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PREFACE 

The research described in this report was performed under Contract 

No. DAJA37-68-C-1490 entitled Experimental and Theoretical Investi¬ 

gation of Pavement Deflections, between the U.S. Army European Re¬ 

search Office and the University of Dublin, Engineering School, Trinity 

College. The work was conducted for the U.S. Army under Research 

and Development Project R&D 1537. 

The contract represents a continuation of research into behaviour 

of boulder clay subgrades in flexible pavement design. The w^rk of 

previous contracts has been extended to include consideration the 

entire layered system including subgrade. 

The sponsorship of the U.S. Army is gratefully acknowledged. 

We are especially Indebted to Messrs. J.F. Appleby and R.J. Ahlvin 

of U.S. Army Staff for guidance in planning the research. The assist¬ 

ance of Dr. J.C. Byrne and Mr. P.M. Clarke of the T.C.D.Computing 

Centre is gratefully acknowledged. 
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ABSTRACT 

This report presents a coordinated study involving a laboratory 

investigation, theoretical analysis and field measurements of stresses 

induced in flexible pavements by moving wheel loads. The experi¬ 

mental investigation concentrated on improving the simulation of 

field environmental conditions in laboratory tests. Theoretical work 

entailed extension of the finite element techniques to computation of 

permanent displacement in non-linear multilayer pavements. The field 

work consisted of stress measurements in a two-layer pavement subject¬ 

ed to commercial traffic loading. 

The laboratory tests indicated that the modulus of resilience is 

virtually independent of stress intensity and number of load repetitions 

provided the boulder clay samples are preconditioned. Conditioning 

consisted of electro-osmositic saturation and curing at constant 

moisture content in the current tests. 

The finite element program was developed to the stage where either 

linear or non-linear material properties in any combination can be 

handled in pavement structures of one to four layers. Results obtain¬ 

ed to date in trial problems indicate that the finite element program is 

working correctiy and yields realistic answers to pavement deflections. 
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A method for eliminating tension is unbound granular layers is present¬ 

ed. Results of the trial problem are given in the report. An investi¬ 

gation of Poisson's ratio for clay soils is included in the section devoted 

to theoretical analysis. 

The results of the set of stress measurements in the subgrade for 

an unbound gravel layer on a boulder clay subgrace are given. The 

data have been analysed on a statistical basis. The data are of 

limited usefulness because displacement measurements were not 

accomplished. 

é 
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CHAPTER I 

INTRODUCTION 

The research described in this report forms a continuation of the 

work undertaken in our final report (December 1968) under Contract 

DAJ A37 - 68 - C - 0206. As in the previous report three aspects 

related to pavement design are covered herein; laboratory investigat¬ 

ions into the behaviour of boulder clay subjected to repeated loading, 

theoretical analysis of multilayer systems and field measurements of 

stress and displacement in flexible pavements. The report is present¬ 

ed in three parts corresponding to the current status of the findings 

in each branch of the project. 

Part I. 

The experimental work of Part I was performed in the period 

September 1968 to August 1969. The object of the testing program 

were as follows: 

(i) To seek refinement in techniques of sample preparation, with 

improved simulation of environmental field conditions in laboratory 

repeated load tests. 

(ii) To Investigate the effects of ageing of specimens on the resilient 

modulus of compacted boulder clays. 
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(Ui) To determine the range of the resilient modulus for single stress 

levels per specimen as opposed to the stage tests of several increments 

on the same specimen. 

Part. II 

This section is a continuation of the theoretical study of multi¬ 

layer systems begun under previous contracts. 

The development is advanced to the stage where numerical results 

are available for pavement structures consisting of two to four layers. 

The analysis provides facility for handling either linear or non-linear 

material properties in any desired combination. Numerical data for 

both recoverable and permanent displacements are available: The 

analysis is based on the finite element method mentioned in our 

previous report. A readout of the digital computer program with some 

explanatory annotations is given in Appendix I. The introduction to 

Part II appears on page 14. 

Part III 

The work in this section deals with measurement of stress and 

displacement in a two-layer experimental pavement. 

Most of the measurements pertain to the boulder clay subgrade. 

A brief description of this project appears in our previous report, 

details of progress to date can be found in Chapters 6 and 7 . The 

introduction to Part III appears on page 46. 

Chapter 7, as well as containing conclusions from the investi- 
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gâtions, also includes some suggestions for additional research 

which would appear necessary for future advancement of theoretical 

pavement design. 



CHAPTER 2 

EXPERIMENTAL INVESTIGATION OF SOME FACTORS OF INFLUENCE 

ON RESILIENT MODULUS DETERMINATION. 

2 . I. General. 

The laboratory testing programme was planned with two factors 

pertaining to repeated load testing in mind. 

a) the influence of ageing on the resilient modulus of compacted 

boulder clay. 

b) the influence of stress history on the resilient modulus. 

An evaluation of ageing effects is required for setting up routine 

test procedures, and the influence c.. stress history has a bearing 

on the technique tc be adopted fcr conducting repeated load tests. 

In our previous report only cursory attempts had been made to account 

for ageing of specimens prior to testing, and most determinations of 

moduli pertained to stage tests where several increments of load were 

successively applied to the specimen. The effects on the modulus 

of applying one deviator stress had not been investigated. That 

both ageing and stress history should be evaluated for clay samples 

representative of actual subgrade materials was deemed imperative. 

The criteria for simulation field compacted boulder clay in service 

was judged to be the following: 

(a) Uniform density throughout specimen. 

« 

■4- 



(b) Degree of saturation to exceed 95%. 

(c) Homogenous soil with controlled grading. 

Accordingly, the first phase of the programme was to achieve the 

desired criteria in laboratory prepared samples. The brown boulder 

clay typical of the upper zone of Dublin area was selected. Thirty 

samples referred to as the A and B-Series herein were tested. 

2. 2. Sample Preparation For Repeated Load Tests. 

Grading. 

The test specimens were prepared from one bulk sample. The 

soil was air dried and passed through a%*lnch sieve. The natural 

material is well graded as shown in Particle Size Distribution Chart 

Fig. 1. 

Compaction 

Because in practice the moisture content and dry density specified 

for field compaction are close to the optimum values of the Standard 

Proctor, the repeated load specimen were moulded dry of Proctor 

Optimum. Dry densities between Proctor Optimum (117.2 P.C.F.) 

and Modified A.A.S.H.O. Optimum (127.0 P.C.F.) were employed 

with an average of 122.0 P.C .F. 

The specimens were compacted in six layers with a 5.5. lb. rammer 

falling 12 inches per blow. To obtain a uniform density, the number of 
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blows varied from layer to layer starting with 30 blows on bottom 

layer and 21, 22, 23, 24, and 25 blows on remaining five layers. 

In the case of the B-Series the compactive effort was increased 

by using a rammer drop of 18 inches with the same set of blow counts; 

the tests on the A-Series samples indicated that more consistent trends 

in moduli determinations are obtained at high densities. 

Saturation 

The degree of saturation was raised to values exceeding 95% us¬ 

ing an improved version of the electro-osmosis cell described in our 

previous reports. The new cell is shown in Fig 2 . Electrophoresis 

and heating of the specimen were minimised by keeping the current 

below 150 mA. In general, a potential of 7 0 volts was found to be 

sufficient. The pH of the sample was checked before and after a 

2 hour treatment - no detectable change in pH was induced in glass 

electrode PYE pH Meter. 

Curing 

The ingress of moisture vis electro-osmosis requires some period 

to permeate the entire clay structure and attain an equilibrium dis¬ 

tribution. This is one reason why curing is necessary. Another, is 

the gain in strength due to thixotropy that is a characteristic of some 

clays. The overall effects of curing was investigated by testing 

samples at different ages ranging /rom 1 to 56 days after compaction. 

The specimens were wrapped in cellophane and placed inside a 
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plastic tube 4- inch i.d., the ends of the tube were sealed with 

plasticene and layers of cellophane. In order to establish the long 

term efficiency of the ageing cell, a specimen was allowed to stay in 

one for 9 months. At the end of that period the loss in moisture was 

0.1% which is considered negligible. 

2.3. Repeated Load Testing. 

For the purpose of reporting the results of the repeated load tests, 

the samples are grouped into A-Series and B-Series tests. The A-Serles 

samples were subjected to a single constant deviator stress per speci¬ 

men. The deviator stresses employed were 3, 6, 9 and 12 p.s.i. 

The B-Series were stage loaded in increments of 3 p.s.i, in the range 

3 to 12 p.s.i. 

The repeated load test equipment is described in our report dated 

September, 1967. No modifications to the equipment were necessary, 

but following a thorough checking of the response of rubber and plasti¬ 

cene specimens a defect was found in one triaxial press. Due to 

fatigue in the springs clamping the proving ring assembly to the hy¬ 

draulic load capsule, a permanent deviator stress of the order of 2.5 

p.s.i. inadvertently acted on the specimen. Unfortunately, the 

results of the twelve tests were negated before the defect was tracked * 

down. However, the erroneous tests did show that the modulus reaches 
« 

exaggerately high values if a permanent load accompanies the pulsed 

deviator stress; it appears, that pre stress raises the modulus of 
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resilience. None of these test results are included herein. 

Plots of the Modulus of Resilience-vs-Number of Stress 

Applications are shown in Figs. 3 through 6. 

The A-Series of tests were conducted at six different ageing 

periods (1, 3# 1, 14, 28, and 56 days). The B-Series were tested 

after a curing time of 7 days. 

2.4. Special Tests 

A limited number of special static loading tests were run to check 

the initial magnitude of the deformation modulus. This course was 

taken because it is difficult to get reliable readings of modulus at 

less than ten stress applications in the repeated load machine. The 

results of the static tests are shown in Figs. 7 and 8 

Although Intended primarily for Initial modulus determinations these 

tests also provide data on creep under static loading!* 

*The instantaneous modulus was determined in the set of special 'static 
tests ' using a deadweight loading device similar to that described by 
Spence and Glynn (1962). Electronic recording of deformation is feature 
of the new machine used in these constant stress tests. 

* 
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CHAPTER 3. 

TEST RESULTS AND DISCUSSIONS. 

3. 1. Influence of Ageing of Specimens on Modulus of Resilience. 

The modulus of resilience-vs-number of stress applications for 

different ageing periods is plotted in Fig. 6 . Because, this group 

of tests were conducted at the same deviator stress and furthermore 

the moisture content and density is approximately the same for all 

specimens, the variable time of ageing is really evaluated. Referring 

to Fig. 6 . it is seen that at 1000 stress applications the modulus 

lies between 2000 and 3000 p .s 

The sample aged for 7 days has a modulus of 2500 p.s.i. which 

represents the mean value of this set. The sample aged for 1 day 

yields an irregular dependence of modulus on number of stress 

applications - a trend that is not evident at greater ageing times. 

In general, higher moduli values pertain to the longer curing periods, 

but the strength gain is less than 25% in two months. Consequently, 

the ageing time of 7 days seems entirely adequate for the Dublin boulder 

clay, and even a 3 day curing period after electro-osmotic saturation 

will yield a realistic, but somewhat conservative, value for the mod¬ 

ulus of resilience. The Dublin boulder clay has a low sensitivity 
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(of the order of 2.5) which undoubtedly accounts for the low dependence 

of strength on age after moulding. Many boulder clays have low sensi¬ 

tivities, therefore if sensitivity is adopted as an index to curing time, 

the 7 day ageing period would seem acceptable for glacial tills. It 

must be emphasised however, that for clays susceptible to thixotropic 

strength regain, a separate investigation along the lines of the current 

tests may be needed to access the influence of ageing. In any case, 

the thixotropic strength regain tends to disappear with repeated stress; 

applications; the modulus becomes independent of ageing between 

1,000 and 10,000 repetitions. Seed et al., (1955). 

3. 2. Influence of Stress History on Modulus of Resilience. 

Some impressions of the influence of stress history on modulus 

can be gained from the plots of Resilient Modulus-vs- Number of Stress 

Applications shown in Figs. 3 through 5, and the plots of Instantaneous 

Modulus-vs-Deviator Stress Fig. 7 . 

The specimens of the A-Series had no prior stress history whereas 

stress history enters each deviator stress except the first in the B- 

Series. The moduli determined in the A and B-test series are in the 

range 2000 - 3000 p.s.i. The instantaneous module determined in the 

static tests varies over the same range of values. 
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The repeated load test results indicate that stress history has only 

a minor influence on modulus. The trend is one of slight increase in 

modulus if the specimen had been subjected previously to a lower 

deviator stress. The static creep tests results shown in Figs. 7 

and 8, substantiate this finding. The creep tests exhibit almost 

the same magnitudes of axial deformation at a given stress intensity 

irrespective of previous loading sequence. 

3.3. Effect of Dry Density on Modulus of Resilience. 

Variations in density can mask the effects of stress history on 

repeated load test results). If densification accompanies permanent 

deformation an increase in modulus may be expected. On the other 

hand, if the permanent deformation is attributable entirely to creep, 

the modulus will be more or less independent of stress history. To 

pursue the effect of density on modulus determinations, the plot 

shown in Fig.9 was prepared. Due to emphasis on control of den¬ 

sity and moisture content in this investigation, the data for the mod¬ 

ulus-vs-density plot relies on the small range of random depa.^ures 

from the intended density. Nevertheless, these minor variations in 

density do give a clue to the transition from densification cum creep 

to purely creep deformation. 

On the basis of Fig. 9 it is concluded that the modulus of this 

soil is independent of dry densities in excess of 122 P.C.F. 
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s .ence 

Referring to our previous report end tHe work of other Investlgetlons, 

Wlffln and Lister (19 62 ) Brown and Pell (1967) Seed et el (19 67 ) It will 

be noted that earlier determination, of moduli were strongly influenced 

by magnitude of devletor stress. ,.™ral. the greeter the magnitude 

of devletor stress the lower the modulus reported. That this trend has 

been revoked In the current tests 1. a significant finding. The cu rent 

tests Indicate that the modulus Is virtually Independent of deviator 

stress and number of load repetitions 

The notable exceptions are found In the tests conducted at a deviator 

Stress Of 3 p.s.l. but even In the case of low devlatoi stresses the 

dependence on sues, level 1. notas pronounced a. hitherto reported. 

The enhanced value of these data are apparently the outcome of sample 

conditioning prior to repeated load testing. A linear modulus greatly 

(acuítate, theoretical analysis of pavement deflection.. There are 

rea.on, to believe that clay, deform re.lll.ntly In direct proportion to 

the applied stress In most field environments. 

3* 5* Of Sample ÇyidItlonInQ TmphnjqVe>. | 

the techniques of sample preparation developed In this Investigation 

W«. motivated by the need to simulate the long term behaviour of clay 

.upgrade, in service. It was known beforehand that a flocculated .oil 

structure 1. obtained a. a result of compaction at moisture content, dry 



of Standard Procter optimum in most compaction jobs. In temperate 

moist climates, such as the British Isles or the North West coast 

region of the United States, there is a tendency for ingress of moisture 

into compacted fills. It is conservative to assume that the natural 

moisture content reaches equilibrium at degrees of saturation exceed¬ 

ing 90% 

In the current series of tests, the structure, density and final 

moisture of the repeated load test specimens are presumably representa¬ 

tive of many subgrade conditions. However, supplementary tests on 

existing fill materials are required to confirm this deduction. Unfort¬ 

unately, the random distribution of coarse aggregate in any fill material 

makes precise checking difficult. Perhaps X-ray or sonic methods could 

be used to select samples of existing fill materials. 

There is no doubt that the proper conditioning of the freshly mould¬ 

ed soil plays an important role in determination of material parameters. 

The marked improvement in data trends and consistency of results in 

this report is thought to be almost entirely due to sample conditioning. 

Perhaps the most significant single factor is the eradication of stress 

dependent moduli. This situation is in sharp contrast with our earlier 

test results, where no concerted effort as made to condition the test 

specimens. 
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PART II 

CHAPTER 4 

DETERMINATION OF STRESS AND DISPLACEMENTS IN FLEXIBLE PAVE¬ 

MENTS BY NUMERICAL PROCEDURES. 

4. 1. Introduction. 

The second part of this report deals mainly with an application of 

the finite element method of numerical analysis to multilayer systems. 

The main object of the work of this section is to elucidate the role of 

traffic stress in the distribution of permanent displacement of the pave¬ 

ment surface and individual layers. The analysis has been advanced 

to the stage where both recoverable and non-recoverable displacements 

and the complete stress-field for pavement structures consisting of non¬ 

linear materials can be determined. Much of the new development is 

accomplished with the aid of the theoretical relationships derived in 

Chapters 8 and 9 of our previous report (1968). 

Originally the finite element method was devised for elastic analysis 

of structures with complex boundary conditions, but recent experience with 

the method has shown its potential in a wider range of problems. While 

the present endeavour to adapt the finite element technique to non-linear 

permanent displacement problems was in progress, two papers on topics 

as widely different as plastic flow and non-linear elasticity appeared. 
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Meek and Carey (1969) Duncan, Monlsmith and Wilson (1968). The 

latter paper included one aspect of the pavement problem namely non¬ 

linear behaviour of gravel base courses which had in fact been incor¬ 

porated by a somewhat different scheme into our analysis. 

The diverse range of these investigations and many others attest 

to superior attributes of the finite element method. However, the 

homogenous strain condition inherent in the direct stiffness formula¬ 

tion of finite element displacements imposes the restriction that 

deformations must be infinitesimal in the sense understood in linear 

elasticity theory. For this reason, the proposed analysis considers 

the total displacements as being composed of a small recoverable 

component superimposed on cumulative displacements, each contribu¬ 

tion to the permanent displacement being infinitesimal in itself. 

Another concept basic to our analysis may be stated thus: insofar as 

mathematical manipulation of non-linear stress-strain relationships 

is concerned, the cumulative displacement together with instantaneous 

recoverable displacement after any time interval ( or number of load 

répétitions) may be represented by single valued paramétrés suitably 

chosen to reflect the previous loading history of the material. The 

application of this concept minimises divergence in numerical solution 

of the large numbers of simulta'heous equations common to all finite 

element formulations. In practice, it means replacing the Incremental 
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Load and Iteration procedures described by Clough (19 68) by a modified 

iteration procedure. 

The digital computer program for the modified iterative process arr¬ 

ives at the solution by cyclic modification of element properties. The 

element stiffness matrix is adjusted by changing the modulus values 

assigned to any element in accordance with the previously computer- 

ed values of stress in the element and the prescribed stress-strain 

relationship of the material, i.e. the common factor ^of the stiff¬ 

ness matrix takes on different values depending upon the stress in¬ 

tensity in an element of the continuum. The magnitude of the secant 

modulus is constant in linear layers but it is a function of the stress 

in the case of non-linear layers. 

4.2. Manipulation of Materials Properties in Finite Element Analysis,. 

The properties of the conventional pavement materials may be 

summarised as follows :- 

Bltumlnous Paving. 

Deformation of bituminous materials is highly temperature dependent 

as shown in Fig. 10 . These data reported by Secor and Monismith 

(1965) indicates that stress transfer to underlying layers is greatest 

and more localised in summer. The response of bituminous concrete 

to constant stress agrees well with linear viscoelastic theory, Pagen 

(1965). Both effects can be readily assimilated in the finite element 

analysis. For instance, it appears that the response of bituminous 
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mixes could be expressed in the form: 

/ + to9,0 Nj ■Cn = 'm 
./ + togio (SU 

where 
(4. 1.) 

= creep strain p n / 

'trip - creep compliance [strain 1 
P.s.i.J 

/Vj = Total number of stress applications. 

= Number of stress applications to determine^Wpj 

(I 4 K<, ± 10). 

O“ = applied stress (deviator) £p. s.i.J 

However, the present computer program is intended for estimating dis¬ 

placements in underlying layers of the pavement, hence only the 

question of stress transfer is of direct interest at this stage ; dis¬ 

placements contributed by creep of bituminous layer is ignored. 

Therefore, in the work that follows, a single value of the stiffness 

modulus is assumed for convenience; the stiffness of bituminous 

mixes is assumed independent of stress over the small variation of 

stress within a layer for a specified wheel contract pressure. 

Granular Base Courses. 

The response of granular materials to repeated stress has been 

/■ 
The factor 

where 

V 

£s 
•V 

- VJ 
0+-9) C/-2.V) 

= Secant modulus of deformation 

= Poisson's ratio. 

*N 
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investigated by Biarez (1962), Seed et al (1967). The experimental 

work indicates that the resilient modulus is strongly dependent on the 

confining pressure, but the mean stress defined as <J~^ = */3 +0y-KIj| 

has a similar unique influence. The mean (or spherical) stress is 

more satisfactory from a theoretical standpoint; it is the stress com¬ 

ponent used herein. In terms of the spherical stress the resilient 

modulus may be written in form: 

Mr = KO (4.2.) 

where} 0 <n <1 and k = constant for any one granular material. 

The effect of the spherical stress on the modulus of granular soils is 

shown in Fig . 11. 

The inability of granular materials to sustain tensile stresses 

led to considerable difficulties in the computer program because the 

effective modulus in the direction of a tensile stress is essentially 

zero. The tendency to exhibit tensile stresses must be corrected in 

the case of granular materials. 

Cohesive Subqrade Soils. 

It appears that displacements seated in clay subgrades are the 

most significant single cause of pavement distress. Indeed deforma¬ 

tion of clays subjected to repeated loading is the main topic of this 

research. It was shown in our previous report, that the behaviour of 

clays in repeated loading is merely a specialized case of the response 

to sustained load; the study resulted in a stress-strain relationship 
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which included both the recoverable and creep components of deformar 

tion. The expressions derived in Chapter 8 of that report can be or¬ 

ganised for ready assimilation into the finite element program as 

follows : 

The resilient modulus, Mr , is assumed independent of the number 

of stress applications; this conclusion is reached on the basis of the 

work in Part I of this report. Therefore the recoverable deformation 

attributable to the clay layer can be expressed in the form: 

(4. 3.) 
where C. r denotes recoverable strain 

cr denotes applied stress, 

is the resilient modulus 

Similarly the deformation can be written as: 

where £ ^ denotes permanent strain 

Orf\p denotes creep compliance  

Uj Is total number of stress applications 

N<. is number of stress applications used to 

(4. 4.) 

determine, mip . 

cr denotes threshold stress fp.s.i. 
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CT denotes applied stress/induced stress in finite element. For 

stresses lower than the plastic yield stress the total strain is the 

absolute sum of the resilient and creep strain viz. 

The applied stress, Q~ 

(4. 5.) 

can be assigned either the deviator compon- 

J- £. 
r • 

6nt(^a7 <^(n)or the devaitoric ten sor (Tm)in deriving the 

creep compila nee, Hip, from test data. 

The deviatoric stress possesses more theoretical significance for 

cohesive materials because shear distortion is a unique function of 

the deviatoric stress. Hence an option to chance the element stiff¬ 

ness matrix in terms of either deviatoric or deviator components is 

provided in the program. 

4. 3 TTnifjpH Approach to Manipulation of Materials Parameters. 

The analysis is programmed in such a manner that the first cycle 

yields only the resilient displacement^ ^and 'elastic' stress 

field, while subsequent cycles produce values of the total dis¬ 

placement, , and any stress relaxation in overworked elements. 

The permanent displacement is given by the algebraic difference of 

displacements in the first and final cycle of the computations. 

This noteworthy simplification in programming has been effected by 

lumping the recoverable and non-recoverable deformation into a 

single parameter for any one material. Cross plots from the strain 
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vs-time curves for different stress levels yield the relationship of 

total deformation to stress intensity. The relationship is assumed 

to hold identically for test specimen and finite element. The single 

parameter, secant modulus Es, describes the total deformation up to 

and including a specified time, t. 

In the case of bituminous and clay layers this is achieved by 

drawing secUon lines on plots of strain-vs-time for various stress 

levels. Stress intercepts on the derived curve give an equivalent 

secant modulus with appropriate limiting stress. Linear viscoelastic 

materials, such as bituminous mixes, yield a linear relationship while 

clays give a non-linear stress-vs-strain relationship in any specified 

loading interval. The method of curve development is shown in Fig. 12. 

On the other hand, granular meteríais do not exhibit large time 

dependent deformations, hence the experimental stress-strain 

relationship or its mathematically equivalent expression can be used 

directly to give secant moduli-vs-stress level, see Fig. 12 . 

Although mathematical models of materials behaviour facilitates the 

programming of input date, experimental data present no difficulties. 

4. 4t Abridged Description of Finite Element Computer Program. 

It is required that the program should be capable of dealing with 

several layers of material, each with different properties, and any 
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or all of which might be non-linear. The elements which would be used 

to describe the system would be of the type shown in Fig . 13 . This 

limits the analysis to that of an axi-symmetric solid loaded axi-symmet¬ 

rically. Solution of the süffness matrix was to be by successive over 

relaxation. 

The following features were considered desirable. 

1. The input should be a minimum consistent with describing the 

structure and loading adequately, and without Imposing re¬ 

strictions on flexibility. This should help reduce the errors 

cu to incorrect data. 

2. The program should be capable of automatically modifying the 

süffness matrix during the analysis of a non-linear system in 

accordance with the change in stress in each element. 

3. It should be possible to limit the number of Itsraüons performed 

as a safeguard against setring a tolerance for convergence to 

too small a value. 

4. It should be possible to specify a different tolerance for each 

cycle of the soluUon of non-linear systems. This is to 

make it possible to obtain a rough soluUon in relaUvely few 

cycles, make changes to element properties and in the nex». 

cycle to have a slighUy more accurate soluUon as fewer 

element properties are going to be changed. In this way a 

considerable amount of computer Ume may be saved. 
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5. It should be possible to conttcl output at each stage of the 

solution. 

Initially It was hoped that the programs could be incorporated 

into the I.B.M. System called ICES (Integrated Civil Engineering 

System) as a subsystem after they had been developed and tested 

under the RAX time-sharing system. The ICES system is mede up of 

FORTRAN sub-routines but gives dynamic storage facilities together 

with a very high-level language (or each subsystem in ICES. This 

makes it possible for data to be put In along with descriptions of the 

data (which may be omitted in certain instances) instead of the usual 

form of putting figures In certain columns on certain cards. 

Unfortunately this objective was not Implemented. 

LttMtüflag 

The amount of core available placed a restriction on the slxe of 

problem that might be attempted, even using over-relaxation, ln 1U 

present form the successive over-relaxation program is capable of solving 

up to S00 equations: that is, the structure may have up to 2SO noies. 

This appears to be about the maximum that the system will allow. 

It was necessary to limit the number of layers in the structure to 

a fairly small number, and 4 layers was chosen as reasonable. As It 

was decided to describe the non-linearity of layers by giving explicit 

stress ranges over which specific values of the resilient modulus or 

secant modulus modulus were in effect, It was required to limit these 

in number. It was decided that S ranges should give sufficient flexibility. 
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4. S. Description 0< Sucossive qvef-R«UMÜQn Dynastcg,. 

A block diagram showing the main soc lions oí the program Is given 

in Fig. H. The program Is ieslgned to «Olve axlsymmetrlc problems in 

layered systems with up to four layers. Each layer may be linear or 

non-linear. The program is capable oí modifying material properties 

in accordance with the stress within each element for non-linear ele¬ 

ments using prescribed stress-vs-strain relationships. 

The criterion for such changes are prescribed maximum stresses 

within the element. Solution of the modified structure Is then In¬ 

itiated . 

A tolerance for the convergence at the Iterative over-relaxation 

process is specified,In the case of non-linear systems a different 

tolerance may be specified for each cycle. To av«id the possibility 

of too small a tolerance being »et an upper limit for ne number of 

iterations to be performed on each cycle must bt specified. 

Boundaries end externally applied nodal loads are easily specif¬ 

ied in simple forms. 

The mainline program consists of two main sections: An Input 

section which also prints input data for checking purposes, and a 

solution control section which monitors the solution. These two 

•ectlonp are discussed below. 

The sub routines have been named sequentially In the fourth 

position of the name end ere of the general form TIN-EL where the 
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gap is occupied by a hexadecimal digit (O through G). It is conven¬ 

ient that there are 16 sub routines. The numbering does not follow 

any logical sequence through the program so they will be described 

in numerically ascending order. 

FINOEL ^ 

Sub -routine to set up matrix ^ 1 ( See Appendix I). A one 

dimensional array is used. The upper left quadrant of the matrix is 

set explicitly and is copied into the lower right quadrant. 

FINIEL 

Sub-routine to change element stiffness matrix from local to global 

co-ordinates: 

[k]= [A'T[fe] [Ar 

Two matrix multiplications are involved and a transposition: the 

former are carried out in FINGEL^IATMN, the latter in the routine it¬ 

self. Re-organization of the matrix into a partitioned form is also 

carried out. 

FIN2EL 

Sub-routine to add element stiffness matrix to the structural stiff¬ 

ness matrix. The element stiffness matrix is multiplied by the con¬ 

stant factor, 



which is omitted when setüng up the matrix together with the factor of 

2 77". The structural stiffness matrix is multiplied by this term when all 

element stiffnesses have been added. 

HN3EL 

Sub-routine to perform Successive Over-relaxation. Considerable 

subscripting is required to calculate the position of entries. Where 

possible subscripting is reduced to simple incrementing inside loops 

with full calculation only once before the loop. This is not possible 

in all cases. 

The new values for the deflection vector may be calculated in pairs 

due to the small coupling between horizontal and vertical deflection 

at a node. This makes for a smaller program with half the number 

of loops and half the number of explicit subscript calculation. The 

saving of time in this section is important as up to 80% of the comput¬ 

ing time may be spent in this routine. 

Boundary points with fixed (zero) deflections are recognized by the 

'diagonal1 term being larger than 10 . The calculations are carried 

out normally until the change in deflection (4 S¿ ) has been calculated 

and then the diagonal term is scrutinised. The required chance is made 

if the test is successful, otherwise this step is skipped. The process 

is rather wasteful but unless the node is fixed both horizontally and 

vertically the loop must be completed. The row may not be set to zero 

with the exception of the diagonal term as in the compressed form sym- 
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metry is required. Deleting a row (or column) destroys the symmetry. 

The diagonal term is not required by other equations so it is used as an 

indication. 

The over-relaxation factor is specified by the user as internal 

calculation is not possible for equations of the form used. 

Convergence is tested for in the following way. The maximum 

change in value of the deflection vector is computed for each iteration. 

If this maximum change is less than the specified tolerance iteration 

is terminated and the number of iterations performed is printed. Control 

is returned to the mainline program. The maximum number of iterations 

to be carried out is also specified. Let this be N. The actual number 

of iterations performed is N+N Every N_ iterations the maximum in- 
10 10 

crement in the last iteration is printed together with the number of 

iterations performed. In this way it is possible to observe the con¬ 

vergence . 

FIN4EL 

This sub-routine is really a subsidary mainline program. A flow 

diagram is shown in Fig. 15. The following functions are performed 

by the program: 

1. Set up the stiffness matrix both initially and on subsequent < 

cycles. 

2 . Determine and print element stresses if required. 

3. Alter element properties as necessary for non-linear layers, 

and give an indication when maximum stresses are exceeded. 
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4. Indicate the total number of elements that have exceeded the 

maximum prescribed stresses. 

5. Indicate the number of element properties that have been 

changed. 

6. Call the sub-routine FIN5EL to 'fix' the boundaries of the 

structure. 

Three pointers are used to control the program - INIT, PRINT and 

the linearity indicator for each layer, LINEAR (Layer). The effect 

of the pointers is to enable certain sections of the program to be 

skipped when the information generated in that section is not required. 

Printing of element stresses is also controlled. Alternative paths 

shown in Fig. 15 are determined by these pointers. 

The matrix £ ^ j although required in several placed in the 

program for each element is only generated once. The ordering is 

such that the matrix is not destroyed until it is required for the last 

time. 

Element stresses are computed using values of the modulus stored 

in the array ELSTR. For non-linear layers this array is modified on 

each cycle to give the new values for the secant modulus. The 

criterion for change is the mean or the deviatoric stresses. As 

the system is designed for non-tensile materials an indication is given 

if tension arises in any element that is non-linear. If the maximum 
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stress specified in a non-linear J ayer Isexceeded the modulus for the 

prescribed stress is assumed ¿¿nd a warning is printed. 

FIN 5 EL 

Sub-routine to set boundary points in the stiffness matrix. A 

value of 10 is placed in each row of the matrix that corresponds 

to a fixed boundary point. The information is packed in the array 

BNDRY which is set up from input instructions by the sub-routine 

FIN9EL. The node number and fixing condition - horizontal, vertical, 

or both - are placed in one word. 

FIN6EL 

Sub-routine to form the product prior to stress determination of 

matrices [dMa'Ï 
The product tPllBl is set explicitly and is post multiplied by 

£ A”' ] • The multiplication is carried out in the sub-routine 

MATMN. 

FIN7EL 

Sub-routine to calculate element stresses divided by the constant 

factor. 

(H-V)0-2V) 
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FIN8EL 

Sub-routine to set up the local element stiffness matrix, 

FIN 9 EL 

Sub-routine to decode boundary specifications as read in and put 

them into a form acceptable to FIN5EL. 

FINAEL 

Sub-routine to decode loading specified and set up the load vector 

appropriately. Uniform loads are treated as if they were simply support- 

eu ai the nodes. 'xne routine falls when the maximum limit of a unifrom 

load exceeds the size of the structure. 

FINEEL 

Sub-routine to calculate the residual loads at each node in order to 

obtain an exact solution to the equations as they stand: that is, with¬ 

out altering the deflections. This is a useful guide to the accuracy of 

the solution as large residual loads imply considerable lack of equilib¬ 

rium. It is possibly a better guide than the convergence of deflections 

as small deflections may induce considerable stress changes. It might 

be possible to specify that iteration is to proceed until the maximum 

residual load at any node in the structure is less than, say, 1 per cent 

of the maximum applied load. 

FINFEL 

Sub-routine to print nodal characteristics at the end of each cycle 

if required. These include node number, co-ordinates, loads, and 
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and deflections. An option exists to call FINEEL and print residual 

loads as well. 

FINGEL/MATML 

Sub-routine to perform matrix multiplication. Written in 360 

Assembly Language this routine is suitable for handling matrices of 

dimension 8x8 only. 

MODVAL 

Sub -routine to calculate the influence of number of stress applica¬ 

tions on the permanent displacement in accordance with Egn(4.4). 

The number of stress applications and threshold stress are specified 

within the sub-routine data. The program must be run for each value 

of stress repetitions required. The Inclusion of this sub-routine Induces 

apparent tension. In granular materials as the creep displacement of 

underlying layers produces a local loss of support. 

4. 6. Tension Qrrpctnr for Granular Layers^ 

Unbound pavement layers present special difficulties in a finite 

element program for the same reason that closed mathematical solution 

prove difficult for 'no tension' materials. 

One approach is to assume the material to be highly anisotropic 

with zero (or very small) elastic modulus in the direction indicated by 

tension and to retain the full value of tire modulus in the compressive 

stress direction, Duncan, Monismith, and Wilson (1968). 
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Another scheme consists of applying restraining forces at those nodes 

where tension is indicated in an element, perform an elastic analysis 

and then re-analyse for a set of equal but opposite ' de-restraining 

forces'; this is known as the 'Stress Transfer' method, Zienkiewicz et 

al., (1968). 

To implement the zero modulus scheme would require major changes 

in the program, and the stress transfer method is more complex than 

necessary in a successive approximation analysis. 

By taking advantage of the symmetry of the problem, a simplified 

system of tension elimination has been devised. The method is solely 

intended to remove the troublesome tensile stresses in elements close 

to the axis of the load. In these elements the vertical stress is al¬ 

ways compressive but tension appears in hoop and radial directions. 

Further out from the axis, tension may develop in the vertical stress 

direction but correction is scarcely worthwhile and has not been im¬ 

plemented here. Starting with virtual work expression for generalised 

forcesß, given by Clough (1968) the tension corrector takes the form: 

where 

Substituting 

denotes generalised nodal force vector, 

the expressions for element stress 

(r). [d]}£¡- [o][b]{V.] 
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we may write : 

where [ ^¿ } is the tensiie stress of the elastic solution at the 

geometrical centre of an element. 

Equilibrium is automatically satisfied if forces given by above 

integrai are applied at each node of the element. Nodes on the 

vertical axis are constrained while nodes in (+ve and -ve) radial 

directions are pulled apart to the posiüons they should occupy if the 

material did not sustain tension. 

The matrix multiplication and integrations of expression (4. o.) 

are given in Appendix II. The computations indicate that vertical au 

well as horizontal nodal forces are required. However, it appears 

reasonable to ignore the vertical forces at each node, i.e. to apply 

only those forces required for horizontal straining of the elements. 

Thus four unidirectional forces are applied to the nodes of each ele¬ 

ment where tension registers at its centre. These forces are worked 

into the analysis in sub-routine FIN4EL. The program must be cycled 

at a few times for satisfactory relief of tension as the forces applied 

in one cycle induce tensile stresses in elements previously free of 

tension. Some changes in numerical factors are made also to minimise 

'out of step marching' of tension and creep computation. In general, 
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the tensile stresses are transferred from the lower Interface of the 

granular layer to the underside of the bituminour layers; Intuitively 

this is the correct transposition. In fact, it seems that a mort* 

realistic assumption would entail stretching the element unUl th~ 

tension corrector , induced compressive stress In the ele¬ 

ment equivalent to the active earth pressure; outwards spreading of 

particles from the load axis to preserve ar^ctlve pressure state 1.« 

more In keeping with the behavlous of granular materials subjected 

to vertical stress. However, reduction of tensile stresses tc sere 

magnitude Is tentatively adequate, because it simplifies programming 

without loss of generality in the procedure. 

4. 7. Input Section. 

The following data are required : 

1. Title. 

2. The number of layers that are used. 

3. For each layer: 

a) The number of rows of elements in the layer and an 

indication to say whether the layer ir linear or not. 

b) Value (s) of secant (or resilient) modulus. Orly cne 

value need be specified if the layer is linear. Other¬ 

wise S values must be specified. 
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c) lí Uw Uy«r la non-linier, ih» mdximum au»aa io b« 

allowed iof «ach valut of Cw modulua muat bc apecli- 

ttd, and al«o iht îMXlmura »haar «ueai IMI la deatmMo. 

d) Tha valut of PoUaon’a RaUo. for lhe layer Thla la a 

constant even lor non “linear layers. 

4. Tha numbar of altmanta in each row. 

5. Tha radlua ol aach column of nodtfl vor»»! more thar. tha numbar 

of alanants). 

6. Tha vartlcal ordinate of aach row of nodes. 

7. Tha boundary condulons. That« connut ol: 

a) Tha numbar of cards specifying boundaries. 

b) riva numbar» to spacify aach boundary; 

U) Typa declaration: 1. Indlcaiea a row. 

2. indicates a column. 

(U)Row in which the first nod# to be set is located, 

(tu) Column in which tha first node to be sat Is 

located. 

tlv) Tha numbar of ñolas to be sat. 

(v) Tha boundary condition required; 

1. Restrained horuontally 

2. Restrained vertically. 

3. Restrained horisonully snd vertically 

Nota: Tha input must in tha above order and aach number separated 
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by at least one space. Input Is by means of the "free" format 

system routine INPUT avsUable on RAX. 

ê. External loading. This c or sisu of: 

a) The number oí seis;tie loadings that are specified. 

b) Five numbers are required to specify each load. 

(I) Type indicator - 

1. Uniform vertical load on a row of nodes. 

2. Unifora horizontal load on a column of nodes. 

3. Point load at a node (hoclzcr.tal and vertical) 

(II) Row number of first node to be loaded. 

(Ui) Column number of first rode to be loaded. 

(Iv) Maximum :adi-% (or depth) of loading. 

(types 1 and 2,) w ‘ai* or tai point load (type 3). 

(v) Loading a. a uniform pressure (types 1 and 2), or 

vertical pcirt ’ (type 3). 

9. Number of cycles to be carried out. 

10. For each cycle the maximum number of iterations and a specified 

tolerance of converger* *. 

11. Value of Over-relaxation factor. 

12. For each cycle specify output requirements: 

1. Output required. 

0. No output. 
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Six options are available: 

(i) Print stresses and Young's Modulus for each element on 

completion of cycle. 

(ii) , (iii), (iv), (v) Print graphically radial, tangential, vertical 

and shear stresses respectively. 

(vi) Print nodal characteristics - numbers, co-ordinates, loads 

and deflections. A two (2) in this position causes residual 

loads to be calculated and printed also. 

Solution Control Section 

This section uses information supplied in the input instructions type 

10 and 12 to give control to the appropriate sub-routines as the solu¬ 

tions progresses. 

Data Structure in Program 

The main storage requirement of the program is the stiffness matrix 

which is stored in a compressed form. The array is of size SF (10,500). 

The array was made 'horizontal' rather than'vertical' to allow easy ex¬ 

tension to a larger number of equations. Only one statement in the 

mainline program need be changed if storage is in the 'horizontal' form 

All sub-routine dimension statements would need to be changed for 'verti¬ 

cal'.Two arrays of size (500) are required for the load and deflection 

vectors. The current value of the modulus for each element is stored 

in an array ELSTR (255). 
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Two 8x8 matrices are required for formation of element stiffness 

matrices and determining element stresses. These serve different 

purposes in other parts of the program. 

The ordinates of the rows and columns of nodes are in two one 

dimensional arrays of size 20. This limits the number of elements 

that may be specified in either direction to 19. 

Linearity of each layer is stored in the array LINEAR. Value (s) 

of Young's and Secant Modulus for each layer is stored in the array 

YMODE. The maximum stress corresponding to these values (for 

non-linear layers) is stored in LIMITS, and the maximum shear stress 

for each layer is stored in SHEAR. 

The boundary specifications are stored in a packed form in the 

array BNDRY of size 120. Thi. limits tire number of nodes that may 

be specified as on a rigid boundary to 120. 

The maximum number of iterations to be performed on each cycle 

is stored in REPEAT and the required tolerance in TOLS. Output 

requirements are stored in OUTPUT. MODVALhasits own input section. 

Admittedly the need to insert input date in MODVAL is inconven¬ 

ient but future work may rectify this defect. 

4. 8. Program Checking and Results. 

Several checks on the program were made using, for the most part, 

elastic solutions. For all cases investigated satisfactory agreement 

between the closed and finite element solution was obtained. In 
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retrospect, It appears that excessive time was spent on this phase, as 

ancillary programs for these tests are time consuming. Amongst the 

solutions examined mention may be made of the following. 

1. Thick cylinder-vs - Lam« Solution. 

2 . Point load on single layer-vs-Boussinesq Solution. 

3. uniform load on circular area: Ahlvin and Ulety tabulated results. 

4. Uniform load on four layer pavement with non-linear elastic 

properties (Gonzales Bypass) - Duncan, Monismith and Wilson 

(1968). 

The agreement between the published date and test program 

results can be gauged from Inspection of Figs. 16 through 18 . 

It is considered satisfactory from the practical standpoint. 

Elastoplastlc Solutions.. 

No published numerical procedures on permanent displacement 

are available to date. The elastoplastic solution methods proposed 

by Meek and Carey (1969), Girljavallabhan and Reese (1968),are 

quite dissimilar to our approach to permanent deformation analysis. 

Hence It appears that reliance on field measurements Is the only 

option at present. 

To ensure that the program was changing the element stiffness 

matrix In accordance with the prescribed limiting stress criteria, a 

single homogenous clay layer with a uniform load on a circular area 

was processed. Some results of this test are shown in Fig. 19. 
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It can be seen that element properties were changed in a rational 

pattern and that the displacements are of the correct order. This 

test and several others for more than one layer indicate that the pro- 

gram yields realistic results. Of course, work on refinements in 

input data is still in progress. The program supercedes the method 

of the correspondence principle discussed in our previous report, 

which is in comparison a crude approximation. Unfortunately, the 

program makes heavy demands on computer time, up to 20 minutes 

per run. An effort is underway to reduce machine time by using 

vertical scanning of data cards and incorporate more Assembly Lan¬ 

guage . 

Typical He suits of Permanent Displacement Analysis of Three Layer 

Pavement. 

The trial pavement consists of a bituminous, gravel and clay 

layer with thicknesses shown in Fig. 2 0 . Certain simplifying 

assumptions are included in the program relating to this sample as 

follows : 

1. Full continuity of strains at interfaces, i.e. perfectly 

rough contact between layers. 

2. Gravity stresses are ignored. 

3. Tensile stresses in vertical direction may exist. 
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4. The secant moduli are the same for tension as compression, 

except where tension is explicitly removed from solution. 

5. The flexural rigidity of the bituminous layers is constant. 

It appears that items 2, 4, and 5 can be easily revoked fo; 

more realistic assumptions. The result for a five cycle run 

(first run is 'resilient' solution) are shown in Fig. 21 . 

through . Only the salient quantities are plotted from 

the complete stress-displacement set of results. Until more 

experience with the program is gained and further evidence 

from field measurements is available, the accuracy of the 

results is not known. However, there is littie doubt that 

the program yields results of the correct order of magnitude. 

Every effort has been made to make the program flexible to 

the extent that modifications based on new findings can be 

introduced without radical changes in the mainline routine j 

changes where necessary would appear in sub-routines. 

Although the program is set up to handle four layers, the 

example deals with a three layer pavement because of out¬ 

put data restrictions in the RAX system, 

4. 9. Influence of Poisson's Ratio on Stiffness Matrix . 

As a result of the earlier theoretical study of the influence of 

Poisson's Ratio, V , on the element stiffness matrix, we proposed 
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to investigate experimentally the magnitude of this parameter in the 

current contract. The experimental work was beset by several diffi¬ 

culties because it was realised that a highly sophisticated technique 

and instrumentation must be developed if worthwhile experimental data 

were to emerge. Whilst developing a suitable experimental technique, 

additional study of earlier measurements on a range of materials was 

reviewed. In the light our criticisms of analysis based on the assump¬ 

tion V* 0• if in the previous report, it is interesüng to discover that 

all values of Poisson's ratio reportéd in the literature were within the 

range O'/S é "yS £0*41 irrespective of the material. For in¬ 

stance india rubber which is someümes considered incompressible is 

quoted as having V* 04+S Jaeger (1960). 

Noteworthy experimental data for tests on ductile metals conduct¬ 

ed by Gerard and are reported by Nadai (1963). 

These tests results are very interesting and are reproduced in 

Fig. 22 . Note that the maximum value of Poisson's ratio is 0.46 

in these tests. 

Furthermore, the so called denominator function,/¿Vj= l-Zy-Z^ 

mentioned in our previous report, can yield geometrical interpreta¬ 

tions (slopes of tangents and axis intercepts) which seem to indicate 

a breakdown of conventional analysis when a Poisson's ratio of 0.46 

is exceeded. It appears that some materials exhibit mysterious 

phenomenon akin to microcracking or dislocations before the upper 
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bound on compressibility V* &'£ is reached. 

A particulate substance,such as clay, could conceivably possess 

non-ideal properties with respect to compressibility, i.e. never 

possesses V* O-S value. Indeed there are reasons to suppose 

that Poisson's ratio is not a constant when creep accompanies elastic 

strain. The operative Poisson's ratio, , consists of the 

sum of two components, V 7 and V* , on the basis of tests on ductile 

metals. According to .Nadai, the expression relating Poisson's ratio 

to strain has the form: 

y'f.; *yyl 
y £* + Cx (4*7<) 

where V^nd V*denote Poisson's ratio corresponding to the elastic 

£ * , and the permanent, £* components of strain in 

uniaxial stress field, Nadai, ibid, Vol II pp 31-35, 

Presumably a relationship of similar form to expression (4. 7.) 

holds for cohesive soils. 

It appears that no serious difficulty in programming the süffness 

matrix would be encountered if Poisson's ratio were introduced in a 

prescribed manner analogous to expression (4. 7.). Indeed experi¬ 

mental data for stiffness modulus, E, or Poisson's ratio, V , 

could be substituted for the functional relationships with few changes 

in the program. However, functional relationships are preferable 

because smooth input improves convergence of solutions in a success¬ 

ive over relaxation program. 
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4. 10. Summary 

The analysis presented In this chapter replaces the actual multi¬ 

layer system by a mathematical model. The correspondías model Is 

the finite element Idealisation of the conUnuum. Moreover, there 

are other Idealisations Involved In the analysis. The most notable 

of these is the Idea of combining the Instantaneous with the permanent 

strain accumulated In stipulated number of wheel load applications, 

N. Mathematically this Is equivalent to stating that the total strain 

materialises Immediately the N tn wheel load has passed over the 

structure. The total strain Is the algebraic sum of past creep and 

transient strains, and Is governed solely by secant moduli of the 

materials. Indeed this scheme for Including materials properties of 

widely different characteristics Is the distinctive feature of the analy- 

sis. 
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CHAPTER 5 

PRACTICAL ASPECTS OF THE FINITE ELEMENT PROGRAM. 

5. 1. General Considerations. 

Rut formation is a valuable index of pavement performance. A 

pavement can be considered structurally adequate for a specified wheel 

load if the depth of rut caused by repeated application of that wheel 

load reaches a tolerable value which does not increase with addition¬ 

al load applications. The other important index of performance is the 

degree of surface crazing caused by cyclic flexing of the bituminous 

wearing layer caused by resilient (and permanent) displacements. 

Lvldently« any method of analysis that provides a quantitative 

assessment of these phenomena is likely to prove ar Important con¬ 

tribution to our understanding of the problem of pavement design. 

Indeed, the average pavement is a critical structure insofar as rather 

minor departures from an over conservative design can adversely 

affect the performance. 

Therefore, selection of the correct layer thicknesses and a real¬ 

istic evaluation of the materials properties become an essential part 

of successful design. The finite element program makes it relatively 

easy to compare the effects of varying layer thicknesses and provides 
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excellent scope for Incorporating materials propertlesjwo think that it 

deserves the prominence accorded in tills report. For the first time, 

It now appears feasible to obtain a complete picture of the stresses 

and time-dependent displacement* # including rut depths In a multi¬ 

layer structure on a clay subgrade. 

Notwithstanding *he limitations of numerical approximation proced¬ 

ures, the finite element approach offers unique practical attributes, 

S. 2. Limitations, 

The most serious limitaUon is that the analysis Is restricted to two 

dimensional problems with the axially symmetric piofclem merely a 

special case. No truly three-dimensional stiffness matrix suitable for 

inclusion In tne finite element analysis of multilayer systems has 

emerged. A three dimensional matrix proposed by Melosh (1963) 

is Inordinately complex and no substitutes have come to the author's 

attention. This situation means that the Important practical case of 

a wheel load close to the edge oi an unpaved shoulder is not solvable. 

However, there Is a definite possibility of finding an upper bound 

to the displacement by placing the wheel load on a truncated cone of 

sandwich layers as shewn in Fig. 23 . 

A second limitation Is Involved In »he assumption of Infinitesimal 

strains and Its corollary l.e. that only displacement funcUons which 

are linear combinations of the generalised displacements are admlss- 

able. This limitation does not seriously affect the analysis In the 
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caso oi tiaíüc law « adjacert to Lho « onLe line , but It has detrimental 

Implications In analysis oí lan»*s clo>o to the edge ol the pavement. 

It moans that spreading of granular layers and How of clay subgrades 

are not amenable to the analysis. Recently, we have attempted to set 

up a Unite strain theory to overcome the problem oí horizontally limit¬ 

ed layered systems. Unfortunately the effort has not led to useful 

conclusions, and It Is not Included In this report. 

Consolidation and densification are two additional factors which 

may contribute to permanent displacement of the pavement surface. 

Neither phenomenon are Included in the current analysis despite the 

fact that In certain cases they may cause pavement distress. 
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CHVTCR 6 

riELD MEASUREMENTS - BLCSSINGTON TEST PAVEMENT. 

6. 1. {ntrgdycUan. 

This Chapter deals with an attempt to measure stresses and dis¬ 

placements in an experimental pavement under commercial traffic 

loading. Some notes on the experiment were included in our previous 

report. Although this project has proved difficult to control with 

University resources of staff and mobile i*ciiiti*s, we have made 

some progress in long-term field measurements. The original scheme 

w»s to construct a three-layer pavement using a bituminous wearing 

coursr or. a gravel le.yer with * boulder clay subgrade. The sub¬ 

grade end bese course we:*? pia ac last year, but due to a number of 

difficulties with instrumentation rc bituminous layer has been laid, 

for reasons yet tobe det^rmired have failed to obtain satisfactory 

measurements of displacement. On ths ether hand, we have had con¬ 

siderable success with stress measurements. 

6. 2. Layout und Operation of the Experimental Pavement. 

The layout of the Rlessington test loop is shown in Fig. 21 All 

measurements to date pertain to this two-layer system consisting of 

graded gravel on a compacted boulder clay subgrade. The sensors 

are placed in the subgrade six Inches below the gravel layer. Two 

load cells and two displacement transducers are placed at each of 
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two locations denoted by 'L' and 'R' in Fiq. 24 . Thus horizontal and 

vertical components of the stresses for two thicknesses of gravel cover 

are provided. 

The track has been subjected to quarry traffic over the past year. 

It is not known how many passes of the various types of vehicle using 

the route have been accumulated. During construction the upper 15 

inches of the subgrade experienced heavy rain which made the track 

incapable of supporting heavy vehicles. In the interval between 

construction and the present set of measurements the subgrade gained 

stability and can now support fully laden trucks without distress. 

It seems that re-distribution of the pore water, rather than consolida¬ 

tion or densification, is responsible for the improved strength. 

The original transducers were removed and replaced by improved 

versions of the designs described in our previous report. The measure¬ 

ment pertain to the wheel configurations shown in Fig. 2b. Merely for 

Identification, the trucks are denoted by R-ST. and C.I.E., the fonner 

is a long wheel base and the latter is a short wheel base truck. 

6. 3. Two-Layer System. Stress Measurements. 

During the Summer of 1969 a total of three hundred readings of the 

stresses imposed by the R-ST. and C.I.E. trucks were taken at different 

times. This series of tests proved the long-term capabilities of the 
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stress measuring system. On the other hand, the new displacement 

transducers did not function properly. The defect is though to be 

caused by a pollysulphide seiiant tÍAt appears to have penetrated 

the cable, or the telescopic plate assembly, and immobilised the core 

drive. Although the trouble arose at an early stage, it was decided 

to proceed with the stress measurements and later return to the dis¬ 

placement question. 

Typical results of the stress measurements are given in Tables I 

and II. The set of data were analysed by statistical methods 

mainly because the position of the wheel tracks relative to the sensor 

locations was not accurately known. This tracking problem led to the 

Invention of the location finder described later in this chapter. How¬ 

ever, the statistical analysis indicated good correlation between verti¬ 

cal and horizontal stress measurements. The correlation is demon¬ 

strated in the plot regression analysis shown in Fig. 26 . where 

a coefficient of correlation better than 0.9 emerged from the whole set 

of data. However, the horizontal stresses are less than anticipated. 

Further checking of cell calibrations are needed to clarify this finding. 

Until more data are obtained, it is premature to use the field measure¬ 

ments for checking the finite element analysis. 

6. 4. Description of Location Finder. 

This device simply consists of a length of resistance wire stretched 

over a gauge sleeper as shown in Fig. 27 . The resistance wire is 
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connected into one arm of the bridge of the amplifier demodulator cum 

U.V. oscillograph. When the wire is depressed onto the sleeper by 

a passing vehicle the drop in electrical resistance produces an event 

mark on the trace which serves as a precise indication of the position 

of the actuator. The assembly could be mounted Inside the convention¬ 

al traffic signal pressure pad. 

The device is still in laboratory trials stage where experiments 

on water proofing are in progress. The location finder will minimise 

dependence on statistics because in principle every stress reading can 

be related to the location of the wheel. 
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CHAPTER 7. 

SUMMARY AND CONCLUSIONS. 

The presentation Is a coordinated study involving theoretical con¬ 

siderations, laboratory experiments, and field measurements. This 

policy is considered to be a balanced approach which offers many 

advantages in building up an understanding of pavement behaviour : 

it is hoped to pursue it in future work. 

The following conclusions can be drawh from this research:- 

1. With suitable control, the resilient modulus of compacted 

boulder clays determined in laboratory tests is virtually 

independent of stress intensity, and number of stress 

applications. 

2. The control involves simulation of field conditions. It 

appears that electro-osmotic saturation and ageing of 

specimens are suitable simulation techniques. 

3 . An ageing period of one week after saturation is adequate 

for boulder clays of low sensitivity (sensitivities less than 

3). 

4. Stress history has only a slight effect on modulus deter¬ 

minations provided that the density and degree of satura¬ 

tion are high enough to eleminate deformation attributable 
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to densification. 

5, The finite element method of analysis has been adapted to 

estimate bpth the recoverable and non «recoverable compon« 

cnts of displacement in multilayer systems. Some com** 

putations for axlsymmetrlcal loading on a three layer 

pavement are presented. 

6, Theoretical investigations indicate that for saturated clay 

Poisson's ratio-does not exceed 0*47, 

7, A unified approach to handling materials properties in the 

finite element analysis is given. Xt entails prescribing the 

secant modulus of deformatipn of bituminous« granular, and 

cohesive layers. The secant moduli are easily derived 

from laboratory tests. 

8, Stress measurements in an experimental two «layer pavement 

are presented. The data is analysed on a statistical basis. 

Good correlation between vertical and horizontal stresses in 

the subgrade is obtained. 

The intrinsic value of the finite element analysis suggests that 

laboratory test procedures should be dictated by the requirement of 

ready assimilation of the data into the computer program. As an 

example of this idea the deformation characteristics of granular mater¬ 

ials whouid be related to the mean stress in reporting test results. 
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Similarly for clays the testing should be organised such that deforma¬ 

tion in terms of the deviatorlc stress component is the end result. 

Checking of theoretical analysis against field data is of paramount 

importance; it is hoped to advance this aspect of the research in future 

work. 
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TABLE I 

RECORD OF STRESS MEASUREMENTS ON BLESSINGTON TEST TRACK. 

The following data were derived from histograms of almost 300 stress 

measurements. The modes of the histograms yielded the following com~ 

binations of vertical and horizontal stresses for the wheel loads as 

indicated: 

Stress Measurements for R-ST and C.I.E. trucks. 

Vert. 
Stress V. 
.p.s.i. 

3-2.0 
7-2.5 
/-SO 

3* ZO 
6- (fS 
6.00 
/•65 
4.50 
0.7 O 

/. 95 

300 
2.80 

Horiz. 
Stress H. 
p.s.i. 

Ó-45 
0-35 
0-30 
0.35 
0-90 
0-85 
O- Z5 
0-65 

0./5 
0.20 

0.55 

0 50 

Contact 
Pressure 
p.s.i. 

30 
u 
n 
/■ 

// 

// 

// 

// 

// 

// 

// 

« 

Contact 
Area 
Sq. ins. 

67 

/5 2 
31 
SZ 

/21 
//8 

67 
/52 

ZZ 
54 

/29 
//7 

Speed 
M.P.H. 

IO 
/O 
6 
6 
6 
6 

/0 
/O 

G 
G 

6 
6 

Legend 

Contact areas determined on basis of wheel load distributions and gross 
weight. 

Contact pressure equal to inflation pressure. 

Speed is average value of 12 checks. 
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TAE LE II 

STATISTICAL ANALYSTS OF STRESS MEASUREMENTS. 

Applying statistical methods to data in Table I, the correlation 

coefficient is given by the following expressions: 

Standard Deviation 

ZV2- /S9.É.I , I 142 - 3.93 

TIV = 149'52. 11.02 = 3*12. 

= II 

!9S'C/ - /4-9'52 
II ; 5«-/ 

3 93- 3 /2. 
// 

5y = Z- /33 

Dx is deviation of , from mean X 

2DV=° X Dn-0 'ZDvDh-^SI 

5vh- ^P V = 0-566 
ht- I 

R = —= 0-99 -* 

The correlation coefficien^R, is very close to unity which indicates 

that a direct correlation exists between vertical and horizontal stresses 

in the boulder clay subgrade. 
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APPENDIX I 

SUMMARY OF EXPRESSIONS AND READOUT OF FINITE ELEMENT 

PROGRAM. 

The finite element method is now well documented, therefore a brief 

outline only of the mainline program and sub-routines is presented herein. 

The program produces solutions for pavement structure consisting of two 

to four layers. In its present state of development it is restricted to 

solution of axially symmetric problems of stress distribution; the import¬ 

ant case of horizontally limited layers encountered in unpaved road 

shoulders is not covered in the present program. Three procedures for 

solving the set of simultaneous equations were investigated - namely, 

Gaussian elimination, Choleski triangulation and Successive Over Re¬ 

laxation. The latter showed definite computational advantages and is 

adopted for the multilayer program in this report. For the sake of com¬ 

pleteness, the expressions given in our previous report (1968) are listed 

in this Appendix as follows; 
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1, Express internai displacements, S, in terms of an assumed 

displacement function M,where the amplitudes of the dis¬ 

placement function aro represented by generalised co¬ 

ordinates, oL ; 

thus; 

^Mir^Uod tA.i) 

2, Evaluate nodal displacement components ¿^-merely a 

substitution of the coordinates oi the nodal points into 

the displacement function matrix [M] - to obtain: 

1¾}= H Í4 ^ 
3, Express the generalised coordinates in terms of nodal 

displacements by matrix inversion;- 

M-MW 
4, Evaluate the element strains, £ , 

|e fr,a)j - [bc r,2)] (A4) 
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5. Evalua* tho element stress, CT, 

{<r (r,zy: = [d]{ê (r, Z)} = [d][b] {1} 
(A. 5) 

The specific1 elastic characteristics of the ele'rent 

material arc- represented by the stress-strain n atrix Ld], 

6. Compute the generalised coordinate stiffness of the element 

from the expression; [6] 

W-Í,[bMbH 'ir 
(A. 6) 

7. Transform to the nodal point stiffness, [kjby the congruent 

transformati on; 

**■ _( [bJ . [A- [ E] [A') 
(A.7) 

8. Superpose the individual element stiffnesses contributing 

to each nodal point to obtain the total nodal stiffness 

matrix [K] 
'Tl 

where M-ZIE] 
(A.8) 
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9. Assemble and solve the equilibrium equations expressing 

the relationship between the applied nodal forces (*} 

and the resulting nodal displacements in the form; 

(rMk]M 
(A.9) 

10 Evaluate the stresses components, ¿77 from the expression 

M-[dMa- 
(A. 10) 

It is convenient to split into two components of 

displacement ^ ? . 

Referring<to Figure !3 b a compatible displacement function 

for the rectangular element shown is: 

fu] r i r 2. 2 r o o o o 
l rl” [O O o o i r z zr 

(A.11) 

Expression IA.11) satisfies the homogenous strain condition because 

the element strains will be linear function of the coordinates for 

either f* or 2 equal to constants. 
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The [A] matrix is obtained by introducing the nodal coordinates 

into the displacement functions, with the following result for the 

element illustrated: 

Kr 
Uk 

.u¿ 
Vc 
Vj 
Vk 
n 

I 
I 
I 
I 
o 
o 
0 
o 

a* 
CLj 
a< 

o 
o 
o 
o 

o o o 
o o o 
b CLib O 
b djb O 
o O I 
o O I 
O O I 
O O I 

o 
o 
o 
o 
Clc 
a7 
CLi 
Uj 

o 
o 
o 
o 
o 
o 

o 
o 
o 
o 
o 
o 

b Gib 
b ajb 

lx 
oís 

,¿4 
•ÍS 
It 
¿7 

\ele (A. 12) 

I 

I 

o 

O 

Element Strains [B] 

O 2 

* £ 
r * 
O O 

1 r 

o o o 
Û o o 
O O I 

O 1 0 

The element properties are defined by the stress-strain matrix 

[D] . For the cese of isotropic material with elastic modulus, 

E, and Poisson’s ratio. "%), it takes the form: 

Stress - Strain Relationship CD] 

<rr 

0é\ E(l-V) 
¢-1 fl+V) ( I-2V) 

rrK 

’ ÄTÄ 

Ä 1 7¾ 

Ä> 7¾ 1 

0 0 0 
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Finally, the element stiffness,[fe]in the generalised coordinate 

system, is obtained by the integration of: 

[ki 

(A. 6.) (A. 15.) 

The author has performed the matrix multiplications and explicit 

Integration of expression (A. 15) the result is given in Fig. 28. 

The expression for the transformed stiffness U1 is given by: 

[kj 
(A. 16.) 
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APPENDIX II 

MATRIX FOR ELIMINATION OF TENSION IN UNBOUND GRANULAR LAYERS. 

Tension Elimination bv Virtual Work Principle , 

The tensile stress, , is eliminated by imposing the forces indicated 

at the nodes of the element shown in sketch. These forces are derived from 

considerations of the principle of Virtual Work. 

To form L^i^l the aPPropriate matrices for the 

annular element, rectangular in elevation are as follows: 

o '/r O 
I 1 o 
O z/r O 
z. z o 
o o o 
o o o 
o o I 
o o r 

o 

o 

1 
r 
o 

1 

o 
2 

CTe 

Vr 
(Jr + CJ© 

z/r cTe + "trz 
< 2 (OP + r Vrz 

O 

Ok 
F Ok + Z z 

* 
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The integral with limits r "+ K¿ fa ïj and 

H -z* 0 to b reduces to the expression ! 

Node 

C'y - n¡.)¿> o» 
'/¿(r/ - tf) b (<rr+<n) 
tí( rj - r¿)£ (fc y- '/2 (r?- r?)b rrí 

i '/Mr} - tf b% ((Tr t cr¿) 

¿ o 
J k(r;-tf)b?r* 

k ¡í (rf - tf) b Ob 
i k(tj - >5) b,T* + ^0- - ^ 

The first four forces of the set above represent horizontal forces and are 

Included in FIN4ELin a simplified form together with multiplication factor 2TI. 
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DISPLACEMENT MODES IN MUUI-LAYER PAVEMENT

RECTANGULAR ELEMENT : COMPONENTS OF STRESS AND 
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REGRESSION ANALYSIS OF FIELD DATA 
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