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ABSTRACT 

Part I of this report covers the problem of free and forced vibration 
of a unidirectional, multifiber reinforced composite. A theoretical 
investigation is conducted through the use of the linear theory of elas- 
ticity. For this case, the geometrical array of the representative element 
consists of a circular, inner solid fiber cylinder bounded by and bonded 
to a circular outer matrix shell. Composites of infinite, finite, and 
semi-infinite lengths are treated.  It is assumed that the deformation is 
axisymraetrical and that the vibration is longitudinal. Characteristic 
equations are established which relate circular frequencies to axial wave 
numbers of three cases of composite length.  Solutions are obtained for 
stresses and displacements of composites, of finite or semi-infinite 
length, subjected to axial, piecewise-constant, or sinusoidal loading at 
one end and different geometrical boundary conditions at the other. 
Part II presents an approximate differential equation based on the Bernoulli 
hypothesis of deformation. The solution of this equation is established for 
steady and transient states of vibration in composites of both finite and 
infinite length. Computation of the coefficients in the differential equa- 
tion is performed by assuming symmetry of revolution for the basic element 
and also by using a hexagonal fiber arrangement. Part III lists numerical 
results based on the equations developed in Parts I and II.  The appendixes 
in this report give the computer programs used to perform the computations. 
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PART I 

ANALYSIS CF FREE AND FORCED VIBRATION 
OF A UNIDIRECTIONAL MULTIFIBER REINFORCED COMPOSITE 

USING EQUATIONS OF THE THEORY OF ELASTICITY 

INTRODUCTION AND SUMMARY 

This portion of the program was concerned with the analytical investi- 
gation of a unidirectional, multifiber reinforced composite subjected to 
longitudinally forced vibration (dynamic loading at one end) and to free 
vibration. The theory of elasticity was used for the case of axial sym- 
metry. In this report, solutions to Navier's equations of motion are 
expressed in the scalar and vector wave potentials associated with the 
names of Helmholtz and Lame. Double infinite series solutions for the 
stresses and displacements of fiber and matrix in their general forms then 
are established from these functions. 

Ahmed [1]* studied the axisymmetric plane strain vibrations of a 
thick-layered orthotropic cylindrical shells subjected to internal and 
external pressures. In his analysis, the eigenmodes of the composite 
shell in terms of the eigenmodes of the individual layers were determined. 
Using linear theory, Armenakas [2] solved the problem of free vibration of 
a single composite cylindrical shell of finite length. No numerical solu- 
tions were given in his paper, however. 

In this report, a hexagonal array of fibers in a matrix was assumed 
for the sake of convenience. The basic representative element considered 
was a circular composite cylinder taken from the whole composite. Specif- 
ically, it contained a circular inner solid cylinder of one material 
bounded by and bonded to a circular outer shell of another material, A 
model of the element so defined was needed for this investigation. Three 
different cases of composite length, infinite, finite, and semi-infinite, 
were considered. 

For free vibration, a characteristic equation (frequency equation) 
which expresses the relationships between circular frequencies and axial 
wave numbers have been found in the form of a 6 x 6 determinant, tran- 
scendental equation. The frequency equations for the infinite and finite 
cylinder are identical, except that in the latter case, the axial wave 
numbers are determined by imposing boundary conditions at the ends. For a 
semi-infinite element, the coefficients in the exponents of the exponential 
functions In the axial direction in the frequency equation must be real and 
positive in order to have vanishing stresses and displacements at infinity. 

For forced vibration, the analysis centers on the problem of a compos- 
ite of finite or semi-infinite length, under the axial, piecewise-constant 

^Numbers in the bracket designate references at the end of the report. 



or sinusoidal loading at one end. The boundary geometry at the nonloadlng 
end of the finite composite cylinder Is either fixed or freely supported. 
Solutions of stresses and displacements of fiber and matrix for the afore- 
mentioned cases have been obtained through the generalized Fourier series 
technique, which permits one to determine the elgenmodes of the composite 
element, in terms of the elgenmodes of individual constituents. The con- 
cept of quasl-orthogonality was initiated by Tittle and is now used in a 
rigorous expansion of the boundary functions traversing two regions into a 
series of nonorthogonal eigensets that arise from the solutions of the 
potentials in two different media. In other words, the eigenfunctions 
are not orthogonal over the total Interval in the radial direction, because 
the conditions of the Sturm-Liouvllle problem are not satisfied. Specifi- 
cally, the physical constants of the governing differential equations of 
Lame-Helmholtz potentials of a composite are different for each constituent. 
Therefore, it is impossible to represent a function across the boundary as 
the expansions of such noncrthogonal eigensets in the conventional way; for 
example, by means of Fourier-Bessel or Dini-Bessel expansion. To this end, 
orthogonal sets must be constructed from the quasi-orthogonal eigenseüs by 
the use of orthogonality factors for each medium from the orthogonality 
conditions. 

In formulating and solving the problem, the following considerations 
and assumptions prevail: 

1. Both materials are elastic, Isotropie, and homogeneous. 

2. Body forces and dissipative forces ate neglected. 

3. Density as well as velocities of dilatational and distortional 
waves in an infinite medium of both constituents are constants. 

4. Only small displacements are considered; in other words, squares 
and products of angles of rotation are negligibly small in com- 
parison with elongations and shears. 

5. Deformation is axisymmetrical. 

6. The vibration is longitudinal, nontorsional, and non-bending. 

7. Dynamic buckling phenomena are not considered. 

8. Applied force is independent of deformation. 

9. Continuity of displacements and stresses at the fiber-matrix 
interface is ensured. 

GENERAL SOLUTIONS OF DISPLACEMENTS AND STRESSES IN TERMS OF 
LAME-HELMHOLTZ POTENTIALS 

In the absence of prescribed body forces, Navier's equation of motion 
in linear elasticity for a homogeneous, Isotropie medium is, In a general 
coordinate system, 

g      Ui,jk+2ä fe-)[8Jk(uj,k 
+Vj)li Ä iüi (1) 



Ik where    gJ      is the associated metric tensor,    v    is Poisson's ratio,    G    is 
a Lame constant,    p    is mass density of the material, and repeated indices 
indicate summation. 

In a cylindrical coordinates  (r,9,z)  system, equation (1) can be writ- 
ten in the following manner:    [15],[17],[27],[28] 

„a       ,      1    fee      ^     i.M        P IJL 
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p aau 

1    /I Be  .    2   ÖV-     1_\ j 0e v   : p^ Q v 

o w 
n 2      ,.    1     ae P 0 w 

7 w +T^äT = 07? (2) 

where    u « Vg11  i^   ,  v = Vgaa  u,   , w = V^3  »19     and    Vs     is  the Laplacian 
operator, defined as 

aa , i a .  L l!_. _ai 
Br3  r Sr  r3 3^  3za 

and e is the dilation defined by 

1 ^(ru )   i öv   5w 
e = r  + - -r-r- + -r— (4) 

r  3r     r 39   öz 

Equations (2) are often associated with the names of Pochhammer and Chree. 

Based on the Helmholcz theorem, Lame suggested that a general solution 
to the differential equation (1) assumes the following form: [8],[9],[ll], 
[20],[21],[23] 

ii ,   . -^rik e 

ijk Ui =78  ^,i ^gJ  ^   Lk>j (5) 

where l,j,k- 1,2,3; 1 Is not sumned In yg   and  Vg^  , djk is the 
permutation tensor, and 1^ , 1^ (1,2,3) are the displacement potentials, 
which are called Lame-Helmholtz potentials in this report, such that 



jk ,       i.^1 

4 8   ^.ju " T-iT (7) 

and 

Here 

Lifi    » 0 (8) 

(9) 

and 

c, = m do) 

are the velocities of dilation and distortion waves, respective, in an 
infinite medium, and >  is the Lame constant [20]. Equations (6) and (7) 
are scalar and vector wave equations, respectively. Written out in scalar 
form in cylindrical coordinates, equation (5) becomes 

3L0      ^Lg       ^  31.3 
u  -    "T— - -r— + r-jr 

ör   dz   r 39 

1 öLQ  öLx  öLa 
v  - — -rr- + T— - -r— 

r r    oz    or 

bLo  -, öLx 

oz   r o9   r 3r  ^ 

The strain tensor is expressed as 

= 7 (u. . + u. .] (12) e..  = ^ 

Its corresponding physical components of strain tensor, in general coordi- 
nates, are 

e,. - V^V^Sj (13) 
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where    ijj    are not summed.    In cylindrical coordinates,   the physical com- 
ponents of strain tensor,  derived  from equations   (12)  and  (13),  are 
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Substituting equations (11) into equations (14) gives the strain in terms 
OL potentials in cylindrical coordinates: 
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The dilatation    e     in cylindrical coordinates,   then,   is 

The rotation tensor is 

Then the  rotation vector in general coordinates  is 

^k   "   I ekij «ij 

(15) 

^LQ       l ^       3    d%      0%        n2T nM 

^ = i(ui.i-ui.i) (17) 

(18) 

where Q^  are the physical components of rotation tensor defined by 

where  i,j  are not summed. 

In cylindrical coordinates, equations (17) through (19) become 

1 /av    i M ßl  =   " 2^ä7 " r aej 
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From equations  (11)  and   (20),  we have 

Oi 2 
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la;; which relates the physical components of stress tensor to that oZ  the 
strain tensor in general coordinates assumes the following form: 

a..  = Xg^ g^ Cij + 2G eij (22) 

wlierc g^j  is the Euclidean metric tensor. The relationship between the 
stress tennor and the Cauchy strain tensor has the same torm as that given 
in equation (22), since 

ffij = VgiiVgJ^ 'ii (23; 

where T^J  is the stress tensor and  i,j  are not summed.  Combining equa- 
tions (15), (16), ard (22), we obtain the stress components, in terms of 
Lanfe-Hei.nholtz potentials, in cylindrical coordinates as 
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In this analysis, the hexagonal array of fibers is assumed. A basic, 
representative element, which is a composite cylinder taken from a composite 
of infinite size, contains a continuous, circular inner solid cylinder of 
fiber bounded by and bonded to an outer shell of matrix, the contour of 
which is approximated by a circle.  The geometry and coordinates system 
for an elemental composite cylinder are depicted in Figure 1. 

SOLUTIONS OF POTENTIALS IN THE CASE OF AXIALLY SYMMETRIC 
DEFORMATION AND LONGITUDINAL VIBRATION 

In the case of axially symmetric deformation and longitudinal vibration, 
we have 

v  = cr19 = c:a3 = a  = Q3 = 0 (25) 

Therefore, when written o;.ir. xn scalar form in cylindrical coordinates, equa- 
tions (6) and (7) b^..Guie 



3,w,2 

Matrix Region 

Fiber Region 

Figure 1.  Geometry and Coordinates System for a 
Basic Representative Element Composite 
of Finite Length.  For a composite of 
semi-infinite length, L = w 



faa-    i a     aa     i  a3 \. n n,. 
li?-+7ä7+i7-cTi?-)Lo " 0 (26) 

(4+ii..i+4.ial)L8 .    o (27) 
\ör2    r ar    ra   a2

a   4 at2 y 

The foregoing equations can be solved by the method of separation of the 
variables. 

Omitting the routing procedure, we arrive at the general product 
solutions of equations (26) and (27) as follows. 

For the case of infinite and finite length, 

00 f ir^  f II II 
Si ]P 1^3 sin(qiz) sin^cjt) + Aa^g slnC^z) cos^c^) + 

AsaS cos(S12)   sin^cjt) + A^g cos (Si z)   cos(cr1clt)J     Z0jjl1(yc(rj + 

| Ag^g  sin(S1z)   sin((y1c1t) + A4ag  sin(3xz)   cos(Qr1c1t) + 

Ae^g cosC^z)   sin(C^ Gil) + Ag^g cosC^z)   cos(af1c1t)J       WolÜaS1) I 

m 

~ \ \^0(z sin(ülcvcl*)  + A3az  cos{üi^cit)    zo(uiar) + 

Y^z  sin^c^tj  + A^^z  ccsliJ^Citjl   W0|iIlc,rJV + 

A10Z + A30(logr)z + Ago  + AgQlogr (28) 
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where    ^^g    and    ^la    are moduli of   ^^g    and    ^^  ,  respectively,  and 

^laS    =   »i   - ß?      ,        Uicy    s    «I (29) 

and 20 and W0 denote Bessei functions    JO(^£YB)  and ^ol^as) when 

Uicvg is real, or modified Bessel functions    Mui^ß1") and Ko|Acy0r| » 

respectively, when Mi^g is imaginary, and 04,81» are eigenvalues 
which depend upon the boundary conditions in a given problem.  In addition. 

OP f «30 

S .   \   Z^,   (Kaß sin <ßaz) 8in(aacat] 
II. 

) + ^»ß sin(0az)cos(»9C8-)+ 

Bs^ß cosOaz) sin(aac8t) + B,^ coaifoz) cosCoaCst)!      MMiagH + 

r II .II 
(Bj,^  sin(ß82)  sin(Qr,Cat) + B4ryg  sin^z) cos^Cgt) + 

hau cos(^z)   sinCajCgt) + Bg^ß cos(ßaz)  cos(cyac^t)J   W^j^grJjU 

BlO    rz  +   B20    r^z  +   B50    r  +   Bto    r 
-1 (30) 

where    jjg^g    and    p2(y    are  the moduli of    JJ^Q    and    pg^  ,   respectively,   and 

..2   Q2 
U8a9  =  ^2 " ^    ,   U2(y  "  ^2 (31) 

and ^ and Wi denote Bessel functions •Jifk-teQ'ß) an^ ^i(M3(y9r) resPec" 
tively when li^g ic real, or modified Bessel functions Ii(i^cy3r) and 

^l (^3Q'Sr)  respectively, when Mao-g  is imaginary. 

11 



In case of modes exited below their cut-off frequency, attenuated 
waves exist which may be described by the following solution 

For the case of semi-infinite length, 

Lo 

00              I            00          y » 

L  \ S ([W e^2 sinC^cpt) + l,a% e'^ cosCOicJt)]   ' 

Jo{wicrßr) +[Ä6a3 e'^Z sinC^cJt) + A^g e'^Z cosfaxC^)]   ■ 

Yo(^crßr))> +           2^ \ [W sin(uiacit) + Äj^z 008(^0-1)     • 

Jo (uiar) +| Äsaz s^fuia0!*1) + ^cr2 C0S(Uicrci t)! Yo^ia17)! 

^QZ + AaoClogr) z + S^ + ASD(logr) (32) 

and 

Ji(iiaaßr) + [VvB e"^Z sinCorjcJt) + ^tfS e"8»2 cosCor^t)]   • 

Jl(M3ar)  +[B^Z sin(u8(yca^   + ^z cos^Ua^Cat]! Y^u^rJI + 

^Qtz + Bgor^z + B50r + B^r'1 (33) 
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where,   in equations  (32)  and   (33), 

liföB    "    *? + *?        '        ^1«    "    al (34) 

and 

73 
Maas   '   ** + £        »        Ma«   s   »a (35) 

In equations   (28)   through    (35)   the expressions  are  for the matrix.    For 
the  fiber,  we must: 

1.     Replace    A^g     by    C.yö     (i=  1,3,5,7) 

Km   by  CiY6   <* " 5>7) 

B^S     by    DiY6     (i =  1,3,5,7) 

B ß     by    DiY6     (i =  5,7) (36) icy 

2. Then  let A^g   ,   BiQ(0  ,  I^H   »  ^3   (i =  2,4,6,8)    =    0 (37) 

so  that we will have   finite  values  of  stresses  and dis- 
placements at  r =  0 

3. Replace    ^   ,   ßi   , Mlaß  1 Mia * «a   9   ^   , Mec^s  > Vzoi  *   &   >   % 

with Y:   , 6i   , UiY6   , MiY  ,  Yg   ,  ^s   » Mayo   » Usy  '  ~i   » ^2   (38) 

4. Replace    Al0   ,  AgQ   ,  B10   ,   BBQ   ,  A^   ,  Ago   ,  ^0   »  ^50 

by C10    >   C50    >    ^O    >    ^O    >    C10    »    C50    >    D10    »    D50    » 

and set AQO   >  *to   >  *2o   >  Beo » ^ao » ^0 » ^0 > B«o 

to zero. 

5. Replace ^ , 02  by Cj^ , ca , respectively for the reinforcement 

In equations (28) and (30), the finiteness of potentials, which in turn 
are the finiteness of displacements and stresses, has been satisfied as 
t approaches infinity. 
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DOUBLE INFINITE SERIES SOLUTIONS OF DISPLACE^CNTS AND STRESSES 
(GENERAL FORM) 

The solutions of displacements and stresses in the form of double in- 
finite series are obtainable by substituting equations (28) and (30), or 
equations (32) and (33), into equations (11) and (24). The expressions 
obtained for the cases of infinite and finite length cylinders as well as 
for semi-infinite length cylinders, are written out in Appendixes I and II, 
respectively. These equations are the general solutions of the matrix. 
For the fiber, the results are of the ;:ame form, but A^g , B^Q , A^g , 

^ß are replaced with C^g , D^g , C^g , and Diryg , respectively, 

when i = 1,3,5,7 . Furthermore, A^g , BiQ/3 , A^g , TJ^g are set equal 

to zero when i ■ 2,4,6,8 for all cr's and  ß's .  This is understood, as 
stated in the preceding section, because the finite values of stresses and 
displacements must be maintained at  r = 0 .  It must be mentioned here 
that, for the case of infinite length composites, the displacements and 
stresses must be finite as  z  approaches infinity; specifically,  ^iCV 
and  Bi(y when  i - 1,2,3,4 , i^0  and B10  in Appendix I must be set 
to zero. 

In Appendix I, all solutions for stresses and displacements are ex- 
pressed in terms of Bessel functions or modified Bessel functions, depend- 
ing on whether the ji's are real or imaginary. A constant k is defined 
as +1 whenever a Bessel function is used, or -1 whenever a modified Bessel 
function is adopted. The range and functions to be used will be discussed 
in the next section. 

DOMAIN AND BOUNDARY CONDITIONS 

There are three kinds of geometry for composite length that must be 
considered: finite, infinite, and semi-infinite length.  The fiber arrav 
within the composite is assumed to be hexagonal.  Each basic, representative 
element consists of a circular, cylindrical fiber surrounded by a shell 
matrix of circular section.  The domains for these three cases are: 

1.  Finite Length Composite       (Fiber):  0 ^ r ^ a 
0 ^ z i L 
0 £ t £ » (39) 

2.  Infinite Length Composite 

(Matrix): a £ r £ b 
0 £ z £ L 
0 £ t £ » 

(Fiber): 0 i r £ a 
-00 £ z £ » 

0 £ t £ « 

(Matrix): a £ r £ b 
„00 £ z £   00 

0 £ t i   00 

(40) 

(41) 

(42) 
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3. Ssmi-Infinite Length Composite (Fiber):  0 i r ^ a 
0 s: z ^ « 
0 ^ t ^ » (43) 

(Matrix): a ^ r ^ b 
0 < z ^ • 
0 ^ t ^ « (44) 

For each element, the condition of perfect bonding between fiber and matrix 
and the compatibility conditions between basic representative elements must 
also be imposed. In other words, displacements and stresses aij are 
continuous at the fiber-matrix interface, and all elements behave exactly 
alike. Therefore, the boundary conditions of an elemen at the lateral 
surfaces ere: 

1. At the interface, 

u (a,z,t) = u (a,z,t) 

w (a,z,t) = w (a,z,t) 

aii(a,z,t) = rii(a,z,t) 

ai3(a»z,t) " cri3(a,z,t) (45) 

2. At the outer surface, 

uII(b,z,l:) = 0 

ffiaCM.t) - 0 (46) 

The boundary conditions (46) are assumed such that all 
elements in an infinite region of composite vibrate 
simultaneously at the same phase and without longitu- 
dinal shear stresses between them. 

3. All displacements and stresses should be finite as r 
approaches zero and/or t tends to infinite. 

In addition to the boundary conditions stated above, more conditions are 
present for the different cases of vibration which will be considered here. 

1. Case 1:  Infinite and Finite Length, Free Vibration 

a.  For the case, of infinite length cylinders, all stresses 
and displacements should be finite as  z approaches 
Infinity. 
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b.    For Che case of finite length, 

(1)    At    z » 0  ,  fixed or free end, 

alill(r9Qtt)    -    0 

a1'11^^)    -    0 (47) 
13 

The fixed end boundary conditions should actually be 

w    "0 and u    ■ 0 . The reason ^or using 

> l*11 T TT 
2~ (r,0,t) - 0 instead of u 'J,J,(r,03t) - 0 is 

nZ 
that this is a very good approximation if we want 
to have a consistent solution. 

(2)    At    z ■ L  ,  free end 

^■iII(r,L,t)    «    0 

dfi^r.L.t)    =    0 (48) 

2. Case 2:  Semi-Infinite Length With Free End 

a. At z « 0 , 

^"(r^.t) = 0 (49) 

b. All stresses and displacements should tend to zero as 
z approaches infinity. 

3. Case 3: Finite Length, Forced Vibration (One end, z ■ 0 , 
is fixed, and the other end, z " L , is under axial piece- 
wise-constant or sinusoidal loading) 

a. At z « 0 , 

wI'II(r,0,t) = 0 

and ItII ? (50) 

*V-(r,0,t) . 0 
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b.    At    2 » L f 

a 

2n   l       aaaCr.Ljt)    rdr 

o 

b 
/r n "I TP   for J < t < T/; 

a33(r,L,t)J rdr     - < 
Up    for -T/2 < t < 

T/2 
or (51) 

T/2 < t < 0 

( 

P sin((Det) for t > 0 I 
(52) 

0    for t < 0 

and 

SiVV^t)    -•o (53) 

where    T    is period and    u)e    is  the external exciting 
frequency. 

4.    Case 4:    Finite Length,  Forced Vibration  (One end,  z = 0  ,   is 
freely supported and  the other end,  z = L  ,   is under axial 
piecewise-constant or  sinusoidal  loading) 

a.    At    z ^  0  , 

I  II (54> 
^xi     (r,0,t)    -    0 

b.     At    s = L  , 

a 
i 

2TT I a33(r,L,t)     rdr + 

/b 
" II     "|        f P  for 0 < t < T/2 
aa3(rJL,t) rdr  = t or  (55) 

L-p for -T/2 < t < 0 

-i 
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and 

f ?  sinCu^t) for t > 0 
<      e (56) 
V^ 0 for t < 0 

ax^^r.L.t) « 0 (57) 

5. Case 5: Semi-Infinite Length, Forced Vibration (Axial Piece- 
wise-constant or sinusoidal loading applied at z. « 0) 

a. At z = 0 , 

2TT I Lcy33(r,0,t)J rdr + 

/Dr -j     T       r P for 0 < t < T/2 
I a33(r,0,t) I rdr  « / or  (58) 

l -P for -T/2 < t < 0 

■( 

P sin(a)e t) for t > 0 
(59) 

0 for t < 0 

and 

oUll(*>0,t)    - 0 (60) 

b. All stressed and displacements tend to zero as z approaches 
infinity. 

CHARACTERISTIC EQUATION (FREQUENCY EQUATION) FOR THE GASES OF 
INFINITE AND FINITE LENGTH COMPOSITES 

The domain, boundary conditions, and solutions of displacementü and 
stresses are written in equations (39) through (42), (45) through (48) and 
the conditions thereunder, and in Appendix I. 

For perfect bond in order to satisfy equation (45), the wave numbers 
along the axial direction and the circular frequencies of fiber and matrix 
must be identical; in other words. 
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B,     -    ßfl h    "    6s 

II II ,     I I 

(61) 

(62) 

Then equations   (29)  and  (31)  become 

2 

aß (!f--(?) -1 f (63) 

Also, 

^a6 

^Y6 

UayS 

fef • - ■ te -1 s2 

(?): 

(l): 

- ft3 = (?) - 1 

- ß3 - 1 

(64) 

(65) 

(66) 

where 8  is axial wave number, üü^  is circular frequency, and CQ    is 
phase velocity. 

Imposition of boundary conditions (45) and (46) onto equations (223) 
through (225) and (228) in Appendix I yields six simultaneous, homogeneous, 
algebraic equations. For a nontrivial solution of the amplitudes, the de- 
terminant of their coefficients is set equal to zero, resulting in the 
following characteristic equation: 

'ij 0 (67) 

where  l,j = 1...6 . This equation is written out in Appendix III to this 
report. 

Equation (67) is a transcendental equation which relates circular 
frequency % to axial wave number g for composites of infinite and 
finite length. 

19 



As mentioned previously, all ^s may be either real or imaginary, 
depending on the circular frequency u^ . Table I lists the range of 
circular frequency ui^ , the values of u's , and the appropriate Bessel 
functions to be used in the expressions in which Bessel functions appear. 

TABU I 

RANGE OF CIRCULAR FREQUENCIES 
AND APPROPRIATE BESSEL FUNCTIONS USED 

Range of aa Values of u"s 
Appropriate Functions Used              j 

for Different    Ranges of 
Circular Frequencies   u^                 | 

a   1 
UxY6»MeY6 real 

Viia9»U8a9 real J(^cr8r) 

0 

YlWßr) 

j(u9Y6r) 0            1 

Y(^cy9r) 

Sca^i^ßc* 

9c2  <i<^<3c1 

UlY5   imaginary 

UsvS  real 

MicrB  iniaglnary 

vhaS real 

0 

K(üia9r) 

! J(MeY6r) 

j(M2cy^r) 

0 

Xa<9c2 

^<ec2 

^V6»M8V6   imaginary 

^iae»Ua^9  imaginary 

0 I(ö2v6r) 0              | 

In equations (249) through (254),  k is defined as before; In otl.er 
words. 

■c: 
whenever it is associated with J,Y 

whenever it is associated with  I,K 

In principle, characteristic equation (67) should be valid for both 
composites of infinite length and of finite length, of a large aspect 
ratio. For a free-free cylinder, Ihe stresses should vanish at both ends 
(z - 0,L); i.e., 

aaVV^t) 0 aaVV.Iot) - 0 (68) 
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With this in mind, after applying these boundary conditions (68) into 
equations (240) and (241) of Appendix I, we get 

I 

has   =    B4(y8    "    C8Y6    "    ^Yß    "    ^yS    "    D3Y6 

^ct      *    ^a ^      -    V      "    Gl' 

ßicr     "    ^a B3cr     a    B4cr     M    DiY     "    D3Y     '    0 

BlC BSC (69) 

and 

B(n)    «    T- 
nn 
L (70) 

where n = 1.2,3... . With the eigenvalues established through equation 
(70), we can find the exact values of circular frequency üü^ of a composite 
of finite length.  It must be stated that the conditions of the vanishing 
shear stresses at both ends are not satisfied; in other words, 

aiW^t) 7^ aii^r.L.t) ^ 0 

This is not important, however, since shear stress ai3  is always small at 
both ends and self-equilibrating, the shear stress along the outside lateral 

boundary vanishes: 

II 
a^OsZjt) = o 

CHARACTERISTIC EQUATION (FREQUENCY EQUATION) FOR THE CASE OF 
THE SEMI^INFIMITE LENGTH COMPOSITE 

In a similar manner, a system of six simultaneous, homogeneous algebraic 
equations is found by imposing boundary conditions (45) and (46) onto equa- 
tions (242) through (244) and (247) in Appendix II.  The vanishing of the 
determinant for the amplitude coefficients yields the frequency equation 
for the semi-infinite length composite, as follows: 

|di:)| = 0 (71) 

where i,j = 1...6 .  This equation is written out in Appendix IV. 
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Ic must be emphasized that equation (71) is very similar to equation 
(67); however, the physical meanings and mathematical results a£e different 
and should not be confused with each other. In equation (71), 9 is real 
and positive in all cases, but B in equation (67) has no such restriction 
and is the wave number in the axial direction for longitudinal vibration 
of the composite. Furthermcre, ja's in the previous case may be real or 
imaginary, depending on the range of frequency; on the other hand, (i's 
in the semi-infinitr rod are always real. In addition, equations (63) 
through (66) become 

1     '  + e2 (72) ^ia3 m 
.2 # m 

2 

(») 
pSa9    '      ^     +9= (73) 

2 

a        =    IZ3H     ± I-: 
M1V6    -      T       + 8 (74> 

2 
a 0) Uiv6    =    Hf       +  ß2 (75) 

SOLUTIONS FOR FINITE LENGTH COMPOSITE WITH ONE END (z = 0) FIXED 
AND THE OTHER (z = L) SUBJECTED TO AXIAL PIECEWISE-CONSTANT OR 
SINUSOIDAL LOADING 

Now let us solve a vibration problem of composite with one end fixed 
and the other end under piecewise-ccnstant loading. No initial condition 
is specified, since only steady-state solution is obtained.  In numerical 
calculation, period T as well as the magnitude of piecewise-constant 
loading P must be given. 

The Fourier expansion of a piecewise-constant function P (equation 
51) is 

4P   V^    1   •  2(2n-l)rTt n^ 

n=l,8,3,... 
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Combining equations  (50),   (51),(53),   (236),   (237),   (240),   (241), and (76)^ 

we get    (cTia1'11^^^)    -    o) 

hfcrt') + ^«e^11 + 2GI1)^ + k>11 idy 

Wo (Äa8r) - n.aB (2G11 ^ae 9) " 

zo (üa^r) - H,a|, (2G11 S,a9 e)  k W^üj^gr) j rdr + 

b 

2n 

a 

Zo(^Y6r)   - MBaöf2^ M2Y6  s)   * 

(uav6r) [rdr    cos(8L)   I 

x 

zn    Üav^    Kdr    cos(8L)   I (77) 

^^ (78) n T 

where    n =  1,2,3,...   ,  and  the  rest of  the coefficients   in  the expressions 
for  stresses  and displacements  are zeroes   (reference equations 262,   263, 
267,  and 269   in Appendix V).     Here  in equation  (77),    M's    and Q'S    are 
defined by equations   (266)   and   (270)   through   (276). 

In ord^r  to obtain  the  coefficients    Ag^g   ,   we  must employ  the  so- 
called quasi-orthogonality property [24]   of a function across multiple media. 
The eigenfunctions  in equation  (77)   are not  orthogonal  over  the total 
interval   in the  radial  direction,   because  the  conditions of  the Sturm- 
Liouville  problem are  violated,   in that  the  physical  constants  of  the 
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governing differential equations of a composite are differert for each con- 
stituent. Therefore, it is not possible to represent a function as the 
expansions of such nonorthogonal eigensets in the ordinary sense, such as 
Fourier-Bessel or Dini-Bessel expansion. 

In general, the Fourier coefficients Fp of a function Q(r)  for a 
multiple M-layer composite can be determined" by 

m-l rmi 

M       rmrt ^ mo 

'npl   rmi 

dr 

where Xm ^s defined as 

(79) 

liFl   c^P rmi 

(80) 

where M is the number of layers and the mth region is rmi < r <  rmo. 
Equation (80) is the condition of the quasi-orthogonality and R - eigen- 
function corresponding to homogeneous boundary conditions of the type 
considered in the problem. 

For the present problem, the coefficients *saQ    of equation (77) may 
be represented in the following form: 

Ag^g cos(9L) = 9" + 

^  Üiysl Zo (iIiY6r) " ^9 (2GI Sayö 9) ' 

o(Äy6')}^JrdrJ+|^(-J_). 

bp        b 

/        J     {[(x11 + 2G11)   92 + kX11 U^B]  Zo(üic,9r) + 2TT 
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+ »^[(x11 + 2G")  8» + kX11 S«B] "o (^»8') * 

*«e ( 2Gl1 Ä*e ß) zo (Ü8«8r) - 

Hi»?  ( ZG11 Ätf8 e)k wo( ÄaBr)j üA tiriU 

f a ar 
X? y [ 2iT / k^Ffx1 + 2G1) fi? + kX1 ä!Y6] Zo(fflY6r) 

^»e (2GI Ays P) zo(^IaY6r)',d,'!]  rdr + 

b b 

^nj H(x" + 2G") B3 + kX" ü!a8J Zo(äla8r) W^ + 

iW- 

^^[(x11 + 2G11) 8* + kX11 iaJ Wolu^gr) rtt» - 

%S ( 2GI1 ^8 s) zo (üiaS^ «'dr' - 
3 

^«s (2G11 M8(ye e) w0 (M.ä8')^J I rdr| (81) 

where Xl  and X2  are defined in equations 280 in Appendix V. 

With Ag^g found by equation (81) and with the eigenvalues obtained 
from equations (248) through (254), we can get A^g . B,-,.^ , C€  ^   9  Dl ^ 

from equations (270) through (276) and then obtain displacementf, and 
stresses of the composite from equations (236) through (241). This com- 
pletes the solutions for composites of finite length with one end (z m  0) 
fixed and the other end (2 ■ L) subjected to axial plecewise-constant 
loading. Detailed procedures aie written out In Appendix V, 
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If the composite is under sinusoidal loading P si~>((Uet) at z = L , 
the problem is much easier to solve. From equations (52) and (240), wc 
have the following: 

/ llv"+ 2GI1) ß3 + kxI1 ^1 ^ t11*81) * 
^[(x11 + 2G11) S3 + kX11 ü[J  W0 (fIlaBr)  - 

M,( 2GIISi  e) kW0(M9(y8r)}rdr + 

2Tt f j ^[(x1 + 2G1) ^ + kX1 iyA Z0[ ülY6r)  - 

a -   Uü^ 

(82) 

(83) 

and the other coeffLcients vanish.  In equation (82),  M's and li's are 
defined in equations (266) and (270) through (276).  It should be mentioned 
that all of the subscripts associated with this case should be dropped, 
since summation is not performed in this problem. Also, it should be noted 
that, for a composite under longitudinal loading of simple harmonic force, 
the Fourier series expansion and the quasi-orthogonality technique of the 
function are not used. 

Ag in equation (82) can be determined by the integration of both sides. 
Therefore, other coefficients of solutions under Appendix I can be found 
from equation (270). 
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SOLUTIONS FOR FINITE LENGTH COMPOSITES WITH ONE END (z - 0) | 
FREELY SUPPORTED AND THE OTHER (z - L) SUBJECTED TO AXIAL I 
PIECEWISE-OONSTANT OR SINUSOIDAL LOADING f 

From the following equation, I 

P = 2TT [ ffa) 2.L rdr+/W) 2,L **A      w) 

and proceeding in the same manner delineated in the previous section, we 
can obtain the expression for the coefficient A^o in the case of a 
composite placed under piecewise loading. 

hat «in(0L) - - — 

2TT *f\f\ ^«9 [{xI + 2GI
) ^ + kxI Ä?6] zo( Zxyl)    + 

(x11 + 2G") e* + k, n -^J  2o (aa8r) 

Hae  [(MI + 2G")   8= + k>.n Ä»9J   W0(Äa8r)   + 

"'«S (2GI1 ÄaS S)  Z0 (^a9r) + 

^»8 (2GI1 ^«8 B) k Wo( Msasr) j rdr'J rdr |     T 

^/   l ^ / |M9*e[(Xl + 2Gl) ^ + k?I ^Y*] Zo(ÄvSr) r'dr' + 
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Ä0ff8  (
2GIM9V6  8)   20(^Y6r)^'       1 

2 

rdr + 

J>f.        b 

M'ffS (2GI1 Maas 3) zo( ÄaB') M + 

s 

%6 (2Gl1 M^B 3) Wo(^8r) ^ j 1 rdrjl (85) 

where    Xs    an^    X4    are defined by equation   (299). 

With    A^g     found  by equation     (85)   and with   the  eigenvalues  obtained 
from equations   (248)  through  (254),  we can obtain    Ag^n   ,   B5Q/Q  ,   B6Q,Q   , 
CiV6   »  ®5yb     ^rom equations   (289)  through   (295),   and  then obtain  the 
stresses  and displacements of  the composite  from equations   (236)   through 
(241).    This completes the solutions for composites of finite  length with 
one end  (z ■ 0)  freely supported and  the other  (z - L)   subjected  to axial 
piecewise-constant loading.    Detailed procedures are written out in 
Appendix VI. 

For the case of a composite cylinder element  subjected to sinusoidal 
loading    P  sin  (vi;et), we have 

i%    =    üüe (86) 

P    «     " AJ ^ /  ([[X11 + 2G11)   92 + k>n ia%    Zo(ulcyfirj| + 

M.   (2GlI Iaa3s)  Zo([r8cy9r)+ ^{iG™ D^fl) k W0{ü8c,Br)| rdr 
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-    2TT f\*,  [(X1 + K1)? + l^1 iye]  Zofüx^r) 

^(aol Ü^BjZofiü^rUrdri (87) 

where M's are defined in equation (289), with the subscripts dropped. 
Once the other coefficients are obtained, we can then calculate stresses 
and displacements from equations (236) through (241) without the need to 
perform a double summation. 

SOLUTIONS FOR SEMI-INFINITE LENGTH COMPOSITES WITH THE END z « 0 
UNDER AXIAL PIECEWISE-CONSTANT OR SINUSOIDAL LOADING 

Combining boundary conditions (58), (45), and (46) with equations 
(242) through (244) and (247), together with £he use of generalized 
Fourier series techniques, the coefficients Ag^g can be found as 
follows; 

Ss crö 

,(^iv6r)  " ^ae (2GI ^Y«1) Jo(^Y6r)jr'<,r]r'ir| + 

(* (ir) 4[! {¥l + 2Gll)f ■xI1 **] • 
Jo(^ap) + ^»B^11 + 2Cll)l   - X11 ufj   • 

Yo(^a9r)   " ^ce (2Gl1 ^«S1 )   ' 

Jo(^asr) - %e (2GI1 ^asF) Yo(^08r) j r'dr'] rdr| 
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^ uÜ 

.^j^rjdr  - Utas {2GI *ay(>*) Jo(u'»Y6r)| d,f I   rdr + 

IX11 + 2G11 Iff - ^II u?a8] uia8    ' 

Jo(lh«Br)   **' + ^^[(x" + 2G")F - >" ulae]  • 

Yo(^aBr)   dr' - ^«P f2Gl1 uaae?)  • 

Jo(^a8r)   «"'-H.^  (2GIIu!!^)   V0(u2aBr)] dr'l   dr| (88) 

where "^  and ^  are defined by equation (314). 

With A5 Q  found by equation (88) and the eigenvalues obtained from 
equations (255/ through (260), we can get ^6^9 , %^   , leQ,Q , Tf5y5 , and 
05^5 , from equations (304) through (310) and then obtain the solutions 
of the stresses and displacements of the composite from equations (242) 
through (247).  This completes the solutions for composites of semi-infinite 
length with the end a ■ 0 subjected to axial piecewise-constant loading. 
Detailed procedures and solutions are written out in Appendix VII. 

For a composite of semi-infinite length with the end z - 0 subjected 
to sinusoidal loading, we have, by applying boundary conditions (56) in 
equation (246), 

p - -^w1+2GII)F ->I1 ^B] 'OM + 

M2GI1 ^afi) JoKa8r) - 

^   (2Gn ^«8^) Yo(^a8r)j 

\     . 

rdr + 
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,:.^?S#3i*^ 

~   2TT, /jiV [(X1 + 2G1)?  - X^v6] J0(ulY6r)  - 

MB  (2GI^Y6^)    Jo(^Y6r)}rdr| (89) 

where M's and ^'s are determined by equations (301) and (304) through 
(310). As was done in the previous section, Ag can be found by integrat- 
ing both ends ^from r = 0 to r « b . The other coefficients, ^e > B6 , 
Bg , Cg , and D5 , are then obtained from equations (304). The solutions 
of the stresses and displacements are therefore obtainable from Appendix IX. 

CONCLUSIONS AND DISCUSSION 

Frequency equations which relate circular frequencies and axial wave 
numbers have been established for the cases of infinite and finite, and 
semi-infinite length composites (reference Appendixes III and IV). For 
longitudinal forced vibration, the solutions of stresses and displacements 
have been obtained for composites of the following types: 

1. Finite length cylinder with one end (z • 0) fixed and the 
other end (z - L) under axial piecewise-constant or sinu- 
soidal loading. 

2. Finite length cylinder with one end (z ■ 0) freely supported 
and the other (z « L) under axial piecewise-constant or 
sinusoidal loading. 

3. Semi-infinite length composite with the end z = 0 under 
axial piecewise constant or sinusoidal loading. 

Tnese solutions are given in Appendixes V, VI, and VII, together with 
Appendixes I and II. 

In obtaining the steady state solution of forced vibration, the gen- 
eralized Fourier series technique was used instead of transforms or Green 
functions. The method devised for this program is much simpler than these 
techniques.  The transform or Green function methods would be required for 
the study of the behavior of transient phenomena, however. 
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PART XI 

ANALYSIS Of THE VIBRATIONS OF A COMPOSITE MATERIAL 
IM STEADY AMD TRANSIENT STATE USING AN APPROXIMATE THEORY 

For real composite materials, the ratio of fiber length to fiber diam- 
eter is large (more than 1000). This suggests that it could be possible to 
analyze the composite vibrations for waves traveling In the fiber direction 
by using an additional hypothesis of deformation, as it is assumed for bars 
under longitudinal vibrations. This additional hypothesis of deformation 
is the so-called Bernoulli hypothesis; namely, that th^ plane cross sections 
remain plane while the wave is passing through. 

To a»»'.* re that results obtained from a composite materials theory based 
on the Be^uoulli hypothesis will be accurate, the criterion will be analo- 
gous to that established for the longitudinal vibration of bars; in other 
words, that the accuracy decreases when the ratio of fiber diameter to wave 
length increases. The approximate theory will be applicable even for the 
study of high-frequency vibrations, since the fiber diameter is quite small. 
Part III of this report will compare numerical results obtained from the 
exact Navier's equations for typical composite materials (Part I of this 
report) and those obtained by using the approximate theory. This compari- 
son will define the field ui  application of the approximate theory.  It can 
be said in advance, however, that the results obtained from this theory are 
sufficiently accurate to be applicable to most of the technical problems 
encompassed by this program. 

The boundary conditions are simplified, as in Part I, by assuming sym- 
metry of revolution.  However, the constants that appear in the fundamental 
differential equation are also computed by considering the more exact boun- 
dary conditions corresponding to the hexagonal arrangement of the fiber into 
the matrix. Part III gives numerical results for the comparison of both 
types of boundary conditions. 

The basic representative element used in the development of the approx- 
imate theory is identical to that used in Part X (Figure 1) as are the 
hypothesis for the material characteristics (e.g., perfect elasticity, iso- 
tropy). 

By using the approximate theory, w can find the velocity of the propa- 
gation of elastic waves, and the solutions for the free-free and free-fixeu 
end cases, in both steady and transient states of vibration.  These results 
are extended to encompass the semi-infinite composite.  In the transient 
state, both impact and sudden loads are given consideration. 

The finite Fourier transforms and the Laplace transforms are employed 
in the integration of the differential equation.  These transforms represent 
the space and time variables, respectively.  The corresponding solutions are 
given in the form of Fourier series. 
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DERIVATION OF THE FUHDAlgNTAL DIFFERENTIAL EQUATIOM 

The so-called Bernoulli hypothesis is assumed. A slice of a composite 
with a thickness Az is considered (see Figure 2). 

Figure 2. Basic Element 

When the wave front passes through thij slice, all the plane cross sections 
remain plane, on the basis of the Bernoulli hypothesis. There is then a 
plane strain at any plane cross section z » z0 , or, in another form. 

<e33)ZÄZft "  f(t) Z=ZQ 
(90) 

At any cross section, the following boundary conditions must also be satis- 
fied: 

(91) 

vhich are equivalent to the boundary conditions given by the expressions in 
equatic s (45) and (46). 
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From the displacements u « q r + — »we obtain the strains 

«u ■ Ci - pr  »  c^a-q+p- (92) 

By setting 

r1   KJ.     r11 . K?
1
.     r11 - iJ1^ (93) 

the total dlsplacenent can be obtained 

i     / 1 j. vA U   ■  I -V  + K4 1 C33I 

and, for the matrix. 

II /  11 ^ vIl\     , VII 
€33 

(94) 

(95) 

The total specific strain energy pet unit of length is 

W 

(WXl^v1)   v 

a 

93 
(%) 

r 
w11 ,11 ,11 

Vl+v ̂ X^v 
/'ii\ 

[yep) + (1.2V") ^r- 
33 

(97) 

To establish the differential equation of motion from Hamilton's 
varlatlonal principle, It Is necessary to know the kinetic and potential 
energies of the system. 
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■»imwinMMlSWi ** i?*SMWt: 

The kinetic energy per unit length is 

.j 
a 

pvav - h m$ 2wc dr + 

b 

XX 

a 

(*£)'♦(£) i *—> 

». (Ä)'* * <$ (98) 

where the equations (94) and (95) have been used and where, after perform- 
ing the integration and extensive analysis, the constants C^ and fl, were 
defined as follows: 

ni .  p^ (:}«t)a * +  *„ [(-Vii+Kii)a Ü-i + 

I as   II b'-a3 Oa '   pn-5-+p n 
(99) 
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The potential energy is 

a b 

W   «       WdV   «     —       2TTrdr + -y" 
J '    J - 

arrrdr © 

a 

,i4v Ai-2v;       J 
2TTrdr 4- 

b 

U^Xx-av") 
(^ (-v") ^ 2nrdr 

».© (100) 

where 

0. f-^-l^fa^ 
,11 

(.«"X.^v") (^■(^-•^iw'^-i)^ <■»" 

Having established the energies of the system, it is now possible to apply 
Hamilton's variational principle so that we can obtain the Euler-Lagrange 
equation. This will be the differential equation which describes the motion 
of the system. The expression of the Hamilton principle is 

^/* /-/- 

J, 
(T-W) dzdt = 6 F dzdt « 0 (102) 

JJ 
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where 

'»(ÄA'-.©'-».©' (103) 

Equation (103) is obtained from equations (98) and (100). The variation 
of the Integral (102) gives the Euler-Lagrange equation directly: 

a   SF       aa   . **  .    JLJilL 

\cd Vat az/        KtoJ 
(104) 

Introducing equation (103) Into (104), the fundamental differential equation 
Is obtained: 

^^t3       at3        aza (IC5) 

The constants p! , C^ , and Q3 are given In equations (99) and (101). 

By performing the variation of equation (102), other differential 
equations appear in addition to (105). These are the natural boundary 
conditions. 

The initial boundary condition is 

SF   a      hf 

©' * (A) 
(106) 

or, expressing F by equation (103), 

(107) 

where t is constant. 

The condition at the bar ends is 

BF d       SF 
JWi " at / aaw N 
KbzJ \bz St/ 

(108) 
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or introducing F from equation (101), 

The fundamental differential equation (103) will be solved for dif- 
ferent conditions. First, the steady-state waves will be considered. 

If it is specified the total force P acting on one end of the com- 

posite 

a a 

P   -    2TT   I   a^ rdr + 2n I CT33  rdr  , 

by using the Hooke's law it is possible to write 

with 

P    =    K €3 3   » 

ff ^A     1 1 

11 .,11 

A^)h^)   J        J (109) 
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STEADY STATE OF VIMtATIONS 

To find the phase velocity» we assume a sinusoidal displacement 

w - A sin ^ (z - ct) (UO) 
* 

where A is the amplitude, > is the wavelength, and c is the wave 
propagation velocity. Introducing equation (110) into (105) yields the 
following equation for the wave propagation velocity in a composite: 

(111) 

Therefore, in a composite material, the wave velocity depends not 
only on the material of the components and the geometry Involved, but 
also on the wavelength X . 

Taking into account the frequency 

r    Uü    c 
f ■ 2; ■ x 

we express equation (111) in the following form: 

f*    ■ V—*—* (U2) 

If the lateral inertia is neglected, then Q,  is zero, and c does not 
depend on the frequency f . 

Part III of this report presents the numerical calculations needed to 
establish the velocity of propagation for different types of composites, 
using expressions (III) and (112). 
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The two steady state cases are treated In the following analysis. One 
Is the fixed-free composite with an exciting harmonic load at the free end, 
as depicted in Figure 3. 

Fix J^x 

I—v—1 
<1— P - Po8ln u,et 

Figure 3. Fixed-Free Composite Under Periodic Load 

The second is a free-free composite with an exciting harmonic load, as 
shown in Figure 4. 

Free P - Po8in u^t 

"•» 2 

Figure 4. Free-Free Composite Under Periodic Force 

Assuming the solution of differential equation (105) is 

w(z,t) « CP(z) sin Jü t (113) 

then equation (105) becomes 

ö cp » 0 (U4) 
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a gppinM«^ . w™»w, 

The solution of this ordinary differential equation is 

cp - Bx sin 1/ 3- s + Bt cos If     a^ « (U5) 

for   Ck - «?Qi  > 0 • 

The following boundary conditions will be used to determine    Bj  and B^ , 

Fixed-Free 

<p(0)    «    0 

ds z«L 

P o 
K 

(U6) 

Free-Free 

dep 
dz 

dz 

z»o 

z«L 

(U7) 

where    K    is a constant.    From equations   (115) through   (117), we obtain, 
for the fixed-free case. 

9 

Po    ./cWftx 

♦ 

sin ^4 

cos 
1 O^eQi 

(U8) 

and,  for the free-free case, 

/Qa-^Qi 
cp   .   _ 

"QIIF 

cos 

sin 

|f03-ai|Qi 
(119) 
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To find the natural frequencies, the denominator of equations (118) 
and (119) must be zero. Therefore, in the fixed-free case, the natural 
frequencies are 

£1 
4^ + i£$lL w'cu 

%   - > T 
r  1/ —T  (120) 

and, in the free-free case, 

«n-fl/ — ("l) 

In the event that the exciting force is periodic but not harmonic, then 
expressions similar to (118) and (119) can be applied for each component 
of the Fourier series development o£ the periodic force. 

Once 5p is determined by using equations (118) or (119), the 
displacement w is obtained from equation (113). By differentiation with 
respect to z , we find €33 , and from this, we' can compute the strpsses 
with the expression (92). The stress 039    for the fiber and the matrix, 
respectively, results: 

I    „I     I / I    I \ 
^33 - E €33 + v ^au + o32) 

33 » E €33 + v  ^i + a22j (122) a33 

The stress distributioi:. ?or some composites is shown in Part III of this 
report. 

TRANSIENT STATE OF VIBRATIONS 

For the transient state of vibrations, the differential equation (105) 
must be solved by considering not only boundary conditions but also initial 
conditions. 

To begin, the finite cosine Fourier transform to the fundamental equa- 
tion (105) is applied. 
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o     f    34w mrz rt     P   a3w tmz 
^i —a^T cos T" dz - Oo ^-r cos -7— dz 

Q3   C   *LJLZos2Zldz    -    0        (US) 
j   az L 

if 

wn(t)    -    I   w(z,t) cos-^ dz (124) 

Ls the finite cosine Fourier transform, then equacion (123) becomes 

n3(-i)n|| a,t) . 

^ aft? ^ " 

fia^ (o.t) (125) 

This is an ordinary differential equation in wn(t) .  To solve this equa- 
tion, the Laplace transform will be applied. 

As the first case, the problem cf a composite of finite length and of 
free-free character (Figure 4) placed under a sudden applied load on z =» L 
will be considered.  Figures 5 through 7 are indicative of the variation 
of the load, and show its first and second derivatives with respect t  ime, 

f 
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The boundary conditions are 

0   for t ^ 0 (126) 

If ^ 
0   for t ^ 0 

K 
for  t > 0 (127) 

The Laplace transform of the function «nW  is 

fn(p) 

OD 

fv^t)  e"Ptdt (128) 

The transformation of the second derivative of wn(t) is 

J; d2wn(t) -pt 

dt2 
e '"'dt « p2fn(p) - pv (o') - n"r'  r n 

dwn(o") 

~dt 
(129) 

If the comporite is at rest before load is applied, 

wn(o-) 
dw (o") 

n 
dt (130) 

With equations (126) through ^130), equation (125) becomes 

[ 
„2-2 ^ n n , ^  o Qi —r + Qap? tJrt+Os^t^)   .   i-ifl^Uckp)     (l3i) 
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H 

Figure  5.    Variation of Load 

h N 

Figure  6.    First Derivative 
(N  X € a  1) 

i 
t-N 

rN 

2e 

Figure 7.  Second Derivative 
(N x e2 = 1) 
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Solving equation (131) for  fn(p) , we obtain 

fn(p) 

Ch-f + Cl,      p/p2- 
L 

na 

ni+^n8 

£ x   (--va a 
K X X   " 

fix ^ + na      P2 + 
^ (132) 

Applying the inverse Laplace transform to equation (132) we obtain, 
after some manipulation, 

n K 

r n2n2 ^ (-ir-^-<i - i --2-5 ^— 
'if 
L" 

cos ■ >(133) 
OinV+l^Qa 

For n -» 0 , the last expression becomes indeterminate, 
L'Hospital rule, we have 

Applying the 

"oM    *    Iff Oa  2 
(134) 

The inverse of the finite cosine Fourier transform is given by: 

w(Z.C) . c"o(t>+r 
nnz 

t) cos -?— 
It t-t 

(135) 

n-l 
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Introducing equations (133) and (134) into (135) finally leads to the 
following equation for the displace-nent: 

w(z,t) 

2Pi 

KTT3 E 
n-1 

(-l)n nnz 
n ^ 

1  - 
1 + n* -^V 

cos Wj 
^Tf^.a.1 

(136) 

In this equation, we see a constant term which, in general, is a very 
small displacement of the whole system in the z direction. Another term is 
proportional to time squaredj corresponding to the action of the constant 
force over the system considered as a rigid body.  The other terms of 
equatic^ (136) represent an infinite number of wave displacements. 

In the next portion, an impact load will be considered.  In this case, 
the boundary condition (126) is also valid.  Instead of boundary condition 
(127), however, we now have the following (illustrated in Figure 8). 

ft ^ 
P 
K 

= 0 

for t < 0 

for 0 ^ t ^ € 

for  t > € (137) 

& (z-L) 

Figure 8.  Boundary Condition for Impact 
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The Laplace transform of equation (137) is 

/- S M P 1 - e 
K   p 

-€p 

Consequentlyi 

^(^?)tt-'-1-('-•■") 

(138) 

(139) 

The impulse can be constructed by adding the two-step function a and b , 
shown in Figure 9, displaced to each other by the time  e . 

U-i 
P 
K 

i» t 

Figure 9.  Forming the Step Function 

From this, the Laplace transform is obtained by simple multiplication of 
equation (132) by the factor  1 - e"€P .  laus, the Laplace transform is 

fn(P) (-l)n| 
di 

iii —r + ^ 
1   -  e -ep 

ii3 (2   ^     ^TTg 

th + Qi 

(-l)nZ v  lJ     K 

wi 

.    n3^  ^  . 
P(1  - ?-*?) 

2 n2TT2 
P     + -iil. 

L     n2 + Qi 
n2TT2 

(140) 
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Then the function W(Z,L)  is equal to equation (136) for C < t < € . 

For e < t ^ • ,  w(z,t)  is obtained by subtracting the same function 
with the v riable (t - 5) in place of t , from equation (136): 

P ^3^ 
V-(Z'C)    "    2KÜi   (2t  ■   3) + 

CO 

.n      cos ^ j -Vf (t-e)    n"/f t 

cos  —————^   -COS 
2Pi 

Kn2 t-f  aa 1+na jg-QLr ^ /TT^^n   \ rrais 

(1A1) 

If the tinae of impact is small,  e  is moving toward zero, and equation 
(141) becomes 

nnz 
cos —r— sm 

nrr./ — t 

L    \  f  TTSn2 a 

n=l [l + n: * id^H 
(142) 

L2 P2 

where  I = Pe . 

To compute the impact momentum, we must assume that the impacting mass 
is an ideal, rigid body.  Then, the impact velocity is equal to the velocity 
V of the mass 

äw 
?t (L.o) = V (143) 
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Introducing equation (i42) into equation (143) and solving for I , we get 

or expressing the summation in terms of hyperbolic functions, 

2V L ö: "inh8 

I   = 
G/l) 

V c^ sinh \2LV "T/ i + ^L 

(144; 

where the displacement w due to the Impact momentum I in a tree-free 
composite is given by (142).  If the Impacting mass is not z.  perfectly 
rigid body, the right side of equation (144) must be multiplied by a factor 
0 ^ a < 1 . 

We will now consider the fixed-free end composite (Figure 3).  We 
first consider an applied impulsive load (Figure 8).  Then the boundary 
conditions are 

w(o,t) = 0 

(L,0 - 

u for t < 0 

p 
K 

for 0  <  t   ^   € 

0 for t > e :i45) 

Taking into account that, from equation (145), 

"CföH I1 (1 - e-eP) 

-4iSH ^ P (1 - c-«P) (146) 
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and  calling 

||  (0,t)     -     F(t.)      ' 

(K7) 

the Laplace transfortn of    w  (t)  results  in 

fn(p) 
r(-i)nK(i- e-eP) -g(p)irn,Hap3l 

(148) 

where 

fn(p)    =   / wn(t)  e-Pt dt (149) 

Remembering  that 

w  (t)    -of'Mf  (P)] (150) 

w(z,t) i%M + 
00 

n(t)   cos — 

n-1 

(151) 

and in accordance with the first equation (145)) we have for  z = 0, 
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1« (t) + IE-. (t) (152) 

tfrr 

In othar words, 

oo r    oo 

n«l n^l 
fn(P) (153) 

Taking the Laplace transform of thia equation, we obtain 

fo(P) = -S^^CP) 
n.1 

(154) 

Substituting equation (148) into equation (154) , we hold 

oo        p 

K (1 - e"€p) - 0(p)    _, VVl)" K (1 - e"ep) - 0(p) 
= -2 

*.'• 

(155) 

and solving for 0(p): 

1 + 2 
EM)" 

n« i 1 . 1' 2 
i i- —. —-^— n 

0(P) I» .-') 

T2    o   2 L   C^p 
(156) 

1 4 2 
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Considering the identities 

ZTTTJ ■ iiJI«h"• '1 
n=l 

Z^    1 + a^n2 2 »a      .   II      lj 

*—7 sh a 
n=l 

where a is a constant, then equation (156) becomes 

(158) 

0(p) e K (1 ■e  )   i UK* \ <155) 
ch    '      ' 

^3 * P'^l 

Now we may calculate the inverse Laplace transform of 

CP(P) - — 0(P)    -  - _ V  =   ; -—v 
K (l - e"ep) 

with 

^ '-  ' a     '     L/jr  s b (16*0 

Using the Bromwhich integral, we have 

^ Qf-f iv 

:(t) -oO  [cp(p)] =  lim 2m" /  —7^; ,Vdp   <l62) 
'o-iyC* 

53 



It is possible to put 01  « 0 because the real part of p is- less than 
zero (Re [p] & 0)  for t > 0. 

To solve the complex integral of equation (162), we will apply the 
residues theorem. The denominator of tha integrand has poles (Figure 10) 
at 

p      =     ±ia rn —' 
.1         4ba ' 
V1+Tl3(2n+ l)l/3 

(163) 

where n« 0,tl,±2,... . 

Accumulation 
Points 

n * ^ ; Pbo * ia 

-i-Re 

n - -«  ; p^ - -ia 

Figure 10.  Poles for Laplace Inversion 
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The residue for an arbitrary n is given by: 

ept (P - pn) 
(-Un ^r 

"n' 

372       d«*) 

To find this result, the L'Hospital rule has been applied.  Using equation 
(164), we obtain the sum of all the residues: 

sm at 

2f)   (-i)n 
1 + 4ba 11/2 

(2n ± ifrP 

1 ■»- [^j2 (165) 

Replacing the intsgral of equation (162) with the value given in equa- 
tion (165), and remembering equations (161), we obtain 

"■^"V^^rj 
(166) 

To perform the inversion of equation (148), we write this equation in 
the following form: 

fn(P) H 
rttjo* + ^XP

2
] (-1)    K  (1   - e' 

i  TT    .   f ^     n  TT ,).] 

0(p) 
^3  + ^i P2 

■K 
2-2 

-.    n TT -> 

)'•] 
(1^7) 
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I-*. ■ „ .  —KM« _ " 

and we find the inverse of the second term by putting 

■X. 
-J     a(p) 

fd-e 

/ 
f(T) W (t-T) dT 

n (168) 

because  ^(T) , given by equation (166),is the inverse transformation of 
co(p) , as equation (162) illustrates. wn (t-r) U  the inverse transforma- 
tion of the second factor; it is given by equation (142) , with t-T in- 
stead of t: 

sini 

/5(t-,> 

w (t - T) 
n 

Wn(t - T) 

Zfit Qa. (-i)n 

i L2 ^ 

■?t<--> 

(169) 

(170) 

where n=l,2,... .  Thus, substituting tTuations (169) and (170) into equa- 
tion (168), we can find: 

For n ^ 0: 

-1 
.-<„ 

0(p) (^a^^xp ) 
2 2   i      2?, h^^*f-^]A 

2P£ ^ . iJ^ . 
Kn C^    n 

00 

IT 
1 + ^r-fiMT 
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T-t 

T-0 

sin -- 

I* 

1   + 
T72     (2V +   I)2 

1/2 

A (t-T) 
nn       V   *  ,m sin — x  t1/0 dT 
L   /        J3 2 ^1 \1/2 (171) 

For    n « 0  : 

/ 
(t-T)  sin 

V0! 

1 + 
4L3        "i 

^172 dT      (172) 

Tl3     (2v +   I)2- 

We  put,   for simplicity, 

ntr V ^ 

L2     ^ /           4L2 

V   1 +   
4L2        ^ 

TT2    (2v + I)2 

and  solve  the  Integrals 

(173) 

/ 
sin aT  sin c (t-T)  dT    ■ ac    /I     . 1     . 

  |— sm ct - — sin  at 
2     2     c a 

a  -c     \ . 
(174) 

/ 
(t-T)  sin aTdT    -    -It-- sin at] (175) 
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Substituting equations (174) and (175) into equations (171) and (172), 
and taking into account equation (173), we finally obtain the following 
from equation (167): 

w(z,t) 
L K k^ Y     TT ['4(^i> +1) 

8L 

TT2 «/ ^ (2v + 

sin 
A, nh 

i + 
4L2     n» 

"  (2V + 1)2J 

CD ntrz 
(-i)nccs-r 

n 
• sin 

n2 (2n)2 
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n TT      * 

L2    ^V 

Tn -#r (2n)2 /1+i2nll [M* 

1 + ^fll 

2PeL/2Ll3 V^2^3 
ntTz 

(-i)n cos~ 

4 ^ l+iiBi2ni 

4L2     ^ 

(-l), 

--j   [2(v-n)+rj[2(v+n)+r|(2vH-l) 
(176) 
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In the de\eloping of this expression the equation (142) has been used, 
because it corresponds to the inverse of the first term of the right hand 

of equation (167). 

Now wc will consider the fixed-free composite under a sudden load 
(Figure 5). 

Thus, the boundary condition at the free end is 

. 0 f or t s 0 

k | for 0 < t < « 

instead of the condition given in equation (145). 

The case of sudden load will be solved as the limit when s -^ « 0f the 
impact load case. Thus, the equations (159) and (168) become 

0(P) = f ——~=:— (178) 

ch 

V M3 + P2^! 

f(T) gn(t-T) d"      (179) 
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mm 

with 

For n ^ 0 : 

gn(t-T) 

for n * 0 : 

1 - 

nn   / ar- (t-T) 

cos     — 

1   L2 Ci 

-/ 

go 1    ;       K r^ L^       2     I 

(180) 

(181) 

inverse Laplace transform of the second factor in the left-hand of equation 
(179). 

On the other hand, the inverse Laplace transformation of 0(p) given 
in equation (178), is 

sm 
V0! 

i-iy 
i + 4L2 

n2   (2vfl)2j 

1/2 

[-^^ 
3/2 (182) 
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—BMB S - TTaW 

With  the equations   (180),   (181),  and  (182) the equation   (179) is ex- 
pressed   in the   following form 

For    n ^ 0  : 

v,n(t) /-I 
U + ^1 

^^M e=» 

(.!)" _2PL.    '^ 

L    ^       41»     J 
3/2 

cos 

/ 
1     - 

V IP    ^ .   ■ (ZNH-On -^ ^ 

V, 
L2     ^ 

v sin 
I 

d'     (183) 
Oi 

2L I  ,  it3 (2vh03 ^ 

4L2 ^ 

For    n ^  0 

wo(t) 
i   ^ p3   J.. 

2P 
KL 

« 
l^ 

,3/2 

[' 
Szi£ 

,   ,   ^    (2v j-  l)2n2"1 
" ^ 4L2 J 

3/2 

5 in 

j   l^        2 tT  +   - 

/^3 

sm +   1)  nV ^ 12V -H   1> dT       (184) 

,   ,   n2(2v^  I)2  ^ 
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Wa  put,  for   the sake of brevity, 

c  . au—; (185) 
L 

nV ^ 
'+"^ 

.    (2v + US  IZ  (186) 
/.    .   Tl8(2V+   I)8   ^ 

On the other hand, we have 

I sin aTdT ■ — (1 - cos at) (187) a 

t t 

f   sin/ct+   (a-c)  A dT  -    /   sinket  -   (a+c)  A di 

a 

(cos ct  - cos at) (188) 
2       2 a  -c 

t 
^2 /2 t* 2 

(t-T)*5   sin aTdT    »    — - — (i  - cos at) (189) 
a   ^ 
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—mame— 

By substitution of equations (187), (188), and (189) into equations 
(183) and (184) and considering equaticas (185) and (186), after some 
algebraic manipulations, we obtain 

wn(t) - cos 

I* 
^ 

77^1 
L2    ^ 

OP , 

I (-ir(2vfl) 

f * T ^^ &*"■ - ^ 

00 

(2vfL)/ 
iJ^ 

1 + 
lli2vtü!^ 

.L + 

(-1)    cos 
(2vfl)r  / ^ 

Ida 
T-    t 

(2vfI)[(2vK)2   - 4 

2L 

nair1 + iizvtüv-| 
(_       ^ 4L2      J 

(190) 
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i   mm 

f 

wo(t) 
2P(^]3/2I2L^  /^ 
KL lOa |      \ T7 Q3 V Q3 

,v 

'        *        At» 

COS 

8Ll (y3/2 

(2Vfl)TT ^ 

-21 J 4L2        ^- 

-  1 

U        (2vfIff        (2VH)V M 
L1 4L2        QaJ 

2L  (^1/2   (tl     ^L 
TT   V^l 2   ' Ql 

A-ir 
(2^1), 

1 + 
Px     (2Vfl)2TT2 

fib  '     4L2 

> (191) 

But,  taking Into account that 

/      (2\KL r      .   ^jt (2^1 )2 

^   4L2 

TT 

4 
TT      Sh 

2 ' 

sh ^y^ 
(192) 
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L q,4ts    U        J 

(-1)" - 2 

4n  ' Oj 

sh I L  / ^ 

sh    2L 

TT2   ^ 

(193) 

Thus, by using equations (192) and (193), equations (190) and (191) 
become 

r 

ff{t) . (.^^q 
TT'K ) n2 

TT  n 
4 " 2 

sh 
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+   4 

(-1)    cos 

(   i    -rl.      .     /^. 

(2vfl)a ^ 

(2vfl)[(2vH)2 

^^Ä^8] 
)     (194) 

wo(t)    = 
4P 
Kn \\    2 

sh 
n 
2 

^ 

Ki 
sh | 2L  /^ 

4L2 

'"a 

1 -   COS 
(2Vfl)TT 

2L 
i*      11 

F        n2                     ^ 
/ 1 +    (2vfI)2   =- 

^            4L2                    ^J 1 

( 2vfi)3r + (2vfl)2TT2  Ül"l                  j 
4I2         ^BJ                j 

)(195) 
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Fin».lly,  applying the  finite cosine Fourier  inversion, we  find the dis- 
placement function for the  sudden  load at the  fixed-free composite: 

w(z,t) 
I        ,   . 2 V 

(t) cos -j— 

i 

/?rV 

•I  - cos 

I 
(2VH-I)n 

1 + ^^(2vfl)i 

{-1/2 

(2\H-i)3r . (2vfi)V ^n 
L 4L2        ^ J 

sh 

- 2 

3h    L 

(-1)" -  2 

Sh|2L   /^l 

'M3^ 
COS 

2    2    ^1 

L2     Hi 
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(-1)       COS 

+   4 

2vfl)n   Fi   .  ^(2vfl)2^\-1/2.Tl (MuH   - h^oMir .I 
2L 4L2 

0^-1/2 

 ■■•/cos -r— 

H^MM^H i 
(196) 

In  the   following text,   a composite of semi-infinite length subjected 
to both  sudden  and   impulsive  loads will be considered. 

The case of  impact  for a composite of  infinite  length can be developed 
as the  limit of the   free-free case with impulsive  load when the length  tends 
to  infinity.     Taking 

A? 
TT 

L 
F      ■    ELL nrr 

L 
L-z r 

V (197) 

where    J    is   the distance  from the  impacted end.    With  equations   (197), 
equation   (14?) becomes 

i ^ A§      2i r* 

cos   (§nC)   sin I § 
at 

nJT77}* 
§ fi + ?2b2]3/2 LI      (198) 

with 

a    = (199) 
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find 
Taking the  limit  of expression   (198) when    A^ -• 0    and    n -» »   , we 

w(C.t) "TT KJ^I  J 

cos   (5,0  sin    | 
at 

V  1 + 
2.2x3/2 

sv (200) 
§  (1 + ^b^) 

In Appendix  V, details  on  the  evaluation of  the   integral   in equation 
(200) are given.     Ttie  final  result is 

w(C,t) 
^ •^••i 2 K T f        •  e -       . 

(-l)u(f) y H)vv.'   lit]2**1 /i)v A   
Z-»  ^V+D:  12b bi   2-r  u-' (v - u):(v + u + 3): 
v=o '    ' l   '     p,=0 

r     (201) 

OD*- 

\2zj    (3 + k)!(vf n -  iO! 
k=-3 

Hie  case of  sudden  load  applied  on  a composite  of  infinite  length will 
now be considered.     Taking the  limit   for    L -♦ »    at   formula (136)  correspond- 
ing  to  the  case  of  sudden   load   for  finite  length,  We  obtain 

w(z,t)    = 
Kn /   .  L  ^ 

nTTz 
:os —- 

T 

cos 
nn 

1+f 
l — 

2   C\_ 

\ 

-      f 
2    Oj 

(202) 

70 



or,  using equations  (209)  and doing    A? -• ^    and    n -• • 

w(C.t) 
2P r 
Kn J 

cos 5{ 

?2 

COS 

1 - 
VV 1 + €3bV 

1 + fb2 
d§ (203) 

This integral can be evaluated using a similar method that is employed 
in Appendix VI, or by direct numerical integration. 

CONSTANTS OF THE FUNDAMENTAL DIFFERENTIAL EQUATION FOR THE 
HEXAGONAL ARRANGEMENT OF FIBERS 

In this section, the constants f^ , f^ , and r^ of the fundamental 
differential equation are computed by using the boundary conditions that 
correspond to the hexagonal arrangement of the fibers, instead of the 
assumed symmetry of revolution made before. 

According to the method indicated in Section II, the solution of a 
plane strain problem must be found. Then the use of the Airy function, 
yKr,e) defined by 

r 3r    r2 ^e2 

9 ^r2 

1   ^      1   ^0 
i-e        2 ^e    r ^rBe 

> (204) 

is  appropriate. 
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Because of the symmetrical arrangement (see Figure 11), it is necessary 
to consider only the shaded area.  The boundary conditions for the element 
of Figure 12 are 

(4- - HI- 
Ill 

'r-a r=a 

= 0 
r= 

cos (£-9) 

R- k'Sl 

II 

/r=a 

r-a 

r=a 
> (205) 

'nt 
-  0 

=os l^-e 

The first four conditions correspond to the interface, and the last 
two correspond to the straight line AB  (see Figure 12), referred to the 
unit vectors n and "f .  In the following,instead of r, 9, z, is some- 
times written 1, 2, 3, correspondingly. 

Figure 11.  Hexagonal Element 
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Figure  12.     Geometry Description 

We adopt  as  the Airy function 

0    «    EQ  tn r + C^r2 +      7      (A rn + B r"n + C  rn^  + D r"n+S )  cos no (206) 
ii  .it*       n n n n 

n-6,12 



By substituting equation  (206)  into equations (204) ,   the  following 
stresses  are obtained: 

an «    Ifcr     + 2CO   -\      Mn-l)  Anrn -2 . -n-2 

+ n(n+l)  B r + n 
> 

(nH-l)(n-2)  Cnrn +   (n-l)(n+2) n    -1 D r 
"      J 

cos n0 

Tas -Bor      + 2Co  + Y. [ln'l) V" _2 v -n-2 
+ n(n+l)  B r + n >(207) 

(rTfl)(n+2)  Cnrn +   (n-l)(n-2)  D^ 
-n cos nO 

«Tu ■ Z [n(n"i) Anrn '2   -  n(n+l)  B r"n"2  + n(n+L)  C  r" n n 

n(n-P D r sin ni n   J 

By substituting equations (207) into the expressions of the general- 
ized Hooke law and then integrating, we obtain the displacements 

1 + V J - Bor"1  + 2a-2v)  Cor 

00 

.1 
(n-2-t-4v)   Cnrn+1   -   (n+2-4v)   Dnr'n+1|   cos  ni 

)(208) 

=     LUiV   fn  A  r""1   +  n  3  r"11"1   +   (n+4-4v)  C E  Z^ L   n n 
n+X   ., r + 

.«^ i 
(n-4+4v)   D r       *      sin  n^ 
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To satisfy the symmetry conditions, we amst take n«6f12,18,...  in 
equations (207) and (208). However, the displacements and stresses for 
r=0 must be iiirlte.  Then, for the fiber, 

,.i .   i 
n 

KT = B' =  D  =  0 
^     n (209) 

Thus, considering equations (207), (208), and (209), the 
stresses and displacements in the fiber (Index I) are 

I 
2Co   - ^ [n(n-l) AV"

3
 +  (a+l)(n.2) cVj cos n9 

n-6,I2,.. 

^88   '    ^Co1 + Y,   [n(n-i) Ay '2  +   (n+l)(rTf2)  Q\n 

n-6,12,... J 
cos ^e     )      (2io) 

rr*8   =        y n(n-l)  A^r""2  + n(rt+l) C^r11    sin n( 

n=6,l2,... 

I    _ ^^•-n^- 
A 

I 
n=6,l2... 

A
1

    n-1 _. n A    r        +    n 
n I 

-  2 + 4v ^ r1^1    cos  n9>+ Vj €33 r > (211) 

U'    =    ^    Z [" An  rn'1 + I" + 4  '  4VI)   ^ ^   Sin ^ 
n=6>12,... y 
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and. for the matrix (index II), are 

all    -    BIIr-2
+2C11 11     o        o /      n(n - 1) A^1 rn'2  + n(n 

> 

+ 1) * 

n=6,12,... 

BII r-n-2 + (n + 1)(n . 2) CI- rn + (n„ 1)(n+2)D
11 r 

n n n "1       ( cos n{ 

II    „II -2 . „„11 
J8S -B  r  + 2C  + 

V 
n=6,12,... 

BII r-n-2 + (n + 1)(n + 2) 

/ .     n(n- 1) A^r0"2 -f n(n h 1) ' 

11 rn  + (n -l)(n.2)D11 r"n cos n^ n n 

► (212) 

a" =   2^        [n(n - DA11 rn-2 - n(n + DB^r"";2 + 

n-6,12.,. 

n(n + DC11 r" - n(n - 1) n 
n11  -"1 D  r   s i n n 9 n    J      y 
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II 1 + v II 

*II 

^^^-^^-^[nA-^-nB-.- 
\ 

n - 2+4v11|C_  r 
II n+1 
n 

n=6 

n+2 - 4VJ J D^r-1^'1 •    :     .,       ■ '] II     33 

u .i^Y.[- •" '"■' * "•I"1 '■"■' * h * *") • 

„II    n+- C      r n 

1 +   jn  - 4 f ^J  D^1  r-^j sin n9 

•(213) 

TLe "point matching" method may be used to find the constants that 
ppear in equations (210) through (213). Ihe nine constants A* , C^ , 
I   , A11 , P11 , C11 , D11 , B11 , and C11 represent 

=  3 + 6n 

unknowns. 

In each point of Type (a) in Figure 13, it is necessary to take the 
lour boundary conditions given by the first four equations (205).  For 
each point of Type (b), we have the two boundary conditions given by the 
last two equations (205). 
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Type (b) Points 

Type (a) Points 

II 

FigUi-e 13.  Distribution cf Matching Points 

Taking, for example, 8 points (a), 12 points (b), and n = 4 , we 
arrive at a system of 56 linear algebraic equations with only 27 constants 
unknown-  Solving this system by the least squares and substituting the 
identified constants in equations (210) through (213), we have the stresses 
and displacements as functions of the imposed plane strain c33 . 

Now we must compute the strain (potential) W  and kinetic  T energies, 
The total energies are given by 

fr/6    fa j 
W      rdr d9 +    ; 

J        0I J 

TT/6 rHi-^) 
dq 

a 

Wn       rdr + 
II 

j 
TT/6 

de 

fa fr/b 

W,     rdr ^ d9 
■•(i ■ '1 = W        rdr 

Hi (214) 

f T/6 

T    = at    + 
pw 
idt , 

rdr + 

TT/6 (•cosjf-e) 

d9 Dll ht       \ at 
ov 
nt 

rdr (215) 
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where 

W. oi 
Ei hv\2 

2   \hz Wo 
E 

II 
11   1«! 
2       öz (216) 

Wi 

Wi II 

1      I   &L + J    v1.   lÜLi   .      I   Uv1     v*       1 du1 

2 p1 ar ffaa\~  r^r/ r (si?) 

I   11    11   , . in 

Cfia \   dr r       r    59 ij 

Introducing new constants by means of 

rI    ow I 
C  = -^— c 
0    oz o 

,11 

II 

Bw ,11 
T~ b 
oz o 

Bw II 
T" b 
oz n 

A1    ■ n 
Q*J     1 

hz    n 

11 _öw    I 
0 hz    0 

II 
n 

Bw    I 
cz    n 

c  = ~ ow I 
^~ c öz    n 

A11 = -^ dw ,11 
öz n 

II 
— d11 
öz  n 

) (218) 
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and substituting the displacements given in equations (211) and (213) into 
equations (214) and (215), we find the expressions for the energies with 
e33 ~  öw/ö2 as a common factor-  Thus, 

"■'sre.'-^-vi* 
^ 

dw 

Cn/e Ca AT/6 

de WlT rdr + d9 
J J L J J 
o o o 

•Hi-9) 
Wln rdr 

rdr    + 

>  (219) 

riT/6   rcos 

J   de. 
(i-^l 

Jii 
ii 

rdr + 

Sw' 
hi 

02 PTT    /I2 2     ■ a TT  .     II  lb        an 

y 
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The constants Q, , fk » f^ > first discussed in Part 1, now appear in 
the following torm, as a result of equation (219): 

^ r, f ..[(.■)% i^)2]^ 

o a 

i»COS li-e) 
;II Vf H- (220) 

a2TT  t   PTT /   b a2TT 

1   24 4      /T 6 ^T 
(:a) 

U3 2^ 4    1  /r        6   ' 

TT/6 f ^/6 

W,     rdr + 

^cos 

i 

li-^l 
Wlii    rdr (222) 
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PART III 

NUMERICAL RESULTS 

TECHNICAL DISCUSSION 

This portion of the report presents the numberical values obtained 
when both the exact theory developed in Part I and the approximate theory 
of Part II are used. 

Figure 14 is a plot of the nondimenslonal values of c/cj against 
a/> , wherein c is the phase velocity in the composite, Cj is the 
velocity of propagation in the fiber,  a is the radius of the fiber, and 
X is the wavelength. 

The composites used for this comparison have the following character- 
istics: 

Ej =  10 • 106 psi 

EII - 3.8 ' 105 psi 

'I 0.2 

PI 
= 2.427   •   10"4   lb-sec/in.4 

0II 
3 1.159   -   10"4   lb-sec/in.4 

a 3 2.5   *   10"3   in. 

VF 
S 0.65 VJJ = 0.35 

The values of c  corresponding to Che exact theory are found by 
solving the transcendental equation which results when the 6X6 determi- 
nant is made equal to zero, as described in Part I.  Appendix VII describes 
the computer program used to  find these roots, with ^ , f^ , f^  given 
by formulas (87) and  (89).  The assumption of symmetry of revolution 
for the basic element is then used in both cases. 

The curves in Figure 14 illustrate thac the error in the velocity 
given by the approximate theory is less than 3 percent for a/y     smaller 
than 0.10,  IT the radius of the fiber, for example, is 2.5 • 10~  in., 
a wave length /. = 2.5 * 10"2 in. will correspond to a/).  «0.10 .  The 
wave velocity in the fiber is 

I  i      /  10 • l(f       7 r^ • in5 -  / c  - I  — a  / ~ a 2.0J * 10  in./sec 
»' D'    V 2.427 * 10"4 
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Then for    «A ■  0.1,  the curve corresponding to the exact  theory yields 
the  following equation; 

c    «    0.903   •  cI    -    1.83   •   irf5   in./sec 

With    X ■ 2.5  *   I0'a   in.,  the  following frequency results: 

..    c      1.83  ;   Ug 7 ri  ,   I*       l 

1    "    X"  2.5   •   10-S    S    7'33      l(f    ^7 

Then for any frequency smaller than 7.33 * l(f 1/sec , the approximate 
theory gives a velocity with an error of less than 3 percent. 

The exact theory yields two different velocities of propagation.  The 
implication is that two different types of waves exist, the interface 
waves (Raleigh waves) and those which contain combinations of dilatationil 
and distortional waves. 

A representation, where the validity of the approximate theory is mon- 
evident, is given in Figure 15, where the wave velocity in a composite ' 
is plotted as function of the wave length in terms of fiber diameters. 

The upper curve in Figure 14 corresponds to a mode which propagaLes 
only above the frequencies of 15 x l(f   cycles per second.  This phenomenon 
is clearly exhibited in Figure 16, where tne wave velocity is plotted HS 

function of the existing frequency.  The frequency of 15 x l(f   cyclca yc r 
second is the cutoff frequency for this mode, below which this mode 
cannot propagate. 

Appendix VIII presents the velocities for several composites.  Isin, 
this parametric study, it is possible to evaluate the influence thai 
Poisson's coefficient of the matrix and the volumetric content of fihei .- 
have on the velocity.  For this computation, a ratio a/). - 0.05  is 
assumed, but the values of the velocity do not change in the figures i'/h'i 
here for any a/X less than 0.05. 

The stresses and displacements obtained in a composite of finite 
length, free at one end and loaded with a harmonic load at the oilier, 'Mi 
now be compared, using the exact theory as described in Part I and in ioi 
mula (122) derived from the approximate theory.  A composite with the 
following characteristics is assumed for this comparison: 

a = 0.2500 • lO"2     h =  U.3101 • 10"2    V     u.h.'m 

p1 =  0.2428 ' 10"3   p11 =  0.1159 • !()"''    El ').];'--• •• 
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Exciting Frequency as Calculated by the 
Exact and Approximate Theory 
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E11    -    0.3800   •   itf3 v1    =     0.2000 V11    =     0.3500 

L    =     3.0000 Jl      =     1.5   •   10° e 

The units are given  in pounds,   inches,  and  seconds.     Table  II contains  the 
exact numbers printed by the computer.    These results correspond  to the 
cross-section    z -  1.0  .     The  lowest values of    ß    are    0.80073511   (exact 
theory)  and 0.80073   (approximate thtory. 

TABLE II 

COMPARISON OF COMPUTER VALUES, 
USING EXACT AND APPROXIMATE THEORY 

r 
Stresses and 

Displacements 
Ex«ct Theory Approximate Theory 

0.00125 Jll 7.54189E    05 7.542E 05 
a»» 7.54189E    05 7.542E 05 

033 1.09551E    07 1.096E 07 

u -l.98i58E -04 -1 .9a4 59E -04 

w -1.29026E    00 -! .2903E 00 

0.00250 »11 7.541Ö9E    05 7.542E Hi 

(Fiber) a„ 7.54189E     05 7,542E J5       j 

^13 1.Ü95551E 07 1 .096E 0/        j 

u .J.9b9lbE   -04 - i.^VlSE -U^        1 

w -l.2902bE     00 -1.290JE oo 

0.002)11 -'ll 7   54!8 3E    05 7.542E 0 5 

(RfSin) "a a 4.989 52E     05 ^.988E 0 5       I 

'33 H.417 70E     05 8.4 34E 0 5 

u -J.%91bE   -04 - i.%^!HE -04 
w .1.291J5E     00 - 1 .290 <E (in 

0,0026> -11 7.40118E    05 7.40 IE ii 

^aa 5.13Ü16E    05 5.12 9E 0 i 

^33 8.4j76bE    0) 8..*i4E Ü )       1 

U -2.88343E -o» -2.81* .;i: -d.,       i 

w -1.29n4E     00 - i .,■ -' r. m 

U.00280 

-'aa 

7.282')9E     05 
).24874E     05 

; .28 Jr (» >       1 

^3 3 
ii 

«.4J7b2K     O; 
-1 .866 9'JE   -O- 

8 . '♦ J. E 
- 1 .H'i*,'2K 

■ i i       j 

-i i       j 

w -1.2913JE     00 -I.2MO i¥. in 

0.00295 "ll 7.18159E     OJ i   1H2K 0 i 

'8| 5.3497 JE    05 ).Ji8E 05 

-33 8.4j/58E    0) 8.4 i-.E 05 
II -9.0833ÜE  -05 -9.08 HE -05 
W -1 .291 52 E     0(1 -1 .290 VE (id 

O.OOilO ^11 ;.0^49^h     0) 7 . Ih.'K I i 

aao 5.4 36 >;E     05 .. i.8E 0 i 

'3 3 8.4 375 .E     05 8. i J.E " ' 
ll -9.b44^2E   - 1«     ; -b . Jbb-.bE -12 

u -1.291 JOE     (HI -1 .2''0 IE uu 
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Formulas (220) through (222) are used to compute the constants of the 
differential equation of the approximate theory; a hexagonal fiber arrange- 
ment is assumed. The results presented below were obtained for a composite 
having the following characteristics: 

a =; 0.2500 10"* V a 0.2000 

E1 a 1.0000 107 
11 

= 0.3000 

II 
s 2.0000 ' 105 

I 
D 

II 
P = 

2.4275 

1.6180 

10 -4 

10 -4 

Table III presents the results for three composites having a fiber 
volumetric content of 0.60, 0.70, and 0.80, respectively. 

TABLE III 

CONSTANTS OF THE DIFFERENTIAL EQUATION FOR THE HEXAGONAL ARRANGEMENT 

VF 0.60 0.70 0.80 

^ 6.07319E -16 5.33778E -16 4.37757E -16 

^ 3.44217E -09 3.06396E -09 2.78031E -09 

^3 9.94555E 01 9.90068E 01 9.88233E 01 

The phase velocity obtained with these values, when used in formula (112;, 
varies less than 3 percent from the velocity found with the constants 
corresponding to the symmetry of revolution.  However, the stress distribu- 
tion in the normal plane is significantly different, especially when a 
high percentage of fiber is used. 

CONCLUSIONS 

It can be concluded   that   ehe accuracy of  the approximate  theory  is 
very high.    While the comparisons were performed   for steady-state vibra- 
tions,   the study of Figures  14 and  15 shows   that the  transient behavior 
of the composite also can be performed with  the approximate   theory.     In 
fact,   the predominant  influence  in the  transient solutions  is wrought by 
terms  of low  frequency;   for  these  low   frequencies,   the  results  of  the 
approximate  theory are very accurate   for  the actnl   composites,   in which 
a    is very small. 
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From this analysis it is evident chat existing dimensions in com- 
posite materials are not adversely affected, and the transverse shear 
correction can be disregarded with no appreciable affect on the accuracy 
of the numerical results.  The transverse shear correction has been taken 
into account in the Mindlin-Herman theory (Ref. 16) for longitudinal 
vibrations of an elastic bar; the differential equations that come from 
this theory are completely hyperbolic, and can be solved by the numeric,) 1 
method of characteristics.  However, in the present theory, it was possibU 
to find closed analytical solutions even in the transient cases, which can 
be applied to hexagonal or other geometrical arrangements. 

Appendix VI contains the computer program for determining cigen- 
frequencies and wavelength in a composite element; Apendix IX contains the 
computer program for determining ni   ,    il2   ,  and ^3  in a hexagonal 
multifiber element. 
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■:4 

APPENDIX I 

GENERAL SOLUTIONS OF STRESSES AND DISPLACEMENTS 
FOR INFINITE AND /INITE LENGTH COMPOSITES 

RADIAL DISPLACEMENT 

m      jf       m 

-■■ E   Z 
»1 ,»8^0^97 ,83^0 

[ k    Alag  snd^z)   sinCdfj^t) 

A3aB sin(^iz)  cosC^^t) -I- As^g cosCBiZ)  sln(Qf1c1t) + 

A^ß cosCSiz)  cosCdfxCit)      ülQre ^(üi^j^ 

Ag^g cosCBiZ)  sinCc^Cjt) + Ag^g 005(0^)  cos(alcl t) JIia3 Wifc^gr j + 

Vhoi* cos(Baz)  sin(arac2t) + 63^3 cosCSaz)  cosCofgCg-.)   - 

B5^s  sinCßgz)   sinCOra^t)   -  B^^g sLn(fi2z)   cos(af2c2t)       S8 Zilüi^qr) + 

B8(yfi  cosCBgZ)   sin(ck'aCgt) +  B4Q,p  cos(Raz)   cos(Qfac2t)    - 

Bfl^g  sinCBgz)   sin(a2cat)   -  B^g  sin(S2z)   cor>(af2c2t)     Ba   Wl{^a(y3r)[f 

L-J       }k Ka z sin(|ilaclt) + A3a z ^Ui^tjju^ZiliJ^rJ + 

(B^Sg^o) 
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+   JAaQf   z sinj^c^t)  + Ata  2 cosj^acjt)     MIO «i (Thar)  + 

kc/  sinlMa^at)   + Ba^ cosj^^cat)     \     (MQ^ ) + 

Ka sinj^acat) + E^ cos(Maacat)     V^  (^cyr)    + 

Aao   7 - Bio   r+(Aeo   - Ba0)  r"
1 (223) 

AXIAL DISPLACEMENT 

ao      y     ao 

AacrS cosO^z) cos(cr1c.1t)   - Ag^Q   si^(9iz)   sln^Cit)   - 

ATöS   sin(Bi?.) cosCffiCit) 

I^BQ^Q cosCBiZ)   sinC^Cit) + A4<>o cos(a1z) cosCor^^^t) 

Aa^e sin(a1z)   sin(a1c1t)   - A^e  sinO^z)  L-osCa^^t)« 

)  • Pi2o(^ia8^) 

?iwo(^i0r6r) +    KaS  sin(92z)  sin(Qr2cat) + 

BaaB .sin(S2z)  cosCoraCjt) + BscrB cos(3a z)  sinCOg.gL) + 

B7ag cos(8az)  cos(Qfac8t)    .     ^8oezo(^2a6r)   "^ 

k    Ba^g   sin(B2z)   sin(aacat) + 64^5 sin(B8z)  cosCOgCgt) + 
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+    BacrR cosCßaz)  sin(Qracat) + Baag cos(8az) cosCofgCat) '] 
Macy9wo(M9aerjj An^sinC^öCjt) + 

(Bi ,B8=o) 

A*» cosGiic^t)     Woj^^r]   +    Bxa  sini^Q^t) + 

Bia cos^acat) r >   + 

Aio + Aao log r + 2B1oz + 28«      (224) 

NORMAL RADIAL STRESS 

«7ll 

oil ,»a^0 VS: ,«a^o 

H^r 

'S 

Aic^g   sinC^iZ)   sinCörxCit) + 

Aacr^  810(3^) cos(Q'1c1t) + As^g cosC?! z)  sin(Qf1c1t) + 

2ÜxlQe  kZiJM-Kyßrj 

A7^Q   003(3^)    003(0^ Cx t)    * 

1 US? + k(X + 2G)M.?aBUO^ICTBO   " 
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{h 

+   Ae^vQ cos(9i z)  8111(^0! t) + Aa^g cos(Biz) cos  (arx^it) • 

\8? + ka + 2G)M|aeJw0(uler6r)   -  ;  j 

Ißj^g  eos(Bjz)   sin(OftCjt) + B^yg cos(a.az) cos(aacat)   - 

Bsjyg sin(fiaz)  sin(a8c,t)   - 87^,5   sin(Sjz)  cos(aracat) • 

; -      \ \ 1-     \    ^(^«e'l 
(2Gü,aSB8)   |Zo(u,0BrJ   -   fi>iygr 

Ba^g  cos(93z)   sin(aac8t) + B^g cosCBgz)  cos(aac3t)   - 

ri§ag sinCBjz)   sin(crgc8c)   -  Be^a   sin(82z)   cos(aac2t:) 

(2GÜaaeSal 

00 

- E 
Ol ,88 = o) 

kWt 

/ 

|Ala  slnjp.j^cjt)   +  A^ cos^^Cjc) 

M • k (X +  2G)Z0(^or)    - -1—^  

ka sinl^ia0!')  + A4o cos(^l(>(;lt) • (tto z • 

,        >       2GWi [he,*) 
k(X + 2G)Wc|ülttr)   - -^  +   |B1Q.   sinfujo.jt 

L 

Baa   sinjüj^cgtj   +  B^ COS^^C^L)   •    ^GÜ^j 
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2G Agor"' 

NORMAL CIRCUMFERENTIAL STRESS 

z +   (Ago  - Bto)r ''a + Bjo 

C29 E 
»1 ,»3^0 

X j     Ili^oS  sin(91z)   sinCorjCit) + 

ßi ,Sa^o 

AacrB  sin(ß1z) cosC^Cit) + As^g cosCSjz)   sln^^t) + 

A7a9  008(8! z) cosCdfjCjt)   •<    Xfküi^g + 9f)   Zo^^gr)   + 

2Gu1aBkZi(I1ic*firr 
i +    Ag^g   sinCBiZ)  sinC^Cit) + 

A^g sin(Biz) cosC^Cit) + A8<yö cosCS^)   sin^cjt) + 
/ 

2G^aewi(^o9r) 1     r 
 ■ V   +     E r 

L 

Biaa cos(B8z)   sin(ciracat) + 

Backß   cos(ß8z)  cos(Qf9cat)   -  Bg^g   sin(ß3z)   sin(a8c3t)   - 

67^9   sin(S8z) cos{aac9t) ) (2GBa) 
h[ ^8aBr' 

Baaft  cos(9az)   sin(Oacat) +  B^g  cos(Ba2)  cos(Q'acat)   - 

Bg^fi   sin(0a2)  sin(Q'acat)   -  Be^q   sin(Raz)  cos(aacat)  . 

(225) 
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Aa^ cos| 

A^^ sinl^^Cit]  +    A^ eospicyCjtj • z 

2C5h(yW1(M.lc^ 

kX^^WoJTl^rj   + 

(2G) 

f   U-i^   sinj]i,ac8t|   +   B^  cosjüg^cgtj   • 

^ har) f /- I /- {] 
,   „    +    Ba^  sin M.3aC2t] +  B^ cosjuaa0«11) 

(2G) 

wi (^cyr) 
-H   2G A30r     z+   (A8C   -   Bao)!-'     -  B10 (226) 

NORMAL  AXIAL  STF.E33 

r 

^33 E Ai^q   sinO^z)   sitiC^Cit.) 

A^Q   sinC^z)  cos(^1c1L)  +   A5ag   cosCBiZ)   siiUcv^jL)  4 

A-^Q  cosCPjz)  cosC^c^t) (>. +  2C)sf   +  k)Z^9 ^oj-ia^1)     ' 

U*a a  sin(9iz)   sLn(a1c1L) +  A^r-   sin(?iz)  tos(a1c1t> + 

Ag^q cosCSiZ)   sinCOjt^t)  +  Ag^ß  cos(S1z)   cosC^jCjt) 

/ 
^2   ^   ,.\rß 

U\ +  2G)3t   + ^lap .(^4- [p 
Blcrg   LOs(Bgz)   si nfl'gt'jt ")  + 
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+    B-^g  cos(ß3z) co3(a9c9t)   -  B6crg sin(08z)   sin(Qrac3t)   - 

87^   sin(Baz) cos(cr8c8t)   •   |2(^aag6a) Zo/^grj     - 

k Bj^g  cos(fl8z)   sin(aac8t) + B^g cos(0az)  cos(Qracat)   - 

Bi(>g sin(Baz)   sln(0f3C8t)   -  BsaB sin(9az)  cos(Qracat)   • 

Sil\ ü r 
j(2GÜaagef)w0(M20,Brj     I    .-     Y^        |kL      sind^^t) + 

(Bi ,6a=o) 

A^ cosCM-i^t)     {XM.?az)     Zo(iJ.lörrJ  + kL^ sin^^Cit)  + 

l^^a^l-(^aoj^o^acy1")   " k B8a sin(^aac8t)  + 

(^aacat]    •  (2GliaJ*W0 jü^r) |   + 4GB10 

63^,   cos 

84^  cos( (227) 

SHEAR  STRESS 

00 * CD 

Olz    =     -G >^    I       y < kjAj^g cosCSiZ)   sinC^Cit) + 

A3(yg  cosCSiz)  cosC^Cit)   -  A^g   sinCßjz)   sinC^Cit)   - 

A7C^   sinCBiZ)  cosCöjC^t) (aii^gSj] ZiluicgrJ 

AQ(yg  cosCSjz)   sinC^Cjt) -I-  A^   cos^z)  cosCO'jCjt)   - 
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Ae^g   sinCpjz)   sinC^Cjt)   -  A^^^   sin(D1z)  cos(ar1c1t) • 

c8t) + 

Bacrß  sin(93z)  cos(Q'acat) +  B^Q  cos(?az)   sin{oi9cst) + 

EJQQ cos(eaz) cos(oracat)  •   |kl4ag  - 8|| Zi |iiaaSr)    + 

BaQ,g   sin(Saz)   sin(Qrj!cat) +  B^Q  sin(6az)  cos(aacat) + 

Bf^ß cos(ßaz)   sin(aacat) + Be^g cos(Baz)  cos(oacat:) j' 

mlrt   - S|)Wi(M,aRr)] 

(Si ,9a-o) 

Aia ^"(^la0!11) + 

A3a c 

A^ cos 

Ba^ cos ^acat)| (^a2) ' zi (^8ar) + k Baa sin[^8acaL) + 

:osJM.aacatj    . jü^zj  •   Wj (^a^rj | B4^    c. +  2GAaor * (228) 
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APPENDIX II 

GENERAL SOLUTIONS OF STRESSES AND DISPLACEMENTS 
FDR THE CASE OF SEMI-INFINITE LENGTH COMPOSITE 

RADIAL DISPLACEMENT 

u    - 

- -8 z 1 
Ä7(yg  e    1     cosC^Cjt)    •   n1Cyg Ji (^iÄRr) + 

[. -Biz  _.. -9iz 
ecyg e" 1     sinCQfiCjt) + A8Cyg e" 1     cosCQTjrjt)   • "] 

^jae Yi (M-iafir) - [BBC* e"9»1 sinCajc^t) + 

BiC^ e"kaZ  sin(a8cat) +  B^ß  e" 3Z cos(Qfacat) 

^2 YICM^PT)     r   ^A«o   "  Bao)r 
-i (229) 

AXIAL DISPLACEMENT 

w    = t it -b 
a1 ,ot2^o   * Si »Bj^o 

^5^0 e    1      sinCOfiCx t)  + 

7 'Ölz 
A7Crg  e    1     cos(i (ÄxCjt)     X p1   Jo(M.lcver)   - 

[^ Aecyg e" :Z  sin(a1clt) + A8(yg  e" lZ cos(cy1clt) 
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•    ßi ^OhcrßO + Uw e"9'2  sin(Qr8c8t) + 

-ß-z 

Bacy| e' aZ  sin(üf8cat) + Beofß e" 8Z cos(aac8t)J 

• »aaB Y0(M.8i(yBr)}l+ ^lo + 2650 (230) 

NORMAL RADIAL STRESS 

an    - 
crx ,0f8^o 

7 .     |||ABcr0 e"9lZ  sinCQfiCxt) 

ßi ,?a^o 

— -R    2 
A^aß e ll     cosC^cj lO     •   j   Xßf   -   a +  2G)  Mi^JJo (Ml(tfr ) + 

+    Agag  e    1     sin((y1c1t)  + 

- -R, z 
AB^Q  e    i     cosCo^c 1t) . Ls? - (X +  2G)  Hxaö Yo^iaBr) + 

r L 
--Q, 

-08 2 

M-a^ßi 

Bs^fi  e  ^a     sin(Q'8c8n) + 

>] • (2G^a8 ^ • [J 

[' 
_a 

+    RaaB e""'     sin^ac^t) + 

BsaS  G"98Z cos(Qf8c8t)     •   UGp^g  S5J 

^o (^aaer)   " 
Yi (^aBr) 

^3^' 
-  2G(Äeo   -  B80)r (231) 
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NORMAL CIRCUMFERENTIAL STRESS 

329 

GO J & / 

-B* z 

^flCTB e'BlZ  sinCorj^t) + 

^(»1   - ^laoj 'Jo(M1cr8r)  " 

2G, Wcve       +    IgcrB e Pl     sinCQftCjt) + 

Ae^e e cos 

2%^ Yi(^a9r) 

-BaZ 

+    Bscrg e' a     sin(cr3cat) + 

B7(yß   e cos(a8c8t) (2GB3) 1       c 
J       L 

_    Ji (^ae r)' 
+ 

-Boz -0- 
Bflag  e sin(Qf8c8t) + Bfl^g  e    *     cüs(Qf8c8t)     • ) 

(2G^8) +  20(1, - B3o)r 
-2 

SO    -   ö80 

NORMAL  AXIAL  STRESS 

^33     = 

»1 .»8^0 
E   S it i 

01 ,88>o 

-Biz A50S  e        *   sinC^Cit) + 

(232) 

Syfi  e'BlZ cos(a1c1t)      •   j (X +  2G)  Ö?   -  Xnf^g 

Äecye  e"9lZ  sin(cy1c1t) +  Ae^g  e' lZ  ';os(Qr1clt)     ^ 
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[M-iapr •        |(X +  2G)  11   -  X^aB|  Y0{ 

ß5ae e" aZ  £in(Qf3Cat) + 67^ e" 3Z cos(Qr3cat) 

(2cV8ao ®3) Jo(M*«»Br)J   "   P«cre e"BaZ s^(or3cat) 

,cat)j   •   pc^^ Ba) Yo(naor8 0 — -BaZ BsaS   e cos(aa( 

SHEAR  STRESS 

CTxa    =     -G     2^ /^    H^S e'912  sin( 

»x ,aa^o A 9, ,Sa>o 

A^a, e     6     cos («1=1 t)J    '    p^g Bj) Ji(tHaSr)|   - 

[-Qi z — -S 2 I A^g  e    *        sinC^Cit) +  A8ag  e    i     cosC^Cit^   * 

liiere ^^ ^^as^l + [^? e'S8Z ^(»a^O + 

os(aacat)j   •   [o4Ä9 + 91) Ji(^»9r>J + B7(yg   e    *     ci 

t -Baz 
B^a   e    a      sin(aacat) +  B^Q   e   ^     C ;os(Qfacat)J   • 

U4^  +^)   ^(^coJU 

(233) 

(234) 
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APPENDIX III 

CHARACTERISTIC EQUATION (FREQUENCY EQUATION) FOR 
THE CASE OF INFINITE AND FINITE LENGTH COMPOSITE 

The frequency equation for the composite of infinite and finite length 
is as follows. 

d..! =0 (^35) 

where     i,j =     1...6,     and where 

du = ^aS 
zi|Piapb| 

da* = ±6«!   [t*^] 

d
16 " 0 

d16 = 0 (236) 

^ = 2k slaB e z, (irlaBb) 

**> - 2 slaB e w, (&laeb| 

^3 = +1^ -6-] Z,  p^Bb) 

d,, = 0 (?.37) 
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u32 

J33 

u34 

^35 

=   ±e ^ 

=     ±8 Wl 

/- \ 
Jcy8 Ug    -a 

0«      a 

/ 

^Y5a 

^1 

u42 

^43 

'♦4 

■"«s 

■'♦• 

-    3 ^  (^a3a| 

^l^B8 

^«e^ l^^e3 

-p Zo   au,* vo   j 

^ys %   (fe^, 

^31       = + 
TT\ .II .2 . , K n . _iii -2 

2GII51^ Z, ([I1(y3a)k 

Zol^ic^B11 

(238) 

(239) 

^2 

II      - /     TT III--. 

^\a^i   (il^3) 

w. b PioS 
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dgo    =    ±2G   liaaB 9 
^(C 

\ / üaaB3    ■ 

dB«     = 
±2G   SaiyB 8 k wo   üsaea 

wi (^«e3) 

^oe' 

^6 —k1 

2G
 ttiv6 zi   (giyt3)1^ 

/  Bz   !   klx1* ZG^ü^ja ZofülY«3) 

^2G [l0fc.i   B 
c^e     =    +^^YÖ 

Zo^v6al      Zl|a2Y6a 

M«YÖ€ 
(240) 

de!    =    2kGII
Cila8 0 ZJKH^B

3 

II / 
d«2    "    2G     U1CVB p w:  pLi^ßa 

des    = 

3S4 

^"ki^g -   a2 
8       Zi     ^c.Ba 

-    Q2 W, i     ^G'Ba 

X 
"85      =  -2kG UlYö   ß   Zl   ÜIY6« 

dee     =     ±G Hilva   "  32|  Zi   jüsyÄa (241) 

In  the  foregoing equations  (235)   to (241),    {Jlcy6   >    iJ2cye   , ^ Y5   , 
SsY^    are defined  in equations (63)   to  (66),   and  the upper  signs  are 
for   the  case  of  one  end   free,   one   end   fixed,   and   the   lower  signs   are 
for   the     case of both  ends   free   in   finite  composite. 
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APPENDIX IV 

CHARACTERISTIC  EQUATION   (FREQUENCY EQUATION)   FOR 
THE CASE OF SEMI-INFINITE LENGTH COMPOSITE 

The   frequency  equation   for   the  composite  of semi-infinite  length   is 
as  below 

i 
=     0 (242) 

where     i,j    =     1...6,     and where 

512 

5ie 

UicyS Yi     U.icy0b 

-5 Ji LL2^eb 

-ß Yi (u*c*Bb 

0 

=     0 (243) 

^1 

^3 

^8 

2ui7fl  Q'  Ji 

M-iaB Jl      U2 0ßb 

^Scy?  +   ß2]    Yl    i^cvßb 

=     0 

=     0 (244) 
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Ü31 

^34 

335 

<*3e 

543 

= ^ia'0 Yi    Uicyga 

= "^ Yi  Uaa0a 

= +B Ji    uaY6* 

= ö J0    Ui^ga 

= ß XD |U1Q'8a 

d43    -    -Uscvß Jo  \^aba 

d44     ~     "a2cyS ^o 

u45 

u48 

J51 

V*aBl 

11 ^ ,ii+2Gii, 3 
M-IQ/B Jo   hiaB a    + 

■'s a 

2G     ^loe  Ji   |^icyBa) 

X11?   -    >II
+2G

IIK^ 

20      ^loß Yi   |LiiQ'Ba) 

Yo   u-i^e a    + 

(245) 

(246) 
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d53    "    2G  ^acy8p 

^54 2G   ^cyS e %      M^jyB3 

dse 

Yx KcfBal 

-X1?   - (r1 ^ 2G1) ufv5     J0   |alv6a) 

2G  UlY6    Jl    (Ulyö3) 

d
5a    =    -2G ^Syfi U2 76a 

Ji   (^v6a) 

Meyo/ 

(247) 

dei 2G    ^lcyp  S  Jj 

II 

VlOlT* 

d88      "      2G     ^1^6   "   Yl    UlaS^ 

d63      "      'G      r^So'S   +   ^ I    Jl    UsQ'? 

Je4 "G 
II 

'^J-2^» ,2    +     S" ua^c. 

d85     -     -2G u!^   ?   Jx U'lyfi3 

d2S    =    +G   uSv6 + r i ^ ^ayö' 
(248) 

In   these  equations   (243)   to   (248),     Ul ^ 
are  defined  by   (72)   to   (75). 

LA20,5   > ulv5   '    Mflyö 
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Equation (242)15 a transcedental equation which relates circular 
frequency % to ß  for given physical and geometrical values of con- 
stituents . 

It must be mentioned here that the imposition of boundary conditions 
also gives 

^0 = BLO = 0 

which have no effect on frequency.  These results are of no interest to us. 
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APPENDIX V 

SOLUTIONS FOR COMPOSITE OF FINITE LENGTH 
WITH ONE END  (z = 0)  FIXED AND THE OTHER END  (z = L) 

UNDER AXIAL PIECEWISE-CONSTANT LOADING 

By applying boundary conditions (53) onto equations (223) and (224) , 
we have 

Ago  = C^yö = C3yt    = CBY6    
C
4Yö 

= ^v^ 

C4Y      =    Cao       =0 (249) 

and 

(250) \o  + 2  B50     =    C10  +  2  D,^^     =     0 

Tlie  Fourier expansion  ü£  the  piecewi se-constanl   function     1     is 

it V _L sln  2(2n-l)rL (251) 
n Z-r 2n-l     ' T 

n= 1,2,3 , . . . 

Substituting boundary conditions (51), with the introduction of equa- 
tion (251) into equation (227) we obtain 
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-    n-1,2,3, 

1        .     2(2n-l)nt 
2^1  Sin  T 

X1 +  2GI1   ß2  + - E E l2n/rlc^ 
1 

{A^ [jx11 + ac11)^ + IO.
11
^] zo^ 

aß1 

dr + 2n I   r 

II r    +  A,^ \\\      + 

2GII)ß2  + kX1^  Vtj^r)   - Bia3(2GIIM>8ft3ß)2b(^aßr)   - 

,11- |, Bacyelac    Mflaß^jkWDJ^       rj   dr  fcos(ßL)       sin^^t)       (252) 

where    ^c   >    Ug^p   ,     üxv5   ,     'l2y^     are moduli  of    ui^g   »     Ug^e   .     Ulv5   , 
LL2Y6     respectively  and where 

2 
^iCk'B 

1 I  \ 

II h 1 
2 

i        / 

2 
'^lyb 

^yb    * 

1'.') 

,2 -  3' 

2   -   R2     = 

CQ' 

II 

CII 

-   1 

-    1 

^r -   B" 

-T "   B' ,2 

f     'l 

HÄ -    1 

(253) 
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and 

^a9    =    AsaR    :=     B3aR    =    B4^e    =    ^aß ^oi* 

From  equation   (265)  we  ais«.1 liave 

Uta    =    xn    -    2(2n'1)7T  , "=1,2,3 (255) 

Substitution of  equation   (53)   into  equation   (241)  yields 

Applying boundary  com'itions  of displacements  and   stresses  at   inter- 
face  and  outer  surface,   equation«   (43),   (46),   (223)   through  (225),   and 
(228),  we  get  the   following  relationships  between  coefficients 

W   =   fiii.   A^B   =   n,^ A^ß 
!^ ijl 

I'HijI 

B.oB    =    lliil    ^cvfi    =    «378  ^-.fl (257) 

1^1 ijl 

l^ijl 
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where determinants  N, n  , tt. . .  , fj,,,    N ■•    N 
laiij  are defined as below. 

and 

For 

^Xij       (i.J =  1 5)   , 

(ii >ia 

(Al)! 3 

^x )l4 

(fi. )sa 

(Al )83 

(Ax )„ 

(Ai )aB 

(Ai )31 

(Al )3g 

(Ai)3a 

(Ai )34 

(Ai )as 

»■itffl wi  ÜiwBb 

+^ wi   LLa(yPb 

0 

0 

Uiaß wi uiO'Ba 

=    + B  Z, 
i 

+3 Wl  üaaga 

-3  Z, 
i u8v£ 

3 W0  üi^a 

i 

■^ayft   ^   ^V6a 

(258) 

(259) 

(260) 
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it, )4l =    + x11^ + klx11 + ac11!^    jW0|Ulcyfia J     w 

20   ^ic^B Wi pi a?3 

•^11- ^)<a = +2G .:2rvR 8 ^o uaa^' 

^Ai )43      = +2GIIÜ2C,9  Bk woI^cyBa 

/ \ 

/-    r 
.  kwiUac^a) 

/RS  + k')1 + 2G1 II?Y5 

- 

(^ )44      '      "   X 

p:2ry5a 

^ üivs^    + 

(Ax)*. 
1 ' ^v5n 

(261) 

(A: )51 

(^ )B4 

^1 )55 

=     2G1 M,-,?,  3 Wj^-a •^173  2 wi  Ui^B* 

.IM,-: 
-G        ^icvS   "   ^   Zl|^rvR£ 

=     -G11   kJl^g  -   ^kj-^a 

=     -  2Gulv5  B Zi  Lilvfia 
\ / ' 

(262) 
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For      Nlij     ,   the  elements of  the  second  through   the  fifth  colunn  are 
the  same as  that of     lA^x     ,   and  the  elements of  the   first column are  as 
follows: 

(Ni)ii 

(Nl)4l 

-k Ü1(,B Zi(ulcyBa) 

\^u -e ^(^i^ 

=   . \iig3 . ,[,11 + 2rii\ -
2 L /-    a\ , 2GIIU

^-B ^^aea) 

(Nl)5i    = .2kG" tricyß 8 Z i(^iaSa (263) 

For      jNaij     i     N3 ij     »     N4ij     »     N5 ^ •     >   the  elements  of  the  sei 
fourth,   and   fifth  columns  are,   respectively,   the   same  as  equati( 

second,   third, 
:ions (263) , 

and  the  rest of  their elements  are   the  ,>ame  as   the   corresponding elements 
in    l^iij     . 

With    Ag^g   ,   BlQfR   ,   BaQ,6   ,   C5   6   ,   Dlv6   ,   defined   in  equations  (257), 
wti  can rewrite  equation (252)   in  the   following manner: 

00 jr / 

11 + 2Gn)82 + k/ >.   ulffg 

wo(ülaer) - «aas (2GlI^aes) • 

o      ( Ll ' 

rdr 4- 
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•    ^lYÖ^j  - ^cyBpVaYöö) zo Way^j ( rdr | cos(ßL) (264) 

In this equation,    3 , ^^ , \J,9QIQ ,  1*1 yö *   ^yb    are determinGd by e<lua- 
tions (253) and the determinant    \^i\\   (Appendix III) with the use of 

^n ^"x" (265) 

where    n ■ 1,2,3...   . 

By the concept of quasi-orthagonality, the coefficients Ag^g in 
equation (264) are represented as follows: 

I ' 
M^Y^) •Ms^|2Gl;r»Y6e)Z°({raY6r)[ r,dr']rdr| + 

Zo{^cySr) + ^^[(^ + 2GII)B2 + M11 ^«B] • 

^{Siai')  - "a^ (2Gl1 ÜiaB») * 

ZoiüaaBr) - M^e f2G11 ü8aBe) k V0[ü8aer)| r'dr'j rdr | 

U f Vi x\ "*** DxI+2Gl^2+iaI ^' 
a 

Z
0(SiY6r)  * "B^B   (2GI ^Y60)  Zo(^Y6r)[ dr, I    rdr + 
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,- - r^-^s^^^^^teis. ':**T*i~rfjc'&ertM*.. ^.-. 

ii-2 

Zo(^8r) -^e(2GlI^8B)Ho[^er)j dx'l rdr| 

where ^ and Xa are defined as follows: 

* fr i2" / KB i}1+2Gi'e8+xi ^j ■ 
^(^Yfij *  ^«6  (2GI ü8Y69) Zo(^y6r)| r,dr' ' 

M ^[M + 2Gl)f + ^ ütxi] M^1) ' 

"508 12GI ^Y6i)    Zo(ff8^.r)    r'dr'l dr + 

b 

X| f r[Zn/      llfx11 + 2G")B» + kX11 ülcrs]  " 

ZofJTiaB') + "lae [l^1 + 2GlI)eS + kxI1 ^as] " 

Wo{^aBr)-   ^S (2GlI^BB)- 

z
0(^a9r) "   *><*&  (2Gl1 Üaa?^) W0(^erj j rdr . 

(266) 

^Jdr-.vt'-«*^- ^ 
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^^ww^u. Li mijnmimmm*m*wivmmmJtm.mM m   m »wp—CT—I.— HI»'     -^=-^^rr^.v^g,-i.--«Pmy^y^-sw 

tofcaf) + "»«i [(Xl1 + 2Gll)t + ^"^«i] • 

wo^i«|rl - **£ (2Gl1 ^M1) + 

Zo^)   - ^ I20" 5«gfi)    Wo (ü82er) j rdr] dr = 0       (267) 

With Ag^ft found by equation (266) and the eigenvalues obtained from 
equations (7,35) through (241) , we can get A,^ , Bj^ , B^ , Cg^ , D1Y5 

from equations (251) through (263) and then obtain displacements and stresses 
of the composite from equations (223) through (228). 

v 
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I • 

^aipgnpan^p^ ^^'^•v^v^^;^mj^^ 

m»*i»mmmmmimtimm»l*mmmmmik ,.^-,-,^^^. , .  

APPENDIX VI 
4' 

SOLUTIONS FOR COMPOSITE OF FINITE LENGTH 
WITH ONE END (z - 0) FREELY SUPPORTED 

AND THE OTHER (z - L) UNDER PIECE WISE«CONSTANT LOADING 

By applying boundary conditions (54) to equations (223) and (224), we 
have the following: 

Ascyß   -   A,aB   '   W   -   A^g   -    B^   »    33^3 

and 

BJO - CJYJ - CY6 - Q,^ - q,Y6 - Di^ - 

OsyS ■ QBYS * D'YS " "'Y " "by " "•v ' 

D4Y     -    Dlo      -    0 (268) 

A.0  - B
8o    ■    C,e  - D80 (269) 

The Fourier expansion of Che piecewise-constant function 1 is: 

-   Y^     -i- >-  2(2n>l)TTt 
TT   Z^     2n.l Sin   T (270) 

n.1,2,3... 

Substituting boundary conditions (55) into equation (227), and also 
introducing equation (270), we obtain 

? E lir-2^^- -Elfi: a./ a 
r 

ClY5[(xI+2Cl)88
+kX1irtv6]20(ülv6r) 
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»«/b' jAi«e|>I1+ 2Glli38+ kxI1 ^«e] • 

Zolü! af]  + A.aB^11 + 2GlIJ ^ + ^"^«s] • 

M^ffB1) + B6«e (
ZGIZ

 ^aB8) ' 

zo(üi«Br) + Hrf (2cI1 ^«ee) k • 

wJusagrjIdrj sin(6L)  sin^t) (271) 

where   üiaB . Üs^e » 1*176  • i*2v6    are moduli of   U-iat ' aaa8 • ^XyS   • U8Y5   ' 
respectively, and where 

IS' - ■) 

a3 

2 »     / -Of \     .   92 
^Y6    *   1^1 

ua
8vfi    -   1-1       r    -    1S-vl    -  :U (^2) 

and 

AsaB    *    ^^9    *    ^^9    '    Bea9    =    C3a9    ^    ^»6    Ä 

(273) 
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From equation (271), we also have 

2(2n»l)-n' #*-** 
\    '    \    " T <274> 

where n ■ 1,2,3... . 

Substituting equation (57) into aquation (228) yields 

Aio, - A3a - A-^ - A^ - C^ - C3V - 0 (275) 

Applying the boundary conditions of the displacements and stresses at the 
interface and the outer surface - in other words, equations (45), (46), 
(223) through (225), and (228) - we obtain the Allowing relationship 
between coefficients: 

Kyi 
"»«8   "   1ä;"V   ^a"   "   ^at   ^«B 

Kill 
^vs  ' TÄT^T Al»0  "  ^»ß AiaB 

Aa^|    are defined as  follows: 

For      AaiJ    ,  with    i,j -  1,..3  , *iij 

(276) 

where  the determinants      Neijj    »   Kn     *    N8ij|   *   Kill   *   r10^!   '    and 
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Zi(ir8<yeb) 

Ua)i a>i3 

- B 

- B ^i^B") 

(A,)! 3^14 

(^)l5 0 

(Mai    Ä   SiofB ^\^aBa 

(A3)33    -    -9 W^^ga) 

(Äa) 2^26 +   8 Zil^vß3. 

(AB)3l    -    ö
Wo(^a8a) 

(ü2)3 2   ■   + Jgae ^(u-aaB* 

(Ä8)3a    "   + ^ö k "ol^aaB3- 

^8)34    -    - 6 zoUY6a) 

(^)?e    -   - üav6 Z0(il3v6a) 

(277) 

(278) 

(279) 

(A8)4l    -   + pV + kjx11 + 2G11) uiaB    wo(uio8a) 

20^^ 
a£ 

wi(^a8aJ 
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-; '«yg^«'^--'^-1 y~~~^~'—  • '"smfwiw 

(Ä.)«»' - + 2Gl ü8v6e[20(ila>,a)  - ^ly   1                                            (280) 

(A8)B, - 28"^^ ^(üs^) 

(As)Ba - + G11^ ir^e - e2) z^js^) 

(A8)63 - +GII(kä|a8 - ^JMiW) 

(A8)B4 - - (2G1 ülv6    ß   ) Zi(älv6aJ  k 

(aa)56 - - G^k ü/^  - S2) Zafa^a)                                                           (281) 

For iNgj.]  .    the elements of the second to the fifth column are the 
same as  that of    l^ljl     and  the elements of the  first-column are  as  follows; 

(Nehi • -k üi «8 zi(üiaSb) 

(Na)8i " -küiae ^(üiaS8) 

(Ni)3x - -6 Zo(ü1(yBa) 

(N.)« - .[X"^ + k[x" . 2G") ^B]z0(ülttfia) . 2Gl^^f^^ 

(Ni)5i - ZkG11 ülcy9B ^[üi^al                                                                             (282) 
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For     Kill    5   iNeiil    »   Klj|    »  and    |Nicij|     »   the elements of  the 
second,third,   fourth,  and  fifth columns are,  respectively,   the  same as  those 
in equation (282),  and the rest of their elements are  the same as  the corres- 
ponding elements  in   lAgijI 

With    A 
can rewrite 

swß  »  ^aß >  ^aß * ciyt   t D*yt>    defined  in equations   (276),  we 
equation  (271) as  follows: 

S^o A       a    . 

Zo(uiaBr) + ^o8[(xI1 + 2GII)B2 + kxI1 ^ö]    ' 

Wo(^ffßr) + %B (2Gl1 ^B8)   " 

Zo(^8r) + ^c^B (2GI1 ^oß8) ki  Wop2cySr) } dr + 

^^ r j ^crß[(xI + 2Gl)e8'f k>1 ^vs]    * 

Zo(^Y6r) + ^Oas(2Gl ^Y6B)  Zo(^v6r)} dr|   sin(BL) (283) 

In the equation above,  B , SiOfS , M-a^B , M-i v6 * ^2^    are determined 
by equations (272) and the determinant  Niil vith  the use of 

2(2n-l)TT 
(284) 

where n « 1,2,3... . 

By the same approach taken in Appendix V of this report, the coefficients 
AlckQ of equation (283) are represented by the equation which follows on the 
next page. 
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^wm." 

Ai^ sin(0L) 

Zo(^v6r) + ^"«B (2Gl "8V5B)  Zo(5«v6r){ H rdr + 

x.' [iti] 2"/bf r P1 - *iik ^ K11 ^ • 
Zo(^«6r) + ^«B[JXI1 + 2GlI)ea + kxI1 ^ ' 
Wo(üiaer) + M7ae (20" ü8a8ß) • 

Zo(ü8aS
r) + ^«B I20" ÜMe6)1* Wofa8a8

r) ' ^r rdr j -r 

0    L    'o *• J 

r L2"/^' rfxii+2G")B"+kxiiiifaB'. 
a       ^        a U 

ZopiaBr) + ^B[(XI1 + 2Gl1)88 * k>11 ^S    ' 

Wo(^Br) + H^B (2GlI^6 O1 

I2   >! 
Zohc0r) + MBCVB (2G11 ü8ape-j    Wo(ü8a0r)  di»lrdr 

\ / \ J     ^P 

rdr    + 

8 
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where XJ 
and Xt are defined as follows: 

"lorf (2Gl ^Y68) Zo{^4 r'dl' * 

27    Nal^1 + 2G) i8 + xI ^]zo(t*liör)+ 

"loal (2G1 ü^l) Z0(ü8^)|  '^'J dr + 

X*8  / r fsn/*6 {[(x11 + 2Gll)s8 + k.11 ü^g] Z0(ülaSr) 

^«e [l'11 + 2GII)88 + fcx" ^IOS] Wo(ülaeri + 

"'aß (2GI1 "»ae3/    Zo('i8aSr) i- 

«eoB (2GlI^Be)    Wo(^aBr)}-r'dr'- 

2n/ |[(,11 + 2G")l2 + K).11 üf^]  Z0(älMrJ + 

^M [(■'1I + 2Gn)i8 + k-11 ^1 W
0f^aer) + 

»'oe (2GI1 ^agfi) zo(^a|r) + 

"»or| I20" Üaggl) Wo(^29r)[    ^'■i dr    =    0 (286) 

With Ax^g found by equation (285) and the'eigenvalues obtained from 
equations (235) through (241), we can get Ajag , B5Q,g , B8a,Q , C1Y5 , and 

and fovj from equations (?76) and then obtain displacements and stresses 

of the composite from equations (223) through (228). 
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APPENDIX VII 

SOLUTIONS FOR COMPOSITE OF SEMI-INFINITE LENGTH 
WITH THE END (z - 0) UNDER PIECEW1SE-CONSTANT LOADING 

By applying boundary conditions (58) on equations (233) and (234). 
we get 

—    y1      1    . 2(2n - Unt 
TT    Lj 2n - I 81n    T^ 

n«l,2,3... 

•     * ^  a    r 
iC  X l2TT/ ^Y* (XI + ^V - 
2,3...  8>o\ 0 n-I,2,3... 

(> 

^r JA.^JX11 + 2G
II)B-3 - X^elJoOh^r) + 

A^0|lxII
+2Gn|p.xIIn!tt6 Yo(^er) - 

B«ffe|2GlI^aßö)jbö*ieer) - Bia0(2GII^a8a)- 

Yo(M'8cn|r)[dr|| |}  sin(u)nt) (287) 

where 

, 'S 

MM0 

|CII 

IcII 

+ B1 —=-     + 1 
dl 

L\8 /    . 
(continued) 
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^■tr 
»•yb 

-71   + ß4 

+ B' (288) 

and 

^»B    "    A^«    "    B^6   "    B««B   "    c^cr8   "    ^«B   "    0 (289) 

From equation  (300), we have 

2(2n - I)TT 
u^   -    wn Wr n    «    1.2,3... (290) 

Applying boundary conditions of displacements and stresses at 
interface and outer surface (equations (45), (46), (229) through 
(231) &nd (234))» we get the following relationships between 
coefficients 

Aaore " Ml»« AB^B A                  =       _ 
»lij 

Aia8 

B8ar5 

Nsij 
Bi0f9    - 

Asorfi   ■    Ma^ AscrB 

ABCTB   ^   M3«3 Ae»S 

As »9   "    M4of8 A5^3 

ABOTB   ~   M6aB AeorB (291) 

where determinants  |Nxij|,    Nfij   »   l^ijl»    ^ i j |»    N6ij|'  and   r^j 
are defined as follows 

126 



r*.-i**«!*r*<rm-r*ur -■■ r&mmmnf&MVU »mmmt*m. J 

For      Aij       (l,j - 1,...,5), 

^n " »h^0 YxC^^g b) 

Ait - -I" Ji Ohoß b) 

A!» - -B Yx (Hxorß b) 

Ai4 - 0 

Al* - 0 (292) 

Äfi - ^iae YxCM-iaß a) 

Ali - -ß Ji (^»Ofe a) 

Af a - -F Yi Oitcra a) 

Äfl - I" Jl (^Yö  a) (293) 

5ii - 0 ^(^crß «•) 

Sat " -^aß Jo (H-acrß a) 

^33 - Hita3 ^b (^t«ß a) 

^34 - -F Jo(M.iv5 a) 

Ass - Mtyö  ^(Mtyö   a) (294) 
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mmmmmm^m*   i 

A4:    ■     X11 P - (x11 + 2GIIli*?aB   %, 0*x»ß a) + 

,11 2G     ^i^ß Yx (^lflrß a) 

2G11 M«cra §    Jo Oitcra «) - 
Ji (^crß a )" 

A43    -    2G 
TT    _ r        Yi t****a)" 

- X1 P - (X^ 2GI^?Y6    JbOhyö a) 

2G   ^lyö Jl^lv*  a) 

A45 Jo(^ 
T _ Ji (^ay^  a 

-2G   üayö &    JO(^«Y6  a)  - 
M.avö 

r 

,11 Äsi    -    2G      |*lÄß ß Yi (|ilcrß  a) 

if - -C       »acrß + ß2) Ji (»sag a) 

is - -G11 I^Scrß + 3a) Yi (^8aß a) 

ii - -2G1 1*1 yö  ß JiClAiY6  a) 

is ■ G1 (|iSYÖ + |8)  ^ 0i,YÖ  a) 

(295) 

(296) 
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IMIMIWI    ^ '     "'-W 

For     Vhiu     * the elements of the second to the fifth column are the 

same as the corresponding ones of    l^ijl     > and the elements of the 

first column are as follows 

(^ )3a    "    -I" Jo (PioiB a) 

2G     M-iaß Ji (Hx^ a) 

.II (Nx )5i    »    -2G      Ula0 ^ Ji Oi1Cyß a) (29n 

For      %ij   >   l^ljl»   r^ij   *   r^ijl*    the eleraents of t>ie  second,  third, 
fourth, and fifth columns are,  respectively,  the  same as equations 

(297) above,  and the rest of their elements are the  same as the 

corresponding elements in     ^ij 

With    Aggß   ,    Bettß   >    Becrg  *    GsyÖ   •    ^5yt    defined as equations 

(291) to (297)» we can rewrite equation   (287) as follows 

4P (      1 
TT   Un - 1, 

X11^    Jo (^icyßr) + ^ MX11 + aG11)?3 - 

X^icrßl ^«*icrßr) - Fiae |2GIIM-jaa3|* 

Jo(^taßr)  - Ma^g J2GIIM.faßßj ^b (^8aßr)|dr + 
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+   2n /{^ [ix1 + acV • ^V 

M»era |2GViYöß) Jo(M.aYör)[dr (298) 

In this equation,    I  ,    M-i^ß  ,    ^ttt8   ,^176»    ^yö    are 

determined by equations (288)  and the determinant  |djj|     (Appendix IV) 

with the use of 

% 
2(2n - I)TT n -  1,2,3,... (299) 

Using the same technique In "the representation of a function Into 
a nonorthogonal eIgenfunctIons, we get 

^6 

^YöJ  hfriybr)  - Mfla3 (20^6 ß) Jo(^vör)| rdr j rdr  + 

^-r| 2n|b [ jrb    {[jK11 + ZG11)!'- ."^ J0(W) + 

YoO*taSr)    rdt»    rdr   i     -f- H 
Jo(^iytr)  - 
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■HpiP^F^« IIIIIM.II    im^ypiM —w.^    "-TJ 

-    MiaelzG1!*,^?) Jo^«Y6r> dr'    rdr   +53^    2n f* T'JÜX11+ 

II .  —II Joohapr) + Mjore    |^     + 2G )?■- 

^^aa    YoOAxcrßr)  - Mfflrß(2GII^»ß Fj Jo(Mfflrßr)  - 

Äaß (2G1 Viorß Fj Y0 (j^aßr)     dr1 

where    Xi    and    Xt    are defined as follows 

3 

rdr (300) 

X? JoC^lyör)  " 

Jo (M-iaßr) + 

/ä if    ^ 1      n        \ T 

w        ü a     { L 

Msdß^G^YÖ FJ Jo(^YÖr)   |  r'dr'• 2TTJ      • JM^ j^1 + 2G]1F - 

^ly^   Jo&iybr)  - M^fi (ac^yö F) Jo (M«Yör)     &* 

*if4^fh    {IJA11 + 20^ - ^?aß" 

Mfaß (2GII^aß FJ   Jo (MforßO - Saß f2GIVfaß &) 

Vb (M«flrßr)| rdr . In J    • | (x11 + 2GII||a  - \l\l^    J© (^iaßr 

Miaß   (X11 + 2GII)Fa  - X11^^    Yb OAiQfßr)  - 

) + 
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-  M^ (2GII^tQ^ | ) Jo O^r) - 

drH - 0     (301) 

In the equations, tt, ß» 3. 1» 5. Indicate the values that are 

different from that of or, ß, ß, y» ß« respectively. 
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g^tfeWüpr i^wwsnr »awii^nipit^^.. : 

APPENDIX VIII 

EVALUATION OF AN INTEGRAL 

In this appendix are given the details on the evaluation of the 
Integral 

at   | 
- C08(5*) sin 5 y  " =  dg 

taking Into account the development In series of sine, equation (302) 
can be written 

On the other hand» using the Identity 

V 

^-0 
with 

V-M- /v; ^^v 
D 

M.-0 

<. ■ >-»"■' (:) 

equation   (303) Is expressed as 

iff Utf      v 

V-0 n-O *       o       [1 + b 5 | 
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The following step Is the evaluation of the  integral that appears 
in equation  (304), 

f cosSz cosgz d?       _ 

for which we need  to solve the complex integral 

iUz 
(306) 

/r            i**z 
**** x    dz   =    ReT    7-2 r 

where z is now the complex independent variable and M* and a are 
constants. Through development in the factors of the denominator, 
we obtain 

1      oo Üil 

I ■ ^ -^r I   „I ", . ^Tn        (307) 
(2U)r 

taking into account that 

00 

l1 + -2ir-|     " 2-r  H    (211) 
• WFO 

.   Nm 

m 

^z   .    e*a ei|*(«.la)    .    e-tiaX    !_ ^(z _  ia)r ■ES 
r-0 

equation   (307) becomes 

ifJ      (z - la)n   4zf  1^,,     (Zlar    4^^. (Zii,      , - „,, x-^-. 

(308) 
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mfwmttmmmgn 

I 

By putting r + m - n - a , equation (308) is transformed into 

n     t-* Jo ^   \m1  (2ia)m(n.rn+a)I (2ia) 
0*-n m«o 

Remembering that 

» _ ( 2TTi        for    a ■  -1 

0 for    a » 0 
f   (z -  ia)a dz 

equation    (309)can be written in the  following form: 

(2a)n
2n   Zrf   \m/  (n-l-m)l 

n-1 

1    =    Re 
r2a^n 

2TT e-ua 
n-1 

(aa)2""1  (n-1)'    ,.. E  (2«"k Ä#tT "'»> 

where    k ■ n - m -  1   . 

Then,  by using equations (306)   and (310), we  can write  integral  (305) 
in the  following manner: 

,« .-z/b 
cos  |z  TTC 

(1+b2 52)2(vf2)-u       b'42vÄU+3    <2v-u+3): 

2v-iA+3 
E/2z\k  (4v^-kf6) ! 

\b/    kl(2v-li-kf3): Uii; 
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By introducing equation (311) into aquation (304)> we finally obtain 

CöS(5Z)  sinU —    —    ,1 dl 

T(z,t)      -   J 
(l+b2f] 3/2 

2J   (2vfl),. \2b/        \\i]   Lji uKv-u)! 
n    -z/b   ^"    ^ ^■v   '  '   ' V 

»    — e 4e il^    (2vfl)'. \2b/ ^b/    ^ al(v.u)'.(^H■ll^-3),. 

(Jfk)"   (vfu-k)! (3l2) 

v"l>      /     \k 
V^    (JL| (vhi-hk+6)! 

k=-3 
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APPENDIX IX 

COMPUTER PROGRAMS FOR THE DETERMINATION OF 
EIGENFREQUENCIES AND WAVELENGTH 

IN A COMPOSITE ELEMENT 

"" ppnWkH'frineth"" 
C 

'coMwow7iniC7inrniCTTi7rfrn wmtTTTtim 
COMMrN/Mu/FMUU8.  rKJIAB«  FMUIOO.  FMU20D 

 eoMMfw/iMA«/ir(WrtT;Täwivr   
COMMON/!^PU?/AiBiGltGItFLAMOAltPlAMOAl»SETA»lCTA|0»OM|OA«OMeOAlO 

""""•'VoMMrtN/tfAfKrf^Tr.XATÄT   »»-«*-.«  -. 

COWMON/COFf/A1A« • AAAR »fiTAHiMABiClftP - ÖZOO 

mp&imm* 
*' «Ao-Twvr;Tf;Yrr!T;iTicrnTnnjniM5r?«^^ 

1 *n\i*rtii  *m'm''rim— 

fei FOÄMAmm 
—l-yN-;'iV  

J   ■   0 5 JFLAG   •   1     

 «   ■   A   •   SORTFfl./Vr»   
 f'LM^oAi . ei^üwin.*rNUh»n,-j>PNi/m ~ 
 H.AMOA?   •   E?TNÜ?/ < < 1 •j£HUi ) • < 1«-?»TNU? I ) 

GrvYiViy^VFuVFNulTl r     "(SJ •»'Ta/Tr."«nT*F«ü2n        
CXARFA1 . PI • A«A ^^^^ 
rxÄ»FÄ?"r,''p'r"V"pi'iR''-"""cyÄirEÄ'f ~    ""  
c I iso «^,Tii*rL*Mrun/ffHOi -___ 
C f ?SO • 2.»r,?*FLAMnA?)/RM02 
C   Mljp  •   Gl/RMOJ _       _   _ 
c r12So • G?>RM67 " 

'^«1 NT" 600 r'ÄVTf VTiVTrFNüTrTN^ RM02"r 

600   FORMAT «3MIA   .F20 i 5 ♦ inx ,f.MF I .F I 7»^ . 1 OX .6Hf 2 .E17.S./, 
 •_„ 'SHOfl   .F?0.^.10X.6MNU1         »F17.5.10X.6HN02         »F17.5t/« 

• ' " 3MÖVF ♦Y2Ö,5 i röVf'ÄH&"*'r"*iF 1 7^"."VOX 16MG "2      tClT.SV/ ♦'  
• 'HOL   tEJ0,5,10X,ftHRMO   1    .ri7.5.10X.f.MRHn  2   »flT.S»/» 
• iHÖN "7E20^TriWt6MLÄMDÄTrF'i 7 .V; VOX . 6MLAW0A2VCI TV* V/V ' 
• 6H0OHFGA»El7.5i   /   »6H0T0L      iCW.S»   /   »»HI     J«7X«6H8CTA      »UX. 
• 5HOFTRM.10X» UHFMUUB   <M2» »«X t UHFMU2AS"TlC 2 I t fl»UNiF'M01 GO   «HI "f 

 • ?X»llHFHU2GO   UD»   /J 

?   FALL   MATRIX          

 CALL NWMATtNVlC» BB* SCRATCH» t*   6» C» DCTRM, IDET) 
!Ft fOFT .FO, f))   CO   TO 20 
PFTRM ■ DFJRM _• (jO»j»».u)_m.. 

c 
20  J  •  J*J 

PR r NT   6"ör»' J r BE'TA'T'oifTRMr TFiÄJVl iT'lMAG Ml.   f • 1 »*»"" 
.      601   F0RMAT(U»   2E17.B.   »(   F17.7.   All.   /   >  
r 

. T-0t..?.J.£-*.....  
CALL ROOT «bETA» OETRM» TOL» DELTA » OIFF. JJ. JFLAÖV 
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frtjj) Tfl, no, «9 
?«  l»»!KT  Art?               I              0(1 Tp  I 

A02 rONMATf////.   lOXi  äOHlTfllATrONTb'iVCdOINO} 
f  

P»fNT   A04»   (JFJA» JJJFF |            9Ö Ifl   ) 
c 

«9  »fftNT  An*.  ^FJA.   Q)FF 
604 FaiMATi//;TH'BCU"«Tnn¥t HTITfH 6"iWVrii7.ir 

CALL MATRfX 

Tf • 1 
f)ft Oft Id «A 

?'(? .FO. 7lßO TO fO 

H«    CONTlNUf 
'nRfni "•'-rTfVrr 
if • if ♦ i 

on roNTisifr ' 
r 

-<:ALL~NWnmiiVr«.M.5«*TW.**5,l.WT.!0CTJ 

FM MR"«"'pWn" 
FM 7AR « RnC?) 
FM ft»B *i"RrtT1T' 
FM DAW ■ gWUl 

>MiTTAR • P«l^» 
PRCA»   •   1. 

TEST   .   l.F-* 
LIM   ■   ?0 
CALL   SIMCO^I   A»B»TE5»T«LIM.ARtA2»NOI?t»?tF 2 > 
CALL   SIMCON(0.tA,TEST*LIM«AREA3«NOntR3*F3'r 

C 

r 

ARFAl   ■   P|«MI?««FNUl«FKn/(IU4-FNun«(U-?.«FNU1 I M>1. I »Fl »A»»? 
• ♦»l2.»FNU2»Fr,12/((l,*FNU2I»(l.-?.»FNll?l n*ltI*F2»(R««?*A»»?I ) 
"AMR  ■  -ÄÄFAT/nVRlpVl^   
 RB(ft)   ■   A^A^  

PRINT   AO^»(RR( 1I«J-1«^ItAIAR 
609  FORMAT«/.«(»M 6AB   ■* »E'2Öii.lÖi f »M  7AB   •♦'^20.9. 10X . «M   MB   ••»E^O.'i. 

• /««OM  9AB  -••E20,9ilOXf*M10A6  •'*E20«9«10X**A   3AB  •««E20*^) 

hU\R ■ FM   ftAR   •   A^AR^ 
R7AR • FM   TAB   •   A3A8 
RRAB ■ FM   DAB   •   A1A6 
C3f.f> • FM'9AB"*"'AVAB' 
OTGD ■ FM10AB   •   A)AB 

CALL   .STRWAVF 

A,*m,. 
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r 
f C*Lri*LATr?i  rmPLACFMFNT   ANH   STUfSÄFS  USfNft  COWÄTANT» 
r ft«TAjN»r) p»v P»nr.»AM 8w*vF^ 

COMMON/rnrF/AiAn»AAArtiR7AAiRMi«c9(iD«r)7oo 
C UMMON/I^PUT/A.B.Gl.riatFtAMOA^.FLAMOAJ. MT*.ÄfTAfO.OHCÖA.OMEGA »0 
rOMMON/|MA0/Sir,N(Ai i/MAftf«) 
COMMON/Mjl/FMlJlAntfMIIjARt^MüWOiFMiilOI) 
rotMVALrNCF>srfiwnitfta>in»cs!6wigitiiflw»>t<s/fiwnw8i6>m»($i6w(4 

UiUffllAI 

91   Fft»MAT»IHI)    ' " 
«FTASO««FTA»»J 

090   rONTIMjF       

70?  ^r«MA7J?rY^,^) 
ir(rf>F»*n» 9^0.940 

(1AA   ^TOf» 
14«   fONTTNUF 

TF(R»r.7,AiG0 in ini 
r 
C C*Lfl/LATF   TMf   NFCFSSARY   RESSFL_ FlI^CT [ONS 
r  

riM?ftft«zriFmi?r»r»»>V<rftN4i " 
_ 7nMiAr>«£ntFMnir,f)»o_,M^JJ  

7nM?r,>>»zo( PMu?r,n«"p, ^ iGNi > 
C 

X 11 SUP 1 •- (f 1Gn»S r6M1»FMI) 1 Gf)»Z 1M1 GO 
1 -n7GD«t3rTA»iMM;>Gn)»SINfnFTA»2) 

c'" 
 XT^MiPi«<r-»r,nopFTa*70Mir,r>  

1 ' ♦n7rtn»PMt^nn«/nM7Gn»»coV« PFVA •; t 

'   51lSUPYi-^OG0*VfFLAMbVl"i'BET"Ä50*SIGN^»(>LAM0Al*2,»Gl »• 
1 PMinf,o«»2)»zoMif,n 
2 '  - ( ? . »G fi'FMU 1 GÖVs'{GN MV«« 2 1 MI GO I 

 1 -07Gn»<2.*GTFMU2GO»PFTAf(20M2Gn-ZlM2GD/ ( FMu?GO*P > ) 
4 »»MNCRFVA«^) 

c 
r 

S?2St/Pl«-(ClGD»JFLAMDAl»{.<i|GNl«FMUlGf)«»2*BFTASO»»20M1GO 
1        .♦?.»GMFMulGr>»MGN1*21MlGn/R) 
2 ' "-n7Gn»Vr2'.»GV*flFTÄ>«zYM2Gn/«> 

_3 L^JAIMIAILI  

S33SUPl»-(C^GO«(.(FLAMDAl*2.»Gn»nFTASO*SIGN3«FLAMOAl*FMülGO»»2 
1 »ZOMIGO 
? ♦n?Gr).«(2.»Gl«FMy2GO»OFTA»»2nM?Gn 
1 »•MNfnFTA#2» 

S I VSMP"l «-TOGO» r27»<fGNT»GT»FMUlGn»BE TA ) «2 1M1GD 
1 ♦OTGD^G1•« SIGN4»FNU2G0«« 2-RF TASO»»21M2GD 
? »»COSIBFTA-Zr' 

PfffMT   |lfl^tff«2 
OOIWT   An4«Jfn.SIIPl,Fn^lWM 

A04   FOPMATC«   XI   1   FfSf«   •   »F19.5.^X.'X|   1  FIBER  ••»E19.5/) 
PRINT   Bn7*silSUPl«S2'2SUP|fS)3SUPl*SnSUPl 
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TFlS.lT.Ainrt   Tft   ?%f) 
101   rONTfMlf 

r 
r        nn %*** THT»*« rot »rMN 
r 

;iMiAP«n rrMniA«»t».%iftNi I 
r i *;**•*'i (FMUMMII • *tf«Ny) 
2nMlAnaZ^(rMUUfl«il«.MGNl ) 

'wiMJA^wnrMiTfAMtVÄioNi i 

wnM.AM«wn(FMuiA«i»t(Ai(;N1i 

XIlSUP^"-IA1An»SlONl«PMUlAf|*ZlM14B 
1 ■♦A4Ä«»rMiJlAPI«WlMlAR-Ä7A««^FTA»ZlM2AR 
2 -MAMRFTA«WlM?AIM*SlN(ftRTA«Z) 

X f 1MJ»>?»< A^AH^^rTAtZnMl A^^AAA^a^CTA^'^^M^ AA 
1 "♦n7A«»FMU?AH«ZWAR*MAH*MGN2»FM|i;>An«W'Hi?AR) 

?       ?f 1VI»f.T*#2'     

S11SUP?"-IA^AP»« <FLAMDA?»BETASO*SIGNl«(FLAMDA2*2.*G?t»PMulAR»«2 
1 )»ZOMlAB-?,»f,?»FMnlA«»SIGNl»ZlMlAB/RJ 
2 •>A*An«( <FLAKnA7»BETAJ>0+SiriSl»«FLAMDA2*?,»G2>»t-Mu;AB»»2 
^              l»wnMlAB-2,»6?»F*«niAq«WlMlAR/»l 
A -B7AP»«?,»r.?»FMlJ2AP»BFTA)»l2nM?A«-ZlM?AP/(FMl)2An««)) 

"^ 'PVAB«J?V»G2»FMU?AB»BETA»»(STGN?»W0M2Afl-WlM?AR/(FMU?AB»«?) 
A n«MNJBFTA»7) 

C  

S22SUP2«-(A1AP--*       1DA?»(SIGNl»FMUlAR»^?*fiETASO>»20MUR 
2 >2»*Vi2»PNUlAB»SI6Nl«Zl  M   1AB/R) 
3 ,__ fAM^if-ki*!^?*J.SIGN1 *PMU]| AR»»2*RET ASO ) »WOM1 AR 
A "" '    ♦2V»G7»F~Mr»rAB»wi*1l"AR/R)    ' 
5 -R7APM?,»G2*flFTA»21H2AP/fn 
6 "'-flHAB»V2."«G?«flFTA»WlM2An/R) >»«iIN(RETA«Z) 

S33'5ÜP2«-<A1AB»V(FLAMDA>V2.»G2»'«BFTAS0*SIGN1«FLAMDA2»FMU1AR««?| 
1 •^rtMiAB  ,   
2   ~ ♦A/iAP«HFLAMnA?"*2.»ri2»'«flF*TASO*Sir,Nl«FLAMnA2»FMUlAP»»?1 
■*         «wnMiAn.. 
4 ♦P7AR»2.»G?»FM|j7Ar,»RFTA»20M?AR 
* .-.-♦^■*B»?#»51GN2»^2_»m»,|AI»f»»FTA«WftM>AB 
% " )«^|N(RFTA«> | 

snsüp>'i- ( AVA¥»2T»TIM1VR2"*?WUTA« *Rf T A • Z I M I AP 
1 ♦AAAB»2,«r,?»FMUlAB»PFTA«WlMlAB 
2 ♦R7AP»G2»ISIGN2»FMU2AB»«2-BE7AS0>»ZIM2AB 
3 ♦B8AB*G2»(SIGN2«FMü2AB»«2-BETASOI»WlM2AB 
k )»fÖS(BFTM7r 

f PDIMT   PF^MLT^   FPOM   ffFSfN        . 
r 

POINT   AO*,P,f 
BO*   FORMAT I//2UX»«   R   ■   » «F l'/,8t5X »•   Z   ■   • »F 15,2/20X »A2 UH->       .//) 

POINT *nA«xnsiiP?.xnsiio2 
ÜOA   FORMATC   Xt    1   BFSIN   ■' »FIS.S »SX» »X ?   ^   RFSIN   ■•.Fl?,^/) 

PRJ NT   807 »S.ll.§UP?.« S2?AUP2 «.S3.3SJJP.?..S 1.3SUP2 
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c 
r CALJ'HLATFS  J   AKD   V  OF   ARC»   IF   MGN*1« 
f CALruLATFÜ   |   AND  K  OF   ARG   IF  MCM-l. 
r 

OIMFNSION   ANS«?) 
C 

ENTRY  l\ .......     
C 

IF<SIGNJlfWl0t20  >      . 
ZO   CALL   nfSSEUAR(l*l.ANSfl»nj 

^CX«ANSC2)                . 
•FTURN 

C   
10  CALL   RFSSFL(ARf..l.ANS.3tO> 

BCX»ANS<2I.    .   ...   
RETURN 

C 

c 
FNTRV  20 

*.0  CALL  RFSSFLIAIIfi»X»AN5»ltOl.^„  
«FÄ.ANSn ) 
RETURN   

30  CALL  RESSFL<ARG.a.ANSO«ftJ_  
BFX«ANS(1» 
RETURN  .. . 

FNTRV Wl            
1FIMr,N)«in.S0.6n 

60 CALL 9ESSEL(ARG»L»ANS.2.0)  
REXsANSC?) 
"RETURN   - - -      

50  CALL   BFSSEL(ARG»l*ANS«^«Ot 
flFX«ANM?» 
»FTIJRN     

ENTRY   WO  -  

1F(SICINW0I70«B0 
70   CALL   RFS5EL«ARfftl.ANS.2»0) 

REX-ANSM»  
9FTIIRN 

no   CALL   BFSSFL<ARr.,l.ANS.4.f)) 
BEX.ANSU) 
RETURN 
END      
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i 

r 
r 

c 
c 

c 

c 

COMMON/INPUT/A i9tGl«r.9trLAMOAl.rLAM0AI*flCTA»flKTAftO«0MC«A«0MC«AftO 
COMMON/Ml l/PMUl AR*  PMtl?AR«  FMUlOOt  PMi^GO 

"    COMMON/MllSÖ/SorMin AB .'S^f><0fA¥7SÖWÖlO0•SOrMÜ|4O"," 
COMMON/OATA;/C)IARFAl «fXAR^A? 
COMMON /1 M A6/ S tUNT'. s i tfw .T! ft>« Vii rdN'AVi wiö i * i'  
COMMON/MAT/C(*•6}«M6ABiM7AR»MlAB«MtA|«M10AA«ASAI    M,    „ 
TYPE «FAL 'M*Ar;aw>i«i»SfoT.WY6Ai- —     
QIMgNMON  ANSICAI.ANAWIAI . 
OATA   IPt   •  iTSTlWAMI 

PY   •   l./Pf 
PETUPN "" 

     fWTfV     . PJ[  

?F(» #PO. n.c» GO rn ^o 
'Al?ri   •   FMiHAMP **"* 
Apr»7   a   rM|l7AR*R  

'|FI\|6Ü1  .LT. n,njr,n TO l 
CALL   BF^SrL(APr>l«O,ANSZ»l»0| 

FF2   •   lFLAMDA?V?,«r,?»VRETASO*FLÄMßV}VSOFM'JlAB' 
TALL   RCSSFL«*R^1»0«AMSW«2«OJ 

•*   PF2 - fFy'yrÄNs?(rr*MÄAR»A»f&^rni   
r,n TO ?   

1        CAL Ofr'^TLT AW .^ TANSZ.itöi  
CALL   RFS^FL < April,OtAN.^WtAtOl 

-FF?- .'-rfr'*-ixHiir\)-HtmrprKksirvny 
' IF« SIGN?" .i:f."A.o>r,o t"o"Y         "  

?   FF   ■   ?,»r,?«FMII?AWPFTA   
TALL   BFSSFL f APfT? ,0 , ANS2 11 iO) 

 CALL RFS^FL<»«»r7.n,ü»isw*2..n)__ 
FF2   ■   Fr2*"FF»»M7AB**MAA«| 
GO   TO  4 

c"    ' ' ' "  
 _? CALL   BFSSEMAPGO,UANSW,^r,l .  
, FF2   •   rF2   -   FF»MAAB«ANSWin 
C...    

4   Fl    .   A^AR   •                        FF2   •   R   •   2.   •  Pr 
...PFYHPN  

r 
-C . . : . 

FNTPV        F   1 
c...... .   

IF1P   .FO,   O.ul   r,0   TO   ?0 
APG1   «   FMlllfiO   •   P 
IFISIGN1   .LT,   O.n)r.0   TO   U" 
 CALL   BP^SFLMPr.ttntANStO*n}  
GO   TO   12 

•     11 CALL   «*.rS$FL(ARG3.0,ANS?OtOl 
12   FF3   ■   M9ARM«FL*40Al*2.»Gn«BETÄSÖ   ♦   FLAM0A1« 

• SOFMlMGOl'A^m 
f 

. .      „.IF.CSIGN^  ..LL«  C>)GQ TQ  11  
APGA   •   FMU2GD   •   P 

.     ü«LL.Jf.S5IU*PG^o,AN52U»0)  
FF3   •   FF1   ♦ M10Afi«2.»Gl»FMU2GO»BFTA»ANSZm 

 n FI ^ A3An» f.g3., 8 R 8 gn-J-AL  
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«•.Mr-«*   •»•••  ../\To( « 

C(/^'ON/!KPuT/A»»fro -G?.F'.AM0A1 .FLAM0A2fBETA.BLTAS0»0WCGAa0MCG*S0 
f(W^N/Ml)/^.JlA3.   FMii^AS.   FMU1G0»   FKU2G0 
C»M>-;0N/vo3O/buFMjlAbtSOrHU2ABtSQFMUlG0«SOFMU2G0 
v'Oy'ON/ I ''AG/S ff.N 14 ) « I ^AG C 4 I 
rnv-rN/vAT/ru.ft »«^Rf«; 
cnvMON/DATA/cuso.f 12so,einsogen 2SO 

fOUf VALENCE   «FMU«FM«J1AB),   I SQFMU.SOFMUl A« I 
r 
C 

c 
RFTASO •   RFTA   •   BETA 

Fvu <IJ ■   OMFGA50/C   !   ?Sn  -   BFTASO 
FMU(? ) "•   OMFGA«,n/f   n??>0   -   BFTASO 
Fwim) •   OMFGASO/r   I    ISO  -   BFTASO 
FMU (    ) • fmp(VASo/c rrtso - BFTASO 

nn A i ■ it4 ..  . . 

y  iMAr,(n « IM :   f   SIGNU) ■ -1.0   »  FMucn • -FMurn 
K    •    I 
GO   TO   ^ 

4    rWAfil!»    s    ^H S SIGNfM    •      1,0 
^ soFMinn ■ sffivrn • FMJHTI   ....  ,.. 

?WIM | I    »   SORT? CFMjM J > j 
(S   CONTTNUf .  

IFU    .FO,   U)   GO   YO   ? 

CALL    «r^LFUN 

11 r(l,l) « FMUlARtflFS^FLJOv i t7I 
12 C(l»?) » FMUlA0»KrS5£LVf?f1.2) 
n   Cll.^l » -RFTA»nF5SFLJ(?»?»2> 
U   Cd»'») » -0ETA«8ESSeLV(?,?.2» 
is cd»1»)  « fd.fii ■ a?*'*) • c<2.6^ ■ o. 

21 Cf2«n    •    ?.«FMUlAR»RFTA»RFS51FLJ(?tl »21 
22 C(2»2)   »   2.«FyuiAq«qrTA««*FS5FLVf2»l»2) 
2*   f(2»"»l   »    (SOFMiJ2AB-RFTA«;o»»PFSSFLJC2.2.2) 
24   C«2.4|    «   (SOFMi;?AR-RrTASO)»BFSSFLY(2«2.2) 

31 CHtl) =   FMH1AB»RES5ELJ«2»1»1I  
32 CM.?) «   rMüIAB»RES5EtY(?»Jtn 

lF(*ilGN<2> »M?»l ■>?*■*■* 
}>•>  rc^.-j^ «  o,^ 5 r,o  TO  %t, 

13   CnOI a    -RrTA»RF«;«iFLJ<2.?»n 
^z,   rn.M =   -RFTA»PrsrcLvi?.?»l J 
i5C(?»&> «-rMuiGn«FFssFLjf20t3)   
•«f»   C<3»ft) »   RFTA«PFS£FLJ<?.2 0J 

U\   Cffc.n »   RrTA«BFSSFLJf!•!»I) 
42   C(4»2) ■   BCTA»RFSSFLV(l.l.n 
4^   CI4»3» »   FMn2AP»BFSSFLJ«lf7tll 
44   C(4»4) «   Fyu2»^RFS5.FLVn»2»n _ 
4^   r(4»Sl ■   -nrTA*RF.SSFLJ( 1 «' .3) 
46   CU»6I •   -rMU2G0»RE.'J.SFLJ«l»2.3) 

51 C»5»n •   (FLAMDA2«eCTASO*(FLAMOA2*2.«G2)»SOFMUlAB)» 
• BSSSELJ« 1.1.1»-2.«02»FMU1AR»RFSSELJ(2.1.1I/A 

52 C«5.2) ■    (FLAMOA2«BETASO*tPLAMOA2*2»«G2)«SOFMUlAB)» 
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• •»r .Sf.Lv( 1»1 »1 )-?.*G2«FMUU"l»BESS(:LV(^»l»l >/A 
^^  ff*0) •   -.■'.•f:;*rviJ?AB»ePTA»»p|rÄ»FLJM«2»n-ftCSSFLJJ>»2»l)/ 

St»  Ct*..*) •  -2.«G?»rMU2AS»SFTA««BCS»CLYU»?»l)-BCSSElY(2.2»l»/ 

^*  C(b«5) «   (FLAyOAlttpFTASO^tFLAMOAl^^^GDvSOFKJlGD)* 
• ^SSELJ(l.ltU*2.«Gl*FMUlGO«»eSSELJ(2»l»3>/A 

56 CUiOi *  2»«Gl*FHU2GO*6ETA«(BE&SELJU*2»J)-BeSSELJ<2i2»3)/ 
• CFMu2(.ft»An 

M    C(A*n 
6?   C(A»2) 

tFi^ir, 
IA?   CIA.I) 

m*.  CtA««i| 

Af   f(A«f.) 

2   PHINT 
STOP1 

%00   FORMAT 
END 

■ ?.»r.?»FMuU«»RFTA«RFSSFLJt?»l«n 
■ 2.«f.2»FMiJiAB*BETA*BESSELV(2tl.l) 

N(?))1A?«1A?«6^ 
■ O.n S GO TO A4 
■ G2»<SOFML»?Aft-BFTASO)»«FSSFLJ<2»2»H 
• r,2» l ÄOFMU2AB-BKTASO» »RFSSFLY (2 12 .1» 
»-f,l»2.«FMuKin»BFTA»WFSSFLJ(?»l»H 
.-r,i» ( SOF.MU3Gf)-RPTASO»»PFSSFL J(2 »7 #1) 

500»RETA  »•    RFMOVF THIS rARO TO ALLOW IMAGINARY ARGUMFNTS 
S.    RfeMOVE THIS CARO TO ALLOW IMAGINARY ARGUMENTS 

(• PFTA ««EIT.M  &. RFVOVE THIS CARD 
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c-v..r.v/Mcr>SL/nPS.SFl.JU*2»H»«FSSPUy<2«?^> 
C{,'>,rN/l\PoT/A.b»Gl«G2»Ft*MOAl»FLAMOA2iBCTA»eCTASO»OMgGAtOM|6A&0 
COMvrN/Mlj/FMUlAb*FMU2A8»FMUlGD»FMU2r»0 
Cn'''.nM/iyAf./SiriNl«SIGN2»SIGN3.SlGNAtIMAG«A) 
0!^fN«inS   ANfi(2) 
r»ATA(r>i   *   ^ÄU1»92A9^) 

XI • FVUU* • A 
X? ■ FVUlAB • P 
X^   ■   TMUKiO   •   A 

XXI • FWJ2A« • A 
KX2..- FyU2AR .• P 
XXH  ■  rMtJ2GD •  A 

msiGimuitS 
CALL  ^FSSFLCK   l«l.A(NS.3^)   

P.FSSEtJJl.ltl)   «     ANSdl 
RLJSFLJ(7II»1). « ^ANS{25 ... 

CALL  «rSf.FLtX   l»liAN5»4»f>> 
flFSSFLYdtl.lL- -ANSUi .. 
BFSSELY(2*1.1J   •  -ANSf2l 

C*LL  OESSELCX   2.ltAN5»3fO)      .   .. 
BESSFLJ(2*l«2l   >    ANS(2) 

CALL BFSSFLU 2»l»ANS.4,ru . 
BESSELY(?fl.?J ■  ANS(?» 

fW TO f. 

CALL PTSSFL«^ ]»lfANS»l»n) 
RESSELJUtl.l». ■ ...ANSI ) 
BFSseLj<2»i.n •  ANS(2J 

BFSSEL<X 1,1,ANS.2.0) 
nfSSFLV«1*1,1) »  ANSri> 
BESr.ELVC?»l»l>. ̂ _ANSi2) 

prs«.rL(* ?♦! iAWS»J >o» 
eFf!seLJf?»i«2> ■. ANS<2) 

BFSSFL«X r,ltANS,2,0) 
flFSSELV(2,l,2) ..•  AN5<2> 

CALL 

CALL 

CALL 

6 lF(SIGN2)7,7tlO    

7 CALL   ftFSSFL<XXl,lfAN5,1,n 
PFSSFLJI 1 ,?»n t     ^.0 
Pri£rLJC?»2,lt »   -ANSt2{ 
RFSSFLYn«2jl > ■  -AN&f i) 

.    9EJSELY<2»2,n.-.rANS(2). 
RFS5.FLJ(?,2,7) ■     CO 

CALL   BESSEL<XX:,1,ANS,3,0) 
BFSSELY(?,?,2» •   -ANS(?1 

r,o TO n 

in   CALL   BESSEL(XX1,1,ANS.1,0)   . 
BFSSFLJfi,?,l) 
EESSELJ<2,2,H 

CALL   REV5fL<KXl.liAN^»2»Or 
OESSEI <(l»2»l) 
BFS5'wLY«2,2,n 

CALL   BCS5EL(XX:.l.ANS»l,r) 
Pf:SSFLJ»?»?»2) 

CALL   BF£SEL«\X2.1»ANS.2,n) 
BFSSELYl?,2,2) 

11 lFrSIGN3)12,12,15 

■  ANS(l) 
•  ANS{2 » 

•  ANS(I) 
-  ANS(2) 

• *" ANS 1 2 ) 

•  Af>S«2> 
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19 C*LL "»ssr^ix ^»i.As-.i.nj 
«fS&FLJn«lt%1   •     ANSM» 
^FS5FLJ(?»1.1)   •   -ANSI!) 

r-n yr,  I«, 
f 

1* ail  nFSSFu* i.XfANSti^n: 
nrssfun»!.'»» ■ ANSII» 

. neSS£LJ«2»l.1)_»_Afl$J 
r 
U tFJMr,>J*nT,JT,*7') 

PFSSFLJI?«?.^! •  ft.O 
»eruRM  ., , 

c 
2fS   CALL   ftFSSKUXX).ltANS»lfnt 

fteSSFLJIl»?«))   ■     ANSI1I 
... ACSSJ5LJ C f,!•« L---..MS.« 2 >. 

c 
•rrnRN   

r 
c*o            
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smoouTisr ftnony, Y,  TAL, OIL» ftlPFi  tft   r,, jFuAr.j 
r 
r THIS  SUMOüTlftF  MILL  FIND A ROOT  BY FALSE  POSITION 
C 

rFLAH   •   0 
GO   TO   dOi   20»   )fl|   JFLAC 

C 
in xi ■ x f •      n ■ Y    _  

./FLAG ■ ? 
'«   X   •  y  ♦  0»L     f RFTimN 

r 
?n   Jt?   •   3f » Y?   •   Y 

IF    m   •   Y2)    ?*i   SO.   ?\ 
?l   XI   ■ X2 .    S    .... Yl   «^2 f 00  TO li 
9*   jFLAfi   •   ^ 
?A  X  ■  X2  -  (IX2-X.n/IV2-YU)...»,Yl ..S.. ..  «TUtN 

c 

c 

«o xi  ■ y f .       Y1 «. Y. 

DTFP   •   A«$F«X1   -   X3») .  
IFmrr ,LT,  TO).» r,n to ^ft 
OIF»   ■   AnSFCXI   -  >1J 
IFIOIFF   ,LT,   TOU   60   TO  «JO 

<i IF(Y1   •'Yt)'"iiytVftV *V '     ' 
^2 X?   •   X^_ S *?. .■  X."*. »_ 60   TO   ?A 
^ TF(Y?   •   Y^J    14t   ^0,   4ft 
14 XI   •   X^.... S.,.„,. Yl   .   yl       |    ..     «0   TO   ?(, 

40   IFLAG   ■   -I... «. AUVW  

50   IFLAG  ■_! S RETURN f. _.     END 
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DATA iPr»i.iAi^i?6M) 
sr^^^j^^.^'irxPFixi-Fx^t-xn  

ir (X)  iCtiot9        .      .. 
«*   fX«0«%»X 

X«|<*20*IX       . . 

?«0   Ott MT   ?<»l| 
>«« F(MyAT{6f.H ARGUMENT  PLUS OROCK TOO LAUGE«   INCREASE  DIMENSIONS ANH ' 

\mjH  A^AIM. >  
Q^TUPV !* 

Mir* rrK'Ti^uF                ..    .  l 
7»i,o/x i; 
r,riTot4n,itri,(sn,6n,eo.9ft»ion«no!.iNOEx i' 

1«   PQINT   R«X l* 
BflFORHAT   llX.ftlHSUPROUTlNF HESSEL OOCS NOT VORX  FOR  X«0 OR LESS  THAN \t 

1   ft,  HPRF  X.  E15.8) r 
RFTMRN                                             ........ ^ 

Aft   ^J<X*1»»«.ft 1* 
«»Jix»«lft,ft*-^n ?' 

U   FL.L                            .              . ?? 
RJtL-lJ«7,ft»^L#2»»J«L»-RJ«L*n '' 
flffL-n   12.l2»n    >* 

M   L«L-1 ?e 

r,a TO  n                  .„.   „ . ?f- 

T«:«»                                      .... .      _. 7B 

lyt  14  T«7ffr«7 *< 
14   .VJM.«iUM*BJ( 1)                                 __  -»r 

GO   Tn(A?»4i) «INDEX  .        *? 
*,>   no   4^   I»flCL«X 
'♦5   BJI I»«C»flJfl )     ... 3« 

r,n  T«^  «u» "»* 
A?  on 41   r«fXL«N - 
41    VALHC( | + n»r*PJ( f ) 

9FTURN                     .........            '8 
^n f,n TO 40 1<: 

54   EC».,>772156649  4" 
MJM«0,0 41 
]<•*/}  4? 
no i% m «IK t.4* 
FT.T 44 

is suM«suv*M-i.n)««{i-n»pj(7»f))/FI 4^ 
FIKL)*C2.C/P| »•(BJ(IKL)»tLf>f>FC0»5»X)4.EC)*2«0«SUM) 
FU )«fPjn)»p(iifLj-2.o/(Pi«xn/RjnKL) 
IN«N-1                                       ,.  49 
DO   1ft   1*1.IN 40 
FI»I                                 ....  ............ *o 

1ft   Ff I*n.7.0«FI»Z»Mn-FCI-l>         . «1 
!)0   ^1    I»IICl. fN            

5i vAumt*i)»Fm 
PETllRN                                                       «i4 

ftft   PJ(K*1»«ft. ^S 
OJ(K»«lO.E-30  ...             ... „.     56 
L«K *7 

10   Fl «I 5B 
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1« 

1 

A? 
A4 

Al 

7« 
71 

m 

1?2 

7? 

?<. 

?oi 

?o? 

20C 
?A 

9ft 

27 

91 

r,'» vn io 

no 71 f«\»K 

C»(rxr>F(Xn/(AJ<IKU*?«*$UM)       
M Tn(i,1,AI,A?».fN^rx 
l»»t*«T JAftO ...... 

rOP^*T(*ftH CARD MISSING. lOHOnt  RFSULTS* 
^0 AA l«|KLtl 
Bjiiucnjcn      .. 
«0   Tft  71 
f>0  A*   I»|ICL«N   
vA|.!>r(i«!)ar«nj(n 
OPTIIO^ ,  ... 

fif)  TO  Aft 
ir(*.n-xi 120.121,121 ..   . 

60 TO  122   
M.A 
rc!XL»«6AUS.SIO,0.l«0.M.XI   
Fm«ll./X-FCIICt»«AJtJM/BJ«HCL» 
IN«N-1  
00  77   I«ltl»l 
n.i    -.,. ..... 
F   CI*1I«?.0»F|»2«F   CII*F   U-ll 
00   72   I«tKL.N    ..  .    ... 
VAurm*i »«F« | J 
RETURN ...  ... 
P|X*1»»0,0 
F   (K)»10.0P-1ft ..,  ..      ... 
L-K 
FL»L .      . -       -.      
F iL-n«<?»o»FL*i.0)»2#r ai-F (L*I) 
IF   (L-ll      21.23.24  .-„ 
L«L-1 
CO   TO   ?^ .   ... 
C«StKFfXl/IX«FIfKU) 
IF»MM)2f\O.2','O.201    
.SO«50RTFr2.»X/PI1 
00   ?0?   lalKLiN .  
VALI!P( 1*1 »«C»SO«F(I» 
RETURN .. .       .  ... . 
00   ?A   I"fKL.N 
VALl>F(f*n«C»F( n   .. 
PFTnPN . 
FllKL)«-COSF(X»/X  . .      _.. 
F   {n--SINFIX)/X«C0SFIX)/X»#2 
1N-M-1 .         ... 
HO   27   f«1 »IM 
FI.I    
F(!4n»<2.»FIM.0)»2»FCn-F(!-n 
IFiW)   ?ft^»?0l.204   
SO«Mi«TF<?.*X/Pn 
00   ?0A   !«IKL«N ...... 
VAL UF < f »H-F I n»SO»(-l. )••(-!-!) 
RETDRN     _.   
00  Ql   I«rKL.N 
VALUFn*J)»F< n 

*,' 
A 
A 
A 
A. 

A" 

A 
A' 
A- 
7* 

7; r 

7i 
r 
71 
7« 
«f 
ft' 

Hi 

8' 

«I 
«; 

0« 
9* 

9ft 
07 

98 

Iftl 

lft4 

'.no 

m 
112 
11J 
114 
11* 

118 
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I.« 1? 
%«  »I.«!. ^ 

IF «t-n 2e.?e.2«> i? 

?o L»l.-1    i? 
r-o tn to i? 

7H f«5fKMJxi/(x»rj?Km  ....... 

y-)? <r»^c»Tn?,•>(/»!i ._  ti 
or 7r\n I«IICL»N 

?os vAL«iFn*n»c#so»F<n  

?rtA"0O Irtl |*IKL»N 
101 VALUF« f*ll«C»Fni 

»FTnBK ..... 1' 
11«   HTVL»»0.*«<-Pt»PXPF<-¥WX» 

Ffl l«A.^»fi»!»iy*1,'>|»rxoF<-xn/X»»? 

no ^ i  t«i • i N . . 1fc 

FI.I 1* 
11   F   fIM»«F   l!-l»-(2,n»FI*U0>S«F JH i4 

IFIMV,   ?ft9,709t210 1* 
210  50«^0»TF(?,«X/P! J  .. ,, - . U. 

Or   211    f.tKL.N 
>ll   VALUF'J I*l)«r< I)«S0»J.-l.)»»(-.lTn.  

9FTn«>S U" 
20« on m WKL»*!     „     
in VALUFH+I»«Fin 

»ETURN  ._  ... U 
END IS 
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fjivr» « »r^ •>( ]*) ,iir 10) 
Uli »■♦•'»744«?1#i9% 

«M;i»-.?lAft«»TA971   

UIAI •-••'•7^6 71141 . ..   «..   . 

Uf«»»-,41?«116im  

lMlft)»-.A869M?MS ^  
R(l»•♦•I«77A21l7fc 
«(^»•♦•!A77A2n?*   

^I*)•♦•^,•4A*^**•»,»     
«|4U«1AM4«Uni 
nM«.io«umin   .„.    .,.. 
»f7>»*.ft747?9A74^l| 
#(« »•♦•074719*7*5«   
I»(«}«#.A1«31I9«721§ 
PCin).4,ft1113»672l5       ..   
A «A 

f».(P-A)/FN 
r.Atis^«o#n       _ 
no t J«I»H 
C«0.0      ., _  
Y«A*P 
00 2   I-1.10       .  
0«tR( I I'GAUSSFf (Y-A|«UC I t*i A+Y »/J.OtX n*f Y-A) 
c«n*c           . _. 
AvY 
GAUSS«GAU5S  ^C  .    
PFTURN 
END    

1%' 
1A' 
Ml 
tA> 
:A« 
1A4 
U^ 
14A 
1A7 
US 
IA9 
I"» 
171 
17? 
17% 
174 
17% 
17A 
177 
17% 
17« 
I^O 
1A1 

!%% 
1^4 
l«^ 
184 
r%7 
i M 

100 
191 

FUNCTION   GAUSSF(U.X)     „          
cor»Hm«%5»«fxPF(x»*rxPF(-xn 
IF(l«0/U-710«0)123il2A*124     . 

124   6AU?iRF-0,n 
%FTlJ»fN 

121  GAUSSF»   (£XPF(-X»CO.SHtl,n/U-U0n»/U«»2 
END -.-  

192 

191 
194 
!«* 
194 
107 
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;iU:Vf l.T l .r   SIvroMxi .xf\r)tTE5T.LlM,AREA«Nr.. .R»F» hW*\ 

f   «••   INTrCPMfS   THF   EXTFWKAL   FUNCTION  F   BFTWErN   THF   LIMITS   XI   ANO   XFNr>. 
^   ••»   |T   «JliffESSlVFLV   HM VK5.   THE   INTERVAL  UNTIL   TMF   FRPOP   IS   LFSS   THAN   TF«.T, 
r 

!>:«''>,r> 
OO^mft.n  , .. 
INT.l 
v-uo  
FVFM»%n 
ApfAis^.r» .    .    .    .,.  

10 FNO^^Xn+FfX^NfM 
?       H«f xrMn-xi»/v  

X«X1-»H/?, . ..      
FVFN-0.0 
on ^  I«1.INT        .   

?1 CVFN«rvFN*F(Xt 
XaX+H ._.  

*» ffWlTINMF 
^]        A«»FA«(rNn<i*<.,0»FVFV*2.l»OfV>)#H/6«0 

NOT»Nni*l 
^4» RMARSFH ARFAI-ARFAJ/AREA) 

IF(^0:-|.tM)^4l .»S.TS 
'*U\       IFIP-TFST)?5,?5«4  
tn        RETURN 

APf«l»ARFA     
hi,        fN7«?»INT 

v»2.0»v       .    ._  
r,o TO ? 
END          ... „.    . .      ....... 

^r««r^» / 
«il^r^» • 
e yv^-^i i 

^IMrn* ' 
M^cos f 

•i I Mr ^ < 
«; {Mrnis ' r 

<;?*»r^^ ]: 
r» I^C^' \- 
^ f/rr' 1 * 

^ j wr«^» J / 
SP'O" i t 

«; I vrr« !' 
«.p/r-v i ■ 

«ijvr^* 1 : 

d-r-. ' r 

C, J ./r - . ) ' 
C  T W"' n i 

SI*""-'. T  " 

<, I V - r . T 1 

f T Mf ' • ->L 
<.\*r^ 7' 

c, jMr^., 7f 

e. I v«r^» -»"7 

^  JMr,--. 7P 

SlMf^* ?^ 
^iMfON T" 
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.Sl;'Wr;,T:\c   N..,1ATl\V(/.»fUfNDEX»NMAX,N»M»0ETCRM»rDrT» 

r^yjvALL'.'CCJ iw.'.^ij.inw.iPiH iroLUM.JcotuM.rc) 
r.'JJiVALl-SvFfAMAK.T.'.V.APf IA«AX)«rP|VOT»TCMPtITgMp) 
*KTf   r,rf:iS«AAnftftnf»iOftrt^rtO00ft| 

c««     r:: ffALi/ATioN, 

lOfT   «0   

?rt   I('ir»r)r|j).Mr«*üS 

f»«        SFAPrH  Fnp  rtCVfTNT  or   LApr.EST  MACNlTüf)«« 
AMAX-n«^ 
nr» ift^ Ji»itN   ..  .  ... 
IF(-INf>fX{Jln   '105.10^,60 

Aft   00   I'V)   t<l»l»N       , 
Tr(-fNr»Pxixin  iflO.iAft,«^ 

•ft   TFwn'AUl.Jn 
♦ nTrMPiM.iOft.fl? 

**    fF(-lTrM0-lAMAx»    100,100.84 
A4   AMAX«-TFMP       . 

*    |P«<1 
IC«Jl         

lOA   CONTINI/F 
10^   CONTlMiJF     

IFtAMAXn^O.HS 
11^   OFTFPX^O   

IDFT   «   0 
PFTIIPN  .,   . 

120 TPnyrp 
ICOLUM»IC  
\HDt*i IfOLUKM»IN0FXt ICOLiri»,AN0«.N0T«MtNlJS 
IFI.NOT.tIROW-IC0LUM1J26nfl40..     

140   f>FTFPM»-OrTPPM 
f      FxrMA'jr.r ROVS.             

00   ?00   L«1»M 
SWAH.Ar TROUSL)       . 
A«I ROW,L J-A(irOLUM,L) 

?00   AnCOLUV,L)»SWAP   
FFJ .flOT.'MPAOi 710 

210   DO   7^0   l.r],   M _ 

Bn^WjLMQCir^LUMtL) ..    _.    .  
?5ft   Of frnLllM,H«SWA6 

C««  SAVE: orvnr INFORMATION, ^O DFTERMINANT, 
260   INOFXt n6lRow«nonnooo^B*lCOLUM*lNDEX'n 

PIVOT        »A«ICOLU^,'COLUM) 
npTfRv,nrTF7M»PIVOT 

c _. 
C  ••    trF^P nFTFPMJNANT RFTWFFN l.OE-20 AMO l#0F420 

?7o orrrp^i . A^SF(DFTr?M) 
IFCOFTFRMl .OT. l.r-?ft» GO TO 279 
OETFP'1 - ÖFTER« • UE?0  ... 
IOFT » TOFT - ?0 
GO TO 270      . .      

?74 OPTTPMl . ARSFJOFTFPM) 
27* IFCHFTFRVl .LT, ],F20) GO TO 100 

OFTFPM a OFTFPM / ^,F?0 
IOFT - IDET ♦ 20   
GO   TO   ?74 

^00   CONTINUE 

SWV 1 

NWMV * 
NWVV * 
NWVV * 

NWMV f 

NW«V * 
NWV f 
NWMV t 

NW^V r 
NWVV n 
NWMV i? 
NWVV p 
NW^V i< 
NWV i« 
NWVV i' 
NWWV r 
NWV \f 
^'.'MV \< 
NVMV yr 
NWW ?] 
N'-'V»/ ?; 
NWWV 7' 

NW»«V 71 

NV'"V ?' 

NV'^V ?f 
Nwvv ?' 
NW^v 7f 
NWv-V ?< 
NW*'»/ 3' 
NV'MV ^1 

NKVV ^? 
NyMV 1? 
NWV ^4 

NWV 3« 
«J».'V(' ^f 
MW'V 17 
M-'vv ■»» 

MV^V I«- 

NW^v 4r 

NW^V 41 
NWMV 4? 
NV'MV 4' 
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M rrnL'iv,icni.ii<)«un 

if«  **   57^   L«1«M 

B7r> niJfOHIM,H*RUCOLUM»LI/PIV0T 
C»«       SimSTlTüTF rOR.NTM VARIARLC« ,. 
™^ nn ^^^ LI»1IN 

tFf.SnT.dl-ICOLliMn   5»0»*00 . 

A«Ll»trOLUM)»0.0   ...... 

<.^n  AIL1 < t) "A IL1 «L »-AI ICOLUM.U »T . 

'iAp oo <on L«l»^      . .          
%00  R(Ll«L)>nai«L)-R(ICOLUM«LI«T 
MO cmiwtt    

f•«        t)N0O  POW  FXCMANfiES« 
L«N ....   
on 710 L?«l«N 
j»nv«iMor«iL)/1ooooonooB 
JÄOW-JHOW.AND.77777B 
jrOLU"" INOFX (J. I • ANp« 77777p 
f FC • NOT . (JÄOW-JCOLUM117101'«90 

A10 DO 70^ K>ltN  ,  
SWAO>A(K,JftOW) 
A f K » JffOW I • A (1C t JCOtl«?i .  

70^   A(IC.jrOLI3M)«SWAP 
71«   L«L-t     %           
74*   «FTU»N 
..END  

«WVV /.< 
NW1'»/ /.' 
NW^v /•» 
NWV /. 
»|WMV /. 
NWMV «• 

NWMV ^1 
K'W^V ^ 
NW^V ^. 
NW'V *• 
NWMV %« 
NWVV S« 
*jwvv ^^ 
NWVV ^• 
NW^V ^J 
NW^V 'S' 

NW^V 6' 
NW^V <.' 
NWMV *; 
NWMV ^' 
NWMV 6< 
NWMV ^^ 
NWMV A<« 
NWMV A: 
NWMV M 
NWMV (S< 
NWMV 7' 
NWMV '1 
NWMV 7; 
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PROGRAM  NULLMAT 
 COMMON/J9ESSLL/.B£5kliU -  

COMMON/OATA/FH(2)»   FK(7I*   FLAHOAtDt   FMU(2>>   1H<2)*   Hi   Pit   OAMMAi 
  t G-AHMA^Q   

DFMFNSfON   AAIA«6ii   Crtft)«   |MA0(4)*   SfGNCD«   RHO(2) 
 OATArJ?J..f„.3AlAlA9Z6ajJH..tÜGÄ.AJ.ix,r-lju» J=UJ—  

C 
...C INP.U.l.JUia.iiaTÜU2£.,DJLllL   

c 
 1   HAD  7Q0»  Vfi   FWi  rWFfiAi DOMIfttj   IQU   UCt  

700   FORMATf*Fl»«it    191 
...C   

IFiFOF.AO)   100t   2^ 
 JA.JFLAQ.y.L  1 J_f..O...  

FL   •   3t                                          f             P   ■  OMfQA 
 A   8   AflUä I «   8   SQPTFIA»A/VF>  

El   ■   1.00  E  7 « E2  •  3*60 E  « 
PNUl  «..Q.ji JL ^ltU2..«.a»31 .  
GAMMA • FN«Pt/FL       S     GAMPASO ■ GAMMA«•? 

.RHQI JLt..A.2tA229A.£..-.«...l jai«IiJ..f..1ULWA2,.J..?A. 
FMun) ■ Fi/«?t*2«»PNun 
EMLim  ■ Fim?i>t?itFWW?> 
FLAMDACU   •  FNUl*El/(ll.4FNUn«a.-2*«FNUin 

 PJ!iJliJ..iLQi)A#xElifc2jüaiJlßüJUeAÜZiy£j£tWUJjfÄyJLiX»fJ.jLÄHflaJjL8h0.aJU.- 
• FNtFLAMOAIl I »FLAMOAI 2 WGAMMA*TOL 

 fcflfl  gftaMATitMiA   .r^n.^.inir.^uri .gi T^ .irt» ^wr? tFl7*S«/i ^— 
• iHOft   fF20«S*inx«f.HNUl        «E17^«10Xt6HNU2        *E17«§*/« 

 -—• JMiüVF.«£ia,3.»lßXj^iMÜ-X-..i£a2ASLi.iülU6WMU-2.-.»EiJA5j./x  
• )HOL   .E20.),10Xi6HRHO   1    ,EJ7.3 .10X.6MRH0   2   .£17.5./, 

 -• IHfiA. iOü.l.i0X.tfcriLAtlQAlilJL7^5_ilüI^6HLAWüA2.tLllA»^/x  
• 6M0GAHMA.E17.S,,   /   .AHOTOL      »EH.9.   /   »<iH3     J.7* «6H0ETERMtnX t 

 -—» UlBit7X>iyii. 1>1 TIIIMM   aiUlilHlf   UX2JJJM   2»   /I  
C 

—c—- -jitzm.iitjiAXiotu      

..JL-lfLAC-»..CL -1- JiSQ.ji RIA fL~ JL-«.-Jiü.  

 CALOüjm H  \ khIL-ti-Z  

.00  Id lJti.2 — -  
IMAGd)   •    1H S rMdl   •   0 
VAR50   •   PiOf^HOI tJ^-lFl.AMDAlLl*2«.»F>lUXlJ.L-T-üArtMASfl. 
fFIVARSO)   4»   ^.    ^ 

a iFLAG ■ i i Eitm a cu  ■ i Gn rn in 
«   VARSO   -   -VARSO              S               iHAGm    ■   3H      |               t               JHfM    -    1 

 Ä-fWMJ-  a.SOÄJ£i-VAÄSOi  _ _   -  
If)   CONTINUE 

c  - - - -   
C CALCULAIK K'1      ANO      K    2 

PO   1«V    ]•} ,? 
 4JHGl-l*J.l- •-%*.     

VARSO   •   PSQ»RMOJ n/FMU( I»   -   GAHMASO 
 l/iVARSOJ-lZ.-^J-f.-a^- —- -   
11 fFLAG   •   I % FK(M   •   0, ft GO   TQ   19 
12 VARSO  m  «VABSQ i IMJUkLZlUi I   ■   \H L_ * tg' ^  ■   | 

..X- 

13   fK( '. I   •   SORTFCVAUSO) 
. L4.CQItIlMU£  

IFUFLAG)   GO   TO   A-^ 
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C. GFNF«ATF   MATRrX 
C -. 

R   •   A 

IND  «   (r*2»/2            S            ICOl   •  2M-1            I            IBES  •   l|*n/2 
c  „«.  

CALL  RFSLFI?«   ieF5»   IND» 
.    AAU» I COLX.Ji.il ßNM)..»..E.liJJlQ.1 . - .—.  

AAJ2»tC0LJ   •   SIGNU»   •   F1C!N0> 
 juuiticnu ■ ^ififtim t Ptrtwrn   

AAUflCOL)   ■   SITtNU.   •  F7(IN0) 

ICOL   •   tCOL*l 
.J( .•fMINDl   ».A    .   

CALL   RfSSFLlXtl*   RFSL.   TBES»   0| 
AAHiimn « ausiiuj s r?UHn\ 
AA(2»!C0LI   -   riGNti}   •  FMINO» 

  AA<3»lC0Ll.-  StQNUl.f.-PjklJUiai —  
AAU.ICOL)   •   SIGNU)   •   PBUNOJ 

... 30 CONTINUE    ..   
C 
 AAJJLUJ g_AA<^t     .    AA(6tll     "    AAt6f2> f    0. 

R   •   R 
 ..CALL  RFSLFll.„li   2J  __  

ÄA(Si1l   «   FM2» 
AA(6»1I   ■   F3t^l   /   FMUt^l 

CALL   RFSLFU.   2.   2) 
 A A <5tM   ■ F5i2i 

AA(6*St    •   F3«2)   /   FMCM2) 
C   -..  

X  •  Fri?)   •  R 

 CALL  RFSSEHXi   1*. BESl.!   it.0.1   
AACSt« >    »   Fft( ?» 

-AAI4J/t-l-J   Ffelli-X-gMU<2> 
CALL   BESSFLJX.   3.   BESL.   2»   0) 

AA(5.fe)   « Shlll         
AA(f.A)    ■   Ffcf?)    /   FNU(?I 

CALL NWMATINVrA/i.RB.rf ♦ft.6»n,nET.I6FTj 
_ JOET • 2Ü l-lhLL t BFTRM ■ DFT • lIQ.Q**JnET» 

PRINT 601i J» DETRM« P, IFHdl, IMAGl 11» .I»li*J  
601 FORMAT«!«»» ?F17,fl» hi    FIT.?» A3). / » 

CALL ROOTIP. OETRM, TOL. DOMfGA, DIFF» ||. JFLAG» 
 IFIIII. 35» JfiilJ  

\%  PRINT ^o?    t    r,o m i 
602 FORMAT'^///, 10X. 20HITFPATION5 DIVERGING;  

C 
40   PRINT   603,   J.   P,    IFHII),    iMAGllJi   1*1»*». 

6ÜJ   F0RMAT(|4.   17X.   E17.5.   «.(EH.5.   AJJ,   /) 
    JFLAG   v  i    -     _„    . „  .  

C 
50 IFCJ   .LT,   ITFl)   f.O   TO   2 
51 FRFO   «   P   /   (2.»'Pr ) 

PRINT   60<>*   FREQ«   OlFF        _  
604   FORHAT(//<   7H   FRFO   -«E17.B,    10X»7H   DIFF   •»   E17.8> 

100   END 
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C0MMON/»SCS5LL/.Bf*WlAI * 1^1- 
COMMON/OATA/FHIJ;»  FKi2t«  FlAMOAltM  FMUI1M   IHdt»  Hi  ^t«  OAMMAt 

DtMCNSfON  StfiNtSI 
DATA« 5IGW..? .Ui.-XiJ. «.„....  

C  ••• 
.  ENTny n „...„  
c 

JH.JHUi.JLi. 
HSO • r* if»«#j 

. COCK. «..IF1AM0A111/1^..t.. FKlLlU)A.ltflMJJJ.tblJlfiL.!.JULIJLL 
• - FLAMOAdl/R     • FHdl   • BCSLUI 
• ... ..r<.lPLÄWOAUl/JjL.t..rilü.LlJLULÄl(y!lJJi.ffc!ÄfiL— ... 
• ♦     FLAMOAU)   •   GAMMASO»   •   6151.(11 

RETUBN  
C   ••• 
 EHinm   
c 
 COEF..JiMUllJ..f..OAMMÄ»..FXlJ.l»lfl£ÄLJaL.r.,ft£*UlU. 

RETURN 
JC_2±2  

FNTRV   F^ 
 COEF .«.-^.».FJ^lll. •.JiAÄMA.A-fJJllJ_.?.J£SLiZl. 

RETtjRN 
X-•••..  

ENT^V   FA 

FKSO   ■   Frif)••? 
...CD££.A.>-MU(ll..f..lFX&fi/A...».^ESUAl  
• -FKm/J?,»RJ   •  BESL« 3» 
A  . -iU/ifiMJ   ^.*.75«ILSQ..--GlMMiSai-Jl.aESLiJJ- 
• ♦FK« n/(2.»Rj   • BESLdH 

RgTUBM  
C   ••• 
 — ENTRY -FA  

COEF   ■   -FHU)   •  BESLC?) 
 RETURN -  

C   «•• 
_- EJHAl  F4  

C 
   .COEF   •  ZIMHk  •..KESu.lli. 

RETURN 
C   ••«-  

ENTRY   F7 
JC  

COEF   >   GAMMA   •   BFSU 11 
 RETURN        ,,. 

C   ••• 
-.  -ENTRY-FA    --   .  -  -   

C 
 —   fOEF  f   SEMJUJUZM   t  ftFAMU  ♦   1./R  t  PFÄU71   f EJLLLUlm  t HFSL 111 

RETURN S END 
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SUMOnTINF ftfSirCUMtfNO) 
CONMON/KS1UL/BMLX%1,... ..... 
COM*)N/OATA/rHf2l« riCtlti FLAWOAlUt fMUflli   IMIII.  *«  »It  OMMA* 

X • PXftNO)   • « 
in IM< i«0M.fia..isi.iQ  
CALL BrSSCL II* N> BCSLt M» 0) 
»fTUHH   

ajLjFt!L,pQ, 2i no TQ ?Q 
CALL  RFSSfL   IXt  M*  BfSL.  St   0) 

..C BESL11UA-JBUWIU  
IISLI2)  •  -BtSL'JJ 

 MH«n.Ä..-J!LlkUl   

2A CALL  RESSfLfX«   N*  ACSL»  4t   0) 
..... T0V»»I..r..2A/p.l  

RWLH» • -TovtPt • *mm 
Bf$Ll2l   •   -TOVUPI   •  PJf51,111 
BCSLH»   •     TÖVÄPI   • «eSL(3» 
 uism 1 £*Q  

160 



SUBROUTINE  NWMAriNVU«fi«|NOCXfNMAX«NtMtOefeilK«IOCT) NWMV 
DIMENSION  AfNMAXtJLlteiNMAytllilNACAlJL) —.      WWW 
EOUIVALCNCC I iJlÖW, JHÖW. I»» »t f ICOtUMtJCOLUM, ICI NWMV 

■gourvALEICgJAW^tTiS^PilAHAaitlPIV^TiUffftlTgriP» w^v. 
DATA IM|NUS*6n00O0OO000AO00O8t NWMV 

.Cf« ...INITIALIZAUCfl.- 
0ETERM«1,0 NWWV 

 IDCT  •. 0„    
AO  ?0  J»l*H NWMV 

2a INDEK (JIlMlftUS NWMV_ 
00  9)0   1>1*N NWMV 

.€••   . StARCH F0«.Et£M£m.aE lARfiESIJamUiDL*   
AMAK-O.O NWMV      10 
DO  105   Jl-UN.    NWMV     1 
IFl-fNDFXtJin   105.105t60 NWMV     1 

 60-00   100  KWifl |4WMV_ 1 
iFf-lNoriffKin  ioo.ion,jin »WMV    I 

 60 TEMP'AIKliJll      NWMV 1 
irtTEMfM8).100t«2                                                                                                                             NWMV 1 

 82 TEMP«rTEMP. .  NWMV 1 
09   IF(-lTFMO-IAMAX|   100.100.84                                                                                                    NWMV 1 

 AA   AMAX»-TPMP ^WMV _ 1 
IR>K1                                                                                                                                                                    NWMV ?f) 

.....        . IC-J1 _„. NWMV ? 
100  CONTINUF                                                                                                                                                    NWMV ? 

.. .105  CONTINUE -„.      NWMV ? 
|F(AMAxn?0.115                                                                                                                                        NWMV ? 

 115  DFTFRMiÜ m NWMV_25. 
I0€T   -   0 

 RETURN  NWMV 2 
120   I ROW«IR                                                                                                                                                      NWMV 7 
 IC0LUM«1C   NWMV 2 

IN0EX( rC0LUM>-IN0ExnC0LUMUAN0,.N0T,MINUS                                                             NWKV ? 
IFI.NOT.I lanw-irm imxuxuikQ ^= _NWMV 30. 

1*0 OETERM--DFTERM NWMV 
..C«*—-EXCHANGE.ROWS*.     

DO ?On L-l.N                                                       NWMV 52 
  SWAP «AM ROW »IJ.  NWMV 5 

Ar |ROW.U">M!COLUM.L/                                                                                                                   NWMV 3 
 ZDO-A UCOLUfUl-i-f .SMAP NWMV. 35_ 

IF(,NOT(,Ml260t?10                                                                                                                                   NWMV 1 
 210.00  250  L-lt   M.     NWMV 3 

SWAP-RIIROW.L: NWMV    3 
 BtIROW.i.J-Bl.ICDLUH.Ll - NWMV     3 

250   BUCOLUM.U'SWAP NWMV     40 
_Ctl SAVE PIVOT INFORM*'ION. 00 nFTFRMINANT.  

260   INOEXI f )-rROWMOOnor,onnFMCOLUM4!NOEXm NWMV     A 
 PIVOT       .■AC+COLUM^lCOlUi-L ...JHWMV .. A 

OFTFRM-nFTFRMtPlVOT NWMV  4 
-C . - -   -  
C  ••    KFFP DETERMINANT RETWFEW 1.0E-20 AND ltOC420 
 270 DETERHl-J^.ABSFIOETFRMJl 

IFfDETCRMl .GT, I.E-20J GO TO 275 
 -DE TERM *.QEJ£RM.A.X*E.2n   

tOFT • IDET - 20 
 60 .Ta,?.TflL—  
275   IF^OFTFRMl   tLT,   1.F20I   fiO   TO   300 
 OFTFPM  ■ OETFRM   t   U£lü   

IOET   •   IOET   ♦  20 
,. fiO.-TQ.21Q- -  

300  CONTINUE 
-£•• AEflUCE-JLEADlNfi COFF  IQ^U..-, 
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AnCOLUMvICOLUMJ-l.O MWMV      44 
.00 350 L»1»N     _ NW-V    4i 

,    n* Ai!rouiM,u«Anco;.uM,u/PivoT NW«4V   44 
 If UNdjüLLaaÜAJl&fl NWMV„47_ 

160   00   170   L-l.M NWMV     4fl 
170 BI»COl.UM,LJ*«lJC0CUM>i.jy.PjLyÄl  MW^V    49 . 

C««       SUBSTUUTF  FOR   NTH VARUBLC« 
...HO  00  350  Ll«l»K    NW«V .50 . 

tFuNOT.ai-ico'wjmi iin,*oo                                                               NWMV   n 
r ■A.tuticmum NWMV—%x~ 
A(L1»ICOLUH|-0«0 NWMV     51 
00 450  U»liM   NWHV .54 . 

450   ACLl«L1«A(LltL)-A(IC0LUM(L)*? NWMV     51 
IF« .NOT.M»550,460   NWMV     56 

460  DO  500  L«1.M NW^V     57 
liLUA LlftiU iL I-tTl ICQLUMiL 111 NWMV> _5«_ 

550 CONTINUC NWMV    59 
„CM      UNDO ROW EXCHANGES*.. 

ImH NWMV 6« 
00 710 LZ-i^N NWMV 6'.. 
JROW-INOEXIU/IOOOOOOOOB NWMV 62 

 JRQWJRQW.ANO. 7777711 NWMV ..63., 
JC0LÜM.!N0Cxa).AN0.77777B NWMV 64 
IFt «NOT • (JROWr^COLUMJ.l710jt6XQ  NW^v 65 

610 00 70^ Km\%H NWMV Aft 
SWAP«A«IL.^RO>tI  NWMV f 
A«K»JROW)«Allt»JCCM.UM) NWMV ft« 

-705-Jl(JUJrnHIM>«SWAP NWMV . 6<» 
710  L«L-l »««MV     70 

....740 RETURN. _ _    NWMV  71 
ENO NWMV  7? 
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SUftROUTlNF ROOTIXf V. TOL • 'JFL • OIFF. IFUG» JFL*0» 
C .  

.C       THIS SUAftOUTlNC WILL FIND A ROOT BY FALSE POSITION 

C 

IFLAG  •  0 
GO TO  flO.i 20.i-101,Jf:LAG.- 

10 Kl • X.. 1 y.i..»..Y. 
jFL*f»  • 7 

in K ■ x ♦ ftn i mum 
c 

iO X2 • X  .1 tl.y.X  
IF   »VI   •  Y?)   29.   )0«   21 

2i xi ■ %i.- * yi.-«„Y2, .i üa-iij.15- 
2%  JFLAG  ■  1 
74 « > K? » HKi-an/iYJ-vni  • Y?    > mUM 

C 
Sft   XJ   •   X. .  J M.L.t -1   

OfFF   •   ARSPIX)   -   X2» 
.       IF(DlfF...Llx.TOH..GD.Jü.lO.  
11   !»m   • Y1»   J2.   50,   11 
»   X2   ■   XI j Y?   ■   Y^ * fiQ   TO   It 
11   IFIY2   •  Y1I   1«*   10,   40 
JA.Xl. ■ XI %. tX.Ji.X\ X üa-IÜ-26._ 

4ft.U!LAG..?..rJL-..-JL RElJUBh  

Sfl  LEI Afi ■  I t mum X EMIL 
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c 
• c 

PROGRAM r,>rF«M 

fl«ClJL*H  ftlJIF«  MO.jfiiiAPV 

COMMON/INPUT/A )Bt(il«0^.rtAMOAl,ruAMDA2tRe 7 AiBCTASO 
CC^MON/BESSL/Btss^.M;.i..iu..Jiu»Ity.U!aLeUi..»imkUiJljAJ. 
COMMON/MW/FMUUB»   rM)2ARt   rMUlQO«   FMU20D 
DIMENSION ClAi&l t.5CÄAJX«.L6ai.JrflU.Uii-aHAß.lU  
OI^NSION   MU» 

.eouivALEAimrunHni FMUUB»  
0ATAIP1   ■   S.U15928'.3) 

I   READ   TOO,   VFi   FNt   OMfG*»   OOMCGAi   TOt»   ITE« 
.700 FORHAT(5E15t5i   III  .-  

IQQi ÜL-, 
in A * ?^F-^ 

....  €1 • 1.0F.7    
Ff«Ul • ?«nF-i 

.      12 •  l.ufS ...   . ♦ . . 
RHOl   •   .091B/(32,2» 
 EL.J. J.  

J ■ 0 s JFLAG 
 B   ■  A   •   SORTf ll./VF.l . 

FNJI? 
I RH02  >  .0A48/O2.2*!?.) 

1 

FLAMHAl   ■   n»FNUl/in.*FNIIll»ll«-2t«™uni 
FLAMDA? . E2V..NIJ2/LU.ttESlilJ.flU.'^jiff-MUUl -  
Gl   ■  Fl/l2.»n.*FNum f 02   •  E2/(2.*C1.4-FNU2)) 

„Cj »   BKOI« 

C   I   2SO   ■<2.»G2*FLAMDA2I/RH02 
    CJJISQ  •  Gl/RMOl .—  ... 

C   W?^  «   r,?/RHO? 
BETA » rN»Pi/ri.    
BETASQ   «   RfTA««^ 

 ßftiKT.AQO»   Ai-O.  £2.   Bt  £J4»lt   FNÜ2 i Jt£*-^1^. 
•        FN»   rLAMDAJ.,   FLAM,')*?,   PJTA,   TOL 

600   FORMATOfÜA   iE2 J .5 . loX »fiME I    IEI I.if 10Xi6HE2 .E17«5»/t  
IHoH   •EJO.S.U'A.ftMNUl .El7.5flO*t6HNU2 tEl?,*./» 
IHDvr .E20.5.1(jX.hMG      I    . »£1H.J0X»6HC.     2  .   .£l7.5i/. 
^MTL    .F70.«.. irx.f.MRMO   1    .F17.5.inx,*^RHn   ?   .F17.5./» 
3Hi*N   »E20.5»iCKifcKLAPlDAlfEIlA5ilQÄaiiaLAMDÄii£I7«5i/»_._     ... 

6MOBETA    ,F17.5,    /    ./>HnTOL      .F17.5.    /    »«.M^      J.7X,fiHOMFGA    .Ux» 
^HDETRH, lOX.llHF-MuiAO   <H2) t9X »J IHF^UZAB   fK2 I »9X , 11HF.MJIGD. (HI I 

9x.iiHfMp?f,n i»fn, /} 

 c 

OMFQASO 
J   ■    J*I 
FMU i n ■ 
FMU<2) ■ 
FMIHI» ■ 
FMill <. )    • 

OMfGA   •   OMF^A 

HMFftASO/f 
nMfr,ASO/«. 
OMrrA^o/c 
0"EfiASQ/( 

I    J$0 RFTASO 
R£TASO 
RFTASO 
RCTASQ 

X • 0 
DO  <»   I ■! ,<« % 
IFtFMlKm   1,   dr 
K    •   K«l S 
FMU« I )    ■   -rMUM I) 
CONTFNDF 

IMAG«1) 1H 

IMAM f » 3M     | 

IHM 

IHK) 

FMUIAR 
FMU2Afl 
FMU1GD 
FMU2GD. 

SORTF» 
SQRTFt 
SORTM 
SOBlFi 

FMll 1 J 
FMU < 2) 
FMU I 11 
f Mil (41. 
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!FU-n..75» 5JL..I5  
% IFIITIll - 1» 7S» 6« T> 

_c. 
6 CALL HFSLFUN 

U   CUtll   ■   FMülAR«RESSELJ(?*l*2) 
12 Ca t2l   •,f.MUlAB«e£Si£LYi2*li2J _  
19 Cll.II • -e«T##BCSSELJ<2.2.2I 

l^  CU.SI   -  Cn»6l   • C(?.^»   •  Cf?.6)   •  0. 
.C—    

21  C(2*n   ■  2.«FMUUB*RFTA«AESSELJ(2*1*2) 
 22. C1212 !..• .2f • f MUJL«a?aE J^fÄUSaXlZiliLL 

23  C(2»1I   ■   (FMü2AB»«2-BtTASO)»fltS$ELJI2»2t25 

c 
 31 .C13ill..«.F^UlA6*BESSEUi2U*ll. 

32  C(Si2)   >  FHUlAB*BESSELV(?»lon 
..... U. C13 ♦ 3.1. •. .-PtIAfACM£La.l2.t2AU  

34 C(3tAl ■ -BETA«BESSELY{2i2tll 
 la aiiü g EimfifliflEiaaLLuaai 

36 C«3.6>   •  BETA»BC$SELJ>2.2.3» 
.t  .- 

Al   CUil)   ■  BETAtBESSELJUOtn 
 .A2..ClA.ta.A.AEJ.«*J««LmiliJLL 

A3 C(A.3)   ■  FMU2AB«BFSAFLJn»2tl) 

43  Cf4.3»   >  -BETA»BESSELrn«l»3» 
 AA.-CtAui61.A.rFMU2ßDtBESiELJi.lj2jJl  
C 
 IL.ai.iU.«   (-FLAMDA2»BETA5QrllUMDA2i2tAG21«eMUlAB»fZJ»  

• BESSfLJ« 1*1.1U2.»G2*FMUlAB»BESSELJ(2tl»lt/A 
 M ci%*2\ ■ t-FuumfcytnrTA^fltiriiiinAiAaiifiiitKMiiufttfUt  

• BESSELVn*lilM2t«G2«FMu:AB«BESSELV(2«l*n/A 
 JjL.C(&.«li.A..-2^«a2FCMlJ2ABftUTA.tiBL&&£LJU«2«Xl.-JLS&£LJi2i2ill/....n.  

• (FMU?An»A»I 
 J4.ClS.t4J..A..-2*fCii»£ttuUa.taf.IA«LBL&S£LXlJ.*2jll.-JUi£LXl2i2.ill/.  

• IFMUZAMAH 

• -2.»f.i»FMUlGD»RFSSELH2»l»3»/A 
 96-Ct5.4i-A-2.*GlfFMU2Gn»fitlA»iAK55£XJLlU2xSlTÄ£iaCLjLi2i2jiJX^.  

• trMii2Gn«AM 
—Ji.xis.ii..- -ciij.u  s. j:ij*2j-.f.-si:iA»2i- »   
c 

k\    Cifc.il    .    3.*ft3»FMlJlAHtRFTAtBP&&gLJt>,l>H  
62 C(6*2i • 2**G2*FMUl4R*BETA«BESSELV<2tl»ll 

 Jftl.Ct6.ilL_-«-G2«lFi«:i2Afl.M2-BEIASü.lftEt5S£LJl2i2ill-...  
64  C(6t4|   •  G2«(FMU2AB««2-RETASOl*BESSELYI2«2*n 

 ^l.Cl6.iU.Ji.2.«Gl»fiJUlQnfAETAJ»JEJSSEL112ilill  
66  CJ6.6)   •   -Gl*<rMUZGO»»2-BETASO»»8ESSELJf2.2»3) 

CALL   NWMATINVK»   BB *   SCRATCH«   6.   6»   0«   DETi   tOFTI 
.JDEt  s 10»lü£L » J)E.tRM.Ji.ilEX.A.i.ia.fAJnElJ. 

C 
-PJ»l/*T..dÜlA.Ji.J3M£GAj.-0£riWj-.iJEMUiJ.ljL.XMAßi.lJ.f..±»l«Al   

601   FORMATU«*   2F17.e*   A(   FIT.7»   A3)«   /   ) 
_C :  

CALL ROOTIOMFGA. DFTRM, TOL» DOMEGA♦ DIFFt JJ» JFLAOJ 
 ...XFUJl--I0üi-ll0a..A3.-.  

70 PRINT A02      t      GO TO 1 
.^UtQZ.f.QMklUlJ.lj..lQ*.%JiQHlllRAJAQiiL.QiyiR&lMil.  
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c 
75   PRINT   60Vf J. .OMCfiAx.J.FMyUK»    IMAOUJLt AfliAJ  

601   FOftMATd«*   F1T.5«   171.   *(E17A9f   A3».   /I 
 JFLM  *   !  

C 
..  so irtJ .LU.jLTMi-ri0..ia.i„   

M   FRFO  ■  CWfGA/l?.»Pn 
 PRINT. AOAi..fAC.Qi..0JFf.   

604 FORMAT!//» 7H FREO •»En.S» 10X«7H DIFF •• E17.8» 
 GQ TO I -.  

100 END 
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SURROUTINF RFSLFUN 
COMMON/ INPUT iAt&tAXxtltf},mMjitUAMki}AtlkiH.lAHi  
COMMON/6CS5L/AESSCLJI2*2«))»  BESSELVI2.2f3)♦  BCtSCLI(l*2«St 
gQMMQW/MU/FMUlAB.   PMUgAB.   rMUlfiP.   FMUJfiD  
DIMFNStON   Xfl).   XXfDt   ANS(2)t   ANSWI?» 
8(1 K •. FfliUBAA. JL JtULLLJl.r.MUlAÄfA. 
X(2I   •   FMlUA»»B                S XX(2)   •   ?M(J2AA»ft 
xn I  ■ FMUlfiD««L i lU3JUl.füU2fi0f.A. 

,D0-1Q   I«It3 

.C. 

CALL  BESSELISdlt   It   ANSt   li   0) 
.....CALL e«5£U.XAilUl-»..A'iSÄiAj..0J.   

BESSELJU.l.ll   •  ANSIlt              ft BESSELJ« 2»1»I >   ■  ANS(2J 
 flF$5EU.U.tUU--.A*A*.aj I. aaStU.tlJilAU.«-A<»MJJlJ- 

CALL flFSSFLIXfl»» li «NSt 2t 0) 
 CALL   BFSSfLIXXdl.l.   ANSW.2.   01 ,  

BESSELV<lt2»n   -  ANSW(l) | BESSELVI2*2« 11   -  AN$M(2) 
 *ts*tunijAjAi.'..mAn x M«tkyjjALtiJ..jL.A.N$.i?.L. 
10  CONTINUE 

CALL  RFSSFLIXO)*   1»   ANS«   3.   01 
afSSFLMlt It 11  I AWSin I JEattUililUJ  ■ INSi2l 

.REIURJ« I EADL .   
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€•• 

SUBROUTINE   NWMATtNV(AiBt|NOEX*NMAX»N*MfDETCRMf1DETI NWMV        I 
OlMFNMON   A(NMAA«}I *{l(NMAXf 4)t)ft^X,UJ      NWMV ..    ? 
EOUlVALENCFi l«'0W»JR6wttR)incÖL*Ull('»JC0LÜWt*!c')                                                         NWMV        1 

_EOU IVALENCnAMAX«T«SWAP»lAMAX»itPiVOT*TrMP«ITgMPt NWMV 4_ 
DATA iMiNuwonnooooormnooooR» NWMV     * 
rNITlALIZATI.Qdfc    
OETFRM.l.O 

...     IOET   •   0        
DO  20  J»iiN 

2JD   INDEJtUl*M!NllS 

NWMV 

DO 940   :-I.N 

.-€•• SEARCH F.'Jfl.EkEÄeAl- .C!F..kARfiE3I.,MAßlU^0£*.-  
AMAX»0.0 NWMV 

          DO   105   Jl-liN   NWMV 
IFl-IMDfxuin   iri^,j.^jho NWMV 

 60  00   100   Kl«l,f« , NWMV 
m-iNOEx«*!»»  ioo.io^»ao NWMV 

RO   TEMP«ACKl,Jl),   NWMV 
IFfTFMPlRI.rOÖVR?  "    NWMV 

R?   TE»«P«-TFMP _ NWMV 
Ri iF<-iTFMf»-TrM"iVr"iö*nViöö',iV'' ""'NWMV 
I»   AMAX"-TEMP NWMV 

NWMV        7 
WWMV L 
NWMV        0 

tR«K1 
IC-J1 

100   CONTINUE 
10n   CONTINUE 

|FIAMAXn?0.m 
JLiS..DeTCRf.O  

IDFT  •  0 
RFTURN 

NWMV 
.NWMV. 

NWMV 
NWMV 
NWMV 

-NWMV._21_ 

in 
n 
i? 
ii 
u 
]*> 
IA 
17 
IM 

' >n~ 
?1 
?? 

7k 

120   IROW-IR 
. ICOLUM»lC   

INOCXiirOlUMJ.lNDfMiICOLUM»»AND.«NOT.M|NU5 
igi.MftT.t tafty.iriM mmiAttUAfl   

.NWMV 
NWMV 
.NWMV 
NWMV 

?6 . 
?7 
29.. 
29 

UD  DFTfRM^-DFTFRM 
...^••..    FXPHANOr  ROWS...     .  .... 

DO  200   L«l»N 
  SWAP«A( IROW.L»    ,. 

AnRow»u-Ancoi.uM*u 
 200 ALLCOLUMiL HiMAg. 

-NWKV 30- 
NWMV     \\ 

NWMV 
,.NWMV 

NWMV 

V 
13 

IF(.NOT.M)?AO,210 

210  DO  250  L«l»  M 
SWAP«RIIR0W«1) 
RnROw.LfR« ICOLUM,!.) 

290   RIlfDLUM.LJ'fiWAP 
1*3 SAVE   PlYDl INFORM*TION.   DO  QgTfRMlNfNT. 

.NWMV._35_ 
NWMV  16 
NWMV 
NWMV 
NWMV 
NWMV 

37.. 

^.0 

260 INDEKCI)«IROw»lüOOOinone*ICOLUM*INOEX(I) 
PIVOT   "A(|COLUM»KOLUMl..  
OETERM»0FTf9M»PIvOT 

NWMV 
NWMV 
NWVV 

42 

c»    KFFP HFTFRMINANT RETWCEN 1.0E-2P AND l«0g*2n 
270 DETERML . A!LS£.«ü£I£fi^J__ 

|F{r>FTFRMl .GT. l,E-2n» GO TO 275 
OETERM • OETERM • i.E20 ...  
|i)FT » IDET - 20 
GO TO 270  

275 IFIDFTFPMI ,LT, l.F?n» GO TO 100 
 OETüRM ■ DFTFRM / 1«F2^ _. 

IOET - IDFT 4 20 
GO TO 270  

100 CONTINUE 
.C.«f   R£DUCE LEADIHG CQEF..Ii3-l......  
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MICOLUMifCOLUVj.l.O NWMV     44 
00   350   fl.N     NWMV     45 

150  AirC0UJM«U>Ali'C0LUM,LI/P'lV0T MWMV     46 
 fgXftWQllüliagll&g NWMV_ 47. 

^60  00  ItO  L.ltM NWMV     4« 
. .  37a BnCOLUM,U-9.at0kÜÄiLl/J,J.WLl ,.-*  NW^V     4^ 
f*t        SURSTITKTF   FOR   NTH VARIABLE. 

. .  390.00  550  L1.«UN  - NWMV     50 
IFUNOT.ILl-rCOLUMM   550t400 NWMV     51 

 -Aao^TMiLitlCÜUJMJ  = NWMV„52 
AlLlfICOLUM)"0.0 NWMV     53 
00 450 LPifN   NWMV  54 

450 Aai.U»AJLl»LJ-AC!COLU*,U»T NWMV  55 
 !FUNOL»dm0jL4AQ.  NWMV     56. 

460  00   500   L»}tM NWMV     57 
 afliLJLi LltU-fHLltU-BdCQLU^UM  . UWMy_5L 

550  CONTINUF NWMV     59 
.CfA.—UNDO. ROW. F.KtHA««ieit    

L«N NWMV     60 
 00 710.U«UN.  . - NWMV    61. 

JÄOWMNOFMU/IOOOOOOOOB NWMV     6? 
      JRnWfJRnW.INn.TTTTTfi NWMV_61_ 

JC0H)M«IN0EI(L»»AN0«77777B NWMV     64 
-...  1/UNQL. 1 janWr^£DUJM.lJ.Tlil*A.ail . i<WMV  . 65.. 

630  00  705  K-1»N NWMV     66 
 ..iWAßfm».>«a*J. .NWMV.  67.. 

A(KfJROW)«A<K.JCOl.UM) NWMV     611 
 705 AUiJfnniMitmP HWSL-Jbi- 

710 L»L-1 NWMV     70 
 JAO-MllHÜh - NWMV   .71. 

ENO NWMV     72 
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SUBROUTINE «OOTIX. V. TOL» DEL» OiFF. IFLAG» JFLAG» 
c .    
C        THIS SUBROUTINE W|LL FIND A ROOT BY FALSE POSITION 

C 

IFLAfi ■ 0 
60 70. ( Jftj..|0!.J01.JFJIAr1, 

Ift XI • X       S     VI • V 
JFLAG i"i  

Jl^ X ■ X ♦ QFL  j     RFTUSN 

20 X? • •       »     Y? ? Y   __ 
IF «vi # Y?) }':,  «in, ?i 

?1 xi • x? ti  * vz , », S'iLJLSL.ll, 
?•,   JFLAG ■ T 

 2^__X _m_  X 2_ ^J <X?-Xt I /tY?-»Vi M » Y2  $   RETURN 
c 

30 X3 ■ *      ».. .  ^3 « /.   _   
OIFF • ARsrfxi - x?i 
IFIDIFF   •l.li.-TßLJ   fi^  T0..5P. _._.  

31 IFCYl   • Y^)   1?»  SO,   y* 
 _32_>lt-£-JÜ 1 LL.« Y3     t ,        fifl UL2L. 

11 IFIY2   • Y1I   34t   %0.  An 
3A XI   •  Xl » YL -.YJl. ». 0Ü-1&..2S.- 

40 IFLA.G   ■.-! .„.» SLIVRN.  

M IFLAG «„J I 2£lUiUi        ,1 DID  
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APPENDIX   X 

PROGRAM FOR FORCED VIBRATION 
USING  SIMPLIFIED ANALYSIS 

100 tUSE LINCOS««* 
110* •♦* PRQGItAM rOK rORCCO VIIRATtO* UtlN0 lIMFtirtKO AHALYSil 
180' «•• WRITTtN JUNE 18* 1948 iY 0C0R9C msmi*  ••• 
les* •♦• rntt-rntt CASE WITH u R <■> • ZERO« 
130  DIMENSION   A*( 2S# 851* RHSU5) 
140   IDS   CONTINUE 
ISO   A  •   0.0025 
i«n vr • o.«3 
I TO   RH0|a2.48734£*« 
180  RN08«I.ISf4eE*4 
190 EI*Er>t0000000* 
800 E8aER>380000* 
210   FNUl«FNUr-0.2 
880 rNU8>rNUR-0.39 
830  QI«GF«Cl/(2.*2.»rNUl) 
840 02>GA«C8/(8**8**rNU8) 
250  PI«3.141598653 
260   192 FQRMATC'A «  ,,#ri0.4#M       B «"»EIO^*»'       Vf  «"»El 0.4/ 
270   ♦"RHOI   •••,CI0.4,"       ftHQ2  »"«EtOtA«**       C   I   •"ttl0»4*/ 
280  *"£  2  •  '•.EI0.4,M       NU   t   ■  M#EI0.4*"      NU 8  •  "»EI0.4#/ 
290   ♦,'G   I   •,,#EI0.4."       0  2«  'VEl0v4#"       Ft  ■  "»E10.4///) 
300   B«A*SQRTF(l./VFl 
310   FL»3. 
320  PRINT   !91 
330   191   FORMAT(///,,INPUT  DATA"/" •'//> 
340   PRINT   l92*A*8*VF.Rt4Q|fRHa2tEI«E2«FNUI*FNU2«GI*62'FL 
350  AA(I,1)«A 
360   AA(1,2)«-A 
370   AA(J,3>«-|./A 
380   AAC2, 1)iiEF/m.*FNUF)*C l*-2.*FNUF)) 
390   AA(2,2)>-|rR/(( 1,*FNUR>*( !.-2.*FNUR)) 
400   AA(2«3;«ER/((I.^FNUR>*A«*2) 
410   AAC3, I)   *   0*0 
420   AAO,2}«B 
430   AA(3*n)   «   l./B 
440   Rt<S< I )-A«CFNU2-FNUn 
445   RHS(|)«-RHSC1) 
450   RKSf2>   »n.O 
460   RHS(3)»8»FNÜ2 
470   CALL   L!NE.eCAA,RHS«3* I) 
480   FKtF»RHS< M 
490   FKIR.R4S(2) 
500   FK2RaRHSC3> 
5 10   FLANDARaFNUR*ER/(( I. ♦FNUR1 • ( I.-8. »FrjUR» ) 
580   FLANDAFBFNUF*EF/((l.«FNUF)«(l.-2.»fNUF)) 
5 30   T|BRHQl*PI*(>FNUf»FKIF)««2*A**4/4« 
540   T2*t-FNU2«FK1R,**2*(B**4-A**4)/4. 
5 50   T3«!-FNU2»FKIR)«'FK2R*<B**2-A*«B) 
560   T4«FK2R*«2*LQriF(B/A) 
570  ClaTI»RH02«PI«(T2*T3*T4) 
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rORCC4 CONT' .. -0 

SSO C8«RNQl*Pl*A««2/2.»RHQ2*PI*(B*t-A*A>/ft* 
591 T5»tr/2.»A««2 

«10 T7-EF/(n.*rNur>*u.-2.«rNur)>«rKir»«B*A»«a 
«80 T»»»CR/C( l.*FMUR)*f !.-2.«rHÜI»n»rKIR«»»«(l*»t-A*«t) 
«30 Tf»-ER/< !.»rNUR>*rt(8M*2«( 1 ./B**8-I ./«••8> 
«50 C3«PI»<Tb^T6*Tl*H»Tf> 
««0 PRINT   l94,FHircrK|R«riC2R 
«70 194  FOWMTC-K   !   F   •"•CIO. 4,"       K   I   R  •M*CI0.4."       K   Ä   R   ■',*CI0*4/) 
«RO PRINT   I95,CI-:2»C3 
«90 195 PORNAT(••ONEGAl   •"•CIO* 4*'        uNfOAa  ••MIO»^*"    ONEGA  3 •"»110.4) 
«94 PRINT.**< 
«95 ^   726  N«|#5 
«9« 726  CALL  ONEGANAT(CI«C2.C3.N«PL) 
700 10«   COHTINUEl   PRINT   92 
7 10 92  PORNAT   (///"INPUT  VALUE   FOR ONEGA   E   "H   INPUTfONCQAC 
720 nNEr,A|.CIiriNCGA2«C2lONEGA3«C3 
7 30 BETA|»aNEGA3-ONEGAEt*2*ONCGAt 
7«0 BETA2»0NtGA2*0NEGAE«»2 
750 Fll3SORT(8ETA1/BCTA2)tSOI«SORT(BCTA2/BETA|) 
755 PRINT  291.501 
7 56 291   F'JRNAT   f//"   BETA   •   M«E12»5) 
76Ö Fi2«FIl/SIN«S01*FL> 
170'   ••«•   START   DO-LOOP ON   Z   •«*•••••* 
7R0 DELTAZ«!. 
7R2 ?«0.0 
7R5 z-n.o 
79!) 00   999   K(]UNT«1.3 
BOO Z«   Z*0ZL1A7. 
«05 PRINT   97,2 
«110 ARG=SORTOlNE:GA2*ONEGAE"2/(ONEGA3-ONEGAE**2*ONEGAin 
• ^0 DPH ! D7. = r ! ?*ÄRG* S !N ( Ä»G*2 > 
R30 EPS^'HPHIDZ 
«-«0 PRINT   94,EPSZ 
HSO 9«   FTRMATf/"EPS   Z   »   "»EI2.4/> 
R60 GO   TO    157S 
ff.!) RRP   CONTINUE 
«R? FK|F«CISUPI/F.PSZ 
« <3 FK1R»C:C'JP2/EPSZ 
RR4 FK2R»C2SüP2/EPS7 
9 00 97   FÜRMAK//" - -•-    
910 ♦ •'S/2r)*,"   7.   •   "^12.2/) 
9?0 PRINT   55,CISUPI.CISÜP2»C2SUP2 
930 55   FaR*AT(//"C   I   SUP   I   -", 1PE20.7/"C   I   SUP  2   •".£20.7/ 
940 ♦"C   2   SUP  2   •".E20.7> 
9 50 SIGNAl-El/{(l.»FNU»>«<1.-2.«FNUl))4CISUP! 
9 60 SIGNA<Z>EPSZ«EI*2.*FNUI«SIGNA| 
970 PRINT   57,SIGNA1,SIGNA|Z 
780 57   F0RNAT(//"S1GNA   I   R   ■   SIGNA   I   THETA   ■,MPC9.3."        SIGNA   Z   •"» 
981 ♦IPE9.3) 
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■pp 

Fr)RCE4   CONTINUED 

998 W>-rn*COS(SOI«Z)/SlN(SOI*rL> 
994 PRINT  99»*URI«U 
995 V95  rOIWAT  ("   U  R   1   ■"« 1PE IS« S*"       W   I   B^tlSt«! 
inoC   DELTARa(B-A>/4*lR«A 
I 010 0(3   9!>  K.llNTR«l»5 
1020 FHULT«E2/((l.*rNU2)*(|.-2.*rNU2)> 
1030 SI0MAR*rMULT*(ClSUPt-(l.-e*4PNU8>«   2SUPt/R**8> 
1 040 SICMAWULTtC CISUP2*( I. - 2. *niUt)*CtSUPt/R**8) 
I OSO 5I0MAZ«EP5Z*t2»rNU2«(SIGMAR  •   SIOMAT) 
10SR PRINT  S6*Z*R«SI6NAR«SI0MAT«SK0KAZ 
1060 UR2«(-rNU2«PKIR>4CPSZ4R *  rKtRAfPU/R 
1064 PRINT   393,UR2 
1066 393  FQRNAT(   "  U  R  2  ■'MPCISiS) 
1070 56  FORMAT <///I SÄ."!   ■   "FS.B*"        R  •   "»FllfV 
1080 «"SIGMA  R«,MPC9.3fM       SIGMA  THCTA ■"•IPC9.3«"       SlOüAZ  ^•MPC9.3) 
1090 R  »   R  ♦   OELTAR 
I 100 95 CONTINUE 
1110 999 CONTINUE 
1 120 STOMM 
1575 1575   CONTINUE 
I5R3 AA(1,|)»A 
!590 AACl,2)a-A 
16nn AA(|*3)«*1*/A 
1610 AA(2.l>«EF/((l.*FNUF)*CI.-2.«FNUF)) 
1620 AA(2,2)r-ER/{(l.»rNÜR>»CI.-2.4rNUR)) 
1630 AA(2,3)«ER/(<l.*FNUR)*A»*2> 
1640 AA(3, S)   «   0.0 
1650 H,A(3,?)»B 
1660 AA(3,3>   =    |./B 
1670 RHS<l>e-EPSZ«A*<FNU2-FNUl) 
1 640 RHS(2)    =0.0 
1690 RM<;<3)«B»FNU2*EPSZ 
170(1 CALL   t >NEO(AA*RHS* 3* I) 
1710 CiSUPl>RHSCI) 
1720 C1SUP2»RHS(2) 
1 730 C2SUP2«RHS(3> 
17 40 GO   TO   BHO 
2000   SUBROUTINE OMEGANAT(Cl. C2. C3#N.FL) 
20tS   PI   ■   «.-ATAN'|.) 
2 020   FN   s   N 
2030   RA0«C3/(C2«FN»«2»PI**2/rL*«2»Cn 
2040 OMEGA«FN*PI/FL*SQRT(RAD) 
2050   PRINT   91,N,0MF.GA 
2060   91   FORMATCOMEGA NATURAL   SUB", 13»   "   ■   ", 1PEI0.4> 
2070   RETURNIEND 
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APPENDIX XI 

COMPOSITE VELOCITIES 

VF = 5.000C0E-01 
El = 1.000aOE*07 
RHOl      = 2.42800E-04 
NU1      =       2.oooooe-oi 

R0l/Ra2 NU1/NU2 EWe2 

1.50 0.66667 50*0 1.60375E-»-05 
1.50 0.66667 100.0 1.5S812E+05 
1.50 0.66667 150*0 1.58280E*05 
i.50 0.66667 200.0 1.58012F>05 

1.50 0.57143 50.0 1.61I40E+05 
1.50 0.57143 100.0 1.59210E+05 
1.50 0.57143 1SÜ.0 1.5R549E+05 
1.50 0^57143 200.0 1.58215E*05 

2.00 0.66667 50.0 1.69050E+05 
2.00 0.66667 100.0 1.674Ö3E+05 
2.00 0.66667 150.0 1.66842E+05 
2.00 0*66667 200. 0 U66559E+05 

2.00 0.57143 50.0 1.69856E+05 
2.00 G.57143 100.0 1.67822E+05 
2.00 0.57143 150.0 i.67125E-?-0 5 
2.00 0.57143 200.0 1.66774E+05 

2.50 0.66667 50.0 1.74983E+05 
2.50 0*66667 100.0 1.7327SF>05 
2.50 0.66667 150.0 1.72698E+05 
2.50 0.66667 200.0 1.72405E+05 

2.50 0.57143 50.0 1.75818E+05 
2.50 0.57143 100.0 1.73712E+05 
2.50 0.57143 150. a i.72991E>05 
2.50 0.57143 200.0 1.72627E+05 
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VF 
El 
RHOl 
NUl 

6.00000E-01 
l.OOOOOE^O? 
2.42800E-04 
2.0ÜCP0E-01 

R01/R02 NU1/NU2 E1/E2 

1.50 0.6666'» 50.0 1.71673E^05 - 
1.50 0.66667 100.0 1.70298E+05 
1.50 0.66667 150*0 1*69826E*05 
1.50 0.66667 200.0 1*69587E*05 

1.50 0.57143 50.0 1.72372E+05 
1.50 0.57143 100*0 I*70666E405 
1.50 0.57143 150*0 N70076E+05 
1.50 0.57143 200.0 1.69776E*Ö5 

2.00 0.66667 50*0 1.78682E+05 
2.00 0.66667 100.0 1.77251E+05 
2.00 0.66667 150.0 1.76760E+05 
2.00 0.66667 200.0 1.76512E+05 

2.00 0.57143 53.0 1.79410E+05 
2.00 0-57143 100.0 1.77635E+05 
2.00 0.57143 150.0 1*77021E*05 
2.00 0.57143 200.0 1.76709E+05 

2.50 0.66667 50.0 1.83324E+05 
2.50 0.66667 100.0 1.81856E+05 
2.50 0.66667 150.0 1.81352E*05 
2.50 0.66667 200.0 1.81097E+05 

2.50 0.57143 50*0 1.84071E+05 
2.50 0.57143 100*0 "  1.82250E+05 
2.50 0.57143 150.0 1.81619E+G5 
2.50 0.57143 200.0 1.81300E*05 
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«U.   ■   W JH. 

VF 5 7. OOGOOE- 01 
El S 1« OOOOOEi •07 
RHG1 s 2. 42800E- (M 
NU1 s 2. 0Ü000E- 01 

RQ1/R02 NU1/NU2 E1/E2 

i*:o 0.66667 50.0 1.81643E+05 
1.50 0.66667 100*0 1.80360E+05 
U5C 0.66667 150.0 1.79911E*05 
1.50 0.66667 200*0 1.79683E+05 

1.50 0.57143 50.0 1.82305E*-05 
S.50 0.57143 100.0 1.80718E+Ö5 
1.50 0.57143 150.0 1.80157E+05 
1.50 0.57143 200.0 1.79869E+05 

2.00 0.66667 50.0 1.86909E*05 
2.00 0.66667 100.0 1.85589E+05 
2.00 0.66667 150.0 1.85127E^05 
2.00 0.66667 200.0 1.84892E+05 

2.00 0.57143 50.0 1.87590E>05 
2.00 0.57143 100.0 1.85957E+05 
2.00 0.57143 150.0 U85380E+05 
2.00 0.57143 200.0 1.85084E+05 

2.50 0.66667 lc
QQ298E+n5 

2.50 0.66667 100. 0 1.88953Et'05 
2.50 0.66667 150.0 1.884B3E+05 
2.50 0.66667 200.0 1.88244E+05 

2.50 0.57 143 50.0 1.90991E^05 
2.50 0.57143 100. 0 1.89328E+05 
2.50 0.57143 150.0 1.H8740E+05 
2.50 0.57143 200. 0 1.88439E+05 
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w 
EI 
RHQl 
NÜ1 

OOOOOE-01 
00000E4-07 
42800E-04 
OOOOOE-01 

R01/RQ2 NUI/NU2 E1/E2 

U50 0*66667 50.0 1.90716£^05 
1.50 0.66667 100.0 1.89396E+05 
I.5C 0.66667 150.0 1.88917E405 
1*50 0.66667 200.0 1.88669E+05 

1*50 0.57143 50.0 1.91371E+05 
1*50 0.57143 too.o 1.89769E*05 
1.50 0.57143 150*0 1.89177E+05 
1.50 0.57143 200.0 1.88869E*05 

2.00 0.66667 50.0 1.94216E+Q5 
2.00 0.66667 100.0 1.92872E+05 
2.00 0.66667 150.0 1.92384E*05 
2.00 0.66667 200.0 1.92131E+05 

2.00 0.57143 50.0 1.94883E+05 
2*00 0.57143 100.0 1.93251E+05 
2.00 0.57143 150.0 1.92649E+05 
2.00 0.57143 200.0 1.92335E*05 

2.50 0.66667 50.0 l.964inE*05 
2.50 0*66667 100.0 1.95051E+05 
2.50 G.66667 150.0 1.94558E+05 
2.50 C66667 200.0 1.94302E+05 

2.50 0.57143 50.0 1.97085E+05 
2.50 0.57143 100.0 1.95435E+'J5 
2.50 0.57143 150.0 1.94826E-*'05 
2*50 0.57143 200.0 1.94508E+05 
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VF = 5.00000E-01 
£1 s 6*00000£+07 
RHÜ1 = 2.42800E-04 
NU1 = 2.00000E-01 

Rai/R02 l>iUl/0JU2 E1/E2 

1.50 0.66667 50.0 J.92B37E+05 
1.50 0.66667 100.0 3.89008E+05 
1.50 0.66667 150.0 3.87706E>05 
1.50 0.66667 200.0 3.R7049E+05 

1.50 0.57143 50.0 3.94710E+05 
1.50 0.57143 100.0 3.89983E>05 
1.50 0.57143 150.0 3.88364E*05 
1.50 0.57143 200.0 3.87547E+05 

2.00 0.66667 50.0 4.140S6E+05 
2.00 0.66667 100.0 4. 10051E+05 
2.00 0.66667 150.0 4. 08678E+05 
2.00 0.66667 200.0 4. 079R6£r05 

2.00 0.57143 50.0 4. 16060E+05 
2.00 0.57143 100.0 4. 1 1073E+05 
2.00 0.57143 150.0 4. 09372£'»-05 
2.00 0.57143 200.0 4. 08510E+05 

2.50 0.66667 50.0 4. 286?!0E*05 
2.50 0.66667 100. 0 Zi.24443E*05 
2.50 0.66667 150.0 4.23022E+05 
2.50 0.66667 200.0 4.22305E>05 

2.50 0.57143 50.0 4.30664E*05 
2.50 0.57143 100.0 4.25506E+05 
2.50 0.57143 150.0 4.23740E+05 
2.50 0.57143 200. 0 4.22848E+05 
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VF 
El 
RHQ1 
NUl 

6. 

2. 
2. 

00000E>01 
OOOOOE+07 
42SOOE-04 
OQOOOE-Ol 

mi/mz NU1/NU2 EI/E2 

1*50 0.66667 50.0 4.20510E+05 
1.50 0.66667 100*0 4.17142E*05 
U50 0.66667 150.0 4.lb986E+05 
1.50 0.66667 200.0 4.15401E+05 

1.50 0.57143 50.0 A.222231*05 
1.50 0.57143 100*0 4.18046E+05 
1.50 0.57143 150.0 4.16599E^05 
1.50 0.57143 200.0 4. 15866E+05 

2.00 0.66667 50.0 4. 37681 F>05 
2.00 0.66667 100.0 4.34175E*05 
2.00 0.66667 150.0 4.32972E+05 
2.00 0.66667 200.0 4.32363E+05 

2.00 0.57143 50.0 4.39464E+05 
2.00 0.57143 100.G 1.351 16E*05 
2.00 0.57143 150.0 4.33610E+05 
2.00 0.57143 200.0 4.32847E+05 

2.50 0.66667 50.0 4.49051E+05 
2.50 0.66667 100*0 4.45454E+05 
2.50 0.66667 150.0 4.44220E+05 
2.50 0.66667 200.0 4.43595E+05 

2.50 0.57143 50.0 4.50880E+05 
2.50 0.57143 100« 0 4.464J9E+05 
2.50 0.57143 150.0 4.44875E+05 
2.50 0.57143 200. 0 4.44091E+05 
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VF 
£1 
RH01 
NU! 

7.00000E-01 
6*00000E>07 
2.42800E'04 
2.0C000E-01 

R01/R02 NU1/NU2 E1/E2 

1.50 C66667 50*0 4.44933E+05 
U50 0.66667 100.0 4.41790E+05 
1.50 0.66667 150.0 4.40691E+05 
USD 0.66667 200.0 4.40131E+05 

1.50 0.57M3 50.0 4.46555E+05 
1.50 0.57143 100*0 4.42667E+05 
1.50 0.57143 150*0 4.4J292E+05 
1*50 0.57143 200.0 4^ 40588E+05 

2.00 0.66667 50.0 4.57832E+05 
2.00 0.66667 100.0 4.5^598E*05 
2.00 0.66667 150.0 4.53467E-f05 
2.00 0.66667 200.0 4.52891E+05 

2.00 0.57143 50.0 4.59501E+05 
2.00 0.57143 100.0 4.55500E*05 
2.00 0.57143 150.0 4.54085E+05 
2.00 0.57 143 200.0 4.53361E+05 

2.50 0.66667 50.0 4.66132£-»'05 
2.50 0.66667 100.0 4.62839E+05 
2.50 0.66667 150.0 4.61688E+Q5 
2*50 0.66667 200.0 4.6n02E+05 

2.50 0.57143 50.0 4.67831E+05 
2.50 0.57143 100.0 4.63758E+05 
2.50 0.57 143 150.0 4.62317E+05 
2.50 0.57143 200.0 4.61580E+05 
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VF »          8. 00000E-01 
El ■          6. oooooe+07 
RHOl     »          2. 428ODE-04 
NU1        s          2* OO000E-01 

RQ1/R03 NU1/NU2 E1/E2 C 

I.SO 0.66667 50.0 4.67157E^05 
1.50 0.66667 100.0 4.63924E+05 
USD 0.66667 150.0 4.62751E+05 
1.50 0.66667 200.0 4.62143E+0S 

1.50 0.57143 50.0 4.68762E+05 
1.50 0.57143 100*0 4.64837E^05 
1.50 0.57143 150.0 4, 63388E+05 
1.50 0.57143 200.0 4.62633E>05 

2.00 0.66667 50.0 4.75729E4.05 
2.00 0.66667 100.0 4.72438E405 
2*00 0.66667 150.0 4.71242E+05 
2*00 0.66667 200.0 4-70624E+05 

2.00 0.57143 50.0 4.77363E+05 
2.00 0.57143 100.0 4. 73367E^05 
2.00 0.57143 150.0 4.71891E+05 
2.00 

i ■ 

0.57143 200.0 4.71122E-I-05 

2.50 0*66667 50.0 4.81105E+05 
2*50 0.66667 100.0 4.77776E*05 
2.^0 0.66667 150.0 4.76567E*05 
2.50 0*66667 200.0 4#75942E*05 

2.50 0^57143 50.0 4.82758E^05 
2.50 0.57143 100.0 4.78716E+05 
2.50 0.57143 150.0 4.77223E+05 
2.50 0.57143 200.0 4. 76-)46£+05 

VF =           5. 00000£~01 
%E 

TIME:       5.59  SECS. 
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APPENDIX XII 

DESCRIPTION AND COMPUTER PROGRAM FOR THE DETERMINATION OF 
ßj, n2, AND O3 IN A HEXAGONAL, MULTIFIBER ELEMENT 

DESCRIPTION OF THE COMPUTER PROGRAM 

The program Is written In FORTRAN 63 (CDC version of 

FORTRAN IV) for the Control Data Computer Mod 3600. The 

program is a straight forward calculation of the coefficients 

in the Airy Function, an evaluation of displacements and 

stresses along the interface and hexagon boundary and then 

some double integrations to obtain nlt ^2  and n3- 

The program consists of the following main parts. 

1. A main program, calling the three major subroutines, 

which are: 

2. PTMATCH 

3. CHECK 

4. OMEGAS 

Below is a description of these individual subroutines and 

their function. 

Subroutine PTMATCH 

PTMATCH*     Reads the input parameters. 

Calculates the matrix elements for the 54 equa- 

tions with the 27  unknowns. 

Forms the normal equations. 

Solves the normal equations in double precision. 
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Back substitutes tnese solutl^rs Into the 

54 original equations. 

PTMATCH uses the following subroutines: 

LISTAP.AY  a subroutine to print and label matrices 

SOLVE    a subroutine which solves linear systems 

of equations by Iterating on the residuals. 

Since SOLVE Is a useful general purpose subroutine» Us usage 

is described here. 

CALL SOLVE   (AtB,X .MNJTER) 

where the arguments have the following meaning: 

A:  Square matrix wtnch contains In single precision 

the coefficients. 

B:  A vector with the right hand side of the equations. 

X:  Contains, after return, the solution in single precision. 

MM:  The order of the matrix A. 

ITER: Number of Iterations. 

Presently, SOLVE assumes the matrix A to be of dimension (27,27). 

It also pTforros exactly ITER iterations. 

SOLVE uses OPMATS for the solution of the linear equations 

in double precision. 
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It then calcuUtes tht residuals in double precision 

and solves the sy^ ' -»gain, using the residuals a«, right 

hand sides. 

This procedure works in the following way: 

Let 

I      a,,,«. - bi  • 0 
k-l  ** R 

i « 1 ... n 

be the original system to be solved. 

Let %  be an approximate solution vector, then 

I   ,   aik*k    ■  bi  '  ri k»l 
i   =   1   ...   t\ 
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Now, try to improve the vector x by äAX SO that 

^ « = . (*. * AX.) - bi - 0 

Perform the following operation 

E«ik Kk ■ bi  '  r1 

laik xk * "ik^k  s  b1 

"ik Axk  '  -ri 

which means that the correct-ion bx.   can be obtained 

by solving this latter system. 
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i. ..HI 111.11 I. I 

SUBROUTIh£ CHECK 

This subroutine calculates displacements and stresses 

along the Interface and the hexagon boundary, not only at 

the points used In PTHATCH, but also at points between. Check 

used the subroutines DISPL with the entry points UR1 , UTHl , 

UTH2, URZ and STRESS with the entry points SR2, STH2, TAU2 

SRI. STH1 and TAU1.  The two routines OISPL and STRESS are 

also used by the subroutine OMEGAS.  A list of the different 

entry points and their function is given: 

OISPL  (U.R.THETA) i npü t:   R, Theta 

output:   U 

ENTRY POINT 

UR1 

UTH1  , 

UTH2 

UR2 

ÜR10R 

UTH10R 

I 
r 

I 
fl 

II 

II 

au^V-r 

aufl/ar 
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-'■w       ■ '•-^•"'"-"'»■■"■•wfw.rwBwi»* WillW »m i .üiijBJi 

UR10TH 3UJ/35. 

UR20R i\ilr
l/ir 

ÜTH2DK au11/^ 

üR20Th juJVae 

UTH2DTH »U^/ae 

STRESS (R, THETA, SIGMA)        Input;  R. THETA 

output:  SIGMA 

ENTRY POINT 

SR2 

STH2 

TAU2 

SRI 

STK1 

TAU1 

SIGMA 

II 
0r 

II 

II 

v" 
I 

09 

Ve' 
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Subroutine OMEGAS 

Calculates n^ n2 and n3 using equations 81, 82 and 

83 as given In the Appendix A.  It uses the double inte- 

gration routine DOUBLE, whole usage Is described In the 

listing of the sourre program. The external subroutines 

Fl, F2, tilBAR and i«2MR represent the integrands. 
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4.  USAGE OF THE PROGRAM 

The progtim requires the fo1U>w1ng Input: 

CARD 1 :     vF, «. E1, E11, «/. w11.  c2. p1 

(Format 8E10.5) 

where 

v-  ■  percentage of fiber (e.g. 0.65) 

a  ■ radius i  fiber In Inches (e.g. 0.0025) 

.1 Voung's modulus for fiber in Ibs/sq. inch 

(e.g. 10 COO 000) 

E  ■  Young's modulus for resin in Ibs/sq. inch 

(e.g. 380 000) 

8  «  Pcisson constant fiber (e.g. 0.2) 

v  •  Poisson constant resin (e.g. 0.35) 

c2  ■  straii in z direction (e.g. -1.) 

pl  -  density of fiber (slugs/inch3) (e.g. 2.42754 10'4] 

CARD 2 :     o11 

(format E10.5) 

where    p1  « density of resin (slugs/inch3) 

(e.g. 1.15942 10'4) 
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CARD 3 :       iTEft 

(Formit 110) 

where     ITER Is the number of Iterations in the 

solution of the normal equation (2 or 3 Is 

enough). 
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PPnCftAM MFXAC.iON 
C 
C     TM!^ PROGRAM COYBINES THE EARLIER PROGR-iVS **   PT^<,TCH »* 
(* *« PT,yATCH2 *♦   AND *• OMEGAS ♦*' INTO 0.\£ SINGLE PROGRAM 
C 
c 
C     PTMATCH READS THE PARAMETERS AND THEN FINDS THE COEFFICIENTS 
C OF THF AIRY FUNCHRN 
C 

CALL PTMATCH 
C 
C 
C     CHECIC CALCULATES DISPLACEMENTS AND STRESSES ALONG TH«^ INTERFACE 
C     AND THF HFXAGON BOUNDARY 
C 

CALL CHFCIC 
C 
c 

CALL OMEGAS 
C 
C     CALCULATES THE THREE VALUES  OMEGA 1, OMEGA 2, AND Ov£GA 3 

STOP 
END 
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c 
c  ••• 

883 

884 

99» 

SUBROumF PTMATfM 

PROGRAM FINOS AND PUNCH» TM? COEFFrClENTS FOR THE PLAIN STRAIN 
PROBLEM WITH A HEXAGONAL FIRFR ARRANOHMfNT. 

IT USES 9 POINTS AT THB INTERFACE AT THE ANGLES OF 
THETA • 0 
THZTA ■ PI/41 
THETA ■ 2«PI/48 
THETA • •••••• 
THETA ■ PI/6 

AND 9 POINTS AT THE HEXAGON BOUNDARY AT THE SAME ANGLES. 

THE EOUATIONS EXPRESSING OISPLACEKENTS ARE ALL MULTIPLIED 'WEIGHTED) 
WITH El 

DOUBLE PRECISION IS USED TO SOLVE THE NORVAL EQUATIONS 

COMMON / INP1/ VF.AA.£l.t2»FNUl«Ff.u2«£Z«BBiPi 
CÜMMON/COEFCT/ AN2(4 j .BN2U» »CN2t4) »ON2K.) »AM U) .CM(^) . 

» 8&2.C02»C01 
COMMON/RHOS/ RHONRHO? 
DIMENSION A(i4»27|»ATR(27i»41 «AMT ( 2? »27 ) »RHS( 27 ) «B< 5<. J .SC^(27l 

INPUT DATA 
PF » A,»ATAN(1.) 
READ 883.VF.AA,EltE2.FNUl.FNU2tE2»RH01fRH02 
FORMAT(8E10.5) 
READ   afU.ITfp 
FORMAT(eilO) 
BB ■ AA»SORT(Pl*5.0PTn.)/(6^VFn 
PRINT 995.VF.AA.Fl.E2.FNUl.FNLi2.EZ.RMOURH02.BB 
FORMAT (11H INPUT DATA     /// 

1 7H VF 
7H A 
7H El 
7H E2 
7H NU 1 
7H NU 2 
7H EZ 

f IS.1) 
E1S.S 
EIS.S 
EIS.S 

EH,«» 
F1S.5 

7H RMO 1" Fl«),5/ 
7H RHO 2» E15.S/ 
7H   8 -     E15.S 

in 

C 
C   ••• 
C 
c 

DO   50   J   -   l.?7 
DO   50   I   •   !.*>'. 
AfI.J)   ■   o,n 
DO   55   I   •   1.^4 
B(n - c.o 

EQUATIONS   I   TH»U   9 

R   •   AA 
DO   200   I   •   1.9 
FI   i    I 
THETA   ■    (FI-1,»«PI/^S. 

///) 
MM   •   27 

SIGMA   R   2   -   S'GMA   R    1    ■   0 
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00 100 KN   • lf4 
FN ■ 6»NN  S  N • 6*NN 
fCOl • (NN-n«4 
C$N • C0Ä^N»THffTA) 
IF (ABS(C$N».LT.1,F-7J f5N o 080 

C 
AJItlCCOl) • -FN«(FN-UJ*R»#<N-2)»CSN 
A(r«fC0L*2) • -FN«(FN+1«»«R*#(-N-2J«C5N 
A(ItlC0l*3) • -fFN*U »•(FN-2«)«P«»N«CSN 
AlttlCOLM» • -(FN-1.)»(FN*2.)«R««(-NJ«CSN 

C 
ICOL • fNN-1>*? 
A( r»TCOL*I7)»FN*(FN-l,)»St«»(N-2)»CSN 
Ad tlC0L*i8)«<FN + l, )*(FN-2.)»R»»N«CSN 

c 
100 CONTINUE 

Ad.?5) ■ R««(-2) 
Ad.26) ■ 2« 
Ad,27)   •   -?. 

?00  CONTINUE 
C 
C   ••«   EOUATIONS   10   THRU  18 UR   2   -  UR   1 
C 

EE1   •   d.*FNUl)/El     S     EE2  »   d.+FNU2)/E2 
C 

00  400   I   •   lf9 
II   ■   1*9 
R-   AA 

-M - r 
TMETA   >(FI-lt)*Pt/A8a 

C 
DO   300  NN   ■   lt4 
fti   m  6»NN 
N«6«NN 
!C0L   •   rNN-n»4 
CSN   •   CO.S(PN»TMETA> 
IF   «ARS(CSN»,LT,l,r-7)   CSN   »   0,0 

c 
A< II.ICOL*n«-FN#R»»(N-l )*CSN»EE? 
AdI.ICOL*2>    ■   FN«R»»<-N-n»CSN»FE2 
AdIdC0L*3>   •   -<FN-2,*4.«FNU?J«R*»(N + n#CSN«EF2 
Ad I* IC0L*4»«1FN*?,-4.«FNU?)»R«»(-N*1 ^CSN   «Ft2 

C 
ICOL   »   (NN-1)»2 
AdltlCOL*!?)   •   FN«R»*{N-1)»EF1«CSN 
AdItICOL*l8}»(FN-2.*4.#FNUl)»R»«(N*i J»CSN«EF1 

C 
300 CONTINUE 

AdN2M   •   -R«*(-1)»EE2 
Ad I.26)«2.«d.-2.*FNU?»«R»EF2 
AdIf27)»-2.»d.-2.«PNun»R»FFl 

C 
BdI)"-FNU2»R«E2   ♦  FNUi«R*E2 

*00 CONTINUE 
C 
c 
C MULTIPLY   E0uATIC\S   10   THRU   18   PV   El 
C 

oo 42^ i • in«ifi 
00  420   J   m   1,^7 

420   Ad .J>   •   Al IiJ;»El 
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r'mamaaaBimHnHBeaBFvm . j.. mwar.!1!. ,' -. 

42^ ftJIJ - BM)»F1 
C 
c 
C ••• COUATIONS 19 THRU 27 TAU 2 - TAU \   • 0 
C 
C 

00 600 I • 1*9 
U • I ♦ 18 
R« AA 
FI R I 
TMETA ■ (FI-l,J»P|/*8. 

c 
00 50n NN • 1*4 
FN » A««NN  IN« 6*NN 
ICOL - !NN-11*4 
5SN • SIN<FN«THETA» 
IF (ABStSSN) rLT. UF-7)   .SSN • 0.0 

c 
*(ntlCOL*U • FN«(FN-1,)«R»»IN-2)»SSN 
ACII»ICOL*2) • -FN»tFN*U»»R»»t-N-2)»SSN 
AfII»ICOL*3) ■ FN»{FN*Kl*R»»N»SSN 
AIII.IC0L+4)   »   -FN»CFN-l,»»R«*t-NJ«SSN 

C 
ICOL   ■   CNN-1)«2 
A(1I.IC0L*17)   •   -FN^tFN-l.^R^^tN^J^SSN 
AUItlCOL + lS)   •   »FN«(FW*U»R*«N«SSN 

C 
500  CONTINUE 

C 
600  CONTINUE 

C 
C 
C   ••»   EQUATIONS   28   THRU   36 Ü   THETA   2   -   UTHfcTA   1   >   0 
C 
C 

DO  800   t   -   lt9 
II   ■   I   ♦  27 
R   ■   AA 

FI   -   I 
THFTA   «(FI-l»•PI/4A, 

C 
DO   700  NN   »   1»4 
FN   •  6«»NN     8   W   •   6»NN 
ICOL   «•(NN-n«4 
5SM   •   SINIFN*THETAJ 
I»    UBSISSN)   .LT.   UE-7)        SSN   ■   0,0 

c 
Adl.ICOL   ♦   n«FW»R»«(N-lJ<»SSM»EE2 
Am«ICOL*2j   •   FN«R»»l-N-n«SSN«EF2 
AJIItlCOL   ♦   3»   •   (FN*4.-4.«»FNU2»*R»«IN*il«5SN«^E2 
A(II»IC0L*4|   «   (FN-4.*4,»FNU2)<»R««f-N*l»«5SN«eE2 

C 
ICOL  •   !NN-1;»2 
A(11.IC0L*17 J■-FN»R*#(N-1)»SSN»fEl 
AM I • IC0L*18 I — « FN*4,«*,«FNUn»»«« IN*l J *SSN«EEl 

C 
700 CONTINUE 

C 
800 CONTINUE 

C 
C 
C     MULTIPLY EQUATIONS 2« THRU 36 BY El 
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DO  *?*>   I   «   28^ft 
00 fl2n  j  ■   1,27 

825 Bin ■ run • zi 
c 
c 
C     EQUATIONS 37 THRU 45  UN  AT HEXAGON BOUNOARY  EQUALS ZERO 
C 
C FIRST   PART U  3   ♦  COSfPl/6-THETA) 
C 
c 

DO icon i ■ i.o 
FI   «   1-1 
II   ■   1*36 
R   »   Bft/CDSrPI/6.-FI»PI/48.J 
THETA   B   FI»PI/46. 

r 
CTS  •   C0S(PI/6.-THETA)        S       STS-SINCPI/6.-THETA) 
IF   tARS(CTS).LT,l.E-7)        CTS   •   0,0 
IF   (ABS!STSj.LT.l,E-7)        STS   •   0.0 

c 
DO  900   NM   '   1»4 
FN   •   6»NN      t      N   «   A*NN 
ICOL   »CNN-n»«. 
SSN   «   SIN   (PN^THFTA) 
IF   (ABS(SSN)    .LT.   I,E-7) SSN   «   0,0 
CSN   «   COS(FN*THFTA» 
IF   (ABS(CSN).LT,1,E-7|   CSN   «   0.0 

C 
Ani.lC0L + l)"-FN«R*»<N-l)«EE2*CSN*rTS 
A(I1.IC0L+2>=FN»R»*(-N-1)*EE2fcCSN»CTS 
Ad I»IC0L*3>«-(FN-2,*4,*FNU2;»R»«(.N*:)»EE?»CSN«CTS 
A(II.IC0L+4J«(FN*2.-4,«FNU2)«R»»{-N*1)»EE?*CSN»CTS 

C 
900   CONTINUE 

C 
A(II.2S)   *   -R«*(-U«EE2*CTS 
All» *2b)'2,*i l.-2;,»FNU2)«R*EE2»CTS 

C 
RUM   •   -FNIJ2*F2»R»CTS 

C 
100ft CONTINUF 

C 
C     SECOND PART    U THETA • SIN (PI/6 - THETA) 
c 

DO 1200 I - i»9 
FI - 1-1 
II - I ■•• ™ 
R   «   BB/C0S(PI/6.-FI*PI/4fl.) 
THFTA   =   FI»PI/4fl. 
CTS   =   C0S(PI/6.-THETA)      f.   STS   ■   SIN   (PI/6.   -   THETA) 
IF   (ARS(CTS).LT.l.E-7)        CTS   «   n.O 
IF   (ABS<STS).LT,J,E-7)        STS   ■   0.0 

C 
00   1100   NN   «   l»4 
FN   •   fc»NN     S      N   ■   ^*HH 

C 
ICOL   •(NN-1»»A 
SSN   «   SIN(FN»THETA> 
IF   (ABS(SSN)    .LT,   l.E-7) SSN   «   0,0 
'SN   «   COS(FN*THETA) 
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IF   Ua.SiC.W).LT.U;>7>   CSN  •   0,0 

A (r i • iccfi) «A n r. ICOL*I KFMR*« ( N-I J OEE2*SSN»STS 
A(Il«»COL*2)   •  MlltlCOU*?)   ♦ FN«R»«(-.\-l>»EF2»SSN«STS 
Ain»ICCL'3)«AriI«IC0L*3>*'FN*4t-4,»FNu2)»R«««N*l»»CE2«SSM»STS 
A(n.ICOL*'»)»A(II#IC0L*A)*(FN-4,*4»«FNU2)»«»«<-N*n»Ce2»SSN«STS 

i 

'llOO  CONTINUE 

1200 CONTINUF 

122ft 
1225 

C 
C 
c 
c 
c 

c 
c 

MULTIPLY EQUATIONS 37 TMftU 45 RY El 
00 I?2S 1 • I7f4% 
DO 1220 J • 1*27 
A(ItJ) - A(I»J) • El 
Rd) - R(I) • El 

EQUATIONS 46 - 54 TAU NT AT HEXAGON RCUNOARY EQUALS ZERO 

FIRST PART -0,5*SIGMAR»SlN<PI/3-2*THETA) 

00 UOO I • 1*9 
FI - I - 1 
II ■ I*4S 
R ■ BB/C0S(PI/ft.-FI»PI/48,J 
THFTA » PI»PI/48. 
STN ■ -n,S»SlHF{P{/3.-2,*THETA) 
IF (AflS(STN>.LT,l.E-7)  STN « 0,0 

00 1300 NN • 1»4 
FN ■ 6.*NN  S  N • 6*NN 
ICOL • (NN-1) «4 
SSN » SIN<FN«THETA) 
IF (ABS(SSNJ .LT, UE-7)   SSN • 0,0 
CSN « COStFN^THETA» 
IF URSICSNI.LT.l.E-T) CSN ■ 0S0 

A( I NICOLAI) »-FN»(FN-1,>*R»»JN-2>»CSN»STN 
Ani»IC0L*?)*-FN»(FN*l.)»R»»(-N-2)*CSN»STN 
ACII»IC0L*3l«-IFN*l.J»(rN-2.)»R*«N«CSN»STN 
A .' 1111 C0L*4 »■-(FN-11 • I FN*2. : »R»» ( -N > »CSN»STN 

130ft   CONTINUE 

Ad It?5)   •   R**(-?)»STN 
AMI.26)   ■   2.»STN 

UOO   CONTINUE 
C 
r 
C 
C 

SECOND PART,, SIGMA THFTA »0,5 • SIN<PI/3, -2«THETA) 

00 1600 I » 1.9 
FI • I-l 
II • I + 4S 
R - RB/CnS(PI/6.-FI«PI/4fl.) 
THFTA « PI»PI/A8, 
STN » 0,«i»bINfPl/3,-2,»THFTA) 
IF (ABS<STN).LT,l,E-7)  STN • 0.0 

00 1500 NN » lf4 
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FN • 6»NN  S N • 6»NN 
ICOL • (NN-n«4 
SAN ■ SlN(?**THeTA) 

•  IF (ABSCASN) «LT, 1.1-7)   SSN • 0,0 
CSH   ■ C0S(FN»THETAJ 
IF CAB$(CSNUl.T.ltF-7) CSN ■ O.f» 

c 
AdNICOL^l)   ■  A(ntIC0l.4:)*FN*(FN-l.)»R««(N-2>*CSN*5TN 
Adit ICOL*«) «A U I ♦ ICOL*2)♦FN««FN*1 • ) •«•♦ < -N-2 J «CSf^STN 
Ani»ICOL*S»   ■ A{rt»ICOL*3)*JFN*l.)»(FN*2f »•»••N*CSN»STN 
AMI» 1C0L*A) »A ( 11.1C0L*4) ♦ I FN-i . )»J FN-2• »•»•• (-H) «CSN^STN 

C 
1500  CONTINUE 

C 
A(IIi25)   ■   A(Il»25)   -  R«*(-2J •   STN 
A(IIf26i   ■   Ani.26)   ♦   2.»STN 

C 
U00 CONTINUE 

C 
c 
r   THIRD PART  TAU R TMPTA «COSCPI/B -2«THETA) 
c 

DO   IflOO   I   •   1.9 
II    •    I*4«i 
FI    •   1-1 
R   •   8B/C0S(PI/6-.-FI*PI/<i8») 
THETA   ■   FI»Pl/48. 
CTN   »   COS(PI/3,-2,«THFTA) 
IF    (ABSCfTNULT,   l.E-7)      CTN   •   fi,0 

C 
DO   170C   NN   »   1.4 
FN   «   6»NN      J   N   «   6*NN 
ICOL   «    (NN-l)    •* 
SSN   ■   SIMFNMHFTA) 
IF   «ARS   »SSN».LT.l,E-7)      SS.   ■   0.Ö 
CSN   •   COS(FN*THFTA) 
IF   (ARS(CSN).LT,l,E-7)   CSN   •   0,0 

C 
Ad !.ICOL*n-A( I I. I COL* 1 ) ♦FN» < FN-1 )««•»( N-2 »»SSN^CTN 
A(II.iCCL*2)«A( M.ICOL*2)-FN»<FN*l,)*R*»(-N-2!«SSN*CTN 
A(I I.I COL*3J»A(11.ICOL*3l*FN»(FN*l)•R«»N*SSN«CT\ 
A( I NICOLE J «AM 1 .IC0L*4l-FN»(FN-l,)«R»»(~N)»SS>i«CTN 

C 
1700   CONTINUE 

C 
I«00   CONTINUF 

c 
c 
C     FORM A TRANSPOSE 
c 

DO ?onü r • 1.27 
DO ?000 J » 1.54 

?ftOft ATR«I.J> - A(J.l) 
c 
C     FORM NORMAL EQUATIONS BY PREMULTIPLYING WITH A TRANSPOSE 
C 

DO 2120 I ■ 1.27 
DO 2120 J • 1.27 
DO 2120 IC-1.54 

2120   AMT(I.J)      ■   AMT( I*J)4-ATRf I.K)»A(K.J) 
DO   2i:sO      I   -   1,27 
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DO  2130  K   m   1,5« 
2110  «HSU?   ■  RH&(Mx^TRl ItK)«BUI 

C 
C PRINT  MATRIX 

CALl   LISTARAY(A«S4«5«t27»n 
C 
C PRINT  MATRIX   OF   NORMAL   FOUATIONS 

CALL   LISTARAV   IAMT,27.27f27.1) 
CALL   LISTAFUYIRMS.27,27,1,1) 

C 
c 
C     SOLVE NORMAL EQUATIONS USING DOUBLE PRECISION AND ITERATING ON THE 
C    RESIDUALS 
C 

CALL SOLVF (AMT.RHS.SCR.MM.ITER) 
DO IHS I « I,MM 

^M5 RMSd» • SCRU) 
DO 2<.^0 N ■ ItH 
NN • <N-ll*4   $   NNN * <N-l)#2 
A\21N> » RMS(i*NNi 
BN2(N> ■ RHS(2*NN) 
CN?(NI » f5H<i(^+NN) 
nN?(N) ■ RH«;>-4+NN) 
AN1IN)   *   RHS(17*NNN) 
CNl(N) « RMSda+NNN) 

2450 CONTINUE 
B02»RHS(?5> 
C02 » RHS(26) 
COl * RH.<;(27) 

992 FORMAK11O.F20.8) 
C 
C 
C ••• BACKSUBSTITUE INTO THE ORIGINAL 5* EQUATIONS 
C 

PRINT 990 
999 FORMAT rim» 

PRINT Q97 
997 FORMATC BACK SUBSTITUTION INTO 5« ORIGINAL FOUATIONS«/ 

• OX, M • »lOXt'RHS» »lf>X,«BACK»//J 
DO 2300 K » l»5<. 
RACK • 0,0 
DO 2225 J « 1.27 

222S BACK - BACK ♦ RHSJ J> »Ai IC» J > 
PRINT 99«,, K, B(K)*   BACK 

99« FORMAT«HO.2E20.4) 
2300 CONTINUE 

RETURN 
END 
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c 
C     THIS PROGRAM CHECHS THt BOw.SDARr CONDITIONS IN TH£ POINT MATCHING PRCsLc- 
C 
C 

CÜKKON / :\PT/ VF«AAtCl»£2»FNültFNU2»E2.eB»Pl 
COMMON/COEFCT/ AN2(4)(8N;(4)*CN2(4)*DN2(4)*ANl(4)«CNli4;> 

• SO2.C02tCOl 
EQUIVALENCE (A*AA)«(e*BB) 

C 
C     CHECK THE DISPLACEMENTS 
C 
C 

PRINT 995 
995 FORMATHH:> 

C 
C ••• TEST AT INTFRFACE 
C 

DELTA - PI/96« 
R • A 
PRINT 99? 

992 FORMATC» TEST DISPLACEMENTS AT INTERFACE4// 
• TX.'THETA'tflXt'UR I'.^Xt'UR 2,»6X,'U ThETA l»»5X»»ü ThcTA 2«///> 
DO 100 I • 1.17 
FI . 1-1 
THFTA • F! »DELTA 
CALL URl<Ul»R»TMETA» 
CALL UR2(U?.R.THETA) 
CALL UTK1(U3»R.TMETA> 
CALL   UTH?(IJ4»R.TMETA3 
PRINT 991.TMETA»Ul»U2*imU« 

991 F07MAT i5Fl5.4> 
100 CONTINUE 

C  
C     CHECK AT HEXAGON BOUNDARY 
C 

PRINT 995 
PRINT <»96 

996 FORMAT« ♦   TEST   DISPLACEMENTS   AT   HEXAGC.N   iCU\D«5r«// 
• 7X«»THETA»»lüX.«R»,l3X»«üR   2*»10X»«Ü   T.-.ITA   2,»öX»«U   NORMAL   2'»//) 

DO   200   I   •   1.17 
FI   -   1-1 
TMFTA   ■   FI    •   DFLTA 
R   »   B'COS«PI/5.-THc7A> 
CALL   l»R2(lJ2»RiTHcTAI 
CA' L   UTH?MI4«R.TMETA) 
UN   »   U?«C0b<PI/6.-ThETAJ   ♦   U4»SIN(PI/6.-THcTAJ 
PP1NT   901tTMETA.P.U2«U^.U\ 

20r>   CONTINUF 
C 
c 
C     CHcC< THF STRfSSrS 
c 
C  '  Tfe.sr AT :\TFRFAC.7 

c 
PRINT 9Q5 
PPIKT 890 

890 FORMATC TEST STRESSES AT INTERFACE»//) 
R ■ A 
00 300 I • 1,17 
FI - I - 1 
THET« • FI # DELTA 

199 



CAUL  SRIJRiTHErA»   SI) 
CALL   STH;<R.THFTA,SI) 
CALL  STH:(«•TMETA.S2I 
CALL   TAU". .R.TMFTA.SI) 
CALL   SR2(RfTMETA»S4) 
CALL  STN2IR.TMETA.S5) 
CALL   7AU2(RtTHETA*S6) 
PRINT   997«   THETAtSl«S2«S3»S4iS»tS6 

997  FORMATS   TMeTA«•.E15.4OX»•S R   1   ••»E15.4«3X»•S  THETA   1   ■•rE19«4i 
•3X,»7AU  1   ■•*E15.A/ 
•25X»'S  R  2   -'.E15,4,3X»'S   THE7A  2   »».£15.4. 
•3X.«TAU  2  -••F15v4//« 

C 
100   CONTINUE 

r 
c 
C     TEST AT HEXAGON BOUNDARY 
c 

PRUT 9PS 
PRIN7 «91 

891 FORMAT«• TEST STRESSES AT HEXAGON BOUNDARY«//) 
DO 400 I ■ 1.17 
Fl « 1-1 
THFTA » FI • DELTA 
R   -   B/COS<PI/ft,   -   THETA) 
CALL   SR2(R»THETA.S1) 
CALL   STH?(R.THFTA»   S2) 
CALL TAU2<R«THFTA.S3» 
TAUNOKM»-ü.5*(Sl-S2)«SIN(PI/3.-2.#THETA)+S3''COS(PI/3,-2c*ThLTA) 
PRINT 993«THETA.R,Sl.S2»S3»TAUN0Sy 

993 FORyAT<» THETA ••E15>4»3X»»R ■•tE15.4.3Xt•SIGMA P 2 ■»•Ei5t4» 
•3X,»SIGMA THETA 2 ■♦.E15.4/ 
• 26X.• TAU 2 ■• tEl5.4.3X»»TAU NORMAL » ' . E lrv .^/Z ) 

400 CONTINUE 
RETURN 
END 
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IüMOUTISE  f)Mff,A5 

c 
1 CALCULATII  OMfdA   l   OMESAf     ANO  OMlflÄ   I  lY OOUIWI   INTIftRATlON 
C UMNfl  FOUATrONS  II«    ft«       AKD II» 
c 

IXTIKNAL  WllA*»W||A* 

eanvALENce i^iasi 
tOütVAu'NCf IA,AA) 
COMMON / INOT/ VF,AA,El»l2.FNUl«rNÜltI2iB8.Pl 
CO^^f)N/RHOS/ !?H01«RM02 

CALL DOUBLE (0,iP!/6..0.»A.1.6-4.20.Rt'Sl» INTXliRl.Fl! 
PART1 • ?ES1»9H01 
CALL DOUBLE IÜ.O,Pl/6..A.B/COSiPI/i2t).l.C-6.20.flES2.INYA2»R2.K2) 
PART?   •  R2S2»R'i02 
PR!NT 09^ 

995 FORMAT(1H1) 
ßwj . DXPTI ♦ PART? 
OM] 3 nv] • i?, 
PPIN" 0<J! »OVl 

<)91 FORVäT(///»«SH OMfGAl«    E?0«^) 
0MEGA2 » RH01«A»«2*Pl/2<.. ♦ RH02« < B«*2/S0RT ( 3, ) •-A»«2»PI/6# J  /*. 
OMFGAZ =« CMF.'A2 • 12. 
PRINT f)9i**0*f,CiA2 

994 FCR^A^t ///.qr< 0MFGA2«     F20,5) 

C 
r CALfllLATr   -)vFr,A1 
C 

TEIL!   =   P l»A»»?«i»!/?*», 
TE1L2«E2/«»«»I R«» 2/SORT« 3. J   -A»»2»P I /ö . » 
CALL   DCVJRLE» u..PI/6..0..A.l.E-<».20.RES3.1NTX3«R3.WlBAR) 
CALL   DOi^RLFi -. .P I/6. . A. B/COS < P I / 12 . ) » I.E-* ^O.RES*. INTX4 «R*. »W2BAR » 
CMPCA"»»rr JL ] ♦TTf L2*PFS3*RES4 

PPI\T    09P.0vFr)Ä? 
998   FO^Ma^f/z/SN   0MECA3«.     F20,5) 

RETURN 
ENO 
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SUBROUTINE   OlSPUÜtfUTMfTA» 
COMMON   /   INP7/   VF.AAfn*E2«PNUI«?NU2*CZtBBfPl 
COMMON/COEFCT/   AN2 C4 ) .BN2( « ) »CNJ ( 41 »ON2 (ft » »AN1 (4! »CNl {<►) . 

• BO2*CO2*C01 
ENTRY   URl 
U  «   0.0 
00   100   NN   •   l»4 
N   ■   6*NN 
FN   ■   N 
U«U-(AN1(NN}»FN*R*»(N-1)   ♦  CNl(NN)«(FN-2.*4.«FNUl)•«♦•fN*l») 

1 •  COS(FN»THETA) 
100  CONTINUE 

U   ■   U   ♦   C01'»?,*( U-2.*FNU1)»R 
U   •   U«(l.*FNOlJ/El 
Ü   ■   U   ♦   FNU1*E2«R 
RETURN 

ENTRY   UTHl 
U   -   0.0 
00   ?00   NN   ■   1.4 
M   *   6»NN 
FN   a   N 
Tl   ••   FN*ANnNN>«R*»(N-n 
T2   ■   (FN   ♦4.-4.*FNUn«CNl(NW>»R»*(N*n 
U   •   U   ♦(T1*T2)»SIN(FN»THETA) 

200   CONTINUE 
U   ■   U«(1.*FNU1>   /   El 
RETURN 

ENTRY   UTH2 
U   ■   0.0 
f)0   300   NN   «   I »4 
N   «   6«NN 
FN   -   N 
Tl   •      FN»AN?(NN»»R«*(N-1» 
T2   «   FN*BN2(NN)»R»»(-N-1) 
T3   ■   (FN^.-^.'FNUZJ^CNPfNNJ'R^MN*!) 
T4   ■   (FN-4,**,«FNU2>»ON?(NN5»R*»(-N*lI 
U   ■   U*(T1*T2+T3*T4)»SIN{FN*THETA) 

300   CONTINUE 
U   ■   l)»(l.*FNU2)/F2 
RETURN 

ENTRY   UR2 
U   B   CO 
DO   *00   NN   «   1*4 
N   •   ft»NN 
FN   •   N 
Tl    ■   FN»AN?(NN)»R»»(N-n 
T2   •   -FN»BN2(NN)»R»»(-N-n 
T3   «(FN-2**4.»FNU2)»CN2INN)»R»«(N*1) 
IM   •   -rFN*2.-4,»FNU2)»DN2(NN)»R««(-N4n 
U   ■   U   -(T1*T2*T3*T4)        •   COS(FN«THETA> 

400   CONTINUE 
U   •   U  ♦   ?,»M.-?.*FNU2»*fO?*R 
U   ■   U   -R02«R»»(-1I 
U   «   U»(1.*FNU2)/E2 
U   ■   U   ♦   FNU?»EZ»R 
RETURN 
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i*wm 

ENTRY URlDft 
U«Q«0 
DO ^00 NN«lt4 

. N>A«NN S rN>N 

U»U-fTl*T2)«C0$«FN«TMFTA) 
901 CONTINUE 

U»U*2.<Ml,-2.MNUn«C0l 
ü«ü«(U*FNün/ci 
Ü«U*FNÜ !•€.*. 
RETURN 

FNTRY UTHlDR 
U»0.0 
DO 600 NN«lf4 
N«6«NN $ FN«N 
Tl»rN»(FN-l,>»ANl(NN!«R»«{N-i) 
T2»<f:N*<».-4,»FNUl )*(FN4 1,)«CN1 1NN>»R»»N 
U»U*'T1*T^)»SIN<FN»TMFTA) 

600 CONTINUF 
U«U«(l.*FNl(l )/El 
RETURN 

FNTRY URlDTH 

00 700 NN»1»4 
N»6«NN S FN-N 
T1«FN»AN1(NN»«R«»(N-1) 
T2B(FN-2.*4,»FNU1 )»CN1 (NNJ«*R«*(N*1 ) 
U»U-MT1*T?)»FN*SIN(FN*THETA> 

TOO CONTINDE 
U-U»«1.+FNU1)/El 
RETURN 

FNTRY UTH10TH 
U-0.0 
DO   800   NN»1,U 
N-MNN   *   FN-N 
T 1»FN«AN1 1NN>»R»<MN-1 ) 
T?B (FN*<»,-i.»»FNUn»fNl (NN) »R^tfN+l ) 
ürli*.( T1*T?)»FN«C0S<FN«TMETA) 

BOO   CONTlNttF 
U«U«<1.♦FNUl>/Fl 
RETURN 

ENTRY   UR?DR 
ij«o,n 
00   QOO   NN'ltA 

N"ft«NN   «   PN«N 
T1-FN«(FN-1.)»AN?<NN»»R»»(N-2) 
T2.-FN»«-FN-l.)«fiN2(NN)»R»«(-N-2) 
T3«jrN-2,-^.,*FNU2»«<FN*l.>»CN2(NN)»R»»N 
T-U.-/FN*-2.-4.»FNU2)»(-FN>l>)«DN2CNN>»R»«<-N) 
U«U-( Tl*T2*T3*T<.)»COS<FN«THETA) 

000   CONTINUF 
U»U*P0 7»R*«(-?)*r02*2.»<].-2,»FNU?) 
U-U«<i.*FNU2)/F2   ♦  FNU2*EZ 

203 



RETURN 

FNTRY UTH?DR 
u«n.n 
DO 1000 KHm] »<, 

T 1 «FN* ( FN-1 . ) »AN^' ( NN ) *R»* f N-? J 
T2«FM«(-FN-l»)»BN,-; .'NM » *^»* I-N-? ) 
T3« (F^:♦4,-/»,»F•^L^,

)MFN*I. )*CN?(N\
,
)«R**\ 

T4«(rrH-4,+<,,»FNU?)»(-FN+1.5*I)N2!NN»«R»»(-N) 
U«U*' Tl*T? + T3*T^)»SINl(FN*THtTA) 

1000 CONTINUE 
lJ«U*(l»*rNU?)/F2 
RETURN 

f 
C 

ENTRY UR20TH 
U«0.0 
DO 1100 NN«1»<. 
N»ft«NN 5 FS»N 
Tl«FN»AN?<NN)*R»«(N-l) 
T2«-FN»RN?INNj#R**(-N-n 
T3m(FN-2.*<..#FNvJ2)*rN2(NN)*R*« tN+l) 
TA»-(F.N*?«-4«*FNll2l «D^fNN) «R*» (-N*l 3 
U«Uv(Tl*T?*T3*T<.)«FN«SIN(FN»THETA> 

1100 CONTINUE 
U«U«ll.*FNt»2 »/E2 
RETURN 

ENTRY llTM?nTH 
u»n.n 
DO   1?00   NN«1 f4 
N«6«NN   S   TN'N 
Tl»FN»AN2(NN)*R*»<N-l) 
. 2"F';»RN2«NNl*R»«(-N-i ) 

1 1«(r\*4,-<.,»FNU?)»CN2(NM)«R<*-<N*l ) 
H.« {FN-4.*<..*P"NU2)»DN?{NNi»R**<-N*l > 
UrU*f Tl*T?*Tl*T<.)«FN»C05{PN»THFTAI 

1?(W1   CONTINUE 
U»U«(I•♦P"U2)/E2 
RETURN 
END 
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r 

f 
COMMON / INPT/ VFiAA»ei*C2«FNUltFNUltl2tAftiPl 
COMMON/COerCT/ AN2U)fllN2l4)»CNI(4)«DNIU)iANlU)tCNll4)i 

• lOltCOIiCCl 
C 

rNTKY SKI 
MOMA 8 0.0 
00 10ft NN ■ 1»4 
H   ■ A*NN 
WH m H 
Tl • FN»(FN-K)»AN?tNN)«R«*IN-2) 
T2 - FM»(FN+l,)»flN2{NN)»R»*l-N-2) 
T3 « (FN+1.)*(rN-2.)*CN2(NN)»K«*N 
T«B(FN-1. l*(FN+2» »»Of^JNNj^R^tJ-N) 
SIGMA • SIGMA-<Tl+T2+T3*T4!»COSrFN»THETA} 

10n COMTINUF 
SFGMA « SIGMA ♦B02»R»»«-2) ♦ C02#2. 
RETURN 

C 
C 

FNTRY STH2 
SIGMA > 0*0 
DO ?r)0 m  ■ 1,4 
N ■ A,»NN 
FN « N 
Tl ■ FN*{Ff>;-U}*AN2(NN>«R*»(N-?) 
T2»FN»<FN+1,>«BN2(NN|»R»»(-N-2) 
T3 - iFN*l.)*(FN+2.J»CN2(NNI*R**N 
T<»«(rN-l. )»(FN-2,)»0IM2<N*:>*R»»(-N> 
SIGMA » SIGMA*«TUT2*T3*T45*COS(FN«THETA) 

200 CONTINlie1 

SIGMA » srGMA-R02«P»«(-?)*?,»Cn2 
RETURN 

c 
c 

ENTR,' TAU2 
SIGMA « 0.0 
DO 100 NN ■ 1»4 
H m e*w 
FN « N 
Tl ■ FN»(FN-l.)»AN2«NN)*R»*(N-2> 
T2—rN'KF'{ + l.i*BN2(VN>»R»»(-N-2) 
T3 « rN»{FN*l.)»CN;<NN)«R»«N 
T<. ■ -CN»(FN-1.)»0N2«NN»«R»»I-NI 
SIGMA • SIGMA ♦ (T1*T2*T3*T<I)»SIN(FN»THETA» 

300 CONTINUE 
RFTURN 
FNTRY  5iPl 
SIGMA » ^,0 
DO 400 NN ■ 1»4 
N ■ S»NN 
FN « N 
Tl - FN»{FN-1,)»AN1JNN)»R»»(N-25 
T2 ■ IFN+l.)»<FN-2,)»rNl{NN)»R»«{N) 
SIGMA ■ SIGMA - m*T2)«C0S(FN»TMFTAl 

400 CONTINUE 
SIGMA • SIGMA ♦ 2,»C01 
RFTURN 

C 
c 

ENTRY STMl 
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Mßv*  •  ; ,0 
00 403 HH  ■   1*4 
N  ■  MNN 
m • N 

tlOMA  ■  SIGMA   ♦4Tur2J«COSirH»TM€TAI 
%0(i CONTINUE 

SIGMA • SIGNA *2.*C01 
nmm 

c 
c 

FNTPY TAUl 
SI6MA w ß,a 
DO 600 MN ■ 1»A 
N • 6*NN 
fH   m   H 
Tl • FN»(FN-l.J»ANl(NN)*R«»<N-2) 
T2 ■ FM«CF»«*l,»«C.NUNNI*«»«N 
SIGMA * SIGMA ♦ (Tl4-T?}«SIN(FN»THFTA) 

600 CONTINUF 
RETURN 
END 
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i« imp i mam 

FUNfTION W^HJTMFTA.H) 
IMTRY WtnAR 
IF  fH.POt  ft.Oi  fiO TO  10 
CALL SUlllliTHPTA.Sl) 
fALL  »THHR.YMrTA^t» 
CALL   TAUKRtTHrTAtSIt 
CALL imifUlvfttTHFTA) 
CALL urHltU2»RtTHfrrA) 
CALL  URlDft«OUli».TM£TA) 
CALL  UTH10TM(OU?.R»THfTA) 
CALL  UTHIDRIOUItRtTHfTA) 
CALL  imiDTH(r>U4«R*THETA| 
Tl   ■   SI »Dill 
12m   S2»(U1/R*0U2/RJ 
T1«S3»<OU3-lJ2/R*Oü*/R) 
WBAR«0,5*R»(Ti+T2*T3) 
RETURN 

10 WBAR  •  0* 
RETURN 
ENTRY W2BAR 
CALL   SR2{R.TMETA,Sn 
CALL   .STH2(R.THETAtS2l 
CALL   TAU2(RtTHETAtS)) 
CALL  UR2<Ul.RfTHFTA» 
CALL  UTH2<U2«R»TMETA) 
CALL UR2r>R(0Ul*R»THETA) 
CALL  tlTH2r)TMIDtl7»R»THETA) 
CALL  UTM?nRCmntR»TMFTA) 
CALL   llR?OTH(DUA»R»TMETA) 
Tl   -  M»DU1 
T2>  S2»(U1/R-*>DU2/R) 
T3«S3»fDU3-U2/R*mJ4/R) 
WBAR«0.5»R«IT1*T2*T3I 
RETURN 
END 
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SUBROUTINE  SOLVE   t A.B.X.MMt HER» 

C 
c 
c 

c 
c 

c 
c 
c 

c 
c 
c 

THIS SUBROUTINE SOLVES THE LINEAR EQUATIONS  A« X  •  B 
IT IMPROVES THE SOLUTION BY ITERATING ON THE RESIDUALS 

INPUT    A ORIGINAL COEFFICIENT MATRIX (SINGLE PREC«) 
R RIGHT HAND SIDE VECTOR (SINGLE PRECISION) 
MM ORDER OF MATRIX 
ITER MAXIMUM NUMBER OF ITERATIONS 

OUTPUT   X        SOLUTION VECTOR (SINC-LE PRECISION) 

DIMENSION A0P(27.27)*ADPS(27t27)iBDPi27).BAClCDP(27).e0PS(27)« 
I XDPC?7J.ERROP(27» 
DIMENSION XU) 
DIMENSION A(27.27)«ft(27| 

TYPE DOUBLE DETDPtADPtADPS*8DP»BACr.DP*BDPS*XDPfERRDP 

SAVE MATRICES AS DOUBLE PRECISION MATRICES 

DO  20   I   ■   1«MM 
DO 10 J - l.MM 

10   ADPSINJ)   ■   A(ItJ) 
BDPSU) • B(I) 

20 BDP(I)   ■  B(I) 
00 )0 I > 1«MM 

30 XOPU)   •  0*0 

PERFORM  THE   ITERATIONS 

DO  9099   I COUNT   •   UITER 

DO 50 I • 1»MM 
DO 40 J > ItMM 

40 AOP(I.J) - ADPS(ItJ) 
SO BACKDPd) ■ 0.0 

SOLVE THE EQUATIONS WITH DOUBLE PRECISION ROUTINE 
CALL DPMATSIADP*MM«BDP*1*0ETDP) 

ADD THE CORRECTIONS TO THE SOLUTIONS 

DO 55 I ■ ItMM 
55 XDP(I) • XOP(I) ♦ BDP(I) 

BACKSUBSTITUTE AND CALCULATE TMt RFSIOUAi 5 

DO 70 I ■ IfMM 
DO 60 J ■ UM« 

60 BACKDPdi - BACKDPII) ♦ XDP ( J )*ADPSU . J > 
70 ERRDPd) • BDPSU) - BAfKDPd) 

PRINT THE RESULTS OF 'mS ITERATION 

PRINT 990f I COUNT 
999 FORMATUHlfllh ITERATION      • I4f /// ) 

PRINT 992 
992 FORM.ATiaXt« I • »1^X.»X NEW« . 17Xf «RHS» »16X t «bAC^ • ♦ .3Ä » 

•♦CORRECTION».14Xf«ERR0R«f///> 
PRINT 991 f ( 1 f XOP d I »SOPS« I ) f BACXDP I I) »FOP ( I ) .ER^DP d ) • I »l »KM ) 

991 FORMAT» d0f5E?0.«) 
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1       ->WWP 

DO  75   I  •   UMM 
71 win • EMOMH 

C CNO Or LOOP FOR  ITIIIA7I0N 
c 
ffM C0N7tNUt 

C 
DO io t • i*m 

•o xin • XDPUI 
c 

KffriMN 
IN0 
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SUBROUTir:   OPMATSUtN»n»M*DITFI|M> 
r        PI ucfto ftpMATs«? 
C    DOUBLE PXlCtilOH  MATRIX INVEft*ION WITH ACCC JAWING SOLUTION OF 
C EQUATIONS 
COIMCNSIOMS fOH  HATINV ARE   lPlVOTCf4)«A(N«N) tBIN*!) .INO£X(Nt2) •»! VOt(N 
C     N   IS  THE MAXIMUM  VAtUF  FOR  N  DEQRE* 

TYRE OOiiQLE  A»B*0ETeRM,AMAX*TtSWAR»RIV0T*0A6S 
DIMENSION   IPIVOT(27)»A(2T*27)«B(2Ttn*INOEX(27«2)»P;vCT(27) 
EQUIVALENCE CIROUtJROW). IICOLUMiJCOLUM}• (AMAX* T. SWAP) 

f 
C 
c 

c 
c 
c 

INITIALIZATION 

10 DETERM*UO 
1% DO 20 J-l.N 
20  IPIV0TUI«0 
10 00 490  IrltN 

SEARCH FOR PIVOT  ELEMENT 

60,«   105*  60 

80«   100t  740 

C 
c 
c 

40  AMAX«0.0 
49 DO   109   J«1»N 
90   IF   IIPIVOTUI-U 
60 DO  100 K-l.N 
7«   IF   (IPIVOTCX)-!) 
50 IF(DABSUMAXULT«0ABS(A(JflCm89flO0 
119   IROW-J 
90   KOLUM-K 
99  AMAX«A(J*K) 

100 CONTINUE 
109 CONTINUE 
110 IPIVOTIICOLU i*IPIV0TCIC0LUM)4.1 

iNTFSCHANGt «0W5 TO PUT PIVOT ELEME/.T ON DIAGONAL 

130 IF (IROW-ICOLUMI 140* 260« 140 
140  DETERMü-OFTFRM 
190 DO 200 L»ltN 
16A SWAP«AMROW«L) 
170 A(IR0W*L)»A(ICOLUM,L) 
?C0  AUCOLUM.D-SWAP 
20*>   IF(M) ?f»At 240f 210 
21A 00 ?50 L-l« M 
220 SWAP«B(tROw*LI 
?tO BnROw,L)»B(ICOLUM,LI 
290 6IIC0LUM»L)«SWAP 
260 INDEX«l*l>«|ROW 
270   INDEXn«2)«IC0LUM 
310  PIVOT! n«A(IC0LUMtIC0LWM> 

320 DETERM«DFTERM«PtVOT(n 

DIVIDE  PIVOT  ROW BV  PIVOT  ELEMENT 

310   AnCOLUM,!COLUM)-l.O 
340  DO  310   L-l«N 
390 A(ICOLUM*LI-AUCOLUM*L)/PIVOT<n 
391 IF(M)   380*   380*   360 
360  DO  370  L«l*M 
370  BIICOLüM,LI*BnCOLUM*L)/PlVOT( 1) 

DPXU 

LINEAR 

I« 

OPMTi 

DPVTS 

DPVTS 
OPVT«-. 
DP^TS 
DPMTS 

DPVTS 
OP^TS 
0PVT5 
0PV7S 
OOVTS 
DPVTS 
OPVT.l 

DP^T.l 
OP^'T«; 

DP^TS 
OPMTS 

IT. 

12 

U 
« c 

'.6 
17 
13 
19 
2- 

DPVTS 
DO'"! 
D ^ v ' S 
DP'-TS 

SP'.-f. 
*,'*'- T * 

C3VTS 
DP^TS 
DP^TS 
D9vri 
DP^TS 

OPVT^ ^r 
DPVTS 1* 
OPMTS 3: 
OP«TS 1f 

O^MTS **: 
DPMTS 41 
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^Pi^i 

c 
e 
c 

c 
c 
c 

ftfSUCf NOM-tlVOT KOWi 

9110 00 «8 Ll*l»M 
i«n trai-icoLUM» 400t »tot 400 
400 T.A(Ll.lCOtüM) 
410 A(LlttCOLUM)«A.O 
410 00 4S0 L"UN 
4S0 AILltL)«AaitL)-ACtCOLU)(»L)*T 
4>«l mm  MO» 990» 400 
400 00 900 l«l»M 
900 BCLl»LI«fl(Ll«LI*III€XUM»L)*T 
990 COHTlNUf 

INTCOCHANOC COLUMNS 

400 00 710 l«l»N 
410 L«M*l-l 
420 IF IIMOF«(L»lt-t*OCXa»|n 490» 710» 490 
490 J*0WaIN0CX(L»lt 
640 JC0J.UM-IN0FX(L»2) 
490 00 709 X*)«N 
440 SWAP*A(K»JftOW) 
470 A(K*«»ROW)«A{IC»JCOLUM) 
700  AU*JCOLUM|aSWAP 
70% CONTINUE 
710 CONTINUF 
740 RETURN 
790 END 

ORMTS 4» 
ORm 49 
DRM7Ä 44 
ORMTS 49 
0RMT5 44 
DRMTS 47 
ORKTX 4« 
DRMT.9 44 
DRMTS 90 
DRMTS 91 

ORMTS 92 
OR^TS 99 
DRVTS 94 
öfvrs ^9 
OR^T* 54 
ORKfS 97 
OR^TS 98 
DRMTS 99 
DRMTS 60 
ftOVT^ ft! 

D«>VT^ A? 
ORVTS 41 
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SUBROUTINE OOURLEJXO.Xl.YO.Yl.TEST,LIM.VOLUWEt^TX.R .F) 

AÄfilJMr.NTS •• 

32 

3S 
5 

56 

XI 
YO 
ri 
TEST 
LIM 
VOLUME 
IMTX 
R 
F 

LOWFSl LIMIT OF OL»TPl IKT-QftAL «I^UT) 
yPPt« LIMIT OF OUTER I^TEORAL <• 'UTl 
LOWER LIVIT OF INNER INTEGRAL tlN^UT» 
UPPER LIMIT OF INNER INTEGRAL «INPUT) 
MAXIMUM TOLE^AtLt* RELATIVE ERROR FOR OUTER INTEGRAL (INPUT) 
MAXIMUM NUVBER 0' SUBDIVISIONS FOR PCTM INTEGRALS (INPUT) 
VALUE OF THE DOUBLE INTEGRAL (OUTPU ) 
(2»»INTX) ■ Nur'.aER 0? SUBDIVISIONS FOR OUTER INTEGRAL (OUTPUT 
RELATIVE ERRC* FC« THE OUVER  INTEGRAL (OUTPUT) 
NAME OF FUnCTlC*; TO BE INTEGRATFD (INPUT) 

TM£ RLLATIVF ERKOR OF ThE INNER INTEGRAL IS TEN TIMES SMALLER 
THAN THAT FOR THE OUTFR INTFGRAL 
NOIX-ICOUNT*  f> 
000 • rVFN • VOLUMl ■ 0.0 
INTX • V ■   UC 
Rl  •    10.C 
TES  •  '.FST / 10, 
CALL   INNE»UÜ«Yo«Yl»TES«LlM.FAC£OfNUMBR«ARE   tF 
CALL lNNER(Xl«Vo,Yl«TES«LlM*FACEltNUMBKtAR£  »F 
INNER IS SIMC0N8 MOOrFlEO TO REFER TO A FUNCTION FCX.Y), 
FACES • FACEO ♦ FACEl 
OFLTX ■ (XI - XOJ/V 
000  ■  FVFN ♦ 000 
X  ■  XO ♦ OFLTX/2. 
EVEN « o*n 
DO 1 I • 1, INTX 
CALL lNNtR(X»Yü.Yl.TES«LIM,S£CTN»NüMBR«ARE  .F 
EVEN  «  FVFM ♦ SECT»: 
X«  X ♦ DFLTX 
CONTINI'F 
VOLUMF.,'FACFS*^.0«FVFN*2,n»O0O)«0FLTX/6. 
NOIX • NOIX ♦ I 
R» ABSFU. - (VOLUMl/VOLUME)) 
IF(R«GE«R.) 5f3I 

)    35.    32 IF(N0IX     ,GE.    LIM 
IF(R.LF.TFr,n  35.33 
VOLUMl « VOLUME 
INTX » INTX» ? 
V ■ V'«7« 
GO TO ? 
RETURN 
IFUOi/NT.GE.I)  55.51 
KOUK'T » XOUNT ♦ I 
RI . a 
GO TO ? 
POINT «»5. VOLUvf. P. NOIX 
f:OPMÄT(^OM OUTER INTEGRAL NOT CONVERGING . 2F15,6.16 
PETIRN 
END 

) 

OOUflL? 

OOURL^ 
OOUnLE 

DOUBLE 
OOUBuE 

OOIJ^LF 

n<V)RLc 

DCUaLE 

or.'.j^^- 
DOJcLc 

OOURLF 

DOUBLE 
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-mi* mmm 

c 
c 

FUNCTION  F   (THFTAiR) 
rNT»y Fi 
CALL  tmifUltfttTHFTA) 
CALL  IJTH11U2»««TH»TA> 
F •(i:l»#? ♦U?«H»2»M 

NCTUHK 

CNTÄV F2 
CALL Uft2<Ulift«THFTA) 
CALL uTH?(U?.RfrMFT*) 
F ■nii»*2«ii2**fi*t 
l»tTü«N 
FND 
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SüdROüTlNi IN,\£RUBSC:  :l»XF.\D,T£STtLIMtARSA.NO! .R.F) 
C    01 UfSO SIMCOX« RfvrSEO MARCH 1967 TO RC?£R TO 2«ARGUMcNT FUNCCJONS 
r    ANO TEST THFIR CONVERßENCE. 

NOI ■ KOIINT ■ 0 
Rl • 1^,0 
O0D*0«0 

V-1.0 

A9FA)«0«n 
1?       fSftS«   FUBSCIS.Xn   ♦  FUBSCISfXENO» 
2      H«(xrNO-xn/v INNER 

000«EVEN«000 
X«Xl«H/2« 
EVEN«0.ft 
DO t f»l.INT 

21   EVEN-EVEN^ F(ARSCIS*X) 
X«X*H 
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