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Section 1
INTROCUCTION AND SUMMARY

Q-switched laser pulses have found wide applications in diverse areas of pure
and applied research. Some fields which have been opened to investigation by the
avallability of cuch pulses irclude ga- breakdown at optical frequencies, plasma
production for thermonuclear research, optical harmonic generation and parametric
amplification, stimulated scattering effects and coherent propagation effects. Q-
switeched pulses have also been used for ranging and guidance systems, high speed
photography, medical research, precision machining and other applications. The min-
imum pulse durections obtaingble with the various existing Q-switching techniques are
limited to approximately 10™~ seconds because of the time required for the buildup
of the pulse in the laser cavity.

The advent of the mode-locked laser has brought about a four to five order of
magnitude decrease in pulse duration, from 108 sec to less than 10-12 sec and a three
order of magnitude increase in peak power, from 109 watts to 1012 watts or greater.
Detection systems capable of resolving events on a time scale as short as 10713 gec
have been developed. It is expected that these developments should open more areas
of investigation and should lead to additional scientific, military and commercial
applications. The short time duration of the pulses allows the investigation of
atomic and molecular processes and coherent interaction effects on a time scale that
was previously inaccessible to direct observation and high power available with
these pulses allows the investigation of nonlinear effects that were previously
unobservable.

The United Aircraft Research Laboratories have been conducting under the present
contract a continuing investigation of short time duration laser pulses and their
interactions with matter. This investigation, while primarily concerned with the
picosecond duration pulses produced by mode-locking, has also been extended to tran-
sient phenomena involving longer pulses. During the period covered by this report,
work has been conducted in the following areas: (a) the analysis of the propagation
of ultrashort pulses in a resonant medium, (b) the analysis of the generation of
Cerenkov-like radiation by nonlinear optical effects, (c) the development and
demonstration of a novel technique for the measurement of a phase structure of
picosecond pulses, (d) the study of stimulated transient Raman Scattering in liquids
and gases,(e) the development of extremely fast pumping sources for organic dye
lasers, (f) the mode locking of a flashlamp pumped organic dye laser, (g) the demon-
stration of traveling wave laser action in an organic dye, (n) the investigation of
the possibility of obtaining stimulated emission from laser produced plasmas, (i)
the investigation of nonlinear polarization effects in anisotropic molecular liquids.

In the area of the analysis of pulse propagation, the major portion of time has
been directed toward the formation of a unified synthesis of advances thus far
achieved by various workers in obtaining analytical results in the field of ultra-
short optical pulse propagation. In the course of reformulating the results of these
workers, a number of minor extensions and simplifications of their work have been
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obtained. Although the results of some investigators have not been incorporated at
this time, it is expected that the material reported herein will constitute a major
3tep toward the compilation of a complete summary of the current status of this fleld.

During this period, consideration was given to the "dc" component of the nonlinear
polarization induced in a dielectric by the passage of a high power optical pulse.
This component constitutes a polarization source that moves through the dielectric with
the group velocity of the optical pulse. This polarization can lead to Cerenkov radia-
tion at frequencies whose velocity of propagation is less than that of the pulse. This
effect is of fundamental interest in itself as it represents a completely new technique
for the generation of Cerenkov radistion. It could have application to millimeter and
submillimeter wave generation and noise sources. Of even more general importance is
the realization that many experiments in beam-wave interactions that can be performed
with difficulty using megavolt electron beams can be performed easily using the non-
linear polarization associated with a propagating picosecond pulse.

Since the first measurement of the time duration of the pulses produced by mode-
locking of neodymium-glass lasers, it has been apparent that the duration of the pulses
are considerably in excess of the minimum possible duration as determined from the
reciprocal of the bandwidth. A time-bandwidth product in excess of unity implies
a phase or amplitude structure in the pulses. The first measurement of this structure
was obtained at this laboratory in 1968. It was found that the pulses could be com-
pressed in time by passing them through a dispersive optical system. The dispersion
of the system that was capable of compressing the pulses was such that the transit
time increased with increasing wavelength. The compression of the pulses indicated
the presence of a linear component of the frequency vs time of the pulses, with
longer wavelengths or lower frequencies coming earlier. The compression also
indicated that a significant fraction of the observed bandwidth was due to the fre-
quency sweep. While the compression experiments serve to demonstrate the presence
of a frequency sweep, it is difficult to extract more detailed information about
the phase structure from them. During this reporting period a technique has been
devised to extract the maximum available information on the phase structure of the
pulses subject to the constraint of present detectors. The information that can be
obtained from this technique consists of essentially /N resolvable points on a fre-
quency vs time curve. Here N represents the time-bandwidth product of the pulse.
Initial experimental results have been obtained and indicate that the technique
vorks as designed. These results also are consistent with the compression eXperiments
and reconfirm the presence of a linear component of the frequency sweep.

Experiments in stimulated scattering with picosecond pulses have continued.
During this period emphasis has been placed on the investigation of stimulated Raman
scattering in liquids and gases, and a number of new results have been obtained. The
essential difference between stimulated Raman scattering with nanosecond duration
pulses from a Q-switched laser and that produced with picosecond duration pulse from
a mode-locked laser lies in the finite build-up time of the associated phonons. In
the case of picosecond pulse excitation, the phonon population does not reach its
steady state value and the transient nature of the scattering must be considered. An
important consequence of the transient nature is the fact that in the extreme tran-
sient limit, the Raman gain is determined not by the peak value of the spontaneous

2




J920479-21

Raman cross section but by the total area under the curve of cross section vs fre-
quency. It is possible therefore to excite Raman lines in the transient limit
that cannot be excited in the steady state due to competition with other narrower
lines that have a higher peak cross section but lower integrated cross section.

Using a mode-locked ruby laser that produced pulses of 5 - 10 picoseconds
duration and approximately 56 watts of power, transient stimulated Raman scattering
was observed in all liquids that were tested including liquids such as water, carbon
tetrachloride and methanol in which stimulated scattering is normally difficult to
obtain. Energy-conversions as high as 20% were observed together with multiple order
Stokes generation ar. beam trapping. Stimulated ocattering was also observed in a
variety of gases including N, 02, 002, N0, SF s C H 1,2 C H 52 HC1 and HBr. Prior
to these experiments, stimulated Raman scattering haé been obs rved only in H_, D2
and CHh Self trapping in a collimated beam was observed for the first time gn
gases, and evidence of a strong optical Stark shift was observed. It is felt that
stimilated Raman scattering could have important application in the determination
of relaxation rates of materials of interest for chemical lasers. Tie scattering
provides a means of selectively exciting a non-equilibrium population on a very
short time scale. The subsequent decay can then be monitored to determine the
relaxation rates.

The work on stimulated Raman scattering was carried out in collaboration with
N. Bloembergen, R. L. Carman, F. Shimizu and J. Reintjes of Harvard University. All
of the experimental results on stimulated scattering reported herein were obtained
at United Aircraft Research lLaboratories.

The continuing effort in organic dye laser technology has led to improved pumping
and modulation capabilities. Dye lasers are capable of producing energetic short
pulses at a wide variety of wavelengths and should have significant military and
industrial as well as basic research applications.

Initial investigations of the feasibility of obtaining stimulated emission
from laser produced plasmas have been carried out. Picosecond pulse excitation
provides an extremely fast pumping rate and might be used to populate levels having
a very rapid decay time. With such a pumping technique it might be possible to
obtain stimulated emission at ultraviolet or shorter wavelengths. Further experi-
ments in this area will be carried out upon completion of a corporation owned 10 Jjoule,
.1 nanosecond neodynium laser facility.

The extension of the ideas of magnetic adiabatic passage into the optical region
and the first experimental demonstration of the optical adiabatic rapid passage were
carried out under the present contract and are reported in detail in the Third Annual
Report, H920479-13, March 31, 1969. A separate research program on optical adiubatic
passage in gases has been established and is being funded under contract with the
Army Research Office, Durham, North Carolina (Contract DAHCOL-70=C-0014). Work in
this area under the present contract has, therefore, been discontinued.
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ANALYTICAL DESCRIPTION OF ULTRASHORT OPTICAL PULSE PROPAGATION |
IN A RESONANT MEDIUM

2.1 Introduction

Recent advances in laser iechnology have led to the production of coherent
optical pulses having durations in the picosecond (10'12 sec ) regime(l’z). Such time
intervals are comparable to or shorter than the reluxation times associated with the
energy levels of many atomic systems. The interaction of radiation with matter on
such short time scales gives rise to phenomena which, as a result of quantum mechanical
coherence effects, cannot be described by the rate equation analysis developed
previously 3-5 for the treatment of much longer pulses.

The novelty of the effects which may appear in the short time resonant response
of atomnic systems has been brought out quite strikingly by tre recent discovery of
self-induced transparency (6:7: ). In this effect, the leading edge of an optical
pulse is used to invert an atomic population while the trailing edge returns the
population to its initial state by means of stimulated emission. The process is
realizable 1f it takes place in a time that is short compared to the incoherent
damping time of the resonant atomic systems, i.e., to the homogeneous broadening
time of the medium. When all conditions for this process are met, it is found that
a steady state pulse profile is established and that this pulse envelope then propa-
gates through the medium at a velocity which may be considerably less than the light
velocity in the medium. What is perhaps most remarkable is that even those atoms
that are off resonance due to inhomogeneous broadening can partake of this process
in such a way that they are returned to their initial state. Within the theoretical
framework that has been used to describe this effect it has been shown (7,8) that
such steady state propagation can take place only if the profile of the electric
field is of a special form, namely that of a hyperbolic secant. Many salient features
of this effect have been considered\T) since its discovery. The possibility of
analogous effects in semiconductors has also been proposed 7 and somewhat similar
effects have been observed in the study of neuristor waveforms.

In addition to the anomalous transmission property of ultroshort optical pulses,
the amplification of such pulses has also drawn considerable attention. A number of
analytical results have been obtained here as well(9;10,11) . one expects that ampli-
fication processes will ultimately be limited by non-resonant loss mechanisms. If
these are introduced in a phenomenological way through a conductivity, then the ad
hoc assumption that there is a steady state pulse propagating at the light velocity
may be verified by direct computation.

Whenever it becomes necessary to extend the range of validity of a theory to
§QCfE§ass new phenomena, it is useful to seek limiting cases of the new formalism(syley
e which admit of exact solutions of the type referred to above. While the
experimentalist is rarely moved by theoretical descriptions that fail to provide
for all facets of a phenomenon as it is known to exist in the experimental situation,
such as relaxation times, inhomogeneous broadening, etc., it should be emphasized
that many of the most interesting effects in ultra-short pulse propagation appear

4
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already in mich simplcr theoretical contexts and an understanding of ecven these
simpler equations, as opposed to the new generation of numerical results, is far from
complete. The most promising method of attack is clearly through a simultaneous
application of both analytical and computational techniques and the field of optical
pulse propagation provides an ideal opportunity for the application of this "synergetid
approach. In fact, self induced transparency was discovered from an analysis of
numerical solutions of the appropriate equations.

The present paper summarizes the success that has thus far been achieved in
describing the novel aspects of ultrashort optical pulse propagation by analytical
treatment. In addition to the above-mentioned results, two relatively simple models
have becen devised which describe a number of other effects that have been observed
both experimpntally(s’ls) and as output from machine computations based upon more
complete theoretical descriptions?lg'lh) The first model(9’17 is one in which in-
homogeneous broadening is neglected. The physical situation most closely related to
suc?lg ngel is that of proragation under conditions of extreme saturation broaden-
ing*~™? . Although the problem under consideration involves a coupling between
radiation and matter that is too strong to be treated by perturbation theory, a fairly
extensive analytical treatment of this model is still possible since it expresses this
interaction in terms of a single nonlinear partial differential equation which arose
long ago in differential geometry. The techniques developed about the turn of the
century for obtaining solutions to this equation may be employed to great advantage.

Certain other phenomena, notably that of photon echo(20'23), require for their
explanation the relative dephasing of atoms that results when inhomogeneous broa,%Piyg
is present. This effect is also an example of the collective superradiant state
in which energy is radiated coherently into the electromagnetic field. Here again, it
is possible to construct a soluble model(ah) in which the reaction of stimulated
emission back on the incident wave is taken into account. If one is willing to forgo
consideration of the detailed structure of pulse shapes, the time dependence of the
pulse may be assumed to be that of a delta function and interest confined to the
spatially dependent amplitude of such delta function pulses. Only the time integral
of such a pulse shape is meaningful, of course, but such a time integral has been
shown to be preci§el¥ the quantity of interest in the treatment of ultrashort pulses.
The area theorem'!s®/, which is so useful in understanding short pulse phenomena, is
also found to govern the spatial evolution of the amplitude functions introduced in
this model.

Although much of the physical insight required for an understanding of these
propagation effects may be obtained from a consideration of the interaction of light
with a system of two-level atoms, it should be emphasized that the results thus
obtained may require modification when level degeneracy is included(s;le).

2.2 Basic Equations
We begin by summarizing the standard semiclassical description of the interaction
of an electromagnetic wave with an assembly of two-Jevel systems. The optical field

in the form of a plane polarized electromagnetic pulse may be characterized by its
electric field vector E(E,t) vwhich satisfies the usual wave equation

p)
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2g_ave 0E_1 O°E . 4w %P
VIE-TT T a1 T T ot (2.1)
vhere ¢ is a conductivity that ic introduced to similate nonresonant losses in the
medium, ¢ is the velocity of light in the medium and‘E is the polarization of the
medium that is induced by the eclectromagnetic wave. For a medium consisting of an
assemblage cf noninteracting two-level systems distributed with a uniform density Ty,

this polarization is ngp where p is the polarization of an individual two-level
system.

The polarization of an individual system may in turn be obtained from its micro-
scopic description by the usual prescription

vhere p is the density matrix of the two-level systcm(25), and P is the polarization

operator. The time dependence of p is given by the quantum mechanical Liouville
theorem

w3e +[r¥] .o (2.3)

where ¥ 15 the total Hamiltonian of an individuel two-level system. The time depen-
dence of an arbitrary operatc~, 0 is governed by the relation

a? . .. 0
'"F?"“??*[o-"] (2.4)

For later use, it proves convenient to recognize that operators not containing
cxplicit time dependence also satisfy

h’%i"zz +[[0,.¢],0] : ih[g—-f.O] (2.5)

The Hamiltonian of a two level cystem interacting with a classical clectromagnetic
field may be adequately renrescnted by

NN ¢V (2.6)
vhere M%)is the Hamiltonian of the isolated two-level system and
Vi-E-P (2.7)
is the interaction energy in dipole approximation.
The wave function for the isolated two-level system may be written

Vi 1) s aghuglr) + oy (thuyly) (2.8)
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vhere ua and ub are eigenfunctions of the system and satisfy
NyUg* Equg.0° 0,b (2.9)

Such ¢« rgy efgenfunctions provide the specif'ic representations

€ O 0 Pod Poo  Pob
L P ‘p.(oo o)
(O Eb) (ebo O) Poo Pob (2.10)
vhere Pag* -ofd’L Ug’ £ Ug
(2.11)
Pag’ o.’op

and the levels are labeled such that En > E . The vanishing of the diagonal elements
in Paignifiec the ascumed absence of any permanent dipole moment in thc system under
consideration.

In addition to the polarization‘g, the difference in population between upper and
lover states n, is also of interest and may be expressed in the form

N2 Ng(Pog = Ppp) * Ng TriAT,) (2.12)

vhere o_ is the Pauli spin ratrix

(10
% (O-I (2.13)

The time dependence of p can be conveniently obtained by taking the trace of the
operator equation

28 +[[e.n].5] 6] 22 ] (2.14)

which follows from Eq. (2.4). With the representations given above, the right-hand
side of thic eountion vanishes while

P
[g,H] 3 [p,wol : -ﬁuob(?, “3")

<bo (2.15a)
l['3° ”]'~°| ’ t”obze (2.15b)
and
PobPbo  © )
l[f.ﬂlovl ’ 2““‘ob§.' (0 - ~bO~POb (2.15¢)

7
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vhere
ﬂ""ab: Eo- Eb .
(2.16)
Equation (2.12) therefore reduces to
o 2w
2. . ab .
Pt+wy,P: % £ PabPbo %2
(2.17)
Application of the trace operation converts this operator equation into
2 1\ 2wgp #° (2.18)
B == |—\E%ab__ 2.1
Pt wab p (3) fing 3

vhere it has been assumed that pab = pba = 3‘. The factor of 1/3 in parenthesis is
to be included if all possible spatial orientations of the two level systems are
permitted(26,75),

From a direct multiplication of the quantities involved there follows

ne- o] s - 2 el (2.19)

On the other hand, multiplication of Egq. (2.3) by no, and application of the trace
operation yields

mn = NE - T'{P[‘fv"z]} (2.20)

Calculation of the trace of Eq. (2.19) then finally leads to the equality

2m,
rl(dob

£ P

Ul (2.21)

Equations (2.18) and (2.21) provide a convenient starting point for describing the
response of a two-level system to an external electromagnetic field.

Having formulated the response of the two-level systems to the incident optical
field, we now turn to a consideration of the reaction of the medium back upon the
incident wave. It is the self-consistent evolution of these two processes that is
the essence of the problem under consideration. On the right-hand side of Eq. (2.1),
the term agp/at2 may be approximated by -wgg where w, is the carrier frequency of
the incident pulse. This follows immediately if wgy is replaced by wg in Eq. (2.18)
and the term of the right-hand side of that equation 1s neglected. Neglect of this
term is equivalent to a neglect of the backscattered wave that is produced as the in-
cident wave traverses the medium. From Egs. (2.1) and (2.18), one sees that this
neglect is permissible provided that n0$°2/11wo<< 1 which will be nearly always
satisfied.
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Since even the shortest pulses produced to date contain many optical cycles,
it is appropriate to write the electric field in terms of a carrier wave as well as
envelope and phase functions §(r,t) and §(r,t) respectively which vary slowly on
the length and time scales of the carrier ﬁgve. Hence we write

E(r)=ELlr ) cos [&o-g-wof+¢(,[,f)] (2.22)

and assume w @ >>3 g /at, k & >> 3 & /3x plus similar inequalities for §. A character-
istic field magnitude E_ has also been extracted from the amplitude. Because of the
assumption that E&(r,t) and &(r,t) vary slowly compared to the carrier wave, Eq. (2.1)
may be reduced to a much simpIEr form. In particular, only first derivatives of

g (r,t) and 3(r,t) need be retained on the left-hand side of this equation when it
is‘gxpressed in terms of & and $. The solution thus obtained is customarily referred
to as the solution in the slowly varying envelope approximation.

In general, it is appropriate to consider not a single transition frequency Wop
but a spread in transition frequencies about w,y, so called inhomogeneous broadening.
It is convenient to analyze the situation in which this distribution is symmetric about
upb and the carrier frequency of the incident optical pulse is at this frequency,

i.e., Wo = Wape

Equation(2.l), specialized to a plane wave traveling in a positive x direction
novw becomes '

o0
(d—g+2 maf )Jsin dx,1) + g<i’cos dix,t) . 2T %% fdAwg(Aw)p(Aw,x,f)
df dt Eo Jo

(2.23)

where

o 4.9 .9
Q(x,t)-kox wot+¢(x.f): t = ot te 0x (2.23a)

and Aw = w - wy. Although the idealization of an infinite plane wave front is
convenient for theoretical purposes, it should be emphasized that transverse mode
structure may be important in experimental situations.

The spectrum g(Am) which characterizes the inhomogeneous broadening is assumed
to be normalized so that

(00]
f dAwglAw) = |
- (2.2k4a)
The caysal Green's function for Eq. (2.18), i.e., the solution of
2 L]
6 4 werts = - s(t-t)
dt (2.2Lb)
which satisfies G = O for t < t' is
| I "o '
G(tIt) = —=—— U (t-t)sinw,, (t-1)
( l ""ob ab (2.25)
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in which u(t) is the unit step function. Multiplication of Egs. (2.18) and (2.25) by
G(t]t') and p respectively, subtracting and integrating over &ll time yilelds

t
P(Awxt) =2 ¢ .Q.fdt'sin w(t=t)¥ (Bw,x 1) Ex,t') cos &ix,1) _—
=0 2.

where ¥ = n/n_, and Q, the Rabi frequency, is given by Q = E, /% . The factor of

1/3 due to orientational averaging is neglected. This expression for the polarization
may now be decomposed into parts which are in phase and n/2 out of phase with the
electric field. One finds that

p=¢ [p (Bw,x,b) sin(@xt))+ 2 (Aw,x.t)cos(cb(x,t))]

(2.27)
where ¢
®:=Q fdt'£ ) N (Aw x,t) cos [Aw(t-t') +(x,1)- ¢(x.r')]
—00
(2.28a)
t
2 = -Q./dt'g(x,t')/V (Dw,x,t) sin [Aw(t-t') + ¢ (x,t)— ¢(x,t')]
-® (2.280)

In obtaining this result, terms near the second harmonic of w, have been discarded.
However, it should be emphasized that in obtaining these results there has been no
assumption that /2 , 2 , and N vary slowly compared to the carrier wave.

Equation (2.23) may now be decomposed into the pair of relations

dﬂ +emol = (Ca/ﬂ)fdAwg(Aw)p(Aw x,t) (2.29a)

o0
gg—‘f -(ca'/ﬂ)./_‘fijwg(Au).?(Aw,x,t) (2.290)

where ’
a' =2mwngw,® “/hc
(2.30)

The functions p and Q are readily shown to satisfy the differential equations

9P 0P

ot ng”+(A“’+ )-2 (2.31=)
02 _ a¢
b <A“’+at>ﬂ G5

10
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When time dependence near the second harmonic of wois also neglected in Eq. (2.21)
it 1s equivalent to

_%V-=_gg( - iZ)

0 wo gt (2.32)

When the slowly varying envelope approximation is used, the second term on the right-
hand side may be discarded. It is convenient to introduce the transformation

t=Q(t-x/c),€ = (Qe/c)x (2.33)

The constant ¢ 1s essentially the ratio of energy stored in the medium to the energy
of the wave, i.e.

€ =nyNowy/ (EZ/2 )

(2.34)
Neglecting the conductivity at this point, Egs. (2.29) are transformed to
oL _(®
2l I dAwg(Aw)P(Awg,T) (2.35)
9¢ _ (@
£5% [ dAwg(Aw)2(Awg r) (2.36)

while Eqs. (2.31) and (2.32), in the slowly varying envelope approximation, become

}TA-'- ==Lp (2.37a)
3P . 'L

T =N +<f+ar)2 (2.370)
g? =—<f+ %)ﬂ (2.37¢)

where f = Am/b. Equations (2.37) describe how the field amplitude € and phase 3
determine 2 , 2 and N for a two-level system that is off resonance by an amount
Aw. Equations (2.35) ani (2.36) show how the polarization due to a distribution of
such systems reacts back on the amplitude and phase.

Equations (2.37) also arise in nuclear magnetic resonance studies in which an
oscillating magnetic field interacts with an assemblage of two level systems which
possess a magnetic moment. Such studies have been confined to samples that are of a
sufficiently small size that the reaction of the induced field back on the exciting

11




J920479-21

field could be ignored. Equations (2.37) may then be solved for a specified external
field. This is not the case in the situation envisioned here. A satisfactory
description of optical pulse propagation is only obtained when Eqs. (2.36) and

(2.37) are solved self consistently.

At this point, it may be noted that Egs. (2.35) and (2.37) contain two conserva-
tion laws. Conservation of energy follows upon multiplication of Eq. (2.35) by &
and introduction of Eq. (2.37a) which yields

4
1 98° . 0 ffD -
4 + dAwg(Aw)N=0 .
e T BB N (2.38
Multiplication of Egs. (2.37) by N , £ and 2 respectively along with summation of
the resulting equations yields an exact differential which is equivalent to

N+ D%+ 0% (2.39)

In this result, a constant of integration has been set equal to unity since in the
usual applications of the theory one has f ((, -») = 2 ((,~=) = 0, ¥ (¢, =) = #1.
The form of Eq. (2.39) enables one to interpret the response of a two level system
in terms of the motion of a vector on the surface of a sphere in a f , 2, /¥ space.

2.3 Self-Induced Transparency and the Area Theorem

Up to the present time, the full set of equations given by Eq. (2.35 - 2.37)
has received little attention. However, if one adopts the consistent set of assumptions
that the phase term ¢ is initially zero, that the carrier frequency is at the center
of a symmetrically broadened line (i.e., g(Aw) = g(-Aw), and that 2 is an odd function
of Aw. Then from Eq. (2.36) one sees that the source term governing variations in o
is zero so that ¢ will remain zero. This form of the theory, particularly with the
aid of numerical computations,(lh) has provided considerable insight into the
subject of ultrashort pulse propagation.

Even this specialized formof the basic equations has yielded only steady state
solutions. These include both the solitary wave solution of self-induced trans-
parency (f and infinite wave train solutions 27,26,29 which contain the solitary
wave as a limiting case. Only the former will be discussed here; infinite wave train
solutions will be discussed later in connection with a somewhat more specialized
theoretical model.

For a steady state solution, one may assume that £, /2, 2, and / are functions
of a single dimensionless variable w = (t-x/V)/-rp where V is the velocity of the
pulce and Tp is a parameter having the dimensions of time. It will be shown that

o may be directly related to the pulse width.

Equations (2.35) and (2.37¢) may now be combined and integrated to yield

12
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(._ %)g(w)+egf_2 40wq (8w)2(Bww) /Bw= 0 (2.10)

An integration constant has been set equal to zero in this result since £ and 2
are zero before arrival of the pulse. If this equation is divided by £(w) and
differentiated with respect to w, one obtains

© p 0@ d (2] .
f_mdAw Dw dw (Z) 0

Now the function g(Aw) contains a parameter such as Tg that determines the width
of the inhomogeneous broadening, e.g.

(2.41)

9(8u) = 2 exp| ~(au /2P ] (2.42)

Although o and V, and hence w depend in an implicit way upon T;, there is no explicit
dependence of g'upon T;. Also, singe 2 is the response of an individual two-level
system, it is also independent of Tp except for the implicit dependence contained in
w. Consequently, the function in parentheses, the integral of Eq. (2.41), does not
contain explicit dependence upon T§. Now if it is assumed that the theory must be
valid for arbitrarily large values of IE, then one may invoke Lerch's theorem 30

to justify the conclusion that the term multiplying g(Aw) in the integrand must

itself be equal to zero. It then follows that

Q(Aw,w) =X (Aw)f (w) (2.43)

where X (Aw) is an as yet unknown function of the detuning. When this result is
introduced into Eq. (2.40), one finds that the velocity of the envelope function
is given by

L4 £
VT <|+€Q,f_wdAwg(Aw)x(Aw)/Aw> (2.L04)

To obtain the form of the envelope function 3, it is first noted that Egs. (2.37b,
c), with the phase term ¢ set equal to zero, are equivalent to the linear equation
A .
9% +ifr= 12 (2.45)

where A = 0 + 1 2. Setting

e mpf_“;o dw'Eiw’)
(2.46)
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and introducing Eq. (2.43), one finds that the solution of Eq. (2.45) which reduces
‘top(-oo) = 0, /V(-m) = =1 is

P = —(1-fx)sin¢ (2.47)

N =‘fx'(|-fx)COS¢ (2.48)
Substitution of Eq. (2.43), (2.47) and (2.48) into Eq. (2.39) yields

Qrplw
x(Bw)= W&Jg‘)z (2.49)

Also, from Eq. (2.38), the energy conservation law,

£ 2
(g—m:zyz (1= cos ) = 4y2sin’ (@/2) {Bo50)
where
2_ 2 _
vé: el Qr,)7 (S -1) o
and
| o0
F=rg/dAwgBw b wxidw
—o0
(2.52)
The solution of Eq. (2.50) that vanishes as w—ste is
$=4 tan"'e” "
(2.53)
Hence the electric field envelope is
@ | d$_2Y
X p=L32T-S"sechyw
h Og Tp w Tp (2.5)_'.)

and one sees from the definition of w that o will play the role of pulse half width
provided y is set equal to unity.

If the maximum pulse height is equated to 2E_, then Eq. (2.54) yields

ftp =1 (2.55)

which determines the pulse width in terms of its amplitude andf)owhich characterizes
the medium.

14
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From Egs. (2.43), (2.47), (2.48) and (2.49) one finds that the response of a
given two-level system is

N = —I1+2Dsind(¢/2)

/) = - DSin¢
2= 2 Awt, Dsin(¢/2) (2.56)
where
2—!
D= [l+(Awrp)] (2.57a)

Also, it is now possible ;o return to Eq. (2.44) for the envelope velocity and
consider its dependence upon T,. Combining Egs. (2.44) and (2.49), one finds that
V is given by

o0
| .2
LV L t+arT gAwg(Aw)D B
S I o
Vo vl ”(Vo C) (2.58)

Here V_ is the velocity in the limit of no inhomogeneous broadening. For g(aw)
given by Eq. (2.42), one obtains

I'= [dAwgBw)D = 2kexp(K2)EM fc (k) (2.59)

where
- *
K=T,721, (2.60)

and Erfe(k) is the compliment of the error function(3l). For T§ >> Tps ' =+ 1 and
V—>Vy. As T; becomes much less than Tpr @ much smaller percentage of the atoms are
on resonance. One then finds I — O and hence V — c.

Finally, it has been noted(32) that if the carrier frequency is not confined to
the center of a symmetric line but is in fact far-off resonance, the expression for
the velocity given in Eq. (2.4h4) goes over to the usual result for the velocity of
a wave in a dispersive medium.

The above results, along with the infinite wave train solutions which correspond
to libration and oscillation solutions of Eq. (2.50) are the only analytical solutions
of the inhomogeneously broadened version of Egs. (2.35 - 2.37) that have been reported
to date. However, further analytical progress is still possible if one confines
attention to the area under the envelope curve 7,8), Defining

o0
8(x)= Q./:%'Z(x,t') (2.61)
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the equation governing the variation in @ is readily obtained by integrating Eq. (2.29a)
over all time. Using Egs. (2.28b) and (2.31b) with ¢ again set equal to zero one finds

46 4 8- j: fi Aw %{:’) /: zt'ﬁ(x,t')ﬂ(x,t') Lim sin Acw (t-1) (2.62) i

dx t—=00

where k = 2p o/c. Since the indicated limiting process is somewhat delicate, a
method of carrying it out is now given in some detail. First, one may introduce the
well known forms

f—oOO Aw
Lim cosQwt =(|___g_>
t—=e Aw Aw Ddw (263)

where P denotes a principal value. Using another standard representation for the
delta function and the principal value,

Lim cosdwt _ Lim [_l__ Dw ]
t=°  Aw €—~0 w €+(Aw?
o 3(Aw) LM €-=0 (2.64)
w €0

When these results are used in Eq. (2.62), one obtains

d6 _af [T !
K0 =% [_gtf(x,t)/V(O,X,” (2.65)
where

a=2mgla (2.66)

and o' is as defined in Eq. (2.30). As will be shown later, the population of on-
resonance atoms, i.e., those represented by‘/V(O,x,t), may be expressed as

Mo £ cos [2fargix) (2.67)

where the upper sign ic to be used if the population is initially inverted while
the lower sign is used if the population is initially in the lower level. Hence
Eq. (2.65) finally takes the form

Equation (2.68) is the area theorem(7s8). It contains the key to an understanding
of many of the effects which occur in the propagation of ultrashort optical pulses.
Again,if orientational averaging is included, the factor o should be replaced by 0/3.

16
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For ¢ = 0, the solution of Eq. (2.68) which satisfies 8 = 8, at x = x, is

tan % = tan %Q exp [‘.':-g- (x-xo)] (2.69)

and is depicted schematically in Fig. 1. M?dégications of this result due to
nonvanishing conductivity have been inferred 16) from numerical solutions of Eq. (2.68).

Since Eq. (2.68) contains a choice of signs, it is actually two distinct differen-
tial equations. The two solutions are obtained from Fig. 1 by reading the diagram
from right to left for the plus sign (amplifier) and from left to right for the minus
sign (attenuator). Hence one sees that an infinitesimal area will grow to m in an
amplifier while any area less than m will evolv=2 to zero in an attenuator. This
second result allows for not only the well-knowi decay of a pulse as it propagates
in an attenuator, but also for evolution into a nonvanishing zero m pulse, i.e.,
one in which the total area under the pulse envelope is zero but the area under the
pulse energy (~4?5 is not zero. This is of course possible if the positive portions
of a pulse envelope are equal in area to the negative portions. Physically, the
regions of positive and negative envelope are merely regions in which there is a
relative difference of 180 degrees in the phase of the carrier wave. In an
attenuator, initial pulse areas between m and 3m will evolve into the steady state
2rm pulse of self-induced transparency. One also sees that the 21 pulse is unstable
in an amplifier and will evolve into either a nr or 3m pulse.

Figure 1 refers only to the total area of a pulse and gives no information at
all about the possible breakup of a pulse into two or r>re pulses with the same
total area or of whether a continually amplifying pulse will retain an area of n by
virtue of pulse narrowing or by developing negative regions in the pulse envelope.

2.4 Steady State Pulse in an Amplifier

In addition to the self-induced transparency solution in an attenuator, a some-
vhat similar steady state result may be obtained in an amplifer if the loss term @
is retained in Eq. (2.29a). This was first recognized by observation of machine
computations(13) and subsequently obtained analytically{9). Both results have been
obtained in the limit of no inhomogeneous broadening alth?ugh certain cases in which
homogeneous broadening is retained have also been treated 9], From Eqs. (2.29), (2.31)
and (2.32) the relevant equations are

_0_37 +c%£x+27r°’£=%/)

d (2.70)

dt d X a

as well as Eqs. (2.27). The ad hoc assumption which renders the analysis tractable
is that both £ and ¢ travel at the velocity c. The differential operators in
Eqs. (2.70) and (2.71) then vanish identically and the problem is greatly simplified.

g (ﬁ_d’+c 01):-2‘1_'2 (2.71)
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It should be emphasized that there is no rigorous Justification for this assumption.
However, it has recently been noted(16) that if a steady state pulse at any velocity
v¢c 1o assumed, then the resulting numerical solution is unstable and evolves
asymptotically into a pulse propagating at v = c.

From 3q. (2.71) one then sees that 2- 0 and hence from Eq. (2.37b) that

4% .
buwt G =° (2.72)
Conscquently,
¢ lw-upt (2.73)

and from Eq. (2.22) onc sees that the frequency of the steady state pulse is always
equal to w the transition frequency of the two-level systcm(9). Since 2 = 0,

Eq. (2.37a) follows from Eq. (2.32) without the use of the slowly varying envelope
approximation. The remaining equations are now

€g=p (2.7h)
p=98N (2.75)
N=-Qgp (2.76)

where the dot signifies differentiation with respect to t - x/c and

Q:UEO//VOWO&’ . (2.(7)

Since Fq. (2.75) and (2.76) have the parametric representation

p=sin¢ (2.78a)
N =cos ¢ (2.78b)
with
NE=¢
(2.79)

Eq. (2.74) is equivalent to the differential equation

18
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abe=sing (2.80)

The solution is immediate and leads to

£- -&- sech[ Q(t-x/c)/l;] (2.81)

Also, the population is seen to be inverted by the pulse since Eq. (2.78b) 1is now
equivalent to

N = - tanh[ 2. (1-x4)/L] (2.82)

Since

(¢ 0]
nf-az: dtese (2.83)

and also because the vector whose components are / and 2 is rotated through an
angle n during the passage of the pulse, the result given in Eq. (2.81) is customarily
referred to as a nw pulse.

Steady state pulse propagation in an amplifier has also been analyzed without
the assumption of a slowly varying envelope and phase(lo). The assumption of propa-
gation at the light velocity of the medium is retained, however, and provides the
simplification that is sufficient to permit an exact solution. For pulses that are
many optical cycles in duration, there is very little difference betwecen the pulse shape
obtained with this more exact treatment and the method described above, as is to be
expected. What is of great interect, however, is the prediction of phase variation
in th2 carrier vave. The "chirp" predicted by the theory is proportional to the
squarc of the ratio of optical period to pulse width. Such a result could not be
obtained in the slowly varying phase and envelope approximation since it is equivalent
to an expansion to only first order in this ratio.

The method has subsequently been extended(ll) to include the effect of dispersion
in the host medium. In the limit of large dispersion it was found that a monotoniec
frequency sweep is predicted. Such chirping of ultrashort pulses(g%s3E$en observed
experimentg%}y and offers new opportunities for pulse compression‘--? and population
inversion The chirp that developes in the presence of large dispersion is found
to be proportional to the first power of the ratio of optical period to pulse width.
This suggests that cuch a result can be obtained with the framework of the slowly
varying phase and envelope approximation and in the following development, the
problem will be approached from this point of view.

When no dispersion is present and the pulse 1s assumed to propagate at the velocity
of light in the host medium, Eq. (2.21) reduces to

19



J920479-21

1

aE=—aw

(2.84)
where w = t - x/c. When E and P are written in the form of Eq. (2.22) and (2.27)

respectively but without any assumption that £ and p are slowly varying, EQq. (2.80)
yields the pair of relations

(2.85)

30 2w $8)-> (2.86)

Eqs. (2.37), with Aw again set equal to zero, are also applicable. Combination
of Egs. (2.85) with (2.37¢) and Eq. (2.86) with (2.37b) leads to

£e-p (2.87a)
w°2=-ﬂ.g/v (2.87b)

Eqs. (2.37b) and (2.37c) may be combined to yield
Qzaiw(?q:“mg * g;t("”z) (2.88)

in which Eq. (2.39) has been employed. From Egs. (2.87), (2.37) and (2.39), one
obtains

2
22=02/V2(|—/\/2)/ [|+02/\/2] g_a/_ = —w, o[l -N ]

1+a2/ 2 (2.89)
a=8/0 w, (2.90)
Finally, Eq. (2.88) yields
2 2

+Eh)?z ['”"MZM (2.91)

Unfortunately, one cannot solve Eq. (2.89) explicitly for the explicit time

dependence of /. Solution of Eq. (2.89) merely leads to the inexplicit relation
equation for N which has the solution

awew = N —(02+| ) tan h-|/v (2.92)
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For a >> 1 this reduces to Eq. (2.82) as is to be expected.

The "instantaneous" frequency is

¢

dw (2.93)

Winst = Wo ~

For / = #1, i.e., at both ends of the pulse

Wingt =Wo [l— 02/(l+02)] (5.0
2.9

while at the center of the pulse A = 0 and

Wingt = wp(+a?) (2.95)

The fractional shift in frequency is 2a2/(l + a2). For a picosecond pulse at
ly, a ~a10'3 and the fractional frequency shift is ~10~. The absolute frequency shift
is 300 mHz.

The calculation outlined above was subsequently(ll)extended to include dispersion
in the host medium. The dispersion was treated by standard methods of linear wave
propagation. It was found that in the limit of large dispersion, the chirp becomes
proportional to the first power of the ratio of optical period to pulse duration
rather than to the second power as was found in the previous calculation. As is to
be expected, then, this limiting case can be treated in the slowly varying envelope
and phase approximation and this formulation is developed below.

The wave equation given in Eq. (2.1) is readily modified to include effects
arising from the presence of a host medium. Since the effect of the host is merely
to provide an additional contribution to the polarization, one need merely introduce
an additional polarization term Pnr to describe this nonresonant contribution. The
total polarization in Eq. (2.1) is then

Pz P'L+Pnlb (2.96)

where the first term, P,,, is the resonant polarization resulting from the interaction
of the wave with the two-level system suspended in the host medium. The frequency
dependence of the nonresonant polarization is conveniently described in terms of a
susceptibility x (w) by writing
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T00) ~iwt
P f o B e X WEW) (2.97)

where E(w) is the Fourier transform of the electric field vector

E (w) =/_°:Od1e““' E) (2.98)

In the neighborhood of the carrier frequency Wy the susceptibility may be
approximated by
2
am x(w)=a,+ 0, (wo/w)
(2.99)

Hence X is real and X(w) = x{-w) which assures the reality

Note that any absorption associated with an imaginary part of X is ignored.
The nonresonant polarization then satisfies

where a, and a, are real.
of Pnr'

(2.100)

For an electric field polarized in the Y direction and travelling in the positive X
direction, it follows from the Maxwell equations that the associated magnetic field
vector is

- d x (2.101)
where k is a unit vector in the Z direction.
Energy conservation is expressed by
. 4 9 (E%nl) 4+ 4T .ﬁk:_f&_v( 2+mu_29_)
\Y) (EXH)+20 dt(E )+ C E 3t c ok 2 ot (2.102)

where Eq. (2.21) has been employed. If one assumes that a steady state pulse is

maintained by a balance between ohmic losses and resonant gain, then the right-hand
side of Eq. (2.102) will vanish.

The left-hand side may be simplified and one finally
obtains

£ (& $F - ¥ i‘?‘%)o (2.103)

If it is assumed that E is of the form of a steady state pulse with envelope
velocity Ve and phase velocity Vp then one may write

E=jExl (f-x/vp)cos[wo(t—x/vp)+ 4>(f—x/ve)] (2.104)
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From Eq. (2.101)

VXH = cj {— L JE , wof (L - t)(?fcsin V- g cosV)

Ve Ox Ve \Ve
(2.105)
2 (l___L. j" t-E}
where © Vez sz —00
£.= Lcos ¢
£i=Esin ¢ (2.106)
and
¥ = wolt=x/vp) (2.107)
When second harmonic terms are neglected,
9 - 0
x & B vZ of EE (2.108)

and Eq. (2.103) takes the form

2 1
|_< __¢i>a_sz 2 [(.L.-L)-_."Z] dt'e =
|+ g + wsc E- [dtE=0
C o} 2 0 PR
2 Vel | Ot ve. W/ ¢ ~o (2.109)

Since the two terms in this equation have a completely different time dependence,
one must require that they vanish separately. This yields

L = Vi+a
Ve 0
. (2.110)
v, © Viteg Ve,
Turning now to the wave equation for the medium under consideration, one has
2 2 2
0E 1+ 0 G 47 0 opr (2.111)

E —
o ¢ ot 2~ & ot ot

With the velocities as determined above, the left-hand side of this equation reduces
to a perfect time derivative and one finds

woAEo(ZsCOSw'ZcSi"lP)=UE+da—Pf'£ (2.112)
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where
2mA= ~ Jaz(|+ a,)

(2.113)

!

The resonant polarization is of the form

P, = nog,[—psin(w+¢)+2cos(w+¢)] (2.114)

where { is as defined in Eq. (2.107). Employing the slowly varying envelope approxima-
tion,

[

2 = ~woflo p [P sin+di+2 cos (y+¢] (2.115)

QU

and Eq. (2.112) yields

(Cy & -Dsing-(LL-P)cos¢ =0
(C,g-ﬂ)sin¢+(§y£’-2)cos¢=0 (2.116)

Two expressions may now be formed for tan ¢. When they are equated, one finds

(Lg-p) =-lyLg-2) (2.117)

where  is as defined in Eq. (2.77) and

Y= WoA/o (2.118)

Since all terms are real, each side of Eq. (2.117) must be zero and hence one obtains

pP=LE

2=y88 (2.119)

From Egs. (2.119) it is seen that y represents the ratio of the in-phase component of
polarization to the out of phase component. For a dispersionless system y = O and
hence Z = 0. The effects of dispersion may therefore be considered to be large

when v = 1.

From Eq. (2.39)

A (2.120 ;

e

n
=
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and from Eq. (2.37a)

AN _ _Q g2
at C(l+7)(l WS (2.121)

The population is again seen to be inverted by the pulse for the solution of Eq. (2.121)
is

N = —tanh (t/7,)

(2.122)
where
Tp=L(1+y2/Q (2.123)
The pulse shape, which follows from Eq. (2.120) is
- 1.
From Egs. (2.88), (2.119) and (2.120),
E&f —— ;Z./y
t Tp (2.125)
and the "instantaneous" frequency is
5 _..a.é 8 |+ Y
Winst 07 0 wf WoTp A (2.126)

Hence, for vy comparable to unity, the frequency sweep is proportional to the first
power of the ratio of optical period to pulse width.

For large it may be easily seen that the population inversion takes place by
' {359

means of adiabatic rapid passage . Introducing a position vector in a three
dimensional /2 , 2, N space according to

R=iP+]2+kN (2.127)

and a vector describing the electric field and the detuning of an individual two-
level system by

£ g +k 32

ot (2.128)
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Egs. (2.37), with f set equal to zero, may be written

dr _
. at - EXR (2.129)
For large vy, the angle between‘g and‘E is given by
cos 8 = —— [
RITE > 20

Hence the position vector remains collinear with E. As the pulse passes a given
two-level system and g% goes from Y/Tp to -y/Tp the & component of R must proceed from
1 to -1.

It is to be expected that future research in the field of ultrashort pulses will
place increasing emphasis upon the phase characteristics of such pulses.

2.5 Transformation of Equations for a Two-Level System

It has been found useful to observe that Eq. (2.37) are a set of scalar equations
which have exactly the same structure as the Frenet-Serret equations of differential
geometry(36). It is known that the s?lgtion to such a set of equations is equivalent
to ths solution of a Riccati equation 30) To show this, one first recalls from
Ey. (2.39) that an integral of Egs. (2.37) is

Ny P2e2%= (2.131)
Two new functions may now be introduced by writing
N+iP . 1+2 . $
-2 NTip T (2.132a)
A+iP 42 (1 g
=2 N+iD ¥ (2.132b)
Equations (2.132) may be inverted to yield
_ |=-¢y _ 2red
N - ¢_w - |¢|2+| (2'1335-)
p iy i+éy - 2Imo
-y |3+ (2.133p)
PR |l
-V o2+ (2.133¢)

Equations governing the time dependence of ¢ and ¥ are readily deduced by inserting
Egs. (2.133) into Egs. (2.37). It is found that ¢ satisfies the Riccati equation
do i
=22 ige + F(t+92) (#2-)
ot (2.134)

and that ¥ satisfies the same equation.
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One may now employ the usual transformation to convert this Ricecati equation to
a seccond-order linear equation. If the phase term is neglected the problem is reduced
to that of solving the equation

ol 62, @2, g

+ (f+8+2i) w=0
where the dot signifies differentiation with respect to 1. The new dependent variable
w is related to ¢ through the transformations w =u exg-= _; dr' &) and ¢ = (2i/f)
d(lHU)/dT. From well-known properties of such second-order differential equations, it

follows that in general it is impossible to write ¢ or ¢ explicitly in terms of
quadratures of £.

Equation (2.135) is particularly instructive since it puts power broadening in
evidence and provides an immediate contact with results obtainable from the well-
known vector model for describing the response of a two-level system to an external
field 37 . We now digress briefly to consider this approach. For a constant
envelope g = g(yEq. (2.135) is readily solved in terms of the functions

W = exp (:t L;—« /1248 2 > (2.136)

If the population is initially in the lower level and the pulse is turned on at
1 = O, then the proper initial condition for w is readily found to be w(o)/w(o) =
i(f - Zo),(f‘2 +£2)2 and one obtains

N = —i+2cos a sif(fr/2) (2.137)
where

a = tan (/&)
(2.138)

This constant field result agrees with that obtained from the geometric model. It
should be emphasized that although the vector model itself is applied for arbitrarily
short pulses, Eq. (2.137) is only applicable if the pulse envelope varies slowly

on the time scale Q~~. For the ultrashort optical pulses under consideration here
this condition is violated. An example of a time dependent pulse profile for which
Eq. (2.134) is still soluble in closed form is the steady state solution for self-
induced transparency, namely

£ = 2secht (2.139)

The solution of Eq. (2.134) when £ has the form given in Eq. (2. 39) and which takes
on the velue -1 as T - -» may be shown to be
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__ t=iexplio/2)
® - f-iexpl-ia/2) (2.140)
where
N -1 T
o= fdr'é’ = 4fan ‘e
-0
(2.141)

Eqs. (2.133) then yield expressions for the response of the system which agree with

Egs. (2.56)

2.6 Specialization to a Soluble Model

Although it is possible to obtain a falirly complete analytical description of
steady state pulse propagation in an inhomogeneously broadensd medium, other very
interesting features of pulse propagation have not thus far been found to yield to any
simple analytical treatment. It has been noticed, however, that if inhomogeneous
broadening is neglected, the analysis may be pursued much further. Fortunately, it
has been found that results predicted on the basis of such a model are preserved to
a conciderable extent when inhomogeneous broadening is included and the morc complete
set of equations is investigated by numerical computations 14,53 . Furthermore, the
model is not without physical interest in its own right since, as mentioned above, it
may be used as an approximate description of optical pulse propagation under condi-
tions of extreme saturation broadening.

The cimplification introduced by the assumption of vanishing bandwidth is im-

mediately evident when one recognizes that Eq. (2.134) becomes linear for f = O.
The solution is then

: + el
p:Ie (2.142)
where o is given by Eg. (2.141) or equivalently,

g = aO'/aT (.]_ll»_’j)

The choice of sign in Eq. (2.142) is again related to the two relevant initial con-
ditions A/(gl - ®) = t1. From Eq. (2.133) there follows

N=2%coso (2.14h4a)
Pt sino (2.1441)
.Q =0 (2.1hke) J‘
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and Eq. (2.35) takes the form

% _ ...
deor - Tsine (2.145)

This nonlinear partial differential equation is the fundamental equation of the
model, Fortunately, it has already been studied extensively since it
arose long ago in the theory of pseudospherical surfaces, i.e., surfaces of constant
negative curvatur? 38 5) More recently, it has arisen in the analysis of many
physical problems .

The general solution of Eq. (2.145) is unknown. However, a variety of particular
solutions corresponding to specific pseudospherical surfaces, have been discovered.
One rather large class of solutions is expressible in terms of the variables

usatr+ ¢/
v=at -¢/a (2.1L46)

where a is an arbitrary constant. In terms of these independent variables, Eq. (2.145)
takes the form

v (2.147)

The above-mentioned solutions are of the form

o(uy) = 4ton"[F(u)/G(vﬂ (2.148)

Substitution of this assumed form into Eq. (2.147) leads to the requirement that
F(u) and G(v) satisfy the equations

F/2z —kF*méré+n
6'% = k6* +m?-1)?-n (2.149)

where k, m and n are arbitrary constants. The various psuedospherical surfaces cor-
responding to such solutions are known as the surfaces of Enneper and have been
exhaustively catalogued by R. Steuerwald(h6).

Among such solutions are to be found analytical expressions that describe not
only the stcady state 2n pulse assoclated with self-induced transparency but also
solutions that correspond to a Um pulse as well as pulse envelopes for which the total
pulse area is zero, so-called zero m pulses. As noted previously, the negative part
of the envelope in such a pulse is merely the way in which the present model accom-
modates a phase change of m that could teke place in a more complete theory in which
the phase term ¢ of Eq. (2.22) were retained 8’h7). The U solutio? ﬁxhibits the
pulse breakup phenomenon that hag been observed both experimentally 8 and in more
complete numerical computations s1
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Another, and more general, method of obtaining solutions is to use the fact
that Eq. (2.145) is an example of an equation which admits of a Baecklund transforma-
tionl*%:%9), Tnis transformation theory may be interpreted geometrically as the
transformation of a surface which represents a solution of a given partial differen-
tial equation into another surface which is the solution to the same or, in some
cases, another known equation.

For Eq. (2.145) the transformation equations are(38’ 39)

L d L inl =%

£ v 25 (2.150)
d in(S

;—d—r_(a'-%):a sm<°'+2°.> (2.150p)

One may easily show that both g, and o, satisfy Eq. (2.145). Hence, from a given
solution o, one may obtain a new solution ¢, which contains not only the constant a
but also an arbitrary constant of integration. This transformation may be used
repeatedly to generate a solution o, from 0, etc. For extensive calculations of this
sort, it has been found convenient to use a symbolic representation of Eqs. (2.150)
in which a transformation from a solution g; toa solution g, with a constant ay is
represented as shown in Fig. 2. As a first usage of such muitiple transformations,
one may show quite readily that the four solutions that are related by the trans-
formation depicted in Fig. 3 will satisfy

0'!—0'9 - g, + Q2 g -0
which, quite remarkably, does not involve any quadratures. A simple algebraic
manipulation of the eight equations impiied by Fig. 3 leads immediately to Eq. (2.151).
It will be shown subsequently that this result may be used to construct a Ur pulse as

well as a number of different types of zero m pulses.

If a; = ay and the integration constants in ¢, and o, are different, this
relation merely yields

= +
9300 =T (2.152)

When the integration constants are the same, the resulting indeterminate form may be
evaluated from the usual Taylor expansion and one finds

(253 22 2

a |/ 2\0da, 9y, 9 (2.153)

Where vy, 1s the comstant of integra.ion arising from the solution of Egs. (2.150).
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It will be shown that the compounding of transformations shown in Fig. 4 ylelds
a 6m pulse. An obvious gencralization to obtain a 2nm pulse and undoubtedly more
complicated zero n pulse suggests itself immediately but the subject has not been
pursuecd bey~nd thiz point.

All of ther above solutions represent modes of propagation that are realizable
in an attcnuator. It has been found that a solution which appliecs to a lossless
amplifier, the n pulse, is contained within the family of solutions that results “rom
the specification that o be of the form o(ft). Suc? solutions have also been con-
sidered within the context of differcntial geometry and have b?cn used recently
in the attcnuator case to describe coherent resonance fluorescence 51).

2.6.1 Specific Pulse Profiles

We now turn to a more detailed consideration of the various solutions of
Eq. (2.145) that were mentioned above. The results are, of course, meagre in com-
parison with the complete analytical description of the evolution of arbitrary initial
pulsc shapes that can be obtained when dealing with linear initial value problems.
However, the particular solutions that have been found do exhitit many of the import-
ant and interesting features of optical pulse propagntion as !t has been observed
both experimentally and as output from numerical conputations.

2.6.1.1 2n Pulse

As has becn indicated above, a largc number of pulse profiles may be obtained
for propagation in an attenuator. Perhaps the most widely known solution of this
type is the one related to self-induced transparency. It may be obtained in a number
of ways, the simplest being that of assuming a steady state solution of the form
a(t - x/v). Such steady state solutions will be discussed subsequently. The solution
may also be obtained by noting that o = O ie a solutiorn of Eq. (2.145). This esolution
may then be used as o, in the Paecklund transformation given by E3s. (2.150). Choosing
the lower sign in the eerond Eqs. (2.150), as is required for propagation in an atten-
uator, the two resulting first-order differential equations have the solution

o, =4ton’'e”
' (2.15h)

where v is as defined in Eq. (2.146 ). One cons tant of integration hns been set cqual

to zero cince it merely serves to translate the initial location of the solution along
the v axis. The corresponding electric field follows from Eq. (2.143) and one finds

£ = 2a sech v= 20 sech [on("‘*/")] (2.155)

where

v (Hé) (2.156)
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-1
From Eq. (2.155) one sees that (8Q1) = determines the width of the pulse envelope.
Therefore, setting &} = Tp'l where 7_ is the pulse width, the expression for the
)Y
electric field envelope becomes

Eo , 2 -
g sech (t-x/V)T, (2.157)
vhare
| | ’ |
vEota s li+tuy/uy) (2.158)

o' is as defined in Eq. (2.30) and U, and Um are the energy densities of wave and
medium respectively. The last form for the velocity given in Eg. (2.158) is
particularly instructive and has been derived(52) on simple physical ground by
merely equating the average energy of both wave field and medium, VTp(Uw + Um), to
CTpr the amount of energy that flows through the volume Vr_ at the light velocity c.
Egs. (2.157) and (2.158) agree with Eqs. (2.54) and (2.4k4) En the appropriate limit,
namely g(Aw) - 6(Aw).

2.6.1.2 Um Pulse

It has been observed both experimentally(e) and from machine computations
that the combination of field strength and magnitude of dipole moment sufficient to
induce two inversions in the population of the two-level system, a so-called by
pulse, does not propagate as a single pulse but rather separates into two separate
?Y7pgéies. Such pulse separations are also exhibited by the analytical solutions

947}, The bn pulse is obtainable as the function o- in Eq. (2.15.) when one
chooses gy = 0. If one chooses the lower sign in Eq. (2.145), as is appropriate for
the attenuator, then

- ) 2.1
o; = 4fan ! [exp(ui)] yiz 1R (2.1592)
where
y = g T=¢/0 (2.159p)
The resulting expression for 03 may be put in the form
+ sinh7 (y,-v
s « aton|(Qutgz) SN2 (nove)
cosh s (v +v;p) (2.160)

For a; > 0, a, < O the function o3 in Eq. (2.160) varies from -2n to 2n as T proceeds
from -» to ®, Since
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g5 [Td1f = ol@ - )
(2.161)

one may expect that the assoch ted electric field will correspond to a 4m pulse.

-1 ;
Setting a2 = 7, , -axQ = 1" using Eq. (2.143), the electric field is found
to be

Eoé"g - (2/7,)sech x + (2/Tz)sechy
i) ~ " 1-B(tanh x tanh y-sechx sechy)
(2.162)
where A = (T2 _1-'2)/(-!-22 + T2
B =21 T,/(7% + T?)
x = (t=x/v,)/T
Y = (t-x/ve)/ T,
(2.163)
and the velocities Vl and V2 are
Tl/.’ = 1+ Q%1<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>