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INFLUENCE OF THE POSITION OF AN ELLIPTICAL HOLE ON STRESS
CONCENTRATION IN A STRETCHED ORTHOTROPIC PLATE

S. G. Lekhnitskiy and V. V. Soldatov
~ (Leningrad, Ural'sk)

Problems in the concentration of stresses close to holes in
anisotropic plates are of major practical interest, especially
in connection with the broad application of synthetic anisotropiec
materials in technology. They are also of interest for the minirg
industry (svudy of stresses close to underground shafts, determinaticn
of wressure on a shaft 1lining, etc.). At present approximate
snlutions of the plane problem for anisotropic media with cutouts
naving widely varied configurations are known [1], but apparently
as yet there has been no detalled investigation of the problem of
how stress concentration 1s influenced by the position of the
axis of the hole with respect to the principal directions of
elasticity and the directlion of action of the forces. Exceptlions
to ithis statement are the works of A. S. Dorogobed [2] and
V. V. Lipkin [3], where a study was made of the distribution of
stresses in a plate with a round hole deformed by tangential and
bending forces which are orlented differently with respect to the
principal directions.

Given below are some results of an investigation c¢f stresses
iri an orthotropic plate with an elliptical hole cut at different
angles to the principal directions of elasticity, with one-directionsal
stretching.

FTD-HT-23-653-69 1
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1. Formulas for stress at the edge of the hole. We shali
examine an elastic orthotroplc plate weakened by an elliptical hole
and stretched in one direction by forces acting in the middle
f plane. We shall make the following assumptions: 1) the directions
X and y of the major axes of the hole in general do not coincide
with the principal directions of elasticity £ and n; 2) the forces
act at an arbitrary angle to the principal axes of the hole, while
the edges of the latter are not fastened and are not loaded;

3) the material obeys the generalized Hooke's law and experiences
small deformations.

. We shall introduce the following designations: a, b —lengths
of the semiaxes of the ellipse; ¢ = a/b (a > b); p — intensity of
forces; ¢ — thelr slope to the major axis; y — angle between
directions { and x (Fig. 1); E1 and E2 ~ Young's moduli for
tension—-compression in directions §, n; vy and v, = principal
Poisson coefficients; G — shear modulus characterizing the change
in the angle betwecn the principal directions ’

k== E, n= i/21/§-{—:—%——2v,. m-:%‘--—'.!\'l (1.1)
K=0on(l ~k)sin2¢, M =050 —, <+ (1 —m-Lk?Yecos2¢| sin 2¢
L=0dn|l k4 (1 —k) cos 2y, Nm= 025 (1 —m LAY sin* 29—k {1.2)

#0125 (3 4 m + 35*) 4+ 0.5 (1 — k*) cos 29 < 0,423 (1 — m + &%) condy

The equations of the generalized Hooke's law in the plane stressed

state are written as follows:

.

FTD-HT=23-6%3=-69 2
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1) for the major system of coordinates £, n

1 vy ¥ . 1
.1-1?;31'—7{,'%0 'l"“‘,;%‘l‘!‘ﬂ;cir Tz‘-b"!r,

2) for the system x, y

O ™ 81 04 - @140y -} 8,7,y
8y = 6,40, - €0, + anyTs
Try = €143x T GOy - ATy

The coefficients of deformation a,, are expressed th
principal elastic constants (see [1], pp. 45-47). In our
designations the formulas will have the form

=g o g 4 (= 1) cos 29]
o =g (= +0.25(1 —m 4 k) sint 2y)
Goe -z'zl- %‘--{-(i—m+k’)lin‘2v]

P -,‘-;ﬁ[:-kwr(i — m + k%) cos 29] sin 29
o0 = g, 11 — B — (1 — m 4 %) cos 291 sin 29

The equation of the contour of the hole will be take
parametric form:
Z=acond, Yy=bsin

and we will also introduce the designations

B = ctain®d 4 cos®

S == Ey[ayctsin? 9 — 20,66 sindDeosd 4 (20,5 + ﬁ“) ctsin*Hcost & —
~ 2a4q¢8in 9 cos® & - ayy cost 0f

Assundng that the hole is small and is located far f
edge, we will consider the plate to be infinite,

(1.2}

(1.4)

rough the

(1.5)

n in

(106)

(1.7)

rom the

The general solution for the problem of stress distribution in

an infinite anisotropic plate with an elliptical hole can

be found

in the book [1], in which a number of particular cases are also

examined, including stretching at arbitrar: angle ¢ ([1],

FTD-HT-23-653-69 3
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and 152, formulas (37.8), (38.11), and (38.12)). The expression for
the strzss " at the edge of the hole with arbitrary anisotropy 1is
quite complicated and is obtained only in complex form, but in the
case of an orthotropic plate it 1s possible to simplify it
gignificantly and to separate the real part. We will present the
final formula for the stress:

Co o= %!.-‘[(m\’ $in®Q 4 (K -+ ) sin @ cos @ + (L + cP) cos* ) csin® & —~
~~{|MN + K (L + cP))esin® ¢ 4 [M (K - eM) 4 cL(L + ¢Py— LN) x
X sin@oosg + (K + cM) P con? gy 220 1 (K (K + o) +
= N (N —cL))sintq + [MN 4 K (L 4 cP) singcos ¢+ PNcos’y }52;—0' 3

(1.8) .

From this (with ¢ and ¢ equal to 0 or (1/2)n) we will obtain
an expression for strescses for four basic cases, when the hole is
cut in such a way that the direction of the major and minor
axes of the ellipse coincide with the principal axes of elasticity,
and tension is carried out in the direction of the major or minor

axis of the ellipse. In particular, during stretching in the
direction of the minor axis (¢ = #/2) we will have

‘ 3.:51;—-{-'1:[—-0’&!1’0.1. (k4 cn)cos?d)  (p==0) . (1.9)
or 3
Gy = ’-;-:.- f— ke kin® D -i- (1 - en) cos?9) (1’=—:-) q (1.10)

In this case, when ¢ > 1 1t is natural to expect that the
- greatest stress will be obtained at the ends of the major axis;
it is determined according %o one of the two formulas:

(Go)o-o"P(i'i‘c—,:") (4 =0) (1.11)

or
%

(Go)oms = p (1 - en) (v=7). (1.12)

The stress on the ends of the major axls 1s determined
as compressive [stress]:
(@odemtin = — Pk op  (Godeurn == — & | (1 13) )

FTD=HT-23-653-69 4
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Por an isotroplc plate (k = 1, n = 2) the above assertions

are indisputable; however, in the case of an anisotropic plate it

is possible (at least in theory) to find other relationships between

the constants at which the greatest compressive stress exceeds the
; magnitude of the greatest tensile stress. We will note that stress
concentration 1s significantly influenced by the principal shear
modulus G, entering into the expression for n, which 1n an orthotropic
plate is not connected with other elastic constants; at small G the
the concentration can be very significant.

With an arbitrary orlentation of the hole § and stretching at
an arbitrary angle of ¢ the theoretical solution of the problem
about which is the greatest stress and where it 1s obtained is made
difficult by the complexity of formula (1.8). We will limit '
ourselves below to lnvestigation of this problem for the particular
case of a plate with given elastic constants.

All the formulas (1.8)=(1.13) are also valid for an orthotropic
medium Wuékened by a cavity in the form of an elliptical cylinder
located in a state of plane deformation under the action of stretching
forces p; however in this case the moduli El and E2 and the
coefficient vy must everywhere by replaced by the corresponding
quantities:

B E
El'='1‘:'_‘T—‘lm."' Ea'-m: v’ = V1 + ViV (1.14)

Here v13 and v23 are Polsson coefficients which characterize
the contraction in the direction of the axis of the cavity during
stretching along the principal directions £ and nj; v31 and v32 are
coefficients which characterize contraction along directions £ and
n during stretching along the axis of the cavity (see [1], p. 18).

2. Results of calculatlions. At present all of the elastic
constants which are necessary for the calculations have been

determined only for a comparatively small number of anisotropic
materlals. These include certain minerals (quartz, topaz, beryl,
etc.), natural wc.d (oak, pilne, Canadian fir, ete.), delta-wood

FTD-HT-23-653~69 5
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[veneer and plywood], aviation plywood, and also SVAM (glass fiber
reinforced anisotropic material). The Young modull and Polsson
coefficlents were found experimentally for the latter for the case
of stretching along the fibers and at an angle of 45° [4], which
makes 1t possible to calculate the principal shear modulusj the
following 1s obtalned:

Ey= 1 :.mln‘ S 3AT .18, G- 281G (in u/‘lz) (2 1)

vyn v LI, ks 100, nes 242

ax 5= 4G 108, Ly - )

The following are the greatest tensile and compressive stresses
in a plate of SVAM with an elliptical hole in which ¢ = 2 and
in which the directions of the axes colnclde with the principal
[directions] under tension along the minor axis (see
(1.11)~(1.13)):

Spax = 0B4p, Suax’ = P
For such an isotropic plate k = 1, n = 2, Omax - 5p, and
oﬁax = p., Comparison of all these numbers shows that SVAM should
be related to the category of weakly anisotropic materials, and
stresses 1n a plate of SVAM will differ insignificantly from stresses

in an isotropic plate.

Therefore we took a material with stronger anisotropy, a materlal
which has repeatedly been used to illustrate calculations of
stresses in anisotropic plates — birch aviation plywoocd, in which

Ey=12:108 Ey=06.10,  =007.10 (in kg/on?)
vy = 0,074, vs = 0,036, k=VY2=1414, n=4453 (2.3)

For the sake of definiteness we took a = 2b and ¢ = 2, Tables 1
and 2 glve the values of the greatest tensile stresses 1. and
the greatest compressive stresses oéax for flve cases of tenslon:
¢ = 0, 30, 45, 60, and 900, and for elght cases of orlentation of
the hole with respect to the principal directlons of elasticity:
¢ = 0, 30, 45, 60, 90, 120, 135, and 150° (accurate to 2 decimal
places; calculations with hligher accuracy are hardly advisable,

keeping in mind the approximate character of the initial data (2.3)).

FTD-HT=2 3-653-69 6
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Table 1. Greatest tensile stresses amax/p (for g

P lywood ) .
o = N 8 L " 19 1% 1 L g
0 laniam] 2@ 2.21 2.57 2.21 2.67 2.76 3.8
W0 13.104.02; A4 4.94 2.55 3.5 4.00 3.7¢ | 3.40
45 [3.8515.55 5.84 6.3 8.19 4.2 4.98 .18 3.8
0 |5.58|S5.47% 6.52 8.8 7.55 4.24 .33 8.14 5.58
0 172015717 .82 1.72 9.9 .1 5.5 71 11,2

Table 2. Grestest compressive stresses o . /p
(for plywood):

¢ (=0 N o “ " 12 1% 10 "
0 |07 094 1.18 1.38 1.41 1.38 1.18 0.9 |0.71
% 10.9810.771! 0,78 1.24 1.24 1.54 1.80 1.83 10.8
45 11.4110.78) 0.48 1.08 1.18 1.38 1.57 1.82 1.41
60 |1.0010.89| 0.63 1.11 1.13 1.24 1.37 1.33 1.60
0 | 1.41[1.28]| 1.13 0.92 0.7 0.82 1.13 1.29 1.41

We shall introduce the maximum tensile stresses for an 1sotropic
plate (for such a plate in all cases Uﬁax = p):

=0 0 45 6 92
Omax /P=200 288 L34 420 500

Figures 2-5 depict the graphs of distribution of stresses
along the contour of a hole for 4 cases:
1) puypm(; 2) @mir, pui; 3) @m00% y=45% 4) Qumd, ¥=00%

%%

The magnitudes of stresses were plotted from the contour of the hole
on continuations of the rayc drawn from the center through the

given points; positive stresses are deplcted by arrows directed to
the center, '

The diagram of loading i1s shown on each graph. For comparison,
a broken line 1is used to shcw the graph for an isotroplc plate.

We will note that at one and the same ¢ the general character of
the graphs are retained 1if 96° 1s added to the angle ¢, 1,e.,,

FTD«HT-23-653-69 7
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if the uxes § and n change places, only thz magnitude of the stresses

is changed.

fig. 2.

Figure 5 shows the change in ¢

max/p (curve 1) and op /p

(curve 2) as a function of ¥ during stretching along the minor
axis of the hole; Figure T gives the change in °max/p as a
function of the slope ¢ of forces to the major axis for ¢ = 0
(curve 1) and ¢ = 90°% (curve 2).

FTD-HT-23-653=-69

By analyzing the tables and graphs
(as well as the results of calculating stresses
on different points of the contour, which we
did not do), it is possible to draw a number
of conclusions relative to a plate made of
aviation plywood; they give certain bases
for judgment about the behavior under tension
of a plate made from a different material,
in which k > 1 and n > 2, We will note the
most important of these.

1. The contour of the hole is divided
into four segments which are symmetrical




. o ) with respect to the center; these segments are subjected

b fﬁ alternately to the action of tensile and nompressive stresses.  Here
éﬁ the greatest compressive stresses are, in all cases, significantly

) ?} ) amaller than the greatest tensile stresses. '

3 2. In all cases the maximum tensile stress 15 found to be
- greater than that in the same 1sotropic plate, or in other words, .
8 } , ;ﬂ the concentration coefficient for the plywbod plate 1s greater than
] that for an isotropic plate (with equal ¢).
3. The greatest of all possibtle ¢ . = 9.91 p ir obtained in
the case when the opening 1s cut in such a way that the direction
of its minor axis coincides with a direccion of the maximum
Young's modulus (fibers of the housing) and stretching is accomplished
in the direction of the minor axis.

4, Among the other cases examined, the following turned out
to be "unsuitable,"™ in the sense of maximum tensile stresses:

1) t::ﬁﬂ',dp:—:ﬁ(f, Gumax = 8.20p
2) ¢ =060° @=90% Guu =T7.72p
3) . Y= 90°, ¢ = U, Gipax = 7".’5P -

The places of greatest stress are located close to thre ends of
the major axis (angular distance from the x-axis does not
exceed 89).

FTD-HT-23-653-69 S




v e ey -

5. Dburing stretching slong the minor axis the least of
all possible maximum tensile stresses, B 5.52p, 1s obtained
in the catce when the axls of the hole 1s directed at an angle of
h5° to the principal directions of elasticity.

Recelvad 28 June 1960
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ABSYRATTUNCL, O) ABSTRACT OF REPORT

The problem of stress concentration near holes in anisotropic
plates is of considerable practical interest, especially in
connection with\ synthetic anistropic materials, with the stresses
_near undergroundyfworkings, with the determination of the load on
“pto-proPBieta, The problem considered is the stress around the
boundary of an elliptical hole in an orthotropic plate, The plate
possesses two perpendicular principal elasticity directions in its
plane; one of these directions makes an angle with the major axis
of the elliptical hole, and an angle with the direction of the
applied tension, t is assumed that the material obeys the
generalized Hooks | law, that the strains are small, and that the
plate can be regar as infinite, The formula for the stress
round the boundaryfof the hole is quoted from "Anisotropic Plates"”
by S. G. Lekhnitsifly, Gostekhizdat, 1957 (Ref., 1), and is discussed
numerically using ‘the elastic constants of glass fibre anisotropic
material and of birch aviation plywood, The glass fibre material
is weakly anisotropic and the stress distributionz do not differ
significantly from those in an isotropic material., For the plywood,
the values of the maximum tensile and compressive stresses at the
edge of the hole are calculated, (The parent document contains
sevengraphs , two tables showing greatest tensile stresses and
greatest compressive stresses for plywood which are included on

microfiche,)
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