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PLANE STRESSED STATE AND BENDING OF NONHOMOGENEOUS 
TRANSVERSALLI ISOTROPIC PLATE 

V 
S. G. Lekhnitskiy 

(Leningrad) 

Jeneralization of the theory of elastic 
equilibrium of a thick plate [1, 2] is given for 
nonhomogeneous transversally Isotropie plates of 
two types: a) multilayer and b) having elastic 
moduli, continuously changing in thickness. 
There are considered plates, being in plane 
stressed state and bent by loads distributed 
along the edges arbitrarily, and also uniformly 
along one of the plane surfaces. The constructed 
theories of plane stressed state and bending do 
not use hypothesis of straight normals and 
others (besides those usually taken in the linear 
theory of elasticity) and permit determining 
stresses and displacements, strictly satisfying 
all equations of the theory of elasticity, con- 
ditions on plane surfaces and on contact surfaces 
of layers. On lateral surface (on the edge) 
generally there are satisfied averaged or 
integral conditions, as in the theory of thin 
plates.(  j 

\ 

S^ 1. General Information. Let us examine a multilayer plate, 

comprised of an odd number of 2n + 1 elastic transversally Isotropie 

layers, located symmetrically relative to the middle 

the following limitations: 

Let us take 

1) Each two layers, symmetric relative to the middle, have 

identical thickness and identical elastic properties, which planes 

FTD-MT-24-425-69 



2) Layers are soldered cr glued, so that their slip along 

contact surfaces and separation from each other are eliminated. 

3) All the layers behave as elastic, and experience small 

deformations, connected with stresses by generalized Kooke law. 

J») Poisson's ratio for planes of isotropy (characterizing 

reduction in the plane of isotropy with extension in the same plane) 

for all layers are Identical. 

The last limitation is very essential, and without it, it is 

not possible to construct the simple theory, which is discussed 

below. 

Let us take the middle plane for plane xy and direct axis 

z downwards (Fig. 1). Let us number the layers In the following 

way: let us consider the middle zero (0), let us assign the 

underlayer numbers 1, 2, ..., n, and overlayer - numbers -1, -2, 

• • • * —II • 

Pig. 1. 

In accordance with this, stresses and elastic constants will be 

designated by usual symbols with the addition of numbers of layers 

on top, and displacements of any point of the layer number 

of Isotropy in every layer are parallel to the middle plane of the 

entire plate. 1 > 
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m - through uM, v . w. n' mJ m Let us Introduce more designations: 

ate, hm - distance from middle pla 

contact surface of layers m and m - 1; let us assume that 6 

h - total thickness of plate, hm - distance from middle plane to 

m 
« hffl+1 - hffl - thickness of layers with numbers tn and -m.    We have: 

.    #~"I«"JP#       M{** — 8* (Young•• Moduli) 

Ct^mGf,       <T* m (T»Jra ■        («htaraoduli) 

.,; MfffSm #■»§»*'»(»-. Pol««,»'« ratio;)." 

(1.1) 

Equations of generalized Hooke law for layer number m (m ■ 0, 
±1, ±2, ..., ±n) will be written in the following way [33: 

-^fe.,,»+0+5w«;^ W-^V 
(1.2) 

Basic system of equations of the theory of elasticity for 

-ransversally Isotropie layer number m will be obtained by adding 

to (1.2) the equations of equilibrium (X , Y , Z - projections 

of volume of forces) 

W + W + W + xm - o 
(1.3) 

Here and further 

*»"TC' '»"V '•"XT 

(1.4) 

On plane surfaces z • ±h/2 stress components should equal 

projections of assigned forces (per unit of area). On contact 

surfaces there should be fulfilled conditions 

PTD-MT-2 4-a 2 5-6 9 



(1.5) 

Let us also examine single-layer transversally Isotropie plate 

with thickness h with planes of isotropy parallel to the middle xy, 

for which v ■ const, and the remaining elastic moduli and Poisson's 
ratio E, E,, G,, v., v„ are continuous and even functions of variable 

z, so that E(-z) * E(z), etc. Let us assume that this plate also 

experiences small elastic deformations and follows generalized 

Hooks law. Basic system of equations of the theory of elasticity 

for it will be obtained from (1.2) and (1.3), having rejected there 

indices - numbers of layers. 

Por each of the two plates - layered and with variable moduli - 

let us examine three cases of equilibrium? 1) plane stressed state, 

induced by forces distributed along the edge, 2) bending by load 

distributed along the edge, and 3) bending by normal load, distributed 

evenly over the entire surface z ■ -h/2. Plane stressed state and 

binding are examined separately for multilayer plates and plates with 

variable elastic moduli. Below are listed only final formulas for 

stresses and displacements, satisfying equations (1.2) and (1.3), 

conditions on surfaces z • ±h/2 and on contact surfaces (in 

multilayer plate) and equations for function of stresses and sag 

of the middle plane. The fact that these functions satisfy the 

needed equations and conditions can be easily checked by simple 

substitution. The below mentioned expressions give the possibility 

of satisfying averaged or integral conditions on the edge. 

Thus, as in the case of homogeneous transversally Isotropie 

plate, the first two of the named problems lead to determination of 

biharmonic function in the region of plate satisfying boundary 

conditions, and the third problem - to determination of the function 

satisfying equation of a thin plate, bent by evenly distributed 

load. 



I 

In the given strict formulation the problem for anisotroplc 

nonhomogeneous plate is examined, apparently, for the first time. 

In general, according to the theory of multilayer plates and shells 

(especially - sandwich) there are known many works, in which different 

assumptions are used (see [4], and also [5] and [6], where there 

are large lists of literature). This question, just as the question 

about bending, will be examined separately for multilayer plates 
and for plates with variable elastic moduli. 

2. Plane stressed state, a) Multilayer plat«.    Let us assume 
there is a multilayer plate with the above-mentioned properties, 

of arbitrary shape (Pig. 1) and with arbitrary number of layers 2n ♦ 1 
being in equilibrium under the action of forces, distributed along 
the lateral surface symmetrically relative to the middle plane and 

parallel to it. More precisely, it is assumed that forces affecting 

any element hds of the lateral surface with base ds and height equal 

to the thickness of plate, are brought to principal vector, lying in 

the middle plane. Volume forces are not examined. 

In homogeneous Isotropie or transversally Isotropie plate, being 

in the same conditions [3], stress components on areas parallel to 

the middle plane are equal to zero, and the others are quadratic 
functions of z. 

In multilayer symmetric plate we also have 

*«" "■ V ■ "•*"" ° (2.1) 

for every layer. For average stresses and displacements1 along the 

thickness the same equations are obtained as for Isotropie plate 

with Poisson's ratio v and Young's modulus E , equal to 

£5-|(M# + 2Sä»«,), (2.2) 

'Subsequently, average values will be designated by superscript 
"slanting cross." 



namely 

B*(it9* + #**) - -2(1 + v)#A^X 

(2.3) 

(2.4) 

Function of stresses F Is biharmonic, i.e., satisfies equation 

a» 

0W--O (2.5) 

Let us introduce designations: 

.  •>»W^.+ 2ft2?:PW-*A+ 
'       (III.I      I 

11     <-.    ■ 

..     i .< ii. |..,.ii. 

"    ^-S[^+^«^W*lW**]   «.WMÜl.V;..,!) 

(2.6) 

(2.7) 

Then formulas for stresses and displacements in every layer 

will be written in the following way: 

..,-)  (2.8) 

ij Flute viith variable elastic moduli.     For a single-layer plate, 
for which v « const, and remaining Polsscn's ratios and elastic 

moduli are continuous and even functions of z, we obtain also 

T««- T. (2.9) 

Average stresses and displacements will be found from equations 

(2.3) and (2.4), where given modulus 



Ä" -*T» (2.10) 

Expressions for stresses and displacements have the form 

(2.11) 

(2.12) 

Here 

f-w"Ä £*•*-*«. »'«-JO**)* (2.13) 

3. Bending by a load distributed along the edge, a) Multilayer 

plat».    If a multilayer plate (Fig. 1) Is bent by forces and moments, 

distributed along the edge, then stresses and displacements at any 

point can be expressed through biharmonlc function W - sag of middle 

plane. 

Let us Indicate all the necessary formulas, preliminarily 

Introducing the following shortened designations for constants and 

functions of z. 

* 

«•«■* rt 

(3.1) 

(3.2) 

(3.3) 



+ fck(*VH-^~%dVH-W}- *       (3.5) 

Expressions for displacements in any layers have the form 

(3.6) 
«i-IT+j^^ji/Wfr 

For stresses we obtain formulas 

**•- 

«,*"-- 

^,*«-- •f35i(l"-*)'i*i5*»    <^* M |;|~. j '9ti^W 
(3.7) 

Stresses o . o „, T . will ue reduced to moments, and T . T x  y  xy xz* yz 
to shear forces. After integration with respect to thickness we 

obtain formulas for moments and shear forces, pertaining to unit of 

length: 

JT.--JW f üfltf,      J#,--*(*,«+ *,»K 
Ä, - B (1 - *) «AP* 

ff, » - W,0*ir  ff, - - MaO'lT   (tf - IF + $D*W) 
(3.8) 

Coefficient B represents cylindrical rigidity of the plate. 

Expression B coincides with what is obtained in the theory of 

thin multilayer plates on the basis of hypothesis of straight 

normals (see [73). 



b) Plat* with variable elastic moduli.    For such a plate Instead 
of formulas (3.6), (3.7) we obtain 

(3.9) 

•.—rSftHUÄt   •.-* 

, M 

•    w ifi "^   .^^>       V rf 

(3.10) 

11) 

Bending and twisting moments are determined by formulas (3.8), 

where expressions for B and g have the form 

*-*£•*}***• «-s^W!*,/w* (3.12) 

(Expression for B Is analogous to theory of plates, see [7], 

p. 272.) 

From all the above-mentioned formulas the elastic moduli, 

constant at any point of the plate, are obtained by known formulas 

for homogeneous transversally Isotropie plate. The problem on 

bending of multilayer Isotropie plate is briefly examined (by a 

somewhat different method) In book [8]. 

4. Remarks In connection with bending of plate by distributed 

load. If the load is distributed not only along the edges, but 

also along planes z ■ ±h/2 of nonhomogeneous plate, then the problem 
is considerably complicated (Just as in the case of homogeneous 

plate); it can be easily sowed by elementary means only with 

simple laws of distribution of load. Let us indicate briefly the 

basic results for an evenly loaded plate. 

a) Multilayer plate.     Let us assume that the plate is somehow 

attached along the edge and is loaded by normal forces, distributed 



evenly along the surface z ■ -h/2 (Pig. 2). Let us take into account 

its intrinsic weight. 

Pig. 2. 

Let us assume that q - intensity of load, y " const - specific 

gravity of layer number m, with this y _ » y . Let us introduce ••m       m 
more designations: 

'0-TAVl'iiTtft.  *"ifc(Vfc+lSV«A|y- '"^V    (4.1) 
ft-»' ™**   • ft-« ' •!,. 

-TJ ± S (T*-Tft-i)*b       «•-!,.*...•) 
*-« 

(4.2) 

«* - - ^(t J^ j (f + fl f« («) - T«r,   t*.(i)-j«tf**li (i,.3) 

In this case sag is no longer a blharmonlc function, but 

satisfies equation 

BD*W - f + Q (4.*) 

Displacements of points of layer number ±m will be obtained by 

adding to expressions (2.8) u , v  respectively 

• *■ - 0.5*X*.  »'^-O.öfXy (1.5) 

and to wA_ - function ±m 

+ T=?{l»^t«(«) + SfH^f^(*ft)-H»fi<**)»} *•*.«    (J1.6) 

10 



or accordingly 

*.-T *+fJV*<4 <4.5a) 

±m 

Pormulas for TXZ, T , t  will not be changed, but too tt, 

It la necessary to add expression 

'a-^T^+Ä**- (4.7) 

which, naturally, will be reflected on the moments. Furthermore, 

here stress ag will not be equal to aero, but will be determined 

by formula 

0/t-~ - .♦. + *,*- (4.8) 

b) Plat« with variable •laetio moduli.    At constant specific 
gravity y  the sag of middle plane W satisfies equation (4.4), 

where Q » Y&, and B Is calculated by formula (3.12). With 

q » const 

« «   • 

*~(ßfcj[{j[lH*+»(T-f) (4.9) 

Displacements will be determined by formulas (3.9) with addition 

of terms 

u' m, Xqx,      *' — Xqg fi-J****2*]***) (4.10) 

*-ÄW»*+$P^-i*«** 

(expression f(z) - see (3.11)). 

Stresses t  , T  , T  will be determined by the same formulas 

as with q • 0, and to the expressions for a    and a    it is necessary x     j 
to add 

FTD-MT-2*4-425-69 11 



•B.*;_i*J±a (1.11) 

Problem abound bending of Isotropie plate with modulus E, 

changing In thickrcsss, was examined In [9]. 

While not citing results of calculations fo** nenhomogeneous 

plates, let us note only that with different relationships between 

elastic constants of layers the greatest stress and especially the 

greatest sag W  , obtained by strict theory, can differ aulte 

considerably from those found with the help of theory of thin 

plates. As shown by formulas (3*8), moments depend on constant g 

(see (3-5) and (3*12)), which In different variants of nenhomogeneous 

plates can change over a wide range. 

By solving, for example, the problem of bending of a supported 

plate, we require that along the edge the sag and bending moment 

be equal to zero and we thereby Introduce constant g Into expressions 

for displacements and tensions, which can be strongly reflected 

on their value. 

Submitted 
20 August 1962 

Bibliography 

1. Lyav A. Matematlcheskaya teoriya uprugosti (Mathematical 
theory of elasticity). ONTI, M.-L.,, 1935. 

2. Lur'ye A. I.  Prostranstvennyye zadachi teorii uprugosti 
(Three-dimensional problems on theory of elasticity).  OTTI, M.f 1955« 

3. Lekhnitskiy S. G.  K teorii anizotropnykh tolstykh plit 
(Theory of anisotropic thick plates).  Izv. AN SSSR, OTN, Mekhanika 
i mashinostroyeniye, 1955, No. 2. 

1.  Ambartsumyan S. A. Teoriya anizotropnykh obolochek (Theory 
of anisotropic shells). Fizmatgiz, M., 1961. 

5. Aleksandrov A. Ya., Bryukker L. E., Kurshln L. M., Prusakov 
A. P.  Ra3chet trekh3lcynykh paneley (Calculation of sandwich panels). 
Oboronglz, M., I960. 

6. Kurhsin L. M.  Obzor rabot po raschetu trekhsloynykh 
plastin i obolochek (Summary of works on calculation of sandwich 
plates and shells).  Haschet prostranstvennykh konstruktsiy 

FTD-MT-24-425-69 12 



(Collection), 7. Gosiidat. lit. po stroit., arkhit. 1 stroit. mat., 
M., 1962. 

7. Lekhnitskiy S. G. Anlzotropnyye plastlnki (Anisotropie 
plates).  GTTI, M., 1957- 

8. Vlasov V. S., Leont'yev N. N. Balki, plity i obolochki na 
jprugom osnovanii (Beams, piates and shells on elastic support). 
Pizmatgiz, M., I960. 

9. Sokolowski M. The bending of transversally nonhomogeneous 
plate of moderate thickness. Arch, raech. stosowanej, 1958, 10, 
No. 2. 

PTD-MT-2'»-425-69 13 



FD7Q-?nnfU9/flflA< 
DATA MAMDUM6 PAGE 

OV ACCESSION MO- »••DOCUMENT LOC 

TP0500318 
0S»TITUS PLANE STRESSED STATE 
AMD BEHDING OF NONHDMOOEHE 
OÜS TRANSVERSALLY ISOTROPIC 
PLATE -Ü- 

4>*URJECT AREA 

13,   20 

kTOPIC TACS 

elastic plate, elasticity theory, thin 
plate, Poisson Equation, bending stress, 
distribution coefficient 

4» AUTHOR CO-AUTHORS 

LEKHKITSKIY, S. Q. Jtsgy »•OATEOF INFO 

«»SOURCE   ^ gggjj^  izvESTITA. HEKHANIKA I 
MASHINOSTROYENIYB    (RUSSIAN) FTD- 

SS*OOCUMZNT NO. 

MT-24-425-6Q, 
«»•PROJECT NO. 

72302-78 
»»SECURITY ANO 0ORN6RADINO INFORMATION 

UHCL.   O 

7*>REEL/FRAME NO. 7>ioPTHICn 7S»CHAH0ES 

««•CONTROL. MARKINGS 

NONE 

9>HKA0ER CLASH 

UNO. 

4frOEOORAPHI6AL 
AREA 

UR 

NO. OF PAOCS 

12. 
CONTRACT NO. X REP ACC NO. PUBLISHING DATE TYRE   PRODUCT 

TRANSLATION 

REVISION FREQ 

NONE 

STEP MO. 
02-UR/0179/6 3/OO0/0O1/O06 J/0067 

ATTRACT /TjjicL, 0) ABSTRACT OP itEPORT. A multilayer plate consisting of 
an odd number of transversely Isotropie layers arranged symetric 
ally with respect tc the median plane is considered under the 
following assumptions: 1) the pairs of layers which are symmetrical 
with respect to the median plane have equal thicknesses and the 
same elastic properties and the planes of isotropy in each layer 
are parallel to the median plane of the entire plate; 2) the layers 
are attached to each other along the contacting surfaces in such a 
way that slip or complete separation is impossible; 3) tne general 
ized Hook's law holds; 4) the Poisson coefficients for the planes 
of isotropy of all the layers are the same. The second problem 

. considered is that of a single layer transversely Isotropie plate 
with the planes of isotropy parallel to the median plane in which 
the ioisson coefficient remains constant, while the remaining 
elastic moduli and Poisson coefficients are continuous and even 
functions of depth in the plate. Again, it is assumed that the 
generalized Hook's law holds. Two cases of equilibrium are then 
considered for both the multi layer and single layer plates, namely, 
the plane stressed'state and bending under the action of stresses 
distributed arbitrarily over the lateral surface and bending under 
the action of a normal load over one of the plane faces. The 
analysis is a generalization of published solutions for the elastic 
equilibrium of a thick plate to the restricted non homogeneous case 
defined.  (Two figures are included in the parent document, which 
is available on microfiche.) 

AFSC »UVM * <FT0 OVERPRINT, DEC *•) 
A'K  u«rt! 


