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ABSTRACT

Part I of this report covers the problem of free and forced vibration
of a unidirectional, multifiber reinforced composite. A theoretical
investigation is conducted through the use cf the linear theory of elas-
ticity. For this case, the geometrical array of the representative element
consists of a circular, inner solid fiber cylinder bounded by and bonded
to a circular outer matrix shell. Composites of infinite, finite, and
semi-infinite lengths are treated. It is assumed that the deformation is
axisymmet-ical! and that the vibration is longitudinal. Characteristic
equations are established which ralate circular frequencies to axial wave
numbers of three cases of composite length. Solutions are obtained for
stresses and displacements of cumposites, of finite or semi~infinite
length, subjected to axial, piecewise~constant, or sinusoidal loadin; at
one end and different geometrical boundary conditions at the other.

Part II presents an approximate differential equation based on the Bernoulli
hypothesis of deformation. The solution of this equation is established for
steady and transient states of vibration in composites of both finite and
infinite length. Computation of the coefficients in the differential equa-
tion is performed by assuming symmetry of revoiution for the basic element
and also by using a hexcgonal fiber arrangement. Part III lists numerical

1 results based on the equations developed in Parts 1 and II. The appendixes
in this report give the computer programs used to perform the computations.
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PART 1
ANALYSIS QF FREE AND FORCED VIBRATION

OF A UNIDIRECTIONAL MULT1FIBER REINFORCED COMPOSITE
USING EQUATIONS OF THE THEORY OF ELASTICITY

INTRODUCTION AND SUMMARY

This portion of the program was concerned with the analytical investi-
gation of a unidirectional, multifiber reinforced composite subjected to
longitudinally forced vibration (dynamic loading at one end) and to free
vibration. The theory of elasticity was used for the case of axial sym-
metry. In this report, solutions to Navier's equations of motion are
expressed in the scalar and vector wave potentials associated with the
names of Helmholtz and Lamé. Double infinite series solutions for the
stresses and displacemenis of fiber and matrix in their general forms then
are established frcm these functions.

Ahmed [1]* studied the axisymmetric plane strain vibrations of a
thick-layered orthotropic cylindrical shells subjected to internal and
external pressures. In his analysis, the eigenmodes of the composite
shell in terms of the eigemmodes of the individual layers were determined.
Using linear theory, Armenakas [2] solved the problem of free vibration of
a single composite cylindrical shell of finite length. No numerical solu-
tions were given in his paper, however.

In this report, a hexagonal array of fibers in a matrix was assumed
for the sake of couvenience. The basic representative element considered
was a circular composite cylinder taker from the whole composite. Specif-
ically, it contained a circular irnner solid cylinder of one material
bounded by and bonded to a circular outer shell of another material. A
model of the element so defined was needed for this investigation. Three
different cases of composite length, infinite, finite, and semi-infinite,
were considered.

For free vibration, a characteristic equation (frequency equation)
which expresses the relationships between circular frequencies and axial
wave numbers have been found in the form of a 6 X 6 determinant, tran-
scendental equation. The frequency equations for the infinite and finite
cylinder are identical, except that in the latter case, the axial wave
numbers are determined by imposing boundary conditions at the ends. For a
semi-infinite element, the coefficients in the exponents of the exponential
functions in the axial direction in the frequency equation must be real and
positive in order to have vanishing stresses and displacements at infinity.

For forced vibration, the analysis centers on the problem of a compos-
ite of finite or semi-infinite length, under the axial, piecewise-constant

*Numbers in the bracket designate references at the end of the report.
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or sinusoidal loading at one end. The boundary geometry at the nonloading
end of the finite composite cylinder is either fixed or freely supported.
Solutions of stresses and displacements of fiber and matrix for the afore-
mentioned cases have heen obtained through the generalized Fourier secies
technique, which permits one to determine the eigenmodes of the composite
element, in terms of the eigenmodes of individual constituents. The con-
cept of quasi-orthogonality was initiated by Tittle and is now used in a
rigorous expansion of the boundary functions traversing two regions into a
series of nonorthogonal eigensets that arise from the solutions of the
potentiale in two different media. In other words, the eigenfunctions

are not orthogonal over the total interval in the radial direction, because
the condi%zions of the Sturm-Liouville problem are not satisfied. Specifi-
cally, the physical constants of the governing differential equations of
Lamé-Helmholtz potentials of & composite are different for each constituent.
Therefore, it is impossaible to represent a function across the boundary as
the expansions of such nuncrthogonal eigensets in the conventional way; for
example, by means of Fourier-Bessel or Dini-Bessel expansion. To this end,
orthogongl sets must be constructed from the juasi-orthogonal eigensetc by
the uze of orthogonality factors for each medium from the orthogonality
conditions.

In formulating and solving the problem, the following considerations
and assumptions prevail:

1. Both msaterials are elastic, isotropic, and homogeneous.
2. Body forces and dissipative forces are neglected.

3. Density as well as velocities of dilatational and distortional
waves in an infinite medium of both constituents are constants,

4. Only small displacements are considered; in other words, squares
and products of angles of rotation are negiigibly small in com-
parison with elongations and shears.

5. Deformation is axisymmetrical.

6. The vibration is longitudinal, nontorsicnal, and non-bending.
7. Dynamic buckling phenomena are not considered.

8. Applied force is independent of deformation.

9. Continuity of displacements and stresses at the fiber-matrix
interface is ensured.

ENERAL SOLUTIONS OF DISPLACEMENTS AND STRESSES IN TERMS OF
LAME -HELMHOLTZ POTENTIALS

In the absence of prescribed body forces, Navier's equation of motion
in linear elasticity for a homogeneous, isotropic medium is, in a general
coordinate system,

ik 1 [k .
8 Yy sk T I(-2y) [3 e * uk,j)],i & 1)
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where g

is the associated metric tensor, v 1is Poisson’'s ratio, G 1is

a Lamé constant, p 1s mass density of the material, and repeated indices

indicate summation.

In a cylirdrical coordinates (r.0,z) system,
ten in the following manrer: [15],[17),[27],[28])
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Equations (2) are often associated with the names of Pochhammer and Chree.

Based on the Helmholtz theorem, Lamé suggested that a general solution
to the differential equation (1) assumes the following form: (8],[9],(11},

_ .‘/ ii . ." jk
- g 10,1 + g ei_]k Lk,_] (5)

[20],(21],(25]

where 1i,j,k= 1,2,3; 1 is not summed in

and ngk » €1jk 1s the

permutation tensor, and L,, L, (1,2,3) are the displacement potentials,
which are called Lame-Helmholtz potentials in this report, such that

jk

L —1'“—'5'3 =
& 0, jk & At

(6)

pe




jk 1
B bk T @ e o
and
Li,g = 0 (8)
Here
X
¢ = (Zpi)\) (9
and

S
"

6\ %
(p) (10)

are the velocities of dilation and distortion waves, respective, in an
infinite medium, and ) 1is the Lamé constant [20]. Equations (6) and (7)
are scalar and vector wave equations, respectively. Written out in scalar
form in cylindrical coordinates, equation (5) becomes

(o My 13

U = 3% "%z TrIe

. 13 3 3

vV = + 5 = ok

Lo 13 13
w = ‘a—;-;a—+;-a?(r1.2) 1)

The strain tensor 1is expressed as

- 1 ; (12)

i3 7 2\ T

Its corresponding physical components of strain tensor, in gereral coordi-

nates, are
- -‘/ ii-‘/ ij
eij g g €y (13)
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v where 1,j are not summed. In cylindrical coordinates, the physical com-
ponents of strain tensor, derived from equations (12) and (13), are

du
o = 3y
_ou 13v
€2 = r+r39
dw
€aa = 3z
_ lfiduw ov v
©12 = 2\7T e+ r r
lau aw
as = 7|3z * 37
. o 1f3 19w
“223 = z(az+rae) (14)

Substituting equations (11) into equations (14) gives the strain in terms
o{ potentials in cylindrical coordinates:

aaLo 3212 13210 1 3L

@1 % 57 T3ez' rdres A 86
P[0 FLy L Ay Ay P,
©22 = Y\3r Tr3F 3z 0z ' r a8  orde
L, 1 PL
€30 = dz° -;3932-.-?31'32 (rlg)

1(2331(: 23%+331-1 A
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The dilatation e in cylindrical coordinates, then, is
° 7 ar°+?—5?'+r_"a_er+ az* =V

The rotation tensor is

- C l .
By = 2(“i,j “j,i)

Then the rotation vector in general coordinates is

where Qij are the physical components of rotation tensor defined by

_ -‘/ iiy ii &

where are not summed.

i,j

In cylindrical coordinates, equations (17) through (19) become

(15)

(16)

17

(18)

(19)
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From equations (11) and (20), we have
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In the case of a hamngenenue icotrapis medium the genoralized Hooke's
iaw which relates the physical components of stress tensor tc that of the
strain tensor in general coordinates assumes the following form:
= ij ¢.. 16

where gj4 1is the Euclidean metric tensor. The relationship between the
stress tensor and the Cauchy strain tensor has the same form as that given
in equation (22), since

iy = VgingJﬂi i (23

where Tjj 1is the stress tensor and 1i,j are not summed. Combining equa-
tions (15), (16), ard (22), we obtain the stress components, in terms of
Lanfe-Heinholtz potentials, in cylindrical coordinates as

¢y = WPl + Zb(ara "3z T orag ~ 2 o8
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In this analysis, the hexagonal array of fibers is assumed. A basic,
representative element, which is a composite cylinder taken from a composite
of infinite size, contains a continuous, circular inner solid cylinder of
fiber bounded by and bonded to an outer shell of matrix, the contour of
which is approximated by a circle. The geometry and coordinates system
for an elemental composite cylinder are depicted in Figure 1.

SOLUTIONS OF POTENTIALS IN THE CASE OF AXIALLY SYMMETRIC
DEFORMATION AND LONGITUDINAL VIBRATION

In the case of axially symmetric deformation and longitudinal vibration,
we have

Vo= G = C3 = i = (3 = O (25)

Therefore, when written ou+ in scalar form in cylindrical coordinates, equa-
tions (6) and (7) ba.cume
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Figure 1. Geometry and Coordinates System for a
Basic Representative Element Composite
of Finite Length. For a composite of
semi-infinite length, L = =
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(ara.‘-rar‘*'aza -cfar L,b, = O (26)

¥ 123 1.8 1 2°
— e = - =4+ . ==Lz =0 (27)
(ar2 P2 T gad)

o
The foregoing equations can be solved by the method of separation of the

variables.

Omitting the routing procedure, we arrive at the general product
solutions of equations (26) and (27) as follows.

For the case of infinite and finite length,

=) = 2 [Aias sin(%2) siny c{];':) + Azgp sin(8,2) Cos(mczlt) +
¥y <0 0

11 il -
AsgB cos(8y2z) sin{aycyt) + Aygg cos(32) coslay c; t)] Zo(umgr) +
1 11
[Aaas sin(8; z) sin(aicllt) + A‘as sin(8;2) cos(ucyt) +

/
Agyg cos(8y2z) sin(x c{lt) + Agqyg cos(8, 2) cos(alc}It)] wo‘ﬁla?")} +

®
- - 11 -
Z {[Alaz sin(ulaczlt) + ASQ,Z COS(LhO,Cl c)] Zo(ulo,r) +

by =0 >0

_ 11 - 11 =
[Aeaz sin(ulac1 t) + A4az ccs(ulacl t]] wo(l-la.cyr)} P

Aoz + Agp(logr)z + Agy + Agplogr (28)
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where 51013 and Ela are moduli of yy,g and W, , respectively, and

Mg = o1 -8B ., g = @ (29)

and Zo and Wo denote Bessel functions

Miap 1is real, or modified Bessel functions Iotmaer) and Kolﬁxasfl 3

respectively, when Hiyg 1s imaginary, and a, B, , are eigenvalues
which depend upon the boundary conditions in a given problem. In addition,

Jo(“’-gs) and Yo(“’-aB) when

I
I, = Z?o ;o ([Blas sin (Baz) sin(apcat) + By 31"(832)(:08(0,(:21%)4-
a2

II TI -
Bsop cos(822) sin(gycat) + &’GB cos(Bg 2) cos(a,cit)] Zx(%asf) +
11 . I1
[Bde sin(ezz) sin(azcat) + B‘HB sin(fa2z) cos(w,cyt) +

Bgo g cos(B;2) sin(aac];];':) + BeaB cos (Bgz) cos(a,c:It)] Wl(ﬁmer)) +

E [Bla,z sin(ﬁeacl:t) + Bayz cos(ﬁaaclalt)] Z1(L_’ear) +

Mz a=a3 >0

11,

[Baaz sin(ﬁzacat’ + Byyz cos(ﬁaacilt)]wl(iear)}+
Byo Tz + Byg r -z + Bog r + Bgg (30)
where L_JQQ,B and I, are the moduli of M3 8 and g, » respectively, and
Maas = % - B, Uy = % (1)

and 2y and W, denote Bessel functions J1‘U~20’8) and Yl(uaaer) respec-
tively when ;48 15 real, or modified Bessel functions Il‘gecrsr) and

Kl(fl?asr) respectively, when pgqeg 1s imaginary.

11
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In case of modes exited below their cut-off frequency, attenuated
waves exist which may be described by the following solution

For the case of semi-infinite length,

- ' z
Lol = Z Z ( Ksag e.-Elz sin(%c}%) + EQB e.‘Bx cos(x czlt)]
o h

oy 20 312

Jo(ulaar) + _X.aa etz sirt(a,_ c;ut) + K‘as e B2 -cos (@ ¢y t)]

oary + 2 { [ sl + e confand

My o=y >0

Jo(u,_ar) +[K°az sin‘mdcﬂ:) + Kzaz costulacﬁ:)] Yo(‘-"lar)} +

Aoz + Ao (logr) z + Ky + Ags (log r) (32)

and

Ig = E:( BSQB Bz sin(a,ciyt‘:) + Byqq o ez cos(aacilt)] c
Qg 20 ’

Y = I = -8, 11
Jx('ﬁaaﬁ‘) + [Beas e EE Sin(otac,];t) + Bgyg © B2 cos(otac‘?t)]
(]

Yl(UaaBr)) + Z [Esdz sin(uggcglt) + Fr;az cos(u.zac?l}:)]

Me o= >0

o) + (R sin o) + B cosfnsY] o aer]

— -— -1 - — -
Biorz + Bgor "z + Bggr + Bggr t

(33)
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where, in equations (32) aand (33),

and

U:aB - ﬂ? + E?

’ Mg = N (345

s Mgy = @3 (35)

In equations (28) through (35) the expressions are for the matrix. For
the fiber, we must:

1. Replace A;,q by Cyv6 (i =1,3,5,7)
Kigs by Ciys (i =35,7)
Biyg by Djvb (i=1,3,57)
Bigp by Dyys (i = 5,7) (36)
2. Then let Ajyg , By » Kipg » Bigs (i = 2,4,6,8) = 0 a7
so that we will have finite values of stresses and dis-

placements at r =

3. Replace

with

4. Replace

by

and set

to zero.

5. Replace

0

al»Bl:UIQIB’HIQ:0'2952:HQQS:UQQ)&1s82

y: 5 81, Hiys » M1y, 5 Y2 » b3 > Hays » May » 5J. ,Ez (38)

Alo ’ Aso
Clo ’ Cso

AQO:AGO

I1
€, » C2

1BlosBso
» Dio » Dso

’ B2o ’ BOO

by c}

I
C2

60

o)

:A103A50»310a
s Cilo » G0 » Dyo » Dgo

;Kao,Ago:Bzo :EOO

)

, respectively for the reinforcement

In equations (28) and (30), the finiteness of potentials, which in turn
are the finiteness of displacements and stresses, has been satisfied as
t approaches infinity.

13
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DOUBLE INFINITE SERIES SOLUTIONS OF DISPLACEMENTS AND STRESSES
(GENERAL FORM)

The solutions of displacements and stresses in the form of double in-
finite series are obtainable by substituting equations (28) and (30), or
equations (32) and (33), into equations (11) and (24). The expressions
obtained for the cases of infinite and finite length cylinders as well as
for semi-infinite length cylinders, are written out in Appendixes I and II,
respectively. These equations are the general solutions of the matrix.

For the fiber, the results are of the :ame form, but Ajyg , Bjy3 , Khys s

Bijap are replaced with Cipg , Dia8 , Enyg , and Djng , respectively,
when i =1,3,5,7 . Furthermore, Ajg , Bjsg , Ajng » Bigg are set equal

to zern when i = 2,4,6,8 for ail o's and B's . This is understood, as
stated in the preceding section, because the finite values of stresses and
displacements must be maintained at r = 0 . It must be mentioned here

that, for the case of infinite length composites, the displacements and
stresses must be finite as 2z approaches infinity; specifically, A«

and Bjy when i=1,2,3,4, &, and B 1in Appendix I must be set
to zero.

In Appendix I, all solutions for stresses and displacements are ex-
pressed in terms of Bessel functions or modified Bessel functions, depend-
ing on whether the u's are real or imaginary. A constant k is defined
as +1 whenever a Bessel function is used, or -1 whenever a modified Bessel
function is adopted. The range and functions to be used will be discussed
in the next section.

DOMAIN AND BOUNDARY CONDITICNWS

There are three kinds of geometry for composite length that must be
considered: finite, infinite, and semi-infinite length. The fiber arrav
within the composite is assumed to be hexagonal. Each basic, representative
element consists of a circular, cylindrical f[iber surrounded by a shell
matrix of circular section. The domains for these three cases are:

1. Finite length Composite (Fiber): 0 €r < a
0 €z <SL
0t g=> (39)
(Matrix): a €£r b
0z sL
0Sts» (40)
2. Infinite Length Composite (Fiber): 0O sr s a
-6 € zZ €S ™
0st <= (41)
(Matrix): a €£r £b
-0 § Z €™
0SSt €= (42)
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3. Semi-Infinite Length Composite (Fiber): 0 £ r € a #
0€z<™ %
0stsgo %3) t
(Matrix): a<r<b i
0<z<®» :
0stsm (44)

For each element, the condition of perfect bonding between fiber and matrix
and the compatibility conditions between basic representative elements must
also be imposed. In other words, displacements and stresses gjj are
continuous at the fiber-matrix interface, and all elements behave exactly
alike. Therefore, the boundary conditions of an elemen: at the lateral
surfaces ere:

1. At the interface,

uI (a,z,t) uII(a,z,t)

wI (a,z,t) wII(a,z,t)

IT
1 (a,z,t)

I
0,1 (a,z,t)

1 11
U13(8,Z,C) = Ulg(a,z,t_) (45)
2. At the outer surface,
uII(b,z,u) =
oilb,z,6) = 0 (46)

The boundary conditions (46) are assumed such that all
elements in an infinite region of composite vibrate
simultaneously at the same phase and without longitu-
dinal shear stresses between them.

3. All displacements and stresses should be finite as r
approaches zero and/or t terds to infinite.

In addition to the boundary conditions stated above, more conditions are
present for the different cases of vibration which will be considered here.

1. Case 1: Infinite and Finite Length, Free Vibration
a. For the case of infinite length cylinders, all stresses
and displacements should be finite as 2z approaches

infinity,

15




b.

For the case of finite length,

(1) At z =0 , fixed or free end,

DI 0wy = o oLi(,0,6) = 0
i s
I,II
W (r,0,5) = 0 ol (r,0,6) = 0
z 13

The fixed end boundary conditions should actually be

wI’II = 0 and uI’II = 0 . The reason Ffor using
I,I1
aua; (r,0,t) = 0 instead of uI’II(r,O,c) = (0 is

that this is a very good approximation if we want
to have a consistent solution.

(2) At z =1L, free end

eXi L) = 0
c}sll(ral"t) = 0

Case 2: Semi-Infinite Length With Free End

is fixed, and the other end, z =

a, At 2= 0,
o%gII(r,O,t) = 0
oid (r,0,t) = 0
b. All stresses and displacements should tend to zero as
z approaches infinity.
Case 3: Finite Length, Forced Vibration (One end, z = 0 ,

wise-constant or sinusoidal loading)

At z =0,
W 00 = 0
and
I,11
¥ (r,0,) = 0

16
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b. At Z’L,

a
T
2nf Oaa (r,L,t)] rdr +
)
b
C 11 P for u<t <T/2 i
2 f 033 (r,L,t) | rdr = or (51) 3
a ~P for -T/2 <t <0 ]
1
P sin(w,t) for t >0 ¢
n (52)
0 for t <0 :
and
o3, =0 (53)

where T is period and w, is the external exciting
frequency.

Case 4: Finite Length, Forced Vibration (One end, z = 0 , is
freely supported and the other end, z = L , is under axial
piecewise-constant or sinusoidal loading)

a., At z =0,

I
023 l(r,0,8) = 0

(54)
ois(r,0,6) = 0

a

2n f [U;}s (r,L,t)] rdr +
o
b
11 P for 0<t<T/2
2 Cas(r,L,t) ]| rdr = or (55)
J -

P for -T/2 <t <

17




(56)

{P sin(wet) for t > 0
0 fort <O

and

I} LT .
s (r,L,t) = 0 {57)

5. Case 5: Semi-Infinite Length, Forced Vibration (Axial Piece-
wise-censtant or s:nusoidal loading applied at z = 0)

211![ cga(r,o,t) rdr +
b ol

. -'I - fP Sor 0 €t € T/2 .
n ‘,ﬁ o3z (r,0,t) | rdr = ¢ ' or (58)

L-P for -T/2<t <0

P sin{w, t) for t >0
= (59)
0 for t <0

and

o3 (r,0,6) = 0 (60)

b. All stresses and displacements tend to zero as z approaches
infinity. )

CHARACTERISTIC EQUATION (FREQUENCY EQUATION) FOR THE CASES OF
INFINITE AND FINITE LENGTH COMPOSITES

The domain, boundary conditions, and solutions of displacements and
stresses are written in equations (39) through (42), (45) through (48) and
the conditions thereunder, and in Appendix I.

For perfect bond in order to satisfy equation (45), the wave numbers
along the axial direction and the circular frequencies of fiber and matrix
must be identical; in other words,

18




31 = Ba - 61 = 63 = B (61)

11 II I I
?me = 0gcg = 14 = Y = W (62)

Then equations (29) and (31) become

3 [ 3
2 _ (Y% - |2
Migg = (CEI) - & (Clu) -1} & (63)
. 4
w : l_(: s 1
o o .
u:ds = (?) = Ba = ('TI-) -1 Ba (64)
C3 Ca
Alco, B
2 [~ 2 7
Ca
Miyg = (t‘%) -8 = (:1) - 1| & (65)
1
w 2 i c 5 ]
2 o _ a)
Mayg = (—1) - B - (‘:I 1| & (66)
et} 2

where 8 is axial wave number, w, 1is circular frequency, and cy is
phase velocity.

Imposition of boundary conditions (45) and (46) onto equations (223)
through (225) and (228) in Appendix I yields six simultaneous, homogeneous,
algebraic equations. For a nontrivial solution of the amplitudes, the de-
terminant of their ccefficients is set equal to zero, resulting in the
following characterlistic equation:

|dij| =0 (67)

where J,j = 1...6 . This equation is written out in Appendix III to this
report.,

Equation (67) is a transcendental equation which relates circular
frequency wy to axial wave number B for composites of infinite and
finite length,

19
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As mentioned previously, all u's may be either real or imaginary,
depending on the circular frequency u, . Table I lists the range of
circular frequency wy , the v2lues of i's , and the appropriate Bessel
functions to be used in the expressions in which Bessel functions appear.

TABLE 1

RANGE OF CIRCULAR FREQUENCIES
AND APPROPRIATE BESSEL FUNCTIONS USED

Appropriate Functions Used
Range of w,y Values of u's for Different Ranges of
Circular Frequencies wg
1 .
4y >Bcy M1 y5 sHe v real J(ﬂly&ﬁ g J(ueYér) 0
11 4 ;
wgr>Bey M18sMaqg real s 457 ¥{it1q87) J(ﬂzaﬁ‘) ¥(ueqar)
1 1 s —
8¢, <Ue<Bey Miyg imaginary 1(u1v5r) 0 -- --
Ma<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>