ary case with the Píy1) i = 1,2,...,M set equal to 1/M, 

MacQueen [18] established conditions for convergence with 

probability one to a vector point which i& a local minimum 

of the "metric" of (3.4). 

Case 2. K = 1, a = -L- 
r r+c 

In a recent paper Gregg and Hancock [22] attempted to 

"optimize" the arr weighting coefficients in a different 
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(but equivalent) estimator form for the two class case. The 

criterion of optimality was the minimization of a functional 

containing the parameter mean square error, the error convergence 

rate, and the average estimate dispersion. Their result was 

dependent on the unknown parameters; however, by taking the 

low signal to noise ratio limit of the weights and applying a 

normalization, the weights reduced to a function of an unknown 

Lagrange multiplier. Under these conditions, the "optimum" weights 

were found to be a - -7- where c is an unknown constant, to 

be determined by experiment. It is interesting to note that 

Dvoretzky l¿+23 has established conditions for conventionally 

weighted stochastic approximation algorithms under which the 

sequence — minimizes the parameter mean square error with 

the value of c an explicit function of the conditions. The 

use of this result is wide spread ([45], [46], for example). 

The appearance of this minimizing weight sequence in "optimized" 

decision directed estimators is thus not surprising. 

Case 3« 1 < K < •, arr = 1 

While the algorithms defined by these parameters are not 

in the class defined by (3.6)-(3.10)((3.10) is not satisfied), 

they reouire only a minor modification of the or^ weighting 

sequence. These algorithms are the so called "batch processing" 

algorithms [2] or "tracking mode" algorithms [231 and are the 

easiest K > 1 algorithms to implement. Although in general 

there is no mean square convergence property for algorithms 

whose weighting sequence do not satisfy (3*10), for reasonably 
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lar^e K relative to the inverse signal to noise ratio, computer 

simulation results presented in 3.6 have moderately worse small 

sample performance than Case 1 algorithms for multidimensional 

samples. Algorithms of this type are particularly useful for 

tracking slowly varying class statistics where "convergence" 

has vague meaning anyway. 

3.2 generalized Convergence for the M-ftry Algorithm Class 

The mixture statistical structure is in general not known 

exactly. Hence, it is of interest to determine broad conditions 

on the mixture density h(x) under whicti an algoritnm converges 

to a solution, and to define what is meant by a "solution". 

The following theorem is an extension of MacQueen's result [18] 

to cover the M-ary Algorithm Class of (3.6)-(3.10) and follows 

his nroof closely, fie first list conditions used in the theorem. 

(D h(xn|x1,x2,...,xn_1) = h(xn) 

(2) h(x) is absolutely continuous with respect to 

Lesbegue measure. 
0 

(3) There exists a closed and bounded convex set 

such that f h(x)dx = 1 and f c h(x)dx = 0. 
«J Y o 

r X (/+) For any open, set A€x* [. h(x)dx > 0 

lim p(Av) 
F^n -41 * d(sÏT = = 1j 1 = 1>2,...,M where 

n(A) = fA h(x)dx. 

Condition (5) is the only one dealing with the generation of the 

i. H lAjj)regions and, indirectly, the unsoecified estimation of 

the mixing oaraneters. This condition is very .general and may 
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be nontrival to prove for a specific algorithm. 

THEOREM 2. 

If conditions (1)-(5) hold, and for W(*) and V(x) defined, 

W(V “ f J ^ ‘ yN U2 h(x)dx t3-U) 
A Sj 

“ E J " ^ci N2 (3.12) 

where 

- E[x|Al (3.13) 

then the sequence of random variables W(^), ^/(^) » • • • generated 

by any member of the class of estimators defined by (3.6)-(3.10) 

with €x* i = 1,2,...,M converges with probability one. Also 

with probability one W, = ^ is equal to V(l) for some 

¥ in the set of points satisfying 

Y1 - ftxIS1 (ï,PU))] 1 = 1,2.M (3.11) 

having the oroperty that Y3 t if 1 ^ 

Proof: Assume that the initial vectors have been 

determined, the initial counts set to positive integers, 

and updating starts with sample X^. 
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Since* Sjj+^ is the minimum distance partition relative to 

%U’ 

S[W(%n) = E[ ¿ J . " yN+1 'I h(x)dx|YjjKJ 

1=1 SN+1 

Í í ¿ j llx - yj+1 II2 j 
1=1 SN (3.15) 

where 

NK 
â {X fl 

*• nn=l (3.16) 

Let r^ denote the number of samples from t 

in and note that if r1 = 0, = Y^. Then 

r f rr 
l[w(^j+i) |ynk] < ^ A eLI , 'lx ” VN+1 II = r,YNlJ 

i=l r=0 SK, 
M 

'(r)(1 ‘ P(4»K'r P(4)r ¢3.1-7) 

M 

= ¿ j !lx - yJ II2 h(x)dx(i - p(4))K 

1=1 4 

*Inequality (3.15) is due to MacQueen [18], 
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f £ rr r r 
+ L ¿ U,- 

i=l AN an sn 

llx “ (1 " pN+1^YN 

- 4+1K Í yj):|2 
3=1 

• h(x)dx ñ h^j^dyj](r/1 “ 

J=1 (3.1B) 

Aoplyin" the relation j |lx - y'| h(x)dx = l!x - u II h(x)dx 

+ M'\y - u'1'2 where | (x - n')h(x)dx = 0, two times and expanding 
"A 

enables us to write the second term in (3.18) as, 

^ f rr r 7f nx 
L L Hi*- J iLU i'|x 
i=l T-l A 

n ¡I2 h(x)dxy 

SK 

pt^iia - 4+i>4 

- ^1 + 4+1 (? I y3)"2J K h(y3)dy.1^ 
SN .1=1 J 

©a - p(4))K'r p(4>r 

= ¿ ¿ {n(AK)r (I.,!x • 4 ''2 h(x)dx) 
- r« ^= 

i=l r=l 

- P(Sí)p(AK)r !iYN ' Uci ,!2 
il 
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p(5¿)p(A¿)r 11(1 - ' “„i)12 
S>i 

+ p(sJ)j • j t k+i (-1 - ? ¿ *¡y? ¿ ¿ SH 3=1 -1 
N ti 

2P(SN>4+1 (1 - Vl^í - »J «rl I i MX)6X 

- P(*î>r “ i)XÏ){1 - p(ANÍ,)K'r P(A»1)r sn 
£ 

/_ 
i=l 1-1 

L L íP^AK^r (j ” VN h(x^dx) 
_ « r* -*■ 

5n 

- p(4>p<AN)r K - M 11 

+ o(sA)p(4)r iid - 4+^(4 - \i) 
Nii2 

\ 

+ p(s¿)(4+1>2 ? i. n^i -xí'2 h(x)dx 
4 SN 

+ 2n(sj)p(4)r 4+1 u - 4+1)(4 - pi) (p i - “ i)} 
SK Aí; SN 

'(r)(1 - P(4»K'r ^4)T (3.19) 
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Where the last two terns reduced because of the sample conditional 

independence assumption. Combining equations (3.19) and (3.18), 

£01(^)1¾) <W(%) + ¿ (J "x " VN "2 h(x)dx) 

1=1 SN 

.[-1 + d - p(*mí))k + { ©u - p^»K‘r ^)2r] 
r-1 

- ?! - “a1,2 (2on+i - <4+i)2) 
i=l SN 

. I ©a - p(<))K-r pS1)2' 
r=l 

+ I PtsiK^l)2 l ïtf O - p(AKi>)K'r P(ANi,r 
i=l r-1 

+ 2 I + (4+l)2)(YN * (v ‘ v) 
i*l U "N N 

Î (ï)'1 - '>(AN1))K‘r p(tNt)2r <3-20> 
r**! 

where 
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Siflmlifying (3»20), 

eW%+i)IV 

- 2 7_ p(sJ)p(aJ)k [1-(1- 11%1 - “si 1,2 

i=l 

+ f p(sJ)U -(1- pi^^W)2 + 11yn “ ^si 11 

+ 2 ¿ PÍ3^^1 " ^+1 
i=l 

(3.22) 

Because of the boundedness assumption, W(^) is bounded with 

probability one, as is (oj)2. We now prove that 

and 

7 (V1)2 u - (1 ■ p(ak)),') 
i\ \K (3.23) 

N=1 

I 4+i i(4 -p i) (“.i • %i)|L1 •(1 ' ptA»,)K3 
N=1 M N N (3.2/*) 
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A 

converge with probability one for each i = 1,2,...,M, thus 

showing that 

» n 

L L - (1 - p(4»Ki[(°n)2 + H''» - 14 i 'I2 
N=1 i=l N 

4 2l(Yt¡ - “„i) (u,i - m)1)^)2 
sn' ' an dn 

(3.25) 

and 

CO 

2 7 7 p(sjj)[i - (1 - 

K=1 i=l 

p(Ar:)) 3pjJ+1 (v;. 
\l f \ 

°K h am 

(3.26) 

converge with orobability one. Then Lenina 3 in Aooendix C can 
M 

be annlied with rN = ’,/(^) and tN = ^ o(S^)[l -(1- P(/^))K] 

lu4>2 + '¡4 - p„i Ü2 + 2I(4 - (v - P.iM-l^)2 + 
w °r i 

1(VN ■ \i]t (u.i " ^i^Vl1 t0 establish that ^Vl^TK1 " 
V ‘;N 

V/(^t) tends to zero with probability one. 

It mi"ht be comnented upon here that the notation of (3.23) is 

slightly misleading. ..'hat is actually being considered is 

L<W- 
;w 

d-d- 

Due to the definition of the seP’ier)ce, it is sufficient 

to consider convergence of 
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CO 

r 
¿ [1-(1- p(a¿))k]/[^ + 1- + wi¡T 

K=1 

1-.2 
(3.27) 

for € > 0, since this implies convergence of (3.23). Letting 

denote the characteristic function of the event [at least one 

of lXnln=KN+i ^l^inone of then |YNKJ = 

(1-(1- n(A^))K + (1- p(^)f) since they are mutually 

exclusive. Noting that = 1 + / an application of 
N k=l K 

Theorem 1 of [473, p. 274 (see Appendix C for its statement) 

says that for any positive numbers c,€, 

N- 'r1 
p|6 + wj > 1 + / [1-(1- p(A^)r + (1- P^)) ] 

k=l 

l¥- j V y 
c / [i - d - p(a¿))k + a - pi^ri 

k=l 

[1-(1- p(A^))K (1 - p(Ak))K]2} > 1 
1 
l+ct 

(3.28) 

or iettin? c = 1, 

H' 

K-l 

€ + wN > 1 + f [1 

k=l 

>!-(! + €) -1 

(1 - p(A^))K +(1- n(Ak))K12} 

(3.29) 

,-1 
Thus, with Probability at least 1-(1 + €) the series of (3.27) 

is less than 
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I 

!* 

1 - Il - P(aJ))K ^ (1 - p(Arç))K 

N-l 

[1 + 7 [i - d - p(Ak))K + 
k=l 

Kl2!2 
J J 

13.30) 

i i ® 
which is finite for any (pU^)}^^ sequence. Since the choice 

of € is arbitrary, this establishes that (3.25) converges with 

probability one. A similar approach which also uses the assumption 

that p(A^) -* p(S^) with probability one giving M. i ** H 1 ~ 3.,2,...^, 
an sk 

shows (3.24) converges with probability one, and thus (3.26). 

To determine the limit W , Lemma 3 as applied above entails 
00 ro 

convergence with probability one of / iW(^T ) - lLví(^¡+1) I ^Kl). 

Hence, (3.22) implies convergence with probability one of 

7 U p^SN^'YK " aei °N+1 
If=l i=l N 

.[i - d - p(4))Ki} (3.31) 

Since pjj; goes to zero no faster than 0(i), and from assumption (5) 

p(S^)/p(A^) tends to a finite limit with probability one, then 

convergence of (3.31) implies that 

! p<$\* - V 
i—1 N 

(3.32) 

converges to zero on a subsequence ) and this subsequence 
~ s 

itself has a convergent subsequence, say [y,, }. Letting 
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ï - (yV,...,/) 

_ lim 

then because of the continuity of W(y) (which does not depend 

on continuity of p(S¿), i = 1,2,...,M), 

t1^. K\) = - «(ï) (3.33) 

Since h(x) was assumed absolutely continuous with respect 

to Lebosqu. mMsure, p(S¿ ) i - 1,2,...,M are continuous functions 

• This continuity gives 

t^. ? <4 )„< - - ! 
i=l 1 SN 

M 

= y pís1)!^1 - u. D2 
i=l S1 

II2 Œ o 

(3.34) 

From assumption (4) that the integral of h(x) is non zero on 

any open set contained in x, and the definition of the A1 
. N 

subsets, then the vjj are in the interior of the i = 1,2,... 1 

As a consequence of this and the absolute continuity of h(x), 

pO- (ï)) >0, i - 1,2,...,M. Thus, it follows from (3.34) that 

Y1 - ELxjS1 (*)] i ~ 1,2,...,M 

and since ^ ^ ^ if 1 ^ J, then Y1 ^ YJ 1 Finalljr, 
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(3.35) <\) - i\)+1 o i ir 
s\ 

and from (3.32)-(3.34) this proves the theorem. 

Conmient: One of the more interesting results of this 

proof is contained in (3.31). The conclusion can be 

drawn from this equation that either the estimate of 

is updated an infinite number of times, or there 

is a trap state after a finite manber of samples and 

o(S^) -* 0. An example of how the subsets can be 

used to avoid such trap states is shown in Section 3.3. 

The Class of Algorithms for M = 2 

i 2 
The decision boundary between the two JS (^»Ejj) 

regions is defined for M = 2 by 

otherwise : Sjj (3.36) 

Denote the threshold Three subclasses 

of the M = 2 class of algorithms defined by the manner in 

which T„ is determined will be considered in the remainder 

of this chapter. 



J P 

Subclass A. [P(v ) unknown and to be estiaated. 

A moment estimator for P(vj¡j) can be defined as a function 

°f lyj}¿ and the sample mean 

£ -L " Y 
^ * NK ¿ ^ 

k=l 

(3.37) 

Letting = F.[x], then 

= pCyV +(1- PtŸ1))^ 

or solving for the mixing parameter, 

■■(V1) - ^ ~ (V 
(Y1 - Y2) (Y - Y2) 

(3.38) 

Using the estimates for y\ Y2* and iji in (3.38) and noting that 

p(y^) = 1 - P(y2), the expression for the threshold beccmies, 

T 
N 

r(vN ~ ^ ^vn ~ 
(3.39) 

An easy way to implement the constraint that VN+1 6 J^SN+1^ 

i = 1,2 is to replace the sets (3.7) with 

+J(A) denotes the interior of the set A. 
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calculate a Y^» and then test whether all the component 
i# i* 

vectors fall Into the correct regions SN+1* ThU3, 

%fl “ 

%1 

% 

«-»(SÍ*!» H i = i-2 

otherwise 

(3.40) 

i 2 
through this procedure of updating (4^)^ regions are 

implicitly defined and trap states are avoided. 

Subclass B. {.PÍY*))^ assumed equal to 1/2. 

For this subclass 

Tjj - 0 (3.41) 

and 

aJ = S¿ i * 1,2 (3.42) 

i 2 Subclass C. lP(a)A)}¿ known along with a corresponding 

ordering on the components of x — (Y1,^2) for all Y* €R^. 

For this subclass 

T ^ (o)2 Inf^r^) (3.43) 

In order that y^+1 e,,^SN4-l^ 1 = 1,2 for K = 1 the samples must 

lie in the sets+, 

+For K > 1, \^+1 is computed and tested for both «XSj^) and the 
ordering. 
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(3.44) 

°r i U - yJ> - (- D1 (yJ - YÍ¡)||2 > 2Tn} 
'‘N 

i = 1,2 

where the sets {x : ||a A (x - yj) - (- 1)1 (yj - ^)||2 > j 

WN À were obtained for K = 1 by substituting yjj(^ in the decision 

equation of (3.36). 

In addition, the updated component vectors of = 

(yJ+l’^N+l) 8atÍ8Íy the known ordering relationship. 

Examples of possible ordering relationships include an energy 

ordering such as occurs in an ON-OFF problem, and a value ordering 

of a particular component of the Yj^> i = 1,2. The value ordering 

is meaningful, for instance, in a communications problem where 

known signals (e.g. binary antipodal) are sent through an unknown 

channel whose gain corresponding to the first component of the 

y*, i = 1,2, is known to be positive. This assumption is used, 

in fact, in the intersymbol interference simulations of Chapter 4. 

To fulfill the requirement that the updated components 

Vl 1 = 1,2 satisfy the ordering, implicit aA, i = 1,2, regions 
are obtained using a procedure similar to that for Subclass A. 

Replace the A^ sets used in (3.7) by the sets defined in (3.44). 

At each N calculate a yj^ with the modified equations and 

test it. Then, is updated, 
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: («> satisfy the ordering 

(l.U1)) 

: othervdse 

^Jx Algorithm Subclass Convergence for M = 2„ 

For the M = 2 subclasses defined in the last section, the 

boundary between the (S1)^ regions is a hyperplane. The boundary 

locations are thus considerably more limited than the more 

general M-ary case considered in Section 3.2. The M-ary convergence 

result of that section required that there exists a convex set 

X such that p(x) = 1, PO** - x) = 0, and for any open set Aey, 

n(A) > 0 where p(A) = JA h(x)dx. These assumptions are necessarily 

restrictive. However, for the M = 2 case, it is sufficient to 

define a set yeR1 as the convex closure of the support of h(x). 

This relationsh-’o is illustrated in Figure 7. For any nyperplane 

denoted U(x) crossing 

%+l 

^+1 

4' 

r h(x)dx > 0 

J{x : U(x)x)} 

and 
(3.4^) 

f h(x)dx > 0 

J[x : U(x)<)} 

Hence, for any pair ^ ~ 1>2> then > °> 

i = 1,2. 

+The support of a function h(x) is defined as the closure of the 

set lx : h(x) > 0} l34J. 
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Convex Closure of the Support 

Figure 7. The Relationship Between the Support of the Mixture 

Density h(x) and Its Convex Closu.’e 
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An additional property of the M = 2 case is that for Subclasses B 

and C it is not necessary that the starting vectors be in 

but rather that they be close enough to be updated eventually 

(this corresponds to assumption (5b) in the list below). 

The following is a list of statements which will be used 

as needed in ’■'-oving convergence of the three algorithm subclasses: 

(1) h(Xn|X1,X2,...,Xn_1) = h(Xn) 

(2) h(x) is absolutely continuous with respect to Lebesque 

measure. 

(3) The support of h(x) is a bounded set. 

(/+) Exceot for a permutation of the component vectors 

there exists only one solution of 

Y1 = ELxjS1 (*,?(*))] i = 1,2 

where 

V1 Wty) 1 = 1,2 

for each of the algorithm subclasses defined in 

Section 3.3. 

(5) Kor all pairs of starting vectors (YpY^j) = ^ 

(a) Y* 6.5(51 (^,P(* ))) i = 1,2 

(b) the integral inequalities 

I* h(x)dx > U 

1 t yÍ + u, 
U : (Vj^ - u)1 (x-^-) > Tj 
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I h(x)dx > 0 
J 2 

? t * + Yi 
lx : (u - y^r (x-^ ) < T) 

are satisfied for Subclasses B and (j where T has 

the respective subclass derinitions: 

3) T = 0 

C) T = (o)2 in^^] 

Proposition 3. If (1)-(4), (5a) are satisfied and if 

YÎey i = 1,2 for all allowable starting vectors with probability 

one, then all the estimation algorithms in Subclass A converge 

with probability one and in mean square to a unique solution 

(except for a oermutation of the component vectors) * = (y'Sy2), 

Y1^. 

Proof: From (4) and (5a), the restriction of the starting 

vectors, and the definition of the implicit IaÍ}.2. region 

in Section 3.3, there are no trap states. Hence, there are an 

infinite number of updates for each mean vector estimate, 

and wj tends to infinity (implying a i 0) i = 1,2. Together 

with the boundedness assumption (3), fhis shows that A* «♦ 31 
N N 

with probability one i = 1,2. Also, for all M, yJ €J(sJ), i = 1,2. 

A slight modification of the last part of the proof for Theorem 2 

to take advantage of the hyperplane integral properties of y((3.46)) 

shows that converges to a mique solution (except for a 

permutation of vector components) with probability one. Call this 

solution X" = (Y1 ,Y2 ) (the other solution is y** = (y^**,y“1 H ) =1 
( 2«- VK . 
i Y , Y i.e. a permutation of the vectors). 
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To prove convergence in mean square, suppose a mar.ping 

of’ ï* is defined such that given 

(^,v2*) 
or (3.47) 

(v2V*) 
^ i i 2 depending on which ordering minimizes ; ||vN - F • 

1# O-if lr-±. 

Since Y Y there exist open neighborhoods of ^ and on 
2 i 2 (y) such that F is continuous on each. Since lY^are 

bounded random variables, 1' is continuous at ^ and and 

1 2 p(y^,YjP converges to diracs at ^ and 

X-1"1 =° 

i=l 

(3.48) 

which completes the proof. 

Proposition 4. If (1)--(4), (5b) are satisfied with 

orobability one, then all the estimation algorithms in Subclass D 

converge with probability one and in mean square to a unique 

(except for a reordering of the component vectors) solution 

1 = (y1,y:?),y1 e¡/ i = 1,2. 

Proof: From condition (5b), and the fact the mixture mean 
A 

value converges with probability one, then for almost every YjJ 

sequence, YjJ for N large enough. The rest of the proof is 

similar to that for Proposition 3 and is thus omitted. 

The observation is made that for this subclass, assumption (5a) 

implies (5b) is satisfied. Furthermore, if the initial vectors 
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eyi = 1,2 with probability one and Y1 ^ assumption (5) 

can be dropped since it is a consequence of assumption (2) and (3.46). 

For the algorithms in Subclass C, not every possible ordering 

relationship is useful, and in fact, pathological ordering 

relationships are easily exhibited. Rather than to exhaustively 

examine each individual ordering relationship, assumptions (6) 

and (7) in Proposition 5 restrict the ordering relationships to 

those satisfying certain reasonable conditions. 

Proposition 5. If (l)—(4),(5b) are satisfied and in 

addition, if 

(6) For any = (yJ,Y^) with vjj éj(S¿J Hÿ) i = 1,2 the 

ordering relation is such that / p(A^) > 0 for 

some a. with k finite, 
k 

(7) The ordering relationship is such that as o . 0, 

d(A¿) -» n(S*), i = 1,2. 

Then the algorithms in Subclass C converge with probability 

1 2 
one and in mean square to a unique solution % = (y ,Y ), 

y1 ey1 = 1>2‘ 

Proof: Assunotion (6) in addition to (4) and (5b) gives 

that the ordering relation does not introduce any trap states. 

Hence, there are an infinite number of updates for each vector 

and a . -*01 = 1,2 with probability one. From (7) this implies 

1 i, i 
that p(An) -* níSj,) i = 1,2. The rest of the proof follows that 

of Proposition 3 and is thus omitted. 
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V Asvmpt^ Probability of Error for Oanssian ON-OFF .and 
Binary Cases 

In this section the asymptotic probability of error of 

each of the M = 2 estimator subclasses defined in Section 3.3 

is determined under a Gaussian mixture assumption. The method 

of error analysis was originally developed in U9J for the ON-OFF 

case and extended to the binary case in Ul]. The approach of 

this section will be to find a set of implicit equations for the 

binary case asymptotic vector, with the implicit equations for 

the ON-OFF case obtained as a degenerate case of the binary 

equations. 

Given a sequence of sample, (X^ for which the estimators 

converge, the asymptotic vectors of the binary decision directed 

estimators can be expressed, 

vÜi = E[x|t.] N -4 * tn 1 A 

lim = E[x|tu] 
(3.49) 

where r£ and tu refer to lower and upper truncation, respectively, 

such that samóles following on a oarticular side of the ultimate 

decision boundary are classified as belonging to that particular 

class. i 2 t 

Define the basis vectors oi‘ H such that q ' ^1 _ y2 ^ X 

and IqM 1 are perpendicular to q1. Because of the spherical 

Gaussian assumption, the are uncorrelated with q and 
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untruncated by the decision hyperplane. Hence, the analysis of 

the probability of error is reduced to that of the one dimensional 

subspace of q1. Daiote ? = Elq1 I'D1] i = 1,2. From Cramer lUkU 

the mean of a one dimensional Gaussian random variable q1 with 

mean C1 and variance (o) out then truncated at q = q is 

t1 = C1 + to i = 1,2 

where 

\ = \l (r1) f (rX- 
1 - Wr1) 

for lower truncation 

_ Q' (ri) 
^(r1) 

for upper truncation (3.5U) 

and 

i = 1,2 (?.51) 

with <p(x) a Gaussian distribution function with zero mean, 

variance one. Evaluating the terms in (3.51), 

i 
r In 

rp(v2n ^ t1^- t2 - 2C1 
(3.52) 

The distribution function of is a mixture and is upper 
n 

and lower truncated by the decision hyperplane. Expanding (3./+V) 

into the expected value of the respective truncated distributions 

and evaluating the factors gives. 
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t1 = P(j)1)(1 1C1 - C2) + (Xjt (r2) - ^ lr2))c) 

+ 1C2 + \ (r2)ai 

t2 = tcJ- _ ¢2) + _ Xu (r2))a) 

+ 1C2 + (r2)a) (3.53) 

where 

D1 = P(-/)(1 - ¢(/)) + P(/)(l - ¢(/)) 

D2 = P(/^(r1) + P(/$(r2) 

The imnlicit equations (3.53) were solved numerically using an 

iterative technique on a digital computer as a function of 

the true class probabilities lP(/)j, the mixing parameters (PÍY1)}, 
12 12 

and the signal to noise ratio (SNR = (—-a (y ° - Y °)t (y ° - V °)) 
(o)2 i 

of the samóles X . These solutions determine the r expressions n 

of (3.52), and the estimation system’s asymptotic probability of 

error is found by substituting these values of r1 in 

P = PC/Wr1) + P('«2Wr2) (3.54) 

The minimum probability of error P can be found by substituting 
emin 

C for t1 in (3.52) and evaluating (3.54). 
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The implicit equations for the ON-OFF decision directed 

estimators can be found by substituting zero for and t^ 

in (3.52) and (3.53). Similar substitutions in (3.54) allows 

evaluation of the respective optimum and suboptimum ON-OFF 

system's probability of error. 

The difference between the estimation system's probability 

of error and the minimum is defined as ÛP^. Figure 8 contains a 

plot of the minimum probability of error with all parameters known. 

Curves are presented in Figures 9—14 showing AP vs P(u)1) with 
6 

SNR as a parameter for the ON-OFF and binary cases of each of 

the three algorithm subclasses defined in Section 3.3. 

Examination of the results showed that the deflections 

in the value of AP in Figures 9—14 were due to the relative 

movements of the optimum and estimation system decision boundaries 

as the parameters varied. At certain parameter set values the 

boundaries cross and the respective probabilities of error are 

the same. The AP curves for each of the two unknown mean case 

algorithm subclasses given in Figures 12—14 are symmetric about 

P(j)1) = 1/2. 

The algorithms from Subclass A estimate the mixing parameter 

P(v^) in addition to the one or two unknown mean vectors. The 

asymptotic APe curves for these algorithms are given in Figures 9 

and 12 for the ON-OFF and binary cases respectively. The estimators 

for the unknown means are biased, becoming unbiased as the signal 

to noise ratio increases (the densities are becoming separable). 

Below a signal to noise ratio of about 5, this bias severely 

reduces the effectiveness of the mixing parameter estimator, and 
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in fact, negative estimates can be produced. The class probability 

values P(u)1) for which the asymptotic estimator system is nearest 

in performance to the optimum system are also effected by the 

biases. Fir the two unknown mean case, the biases tend to cancel 

near P^1) = 1/2 and the asymptotic estimator system performs 

best near P(u)1) = 1/2; however, only one mean is biased for the 

ON-OFF case and the best region is off-set from P('íj ) = 1/2. 

In both cases at resonable signal to noise ratios, the rate of 

degradation in moving from these "best" regions is not high. 

The effect of arbitrarily assuming P(y^) = 1/2 as done for 

algorithm Subclass B is shown in Figures 10 and 13 for the ON-OFF 

and two unknown mean cases respectively. The curves of the ON-OFF 

system’s increase in probability of error are nonsyranetric. The 

rate of degradation in performance for both ON-OFF and binary 

systems is extremely rapid as the differences between the assumed 

and actual class probabilities increases. However, for higher 

signal to noise ratios, these systems are adequate if P(u> ) is 

not "too close" to the extreme values of zero and one. For P(a) ) = 1/2 

the asumptotic probability of error of the two unknown mean system 

is the same as the system with all parameters known. From figure 11, 

this optimality property is generally not true for the corresponding 

ON-OFF system. A comparison of the Subclass B curves with those 

discussed above for Subclass A shows that at reasonable signal 

to noise ratios, the Subclass A algorithms are considerably 

better asymptotically for most values of P(u) ). 
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Figure 13. Two Unknown Mean Ù? for P(yx) Assumed ¿ 

vs. Actual Value of P(u)^). 
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Figures 11 and 14 show that for the known P(u)1) and known 

ordering on assumptions made for Subclass C, the asymptotic 

performance of the ON-OFF and binary systems are not much worse 

than the system with all parameters known. The higher signal 

to noise ratio curves for the ON-OFF case exhibit the same off-set 

to the right noted on the Subclass A curves. 

Experimental Algorothm Performance 

Experimental dynamic performance curves for several of 

the M = 2 algorithms discussed in this chapter were obtained using 

a computer simulation. All of the experiments were for a four 

dimensional sample space (A = 4) with additive white Gaussian 

noise. Also, the Pfa1), i = 1,2 class probabilities were defined 

1/2, and the initial vectors or {y^)¿ were defined as the 

first or first two samples for the ON-OFF and binary cases 

respectively. Since these parameters were common to all the 

simulation results of this chapter, they are not specifically 

labeled on the plots. Five sets of fifty experiments were 

performed and the experimental average probability of error 

for each set of experiments was calculated. The appropriate 

median experimental average probability of error was plotted 

on each of the graphs. 

Curves showing the experimental convergence of the Subclass B 

[K » 1, a = 1/kl algorithms for the ON-OFF and binary cases 
k 

are presented in Figures 15 and 16. Similar curves for the 

binary case algorithm where the PÍY1) are estimated (Subclass A, 

[K = 1, a = 1/kl) are given in Figure 17. The figures show 
K 
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that the ON-OFF algorithm performed considerably poorer than 

either of the binanr algorithms, and although not Indicated on 

the graph, the standard deviation per experiment vas about 0.2. 

These result, -ere expected since the binary algorithms learn 

en* where the sample space clusters are located, while the ON-OFF 

algorithm. Uso associate the with the clusters. As a 

result of this class association, <*WFF algorithm starting vectors 

yl located on the opposite side of the known mean V 0 from the 

asumptotic solution require vj to rotate around Y °-p ti™ 

consuming task. In contrast, for starting vectors ^ located 

near the asymptotic solution, convergence is extremely rapid. 

Since at the beginning of each experiment Y* was selected as 

the first sample, either event can occur resulting in the large 

experimental variance that was observed. 

As shown in Figure 17, the algorithm which estimates the 

^ addition to the two unknown means converges slightly 

more slowly than the algorithm which assumes PW1) =1/2 1- 1,2. 

Also, the experimental variance was several times larger. This 

shows the effect of the [aJi^ regions which accept only «allowable» 

samóles and throw the rest away. For some sample sequences the 

estimates of PÍY1), i = 1,2 differ considerably from their true 

value of 1/2 resulting in a large number of rejected samples. 

The effect of the parameter K (the number of samples processed 

between estimate updates) on the convergence of the tracking mode 

algorithm obtained from Subclass B (i.e. uk = 1) is shown in 

Figure 13. Initial convergence is faster for smaller K values 
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-2.0 0.0 2.0 c 

-2.0 0.0 20 c 

Figure 19. Experimental Average Probability of Error 

of Two Unknown Mean Case Algorithms from Subclass B 

with [K = 1, Qf^ = j^-1 vs c at SNR = 10. 
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Figure 20. Experimental Average Probability of Error 
of Two Unknown Mean Case Algorithms from Subclass B 

with [K = 1, ok » vs c at SNR = 25. 
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while the algorithms are more stable for larger values of K. 

Algorithms using the larger K values thus have performance close 

to the asymptotic error for a convergent Subclass B algorithm 

if the statistics are stationary. 

Dynamic convergence curves of the binary algorithm from 

Subclass B, [K = 1; crk = k = 2,3,... J with c as a parameter 

are presented in Figures 19 and 20 for signal to noise ratios 
12 12 

(SNR ^ ” (ï ü - Y ^ (Y 0 - Y °)) of 10 and 25 respectively. . 
(a)2 

At both signal to noise ratios the optimum value of c was 

approximately - 0.8 and resulted in a moderately better small 

sample performance than that for c = 0. This weight shows that 

i 2 
a de-emphasis of the {y^)^ initial vectors when compared to later 

updates+ results in the best performance with the method of 

i 2 
selecting the lY^}^ used here. 

3.7 Discussion 

The purpose of this section is to make additional comments 

on the M = 2 algorithms described in this chapter. Results for 

the M > 2 algorithms will be reserved for the next chapter. The 

experimental results showed that for the initial vector selection 

method used, the binary Subclass B algorithms are superior to 

any of the others. In particular, the experimental variance per 

The parameter value c = 0 corresponds to an equal weighting and 
c > 0 emphasizes the initial vectors. In contrast to the result 
above, Dvoretzky's or^ = error minimizing sequence for convential 
stochastic approximation algorithms 142J always has c > 0. 
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experiment was at least several times smaller than that of the 

other algorithms tested, and it converged faster. However, the 

asymptotic probability of error curves showed a sharp deterioration 

in the performance of the binary Subclass B algorithms for P(tu^) ^ 1/2. 

This suggests that a potentially desirable approach might be a 

two stage algorithm—a binary Subclass B algorithm is used to 

obtain good mean vector estimates that are then used as initial 

vectors in an estimator that matches the a priori knowledge. 

For an ON-OFF case for example, the nearest mean after a certain 

1 
number of samples is associated with y and the other called y^. 

Another possibility not considered in the experimental 

results is that of supervised starting. Providing one or more 

samples of known classification to obtain y^ would almost eliminate 

the orientational difficulties of the ON-OFF algorithms that was 

noted in Figure 15. It would also change the result on the 

optimum a. = sequences from a negative value of c reflecting 

i 2 
a lack of confidence in to a positive value indicating 

the relative accuracy of initial vectors obtained with supervised 

samples. 

The results seem to indicate that the moment estimator 

for the unknown mixing parameter is of questionable value. The 

estimator does not work at lower signal to noise ratios because of 

bias in the mean vector estimates. At higher signal to noise 

ratios the P(y^) = 1/2 i = 1,2 assumption gives adequate performance 

with faster convergence and greater simplicity. 
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Use of K > 1 parameter values will obviously slow down 

experimental convergence for the independent samples used in 

the computer simulation. It remains to be shown for dependent 

samples what degree of stability K > 1 adds to the classical 

K = 1 decision directed estimator. 

/ 

/ 
/ 
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IV. UNSUPERVISED ESTIMATION OP SIGNALS 
WITH INTEKSYMBOL INTERFERENCE 

In an effort to cope with the information requirements 

of an expanding technology, information transmission system 

designers have often desired to increase signaling rates through 

the usual bandlimited channels. These channels exhibit the 

deleterious effects of "memory" (actually energy storage) at 

higher signaling rates when part of the energy from one transmitted 

signal band is smeared onto the next band. Since the smeared 

transmitted bands overlap, this condition is called intersymbol 

interference. The seriousness of the problem has motivated a 

considerable amount of work on techniques that reduce the effect 

of the interference. For the case where the channel and noise 

statistics are known, the probability of error [24l, [253, [26] 

and [26], or mean square error [26] and [27] has been minimized 

through proper signal design, receiver design, or joint transmitter- 

receiver design. These results have been obtained by using 

almost classical optimization procedures. A3.oo, bounds on the 

probability of error of conventional correlator receivers [29] 

and [30] have been obtained. For many practical problems however, 

the effect of the channel may be unknown, or if initially known, 

the channel may be time varing. In either case estimation is 
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required. Rather than sending known signals through the channel 

(implying the message source is turned off during this period) 

and either implicitly [31] or explicitly estimating the channel 

statistics , the approach used here is to estimate the necessary 

statistics without interfering with the transmitter's primary 

function—information transmission. 

This chapter Investigates the application of an unsupervised 

estimation and processing receiver to intersymbol interference 

in the class of linear* time invariant channels.4^ The unsupervised 

estimation algorithms used are similar to the class of decision 

directed algorithms defined in the last chapter. In contrast 

to previous papers* the underlying statistical structure of the 

intersymbol interference sample space is emphasized. This 

provides a unifying framework for the problem within which 

different approaches can be compared. For convenience and 

simplicity in notation, we restrict attention to the case of 

one dimensional binary antipodal transmitted signals (t = 1, m = 2). A 

more general formulation is not presented until Section A.6 since the 

resulting complex notation obscures the basic concepts. However, 

the multidimensional sample space generalizations of the 

unsupervised estimation algorithms are immediate, as is the 

This is called supervised estimation using sounding signals. 

Practically speaking, this also includes those channels which 
vary slowly compared to the convergence of the estimators. 
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interpretation of the l> 2 statistical structure of the problem. 

More general signal classes require only a minor (although 

cumbersome) modification of the defining equations. 

L.l The Intersymbol Interference Problem 

A block diagram of the Intersymbol interference problem is 

given in Figure 21. One of two sources i = 1,2, with 

i 2 
corresponding one dimensional message waveforms {m produces 

the transmitted waveform at the n^h time. The message sequence 

is assumed statistically independent. This waveform is propagated 

through a linear time invariant channel which can be characterised 

by a linear channel transformation followed by additive noise. 

The linear channel transformation is defined 

t 
k=l 

an-kfl ®k (4.1) 

where the (a^)^ are unknown channel gains with ac the last non 

zero gain (c < » ), and is the nth signal resulting from the 

channel transformation. The index on the last non zero channel 

gain defines the channel memory as c - 1 bauds. The received 

signal Xn is given by 

Î Vk+l \ + nn 
k“l 

(4.2) 

where hn is assumed to be additive white Gaussian noise. 
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From the channel model given in (4*2), if c > 1 the sample 

sequence Is not statistically independent even though 

the original message sequence and additive noise were assumed 

to have this property. Because of the statistical dependence 

of the samples, the optimum decision procedure to determine 

which sourer od\ i * 1,2, produced m^ differs from approaches 

which assume statistical independence. For such an optimum 

procedure, all the energy from mn must be transmitted through 

the channel before a decision on m^ is made. As a consequence, 

there is a delay of at least c - 1 samples between when m 
n 

is transmitted, and when a decision is made on the source 

active at the n^*1 time. Hence, an optimum decision procedure 

requires ^ be available for processing. 

An optimum decision procedure thus has the liabilities of 

being an exponentially growing decision problem with an unlimited 

storage requirement. In this chapter we are interested in a more 

practical class of decision procedures which assume that at 

time j only the last v samples [Xk)^^v+1 are stored. The 

decision procedures being considered are those that when given 

^Vk-n-v+l» decide which class was active at time n - v# + 1 

where 1 < v* < v. Decision procedures used in several previous 

papers [24M26], [28], [32] and [33] are in this class, and it 

will be possible to compare their assumptions on v and v*. 

The unsupervised estimation algorithms defined in Section 4.3 

assume that the signal class (binary antipodal) and the value of 

c are known at the receiver. However, these parameters could 
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also be estimated using, for example, one of the unsupenrised 

estimation algorithms defined in Section 2.4. 

4.2 The Statistical Structure of the Senuenca Sam^u 

ip».. 
As described in the previous section, the sequence of 

the last V samples is to be used to discriminate 

between the events a1 active at time n - v* + 1, and a2 active 

at n - V* + 1. In this section the structure of the sequence 

sample space will be examined. The number and relative locations 

of modes will give the statistical objectives that estimation 

algorithms should be designed to achieve. An understanding of 

the mutual constraints on the locations of the modes will 

indicate an estimation strategy utilising this a priori knowledge, 

for which a decision directed type of estimator is particularly 

well suited. The discussion also includes the relative advantages 

of different decision procedures, and the definition of the 

suboptimum procedure used here. 

Define the v dimensional sequence vectors. 

(4.3) 

Prom the definition of (4.2), is a v dimensional Gaussian 

random variable with mean vector j^, and covariance matrix 
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2 
(a) I. Because of the finite channel mnozy of c - 1 bauds, 

there are only a finite number of unique vector values that 

can attain. To be nore precise, given any sequence of message 

events the channel transformation of into 

^ ((4.1)) can be expressed in matrix form, 

/ 
un 

Vi 

Wi 

\ Vi 
mn-l an-2 

^h-c+l 

n-c 

n-v “n-v-cH-S 

(4.4) 

Defining a (vxc) matrix Q with general term « ^mn4-2-i-j^ 

1 < I 1 < j < c, and a vector & » (a1,a2,...,ac)t, equation (4.4) 

can be wri ten, 

Hn = Q 5. (4.5) 

There are exactly 2 c^"v ^ unique matrices generated by 

the totality of message event sequences, and this number is not 

a function of n for n > c + v - 1. Hence, there are at most 

J < 2 unique vectors denoted (ü )^. The assumption is 

made in this chapter that there are no zero elements in Under 

these conditions, all 2C+V ^ vectors are unique.+ Since all 

k v J 
the u can be generated using the known {Q ), , matrices and 

+To show this, assume u1 = u2. This inmlies that Q1 a = Q2 a 
TO —• •• mm Sm 

or (Q - Q¿)a = ©. Hence, a lies in the null space of (Q1 - Q2). 

Since Q1 ¿ Q2 (by definition), the rank of (Q1 - Q2) is at least 

one. This implies that a has at least one zero, a contradiction. 
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the vector these matrices can be interpreted as containing 

k J 
the mutual constraints on the mode locations* The {Q 

matrices will be used in an unsupervised estimation algorithm 

that was found co perform very well for the intersymbol interference 

problem. 

L.2.1 Figures Illustrating the Mode Structure,. Because of 

the aero mean additive noise assumed in the channel model, around 

each there is a "cluster" or concentration of density mass. 

Figures 22-24 are presented to show the mode structure of the 

sequence sample space. These figures will be used in comparing 

different decision procedures in Subsection 4.2.2. All figures 

are for one dimensional equilikely antipodal transmitted signals, 

and the channel gains of a1 = .95 and a2 = .3 are typical for 

an RC channel with c = 2. 

As shown in Figure 22, the mixture density for v - 1 has 

four modes corresponding to the four possible message events 

at times (n - 1, n) that produce Xn. The message events 

corresponding to each mode are labeled on the figure. 

The case where both and X^ are available (v == 2) for 

decision making is illustrated in Figure 23. There are 8 

modes and the message event sequence at times (n - 2, n - 1, n) 

corresponding to each mode is enclosed in parenthesis. The 

center of each mode is one of the 2 = 8 unique u sequence 

vectors discussed previously. 

Finally, the case »diere v » 3 and are ava^lable 

for use in a decision procedure has the mode structure illustrated 

122 



in Figure 2U» Again each mode is labeled with the message 

event sequence at times (n - 3, n - 2, n - 1, n) corresponding 

to the particular mode. 

The underlying relationship between these plots is that 

Figures 22 and 23 could be generated from Figure 24 by taking 

the respective v < 3 dimensional projection onto (Xn) and 

(Xn 1,Xn) respectively. Similarly, a projection of Figure 23 

onto (X ) gives Figure 22. As the parameter v is taken 
n 

smaller, the message event sequences corresponding to the mode 

vectors in the original space are truncated. Clusters which 

were distinct in the original space, but whose truncated message 

event sequences are identical for the smaller v value, "collapse" 

into each other. Conversely, if v is increased by one, each 

mode in the original space forms two new modes in the higher 

dimensional space. 

Let v^ and v2 denote two sample sequence lengths with 

vx < v2 and v* < vr Also, let ^ K^k-n-v^ 

denote the message event sequences corresponding to the closest 

v, dimensional modes having m' = 1 and m/^^ « - 1. 

„v2-vl 
It should be noted from Figures 22-24 that the <. ,v2 

dimensional modes that can be generated from each of 

and y do not necessarily contain the closest pairs 

of v2 dimensional mode vectors with one having = ^ 

and the other m =-1. This implies that the interclass 
n—v*t1 

distance increases with increasing v, or equivalently, the 

probability of error is a monotone decreasing function of 

increasing v. 
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Figure 22. Mode Structure for ▼ *= 1, 0*2. 
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4.2.2 Decision Procedures and the Eatiaatlon Problem. The 

decision procedures discussed in this subsection will be compared 

using the v = 2, c = 2 mode structure plot of Figure 23. This is 

the simplest case which shows the distinctions between the various 

procedures. 

An optimum correlator approach+ assuming v = v* = 1 is a 

standard decision procedure used in communications. This wide¬ 

spread usage includes the intersymbol interference problem 

C24J, L26], [283-(.303, L323. The projection property of v * 2 

modes onto v - 1 modes discussed in the previous subsection can be 

used to relate an optimum correlator approach to the v = 2, c - 2 

plots. The optimum correlator decision boundary for binary 

antipodal signals is thus the line perpendicular to Xn_^ - 0 

(i.e the Xn axis as shown on Figure 25) for a decision on Xn_1, 

or the line perpendicular to Xn = 0 (i.e. the Xn_^ axis) for a 

decision on XR. Both, of course, are completely equivalent 

because of the symmetry of the v = 1 projections. 

The optimum correlator decision boundary shown in Figure 25 

goes unnecessarily close to the modes inav«2, cs2 space. 

Intuitively, a better decision boundary should avoid the modes 

as much as possible. The following expresses this intuitive 

k J 
concept mathematically. Denote the subset of (u having 

i K j/2 source u> active at timo n - v* + 1 by (u )^. The optimum 

decision procedure against the v and v* constraints is then to 

determine which index i maximizes 

+The optimum linear receiver for v = v* = 1 is refered to here as the 
optimum correlator. 
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(4.6) Í <*n 
k-1 

k 1 
where from the equilikely neeeage assumption P(ji ) “ j» ^ “ 1,2,..•,J, 

and f(^ lîà^) ia a V dimensional Gaussian density having mean vector 

and covariance matrix (o)2 I. This decision boundary is 

plotted along the axis in Figure 25 for the case (v * 2, v* « 2) 

where a decision on is to be made given Th® 

v* = 1 decision boundary has a shape similar to the v* =» 2 

boundary, but is oriented along the axis. By observing in 

Figure 25 that the modes corresponding to «¡* active at n - v* + 1 

are considerably farther away for v* = 2 than for v* * 1 from 

the modes corresponding to <u active at n - v* + 1, the probability 

of error for v* ■* 2 is less than or equal to the probability of 

error for v* = 1. Since c a 2, the conclusion can be made that 

the better decision procedure (v* «= 2) waits until all the energy 

is transmitted through the channel before making a decision. 

This conclusion parallels the unconstrained optimum decision 

procedure discussed in Section 4.1. However, the decision 

procedure for v » 2, v* ** 1 still performs better than the optimum 

correlator (v = 1, v* * 1) because of the decision boundary's 

avoidance of the modes. 

A decision procedure described by Aein and Hancock (253 uses 

a decision feedback scheme which combines some of the discrimination 

power of a higher dimensional sequence sample space, with the 

practical advantage of processing sample sequences in a lower 
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dimensional space. As discussed in Section 4.2, to each mode 

It 
vector u there corresponds a c -t- v - 1 dimensional message event 

vector which generates it ((4.4)), or corresponding to each 

possible is a message event sequence (Bn_v_c+2* * * * ^-^ 

“n-vfr+l^n-v*^’ * * * ,mn^ * ti®® n, decisions have already 

been made on t\tl , and in particular, on ' 

The decision feedback scheme makes a decision on mn using 

only those n whose corresponding message evert sequence matches 

Decision feedback then the decisions made on 

uses information on the last v -f c - 1 samples in a sequence 

sample space whose dimensionality is only v. 

Figure 26 shows the mode structure for the case v = v* «* c * 2 

when mn_2 * 1. The decision boundary for where the decision 

on mn_2 is correct is shown in Figure 26.a, and the decision 

boundary resulting from an incorrect decision on a^_2 is shown 

in Figure 26.b. The mode structure and decision boundaries 

are similar for n^_2 = -1. Given the a priori knowledge of the 

value of mn_2> the interclass distances in the sample sequence 

space (see Figure 26.b) are considerably greater than the 

interclass distances shown in Figure 25 without this knowledge. 

Of course the decision on mn_2 is not always correct, but if 

the effect of an incorrect decision is not too great, the decision 

feedback scheme offers a considerable improvement in performance. 

The effect of decision errors made on mn 2 can be easily 

computed for this particular case of v = v* = c = 2. Let Pe (m^] 

denote the probability of an incorrect decision on m. , P the 
^ ®CB 
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probability of «rror given a correct decision on a ., and n-¿ 
F‘ the probability of error given a wrong decision on a.. 

*WB ““2 
These last two quantities are the nasses on the wrong side 

of the respective decision boundaries in Figure 26.a and 26.b. 

P. tVll - (1 - P. tan-2l)P.CB + p. <^> 

Since Pe ■ Pe [n^^], then solving for Pe 

P 

Pe ^Vl1 “ 1 + P CB- P ^*8) 
®CB ®WB 

Since P nay be a factor of 100 or more acaller than an 
eCB 

equivalent decision procedure without decision feedback, P 
/ %B 

can be relatively large (i.e. almost one) and still have a 

significant improvement in performance. The disadvantage of 

decision feedback is that errors will tend to run in batches. 

For larger values ofv + c- l- v* (the mofcer of decisions 

being fed back), the errors on CBk)j¡^v^¡+2 

cancel the performance gained by taking subsets of the (ji*}. 

Perhaps the most important use of the decision feedback approach 

may be as a complexity reducing method allowing signal estimation 

and processing at higher values of c than currently practical. 

This discussion has indicated that a wide variety of 

decision procedures is available with varing degrees of complexity 
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and performance. For most problems of interest^, the underlying 

estimation problem Is to determine the locations of modes, and 

enough of the mapping between the modes and the message event 

sequences to be able to use the chosen decision procedure. 

Procedwes using a criterion such as (4.6) need knowledge 

k 1 
only of the mapping between the estimated u and the class u> 

active at n - V* + 1 (i.e. one element of the v + c - 1 element 

message event sequence). For example, given a set of estimated 

mode locations for av = v*=c=2 ease with a^ > |a2|, modes 

having a positive component corresponding to time n - v* + 1 

might be assigned to class q> and the rest to or. This, in fact, 

was done for the simulation of Algorithm 1 In Section 4.5. 

Other procedures, such as those using decision feedback, 

require knowledge of the entire message event sequence that 

k k 
corresponds to the estimated u . Letting û denote for now 

an estimate of £ , one impractical way to establish this mapping 

is to use the [Q ) matrices defined In Section 4.2. The method 

is to search through all possible assignments of the lQk) 

matrices to the (u ) vectors until the least squares criterion 

This is a reference to more general practical problems Involving 
multidimensions or multiclasses which are an extension of these 
concepts and results. 

Referlng back to Figure 25, for a1 > |a2| modes corresponding 
to ur active at n - v* + 1 always stays on the right side of 
the Xjj axis, and those corresponding to ur active are always 
on the left side. 
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f {[(«rj)V3)]'V^-f 
J=1 8=1 

jL# -, r vt , r v--l r .2 

I [(« ’) (« “)] « ’ ä8} 
(4.9) 

is mlninized where denotes the count of the ordering, 

and only j' < J of the |>Qk} matrices having linearly independent 

columns are used. Ifv<c, j' = Oof course. The message 

event sequences corresponding to the minimizing assignment of 

k k 
the ,{Q } are then assigned to the respective u vectors. The 

method is impractical because of the large number of orderings; 

however, a practical variation is to take two ¿ and apply 

the same approach. The right hand term in (4.9) is an estimate 
Y» 

of §.. Using the (Q ) matrices and (4.¡>) each mode is regenerated 

and the closest u is given the sequence assignment belonging 

rk 
to the generating Q matrix. This concept is closely related 

to Algorithm 2 defined below in Subsection 4.3.2. 

Decision directed estimators will be defined in Section 4.3 

k which will estimate the (u ) mode vectors. Hence, a decision 

equation is needed to relate the sample sequences ^ to the 

modes. The optimum constrained decision equation of (4*6) 

is inappropriate for use since it gives a decision on u>* directly. 

To provide the necessary sample assignments, the suboptimum 

decision equation 

|u ) “ < 

fOSn lkk)P(uk) > \^)?(^) all J k 

(4.10) 

elsewise 
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is used. The decision on which u>^ was active is determined by 
ik J/, 

which subset la contains the vector maximizing (4.10). 

Because most errors at reasonably high signal to noise ratios 

come from the closest from each class, the use of this 

suboptimum decision procedure does not degrade performance very 

severely in the present application. This decision boundary 

is illustrated in Figure 25. Curves will be presented in 

Section 4.4 showing that for v = v* = 2, this criterion gives 

much better performance than an optimum correlator. 

4.3 The Unsupervised Estimation Algorithms 

Algorithms from the general decision directed estimator 

class of Chapter 3 must be modified slightly »dien applied to 

the problem of intersymbol interference. The convergence proof 

of that chapter required statistical independence of the update 

vectors. This condition can be satisfied in the present application 

by updating only after every other r > max(v,c) sample bauds. 

Two algorithms suitable for the intersymbol interference problem 

are defined in this section. The first algorithm estimates the 

sequence sample space mode vectors (u ) directly using the 

decision equation of (4.10) to assign sample sequences to the 

modes. The mapping between the estimated mode vectora and the 

message event sequences is not specified, but two methods of 

obtaining the mapping were discussed in the last section. The 

second algorithm uses the a priori knowledge of the signal set 

to estimate the channel gain vector 4. Estimates of the {uk} 

1 

1 

I 

I 

134 » 



mode vectors are constructed using the lQk} matrices and equation (4.5). 

Because of this method of generating the mode vector estimates 

from the (Q ) matrices, the mapping between the estimated mode 

vectors and the message event sequences is known completely. 

In both algorithms, estimates of the mode vectors (uk) will be 

denoted {ujj}, and in Algorithm 2, the estimate of the channel 

gain vector 4 will be denoted by s^ for reasons that will be 

discussed later.* 

4.3.1 Direct Estimation of the Mode Vectors since 

only every 2r sample baud sequence is used in the algorithm, 

the estimation problem for samples with intersymbol interference 

is equivalent to detennining the mode locations in a conditionally 

independent, multimodal, multidimensional (if v > 1) sample 

space. This is the estimation problem that the algorithm class 

defined in the last chapter is supposed to be capable of solving. 

Using notation similar to that in Chapter 3, the estimator for 

the v-dimensional vectors {^J is defined: 

ALGORITHM 1. 

For 2rKN + 1 < n < 2rK(N + 1), 

^-(1- sXi + »I hr(m*) * - 1.2.K 

1 5 J < J (4.11) 

+The motivation for using this definition will be the 
to unknown message signal sets. extension 
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where 

^ + and K*' « K 

0 : elaewlee 

1 < j J (4.12) 

„„ (53] J à o. Th. decision procedure d(-1-) ueed in (4.12) 

», ¿.fined previously in (4.10). Th«, at B. - 

1 < 3 <■> (4.13) 

»diere 

or . > 0 

J and + 1 1 < 3 < J (4.14) 

0 : KJ " 0 

and ̂ 1-^ 

After the 

to sero. 

updating i. ccMpleted, th. K3 are reinitialised 

Th. nethod of obtaining th. «.«ting valu., is arbitrary, 

but obviously th. mors clusters found initially, th. ea.ier 

th. algorithm's 3ob. Unfortunately, the co«put.r sinulation 

„.ult. discussed in Section 4.5 show that this algorithm's 

performance 1. highly d.p«d«it « the starting value., a 

other words, it. «d. .«hing ability ta a multimctal spac. is 

poor uni... the algorithm i. started W the .«»ptotic «lution. 
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4.3.2 Implicit Egtiaation of the Mode Vectors la’*} Using 

the ftyh Hat ricas. As discussed in Section 4.2, the [Q^) 

matrices relate the mode vectors and the channel gain 

vector 4, 

ijJ =* qJ ^ j - 1,2,...,J (4.15) 

In order to map back to i from the laJ), it is necessaiy that 

[(qJ^ (qJ)]-1 exist for at least one value of j, 1 < J < J. 

This inverse exists only when has linearly independent 

columns. Hence, a necessary condition for an inverse to exist 

is V > c. In Algorithm 2, the estimated mode vectors ly¿} are 

generated from the (Q^) matrices and the estimated channel 

gain vector using (4.15). The decision equation defined 

in (4.10) assigns the sample sequence to 0119 of the 

lüjj) (denote the index by jk). The corresponding (QJ) matrix 

with index is then used to map the sample sequence into the 

channel gain space, and Sjj is updated if the mapping exists 

(i.e. if [(Q^)1 (Q^)]"1 exists). A decision on which 

caused m can be made without further computation since 
n-VH-l 

the entire c + v - 1 message sequence is chosen along with 

ALGORITHM 2. 

For 2rKN + 1 < n < 2rK(N + 1), 

^ = (! - + [(Q *) (Q k)j Q k ¾r(KN+k) 

k ■ 1,2,...,X (4.16) 
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where 

,-1 

i = [i?Í (^)1 

and K1 = K1 + 1 

0 : «Isewise 

< • 

(if.17) 

jk - index^ j d^r(KN+k)'4)} 

and 5q * 0. The decision procedure d(-|*) «®d ^ ^•18) 

defined previously in (/».10). Then, at n — 2rK^N + 

Sji+I * (1 - Pn+I^5« + •Wl ^ 

(4.18) 

(4.19) 

where 

Pn+i 
s ^ 

0 

K1 > 0 

^ ^N+l “ WN + 1 

K1 * 0 

8X1(1 Vl “ WN 

(4.20) 

After updating 1. c¡»plrt«l, K1 1. reinltialiaed t0 “«• 

Th. easiest «y to obtain a starting value ^ for Algorlthn 2 

(although th. method is not used In th. colter .Isolation) is to 

taka th. first t» suples and apply equation (1,.9) as discussed 

In Subsection 4.2.2. Algorithm 2 discard, a slaable fraction 

of th. sample sequence, becaus. they fall Into region, «hose 
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corresponding [(Q^)1 (QJk)] inverse natrix does not exist. 

However, samples used in updating give inTonaation about the 

mode structure of the entire sequence sample space. 

4.4 Asymptotic Probability of Error 

As discussed in Subsection 4.3.1, Algorithm 1 is equivalent to* 

an algorithm from the class of decision directed estimators 

proven to converge in Theorem 2. Hence, under the conditions of 

this theorem, Algorithm 1 converges with probability one and in 

mean square to a solution of 

= E[* I (4#21) 

where 

= fi : Ils - äü II2 < Hx - ¡¿II2, «U J )< k) (¿,.22) 

Also, each set of solution vectors {u^}^ to (4.21) gives a 

local minimum of 

J 

1 J Hx - I!2 h(x)dx (4.23) 
k=l S* 

While Algorithm 2 is not a member of the class of estimators 

proven to converge in Theorem 2, a minor modification of the 
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proof can be made so that it applies to Algorithm 2. Thus, under 

the conditions stated in Theorem 2, Algorithm 2 converges with 

probability one and in mean square to a solution of 

(4.24) 

J-l 

k k k t k «•! where only those 5» whose corresponding Q matrix has C(Q ) (Q )] < 

are used. Expanding (4.24)» 

s _ 
"• J# k 

I <£) 
J*1 

(4.25) 

Also, the components in the solution give a local mirrtmum of 

Í J . ll[(«kj)V3)]V3)% - 
g j 
- (4.26) 

The asymptotic probability of error for the case where v = 

V* = c » 2 was determined for Algorithm 1. The solution to (4.21) 

was found .sing an iterative technique [41]. Starting with an 

initial partition, the average value in each two dimensional 

region was calculated numerically. This defines a new partition 

and again the average values were calculated. The procedure 

is repeated until judged to have sufficently converged. 

This iterative method is the same as that used in Section 3.5 to 
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** 1 r* ■ 1 ni, i r.'V -y, i * riíif^ rMIlB.wkíifjoaiiiSítlhi* 

obtain the solution of the M = 2 implicit asymtotic equations. However, 

in contrast to the M * 2 case which required about ten iterations, 

the rate of convergence for this eight mode case was extremely slow. 

To speed up convergence, considerable computer interaction was 

necessary (i.e. guesses on (u^) were entered by keyboard). The effect 

of inaccuracies due to mnerical integration is impossible to determine. 

Comment : Evaluation of the average vector on each region 

of the partition as discussed above, is equivalent to 

letting K • in Algorithm 1. Since Algorithm 1 is 

essentially a stochastic approach to the iterative 

technique of finding a solution, if it takes several 

hundred iterations (each of which is equivalent to letting 

K = « in the algorithm) to obtain a solution, Algorithm 1 

with K < • may be expected to have difficulty converging. 

Similar slow convergence has been noted by Casey and 

Nagy [52) for their "batch processing" algorithm (where 

K = size of sample set, crk = 1 in (3.6)-(3.10)). 

The definition of signal to noise ratio used for the M = 2 

case in Chapter 3 was an extremely meaningful measure because it 

directly related the interclass distance and the noise in the 

probability of error expression. Unfortunately, nothing as 

meaningful is available for a multimodal sample space. The 

signal to noise ratio used here for the multimodal case is 

defined. 

SNRjm1 £ Total energy from the channelim1 was sent 

Average noise power 
i * 1,2 (4.27) 



For this chapter's assumptions of binary antipodal signals with 

values of ¿1, and zero mean additive noise, equation (4.27) 

reduces to 

(4.28) 

The y « V* c * 2 asymptotic probability of error using (4.10) of 

Algorithm 1 vs the signal to noise ratio is presented in Figures 27 

and 28 for channel gains a^ = .95, a2 * .31 and a^ * .87, a2 = .5 

(i.e. energy overlaps of 10 and 25 percent) respectively. Also, 

plotted or these figures are the probabilities of error of the 

optimum correlator and the suboptimum decision equation of (4.10). 

All results were obtained using numerical integration on the v = 2 

dimensional sequence sample space. The figures show that at higher 

SNR values where the modes tend to become separable, the asymptotic 

estimator is almost indistinguishable from the suboptimum decision 

a? 
equation. Also, as |—) 1, the optimum correlator performs worse 

al 
and worse compared to the suboptimum decision equation. At lower 

signal to noise ratios however, the mode estimators are highly 

biased. The relative locations of the asymptotic estimators (u^l 

and the mode vectors (uk) are presented in Figure 29 for a signal 

to noise ratio of 6 and a1 = .95, a2 = .31 (i.e. an energy overlap 

of 10 percent). The bias is very apparent in this figure. 

The asymptotic results also show that at low SNR values, an 

optimum correlator approach using the a priori knowledge about the 

signal set performs better than the algorithm. However, communications 
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Figure 27. Respective Probabilities of Error vs SNR for 
Binary Antipodal Signals With v = 2, c = 2, and 

Channel Gains ^ = .949, a2 = .316. 
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Figure 28. Respective Probabilities òf Error vs SNR for 
Binary Antipodal Signals With v « 2, c = 2, and 

Channel Gains a^^ » .866, a2 - .5. 
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systems are usually operated at significantly higher signal to 

noise ratios, and probabilities of error of 10"^ or 10“^ may be 

considered practically minimal performance. At these higher 

signal to noise ratios, the asymptotic estimator is almost as 

good as the suboptimum decision equation and offers a significant 

improvement in performance over an optimum correlator approach. 

4.5 Experimental Performance Results 

While Algorithms 1 and 2 have very strong asymptotic convergence 

properties, their actual use will involve processing a finite number 

of samples. Obviously, it is desirable that the algorithms converge 

rapidly for small sample sizes. To experimentally establish the 

two algorithms' dynamic convergence properties, computer simulations 

were performed for a case where (X ,,X ) was available to make a 
n—1 n 

decision on mn-^» the channel had a memory of one baud (i.e. v = 

V* = c = 2). The channel gains were a^ = .95, ^ ~ *31 corresponding 

to a ten percent energy overlap. 

The ultimate measure of performance of estimation systems such 

as these is the average probability of error. Although it was 

extremely time consuming, the probability of error was determined by 

numerically integrating the sequence sample space during the computer 

simulations. In the simulations of the two algorithms, twenty-five 

experiments were performed at each of the selected signal to noise 

ratios. For each of the twenty-five experiments the probability of 

error was calculated at several chosen values of N. The median of 

the twenty-five experiments is plotted on Figures 30 and 31. 
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Algorithm 1 was started for each experiment by taking the first 

eight independent sample sequences and selecting a subset. Note in 

Figure 23 that the four modes corresponding to <v active at n - 1 can 

be mapped onto the four modes for active at n - 1 by multiplying 

2 
the 'u active mode vectors by (-1). This idea is used in the deter¬ 

mination of starting values by testing the second component of each 

of the eight sample sequences, and if it is negative (i.e. falls into 

the '» active at n - 1 half of the plane) both components are 

multiplied by (-1). This procedure has the effect of mapping the 

the sample sequences into the '•> half of the plane. The four farthest 

apart were selected as the starting values and the other four 

estimated mode vectors {uî^)^ were defined u£ = , k = 5,6,7,8. 

On the average, this method of obtaining vectors appeared to find 

about five of the eight modes. 

The experimental average probability of error found for 

Algorithm 1 with K = 1 and = l/k is shown in Figure 30. Not 

indicated on the figure is the fact that after 250 sample sequence 

updates Algorithm 1 rarely found modes that it was not started near, 

and this problem did not improve as the signal to noise ratio was 

increased. Hence Algorithm 1 is only as good as its starting values, 

and its use is restricted to such estimation problems as tracking 

slowly varing statistics which have been initially found by seme 

other means (e.g. supervised starting). 

+This is.obviously utilising a correlation decision procedure on 
which ar was active at time n - 1. 
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t AlgPrlth“ 2 **" st4rt«l “»i«« the first sample with ^ & (||x !!_ 

o) . This initialisation is equivalent to assuming the initial 

estimated deeision boundary is that of an optimum correlator. The 

experimental average jrobability of error curve, will then show how 

performance improve, as the receiver evolves into it, asymptotic fom. 

n>e experimental average probability of error for Algorithm 2 

with K - 1 and vk = 1/¾ is shown in Figure 31. The algorithm 

convergence was extremely rapid and most of the twenty-five expert- 

ments were almost the same after 100 samples. 

Algorithm 2 can be interpreted as »leami*;« a mapping from 

the sequence sample space to the channel gain vector space. Every 

acceptable updating sample aequenc. from one particular cluster 

gives informatics) about all the other clusters. Thus, the rapid 

convergence. The only major weakness of the algorithm is that it 

doe, not accept a significant portion of the sequence sample space 

for updating purposes, and hence, does not utilise all the informa¬ 

tion that is available in the sample sequences. 

4.6 Extensions and Related Prnhipmt 

The formulation of the intersymbol interference problem in terms 

of a on. dimensional binary antipodal message set which was assumed 

known to the receiver, greatly simplified the presentation of this 

chapter. In this section, extensions to other message signal set 

assumption, and more general linear channel models are discussed. 

D“. to the excellent performance of Algorithm 2, the emphasis of the 

discussion is on obtaining mappings from the iuk] into either the 
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Channel gain vector space or a related space. The application of 

Algorithm 2 is then isnediate and »ill not be discussed further. 

Also presented in this section is a discuasion of t«o (roblas »hose 

statistical structure is closely related to that of the intersymbol 

interference probla. These t«o problems provide additional 

of ho» knowledge of the sample space mode structure can be used in 

obtaining a solution to an unaupervised estimation probla. 

itiLl Extensions. Processing in the presence of non-»hite 

noise and providing for delay in the Cwu»,.! are two obvious extasions 

to the probla formulât«! in Section 4.1. Th. Interpol interference 

receiver processes sample sequences in a vi dimensional sequence 

sample space. Suppose the conditional density of X given uk i, 

active has me« vector Yk and covariance matrix *k. The decision 

equation of (4.10) is then modified to 

(1 ' (4 - Yk)t (•k)*1 ()^ . Yk) 

< <4 - y¥ (»J)'1 (4 - YJ) all J ^ k 

Usas) 
S.0 : elsevrise 

If Y pi u for any k, the (C,k) matrices no longer contain the mutual 

constraints on the mode locations and Algorithm 2 no longer applies 

to the probla. A delay of 3 bauds can be included in the channel 

model by changing the channel transformation of (4.1) to 

u n 
k=l 

Vj-k -l ’"k (4.30) 
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A similar change in interpretation of the times of the message 

sequence events must be made, but the basic mode structure of the 

problem remains the same. It might be noted here that generally, if 

baud synchronization is maintained, the relative u^ and m^ count 

subscripts arc irrelavent to the processing of the samples. 

Methods of obtaining a mapping from the (u^) into the channel 

gain vector space or a similar space for different linear channel 

models and message signal assumptions are considered below. The 

results are for the multidimensional signal vector case (i > 1) with 

the message signal basis set of i functions assumed known to the 

receiver^. Denote the t dimensional message signal active at time 

n tqr 

"Vi " (%,!» mh,2»,,,»,nn,A^t 

and use similar notation for the l dimensional vectors u , X , 
n* n* 

and nft. Also, define the Í dimensional message signal vector 

corresponding to source u>* as 

i A / i,l i,2 i,£»t ,. 
m (m , m ,..,m ) (A.32) 

for i = 1,2,...,M, the kth indexed A dimensional channel output 

vector 

In this discussion all signals whose actual representations in the 
system are waveforms (e.g. mn,un) will be expressed in terms of a 
vector of coefficients of the known basis set. 
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(4.33) 
uk = (uk,1> uk,2,...,uk,l)t 

and finally the vi dimensional vectors 

fUn 

u = 
-n 

u h-1 

^n-vfiy 

X = 
-n 

/^X \ 

n-1 

n-v+1 

(4.34) 

This notation is a slight modification to multidimensional vectors 

of the notation defined in Section 4.1 and 4.2 for the one dimensional 

case. 

Case_l. A Convolutional Channel and Pulse Coded Modulation. 

The A dimensional v-baud channel transformation model under 

these assumptions can be expressed in matrix form, 

n,l 

u 

fm , m 0 
I n,2 m 

n-c-i-l,A 

h,A 

Jn-l,l 

u ,,. 
n-v+1, A/ 

m 
n»2 n,3 

m 
n-c,l 

( n-v+1,A n-v,l m 
n-v-c+l,A-l 

i‘x] 

cA 

(4.35) 

or defining the (vA x cA) matrix of message signal components 

and the cA dimensional vector of channel gains as a, 

as 

u = 0 a -n n - (4.36) 
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This is the same form as (4.5) "hich relates the u vectors to the 

vector of channel gains for the one dimensional message signa, case. 

If there are M message vectors, there are exactly unique Q 

matrices generated by the totality of message event sequences for 

i > 1, and MC+V~1 matrices for 4=1. 

If th. message signal vectors t«1)^ ^ iS2!îl 

the values can be substituted into the different Q1' matrices. This 

means the Q* are knoun and Algorithm 2 can be applied with no changes 

other than to the t dimensional baud space. The only additional 

difficulty of t > 1 is that the compitation of the (vl x vi) 

[(Q11)1 W1')!'1 Qk matrices will probably have roundoff error problems 

as 4 becomes large. 

If the message signal vectors are unknown to the receiver, a 

slightly different approach can be used to obtain the inverse mapping. 

Equation (4.35) can be re-express«! (»(■) is the indicator function), 

kUn-v+l,4/ 

f/m i 5(||m - m1!!) 
n,i n 

• 

IVv+l.l t(“Vv+l 

m . 5(llm - m jj) 
n,x n 

e 

Vvtl.i S(llVv+l 

- Vc+m ‘‘«W"11' 
. • 

^11)..-^-.+1,(-1 ,(K-v-c+i -m ^ 

•••Vc+1,4 6(',mn-c+l " m 
1 

■"2|l)..'vv-c+l,i-l i(llVv-c+l - m2!J) 
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+. •.+ 

\,1 S<IK * mM '*'mn-c+l,i ,(IK-o+l - "M 
• • • 

Vt+M * mM ^"'Vv-C+l.i-l t(|iv»-C+l - * i 

al 

& » cl 

(4.37) 

Expanding the k^h matrix in the above equation, 

mn,l 6(K * mk|l) -"n-c+1,1 S(IIVc+l * "“ID 
• • • 
• • • 

k|1' ^n-v-c+l.A-l 6^mn-v-c+l “ m ,■« » ^(nn1 n - n-v+1,4 VM n-v+1 ■ a cA/ 

6(!|mn - mk!| ) . • .«(!kn.c+1 - mkH ) 
• • • 
• • • 

6(K-vfl “ mkH)---^IIVv-c+l " rakM 

Í k,l m * 

vm k,A 

k,2 k,A \ 
m ' ...m 

k,2 k,3 k,l m * m * .,.m * 
• • 

• • 
• • 

k,l k,A-l 
m * ...m * 7 

a. 

acA; 

(4.38) 

Qn(mk)sk (4.39) 

iC where (m ) defined as the first matrix on the right side of the 

equal sign in (4.38) is a (vA x cA) matrix of zeros and ones, and 

s is the vector resulting from the mapping of the channel gain vector 

by the matrix of [mk*^] elements. Thus, in general, 
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J? 

<= (m^)8^ + 0^(111)8 (^(m )¿ 2\ 2 M\_M (4.40) 

X M 
As before for 1 > 1, there are only M7*6 unique ((^ (m (m )) 

matrix sets that satisfy (4.40)+. A mapping between the (uk) and 

the (s1) can be obtained by taking a sequence of the last j of the 

2k» 

u_ 

Vi 

iVj+ij 

Vx'"1) Vi'”2' -Vi(mH) 

ttn-J+l<ml)Qn-J+l(m2*• • -Qn-3+l(m \ 
•M 
s 

(4.41) 

Thus, we have been able to reduce the problem again to a set of 

k r ii 
known matrices which can be used to map the (u ) into the (s } 

vector space. Algorithm 2 will obviously have to be modified slightly 

to utilize the different form of the relationship between the (u } 

and the ts*). 

Case 2. Diagonal Channel Matrices and Arbitrary Signals 

The channel transformation model for these assumptions can be 

expressed. 

n 

un ” I An-k+l \ 
k=l 

(4.42) 

+For A = 1 and binary antipodal signals, (4.40) becomes Up - On (m^)m^a + 
(m^)m?a = Op (11¾ - Op (m2)^ = Qna. This is the same as (4.5). 
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where ^ is an (i x ¿) diagonal matrix of channel gains with (i,i)th 

element a^j y This channel transformation model implies that energy 

applied to one of the basis functions has no effect on the energy 

received on any of the others. An example of such a case is frequency 

shift keying (FSK) through a linear channel. Expanding (4.42), 

(n,l 

un,2 

\ 0 ...0 

ín,Í 
= j 0 a2...0 

• • • . • • 

m I r\ n,2 

. ! • • • I • 

^un,i V° 0 "'*1 "'nji 

e e e ^ 

/al(c-l)+l U 

! 0 ai(c-l)+2 
i 

VO 

••^'YVc+i.f, 
...0 
e e 

e e 

m n-c+1,2 

a. J 

n,l 
m. h,2 

m 
n,A 

m 
h-c+1,1 

m 
n-c+1,2 

m. 
n-c+1 

(4.43) 

Hence, u^ can be expressed, 
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’ 

íu 1 ! n>1 
‘i 0 n|2 

u 
n-v+1,I 

n,l 
0 

m 
n,2 

m 
M 

n-v+1,2 

m 
n-v-* 1, í 

m 
n-c+1,1 

m 
n-c+1,2 

)íai' 
1¾ ! 

m 
n-c4l,¿ 

m 
n-v-c+2,1 

m 
r-v-c'2,2 

m 
n-v-c-t2,1 * 

(4.44) 

:£) 

vfhich is the same form as (A.3f). Thus, the results in Case 1 can 

be applied to these assumptions except here there are Kc+V~* unique 

Q matri ces for all 0 < £ < . 

Case 3. Arbitrary Channel Matrices and Cipnals. 

The channel transformation equation utilizing these assumptions 

is 

f 

L A 
k=l 

n-k+1 \ (4.45) 
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where the {Ak} are unknown X x A matrices of channel gains. The 

structure of this problem will not allow the definition of a set of 

tQ J matrices so a direct approach is used. Equation (A.45) can 

be written. 

/m 

(u n ’*• Vv+l^ () i• 

Im V n- c+1 

i. .im , _ \ 
i J2“v41 
I 

* * i '"n-v+c-t-2. 

(4.46) 

If there are M message signals of dimension X, this gives vA equations 
2 

in cA unknown if the message signal set is known, and vA equations 
2 

in cA + MA is the signal set is unknown. In either case, the 

complexity of this approach indicates that this problem is not well 

suited to unsupervised estimation usinj; an algorithm such as* 

Algorithm 2. 

4.6,2 Related Problems. This subsection illustrates the use 

of a problem's mode structure in obtaining a solution. The underlying 

statistical structure of the two problems discussed — bandpass signals 

with unknown carrier phase, and unknown synchronization — is similar to 

that of the intersymbol interference problem. 

For the case where c = 1, (i.e. nc intersymbol interference) the 

minimum probability of error of any binary communications systsm 

can only be attained using antipodal signals or phase shift keying 

(?cK). The optimum detector for a PSK system requires complete 

knowledge of the received bandpass signals, including the phase of 

the R? waveform. Unfortunately in many practical applications, the 

received carrier phase is not known in advance to the receiver, and 
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phase coherent reception is not possible. This discussion will show 

that a standard approach (differential phase shift keying) for handling 

the unknown carrier phase problem is related to a special case of 

Algorithm 2 applied to unknown synchronization. 

One approach to obtain the unknown phase is to transmit a phase 

reference signal along with the message signal. However, this has 

the disadvantage for a fixed transmitter power output of reducing 

the energy in the message signal. A differential phase shift keying 

system (DPSK) implements the concept of a transmitted phase reference 

by using the last received signal as the reference [62], For high 

signal to noise ratios and slow drifts in RF phase, a DPSK system 

performs almost as well as an optimum coherent binary communications 

system using the same antipodal message set. Conventional DPSK 

systems require supervised stc"ting (the first transmitted signal is 

a phase reference) and special differential encoders and decoders. 

The signal tc noise ratio of the phase reference used by the 

receiver can be improved by utilizing a decision directed approach 

on past sample vectors. The phase reference is formed as a weighted 

sum: each term in the sum is a past sample multiplied by + 1 

depending on whether its decision is the same as the decision for 

the sample processed previous to the current observation. In [63] 

this approach with an exponential weighting on the last ten samples 

yielded a moderate improvement in performance over a one sample 

phase reference. 

Suppose the duration of one sample baud is T seconds and is 

known to the receiver, and for convenience, denote the times at 
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which the received bauds are assumed to start as kT, k = 0, +1,+2,.... 

If in addition to an unknown RF phase the exact arrival time of the 

received signals is not known (i.e. the bauds do not start at the 

times kT, k = 0,+1,+2,...), there are two signals active on the same 

CkT,(k + 1)T] times interval. Although there is no ov«*3ftp of the 

received signals, since there are two signals active on [kT, (k + l)T], 

the multlbaud mode structure for this unknown synchronization problem 

is the same as that for intersymbol interference with c = 2. We 

assume the finite signal basis function set used has the property 

that the norm of the received signal vector representation is relatively 

invariant (and nonzero) under RF carrier phase shift. If the mapping 

between this vector representation on [k, (k + 1)T] and the received 

signal waveform phase and time shift is continuous, a modification 

of Algorithm 2 can be used to track nonstationary phase shifts in 

the multibaud sequence sample space. For example, letting [0 < K < », 

ork = 1] in Algorithm 2, we obUin a "tracking mode" [23]. Another 

possible choice is to use [K = l,«k = € where 0 < € < l]; this gives 

an exponential weighting roughly similar to [63]. With such modifications 

the algorithm can follow small RF phase changes much the same way as a 

conventional DPSK system. However, the use of a multibaud sample space 

approach with v > 2 has the advantage that the cumulative effect of 

nonstationary changes can be determined and used to maintain synchro¬ 

nization. Also, if T is known well enougi and the phase shifts are 

small enough that the mode locations in the sequence sample space 

are quasi stationary relative to the convergence time of Algorithm 2, the 

multibaud sample space can be used to initially synchronize the receiver. 
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V. CONCLUSIONS 

S.l Swwnary and Conclualona 

In Chapter 2 the asymptotic properties of the Bayes estimator 

on a discretized parameter space were established. Such a 

direct application of the a posteriori approach is practical for 

one parameter problems such as ECM frequency detection and sonar 

target bearing estimation. Conditions were given for which the 

Bayes estimator is super efficient (i.e. mean square convergence 

faster than 0(i)). Asymptotically, the Bayes estimator maximizes 

a measure of infonnation T](B) à E[h(x|B)] for BO**1'. This was a 

worthwhile result in itself, but by noting the relationship between 

T)(B) defined on a finite B^, and T|(B) on a continuous space, a 

new optimization criterion was defined. The parameter vector BtfP' 

that maximizes T)(B) defines the minimum risk solution relative to 

the parametric family of densities assumed in tiP’. 

While 7)(B) is difficult to evaluate in general, it defines a 

regression surface whose maximum can be found using stochastic 

approximation algorithms. It may be possible to show that under 

reasonable conditions on the regression surface, the stochastic 

approximation algorithms based on the Keifer-Wolfowitz and Robbins- 

Munro procedures defined in Section 2.U converge and thus are 

asymptotically optimum. Unfortunately, gradient based stochastic 
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approximation algorithms such as these usually converge fairly 

slowly. In the present application, the algorithms must estimate 

multimodal sample space statistics. Since the parameter vectors 

move at only O(of^), the appearance of a new class after many samples 

have been processed will have only a slight effect on the estimated 

parameter vector. The basic problem is that these two algorithms 

do not take advantage of any separability in the sample space. 

The assumption that the true mixture can be expressed in terms 

of a separable Gaussian family led to an easily evaluated form 

of T1(B) in Section 2.5. An algorithm designed to maximize this 

form of 71(B) by performing the update that maximizes the estimate 

of 71(B) was defined in Subsection 2.5.2. It was interesting to 

note in Section 2.6 that the separable Gaussian 71(B) criterion could 

resolve mixtures with considerable overlap despite the violation 

of the separability assumption. Also, in this section contours 

of 71(B) for a two class Gaussian problem were evaluated numerically. 

The 71(B) contours for this problem were not ellipsoidal or any 

other cannon form indicating that an optimum recursive+ Bayes 

estimator for unsupervised estimation is unlikely to exist. 

A class of decision directed estimators was defined in Chapter 3 

unifying several previous papers. The algorithms have the same form 

as conventional stochastic approximation algorithms and were given 

the interpretation of stochastic approximation algorithms with 

j“; ^ the Mttaator at stage n 1. a know 
function of the estimators at stages n - 1, n - 2, 



random weights. The class of algorithms seek a minimum of a 

criterion derived from the separable Gaussian T)(B) criterion. 

Except for the case where P(«rk) * jj k = 1,2,...,M the criterion of 

this chapter yields a solution which is suboptimum. Also, as 

discussed in Chapter 3 the criterion can not be used to determine 

the value of M if this is unknown. The entire class of algorithms 

is proven to converge with probability one In Theorem 2. 

Three subclasses of M = 2 algorithms were defined: Subclass A— 

Pív1) i - 1,2 unknown to be estimated; Subclass B—P(y^) i * 1,2 

asstmied 1/2; Subclass C—P(o»i) i « 1,2 and on ordering on (y1 ,Y^)€(RA)2 

known. These algorithms were proven to converge in mean square and 

with probability one under considerably weaker conditions than nec¬ 

essary for the general M-ary case. The theoretical asymptotic 

probability of error of the three M * 2 algorithm subclasses were 

found by iteratively solving a set of implicit equations on a com¬ 

puter. The mean vector estimates are biased, and this bias ruined 

the moment estimator used for the unknown mixing parameter in 

Subclass A at lower signal to noise ratios. Subclass B performed 

well except near the extreme values of P(<i)^) equal to zero or one. 

The Increase in asymptotic probability of error for Subclass C algorithms 

over an optimum system with all parameters known is at least an 

order of magnitude less than the optimum probability of error. 

Experimental results showed that the two unknown mean cases of 

Subclasses A and B converged rapidly while the ON-OFF case was 

more sensitive to poor starting values. Convergence of Subclass C 

i 2 
algorithms would be slow because the CAjj regions would ignore 
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many 0f the Mxples. The effect of using weighting sequences ■ 

ms also investigated experimentally for a Subclass B algorithm. 

It was found that the value of c that minimiaed the probability of 

error was c « -.0 for the random starting method used. This has 

an interpretation of de-emphasizing the starting vectors and differs 

from results on conventional stochastic approximation algorithms 

where c > 0. 

A simulation of the M > 2 case was delayed until Chapter 4. 

As discussed previously, Algorithm 1 is a direct application of the 

algorithm class of Chapter 3 to the intersymbol interference problem. 

The simulation of Algorithm 1 for an eight mode sample space indicated 

convergence was extremely slow despite a high signal to noise ratio. 

Again, we have an algorithm that does not take advantage of the 

separable mode structure of the sample space, which in this case 

is assumed by the criterion the algorithm asymptotically minimizes. 

Unsupervised estimation algorithms were applied to the problem 

of intersymbol interference in Chapter 4. The chapter was developed 

in terms of the easily understood one dimensional binary antipodal 

signal set, with the signal set and the channel memory of c - 1 

bauds assumed known to the receiver. The use of the concepts for 

more general, multidimensional signal sets was delayed until the 

last section of Chapter 4 so as not to obscure the basic ideas. The 

mode structure of the multibaud sequence sample space was illustrated 

for c - 2, and the assumptions on v and v* in previous papers were 

compared. An examination of the mode structure yielded the (Q } 

matrices which contain the mutual mode location constraints. These 
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matrices were used in Algorithm 2 to map portions of the sequence 

sample space into the channel gain vector space. 

Two algorithms were defined in Chapter k. As mentioned above, 

Algorithm 1 directly estimated the 1 mode locations, while 

Algorithm 2 used the (Qk} matrices to estimate the channel gain 

vector thus implicitly estimating the mode locations. An estimator 

using decision feedback was contemplated, but since errors run in 

batches rather than more or less independently, a decision directed 

algorithm using decision feedback would probably converge very 

slowly compared to Algorithm 2. Supervised starting may provide 

tho good initial vectors such an approach needs, but the severe 

initial vector dependence makes the approach less interesting. 

The asymptotic probability of error of Algorithm 1 was evaluated 

by iteratively solving for the minimum of the decision directed 

estimator criterion. This required a numerical integration of the 

sequence sample space and a large number of iterations was necessary 

before the iterative technique converged. It was found that at 

low signal to noise ratios the bias of the estimators results in 

worse performance than an optimum correlator approach; however, 

the usual operation of such a communications system is at higher 

signal to noise ratios where in this case the asymptotic performance 

is almost the same as with all parameters known. The dynamic 

performance of Algorithms 1 and 2 was evaluated experimentally. 

The poor results for Algorithm 1 were discussed above; however, 

Algorithm 2 converged rapidly particularly for a multimodal sample 

space. In both simulation results a numerically evaluated probability 

of error was used as the measure of performance. 
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In Section 4.6 the concepts developed earlier in Chapter 4 were 

applied to more general message set assumptions and channel trans¬ 

formation models. Hie emphasis was on obtaining mappings from the 

{u*4} to the channel gain vector space or a similar space so that the 

highly successful Algorithm 2 could be applied. Also, in this section 

are brief discussions on two related problems — unknown bandpass 

signal carrier phase at the receiver, and unknown synchronization. 

5.2 Recommendations for Further Study 

A criterion T|(B) whose maximum on ^ defines the minimum risk 

solution was found in the report. Although seme properties of ^(B) 

were found in Chapter 2, little is known about the regression surface 

shape. Properties of T)(B) such as the effect of incorrect or 

simplifying a priori assumptions should be investigated more fully. 

In particular, the estimates resulting fYom an incorrect Gaussian 

mixture assumption should be determined. Since ^,(B) is difficult to 

evaluate in general, the work will probably have to be done numerically. 

Other assumptions on parametric families such as binomial, poisson, 

and exponential might also be investigated. 

Two algorithms based on the Keifer-Wolfowitz and Robbins-Munro 

procedures were defined in Chapter 2. The R-M based algorithm was 

presented more or less as an example of how the maximum likelihood- 

related stationary equations found in this chapter might be solved 

stochastically. Other approaches for stochastically solving the 

stationary equations should be examined. Formal convergence proofs 

for these two algorithms need to be constructed. 
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Under conditions sufficient for convergence these two stochastic 

gradient based algorithms will converge slowly for most problems 

because they lack the ability to rapidly adjust to the appearance of 

a new class in the sample sequence. Hence, they are highly initial 

value dependent. Asympotically, of course, the algorithms can resolve 

any mixture having the same parametric form. The clustering algorithm 

defined in Subsection 2.5.2 has a means of determining (i.e. a test on 

Ti(B) for a separable Gaussian family) whether a sample should be used 

to start the estimates of a new class. However, it has a limited 

ability to resolve mixtures with overlapping densities. A new 

unsupervised estimation algorithm combining the advantages of both 

approaches is needed. 

The decision directed estimators defined in Chapter 3 did not 

perform well for larger values of M (i.e. multimodal sample spaces). 

The algorithm defined in Subsection 2.5.2 can be considered a general¬ 

ized version of the decision directed estimators. It should be 

determined whether or not the algorithm converges. If the algorithm 

does converge, the dynamic performance should be evaluated and com¬ 

pared with the performance of other approaches. 

If T)(B) is multimodal, an approach not discussed in the report 

which may be useful is a random search on the stochastic surface of 

In Mx'B). The application of random search techniques to finding 

the maximum of T)(B) should be examined, and the dynamic performance 

of such a system should be evaluated. 
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In Chapter 4, the intersymbol interference problem was formulated 

in terms of a one dimensional binary antipodal signal set. The number 

of bauds of channel memory c - 1 and the signal set were assumed 

known to the receiver. For the case where v = v* = c = 2, the perform¬ 

ance of Algorithm 2 was evaluated experimentally and found to be very 

good for reasonable signal to noise ratios. A formal convergence 

proof for this algorithm should be constructed. It may be possible 

to prove convergence under weaker assumptions than stated in Theorem 2 

because much of the sample space is mapped back to a. Methods of 

extending the approach to Í > l,and other signal sets were discussed 

in Subsection 4.6.1. Performance for t > 1, other values of v, v*, 

and c, and other signal sets should also be determined experimentally. 

For a practical channel, an implementation of Algorithm 2 will 

have to deal with seme nonlinearities. The effect on the sequence 

sample space mode structure of nonlinearities in the channel trans¬ 

formation should be examined. Also, an actual test over a communication 

channel (for example, a telephone channel or satellite relay link) 

would be useful in indicating what parameter values and signaling 

sets may be practical. 
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APPENDIX A 

EVALUATION OF AN ABSOLUTE MOMENT BOUND 

In this appendix it will be shown that for s even 

e[| ¿ [In h(Xk|Bt) - In h(Xk|B*) + dj)9] 

k=l 

,s-l s/2 r3 + a“'-1- - IT ? 1 
Sn l-tfr.-ÂL l ‘V uAjJ 

i=0 j=0 

E[|ln h(x|B Jl1]1"*5 • E[|ln hUlB*)!1]^} (A.l) 

This inequality is used to obtain (2.20) in the Bayes mean square 

convergence proof of Section 2.2. Before proving (A.l), we first 

present two lemmas that will be useful. 

Let U be a zero mean random variable and define 

^ = E[|U|k1 

£ 
Lemma 1. If ^ Jk = s where 0 < Jk < s k = 1,2,...,r then 

VVV'V1» lsris <A‘2) 
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Proof: From the property of Lp spaces 

i/k ^ 1/t 
K - K 1 < k < t < • (A.3) 

or taking the k^*1 power of each side, 

^ k/t 

AprlyiniT this inequality r times gives 

(A4) 

Uil * U12 - U3 

r 

I l 4 
k=l 

r 
r1 

but since ^ jjç = s, (A.‘'J becomes 

k=l 

(A.5) 

(A.6) 

which proves the lemma. 

For the following lenrna, let {U. ) denote a sequence of 

statistically independent zero mean random variables 

Lemma 2. The number of products in 

/ A Ns f f ^ 
^ L uky ■ L L L ut, \ ut 
k=l t^l t2=l t3=l 1 ¿ 3 

s k^ 
r r 

¿ L 
Vo ^=° 

r* /3\f\\ (\-2\ 
* L UJs^y-Vk J 

t 1=0 1 ^ n-1 
n-1 
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•> 

I 

t 

_kl 
^ V • • • (A.7) 

for which 

s - 

ki-ki+1> l<i<n-2^1 (A-«) 

kn-l 

1» bounded by [-+a;’r-—1n,/2 for n > s and » even. 

Proof: Since none of the exponents in (A.7) can have value 

one and s is even, only 1 < r < s/2 exponents can be non zero at the 

same time. Denote these ordered non zero exponents by jpjg*• • • >Jr 

where ^ jd = s« T*16 number of products satisfying (A.8) can be 

1*1 1 
obtained by finding how many ways an ordered set of r exponents can 

be assigned to the ordered set of random variables and then 

multiplying by the number of ordered sets of r exponents for 

1 < r < s/2. 

The number of ways an ordered set of r non zero exponents can 

be assigned to the ordered Uk is (£). Note that for n > s/2, 

0 - (s/2) 1 £ r 5 ’/2 <‘-9> 

This is the essential bound as a function of the number of samples n. 

The second part of the bound is the number of ordered non 

zero exponents 1 ^ r - s/^ where / 1>1 = 1,2,...,r. 

Rather than evaluating this number, it is sufficient to obtain a 

bound on it by calculating all the ways the exponents 
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f f 
satisfy ^ Ji “ »• Now ^ Ji = s, 1 < < s, 1 < r < s defines 

an s - 1 dimensional simplex having s + 1 points on an edge. The 

number of points in the simplex [37] is 

s + I T^ïTT^ (5-k) S + 

r=2 

s 

l 
r=2 

s-lN 
r-l) 

- s + - 1 

= s + 2s"1 - 1 (A.10) 

Combining (A.9) and (A.10), the number of products satisfying 

(A.8) is bounded by 

+^-1 - <%) -< [^£^y/2 

which proves the lemna. 

Defining 

Uk = In h(Xk|Bt) - In hiXjB*) + dt 

U = In h(x|Bt) - In h(x|B*) + dt 

Then from Lemma 2 and the fact that is a zero mean random variable 

(implying that the expectation of all product terms having in 
k 

them are zero). 
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r f .«1 ra + 28-1 - ns/2 
ÍI I Uk ' i £ L-172! -f 

k^l 

and from Lanina 1, 

sup 

^2’* * *'^r 

1 < < 8 

I = 3 
i=l 

n E[|u|ji] 
i=i 

(A.11) 

\l ^kl8]^rL^^>S/2EL1U|Sl (A‘12) 
kpl 

All that roiains to be done is the evaluation of Er|U| ]. 

El|U|SJ = El|ln h(x|Bt) - In h(x|B*) + dt|a] 

“ t (i)(dt)S_Í h^X^Bt^ ’ ^ ^A*13^ 
iK) 

Using the relation 

ja - b| < jal + IbJ 

and the flinkowski inequality (see Rudin [34J, p. 62) 

El(|a| + |b|)k]1/l[ < (El|a|k])1/k + (E[|b|k])l/k 
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in equation (A. 13), it becomes 

E[|U|*] = ¿ ¿ (ÎXÎK)-1 (E[|ln l>(x|Bt)|1])1':1 

i=0 j=0 

*(E[|ln h(x|Bk)|i])^ (A.14) 

Combining (A.14) and (A.12), the required result of (A.l) is obtained. 
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APPENDIX B 

EVALUATION OF T)(B) FOR A GAUSSIAN MIXTURE 

USING A SERIES EXPANSION 

For the nonlinear regression approach to finding the maximum 

of T)(B) discussed in subsection 2.4.3» it vías necessary that 

the regression function 

T)(B;B*) = jln[h(x|B)3h(x|B*)dx (B.l) 

be an easily manipulated function of the parameter vectors B and 

B*. In this appendix we take the simple case where M = 2 and is 

known, and the parametric family lf(x|er) :or€Gj is composed of one 

dimensional Gaussian densities vdth mean values y, and common 

covariance (o) = 1. Since integ.-als of the form of (B.l) with 

M > 1 do not appear in standard integral tables, the approach 

attempted here is to expand the logarithm term into an infinite 

series, evaluate the integral, and then simplify into a closed 

form expression. 

Expanding the logarithm term, 

Z CD 2 y 
ln[¿ fixier1)?«*1)] « - £ (-1)^2 f(x|cri)P(eri)-l) 

i*l k=l i=l 

M
-1

 



« 

k*i j=0 i-1 

--lit 
k*l j=0 s=0 

•Lf(x|a2)P(a2)]8 (B.2) 

Substituting (B.2) into (B.l), and using the Gaussian density form, 

HO*B«) - J{- £ 7 t (-DX^XiplxIa1^1)]^ 
k=l J=C 3=0 

2 »kl 

= - 7 po/V " ^ 

I-l 

roí/v2\-is 

L 
1=1 

i. L L <•«’ s (sxi'/iSPj ¡m 
!c=l j=0 s=0 

/iw jexpr1/2l:(j s)(x - Y1)2 + s(x - Y2)2 + (x - Yr*)2]}dx 

(B.3) 

Taking the integral term from (B.3), 

Jexp{- l/2[(j - s)(x - Y1)2 + s(x - y2)2 + (x - Yr#)2])dx 

= 75tt JexPÍ" ^[(j + l)x2 - 2((j - sJy1 + sy2 + Y^Jx 

+ (j - s)(yL)2 + sÇy2)2 + (Yr*)2]}dx 
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- —^75 «Pt- l/2[- 3^ ((J - a)2 (y1)2 + .2(72)2 + (Y-)2 

+ 2s(j - a)(Y1)(Y2) + 2(3 - a)(Y1)(Yr*) + 

+ (3 - aXY1)2 + .(Y2)2 + (Y*-*)2]} (B.¡,) 

Since no significant simplification is apparent, the evaluation is 

terminated here. Thus, although an infinite series expansion of 

) was obtained, the attempt tc re-express this series as a 

closed form expression was unsuccessful. 



APPENDIX C 

TWO RESULTS USED IN THE PROOF OF THEOREM 2 

The following Martingale leona was proven by MacQueen [18]. 

Leona 3. Let r^rg,..., and be given sequences of 

random variables, and for each N - 1,2,..., let rN and t^ be 

measurable with respect to where Q^c... is a monotone 

increasing sequence of o - fields (belonging to the underlying 

probability space). Suppose each of the following conditions 

holds with probability one: 

(1) tN>0 

<2> 

(3) Str^ 1¾} < rN + ^ 

Then the sequences of random variables 

where s^ = 0 and s^ ■ï ^ - ElVi l°k’) 

,..., 
» N = 

and Sq,s^,..., 

1,2,..., both 

converge with probability one. 

The other result used in the proof of Theorem 2 is due to 

Dublns and Savage [47]* This result was also used by MacQueen 

in the converge proof of his M-ery case algorithm. 

THEOREM 3 

Let Up U^... be a real valued stochastic process. Let 

Ujj be the conditional expectation of given the past and (oN)' 
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the conditional variance of given the past. Suppose that for 

any N, ^ is finite with probability one. (No such assumption 

is needed for (oN) •) Let c, € be positive nunfcers. Then the 

probability that there is some N for which 

+ Ug + ••• Ujj) > € + + jig + ••• + pjj) + 

0((0^2 + (Oj)^ + ••• + (ajj)^) 

is less than l/(c + c€). This bound is sharp. 

The actual ‘form of this result used in MacQueen's proof and 

used in the proof of Theorem 2 here is 

ÍI J ‘‘k-* { 
k*»l k=l k*=l 

In Theorem 2, = for k ^ 1 and » 1. Also, E[l^ 1¾] * 

Btdj})2 = 1-(1- p(A¿))K +(1- Substituting 

this in (C.l) gives (3.28). 
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