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PLANE STRESSED STATE AND BENDING OF NONHOMOGENEOUS
TRANSVERSALLY ISOTROPIC PLATE

S. G. Lekhnitskiy

i (Leningrad)
\xéeneralization of the theory of elastic

: equilibrium of a thick plate [1, 2] is given for
nonhomogeneous transversally isotropic plates of
two types: a) multilayer and b) having elastic
moduli, continuously changing in thickness.

§ There are considered plates, being in plane
3 stressed state and bent by loads distributed
along the edges arbitrarily, and also uniformly
along one of the plane suvrfaces. The constructed
theories of plane stressed state and bending do
not use hypothesis of straight normals and
others (betides those usually taken in the linear
theory of elasticity) and permit determining
stresses and displacements, strictly satisfying
all equations of the theory of elasticity, ccn-
| ditions on plane surfaces and on contact surfaces
i of layers. On lateral surface (on the edge)
. 3 generally there are satisfied averaged or
| integral- conditions, as in the theory of thin

plates./ . .
A\
l. General 1nfo>hation. Let us examine a multilayer plate,
AY
. comprised of an odd number of 2n + 1 elastic transversally isotropilc
layers, located symmetrically relative to the middle. Let us take

} ‘ the fcllowing limitaticns:

1) Each two layers, symmetric relative to the middle, have
identical thickness and 1dentical elastic propertles, which planes

A
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of isotropy in every layer are parallel to the middle plane of the
entire plate.

2) Layers are soldered or glued, sc that their slip along
contact surfaces and separation from each other are eliminated.

3) All the layers behave as elastic, and experience small
deformations, connected with stresses by generalized Hooke law.

4) Poisson's ratic for planes of isotropy (characterizing
reduction in the plane of isotropy with extension in the same plane)
for all layers are identlcal.

The last limitation is very essential, and without it, it 'is

not possible to construct the simple theory, which is discussed
below.

Let us take the middle plane for plane xy and direct axis
z downwards (Fig. 1). Let us number the layers in the following
way: let us consider the middle zero (0), let us assign the
underlayer numbers 1, 2, ..., n, and overlayer — numbers -1, -2,

ce ey -N.

Fig. 1.

In accordance with this, stress:s and elastic ccnstants will be
designated by usual symbols with the addition of numbers of layers
on top, and displacements of any polnt of the layer number

FTD-MT-24-425-69 2
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m —~ through Uns Voo Wpe Let us introduce more designations:

h — total thickneas of plate, hm — distance from middle plane to
contact surface of layers m and m - 1; let us assume that am =

G hm+1 - hm — thickness of layers with numbers i and -m. We have:

. "‘-r, '. -". " (Young's modull) . (1.1)
6.""-0," G-'-G'-m. (uﬁur.aoduu) .
"-f-...-:v"-q‘.-....-v‘-v, "--v‘ﬁ 9.“-',‘
"".“ - p'l‘ | "(’— Poiuoa'c nuol). =00

Equations of generalized Hooke law for layer number m (m = o,
tl, ¢2, ..., tn) will be written in the following way [3]:

P »
i A A

'v'-""l'(%--")l-)-"‘;:';%-o Tar = a':I"- (1.2)
=
nf--§i«¢‘+4#ﬂ-+;%:mf. Y™ = ™

Basic system of equations of the theory of elasticity for
‘ransversally isotropic layer number m will be obtained by adding

to (1.2) the equations of equilibrium (xm, Ym’ Zm - project.ons
of volume of forces)

’10,. + ’.‘n- + ”'”- + Xn - 0
‘lt " 0'” *"2 +Yl-o (1.3)
0t™ + 045" + 00" + Zn = 0

Here and further

0‘-F| ‘ol-rl ‘l-':'.'

Ded 0=t (1.4)

On plane surfaces z = th/2 stress components should equal
projections of assigned forces (per unit of area). On contact
surfaces there should be fulfilled conditions

FTD-MT-24-425-69 3
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Rmta '::.-‘-:—.' ‘n‘"ﬁc"’ (1.5)
U gy V™= Py Wi 7= Wiy

Let us also examine single-layer transversally isotropie plate
with thickness h with planes of isotropy parallel to the middle xy,
for which v = const, and the remaining elastic modull and Poisson's
ratio E, El’ Gl’ Vys Vv, 8&re continuous and even functions of variable
z, 8o that E(-z) = E(2), etc. Let us assume that this plate also
experiences small elastic deformations and follows generalized
Hooke law. Basic system of equations of the theory of elasticity
for 1t will be obtained from (1.2) and (1.3), having rejected there
indices -~ numbers of layers.

For each of the two plates — layered and with variable moduli -
let us examine three cases of equilibrium: 1) plane stressed state,
induced by forces distributed along the edge, 2) bending by load
distributed along the edge, and 3) bending by normal load, distributed
evenly over the entire surface z = -h/2. Plane stressed state and
bending are examined separately for multilayer plates and blates with
variable elastic modulli. Below are listed only final formulas for
stresses and displacements, satisfying equations (1.2) and (1.3),
conditions on surfaces z = th/2 and on contact surfaces {in
multilayer plate) and equations for function of stresses and sag
of the middle plane. The fact that these functions satisfy the
needed equations and conditions can be easily checked by simple
substitutlon. The below meniloned expressions give the rossibility
of satisfying averaged or integral conditions on the edge.

Thus, as in the case of homogeneous transversally isotropilc
piate, the first two of the named problems lead to determination of
biharmonic function in the region of plate satisfying boundary
conditions, and the third problem - tu determiration of the functlon

satisfylng equation of a thin plate, bent by evenly distributed
load.
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In the given strict formulation the problem for anisotropic
nonhomogeneous plate is examined, apparently, for the first time.
In general, according to the theory of multilayer plates and shells
tespecially — sandwich) there are knowr many worké, in which different
assumptions are used (see [4], and also [5] and (6], where there
are large lists of literature). This question, just as the question

about bending, will be examined separately for multilayer plates
and for plates with variable elastic modulil.

2. Plane stressed state. a) Nultilayer plate. Let us assume
there is a multilayer plate with the above-mentioned properties,
of arbitrary shape (Fig. 1) and with arbitrary number of layers 2n + 1
being in equilibrium under the action of forces, distributed along
the lateral surface symmetrically relative to the middle plane and
parallel to it. More precisely, it is assumed that forces affecting
any element hds of the lateral surface with base ds and height 2qual
to the thickness of plate, are brought to principal vector, lying in
the middle plane. Volume forces are not examined.

In homogeneous isotropic or iransversally isotropic plate, being
in the same conditions [3], stress components on areas parallel to

the middle plane are equal to zero, and the others are quadratic
functions of z.

In multilayer symmetric plate we also have

‘C““'Ifuﬁ-d,"-o (2.1)

for every iayer. For average stresses and displacements! along the
thickness the same equatlons are obtalned as for 1sotropic plate
with Poisson's ratio v and Young's modulus Ex, equal to

o o % gha | (2.2)
Bw 3 (B +2 3 '),

1subsequently, average values will be designated by superscript
"slanting cross."

o=
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namely

O = 0."”- o = 81, 1, X o — ’3."’ (2.3)
EX0u™ o (08 — ) F*, . E*00" = (’n - vyf) ’.
‘X.(.‘.x.l."‘”)-—-Z“ ""V)'”” (2.")

Function of stresses F* is biharmonic, i.e., satisfies equation

D\t = (2.5)

Let us introduce designations:

‘,',‘ﬁ{%w"' zr[-r(*'m-‘-')-l-

.i\r

NI (2.6)
. -J-‘-E(v."nrv.'ih.ﬁ-u-)'l-&"h)]}:'w'.".
TR, W . A TN CE R =
. h-“"""“y o [ TR .a.n
o,,.-;,[p" +¢qz.,,.u‘)‘pr"] a4, 35,041 8) + (2.7)

.....

Then formulas for stresses aud displacements in every layer
will be written in the following way:

02 = 0fDsm,  Usm = 0% =L Z,0(s) 0,00
OA™ = 0 Psm,  Vpm = 0X = Zom () ODF w0, ... (2.8)

'“*‘— - ola'd’t." ur.tﬂ - E'i z't' (’)'”Fx

b) Flute with variable elastic modﬂi. For a single-layer plate,
for which v = const, and remuining Polsscn's ratios and elastic

moduli are continuous and even functions of z, we obtaln also

T =Ty=0, =0 (2.9)

Average stresses and displacements will be found from equations
(2.3) and (2.4), where given modulus
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""T.S‘“‘ (2.10)

Expressions for siresses and displacements have the form

=40, o =00, 1y -0 (o-ﬂi’['“+ﬂﬂ- w"]) (2.11)

.-.x--l;!- QP ....x-.,.g. AP, wm—EL .0 (2.12)

Here

. ‘ '
20 = - r"‘“ - () um-ww)a (2.13)

3. Bending by a load distributed along the edge. a) Nultilayer
plate. If a multilayer plate (Fig. 1) is bent by forces and moments,
distributed along the edge, taen stresses and displacements at any

point can be expressed through biharmonic function W — sag of middle
plane.

Let us indicate all the necessary formulas, preliminarily

introducing the following shortened designations for constants and
functions of z.

‘tase -,-,;u-(;-—[a. Zw-'-v.w- 2 (r-r-;n.-+nv.,.]

. P-‘o’oo...l—” I
.'.""m[ E(E‘-t"'m'-rm ] om0 (3.1
| Gt ‘_"__[Gi 2! ('9"‘"'.')*.'+3Ww;]

-.-mf-f,,_( - -) a.-E(»-. e.)hﬁ)l(-. WY

‘ﬂ-funoﬂ

: "#"'J"'(*‘*""-"%"‘)"'W (3.2)

Falo) -5;1’ + [h%;u!'—r")h.'— F !]s (0,4, ...on=1)  (2.3)
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£~ gt {F Ga - hINS + 3 15 By — MY +
+ 86 Wayy — M) —oe My — 41} (3.5)

Expressions for displacements in gny layers have the form

Sym = —Olpu Tm = = Al h (e, e

-..-w+m—[w+2(v.---~.w]w o--«....-: (3.6)

’

For atresses we obtain formulas

‘n”"‘“li-?(‘a"i-"-’)ts-‘ 0t" =0 m=04,...,8)

O™ e ]—7 (&° 'l' ") Cg;-f Tat™ -‘ 1-’1—(% -O.D'W

it U= Bhme Tt m B0, 0W

(3.7)

Stresses Oys °y’ Txy will ve reduced to moments, and 1 z? T
to shear forces. After integration with respect to thickness we

ocbtain formulas for moments and shear forces, pertaining to unit of
length:

yZ

Mym =B +WNW, My=—B@}+ v
Hywm—B(l ~v) 300 - (3.8)
Nym —~BOD'W N, = —BODW (W = W+ gD'W) ==

Coefficient B represents cylindrical rigidity of the plate.

Expression B coincides with what is obtained in the theory of

thin multilayer plates on the basis of hypothesis of straight
normals (see [71]).




b) Plate with variable elastic moduli. For such a plate instead
of formulas (3.6), (3.7) we obtain

. l--—‘.t. ln—..t, .- w+r—§,ﬂ” (3.9)
.';'._;.' .'---;—i;.u.wn.'n. o=y

e B0 L g - Esds-d
ﬁ rs';(‘o'i' x')‘o Y {_?i W 13028

' ‘I----]—!%(‘—V).M! '.-WSM W

"'“r'-‘["-'""mz:i‘f;"”?""*"""’" (3.1)

Bending and twisting moments are determined by formuias (3.8),
where expressions for B and g have the form

o M
ne it § EsMs, g= RTT-'WF_LE"""' (3.12)

(Expression for B is analogous to theory of plates, see [71],
p. 272.)

From all the above-mentioned formulas the elastic moduli,
constant at any point of the plate, are obtained by known formulas
for homdgeneous transversally isotropic plate. The problem on
bending of multilayer isotropic plate is briefly examined (by a
somewhat different method) in book [8].

4. Remarks in connection with bending of plate by distributed
load. If the load is distributed not only along the edges,'but
also along planes z = th/2 of nonhomogeneous plate, then the problem
is considerably complicated (just as in the case of homogeneous
plate); it can be easily sc.ved by elementary means only with
simple laws of distribution of load. Let us indicate briefly the
basic results for an evenly loaded plate.

a) Multilayer plate. Let us assume that the plate 1s somehow
attached along the edge and is loaded by normal forces, distributed




evenly along the surface z = -h/2 (Fig. 2). Let us take into zccount
its intrinsic weight.

Let us assume that ¢ — intensity of load, Yo const — specific
gravity of layer number m, with this y ™ Vip? Let us introduce
more designations:

o-v.-i-z En&» e (v.'o.+32}v.'o.).u.-‘—‘-!=£'-'3- (4.1)

.#---W(ﬁ o){r..m*,zw' z"'w -

\
L -'-'-r.l‘:i:é('f--‘f'-.')"“ "....'g,:'-...'.-) (4.2)

o=~ 0RO - em@=fama ()

In this case sag 1s no longer a biharmonic function, but
satisfies equation

BD'W = ¢ + Q (4.4)

Displacements of points of layer number *m will be obtained by

adding to expressions (2.8) Uyms Vim respectively

Wim = 0.5¢AZ, - Vs = 0.5¢hy (4.5)

and to ":m — function

W=t 30 5 £ 3 o~ oy £ (0 w1 A+

+1-_‘_—,{ (,)'+§ill;b—uh—nm'fm("')’} ik 0) (4.6)
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or accordingly

Yom oty e E NNt Boaw (4.5a)
PFormulas for Tez® Tyeo Tx, will not dbe changed, but to ox"'

% .m it 1is neccessary to add expression
y

A" - " '
Cammy =+ e (4.7)
which, naturally, will be refilected on the moments. Furthermore,

here stress L will not be equal to gzero, but will be determined
by formula

otm m —% +optm (4.8)

b) Piate with variable elastic moduli. At constant specific
gravity y the sag of middle plane W satisfies equation (4.4),

where Q = yh, and B ia calculated by formula (3.12). With
G = const

,.-_ﬂi;ﬁi(im)}; +r(4—1) .9)

Diéplacements will be determined by formulas (3.9) with addition
of terms

ll.'-Mz, Y =gy (x-j:vg.hlzq‘f E‘l) (4.10)

v -.ﬁ%sv.m)ds +§(“=;’;'¢'-'-o; - e ;

(expression f(z) - see (3.11)).

Stresses ixz’ ’yz’ Txy will be determined by the same formulas
as with q = 0, and to the expressions for oy and °y it is necessary
to add

FTD-MT-24-425-69 11
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Oom = I (4.11)

Problem sbound bending of isctropic plate with modulus E,
changing in thickness, was examlned in [9].

While not citing results of calcuiations ics ncnhomogerieous
plates, let us note only that with different reiationships between
elastic constants of layers the greatest stress and especially the
greatest ssg wmax’ obtained by strict theory, can differ qguite
considerably from thoge found with the help of theory of thin
plates. As shown by formulas (3.8), moments depend on constant g
(see (3.5) and (3.12)), which in different variants of nonhomogeneoug
plates can change over & wide range.

By solving, for example, the problem of bending of a supported
plate, we require that along the edge the sag and bending moment
be equal to zero and we thereby introduce constant g into expressions
for displacements and tensions, which can be strongly refiected
on their value.

Submitted
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