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In the analysis of biological and medical data, we frequently desire to obtain
mathematical equations which describe numerical data and predict the results of
future experiments. Because of the nature of biological systems, the equaticns we
desire are orten not linear. In the past, such non-linear systems were often avoided
because mathematical methods for analyzing them were tedious and, occasionally, quite
imprecise. However, with the increasing availability of time-sharing computers,
we may now deal readily with non-linear biological systems. To facilitate this, a
computer program has been devised which may readily be used by persons without
statistical training or computer experience. It is written in the "BASIC" computer
language, which was designed at Dartmouth College as a language which the non-
programmer can learn in a few hours.

The program is a very general one for fitting a function of one independent
variable and one dependent variable to any equation containing up to ten parameters.
That is, we wish to find the parameters By, By,..., By (where k is no larger than
ten) in the relation Y = £(X,B),Bp,...,B,) where f is an arbitrary function. The
program is hased on an algorithm which is valid for functions which are non-linear
in the B's and thus differs from the usual linear regression methods. We shall show

later how the program may be modiiied to take intc account more than one independent

variable.

METHOD
We base our program on the method of Marquardt (1), which uses & Taylor's
series to give an improved estimation of the B's for any given set of B's. It can
be shown (1) that if a parameter (called lamtda) is chosen large enough, the E's
will always converge to their best values (by 2 least squares criterion), but that
this convergence will be faster for small values of lambda. Given an initial set of

B's the program will, for a given lambda, compute & new set of B's. It compares
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the sum of the squares of the "errors" (i.e., Y-f(x,Bl,Ba,...,Bk), or the difference
between the observed and calculated values of Y), abbreviated SSE, for the two sets
cf E's and if the new B's reduce the SSE, proceeds to calculate still another set
of E's after first reducing lambda by a factor of ten. If, on the other hand, the
SSE has increased with the new B's, the old B's will be used with a larger (by a
factor of ten) lambda to determine the next set of B's. In this way, the program

corrects for "overshooting" in making its approximations.

e Program

The program is written in the BASIC language for use on Time-Sharing facilities.

The General Electric Mark I System was used for all calculations in this study, but
t"« program should be adjustable for other systems. A complete listing of the pro-
gram is given in Appendix A.

Use of the Program

1. The function which is to be fitted to the data is entered in terms of the
‘“rror" between observed and calculated values of Y on line 1000 of the program as
follows:

1000 LET E=Y(J)-F(X(J),B(1),B(2),...B(K)), vhere J is a subscript identifying
particular sets of X end Y. If necessary, the function F can be continued on lines
2291 to 1009 noting that it appears after 2 "minus" sign. Thus an example could be:

1000 LEI E=Y(J)-(B(1)*EXP(B(2)*x(J)*B(3)*EXP(B(4)*X(J))), or for the
game example,

1000LET E=Y(J)-B(1)*EXP(B(2)*x(J))
1001 LET E=E-B(3)*EXP(B(L)*x(J))

Foth of these examples represent the equation F-Blenex +83eth.
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Appendix A-2

NONLIN CONTINUED

240
245
250
255
260
265
270
275
280
285
290
295
300
305
310
315
320
325
330
335
340
345
350
355
360
365
370
375
380
385
390
355
400
405
410
415
420
425
430
435
440
445
450
455
460
465
470
475
480
485

FOR J=1 TO NI
LET QCI,J)=ACI,0)/(SQRCCACILI)I*CACI>.0))))
NEXT J
LET GC(I)=G(I)/(SQRCACI,I)))
NEXT I
PRINT'SSE="3 S03""ITERATION NO.'3T23"“LAMBDA="";L
PRINT"R SQUARE='"31.-(S0/(Y2-CY1%*YI/N))) "
FOGR I=1 TO N1
LET QCILI)=QCI,I)%C1+L)
NEXT I
MAT C=INV(Q>
FOR I =1T@ N1
LET P(CI>=0
FOR J=1T9 N1

LET PCID=PCI)+CCI,J)%*G(J)
NEXT J

LET PCI)=PC(I)/(SQRCACI,I)))
NEXT I

IF T1<0 THENSO00

IF T2>=T1 THEN 365

FOR I=1 T@ N1

IF ABSCP(I)>/B(I))>=.0001 THEN375
NEXT I

PRINT "CONVERGENCE"

GOTO 485

PRINT"YQU ARE QUT @F ITERATIONS"
GO T@ 485

FOR I=1 T@ N1

LET BCI)=BCI)+PCI)

NEXT 1

LET S1=0

FOR J=1 TO N

G@SUB 1000

LET S1 =S1+EE

NEXT J ,
PRINT"SSE F@R NEXT B='3S1
PRINT"PARAMETERS"

FOR I=1 TG N1

PRINT BCI),

NEXT I

PRINT

IF S1>S0 THEN 460

LET L=L/10

G2 T2 110

LET L=L*10

FOR I=1 T N1

LET BCIX=BCIY=-PCI)

NEXT I

GO T 275

LETT1=~1



Appendix A-3

TR TR AR

NINLIN CONTINUED

490 LETL=0

495 GATA110

) 500 PRINT B
: 505 LETV=S0/(N-N1)

S10 LETV1=SQRCV) ALpls i

515 PRINT"VARIANCE="3V3"STDs DEV.="3V13*SSE="3S0

516 PRINT :

518 MAT C=INV(A)

520 MAT A=(V)*C : :
522: FINAL PARAMETERS ~ STD. ERROR GF PARAM. COEFF. OF VAR.
5231 ~m=mmmmmmmmam- . memmemememceceeeaa. .
5241 BAE AR Y TN TITY

525 PRINT USING 522

526 PRINT USING 523

530 FORI=1TON1

535 LET D=SQRCACI,I))

540 PRINT USING 524,BCI),D,D/B(I)

S41 NEXT I

542 PRINT “PRINT VARIANCE-C@VARIANCE MATRIX(C0=N@,1-YES)'s

543 INPUT H3 ; i

e L NI TS PR TN

544 IF H3=0 THEN 550
545 MAT PRINT A

548 PRINT

549 PRINT

.
!
¢

550 PRINT "DO YQU WISH PRINTGUT OF ESTIHATED Y FOR EACH .X". -
555 PRINT "(0=N@, 1=YES)''s ”
560 INPUT H1

565 IF H1=0 THEN 690

570 PRINT"X',"Y","ESTIMATED Y",'"ERROR"

575 PRINT'™ ",' ", "LOWER LIMIT", "UPPER LIMIT","S.E. EST. Y"
580 LETT=2.

585 FORJ=1TON

590 G3 SUB1000O

595 PRINTX(J)sYC(J)sY(I)-ELE

600 LETE1=E

605 FORI=1TONI1

610 LETBC(I)=B(I)*1.001

615 GASURB1000

620 LETB(I)>=B(I)>/1.001 :

625 LETPCI)=(E1~E1/C.001%B(I))

»30 NEXTI

635 LETV1=0.

640 FORK=1TON1

645 FOIRK1=1TON1

650 LETV1=VI+A(K1,K)*P(K1)%P(K)

655 NEXTX1

660 NEXTX

665 LETV2=SQR(V1)

ATN LETL1=Y(N)=E1-T*V2

675 LETL2=L1+2.%T%V2
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