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Corrections

Page 7, line 3, should read as follows:

in terms of elements of

Parce 13, line 4, should read as follows:
. A
HDH -l Aa\ W+ Aaa(‘ioiz)o

Page 16, line 8, should read as follows:
.~ A

N [

Qn-\ Ce bn-3an-¢\'”b

_(‘PE %)n-d - O

Page 19, line 1, should read as follows:
A" AQQ A_s\""‘ Apo\Rnog bn-\'o &

Page 22, line 7, should read as folliowvs:

at depth % at the bottom of the D; layer is .# ( ;k f) =

Page 22, line 10, should read as follows:
AD\-; QD\ QD‘-\ tre Q\

Page 28, line 2, should read as follows: but from the relation

AR'=T  AvAia-Aghy, =]
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ABSTRACT
This report develops by matrix methods the integral solution

of the wave equation for point sources of harmonic waves in a
liquid layer of a multilayered liquid-solid half space in a form
convenient for numerical computation on a high-speed digital

- computer. Only the case is ccnsidered of a high-speed liquid
bottom underlying the stack of layers. The integral over wave
number has singularities in the integrand and is conveniently
transformed into the complex plane. By a proper choice of
contours, complex poles are displaced to an unused sheet of the
two-leaved Riemann surface, and the integral solution for the
multilayered system reduces to a sum of normal modes plus the
sum of two integrals, one along the real axis and the other
along the imaginary axis. Both integrals are evaluated by a

Gaussian gquadrature formula. Sample computaticns are presented

for low-frequency propagation in the Arctic Ocean sound channel.
These are preliminary computations and the ice layer, which
averages three meters in thickness, is not included in the
layered system. The effects of the ice layer on propagation

4 are currently uvnder investigation.
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FIGURES

Figure 1. Multilayered half-space,
i Figure 2. Contours for integration.
A Figure 3. Variation of sound velocity with der:-h for Model A.

Table 2 gives additional parameters for this model.

] Figure 4. Computations for Model A. Phase - and group-velocity

dispersion and excitation function of pressure

dependent only on layering.

Figure 5. Computations for Model A. Variation with range of the
absolute value of pressure for the normal-mode contri-
bution of the sound field. Source depth 150 m. Hydro-
phore depth 30 m. Source fregquency 10 Hz. Source
pressure amplitude 1 dyne/cm2 re lm.

Figure 6. Computations for Model A. Variation with range of

absolute vazlue of pressure for the integral contribution

of the sound field. Source and detector same as for
Figure 5.
Figure 7. Computations for Model A. Variation with range of absolute
value of pressure of the total sound field. Source and
detector same as for Figure 5.
Figure 8. Same as Figure 5 but computaticns carried to longer range.
Figure 9. Same as Figure 6 but computations carried to longer range.

Figure 10. Same as Figure 7 but computations carried to longer range.
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DEFINITION OF SYMBOLS

; compressional-wave veloclity in the m-th layer

cshear-wave velocity in the m-th layer
thickness of the m-th layer

vertical coordinate

; range between source and detector

time

angular frequency
phase velocity
wave number

=T

imaginary part of a complex number x + 1y

3 Veloclity potential in the m-th layer

normal stress in the m-=th layer parallel to z axls
pressure in the m-th “lquid layer
horizontal particle displacement in the m-th layeu

vertical particle displacement in the m-th layer

; horizontal particle velocity in the m-th layer

3y vertical particle velocity in the m-th layer

density in the m-th layer

; density at the source
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; Bessel function of order O
; K Bessel function of order O

Jo
\(o; Y bessel function of order O

\_\m ; Hankel function of the first kind of order O
)
" 2); Hankel function of the second kind of order 0O
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INTRCDUCTION

This r.:-crt develops the integral solution of the wave
equation for point sources of harmonic waves in a liquid
layer of a mulitilayered liquid-solid half space in 2 form
convenient for numerical computation on a high-speed digital
computer. ©$nly the case of a lliquid halfespace underlying
the stack of layers 1s considered. Furthermore, it is asaumed
that the speed of sound 1n thls last layer of inflnite thick-
ness 1is greater than the speed ¢f sound in iiquid layers
immedlately above it. The problem of immedlate concern 1is
low-frequency preopagation from harmonic sources irn the central
Aretic Ocean at ranges up to ten times the water depth in
shallow and intermedlate water depths. Solutions are deveiop-
ed for the pressure perturbations detected by a hydrophone at
depth or the ice vibrations detected by a selsmometer on the
ice surface. A modification of the formulation is possible to
include harmonic vibration sources on or in the ice, although
it appears at the present time that surface sources are of
limited application (Greene, 1968).

The solution of the wave equation presented here, based
on the Thomson-Haskell matcix method (Thomson, 1950; Haskell,
19Y53), follows Harkrider (1664) for the éolution of the wave
equation in an n-layered solid half space. Layer matrices of
the type given by Dorman (1962) for computing dispersion in

an n-layered liquid - so0lid half-space are used for the

liquid layers. An application of the theorem that the inverse of the
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nroduct matrix for the layered system above the source has the same

form as the inverse of a layer matrix reduces the integrand
of the Integral solution to a simple form in terms of product
matrices derived in the source-free, plane-wave case., The
integral over wave number from zero to infinity has singular-
ities in the integrand and is, therefore, conveniently trans-
formed into the complex £ = k + 1t plane. Performing the
centour Integration in the ¢ plane and noting that branch
line integrals corresponding to branch noints generated by
each layer matrix except the last are zero; we are left with
an expression analogous to that of Sorensen (1955) and Leslie
and Sorensen (1961) for the two-layer liquid half.space with
a high-speed bottom. By the proper choice of contours,
complex poles are displaced to an unused sheet of the two-leaved
Riemann surface, and the integral solution for the multilayered
system reduces to a summation of normal modes plus the sum of
two integrals over wave number, one along the real ¢ axis and
the other along the 1maginary ¢ axis. Both of these integrals
are convenlently computed by a Gaussian quadrature formula.
The physical interpretation of the final solution is
straightforward. The normal-mode terms correspond to waves
trapped in the Arctic sound channel; that is, refracted and
surface reflected (RSR) sounds and reflected sounds incident
on the bottom beyond the eritical angle. The integral over

wave number along the real axis corresponds to waves incident

2
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on tha bottom at angles greater than the critical angle of total
reflection. Since enerqgy leaves the guide continuously as waves
travel down the guide, this term is of importance only to ranges

of about ten times the water depth. The contribution to the sound

field of the integral along the imaginary axis is of importance only

very near the source since the integrand decays exponentially with
range and wave number.

The usefulness of the normal mode terms for describing long-
range explosive sound transmission in the central Arctic- Ocean
is shown by Kutschale (1969). 1In that work the present formulas
for the normal modes were extended to explosive sources and the
Fourier integral for each mode was evaluated by the principle of
stationary phase (Pekeris, 1948). Attenuation by the rough ice

boundaries was also inclided, although omitted here.

FORMAL SGLUTION

Source Free Case

Consider the n-layered interbedded liquid-sciid half-space
shown in Figure 1 in which the last layer of infinite thickness is
liquid and has a higher sound velocity than liquid layers
immediately above it; that is, a high-speed bottom. A point
source of harmonic waves is located in one of the liquid layers.

The velocity potential in the m-th layer, which is
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assumed to be liquid, satisfies the wave equation
a "
Vv o)

In this layer

NGRS P’“‘aj—,w 3%\ Uy = O,
ot 3—5

Solutions for ki)‘ and (_?; are given by
m Y v, 2/

©n - (wt
g0t 2k = ( gid Tkoe " dx

Bt K= (S Tkexe i

a?\ it
CIMMOERANE ( (Pe)i® JkOVE QK

2 (W A2 -k \J K Z
9gvnSiﬂ>C1 1::=<}£\rwﬂﬁf§ k‘hh_¥l r's I j><fz

+ Anl

Lth: k\ﬁza-‘zaif
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T2\ wit
—LW A 6\1___\:23

- 24.¢
3t




11,

pea)BC = Prem ) ¢’M€'w = (WPm (AM\C K k2
* 2 r
—L - '
+ A o )Cw

where A and Ar;‘ are constants.
m

Flacing the origin at the (m=1)-st interface ve get

xi}m_\-. L«]k:,;\z- (A Au)

(1)

A \ |
g, = CwPrm (Mgt Apy)  romeeo

and

Bz = CTRE ¢ (At A SNV R
£ (VKE R (Apa-Am)COSTR, @

(:?(\32.2):“/\ . L\J‘)P’W\ (AM* Af"\'\s C'O%/P’W\
- WEm (Ap— Amb S Pan

for z-_-_\f\/w\ |
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Substituting expressions for LA, - Aﬂ’ and [Am + Ap] from
equa‘ions (1) in equations (2) yields

&, = N -y COSPh, —qo Yo '\]h < an®,

(.Uuﬁfw\

A ,.\ LW 0N
H%i N LEID—K-:—\:\ ST, -\-GOZQM_\COQP,W\

o, .
or in matrix notation . '__a____{.(
rA ) X cost, ke K g\n?\
N o _ , “O O ™
A - ¢ WEM%\V\PM
£§%;§;;x“~. N \‘\<;?'_\EJ (;.CDEDTF%N\
™ -
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In general for an N-layered liquid halfzspace

X‘QX A A5
' \HDHB*M ) LAQ\ A;a} (j“bz?i)o )

since the vertical particle velocity and pressure are continuous

across each Interface. For the n-th layer

’
N
I

/S\VC‘ A\v\ = .AR\\ {:}; ¥ /\\3&4311:)0

= m“"\
k@ -k K},\-\éz AT




AV\+ A:\ = L“bzz')n-\ - AQ\ &_0 14,
L:L\)f>r\ (; o EDVK -+

Agg @22‘30

L:L&)f>V\
or in matrix notation

| — N 1"‘ _\
] - LJJ'_ '
An-A] W0 L liea o

! P | (3)
I A.+A, L(h‘)""_ | © S |-

ot

Applying boundary conditions that the pressure vanishes
at the surface and that no upgoing waves travel from

infinity,(pzz)o'= 0, A, = 0, the relation (3) reduces to
»
~ ’ ™ «
~A T WA
-

N &)

- —

——

Consider now a soilic¢ layer betweer. two liquid layers or at

the surface of the laminated halfspace. For this layer we may

write (Thomson, 1950; Dorman, 152 ) '

Oy By G, @] Fer] |

Qs @y Oy G| S| i |
Gy, g, (O, Q) f | o] [
@ @, @, 0,

s
]
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15.

where the fourth element of the column vector is the tangential
stress which is zero at a solid-liquid boundary. The matrix
elements are given in the appendix and may bte derived following

Haskell (1953). FEquation (4) yields the three equations.

\ﬁ@m.—- (Owb,é Moy +(Q~anm_‘*{a iy {;‘z 1)

m—-y

.

A
Subst:it:ut:ing\K,M {rom equation (5) in equations (€) and (7)

yields

A
W, +

0y, = (‘lmh;“@‘"“\mm‘”“\«a
Ul”“)m

(L

s




} ~ Qo) \ Qe o~
(ﬁ*\mqu"“\%\ Ol )41] M-y .
kckhn)4‘
i‘!:a,,,;)% _ kam)&(am)% ]C .
or in matrix notation K‘QM\)*\ t M-
’ 7 e ’\ LENP LQM}&‘Q”QM KQ@);-;(QM%&QM« 4\;
] ‘\g ) b (o\M\)A\ ka.m)«\ ‘
. 32 M_X LLO\MA\Sa-kgM&')s\LQM)‘\a LQQas-LQQS‘(QQﬁ
— Qw,,
£ | .
[ W, U U T  R

!

/\

ARG CRERIAC AR

which 1s the same as the matrix relatlion for a liquid layer.

T T O T R
w s p— =

In general, then, for interbedded solids and liquids

| ;
- P, “\ Ym—oﬁ
N | = Q, ) bn-z,amq - b

4
o)

)\ y

= Al °
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Point Source of Harmonlc Waves in a Liquld Layer.

Divide the source layer into two layers as shown 1n
Figure 1. At z=D the pressure is continuous. The vertical
particle veloclty is continuous everywhere in the plane defined
by z =D except at the polnt source where the liquid above and
below the source moves 1in opposite directiens. Thils may be

expressed by writing

W) = K.

In matrix notation for the source layer

[S0) | TR [ Sy,

A = A v (8)
Q’Hl@- (Jpzzxs\km . o |’
For 'the layers below z =D we have‘
LW, T | g (D)
= Asa (9)

\\Q(\;?.-'-l\v\»\ A

g ) ) A
. A,
bk‘&:%‘t\g‘ | O |

Lq:)-z%\% &.D)

-
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whereAga: Q“__\Qn-a' ' ‘an and AS ‘-.; Q_s\Q_s\-\ 60 0 Q_\ .

Returning now to the relation for the n-th liquid layer

we write from equations, (8), (9), and (10)

NG B | WD)
HEREn
An ,LK'FH)n-l’ | H"g;} LD\

N \ W @) 7 X&w )Sx
=3 Sa, k%l-l)s\(b) J o

=

In terms of the inverse matrix A -1 of As (11) may be written
! 1

-A LTI
Tl=EA & +/—\ig > ;\i
A | \ L O (12)
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where A = ASQAS\:Q“~‘Q_“-:.- . bn_\o- e Qo

Harkrider (1964) has shown that for layered solids the inverse

of the product matrix has the same form as the inverse of the

layer matrices. Employing an extension of this theorem to inter-

bedded liquids and solids we get

-y

A

\

S\

Therefore

—
-

k

\

=

,

O

|

+

| QTD‘\ F(As)h -(As)\g

RN

or
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X= ):’::ro +(A$\331XL{’}>§

Y = _(Asba\zgi}\)s : -
-S\\_ I\Q
o s

We now defire 3- = E A -

gi?ru}sifiXImif égriijé;fz}[s \L~:!;\\ )( N :Ir\jafi
N - Y = or
:Ya‘)( + 34

! -
-A = J X+ 3,

v\
! » (14)
An= 3 X+ J50Y
n A\ <\ .
Adding equations (14) we get
0= (Jyy *+Jp1) X+ (I3, +J,5) ¥ and if we

let T = J11 + J21 and V = J12 + J22 and solve fcr X we have

x= - *X
r‘1

(15)
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Carrving out the matrix multiplication J = g-1 A expressicns for

T and V are given by

'T‘- A\\ N AA\

Q‘(\Q\-kg C wWen
V - A\a, A;a

Qr

' :1, ; :
L ‘(Kdi— K L Wpn

Fﬂom the first equatiocn of {(13) .

’\:TD = X -(AS\)aa%k&sg and

from equation (15)

X;})‘D‘= B \"{—_‘-\\ﬁ ‘—(As\xa%ﬂf)’k |

Hence, from the second equation of (13) and eaquations (16)

A A\a. Aaa A

= N A

W, ( ; /\(kf — ‘-'th )( 3\3 a \&W)s
A\\ AQ\

e

@ -W Cwps
= (Ag),, B, .

(16)




UL b aai s comnds b il SR e mirocr

Slac el d
am S U ——

22,

Therefore the integral soclution for the surface verticle particle

velocity is U:)’ (C>Z)k t):

M q

(ocwq \‘“‘« & WF A, ‘\‘E A ‘“’F %
(&

° al As,

L Cwpa J
a3, Lkr)\‘(dk

and from the formula

(% ! D\ MT -~J‘; the integral solutlion for pressure

atdepthD 1s ,F((‘Z: kt>

® A
cwt \2
“<C X«:v@;w‘ wa’n e, -
) Ay AQ\

L '\(:“—\(3‘ C wfn

A\“ [\;}\ ._j& ‘p\
ol = :
L‘kj‘;\e C WP QSS:Q (Ap)aﬁt:};kr‘)kdk
A\\ x é_;)-
C(kg-d Cpn

where
A'.D\ = O‘D‘ Q‘D;\ Qg
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Evaluation of the Integral Solutions.

The integral solutions have singularities corresponding

to zeros of A\\ + Aa\

YK (Wpn

These are simple poles for ccmplex wave number and, therefore,

the integral solutlions are conveniently evaluated by contour
integration in the complex k =k + 1% plane. The contours

are shown in Figure 2. First the transformation

Q) @)
2TLD) =W ko) s WD) oo e,
Tn addition to simple poles at

A\\ Aa\
Lr__—' Lwﬁ»\

branch points occur at

\ij K =
\ 5N
for the liquid layers and

(G- =0 | Ko k2 =

for each solid layer. But since the integrands are even

functions of \( ka( an \{ng —kﬁ

branch line integrals corresponding to branch cuts made to

these branch points cancel and only the integral corresponding

to.the branch cut for vk‘(a_ka( -— O must be
"

considered.
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The Reiranrn surface h~s two sheets. To satisfv the vanishina

L]
of u)’° as approaches infinity, we must remain on the sheet of the
Riemann surface where the real part of ( ?r\ is greater than zero.

For the contours shown in Figure 2 complex poles of

A\\ . Al\

(',\lk:n-—\(] T CwPn =€

have been displaced to an unused Reimann sheet and all poles

are cn the real k-axls. See Fwino, Jardetzkv and Fress (1957
i ’

vages 135 to 137) for the proof for a two-layer
liquid half space. Along the branch cut Lde"- - {7-(

1s pure imaginary and along the real axis from k to

an

infinity (. (-(, ' ta_ k2 ) 1s real.
'!V\
In the first quadrantIM{ (, \! k: - g& \lis positive and
12§

in the fourth quadrant negative. The integral for ‘:’o

LW
(omitting the C term) 1s now transformed to

(Id% +(Ié§ + o—_\:\étgg(m

OAE

amZR ES(T,)

where
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Since HO (_k(‘> approaches zero as K aporoaches infinity

in the first quadrant, {(17) is

(Ié§+( St=0

@ - (Td§--(:‘: c\.g(m)

Likewlse, since Lg r) approaches zero as approaches

infinity in the fourth quadrant (183) is

(o%-faag . (:Iaclt +(Tadt -

an()Res(T) 7
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(Tadt = (Tt (madte

ACE

- QnLZRESQLa . (20)
Usi the 1d i t\\ m\
sing ;De entity \-\O (K(}:—Hé.gr) (19) may be written
© .
«(T k= (PGB vy ede
° o

and (20) may be Wr ritten as

(1' AK--(H‘“\"‘«*? YHCer)2d e

( *[FOER) - e Y ek
- QMZRESQIQ
ponce AT, = (Idk*—(cadk‘
F(LW‘) F(-LW)}H“\-L’N‘)M‘Q
( (R ) - FeC I )Mk

- am L?j\’es(\: 2) .

In the first integral




F('\,ka-*’ta 3 F(-C\Ik:*f‘l\-: 5.
3 (AAss - AaAs)(hs),,
we‘\_\’k*a_,zz'(ﬂ“ A-‘R \ but Apy App = App Ayp = 1

L Y
w
and therefore f%\

R )-FoREE = ‘;‘“’M ‘*@‘LAQ

ramertangy I, Y T — S

FOREED) - FEOWEY =
3w PaVkX-13 T (A,
WA AN - 2-QYAY

Therefore, the integral solutlon reduces to

u, ( a”f’v\‘l“‘*t‘it/\s‘) HoCende
w3ien' A ~<\<..+z=\A

| . ( aw(o.\‘jr;k‘ (A, ) \-\ L\ﬂ‘)\(dk
1 o w}f}n \\ - (kdt‘ka) Aa\

- ;mLZ’REs(I
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From the formulas \_\k&) L— \.’Cf‘y = QL K (t \“} and
NPk = T, (ke - L\(Dkkq

*
and multiplying w by o for a constant pressure
o .
LWEy
source of pressure amplit-de P, at unit distance from the source

o P 4P, wea ki 2t (Ag), K xrh2da
° N TWpEsfwied Ad -k SATHAL N
v ( o B wen G (A, [Tkt kdk
o Lbo(’sldufv:l An =2~k Aa\

- ar»ZREQ LLL\)P%

For the normal mode contribution, —Q'\TL RES( \ it is
LW

convenient to revrite the integral for W, in tha form

= <L\<p Lk(‘“ =2 1A
"\

we Sl
L - '&“ a\
L Lk rd“ L L‘)PV\\X

o 3.0 (\(ﬁ)\(d k.

3\




where tne layer matrices Cl/vn are deofined in the Appendix.

There are, as btefcore, simple poles of 12 aleng the real axis at

cA, Al
- .__nl = for ! = s e
Q\QQ,\ CWPV\ © wn)(l ) hes

This 1s the period eguaticn for the laminated half space.

From the periosd equation we write

(LJ__“"’ "C) - k" ;"___\\
k K 2:\(2_ W \(1:\(§i

LR (_we\)f :
n Z AL ﬁak'f\\-‘s](%\)a\ K™k

Q L“’Psa CK“ KA |
K LL‘)F'\ Waly

i
i

But again A1 Aoy - K K = 1, and therefcre

-amL'REs( WPD -
QWZ Poole) ) [Tukry - )

-~ =~ Q.ﬁi N .
c® PQ. A .-a— < M Aa \
\‘ S h " e ey + oo e -
PhPse Q. Pn Y
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In summarv, the expressions for vertical particle velocity
at the surface, vertical particle displacement at the surface,

and pressure in a liquid layer are:

. (:?o ealic (Ag), Ki2ryzde
Wo = AA A a a ! *
0“&‘.‘*’ en A~ (kv T AN

Kan |
( PPl Ri(As da, LTk — ko) Jkdc
° (O PIAL - (KD AL
Powl(Ag), LTkD) - (ko))

(
+ An - =
zl C?,PSEV\ A\\b- C———-‘-QA‘ + _A_i‘
0 oC Ca,, Pn

wswye
C-t'CQ

b < W (APepa i (A Kfer)2de

0 S ——

(o Tecmpuo]wied AL~ (i 2HAY

_ ( ‘%“Pb (smc;-k“(As)a\LTo(kr\—L\(Dkkr\ kak
" wpsLwten Ay = (G- Au )
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K gp. PV (A A, LILkr\-LYw kdk

Pslwipa AN —Lk:‘\—k"‘) A \X

vl

0

1 ( PorlAs), By, | Tgkey - ke
) QWZ} 4 oA, A
i C PS . A\ Xﬂc W
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re fo the normal mode terms for *’:\) the relation ‘% -
. \ D,
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For programming it 1s convenlent to write:
WQ ‘-\N‘*WQ‘(-WE’* (\*a =L Wb" and for tke absolute

value of vertical particle velociuy, a quantity conveniently

measured in transmission experiments,
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l.ikewise for vertical particle displacement
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The layer matrices for the integral along the real axis

are programmed as
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for solid layers and
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for liguid layers. For the integrel along the imaginary axis

the matrices are
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for liquid layers. Likewise, for the nérmal mode terms the

layer matrices are programmed as
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NUMERICAL COMPUTATIONS

Computer programs were written in double precision Fortran

. 2 . o
IV to compute the pressure in dynes/cm and the vertical particle

displacement in millimicrons. The programs are run on the IBM

il -3':3'::&“&». canbyy

360/91. For numerical results presented here, computing time

was under six minutes. It appears that practicesl limits of

bl

numerical precision make the present develop =t most useful for
the Arctic at freouencies below 50 Hz in water depths to 1 km.

At higher freguencies ¢r in greater water depths the integrands
may be so eoscillatory that it is difficult to achieve the desired
accuracy in the numerical integraticns without excessive computing

time.

Computations are made in two stages. The first program, an

§ extension of Dorman's (1962) PV 7 dispersion program, computes
phase~ and group-velocity dispersion, the excitation function depen-
dent only on layering of the medium, and the excitation function for

the particular source and detector depths. 1In the first case for

the m-th normal mode the excitation function is defined by
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for pressure and

( ;zﬁ“‘ﬁ‘ _
PV\ \v C A\\ :ENV‘\ L—A'&\»
'INV\L(. 3 PV\

W=Wy,
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for vertical particle velocity. In the second case the excitaticn

function is
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for verticel particle velccity. These definitions were chosen tc be '

useful also at long ranges where \.\&33 k(‘)
c(/ —-ke)
Tkr €

The second program computes the

three integrals, the normal mode contribution to the sound field,

and writos and plots the absolute value of % , Or Wy as a

D

t
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Model Parameters for Sorensen's {1959) Computations: Source
Pressure Amplitude re im,.3048 dyne/cm™: Source Depth, 15.2 m;

Hydrophcne Depth, 15.Z2m; Range, 3.U48 m

i
b7, §
V!:, —
4
; Layer Thickness, m Compressional Shear Densigy
5 Velocity, m/sec Velocity, m/sec gm/cm
18.3 1463.0 0 1.03
Infinite 1605.3 0 1.24
3
f
i
g
-4
.é
|
aspug -y
#
2
]
i
&
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TABLE 2.

Integral Real Ax1s, Real Part

-— —

Frequency,

Sorensen's (1959) Value,

Our Value,

Hz dynes/cm?2 dynes/cm2
10 ,004713 .004685
20 .03G176 .030153
40 040278 .040485
80 .023193 .023121
160 .021839 - .022201
320 074395 - .074011
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TABLE 3.

Integral Real Ax1s, Imaginary Part

Frequency, Sorensen's Value, OQur Value,
Hz dynes/cm? dynes/cm?
10 - .002367 - .002551

20 - .022260 - .022240

4o - .061960 - 062274

80 ~ .050986 - .050641

160 - .0U47979 - 047750
320 .006299 .008316




TABLE U4,

Integral Imaginary Axis

Frequency, Sorensen's Value, Our Value,

Hz dynes/cm dynes/cm?2
10 .095080 .0951456
20 .081938 .08207¢
bo .041887 .041759
80 .030795 .030937

160 .030214 .03035%6

320 .010593 .011043
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SOUND VELOCITY (M/SEC)
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TABLE 5.
Model A
Layer Compressional Shear Velocity, Density,
Thickness, m Velocity, m/sec m/sec gr/cm
50 1434.0 0 1.03
50 1437.0 0 1.03
50 1440.0 0 1.03
50 1443,0 0 1.03
52 1446.0 0 1.03
50 1450,0 0 1,03
50 1453.2 0 1.03
Infinite 1600.0 0 1.20

u7n
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55.
function of range. 1In this prcgram provision 1s also made tc
compute the three integrals as a function of frequency or detector
depth at a specified range. The integrals are evaluated by
Gaussian quadrature formulas (see, for exampie, Hildebrand, 1956).
Care must be taken to employ a sufficient number of Gaussian points
to obtain the desired accuracy of the integrals. A thirty-two
poinc Gausslan quadrature formula was found to give sufficlent
accuracy for the computations presented here out to a range of
1500 m, but at longer ranges, higher frequencies, or greater water
depths a ninety-six point formula is used. Abscilissas and weight
factors for the Gaussian integration are given by Davis and
Rabinowitz (1956, 1958). The integration along the imaginary
axis extends to infinity, but in practlce a finite upper limit is
chosen which gilves sufficlient accuracy. This may be done because
the integrand 1s an exponential functlion of -<kr for large k or r.
The programs were checked by computations for the same two-layer
model of Table 1 used by Sorensen (1959). Tables 23, 3 and 4 show
that the two sets of numerical result:s are in very close agreement,

As an 1llustration of the progrms for the Arctic, computations
were made for the layered model A of Figure 3, which closely follows
the observed variation of sound velocity with depth, Additional
parameters for the model are given in Table 5. This is a prelim-
inary model and the ice sheet, which averages about 3-m in thick-
ness in the central Arctic Ocean, was not included. The effects of
the 1ce sheet on propagation are currently under investligation,
Figure 4 shows phase - and group-veiocity dispersion and the
excitation function for pressure. At a frequency of 10 Hz only

two normal modes are excited. The range dependence of the absolute
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(42
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value of pressure for the normal mode contribution, the integral
contridbution, and the total pressure are shown in Filgures 5 through

10.
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APPENDIX

Matrix elements for ncrmal modes (see Haskell, 1953, ard
Dorman, 1962).

Sc¢lid layers
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Matrix elements for integrals along real axis:
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