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THE RAPID f-noaJGHiuvLIETKY  OF  gg ^Pi-ASHEL  Of 
EU^ETF FIRED FROM AM AIRPLAKE 

Abstract 

In studying experimentally the trajectorie: of 
bullets fired froai an airplane, the splashes of the 
bui-Leti, in water over which the airplane i: flying, 
are photographed by a camera In the airplane. Tar- 
gets in the v;ater, at knoTO potitionr, are ax^o 
photographed.  It ic necef.Bary to fine] the poBitions 
of the splashes with respect to the airplane, u-ual 
photogrammetrie procedurer are very  iaboriou:. Here 
a rapid method is described which ^ite: use of the 
altitude of the airplane, furnished by an altimeter. 
The percentage error in the range to the splash is 
one third of the percentage error of the aJ-tirceter 
altitude. 

In connection with the exper^wsental rtudier, which the Lab- 
oratory is now carrying out, of the trajef;torie: of projectile? fired 
from airplanes, bullets are fired fro-; an airplane into rater over 
which the airplane it flying. It i. necessary to find the range 
from the splash of a buHet to the position of the gun at the in tant 
of the buliet1! plashing. The splashe.'-; are photographed by a cinema 
camera mounted on the airplane, anc near to the gun. 

If the foca-i. length oi the camera i: known, and if the 
coordinates on the water of three photographed targets are Known, it 
it~. clear that the space coordinates of the camera can be fourd, and 
also the distance from the camera to a.  bullet-splash. The photogram- 
metric cocputations, however, .ire LO laboriour that it it   impractic- 
able so to determine the range to each of a large number o4- splashes. 
uiKewise, if tie coordinates of four or more photographed targets are 
known, t.en the focal length, camera pofition, and range can be de- 
termined.  This solution also is veiy Iaboriou; . If the angle o^ 
depression of the camera's: axis could be measured once and for all at 
the outset of a series of firings, then the range could easily he 
found from the airplane1'-: altitude, measured with an altimeter; but the 
roll of the airplane, always present to eoae extent, causes the angle 
of depression to vary from moment to moment so that ranges, determined 
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on the  asauaiption  of a conEtamt angle of   .epve. u±on,  are not accurate. 
foilo.vlng rapid been    evi so   to naeet ther.e diffic- 

ultiee. 

In the diagraia belo.v,  the  origin,  0,  of the riglit-handed 
ben of axes x>yfZ i    the principal point of the camera    ien':.    Oz 

is idicular to the plane of the fila or plate,  Ox  1.   horizontal, 
and Qy points  above  t r: r.ori-:on.    0    I    ceprerj ed-below the horizontal 
by thn    angle    IP ,    to be del   r lined,    an<3  intersect,   the Kurface of 
the water at a point  Q_.    1 ..e aXtituce of  the  csuaera above  the ".-ater 
i;   h.    The focal length of V ' era i    ;.,  to be detannineri  once anri 
for till by any acurate  ioethod     an'    re< ^rded. 

y 
A 

./ 
./ 

y 
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Tne image on the plate is invertec.  After the plate har been erected, 
the coordinates (X,Y) of the iiaage of any point P{x,y,z) are given 
by the intersection of OP v.ltl. the plane z  = K. The piate coorc- 
inates (X,T) are measured from the "ba.e" of the plate (the foot 
of the perpendicular from the nodal point to the plate), the X and 
Y axe^ being parallel to the x and y axes, respectively. For prac- 
tical porposes, the "base" of the plate i; the center of its exposed 

porti on. 

Let Q be a foint on tne erectec pxate, wit plate coordinatec 
(X,Y).  The space coordinate;.- of 3 are then (X,Y,K), and thu.1 I  is 
the image of points on the line 

(x/x) = (yA) -(VK). 

The eiirttion of the    urfa-e  of the water i- 

y CosT~ z bin -r     + h^O. 

The line aeett   the   Bater at the point 

r. =  (Xh)/(K   sinT- Y COJ^J  y - Yh/{K  sintT- Y cozr); 

z = tuh/( K  tin ir - Y cos Tr ). 

Let 0 x   and 0o.y    be  coordinate £L\e;   on the water's  surface,   such that 

the r,, tocis is paralxex to the x axis  and  the yw axi:   is  in the direction 

of increasing range.    Then x^ = x,  yv,  = y/sin T •    Hence 

x^ = Xh/U sinT-Y  cotT)i      7%  = **/(* '^^ " Y coerl  r in r' 

The ratio of anv  sraall element of area on the water to the area  of its 
image   on the piate,  dlS/dP,  i    given by 



C>(x«,yw) 
jw   = —— 
dP ^(X,Y) 

.2- = h K/(K sinT- Y co.T)1 

b:   the theory of Jacobian deteroinaiit! . 

The area,  K,   on the -sater corresponding to £Jiy area F on 
the  plate  is  therefore given by 

W =  !l  Cf _f!_, 
^(sin^T- {f/K)cosT)5     \\   (i-ay")5 

JJ 

where Y is the Y coordinate of the centroid  of the area on t}:e plate, 
where y" - Y - Y,   and where 

a = COE f/ (K    inT-Y co! r1). 

The integrand may be eccpanded thui 

1 + Say"   +- 6a2y" +  

and the integral of the first term i;   P,   the integral .of the  second 
ter^ i:,  ?.ero,  and the integral of the third   term i;. Ga^F time,1:- the 
average value, y'"1,   of y""  over the area p.    Thus 

/    h2P \l/3 
sinT-{Y/K)  cosT   =     — 1      (1  k-2a^:5r+...)«       (1) 

K rv''V ) 

Ahe term ia^y""'  is no xarger  than 0.01 for a caiuera vrtioee vertical 
field is  ten  degree.-,  and  Khich  is   '.epre  ■ eo belo-v the horizontal by 
an antle of    twenty-two degreef., provided that the area F extend'   over 
only one half the heignt of the plate ^n the Y direction.    For saaller 
area;.,   aod greater aaglej   of depi'ession,  the terra is  rtill smaller. 
Provided  that an    error of one per cent in the range to a splash can 
be tolerated,  then for a camera of the type described the terra can 
be ignored  altogether. 

The areat. P and R nay be  found  readily  from the coordinates 
of the imagej; of three target--   on the plate,  and   from the coordinates 
of the target?  on the water.     If Pjjx^y^),   Pgfaoyp)* and  PgCxj^j) 
are any three  point:,  in  a plane,  then the  area o? the  triangle  P]jpjoPg 
is 

xg-xi, ya-yi 
(2) 

xe-^i» ya-yi 
A- | 

-d->:i> ys-yi 

where the determinant  i.':  given its abLolute v-ilue.    For the  same three 
point;-,  the  cane area A i;--   obtained  however the  subscripts   are assigned 
to the points.     Moreover,  the area A is  invarient  with re;pect to rot- 
ations and translation:-  of tne axes  of x and y.    Thus formula   (2)  will 
furnish the area W of the triangle  formed by three targets,   from the 
coordinate;: of the targetc in the ;;yftem in which they have been  sur- 
veyed*    .uii£ewit,e,  applied  to the uiea;urec  coordinate::   of the image:   of 
the three target:   on the plate,   the  formula  (2) rill provide the area 
P even though the axet used  for raea.vurement of the images differ froi;' 
the axes '*,v in direction '—^  origin. 



T'h i'he range to a particular splahh in the picture i; 

h - ry- 
R  (l     +   yg ^ . 

E^inT-vViO^oi;^       K* 

:-ere (X,Y) are the piute coordinates of the tpla^rh in the Ly&tea o^ 
e.xev.  X,y. In (3), the ouantity 

c 

(1 ♦- _ )S 

raay be  vet equal    to unity   for a    camera  having a field 14° x 10°    with 
a resulting error in  the range  of no more than about one per cent! 
Further,  the value of R given by  (5)  i:   in^encitive to the value of 

in tne denominator,  and hence thir   Y can be obtained with  sufficient 
accuracy in practice   (for a camera of the type describe'1)  from a rour^ 
i£nowi.edge  of the direction,through the center_of the picture,of the 
X axxr—a horizontal axi?.     In the   rame  way,  Y ran be  found  ulth 
suffici«at precision.    To find T an- Y,   it U   -3ef irabie to measure 

S;eho^oiniter^   ^v^6'   ^   ^   ;;UCh     that  the   ^  r^'   is  ^PP^oximate- xy horizontal    Then y is merely the /3 of the rjxlarh diminished by 
tne   /2 of the center  of the plate,  and  Y    h   merely the average of 
■.he    p»£ 0f the three targets,  diminiBhed fcy  the   p of the plate center. 

K2/3 II ft l;*aotice6 ^0° (^)  that  EinT varies   roughly a: 
h^/i  ,   co that by   (3)   the range varies   a,   the cube root of h.    Thu^ 
an error of three  per cent in h introduces   an error of only one  per 
cent in R.    The preceding raethoc is thu^   convenient for finding toe 
range,   with an error whose average value  has been found   (for a camera 
of tne  type described)   to be about two per  cent. 

Example.     In the  following axample,  the photograph v;a; 
enlarged before aeasurement.    The unite»of * ,   Q  are ten inches 
equivalent focax length of   the enlargec   image iI   12.56 unit,   of ten 
xncher. The origin of*,   (3  i-   tne u.per right-hand corner  of the plate. 
The  -enter  of the plate 1    at f3 = 1 16i     anri   cK • ■       A wto IM-UGB. + 'r0    ^.r*  .   ■   ■ ^ 4.v- ni, j-      i.-iox, and  «anc   IJ are measured to 
l^       I fG  S0Wa   ^ U-e 0rigin'   re^ctively.  the   a axi£ being nearly 
horizontal.    Tne «ater coordinates, x,y,  are in unit,   of 100 fee?? Ke 
axtimeter altitude (corrected  for air  speed)  i.   Z60  feet.    The .plLhto 
yhich the range is desired i.   at f3- 0.9€2.    The work-sheet follow:' 
(some number.,  retamec   on the  computing machine,  not being entered). 

Target       o< 

mean 
Y=.308 

^nplaph^*-1-99 

p -'     P' x            y          x' y« 
.955 2.US     .^4<: J..769 1.302      
.406 1.4 55     .731 1.983  2.156   .214 .854 

1.197           2.778  1.295 1.003 -.007 
.b55 2P - 1.3209 

27'  = 0.8652 
)9 !:'inT-.0S4 5  co:  T -  .4032 

h = 2.6 
Tf.t. 

= 632 feet 

-4- 



The areas are computer- by equation (Z),  5! i found from the mean (3, 
and equation (i) i< written downdgnoring the term iLa^y^)  and oive^ 
by emccerfive approxiaations. It i.  oiv« pinly by :u-r-e;' ive 
approximations than it couid be     e uadratic e netion. 
Frora the Y of the -pia, r., four      It  'r „      IJg(? p to the 
splash ir computer fro.,, e mation   ■, ititv 
(1 f (i^Y;-)/i:-) i  et e u . to unitv. 

t 

1 neodore F.  ;teme, 
aptain,   Jrdnance Department. 
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THE RAPID PHOTOGRAMMETRY OF THE SPLASHES OF
BULLETS FIRED FROM AM AIRPLANE

Abstract

In studying experimentally the trajectories of
bullets fired from an airplane, the splashes of the
bullets, in water over which the airplane is flying,
are photographed by a camera in the airplane. Tar
gets in the water, at known positions, are also
photographed. It is necessary to find the positions
of the splashes with respect to the airplane. Usual
photogramraetric procedures are very laborious. Here
a rapid method is described which makes use of the
altitude of the airplane, furnished by an altimeter.
The percentage error in the range to the splash is
one third of the percentage error of the altimeter
altitude.

* i.

In connection with the exper^mental studies, which the lab
oratory is now carrying out, of the trajectories of projectiles fired
from airplanes, bullets are fired from an airplane into water over
which the airplane is flying. It is necessary to find the range
from the splash of a bufclet to the position of the gun at the instant
of the bullet's splashing. The splashes are photographed by a cinema
camera mounted on the airplane, and near to the gun.

If the focal length of the camera is known, and if the
coordinates on the water of three photographed targets are known, it
is clear that the space coordinates of the camera can be found, and
also the distance from the- camera to a bullet-splash. The photogram-
metric computations, however, are so laborious that it is impractic
able so to determine the range to each of a large number of splashes.
Likewise, if the coordinates of four or wore photographed targets are
known, then the focal length, camera position, and range can be de
termined. This solution also is very laborious. If the angle of
depression of the camera's axis could be measured -once and for all at
the outset of a series of firings^ then the range could easily be
found from the airplane's altitude, measured ^ith an altimeter; but the
roll of the airplane, always present to some extent, causes the angle
of depression to vary from moment(to moment so that ranges, determined
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