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THE RAPID PEOTOGHAMMETRY OF THE SFLASHES OF
BULLETE FIRED FROM AN AIRFLANE

Abstract

in studying experimentally the trajectorie: of
bullets fired frowm an airplene, the =plache: of the
buliets, in water over vhich the alrplane is fliying,
are photographed by a camera in the nirpiane. Ter-
gets in the water, ut xnown pocition:, asre &alto
photographed. It ic nececsary to find the poritions
of the pplacher with respect to the airpiune. Urual
photogramaetric procedurer are very laboriour. lere
a rapid method is deceritec which muker ure of the
altitude of the airplane, furnished by an altimeter.
The percentage error in the range to the rplach ic
one third of the percentage error of the altimeter
sltitude.

In connection with the expergmental .tudier, which the Lab-
oratory l& now carrying out, of the trajectories of projectiles fired
from airplanes, buliet: are fired {rom sn airplane into water over
which the airplane ic fiying. It ic nerersary to Tind the range
from the splarh of & bullet to the po:ition of tre gun at the in tant
of the buliet'c zpleching. The iplache: are photogrephed by a cinems
camera mounted on the sirplane, an” near to the LR

If the focal length of the camera is known, and if the
coordinutes on the water of three photographec turgets are xnown, it
i¢ clear that the spece coordinate:r of the camers can be found, and
also the distance from the cavers to a builet-cpluch. The photogram—
metric computations, however, are co laboriou: thet it i: imprectic-
able so to determine the range to each of & large number of splaches.
Likewige, if the coordinates of four or more photogruphed targets are
known, t.en the focal Jlength, camera position, and range can be fe-
termined. This solution alco is very laboriou:. If the angle of
depression of the camera's axis could be measure’ once and fTor all at
the outeet of a cerier of firings, then the range could es:ily te
found from the airplane's altitule, nmearured with an altimeter; but the
roll of the airplane, aivways precent to rome esxtent, naure: the angle
of depre:sion to vary Trom moment to moment :o th.t range:, <etermined
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on the assumption of & conrtant angle of deprervion, are not accurate.

The folloving Tapid procsdure hap been devidec to maetl thede diffic-
Uities.

In the diagran below, the or.gin, 0, of the rigit-handeq
system of axes® %,y,2 i tne Princigal point of the camera lens. Oz
: perpendicular to the plmne of the flim or plate, Ox 1: horizontal,
and v polnts above the horizou. U 1. teprer:ec. below the horizontal

by the sngle 8, to be determined, arl Intercects the surface of
: o + b T 3 x g 3 - p

the waler ‘at a poimt 0., The natituce of the caizera obove the water

E iy - [ L . . =

i¢ h. The focai length of the csumera 1 i, to te deterwined once and

for.-all by any accurate metiiod 'And recordec.

y X

Tue image on tie plate ic inveted. After the plate hac been erected,
the coordinstes (X,Y) of tne image of any point P(x,y,z) are given
by the intersecticn of OP witt the plane 3 = K. The plate coord-
inates (¥,7) are weatrured frow the "ba.e" of the plate {the foot

of the perpendicular {rom the nodai point to the pizte), the X aud

Y axec being perallel to the x and y axes, recpectively. For prac-
tical purjoces, tre "beve" of the plate ir the center of ite exposed
portion.

Let Q be a joint on tie erectec piate, with plate coordinates
(X,Y). The space coorcinate:s of © are then et s—ang thud C i
the image of pointe on the line ©
(x/x) = /1) =(3/5).
The eduation of tie urfuce of the water is
v con =z ¢in 2> + h=*0.
The line meets the water at the point
% = (Xn)/(£ sin®- Y coed); y = Yh/(K cin® - ¥ cos ®);
2=/ K sin¥ - ¥ cos ¥ ).
Let. waw and OwyW be coordinate axe: on the water's surface, cuch that
the x, axis ie paraliel to the x axi: and the ¥y axic i¢ in the direction
of increasing range. Then X, = X, ¥, = y/¢in ¥ . Hence

x, = T/ (B i -neo? R )i e Th/ (K ein® - Y coz?) cin T .

The ratio of anv small eliment of area on the water to the ares of its
image on the plate, dW/dP, i given by



";} (qu )3‘} )

L
==
i

RI63%0

= h*E/(8 aT = Y copd)”

o N
L6l

by the theory of Jacobian dsterminant:c.

The area, #, on the water corresponding to eny ares ! on
the plate is therefore given by

He cF
e 3 - \Z ( 5
K< (ein - (I/K)cosw )d ) (i-ay")
</

x5

where Y iz the Y coordinate of the centroild of the area on the plate,
where y" = Y - Y, and where

a = coaP/ (K 8in®-Y coev).
The integrand way be expanded thus:
¢
g B ST AR (S Ak e T S

end the integral of the firct term i= P, the integral Qf the cecond
tern ic zero, and the integral of the thiré tera i 6a 'F times the
average value, y"<, of y“z over the area P. Thu-=

( heP \1/3

WLl e T ) IO GR TTe Tu b ) (L +2a%mei, o Ye ()

the term Zaz§wr ir no liarger than 0.0L for a camera whose vertical
field is ten degrees, and which ic depresved below the horizontal by
«n angle of twenty-two degrees, provided.thst the area F extend- over
only one half the height of the plate ¥n the Y direction. For cmaliler
areas, and greater anglec of' deprecsion, the term is ctill smaller.
Provided that an error of one per cent in the range to a splarh can
be tolerated, then for a camera of the type deccribed the term can

be ignored altogether.

The areac P and W may be fount readily from the coordinatec
of the imagec of three targets oan the plete, and from the coordinsten
of the targets on the water. If P)(x3,¥;), Polxoys), anc Fu(xz,yz)
are any three point: in a plane, then the area of the triangle FjPoFz
8

Xg=X}sr Yo Y1

BETRLY YR T

where the determinant ic given ite &abioiute vulue. For the rame three
points, the same &area A ic obtained however the rubscripts are assigned
to the points. Horeover, the arew A is invarient with re:pect to rot-
ations andé translation: of the axes of x and y. Thus formula (2) will
furnish the erea V of the triangle formed by three targets, from the
coordinates of the turgetc in the system in which they have been cur-
veyed. Likewise, appiied to the mea:iureécd coordinates of the images of
the three taergets on the plate, tiwe formula (2) will provide the are=z

P even though the axec used for wearurement of the images differ from
the axes ¥,¥ in direction axg origin.

5.
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£inT -(Y/)cos 3 Ke

Yere (7,Y) are the Flate coordinate . of the plars ) in'the svstem of
&xes A,¥. In (3), the guantity

may be cet equal to unity for a camera naving a field 14° x 109, with
& resuiting error in the range of no more than about one per cent.
Further, the value of R given by (3) ir incten-itive to the velue of

Y in the denominator, and hence thir Y can be obteined with sufficient
accuracy in practice (for a camera of the type deccribe?) from a rough
Knowliedge of the direction, through the center_of the picture,of the

¥ axis--a horizontal axic. 1In the -ane vey, ¥ cen be found with
sufficient precition. To find Y ana Y, it i: desirable to measure

the plute in terms of axes &, 2 vuch that the o axis= ie approrimate—
ly horizontal. Then ¥ is meredy the 3 o7 the rplach diminiched by

the (2 of the center of the plate, auc 7 i merely the average of

the f3's of the three targets, dimini:hned by the {3 of the plate center.

It will be noticed from (1) thot ein F veriec roughly ar
n2/3 » €0 that by (3) the range varie: a: the cube root of h. Thus
an error of three per cent in h introduce: an error of only one per
cent in R. The preceding method is thu: convenient for finding the
renge, with an error whoce gverage vaiue har been found (for & camera
of the type described) to be about tro per cent.

oxample. TIn the following exuisple, the plotograph was
enlarged before messure~ent. The unit:® of ™, 3 are ten incher; the
ejquivaient focal lengti ol the endargec image i: 12.56 unitc of ten
inches. The origin of «, (2 it the uyper right-hand corner of the piate.
The center of the plate i. at ﬁ‘ =1 HORE el SRS [3 sre neasured to
the left and down tros tLie origin, respectively, the i axic being nearly
horizontal. The water coorcinatec, z,y, are in unit: of 100 feet; the
altimeter sltitude(corrected for air speed) i: <60 feet. The cpliaszh to
which the range is desired i: at{3= 0.962. Tae work—:heet foliow:
(come numbers, retained on the computing machine, not being entered).

Target o 4] e BT o= v x! il T
5 22565 FA98S S8 L s, 1Ris Vi) gree £ 600 P ) =l £inT¥.4256
4 IR S L.466  .791 1.983 2.156 .v1< .854 cos T=,9050
8 .280 1.197 —_— — <.778 1.285 L0088 -.007 R =622 feet
mean -853 2F = 1.3209
¥=.708 7 = 0.8632
Yoplasn=+199 “in¥-.0245 cor ® = .4033



: - o . S 2 o W 1
The areas are computes by ewtion (), ¥ i found from the mean S %
and eaguation (1) i: written - ovn{ignoring the teru <acy"e) and -olves
by succedrive apmrorisatisus. It i Quves sore rapidly by ucce:rrive

approximations tiiza it ~ouis be wlves uacdratisc emuation.
From the Y of the :pla 2, *ounc trov it (3 y the Tange F to the
splash ir computed from eusation (%), in wri t vantity

(2w (’i+‘~’i;)/il;') I8 Fet cqued to wmmity.

A ¢ oS 7""" !
Lot O Yoyl

ieodore I. . terne,
aptaln, Jrinsnce Tepertment.
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THE RAPID PHOTOGRAMMETRY OF THE SPLASHES OF
BULLETS FIRED FROW AN AIRPLANE

* pbstract

In studying experimentally the trajectoriee of
bullets fired from an airplane, the splashes of the
bullets, in water over which the alrplane is flying,
are photographed by & camera in the ailrplane. Tar-
gets in the water, at known positions, are also
photographed. It is necessary to find the positions
of the splashet with recpect to the airplane. Usual
photogrammetric procedures are very laborious. Here

. a rapid method is described which makec use of the
- altitude of the airplane, furnished by an altimeter.
The percentage error in the range to the splach is
one third of the percentage error of the altimeter
altitude.
In connection with the expertpental studies, which the lLab-
' oratory is now carrying out, of the trajectories of projectiles fired
from airplanecs, bullets are fired from an airplane into water over
which the airplane is flying. It is necessary to find the range
from the splash of a bullet to the pocition of the gun &t the instant
of the bullet's splaching. The splashes are photographed by a cinema
camera mounted on the airplane, and near to the gun.

If the focal 1length of the camera is known, and if the
coordinates on the water of three photographed targetes are knowm, it
is clear that the space coordinates of the camera can be found, and

" also the distance from the- camera to 'a bullet-splash. The photogram-
nmetric computations, hovever, are co laborious that it is impractic-
abls so to determine the range to each of a large number of splashes.
Likewise, if the coordinates of four or more photographed targetcs are
known, then the focal Ilength, camera position, and range can be de=-
termined. This solution also is very laborious. If the angle of
depression of the camera's axis could be measured once and for all at
the outset of a series of firings; then the range could easily be
found from the airplane's altitude, measured with an altimeter; but the
roll of the airplane, always present to some extent, cauze: the angle
of depression to vary from moment&}o moment so that ranges, determined

~1-



an =
ap

a(xw’yw) . A ' . . ' g
dxy
= hzx/(!( sinT-Y cos’d‘)"’

by the theory of Jacobian ‘determinants.

- The area, W, on the water corresponding to any area P on
the plate is therefore givgn by
, I’ ap

W=
K (sin 7~ (T/K)cos7 )3 (1-ay™)°.

where Y 15 the Y coordinate of the centroid of the area on the plate,
where y¥ = Y - Y, and where ' .

a=cos?/ (K sin?-Y cosv).

'The integrand may be expanded thus:

1 + 3ay" + 6a2y"2+. veoe

and the integral of the first term is P, the integral gf the second
term is zero, and the intggral of the third term is 6a P times the -
average value, y'<, of y'< over the area P. Thus :
‘ o 2P 1/3
gin 7 - (Y/K) cos T = --—-2;’-—-- (1 + 28%"%+..,). (1)
AR K : .

lphe term 2&2;"'? is no larger than 0.01 for a camera whose vertical
field 1s ten degrees, and which is depressed belox the horizontal by
an angle of twenty-two degrees, providediihat the area P extends over
only one half the height of the plate 2n the Y direction. For smaller
areas, and greater angles of depression, the term is still emaller.
Provided that an error of one per cent in the range to a eplash can
be tolerated, then for a camera of the typs described the term can

be ignored altogether.

The areas P and W may be found readily from the coordinates
of the images of three targets on the plate, and from the coardinates
of the targets on the water. If P)(x;3,7;)» Pp(x5¥0), and P3(x5,y )
are any three points in a plane, then the area of the triangle P1§2P5
is

A2X1y YY1
A= ' : (2)
X3-X1> Y3Vl .

where the determinant is given its absolute value. For the same three
points, the same area A is cbtained however the subscripts are assigned

. Yo the points. loreover, the area A is invarient with respect to rot-

ations and translations of the axes of x and y. Thus formula (2) will
furnish the area W of the triangle formed by three targets, from the
coordinates of the targets in the system in which they have been sur-
veyed. Likewise, applied to the measurdd coordinates of the images of
the three targets on the plate, the formula (2) will provide the area
P even though the axes used for measurement of the images differ from
the axes X,Y in direction and origin.

-3




The‘:.-rénga {o.a pait:lcu.‘lar splash in the picture is

h . s
R = (L + = )3 . (8)

»

sin? ~(Y/K)cos ' K

Here (X,Y) are the plate coordinates of the splach in the system of
axes X,Y. In (3), the quantity

61 f+ .32:32.__ b |

K

may be set equal to unity for a camera having a field 14° x 10°, with
a resulting error in the range of no more than about one per cent.
Further, the value of R given by (3) is insensitive to the value of

Y in the denominator, and hence this Y can be obtained with sufficient
accuracy in practice (for a camera of the type described) from a rough
knowledge of the direction,through the center of the picture,of the

X axis-——a horizontal axis. In the same way, Y can be found with
sufficient precision. To find Y and ¥,.it 1is desirable to measure

the plate in terms of axes o, 3 such that the o axis is approximate-
ly horiszontal. Then ¥ is merely the (3 of the splash diminished by

the {3 of the ceater of the plate, and ¥ is merely the average of

the P"s of the three targets, diminished by the (3 of the plate center.

It will be noticed from (1) that sin ¥ varies roughly as
hz/ 5 , s0 that by (3) the range variec as the cube root of h. Thus
an error of three per cent in h introduces an error of only one per
cent in R. The preceding method 1s thus convenient for finding the
range, with an error whose mverage value has been found (for a camera
of the type described) to be about two per cent.

Example. In the following example, the photograph wae
enlarged before measurement. The units'of « , {3 are ten inchez; the
equivalent focal length of the enlarged image iz 12.56 unite of ten
inches. The origin of #, (3 is the uiper right-hand corner of the plate.
The center of the plate is at 3 = 1.161, and < and are measured to
the left and dorm from the origin, respectively, the & axis being nearly
horizontal. The water coordinates, x,y, are in units of 100 feet; the
altimeter altitude(corrected for air speed) is 260 feet. The splash to
which the range is desired is at (3= 0.962. The work-sheet follows
(some numbers, retained on the computing machine, not being entered).

Terget o O o L' x ¥y x' y' h=2.6

5 2,365 .955 2,115 242 1.769 1.302 —— -o—  sinT§.4256
4  1.705 .4068 1.455 .791 1.983 2.156 .214 .854 cos¥=.9050
8  .250 1,197 ~— —- 2,778 1.2951008 -.007 R = 632 feet

mean 853 2P = 1.3209
Y=.308 - : W = 0.8632
" Ypplasy=+199 siln¥'-.0245 cos ¥ = .4033
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The areas are computed by equat:lon (2), Y is found from the mean 3,
and equation (1) is written down(ignoring the term 2a2y"2) and solved
by successive approximations. It is csolved more rapidly by successive
approximations than it could be solved as a quadratic equation.
From the Y of the splash, found from its (3 , the range R to the
splash is computed from equation (3), in which the quantity

(1 + (X°+Y2)/K?) is set equal to wmity. -

T heodore E. Sterne,
Captain, Ordnance Department.

.t




BRL R 274

g

AD 704865

REPORT NO. 274

THE RAP1D PHOTOGRAMMETRY OF THE SPLASHES OF
BULLETS FIRED FROM AN AIRPLANE |

by

Theodore E. Sterne

April 1942

This document has been approved for publi
Rts distribution is unlimited. public elaso and sl

U.S. ARMY ABERDEEN RESEARCH AND DEVELOPMENT CENTER

BALLISTIC RESEARCH LABORATORIES
ABERDEEN PROVING GROUND, MARYLAND




