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THEORY OP ANISOTROPIC THICK PLATES 

S. G. Lekhnitskiy 

(Saratov) 

The goal of these remarks is to show how the classical theory 

of thick plates is generalized to the case of a plate possessing 

anisotropy of a particular type, that is, a plate manufactured from 

transversally Isotropie material and consequently possessing five 

independent elastic constants. 

1.  General information.  In the classical statement, the 

problem of equilibrium of an Isotropie thick plate is reduced to 

the determination of six component stresses o , a  , ..., T  and x  y      xy 
threo projections of displacement - u, v, w — which strictly 

satisfy all equations of elasticity theory and also the boundary 

conditions on the flat surfaces (faces).  The conditions on the 

lateral surface, i.e., on the edge of the plate, are satisfied 

approximately, "on the average," as in the theory Of the generalized 

plane stress state or in the theory of bending of thick plates. 

If the plate is deformed only by a load distributed along the 

edge, two basic cases of equilibrium are distinguished:  a) the 

plane stress state, and b) bending.  Each case reduces to the 

determination in the region of the plate of a single biharmonic 

function of the variables x, y (a function of stresses or, 

correspondingly, of the deflection of the middle plane), satisfying 
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the boundary conditions on the contour; the corresponding solutions 

are called homogeneous ([1], page 200).  If the flat surfaces are 

also loaded the solution is obtained by superimposing the 

homogeneous solutions and the solution for an infinite elastic 

layer bounded by two parallel planes over which given forces are 

distributed. The homogeneous solutions for an Isotropie plate are 

determined by simple formulas which connect stresses and 

displacements with the biharmonic function.  It is easy to show 

that in the case of a transversally Isotropie plate the homogeneous 

solutions also have a very simple structure and also connect 

stresses and displacements with the biharmonic function. 

Let there be a plate which is cut out of transversally 

Isotropie material in such a way that in it the plane of isotropy 

is parallel to the middle surface. We will take the latter as 

plane xy and designate the thickness of the plate as h.  The 

equations of the generalized Hooke law are written as follows 

([2], page 28): 

••—T^ + V +¥A 

l 

1 

(1.1) 

2(1 -fv) 
•xi 

Here E and E, are the Young moduli for tension-compression 

in directions parallel and perpendicular to the middle plane; v is 

the Poisson coefficient, characterizing the contraction in the 

plane of isotropy during tension in the same plane; v, is the same 

parameter for stretching in the transverse direction z; v? is the 

Poisson coefficient which characterizes contraction in the 

direction which is normal to the middle surface during tension 

in planes which are parallel to the middle surface; G = E/2(l + v); 

and G, is the shear modulus for planes which are parallel and 

normal to the middle surface,  in all there are five different 

constants, since Ev, = E,v?. 

BTD-HT-23-600-69 



~r 

Ten unknown functions must satisfy the basic system of 

equations of equilibrium for a transversally Isotropie body; we will 

obtain this system by adding to (1.1) three equations of equilibrium 

of a continuous medium: 

d«, 4% dt. 
<*»0 (1.2) 

Here X, Y, and Z are projections of volume forces. 

We shall introduce homogeneous solutions for a transversally 

Isotropie plate without derivationj the solutions differ from those 

for an Isotropie plate only in the coefficients which depend on 

elastic constants, and they can be derived by an analogous method 

(Cl], pages 200-222; [3], Ch. 22). We shall also present 

formulas for a plate which is bent by an evenly distributed load. 

2. Plane stress state. Forces are acting along the edge of 

a plate; these forces are symmetrical with respect to the middle 

plane and, consequently, lead to forces acting in this plane; 

there are no volume forces. 

The component stresses and displacements are determined 

according to the following formulas: 

VF I h" \  e>« 

i>"F       fh*       \ a*     .„ 

d*F (h*        \    *• ( v,  \ 

V-Vi""«"0 

(2.1) 

(2.2) 

(2.3) 

Here F is a function of Airy stresses, satisfying the 

equation 
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W-?   (V»--J5T + ^-) (2.4) 

The first terms of the expressions - u, v, o , o , and T  - x   y       xy 
will be the average over the thickness of the values of 

displacements and stresses and are connected by the equations of 

the plane problem 

du     i /a»/1 

(2.5) 
a»     ii        2<1 + v). d*F 
By + ftr "" E       diöy 

The second terms, depending on z, are correction members which 

take into account the change in the displacements and stresses over 

the thickness.  In order to obtain the distribution of stresses in 

a thick plate it is necessary first to solve the plane problem, 

i.e., to find F, u, and v. 

In the case of an isotropic material, v~ = v; a e v/2(l + v). 

3.  Bending,  If the plate is deformed by a bending load 

distributed only along the edge, displacements and stresses are 

expressed through a biharmonic function as follows: 

.__ .£.  — «Ä, ^...-^v*.       (3.1) 

E    (   o*n       3V,\ g   (*»  -,\*«%h       fop«, 

z? /ft»  „\ 9 _, 

Here 

*-*+T*I^(T-¥)**   p-i-i? (3.3) 

Stresses o  and o  lead to bending moments M and M : T   leads x     y B        x     y»  xy 
to the torsion moment H ,: t  , T  lead ;o shearing forces.  The 

xy   Xi,  y z 
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latter are expressed through wQ Just as in the theory of thin 

plates, while for the moments we obtain expressions which are 

constructed in the same way as in the theory of thin plates, although 
in them the role of w is played by the quantity w?: 

(3.4) 

In these formulas D is the rigidity of an Isotropie plate Mith 

the elastic constants E, w: 

■»-'%+SrV%*'  • P.-0.8+ o.i-^- (3.5) 

The structure of the formulas of stresses, moments, and 

shfcaring forces is the same as that for an Isotropie thin plate 

([1], page 246). 

In the case of an Isotropie plate, 

p-0.5(2-v).   p, = ö.l(8 + v) (3.6) 

and we obtain known formulas ([1], pages 205-208). 

If the load also acts on the faces z = +h/2, in the simplest 

cases of its distribution the solution for the layer, which must 

be added to the homogeneous solution (3.1)-(3.2), can sometimes 

be found by the elemental method. We shall show, without 
derivation, the solution for a plate which is bent by load q 

distributed evenly over the upper boundary z ■ -h/2, and by its 
own weight (the middle plane is assumed to be horizontal). 

In this case wQ satisfies the inhomogeneous equation 

/>V*V*w.-q + yh   (y  is the specific weight n 7, 
of the material) 5     ' 
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The formulas for displacements, stresses, and moments are 

obtained from (3.1), (3.2), and (3.1) by adding to their right 
sides, respectively, the expressions 

«•'-IF*'    '-ir* 
*--*•+ ^8=5^+ (3.8) 

v-v-v-° (3.9) 

The normal stress on areas which are parallel to the middle 

plane is different from zero: 

•k—K|i-T!+ir)+-f.lT-Tr) (3.10) 

4«. Bending of a round plate. We shall consider in greater 

detail the case of a round plate with radius a, supported along 

the entire edge and bent by uniformly distributed load q; the 

weight of the plate is ignored. 

We will obtain the expressions for displacements u , uQ and r  ö 
stresses c , o_, and T Q in cylindrical coordinates from the r  8     re    tf 

corresponding expressions of the theory of thin plates; we will 

replace wQ in the latter by the quantity w., which depends on z, 

and we will add to the right sides the functions 

2±T IE  • 

tH    (31  4i»\     , (4.1) 

In order to find the moments M , M,,, and H n, it is necessary r  U      r 6 
to take the formulas of the theory of thin plates, to replace wQ in 

FTD-HT-23-600-69 6 



them by the expression w«, and to add the moments corresponding 

8' 
to o' and o£, i.e., 

(4.2) 

It is clear that wn is a function only of dispersion r: '0 

•*""W+A + D,% (4.3) 

(terms which give a singularity in the center are discarded). 

The boundary conditions have the form 

•»»-0, J/f-o when r ■ a« (4.4) 

We shall introduce the final formulas for displacement w at 

any point and for the stresses: 

-* J6(i-v)i>(T+Ta ~h   "-TV + " 

v-*[c^«*-*+-(*-Jr)l 
«• = -4F[(3 + v)«»_(3v+1,r«fm(T-w)J 

? t.      3*  4:» N 3fr / /««   A 

(4.5) 

(4.6) 

Here the following designations are used: 

"-r=vfrflr-*<3+*»]'    ■wT=,[Ä-MKfl-:,iiJ« (4.7) 

The deflection in the center equals 

'"ÖU) !+ v|_' + 5(5-1- v)U; J (4.8) 

The largest normal stress is obtained on the axis of the plate 

at the flat surfaces, i.e., at the points r = 0, z * +h/2: 
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<W *r (3 -. v) 11 V w^TTT) \7) > (4.9) 

For an Isotropie plate, 

8 + vH-v» 
M»4(2 + »),   w  <„y  . (4.10) 

In formulas (4.8) and (4,9) the terms which are proportional 
p 

to (h/a) represent corrections to the results of the theory of thin 

plates. Calculations show that for Isotropie plates these 

corrections are usually small in comparison with the first terms. 

Using the designations fn and o° „ for deflection and the greatest 

stress, calculated according to the theory of thin plates, we 

find the following values for an Isotropie plate in which v = 1/3 

and h/a =0.2: 

/ = 1.038/,.   •«,» - MOfc&n . 

The deflection obtained on  the basis of the theory of thick 

plates differs from fQ by less than k%,  while the stress differs 

from o°  by a total of 0.04?.  However, similar conclusions about 

the insignificant value of corrections may turn out to be 

inaccurate for a transversally Isotropie plate in which the shear 

modulus G, is, generally speaking, in no way connected with the 

other constants.  We will present results of calculations for two 

transversally Isotropie plates in which v = v~ = 1/3 and G, is 

small in comparison with E. 

1) G, = 0.1E, f = 1.17fn, o        = 1.021o°  , i.e., the 1      '        0' max       max'    ' 
difference in deflections f and fQ comprises 17$t  while the 

difference between o   and a „is 2.1%. 
ITlclX rtlHX 

2) Ql = 0.01E, f- 2.79f0. amax= 1.237a« max 

In this case the correction term for deflection is 1.79 times 

greater than f  i.e., the obtained deflection is almost double 

that calculated by the theory of thin plates, while the correction 
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for stress comprises about 2%%  of o° .  From this it is clear thfit r max 
the formulas for deflection of the approximate theory of thin 

plates can give a significant error for transversally Isotropie 

plates in which the resistance to shear in the planes of the 

transverse section is small. 

Saratov State University Received 22 December 195$ 
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