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THIORY OF ANISOTROPIC THICK PLATES

S. G. Lekhnitskiy
(Saratov)

"The goal of these remarks is to show how the classical theory
of thick plates 1s generalized tc the case of a plate possessing
anisotropy of a particular type, that is, a plate manufactured from
transversally 1sotropic material and consequently possessing five
independent elastic constants.

1. General information. In the classical statement, the
problem of equlilibrium of an isotropic thick plate is reduced to
the determination of six component stresses Oys oy, Qo0 Txy and
three projections of displacement — u, v, w — which strictly
satisfy all equations of elasticity theory and also the boundary
conditions on the flat surfaces (faces). The conditions on the
lateral surface, i.e., on the edge of the plate, are satisfied
approximately, "on the average," as in the theory bf the generalized

plane stress state or 1n the theory of bending of thick plates.

If the plate is deformed only by a load distributed along the
edge, two basic cases of equilibrium are distinguished: a) the
plane stress state, and b} bending. Each case reduces to the
determination in the rerion of the plate of a single biharmonic
function of the variab:es x, y (a function of stresses or,
correspondingly, of the deflection of the mliddle plane), satisfying

FTD-HT-23-600-69 1
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the boundary conditions on the contour; the corresponding solutions
are called homogeneous ([1], page 200). If the flat surfaces are
also loaded the solution is obtained by superimposing the
homogeneous solutions and the solution for an infinite elastic
layer bounded by two parallel planes over which given forces are
distributed. The homogeneous solutions for an isotropic plate are
determined by simple formulas which connect stresses and
displacements with the biharmonic function. It is easy to show
that in the case of a transversally isotropic plate the homoggneous
solutions also have & very simple structure and also connect
stresses and displacements with the biharmonic function.

Let there be a plate which is cut out of transversally
isotropic material in such a way that in it the plane of isotropy
is parallel to the middle surface. We will take the latter as
plane xy and designate the thickness of the plate as h. The
equations of the generalized Hooke law are written as follows

([2], page 28):

v i

':“’;,“-'(’x—"')_ﬁo" Y1 =G "n
1 v 1

= T =)~ E o Yo =gy % ok
¥ 4 1 2(1 4+v)

§=—F C+o) T 5% =T =T

Here E and E, are the Young moduli for tension-compression

in directilons parillel and perpendicular toc the middle plane; v is
the Polsson coefficient, characterlzing the ccntraction in the
plane of 1sotropy during tension in the same plane; vy is the same
parameter for stretching in the transverse dlrection z; Vs, is the
Polsson coefficlent which characterlzes contraction in the
direction which 1s normal to the middle surface durlng tension

in planes which are parallel to the middle surface; G = E/2(1 + v);
and Gl
normal to the middle surface. in all there are five different

is the shear modulus for planes which are parallel and

constants, since Evl = E1v2'

FTD=HT=23=600=69 2




Ten unknown functions must satisfy the basic system of

equations of equilibrium for a transversally isotropic body; we will
obtain this system by adding to (1l.1) three equations of equilibrium

of a continuous medium:

L™

—J—'I'-7—+ iR (za0) (1.2)
Here X, Y, and Z are projections of volume forces.

We shall introduce homogeneous solutions for a transversally
isotropic plate without derivation; the solucions differ from those
for an isotroplc plate only in the coeffilcients which depend on
elastic constants, and they can be derived by an analogous method
({1], pages 200-222; [3], Ch. 22). We shall also present
formulas for a plate which 1s bent by an evenly distributed load.

2. Plane stress state., Forces are acting along the edge of
a plate; these forces are symmetrical with respect to the middle

plane and, consequently, lead to forces acting in thils plane;
there are no volume forces.

The compunent stresses and displacements are determir.ed
according to the following formulas:

- w(k 2 vy
'-"'-TE(TZ“")TEV”- v — g SV (2.1)
- v [l J
nsv—-z-l?(-’-.z-- )-@-V'F

aF h ot
opm g 78 (T =) s O (2.2)

y
FE @ o
Oy = gai t O\~ ")7;.7:"' vF

<, --—-i'!_ (
v oxay — ¢

P "
12 ‘\ oy V¥ (“"zu-i-v)) (2.3)

Ty = Vg2 0, =0

Here F 1s a functlon of Alry stresses, satlsfylng the
equation

FTD-HT-23-600-69 3
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g2
TG =0 (V’=§% +“",%i') (2.4)

The first terms of the expressions — u, v, O Oy and T =

y Xy
will be the average over the thickness of the values of

displacements and stresses and are connected by the equatiocns of
the plane prcblem

o 1(vr ar). g%i_z(ar vr)

= = FE\G TV E
o Iy 2(14+v) &F
Wt aE="" L oy

(2.5)

The second terms, depending on z, are correction members which
take into account the change in the displacements and stresses over
the thickness. In order to obtain the distribution of stresses 1n

a thick plate 1t 1s necessary first to solve the planre problem,
i.e., to find F, u, and v.

In the case of an isotropic material, vy, = Vi a = v/2(1 + v).
3. Bending. If the plate 1s deformed by a bendling load

distributed only along the edge, displacements and stresses are
expressed through & biharmonic function as follows:

..‘-'i:?lo "E_'%p w‘u‘.’l{'" z(iv’_v V'“'o (301)
v a’ll‘; 6’v| E a’ll‘g
Oy =3 1-v‘( oz} oyt )' =TIV wmoy
E ot P E W K2
et (2R ). e (T ) & (3.2)
E h? 2
°l=0 1"=-——"——M- )(T—]”‘)Wv’uv.

Here
E K B2 G,
W]:M‘.-}-m(“——T)V’w‘. B::ia——,‘—-cv" (3-3)

Stresses U and o, lead to bending mcoments Mx and M_; Txy leads
J
to the torslion moment ny; Tyz? Tyz lead :o shearing forces. The

FTD-HT=23-600=69 i
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latter are expressed through W Just as in the theory of thin
plates, while for the moments we obtaln expressions which are

constructed in the same way as in the theory of thin plates, although

in them the role of w, 1s played by the quantity w

0 o
wmn( e 5) Mo 5+ 5)

(3.4)
EW

Hy==D0-0r.  D=Tri=w

In these formulas D is the rigidity of an isotropic plate with
the elastic constants E, v:

ani . G
u'gﬂw.-i-‘ic;—':'vw.. * p;-0.8+0.1-%’— (3.5)

The structure of the formulas of stresses, moments, and
shearing forces is the same as that for an isotropic thin plate
([4], page 246).

In the case of an 1sotroplc plate,
B=0.5(2—v) Bi=01(R+v) (3.6)
and we obtain known formulas ([1], pages 205-208).

If the load also acts on the fazes z = ¥h/2, in the simplest
cases of 1ts distributlon the solution for the layer, which must
be added tc¢ the homogeneous solution (3.1)-(3.2), can sometimes
be found by the elemental method. We shall show, without
derivation, the soluticn for a plate which 1s bent by load q
distributed evenly over the upper boundary z = -h/2, and by its
own weight (the middle plane is assumed tc be horizontal).

In this case Wy satr#3fles the lnhomogeneous ecuation

DIV =¢+vh (y is the specific welght Cel
of the materlal) e

FTD-HT-23-600-69
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The formulas for displacements, stresses, and moments are
obtained from (3.1), (3.2), and (3.4) by adding to their right
sides, respectively, the expressions

’ !it_ ¢ .l".’.
Wegts V=Y
, q qh (1 — v—2vvy) 33
v ==t Iy N (3.8)
+vh)h (1 73Fy i Ev 5 K o
A (G + 1 —v—2m) [T 41— = B4 ) 1]

G-#)+ats(i-¥)

o =0 =gk W) FTITT=—\F—®

Tay "‘"‘vz""xl'-o (3.9)

’ ’ h‘V' lk- ’
My =M, -m(ﬁ §). =0

The normal stress on areas which are parallel to the middle
plane is different from zero:

ST Y YOO (3.10

4., Bending of a round plate. We shall consider in greater
detall the case of a round plate with radius a, supported along
the entire edge and bent by uniformly distributed load q; the
welght of the plate 1s ignored.

We will obtain the expressicns for displacements Uns Ug and
stresses Ops Ogs and T8 iii zylindrical coordinates from the
corresponding expressions of the theory of thin plates; we will
replace Wy in the latter by the quantity Wi which depends on: z,
and we will add to the right sides the functions

u' = 2" uy =0
h.1)
’ v 3 439 (
6, =20, =§-(—i-_-_—";(—h--—"ii'). T =0

In order to find the moments Mr’ MO’ and Hre’ it 1s necessary
to take the formulas of the theory cf thin plates, to replace Wy in

FTD=HT=-23-600-69 6
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them by the expression Wos and to add the moments c.eresponding

to 01', and oé, t.e.,

. . [ L)
M) =M, =“Bi= * (4.2)

It is clear that LA is a function only of dispersion r:
qr’ P
w.-w-fA-l—Bf’. \“.3)
(terms which give a singularity in the center are discarded).

The boundary conditions have the form

=0, M,=0 whenr = a. (4.4)

We shall introduce the final formulas for displacement w at
any point and for the stresses:

q S+ v Zh
W=Eﬁﬂ“—'”hiwﬂh-”+5“+,ﬂ]—

™ 3+v ., . W , (4.5)
—* B —D (1+ ya—a “T")“"
3 ) ] g\
c,=-z-"§-[(3+v) (a®—r?) 4-m (-‘3-—-‘%-)]
f $ \ ..
o.=—43%[(3+v)¢’—(3v+1)r’~4~m(-‘3——.—:6-)] ! (4.6)
9 3z 429 3 h _
wm=f(1-T+9F). oW () =m0
Here the following deslgnations are used:
& L A TE ) ‘
mr..-—’-:-v—{-él-—v,(.'l-{-v)], n::T_:—v[E'—O-M('I—V)j. -~ (4.7)
The deflectlion in the center equals
qat S+ v 2n h\t
’=(-‘)lei+v[’+5(5+v)(7)‘l' _ (4.8)

The largest normal stress 1s obtalned on the axls of the p.ate
at the flat surfaces, i.e., at the points r = G, z = ¥h/2:

FTD-HT-23-600-69 7
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dgat h\s ;
max 3ﬁ13“”['*mq;¢n(%)ﬁ (4.9)
For an isotroplc plate,
8+v4¥
m=4(2-49) "’-=—?;.iv—. (4.10)

In formulas (4.8) and (4.9) the terms which are proportional
to (h/a)2 represent corrections to the results of the theory of thin
plates. Calculations show that for isotropic plates these
corrections are usually small in comparison with the first terms.
Using the designations fo and °;ax for deflectlon and the greatest
stress, calculated acccrding to the theory of thin plates, we
find the following values for an 1sotropic plate ir which v = 1/3

and h/a = 0.2:

[== 1.038/.. cm.x = i'w‘a:l'lll .

The deflection obtained on the basis of the theory of thick
plates differs from fo by less than 4%, while the stress differs
from ogax by a total of 0.04%. However, similar ccnclusions about
the insignificant value of corrections may turn out to be
inaccurate for a transversally 1sotropic plate in which the shear
modulus Gl_is’ generally speaking, in no way connected with the

other constants. We will present results of calculations for two

transversally isotropic plates in which v = v, = 1/3 and G, is
small 1in comparison with E.
= = = 0
1) Gl = 0.1E, = 1‘17f0’.°max 1.0216 ., l.e., the
difference in deflections f and fO comprises 17%, while the
o
difference between Onax 2nd o ., 1s 2.1%.
= Pom - (¢] '
2) G1 C.01E, 1| g.79f0, 0 o l.2370max.

In this case the correction term for defiection is 1.79 times
greater than fO, i.e., the obtained deflectlion 1s almost double
that calculated by the theory of thin plates, while the correction

FPL=-HT=73-600-69 g
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e From this 1t 1s clear thnt

the formulas for deflectlon of the apprcximate theory of thin
plates can give a significant error for transversally lsotropilc
plates 1n which the resistance to shear in the planes of the
transverse section 1s small.

for stress comprises about 24% of ¢

Saratov State University
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