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, Abstract : 4

Tests of bomb siability require that a larce initial amplitude of yaw
) be obtained. The initial amplitude of vaw should he slightly greater than
45° but less than 90°, and accordingly 65° has been considered desirable.
The initial amplitude of yaw is dependent upon both the initial angle of
yar and the initisl ansular velocity of yaw. Col. L. E. Simon has suggeste
ed an upparatus consistiny of a taut cord with one end fixed to a pawl in
the bomb bay and with the other end attached to a rinz envarine a cut nose
pluz. The nose plug is cut in the forn of an arc of a circle, the arc .
beginning at the junction of the longitudinal axis of the bomb a»d the nose
plug ring, The initial motion of the bomb in, and immediately below, "the
bomb bay takes place in a disturied airflow. The initial motion may be
regard.d, roughly, as taking place in three rerimes, In the first regime
the air in the bomb bay m2y he considered motionless, in the second the
air in the lowest portion of the bomb bay and just btelow it as turbulent
but partakine to some extent of the notion of the air far below the air-
plane, and in the third reginme the air may be considered as moving
horizontally with unifor: speed with respect to the airplane., WVithout data
which are at present unavailable the character of the action of the air is
incapable of a precice description. As a consequence the motion of the
bomb will be considered as taking place in air which does .not move with
respect to the airplane until the retaininz ring slips from the nose plug,
and thereafter in air “aving uniform horizontal velocity with respect to
the airplune. The effects of a gradial entry into the frec air strcam
are noglected as unnecessarily complicated for the present problem. The
equations of motion for this constrained system are worked out and a
method found for dediuction of the point at vhich the rinz should be cut
g0 that the anssigned initinl amplitaude of yaw will be obtained., The
method is applied to the Bomb, Demolition, 1000 1lb., Mi4.
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1. Aerodynami rces and Tor:

The forces tending to cluunge the velocity of the
center of mass of the bomb are currently taken to be the weight
of the bomb, W, the drag, D, and the 1lift or cross-wind force,
L'. These are

W
D

L

i1}

-~

Kppd?u? ' (1)

"

Knpd’uz sin e

where m .denotes the wass of tne bomb, g, the acceleration of
gravity, p, the density oi' the air, d, the master aiameter of
the bomb, u,the velocity of the center oi' wuass, €,the angle of
yaw, KD,the arag coefficient una KL,the 1if't coefficient.

It will Ye asswied that tie boub does not spin, tnat is,
that the bomd aoes not rot:te about its longzituuinu. axis.
The angular motion of tire bomu will be supposea to consist only
of motion of the longitudinai axis oi tne bo"o in 4 vertical
Plane puralliel to the axis of tue airplane at tne instant of
release. Let tihe unile opetween the axis oi t.e Duub and tre
horizontal plane through tne ccnter ol wass ve Ceuoied by 7 anc
the angle of inclination, or angle between the horizontuli plune
ana the tangent to tite trajectory be aenotec by 9. 1t appears

from uiavram 1 that

B e+ O (2)

Let T uenote tue torgue
i P OREEONTAL acting to turn tne .bo:ab
] about its center oI mMmass
TANGENT TO THE TRAJECTORY mu I the mo-.ent 01‘
inert®. of tie bomb about
a4 transverse axis through
the center of mass. By
: the buleriun physical
DIAGRAM 1 equation?:

AXIS OF THE BomSs

1

The formulee for forces and torques giver in this report are, with two
excestions, those employed in Ballistic Research Laboratory
Report No, 111 "Aerodynamic Nomenclature and Formulus, Conversion Factors and
Drag Functlions". The &ngle of plane yaw 1is positive when the nose of the
bomb is belci. the tangent to the trajectory, and the expression for 1lift has
the sign of the angle of yaw., The damping torque denoted by Hitchcock as Hw

is here denoted by H in conformity with the well-known'work of R. H. Fowler.
It is now considered that the force system here given is somewhat incomplete
and a thorough study of this system is now being meQe by L. J. Mchhune,
)

J. H, Jeans in "Theoretical !echanics" derives Euler's physical equation on
pages 306-308 and pages 346-348.
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1, 8.4 (3)

The angular velocity of the axis of the bomb with respect to
directions rixed with respect to the air is denoted by.Q.
Evidently : :

L ] L L]

Q:n:e-i-o' ‘ A (4)

The external torque, T , is the sum of two torques, the
restoriny torque, denoted by M and the damping torque denoted
by H. These are

M
H

- KMpdéu2 sin ¢

- Kde"uQ . '(5)

Substitution of the value of T in the Eulerian Physical Egquation
(3) results in

Iy af = - Kﬁpd%2 sin’ - Kde4p§ = (6)

Substitution of the value oi ¢ froa eguation (4) in eguation (6),
transposition o1 teras ana aivision ol both sides of the result-
ing equation by IB yielas .

~ KMpd3u2 'de4u(é+é) e
€ = - ——-—sine - -e « (7T
1p Iy

Let x!' denote ilie alr range coorcinate ot the center of
mass counted forward fro: the release point and y' the
corresponding depth, Uncer standara bombing tuble conaitions
the equutions or motion or the center of mass are given by':

- D cos @ I, sin 9
o R (8)

The angle of. inclination of the tansent to the trajectory has

been denoted by 9. Then:

0=arctan () (9)

The equation (7), which governs the motion of the avis of
the bomb in the vertital plane, may be simplified consicerably
under the conaitions prevailing curing the short time interval
which is of present concern. The-time interval during which
the motlon of the axis of the boab is of interest covers the
time between releuase of the bunb nose plug irom the retaining
ring and the tiue when the bomb attains its lirst muxinum yaw,
or initial amplitude. “Lhis interval is less than a quurter

3 These equations are given, for example, by F, V. Reno in Ballistic
Research Laboratory Report No. 145 "On the Theory of Motion of the Bomb“
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¥ period of the yuw, and within this interval the center of mass
N makes ua vertical drop of less than six feet. The shortness of
' this interval makes it possivle to neglect the variution of the
L density of the air, p. Accordingly p will be repluced by p
. . in equution (7). ,
It is found readily that
. KDpodzu*
u=gsin 0@ - =
2
6.= cos 6 , szodu sin €
Yo m
ar 2K p.d? sin e
o W o L o o] =
( =1- I.(Lg sin 6 + uu TH + ue Y + KL u] ST (10)
. epodzuKLcos - 2 sin @ cos @ cos O °
¢ - B - R
r--__f_.........-.‘.:__ —ren o ST O - . - 4 .S e 5% B Se 5 - i aeead a b it e -

The result of substitution of (10) int> (7) 1is:

Y, 4 [ 2
e = - Kyd + KIIKLpOd + £ 2Ky , Esin @ 2Ky
I- ml mu & mau
3 B
Knp . d2u 2K. K.K s
- _ng ?ub B {I!;zD. %‘*E}lf‘odzu’ sin g
[, 2 [ @
- |5 cose+ IB . poa ue
[K.p d2 K.p s
- |Do ., Ho _2gsinegcosg.
| R IB . u

Mean aerodynanic coefficients, considered independent of
the angle of yaw und the air speed, will be employed in the
present report. Consequently dK d£;, will be considered

i e 1
ce and au
iero, sin € will be tuken equal to € und cos € = 1. The result
H -
. Kyd KK, p ¢% K Knp.d?
e=.--f!£+-}j-m—lf—o__-—LEg;!" podzue
LB B
- 42 :
- _%L * KII{B ] PoG%ue : (12)
FK ‘4 . 32
p.a Knp . d
- ﬂIO _?_Ea.iziu... Dmo g cos Q.
. °B
RS OIENE REGI ANN UL AT 27 SOPP S SR L B £ PY W X%
;Ii";:“ff‘"?'\‘:“v';ﬂf-‘ RO AR I S, U
4




N

i e 1 T N o i

For the short pegiod in time with which the present problem
is concerned, 35——52379-99§—Q is negligible, cos © may be

replaced by unity and the airspeed,
appreciable error'. The result is:

K4 KK pd¥ KK.p a®
3=--i-li-+———-——xﬂl‘? - kB0 g g2z
B nlg m o 0
) (13)
. 2 4 - 2
| IB o o . IB m
The moment of inertia, Ig will be replaced by its equivalent in
terms of mass and radius of gyrgtion, mkZ. Brief numerical com=-
putation indicates that KHKLpod and KDKL od are negligible in )
X mkp =
. comparison to E% and these terms may be dropped. The result 1is: }
. p.d%uZ K K, Kyd®| p.d%u_ :
¢ - - 2o Mg-[hgg. oo (24)
2
e s KHd gpod
ptE | Tw

A determination of the degree of stability of flight can be

u, replaced by u, without

-

made for any given set of conditions if the aerodynamic coefficients
are known as functions of the yaw and Mach number. The purpose of

a stability test 1s not to test directly the stability of the bomb,
but to measure the aerodyneamic coefficients. In performing a
stability test, it is desireble to have an initial amplitude of yaw,
designated hereafter as A, of at least 30 times the probable error
of a measurement of the yaw. On the other hand, the yaw should not
exceed 90° as an overturning bomb requires an inconvenient procedure
in reduction of angular data. The most suitable initial amplitude
of yaw is between 45° and 90°, preferably about 65°, It is proposed,
in order to produce an initial amplitudz of yaw of any desired i
magnitude, that the bomb be suspended from the bomb bay by a cord
attached to a cut nose plug on the bomb. The arrangement is shown

%l
. ( .

(a)
. /
N/ ’
\

1 No considerable approximetion in the equation for plane yawing has been made
previous to (13}, ut least for small angles of yaw. The solution of (13) is by
no means sufficiently accurate for problems other than that examined in th;s
report. A solution of a more accurste character hus been made by E, J. Mcbhane,

L
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ring attached to the nose of the bomb. The nose plug ring will
be cut at an angle o from tihr axis of the bomb, us shown in
Diagram (2)(b). The angle wwill be chosen such t'nt the initial
angular velocity of yaw and iitial angle of yawi wili coabine to
proauce the desireu initisl unplitude of yuw.

kS

e cma—— et b e w—

1 r¢ _Bonbing I¢b;e

Demolition boubs are suspended norizontally in the bomb bay.
As the axis of the bomb is in thie sume direction as the line of
flight, the initial angle of yaw of the boab is zero. A4t the
instant of release 0 is also zero, und the time rate of change
of € is equal to tuut of 9, but opposite in sense. The normal
initial conditions Ior the horizontal suspension of uemolition

~bombs are:

-

€, = 0

ATy | | 5 (15)

o

with regard to stability tests, the conditions are more general.
The origin of time will be taken us the instunt the bono is
released from the retaining arc. The ungle of yaw, €, the angle
of inclinution oi' the tungent to the trajectory, @, unc the
angle of inclination of the axis oi the bomb are reluted by

T]=€+°’

Between the instunt of relsase froa the shackle and the instant
of releuse from the retaining arc, the angle n is the negutive

of the angle ¢. Then
0 .
(16)

Under the ussumption thut the air
forces are negligible auring this
reglmne, it follows that

S ‘
y
; ”I x
l Evaluution of yo, xo, y ,"o, 90
and O can be mude easily from (17).

(]
1

n-90
é:h-b:

S 1
1 G
©° 1

L(cosy- cosy,) + h sin ¢ -2 7)
u,t - Z(sin\{- siny) + h(1 h cos 9

DIAGRAM 3
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The results are:
= 7o = 1 003 4, - 2, sin
xo=.u°+h<p° sin Py zwo cos ¥ A '
) o0 - { 1) - .2 ..' . .
| Yo = D9y 0S¢y = ho? sin ¢ - l‘wo sin y - l%’cos Y
Xy = ho, sin g, + h"’g cos ¢4 *+ Z% cos ¥, - 2‘}62 sin y
‘ h¢, cos ¢. - Ly sin '
4 - : 90 = arc tan 3 °+ he ng - °+ 13 \Po - (18)
- SN O R Il |

d ER e S L
.

Y o e 2 - ;‘ ©0 . 9
ugh(®,c08 o - 5 sin o )- uod (i, sin y +i3 cos g )-n?o 3

- 2 .3—' -t “‘ o -‘u. .: - 3 i1 :— % ‘24002 "
o = ! Yool Leos (Oo. "o) [‘lo‘*o o Yol hl smr(\po “’o) [Ug‘fowo "e]
0 HT¢3+L“§8+2111¢0 i, sin (_q)o- “’o)+ug+2uo(h°o sin cpo+2q'° oS .

The angle ©_ 1is, for present purposes, small., Brief numerical
calculation, endloying values given luter in this report, shows that
all _  in Oo or Go wnicn do not contain u, are negligible in

comparison with terms thut contain u Then
; hcpo cos ('Lo - Z\pg sin W

€o © " % u

° (19)

h(g, cos 9 ~ 92 sin apo)-l(q:b sin y+§ ®s )

uo j
’ e

O--Qo-

- Kia2 | p d? - Kya? Epod'}
. 2S-LKL+;£§‘_ 1 ;1:""KD+1{B‘rl m
. ] of?, | .
3 1 Iy ‘
Substitution of (20) in (14) yields
o~ ' . 2 P
€+ 2sue + nzug(a + h-ztg—) =0 (21)
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Write z for ¢ + %;?— and (21) becones
)

. = 2,2, = '
z+2suz+n*uwiz=0 . . (22)

This is the well-known equation for rree vibrations of a
damped oscillitor. The scvlution is:?

-su t
z = Ae cos [15 = s‘u t - a] (23)
where " 2
2 )
e 1 i+ 2u<l_,szc‘zo + 2 u n . (24)
uo . n¢ - s?

'An easy numerical calculation shous that Lﬂ' is o1 the orcer of

0. 1 anu therefore neglizible, ana z is of comse equal to a .

" The solution for (<2) is:

-SU. t

e =4Ae -7 cos v/n? - s2 ut - o] (25)

where N
2 4 + 2112y R
A = l-_.\ﬁ.g 2uossoso aouon (26)
u n*® - s?
(]
and
S + u ..:8
6 = arc sin(_/. CA ) (27)
2 4 - + £2y2n2
€q 2u°ssoso eouon

4ihe natural frequency is:

f=un? - s? - (28)

The period is:
2

p:-"i{-: . (29)
u, ¥ - s?

It is obvious from Diagram 4 that:
Ay = he T SUotr ‘
and ~ su t2 3 : (30)

Az = Ac

1 5 discussion of this well-known equation and its solution nay be found in
vIntroduction to Theoretical Physics" by Leigh Page, D, Van Nostrand Co. Inc.,

1928 on page 63wt seq. -8-
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Solving equations (30) for s yields:

=31 Ay - _ 1 __ A,
(G i b A SH
Now:
T .2 27
v a? - s? =5 o
Pu,
and therefore
S 2
n? - s2 = (L (32)
o
2
n? = (81" 4+ 52 : (33)
o
The true curve of yaw against time
///"‘\\ will be approxizately represented
¥ by the solution (<5) for a very
' A P A short tine, uboul one second. As
”:; the vibrution is camped, the second

splitude of yaw, Az, is less than
the first ,A,.

DIAGRAX 4

The stability test yiecids observations of the perioc and
the anplitude. [Heasures of the period unc the amplitucde can be
used to derive the wuxiliaries n? ana s. Tine aeroaynamic
coefiicients K., wna Ky + K kp? can then be founc irom the formulae:

a
n?I
p d
° . | (34)
" KLkB B 2sIB )
H* ar ° poa

A graphical procedure is convenient for the derivation of
Ayy Az and P. The quuntities directly measurable from the
photograpns are the aepth,y¥, the trail, A , anc the anblqn, as
functions or count numoer,c. It wlll be supposeu that the time
bears & lineur relution to the count nuaber. The constants Of
the linear relation nay be tound by a determinution of the
origin of time und a determinution oi the. rate of the camera,

the latter being found by photog dehlnb the fuce of a stop-watch.
Then a plot gives:

= y(e)

A =) (c)

n =n (c) (35)
= (c-c)r .
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A plot of O is required. Then:

)

11

arc tan % = arc tan

arc tan %ﬁ'o't-—ai' . (36)

The increments Ay, At und A\ having been read off the plot, @
can be calculated as a funcilon of count nmuuber. Reference to
Diagram 5 shows thuts

i 0 (37
\\.// t}/ C A2 =T -6 e
f The censity of the air at the altitude
P.t-t of relecuse wmay be deduced froms
‘.‘z. (] o iz - s =
4 i p = g™ = 0.075126¢70- OVOILE
c vhere p is given in pounds per cubic
foot znd Y is tiie aitituce of releuase
DIAGRAM 5 in feet.

In the present study the amplitude of yuw for the stability
1(:95;; will be assignea. Tuis is cone by substitution in equuation
26):

A ff‘.Q 2u se e+ £2ul

II. i M ain 4\
Alrplane to u Cut }Nose Pluz

l. Geometr f Constraint Imposed on the Bomi

l

o
R/_\

=

/

-
 .-; ‘\A“Vc”;\\:sx | @;) | . B

Ix
Iz
Y < on
»,,e

DIAGRA&M 6 So,, .
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Diugram 6(a) is a schematic representation of the constraint
to be imposed on the bomb. At B, there is a cut riny attached to tie
nose ot tue boab., On this ring, will be placea unothier ring with
a cord attachea tuereto. This cord, 0B, is attuched to au fixed
point in the bomb bay of the airplane as srown in Diugram 6(b).

- For purposes of the subsequent development, it is ussumed
that tiie cord is inextensible and acts as a rigild body similar
to a very tiin bar.

There is a rotation of OB about O and also a rotation of the
bomb about B. This latter rotation might also be considered as
the rotation of the bomb ubout its center of mass. The probiem
to be solvec is tius one of a system of constrained motion having
two degrees of freedom, both of which are rotutional.

Let the anzle petween ti.e cord and the verticul be denoted
by y -und the distance oi tue center of mass rrom the nose of the
bomb by h . wuet ¢ be the angle between ti.e uxis of the bomb and
the horizontal.

2.

s P A wost cirect and coaparativel
simple method of developing.the
My Gifferential equationsoi motion
for this system cun be founa by
8 [ ) use .of Lagranges! equations.?
> }, N The xinetic energy ol tine system
! - 1s partly cue to trunsleutional
- motion und paurtly cue to
rotational motion. The total
+ () h_.  Kinetic energy of the pomb is
- P } siven fy:z
7”:' zlw LI LR VRS £ el
: /l(/-f/,,qp) (<) .
1(/-1.”50) ,

@ L . .

€
& )

By Eaad St S - P

The potential cnergy, V, consists of two terms, the sum of
these teras being due t.. tue neignt ol the center of :uss oi the
bomb above its louest possiole position. Tile two terms are due
to the two distunces { (1 - cosy ) anc h(l - sin ¢) which nake up
the coined neigrnt ol the center ol muss above its lowest possible
pocition. T VLo cistuices are zhown oy Diugrum 7(b) :nd Diagiram
7(c). svicentlys

¥ = mg[}(l‘- cos y) + h(i - sin QZ}” - (39)

1 An extended discussion of Legransze's Equations is found in E, J'. Routh,
"Dynamics of a System of Rigid Bodies", Part I, Chapter VIII,

2 The coordinate, p, of equations (38) et seq., is unrelated to the temporary
parameter, p, introduced in Section I, 3,

=) 1=




By definition:

Ig = mkj (40)

where kB is the radius of gyration of the bomb about a transverse
axis ti:rough ti:e center of mass. Tne Lagrangian function, L, is

_ the difference between the kinetic and potential energies.

=0 _v==2mlp?+qd +21 02
L=T-V 2:[p +q} +3 10

- ng [Z(l - cosy) + h(l - sin (;:)]- (41)
It is obvious from Figure 7(a) that: :

p=- lsiny + hcos 9

qQ =+ )cos y+ hsing , ~ (42)
“Therefore: |
;) = -1l¥ cos ¥ - hp sin ¢
R o .
‘q #'-1‘6’ sin y + ho cos ¢ . (43)

The result or squaring and adding equaticrs (43) is:

2 ¢+ g2 =22*2 + h?p? - 2hl<;q. (siny cosg@ - cosy sin @)
P " Ty y CoSe¢ y sin

: ’ = (44)
= 1*? + h%? - 2hloy sin § -9) *
Substitution of this value in equation (41) yields:
S % m[22‘52 + h2g? - 2nlg¥ sin @ -(p)]
+ %— IBtpz - mg [l(l - cosw.) + n(1l - sin (pﬂ (45)
=L [(x2 + 0992 - 2nlgysin g -0)]

+ mgh sin ¢ + mgl cos y- mgh - mgl =

Lagrange

;équations for finite forces are: !

i &b =2
o ' (46)

oA 3L .
and It (;33%) ov

. Y » =
The required derivatives for Lagranges equations are found reudily.
After substitution oif these derivatives into equations (46) and
slight recauction it is found thuats

' Footnote, P. 11, supra.
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n [xz + h?| ¢ = mgh cos ¢ + mhly sin (v-o)
+ mhly? cos (y-9)
m?y = - mgl sinv + mhl ¢ sin (y-9)

(47)

- mhlo? cos (y-¢)-

As a check upon these results it may be noted that if { =
the first of equutions (47) becomes:

k? + h?| ¢ = mgh cos ¢ ,

which 1s the equation for a compound penoulum. Also it nay be
noted that if h = 0, the second of equations (47) becomes:

nl2¥ = - mgl sin v,
which 1s the eguution for a simple pendulum.

A siight mocdification of equution: (47) will be advantageous.
Eviaently:

¢ = B oo 9 + .‘11:_. v sin (v-9) + h L ¥? cos (v-9)
k2+h? K2+h? k2+h?

(48)
= - § sin ¥+ T ¢ sin (¥-¢) - Z ¢? cos (y=0)4

The angles ¢ and y are small in the sense that:

. L] F3
sin g = 0o cosq>=l-%-
. L R (49)
sin y = y cos y =1 - ¥ -~
Equatiors (48) become:
(p=ﬂh—-—-cos<p+-—l—w—h (v cos ¢ - @ cos y)
kz...llz k2+ 2
hl 2 (aos
+ ==— y? (cos y cos ¢ + yo) (50)
k2+h? '

v=-9 w*’?‘tp (¢ cos ¢ - ¢ cos y) --Z}lgz(cosq,cos<p + yo)
J

The ecuations (50) are the differential equation® of*motion .of

the.system unuer investigution.

]
b
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The initial conditio.s are:

@(0) =w¢o =0 ] (0) ='q)
L J ] ; P . (51)
¢(0) =9, =0 ¥v() =% =0.

$

The analytical solution for these equations will now be
developed. Assume the following power series iorm for @ andy 3

P = Qo + Qot + aztz + n,t’ + .0

(52)

Y= ¥ 4 ¥t bt? 4 bytd s, ,

The equutior. (52) may be simplified slightly by substitution
of the initial conditions as given by equuations (51). The results
ares . .

W tieenm e

9 )

>

¥, + bat? + bytd 4 b4t4 ¥ eee

Y . (53)

For the small interval involved here, approximately one
quarter of a seconu, both series ure convergent. However, as
the value of t approaches 0.25 secona, terms of higher than the
fourth orcer mst be tuken into account. in order to obtain a
sufficiently accuraute result for present purposes. On the other
hand, fourth order terms may be neglected ior very small values
of t. . ‘

+ Differentiation of equations (53) leads to:

¢ = Zazt + 3&3tz‘+ 4& t’ + o0
. . - (54)
¥ = 2bgt + 3b3t2 + 4b4t3 + Je
and »
¢ = 2uy + 6&3t + 1264t3 + eee

= (55)
W 2ba + 6b3t + 12b4t2 + LN ) (4

Substituting (53), (54) and (55) in the . diiferentiai-
equatious (50) anc neg.ecting ull terms of |
or higher orduers in the time results in: " .

. . "~ oy
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232 + 6&3t + 1234t2 + oo

il E.bgﬁ (1-‘%’5_-, ¥

2b; + 6byt + 12b,t? +

LA 1

(56)

LA N}

L X otb2t?)+4 [232 Vo"‘633!-'°t*1284!!°t’*2&z(bz-az{l-%})gjl
h ¥y 2

-~ 2 G 4a§tz(1- . ) + e

! [ 2

There is a well-known theoren which states that the development -
of a function in a power series is unigue, Thercsfore tne coefficients
of tie same powers of t on both sides of' equations (56) must ve
the sane. bguating coefficients of the Same powers oi t on both
sides of (56) leuds to explicit forns or a,, a,, -a4 and b,, by and
40

= %TF + %}THT { 2b, ¥ +6b, ¥ t+12b 4 Yt2+2b, [b,-a,{l—%ﬂt?

g e

h hl
%2 = {3+ R [2be )

6as = Per [o0,,]

. & 2
. I ¥ ) v
14'34 = i{l ryn {l¢b4q-o+2b2 E)z-uz (l-—%]}-l- %ngﬁ(l._%ﬂ

2bz - 'zg WO + ZE(ZHQWO) '

i

6b; = ‘4'-'21'1 (683 \Vo)

\ .
12b4 =:Z'gbz +%E‘234¢0 + 2&2 (bz = 4, {l ‘l%}ﬂ
" _wZ
e o)

On exzmination of the above eguitions it ig seen that a, = Cy b,
and by = cju,. Tuis is true only if ¢, = l_ora,; = by =0

Ca
The latter is tie case here.

]

Now
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and

Simultaneous solution zo' these two equations results in:

-8 \Bkz ) ] (57)
2] K*+h?-n? ‘*3_]

Similarly: | | 2
- hZ Yo
8.4 - 12 Ji4 +h {12b4 ‘I‘O + 2b2 [bz = 4z { l - —2- }]
hl 2 ¥oo
+ Yoy [ @ -]

J}PS}

b, == b+-h——r12aw+2a [b_- _.‘."25(’
4 37 b 122 [ %% % 3| 2 )

by [l - 5]

The solution ' of tiese ezuations is:

. . -
= soaplh z[_»-z]_22=4 oty 24y ﬂ*,zzvz‘[_—s-z , L
a, = 2g7hk7¥ - 4“‘03§n“9[5v@+4w0 Yy Zshxwoszno_!
46! [K2+h?-n? ‘Voj 3 }
o2k u (s ap2ie o . 2.5 cuz o wh 6
- 2g%k %(Kz+h2)+bzhzh\;{£nf‘E(B-Wiﬁ -3l 1:-5@g+4¥04-¢0 ]
4 . . Lhi3l* E§2+h2-q;4§5 ] 3 : X R (5.
- 2g2h3i{2 .E) N 17 uoz . lbi" 62* _ 4“'0.U] oG N © =m0 ocDo0  ooo CAEEO, © = 0o
4817 [1* + 1P -kﬁwé T *
. The leuding terms of tiie initiul motion solution are obtualned

by substitution oi tiese values for @25 4,, b, and b, in ti
following equations: ? T4 T2 4 le

® = aztz + a4t4 “ sen

V & Vo + bltz + b4t4 + ees (60)

In auddition to ihe foregeing solution by power series
development in the iludepciauelt vuriable, tinere are other possible
methoas ol 3olutica. But, liismuch as only tut initiul otion is
of interest ror tae present roblen, usore poseriul and ceneral
metihwuus oy coavin cifferentil e wntions will v be Crig Loyca.

the vibion of v ol By oare Cirteaheritotad in (53),

) Than th
& ﬂ-l'._ and b 4 are obtained by simltarrms solution. o values of

o -16- s
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The equations of motion may also be solved by numerical
integrution in any particular case. The nmethoa of numerical
integration to be employed in an example later in this report
is referred to as Moultonts Method.' The resuit of solution
by numerical integraution and the initial lines oi the numerical
work will be given later. The example given is that of the
BOMB, Demolition, 1000 1lb., M44, but the methoa 1is general and
cun oe applied to bcambs other than the M44.

I1I. Application to the BOMB, Demglition, 1000 1b., Mi4

The proposed physical plan with respect to the BOMB,
Demolition, 1000 1lb., M44 is shown in Diagram 8.

12"
|
., Ry

20 — N

/( : ) e

R socoois,maq

DIAGE&M 8
The equations of motion ror this bomb are:
= 10.9375cosp + 1.0040y(ycosp-gcosy) + 1.0040¥ (cos Yecoso+u

(613

-10.8942 y + 0.7499¢ (ycosp-pcosy) - 0.?499éf(coswijsq+¢p

S
!

¥

The computing schedule for numerical integration und several
lines oi computation are shown in Table I. These can be used
as models in any subseguent investigations.

]

The numerical integration was continued to a time equal to
about one thira ot a second to muke certuin tnat it covered a
range resulting in vaiues of A exceeding 05°.

1 The proof of this method was first worked out by F. R. Moulton in 1914.
The method and proof were published in 1918 in a blue-print pamphlet issued
by the Ballistic Branch of the Ordnance Dept., U.S.A. and were reproduced
in 1926 in Moulton's "New Method in Exterior Ballistics", Chapter V.

e
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[} ’fﬂ’%“v(%oa@-@cos 9%‘(cos%os¢+w)

cosp-gpcos ¥)
%h@z(cot*coswcp)

3 [ ]
t """ "’T‘\» LN AY
(sec.) (rad. / sec?) (rad. / sec?) (rad? / sec?) (rad. / sec?
0.00 -2,483 1.844 . =0,000 - 0,64
0.01 -2.483 1.840 -0.009 R 0.65 "1

0.02 -2,482 1.825 ~0.03, -0.69 A -3

i
T e
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By substitution of the numericul coefficients in equations
(53), (54) and (55), the followinz results are obtainea for the
initial motion solutio..:

@ = 5.3957t% - 2.1700t% + ... (rad.) (2

2
v = 0.2279 - 0.3192t% - 10.93c0t% + ... [ (rud.)
& & 2 x 5.3957t - 4 x 2.1700t3 + oo e (rﬁd./sec.)} (6")
. 3
¥y = =2 x 0.3192t - £ x 10.9300%3 + ...(rad./sec.)j
g =2 X 5.3957 - 12 x 2.1700t? + ,,. (rad./sec.?)

(64)
¥=-2 x 0.3192 - 12 x 10.9300t% + ...(rad./sec.?)

Table I1 glves a couparison of the results obtained by
nueerical integr.tion ana oy substitution in the analytical
solution at one tenti anc at two teinti.s oo w second.

TABLE II

Numerical Integration:

-t ¢ d ¢ v ¥ v
(sec) (rad) (rac/secc) (rad/sec?) (raw) (ruc/sec) (rad/sec?)

0.10 0.0537 1.071 10.60 0.2237 -0.107 -1.92

0.20 0.2138 2.137 11.00 .1981 -0.4068 -5.71

Analytical Solution:

[ e
d

t ) o & v v ¥
(sec.) (rud) (rac/seec) (rud/sec?) (ruzc) (rad/sec) (ruc/sec?)
0.10 0.0537 1.070+ 10.53 0.2236 -0.108 -1.95
0.20 0.2124 2.089 9.75 0.1976  -0.477 -5.88

It will be notec thut at a time ezuual to one tenth of a
second, tne two methods give results which are in very close
agreenent but that at a time equal to two tenths of a second
there is a small civergence. This small divergence is cue
to terms o1 orver higher than tre fourth. These higner order
terns must be taken into account in tlie analytica. solution for
values of t creater thun about 0.10 second. Wwnen t is smuller
than 0.10 sccond the results given by eguations (62), (63),
and (o4) are suificiently accurate. Computation oI the
coefficients of the terms higner thuan tue Ifourti order would
be extremely onerous. Tune best procecure is to carry out the
numericali integraution tirst und follow with a check by the
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analytical solution until a value of t is reached such that terms
of order higher than the fourth can not be neglected. If the
vulues up to that point as obtained by the two methoas agree
with euch other to within an assigned limit of adivergence the
numerical integration can be considerec us ciiecked.

For tae comgutation of umplitude, the aerodynamic coefficients,
Kk

KH and KH + EL ag-were necess:urily assumeé as no data were

available from vwnich these coefficients.could ?e caleuluted for
the BOMB, Denolition, 1000-1b., #i4. The stability testvﬁll%
subsequaiitly suke it possibie to culculute accurate values of

. the aerodynumic coefficients for tnis boao. However, for the

k2
- A\ ] G - ' ~ D o = .
present study, valucs of K._i and hf + KL 77 Tor bouos of similar
shape were used in orcer to Zompute the upproxi+ate cuttin: point
of the ring necessury io produge e desirec uwplitude or yuw.
k
= ~ e . - B - - " T
The values of K., and KH + K 57 for the BOilB, Demclition,lUuO-lb.,
M4/, were assumet¢ to be the same &S Wosc for the M30. The
coefficients ior tne lutter oomb are suuller in absolute value
than the corresponuing coeliicienis for otier obouvs i Lue current
* , X
M series.

The values of s ana n? were computed oy

3
ne = Pl
Ip
and Kndz pod2
'ZS—KL'F—E'? T .

Table III shows the arrangement for the computation of

“amplitude. Thne values of €, anc & are obtainea from:

hy cos ¢ -)4; siny,
u

. . h(&; co(s> 9r - ¢% sin ¢7) - /Gy sin vt w-: cosy. )
and €, =~ 9g =~ = - -
)
A 1s computed from:
. ;/Ebz + 2Egseoéo + gégénz . (26)
u,«/ 0¥ -"s

Table III was continued past the value of t at which A
becamc ecuul to 65° or 1.15345 raciuns. Tne vuiue of t Yor wnicn
A became equal to 1.1345 raciuns was caiculated by inverse
interolution., In this case, tA=65° = 0.2330 sec. The values

-R2- :




v

of P, andq:t‘A were then computed by direct interpolution. These
valueé weres '

9, = 0.2920 rad.
A .
A

Y

The an;le at which the ring is to be cut is cenoted by w.
This uangle is snown in Diugram 9. It muy be founc from Figure 9
thut:

DIAGhai 9

" . .
o =@ +(F-Y ). (65)
) t, h
Substitution of numericui values for ¢,  and yg leads to:
A A
®, = 0.2920 + (g- - 0.1788)

0.2920 + 1.3920 = 1.6840 rad.

or w

o = 96.4801° (66)

The value Wy nowever, aoes not incluce the effect oi the

static Iriction between tlie nose Lluz unc the retuining ring on
the suspension cord. Dr. Ae. C. Charters of the Baullistic Kesearch
Laboratory hus recomaenced that the cut end¢ ol the nose plug be
rouncea off'e The paint ou the plug wus removeaw und bothi the
susgension ring anc nose pliuy were filea and then smoothed with
No. 1 sanucpuper. Finully botin tne suspension ring und the iose
plug werce thorougily lubricuted with a4 grashite base gresse. In
this manner, the static friction was reduced to a minimum. Dr.
Charters also suggesieu deurin; <ne nose plug on a rollier or

ball rice attucize 1o ¢ tuin roc insteuc of suspension vy ring

anu cord. This woulc elinminzte the stutic friction una only the

._-{‘
—25
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effect oL the much smaller rolling friction would have to be
dealt with. In this instunce, however, it is estimated that the
h static friction will cause upproximately 7° celay before the

. ing begins to slip ulong the plug. Tlic correct value for the

r cut angle, v, 1s therefore given by '

o
(1)) = 8905 -
\'l\ - corr.

" Phis'report describes a eurrent metinod fo. obtaining a large
initial amplitude of yaw for tests resently concucted.uncer the
airection oi Colonei L. &. Sinon. Tne nunerical dataxior the
BOMB, Demolition, 1000-1b., 444 have been furnisheu the writer
by mMr. . S. Martin, The nuthendtlcul portions of tne work

W\ have been verified by Mr. Herbert Roist:icher anc Mr., Siamon
LY Mowshowitz. The numerical integritior o: the equutions of
R motion iuss Deen periorasc by Miss blsie Magnuson.

The writer is inueotea to vr. L. S.ﬁDederick, Dr. E. J.

- McShane aund Dr. 4. C. Charters for valuable suggestions and
criticism.
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