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Annotation

In this work we examine \dhe statement and
numerical solution c¢f the problem of the develop-
ment of lonization instability in a low-tenmpera-
ture magnetlzed piasma. Baslc attention is
devoted to the dynamlics of the development of
Instabllity and a qualitative analysis of the

phenomenon. We~BNO¥ the effectiveness of the =0 Gl e,

physical model .used as the basis of the examinatio

n
As a result of the numerical calculations,we- ’{
~nefine the assoclation between the averag‘

parameters of the plasma at process stages close
to turbulence, (7 2+ ¢ #+7 ,
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CHAPTER 1
INTRODUCTION

Recently much attiention has been pald to the study of the
phenomerion of ionization instability in a nonuniformly ionized low-
‘temperature plasma in a magnetic field.

First, it appeared that this phenomenon is of practical
significance for MHD generators and accelerators using atomic gases.
It appears simultaneously with the separation of electron temperature
Ifrom Lhe temperature of heavy particles. In a sufficiently strong

magnetic riéld the ionization instability determines the effective
conductivity of the plasma.

Second, ionization instabllity apparently leads to one of the
few forms of turbulence which is most accessible to theoretical and
experimental investigation. The relatively simple structure of the
energy equation makes it possible, in & number of cases, to construct
simplified mathematical models of the phenomenon; we are able to
‘examine an already developed process, and not merely its initial
stage. The results of the theory describe gqualitatively, to a certain
degree, the hasic regularities knowoe from experiment. In particular,
in a2 numbevr of cases the increase in effective resistance with
magnetic field is predicted theorstieally and confirmed experimentally.
From dimensional concepts it is to be expected that in 2 turbulent
plasma with magnetized electrons the resistance shouldl be defined by
the relationshilp

FTD~-HT-23-241~70 3




P = &n, (1)

where B is the magnetic field, ¢ is the speed of light, e is the
electron charge, and ngy is the electron concentration. This formula,
as can be easily seen, corresponds to the familiar Bohm formula for
turbulent diffusion of plasma.

»

/.

An essential understanding of the phenomenon was also achieve&' .
in experimental study. This was aided by the short duration of theﬂ.
characteristic time of development of the instability, which made it
possible to isolate it in "pure" form, i.e., to avoid the influence
of other instabilitvies (lon sound, etc.). This is an additional
reason for interest in lonization instability, whose study is thus
important both from an applied as well as a general physicg1=point of
view. Up to the present time a great many experimental and theoretical
works have been devoted to thils phenomenon. Let us give a brief
summary of certain of these.

Attention was first paid to the possibility of the origination
of ionization instability in [1] and [2], and also independently in
[31.

&

AR SN

Reference [2] gave a one-dimensional nonlinear theory.

It was shown that the development of one-dimensional fluctuations.
leads to a state with the effective resistance '

<r”

= cB
p v 'éa:, (2)

The quasi-linear method used in this work was not vslid far from the
stability boundary. The resulvs of the work wer:e refined by
Zampalioni [17] and Solbes [16]; however, the final vesul% of [ 2] was
ccrrect, In [3] Chm's law is proposad and ccmparsd with experiment,
taking into account fluctwations in electron and gas temperature. The
possibility is indicated of "complete" instability of a weakly-ionized
plasma. The work is limited to the frameworks of the linear theory.
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One of the first experiments is described in [#]. It is shown
that the effective conductlvity across the magnetic field decreases
as w%; the assumption is made that the drop in conductivity is
explained by ionization instability.

In [5], using an electron-optical converter, there was cbtained
an iastantanecus photograph of the distribution of electron density
(and current) in a plane perpendicular to the magnetic field. There
was detected the existence of well-developed striations at an angie
of ~30°-40° to the current. Qualitatively, the result colncided with
theory, although a complete explanation of the structure was obtained
only upon numerical solution of the nonlinear boundary problem [23-25].
Further, a detai‘ed study was made of the condition of origination
of instabllity, the influence of the transport of resonance radiation,

.the influence of current along the magnetic field, and systems of

conductors creating "rigid equipotentials"™ and stabilizing the
instability. The basic conclusiorn of the work was that suppression

of the ionization instability is aimost as unsuitable, energywise,

as reconciliation with its existence. Calculation was made of a model
of nonlinear development of ionization instability with time, which
led to relationship (2) for effective resistance of the plasma, and a
model of developed turbulence was proposed.

Experimentally, [6] is a development of [5]. It gives the
results of a photographic study of instability in a discharge. The
structure of the nonuniformities and the influence of the degrce of
jonization are studied.

Experimental works [7-10] investigate the development of
ionization instablllity in a disk channel, The use of a disk channel
makes it possible to aveld the influznce of electrodes, while various
types of pre-lonizers mske it possible to study the dependence of the
development of ionization instability on the initial conditions. It
is shown that independently of conditions at the inlet ionization
Instability occurs and there 1s saturation of the effective Hall
parameter. in experiments [10] with thermal ienization in a frozen
fiow with complete ionization of the admixture, ilonization instability




does not develop. In experiments [9] 1t was detected that with total
ionization of its cesium admixture in helium,saturation of the Hall
parameter appears with relatively low concentration fluetuations. 1In
this series of experiments the nature of the saturation of the Hall
relationship with total ionization remains unexplained. In work [11]
there were conducted measurements of the effectlive parameter in an
equilibrium plasma with a CO2 additive. It was shown that saturatiqn
of the Hall parameter is nonexlstent up to values @ ~ 5. Thus,

phenomena in the disk channel actually are determined, apparently,
hy instability.

The flow of inert gases with 8lkali metal additives in a
Faraday-type MHD channel was studled in [12-13]. It was shown that

at high current densities ilonization instabllity has a strong influence

on the efrective conductivity and the Hall parametep.

Work [14] investigated the development of ionization instability
in a discharge across a flow and a magnetic field. Study of the
geometry of the fluctuations showed that with sufficiently large
current densities ionization instability acturlly developzd.

Work [15] theoretically investigated the development, with time,

of a nonlinear one-dimensional wave. Further calculations are given
in [16].

Theoretical survey [17] discusses in detail questions of the
ionization equilibrium and energy balance in a plasma with detachment
of the electron temperature and stability of a nonequilibrium plasma.

Work [18] calculates the effective conductivity of plasma with
two~dimensional nonuniformity. It is shown that even weak 1isotropy
of the fluctuations leads to a law of linear 3ncrease in effective
resistance with the magnetic fisld for a giver amplitude and spectrum
of €he fluctuation.

The development of ionization instability in a system with given
boundary conditlons causes basic difficulties even in linear statement
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of the problem because of the absence of natural modes. The problem
of' the evolution of an initial perturbation with ideal segmentation
of the electrodes has been solved in [19]. It was shown that initial
perturbations increase nonexponentially, although the criterion of
stability is practically the same as in an unbounded region.

In [20-21], following works [2] and [5], there is calculated the
quasi-linear cevelopment of ionization instability near the threshold.

It is shown that asymptotically the following laws are satisfied:

0eff v 9cr/g gcr v 0eff'

Later these relationships were used as the basis of one-dimensional
calculation of MHD generators. The first work of this type was [22].

Works [23-25] solved numerically the problem of the development
of lonlzation instabllity in a strongly magnetized plasma. It was
found that the initial perturbation develops in striations which then
are destroyed and the picture becomes close to turbulent. Finally,
work [26] 1s analogous to [23-25], but here there is examined only
the initial stage of striation formation.

On the basis of this brief survey we can conclude that analytical
examination of ionization instability is extremely difficult.
Nonlinear analysis has been performed only in one-dimensional
approximation. At the same time the influence of boundary effects,
as experiments showed, can in certailn cases have decisive influence
even on the qualitatlve nature of the process. However, the twc-
dimensional problem is difficult for analytical examination even in

linear approximation.

In such cases, an effective method of investigation can be
calculation experiment, which helps to overcome the mathematical
difficulties in the theory and fulfills the physical experiment which
gives a limited e¢nount of information due to measurement 4ifficulty.

This present work 18 a development of [23-25] and is devoted to
a discussion of a number of numerical experiments on the development
of ionization instability in various models of nonequilibrium plasma.
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CHAPTER 2
PHYSICAL ASSUMPTIONS AND EQUATICNS

We examine a quasi~-neutral, dense, low-temperature plasma. We
will consider the plasma to be atomic, i.e., we will exclude from our
examination the(interaction of electrons with molecular compounds.
Then the characteristic time for energy exchange between the.electrons
is considerably less.than with heavy particles because of the
considerable difference in masses (lons and neutral atoms). Because
of this, the energy connection of the electrons with the heavy
component 1s weak, and the electron gas of free electrons and

electrons occupying discrete energy levels oﬂ the atoms Iorms an almost
closed equilibrium system.

This indicates that there occurs Maxwelllan distribution of free
electrons and Boltzmann distribution of electrons which are in the
excited levels of atoms, characterizzd by electron temperature Te‘
Collisions with heavy particles, as has already been noted, only weakly
influence the deviatlon from thermodynamic equlilibrium of the
electrons, but define the value of electron temperature Te.

The basic reason for disruption of equilibrium in a cold plasma
is the radiation of the electrons of excited athms in a discrete
spectrum. Here a correct theoretical descriptlion of the radiation
transport process 1s given only by the kinetic approach. The fac¢t of
the matter is that, together with photons in the center of che line,
having small free path lengths because of resonance ahsorption, an

essential role is played by photons on the "wings of the line;“ whoze




A

free path length is commensurate with the dimension of the plasma
itself. Radiation leads to three effec.s: deviation from Maxwellian
distribution of the free electrons, deviation from Boltzmann
distribution of electrons on excited levels of the atoms, and cooling
of the plasma as a whole. Estimates given in [17] together with the
results of experimental works show that in a sufficiently dense
plasma (ne > L N 1013 1/cm3; n, is the concentration of free
electrons) at temperatures Te v 0.3 eV we can disregard the deviation
of the electron gas from equilibrium because of radiation. But in
dense atomic plasme as well the contribution of radiation to the

electron energy balance 1s completely commensurate with other transport
processes.

Let us discuss further a simple model of an atomic two-temperature
plasrza. The light component consists of an equilibrium electron gas
with temperature Te’ concentration of free electrons N and electrons
in the excited level of the atoms. The heavy component corisists of
ions and neutral atoms with concentration ny + n, and temperature T.
To be specific, we have in mind an inert gas (e.g., Ar) with a slight
addition of a lightly ionized admixture (e.g., Cs). In this case the
concentration of electrons and ions n_, coincldes with the number of
ionized atoms ef the admixture per unit volume and does not exceed
the concentration of the admixture ng (we consider only single
ionization).

With application of an electrical and magnetic field, there
occurs in the plasma an electric current whose density I is assoclated
with the strength of the electrical E and magnetic A fields by the
generalized Ohn's law [31-32]. 1In our case we can disregard inertia
of the electrons and "slip" of the lons relative to the neutral
atoms. Conservation of momentum of the electrons for a Lorentz gas
under these assumptions gives Chm's law in the form

-5
T = ! - .._e.... = ..E.g..
3 + 3 x ) oF vape, 8 A (2.1)

where ¢ 1s the conductivity, defined by the expression




ezne 4
o = mocv (2.2)

-

Pe is the gas pressure of the free electrons; B! is the electrical
field in a system of coordinates moving wilh the mean-mass flow rate.

Here and henceforth we will use the standard designations:

e is the electron charge,

m, is the electron mass,

¢ 1s the speed of light,

M is the mass of an atom,

I is the lonization potential,

vy 1s the collision frequency of an electron with lons,

vy is the collision frequency of an electron with atoms,
k is the Boltzmann constant.

Now let us write the energy balance of an electron gas per unit

volume per unit time. According to the first law of thermodynamics
it can be represented as follows:

i (I + T )] = Q - Q - p_ X
(2.3)

X div ¥ - n (I + 3T,) div ¥ - div g.
Let us examine, in sequence, all components of the ‘right side of the

equation. The first term defines the magnitude of the contribution
of Joule heating per unit volume:

Y (2.4)

o]

The second term characterizes the output of electron energy during
cnllisions with heavy particles:

QR

3 v
Qg = mn 5k(T, - 'I‘)za: s, (2.5)

-

&

where 6a is a constant which is defined by mechanisms of collision of
an electron with an a-type heavy component.
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The work of electron pressure 1s described by the third term in
equatior (2.3). The other comporents, in sequence, show the change
in energy of electrons due to transport processes: convective
radiation and heat flux E. The connection between concentration n,
and temperature Te of the electrons is given by the equation of
ionization kinetics. Let us assume that there occurs only thermal
lonization by electron impact:

at+e=i+ete (2.6)
while the inverse process 1s recombination with triple collision:
i+et+e=a2a+e. (2.7)
The equation of the kineties for such a reaction has the form

. dne .
g6 = %°ne'n, - Bnine. (2.8)
The constants of lonlzation a and recombination B rates are ceonnected
by the principle of detalled equilibrium:
a
7 K(Te). (2.9)

The equilibr.ium constant K(Te) in an equilibrium electron gas 1is
defined by the Saha formula:

I
neny  2g, (%A KT, 3/2 'ET;

(2.10)
h

where 8y and g, are the static weights of an lon and a neutral atom,
regpectively.

The description of this model of the plasma is closed by the
Maxwell equations. As usual, let us disregard the displacement

currencys % %% as compared with ccnductivity currents %g - 3. Let us

alse assume that the induced magnetic field h %gﬂoLo (JO i1s the

average value of electric current density, Lo is the characteristic
dimension of the plasma) is considerably less than the applied field

fi. In this case the equations of electrodynamics express the law of
conservation of electric charge:

11
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div I = 0 (2.11)
and potential cr the electric fileld

curl E = 0. (2.12)

Let us assume that the external magnetic field in which the plasma
is located has only one component. Then the direction along éhe
mzgnetlic field B is isclated, since along it the mobllity of the
electrons 1s considerably higher thun in any other direction
perpendicular to #i. Therefore the problem can be considered to be
two-dimensional, and it can be examined in the plane normal to the
magnetic field. Without restricting generality let us assume that the
plasma occupies a rectangular volume ABCD (Fig. 1) whose walls are an
ideal dielectric excluding electrodes ab and cd, which are either
ideally sectioned or compact and ideally conducting. On the dielectric
portion, obviously, Jn = 0.. On an ldeally sectioned electrode we are
given the electric current density Jn’ while on the ideally conducting
electrode the condition ET = () should be satisfied and we are given
the total current § flowlng between the electrodes.

H
©
J
|
i : . G
D d c .
Fig. 1.

This statement, borrowed from an experiment in which ideally
sectioned electrodes completely occupy the horizontal portions of the

12
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boundary, make it possible to trace the development of ionization
instabllity caused by a perturbation introduced into a stationary
field of electric currenty [23-25]. When on the horizontal boundary
there are portions of an ideal dielectric, the problem simulates the
development of instability in an MHD channel. Pinally, the presence
of a compact ideally conducting electrode makes it possiﬁle to
consider its influence on the turbulent plasma.

13




CHAPTER 3
DIMENSIONAL ANALYSIS

Let us formulate more specirfically the statement of the problem
which will be examined in what follows. Let us assume that in a
gquiet plasma fhere is no radiant heat transport or heat flow. We will
also consider that the electron temperature considerably exceeds the
gas temperature Te >> Ti’ but at the same time the average thermal
energy of the electron is low in comparison with the ionization
notentlal I >> %kTe. The collision freguency of an electron with the
neutral component is defined by the expression

va = logn, + 0.(ng - 1,)3<|v 1> (3.1)
while the frequency of electron collisions with ions

Here og, Ogs and oy are the collision cross sections of an electron
with atoms of an inert gas, the admixture, and fons, respectively;
<!ve|> is the average value of the thermal velocity of an electron;
ng, ng - 0y, and ny are, respectively, the concentrations of atoms
of an inert gas, admixture, and ions. The total frequency of

collisions undergone by an electron
Vo=V, (3.3)

We will assume, in addi¢tion, the following dependence of cross sections

O4s Og and v_ and the average thermal veloclty <|ve|> cn temperature

Te:

g
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o, = clT;Q, Og = Ops O = Uy (3.4)
¢ 172
= |3K
<Jvel> {meTE] (3.5)

where Oys 0o, and 03 are constants., Then for the total number of
collisions we get the expressicn

- -3/2 1/2 1/2
v = AineTe + AéTe (ns - ng ) + AéT g
1/2 1/2 1/2 (3.6)
L (3 o 3k "
Ay ol[] » A5 02[“‘) A3 03{} ’
e e

Under these additional assumptions the initial system of equations
obtained in the previous section assumes the form:

2

e n
. OBt - R Y I §
F+Jx8=ok - g5, o A 0% ae (3.7)
dn 2 m
—€ =l e .. -3/2
Ige = L - sngvgir,, v AmeT™ " + .
(3.8)
+ A l/2(n - n) + AT/ %
2Te 3'e g
dn 2g, (2mm_KT /2 -
e 2 a 1 € e e
—= = an.n_ -~ Bn,n., 5 = { ] e (3.9)
at a'e 1¥e? B 8, h
div I'= 0 (3.10)
curl B = 0, (3.11)

Let us reduce (3.7)-(3.11) to dimensionless form. As the
characteristic scales of the problem we select the initial value of
electron concentraticn n, at a certain point in space, temperature
TO, and electrical conductivity 0q- The scales for measuring the
other magnitudes are expressed from eguations (3.7)-(3.9). From
expressions (3.7) for electrical conductivity we have the scale of
measurement of the collision freguency:

15
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The dimensionless expression of equation (3.6) assumes the form

= ~3/2 1/2 /2, -
v AlT + AT, (r=-n)+A3e ng (3.13)

Here ng is the reciprocal of the degree of ionization of the admixture

at the initial moment of time. The values of the dimensionless

constants Al, A2, and A3 are defined from the condition v = 1 at the
initial moment of time, 1.e.,

and the equalities
A o] A g
1 1 2 2
ro: PEE VR (3.14°%)

From (3.14) and (3.14') for Ay, Ay, and A3 we get the values

o- (o]

= 2
A, = — > Ay = - ’
1 0y + (ns 1702 + ngo3 2 N + (ns 1)02 + ngo3

g
- 3
A3 = 5 ¥, — 1o, 7 0oy (3.15)

From energy equation (3.8) it follows that the characteristic time of
the problem

b o= L ko= ge® (3.16)
Q kT vo’ M *

whence we obtain the scale of the measurement for electric current
density

1/2
IUOnO}
L

50 = | (3.17)

From Ohm's law (3.7) the scales for electrical field Eo and the mean-
mass rate V0 have the values

16
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E

Ey = Jg/0gs Vo = c% (3.18)

while the measurement scale for the magnet‘c field

mev
H = 0

0 = e (3'19)
is such that the dimensionless value of the magnetic field is equal
to the Hall parameter at the initial moment of time. Let us estimate

the contribution of electron pressure P = kneTe to Ohm's law as
compared with the other terms.

Let us examine the relationship

®Peg
Y ® =5y (3.20)
MeVelodg
Here Pep is the characteristic value of electron pressure. Using
-(3.12) and (3.18) we get
kT
Y = EESE%' (3.21)

For MHD converters and most experiments the following condition is
valid:

kT << eEL

l.e., “he mean thermal energy of an electrode 1s low &s compared with
the characteristic difference in poteﬁtials. From this it follows
that the electron pressure gradisnt in Ohm's law can be dlsregarded.
Let us turn to the equation of ionization kinetics (3.9). ¥ith low
degrees of lionization we see from this equation that the character-

istic time of a change in concentration of electrons is expressed
by the value

1
T = (3.22)
Na%g

where ag is the scale of measurement of the lonization rate, which is
expressed by the formula

c
a = =2 1 yf(v)av
N

(3.23)
vl > vy

17




x is the interaction cross section of an electron with an atom, Yo
is the minimum velocity of the electron of ionizing atoms of the
admixture, and f(v) is the distribution function for free electrons
with respect to velocitles. Considering that Maxwellian veloclty
distribution is valid for electrons, for o we get the expression

¥ 2 _1/kp .

e
o = aa[Zwme e (3.2“)
respectively for
I
0 = o |2 e €0 (3.25)
0 a Ewme * °

Comparing the characteristic times to and 1, we find, assuming that
Yo X PgYg

KKT .V s'm T _k
T o el 0 e el
-——to naﬂoT v n.r . (3-26)

Henceforth we will assume that the plasma has parameters for which
r/to << 1, i.,e., the thermal icnization is quasi-equilibrium and,
consequentliy, instead of equation (3.9) we can use the principle of
detailed equilibrium:

n,n n? 2g, (2wm_kT 3/2 -E%' ‘
1% e . gi[ Te e] e € (3.27)
P 4 . »
n, ng = ng & h
In dimensionless form (3.27) assumes the form
n
e 3/2 e
———— = TV Ce (3.28)
Ng = N *
where
ky = I/kTq (3.29)
and
18
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3 3
st = alt,

o (4.3)

Thus, in the general case, for equation (4.2) on a section of the
boundary we are given the first boundary-value problem

VIP = u(s) (4.4)

where s Is a length of arc along boundary TI', while in the remaining
section (it may be absent) we have the condition (4.3), i.e., there
occurs a mixed boundary-value problem.

To solve the equation

i;? = %; = ReVTe
(4.5)
vV = AlneT;3/2 + Ay(ng - ne)Tixﬁ + A3n8Tel/2
we are required to give only the initial condition
n!tsﬂ = ng(x, y). (4.6)

The form of the function no(x, y) will be selected below when
examining agecific examples. A3 linear analysis shows, problem (4.2)-
(4.6) 18 correct, but unstable. For the unbounded linear problem the
perturbations increase exponentially with time, while for the linear

boundary~-value problem [19] the increase in perturbation occurs

nonexponentlally. Let us note further that since the differential

operator of equation (4.2) is not self-conjugate, in it actual eigen-
functions are absent.

Nonlinear system (4.2)-(4.6) was Integrated numerically. In this
regard let us note that there are no diffusion terms in differentiai
equation (4.5). However during numerical solution of the problein

there appears an averaging scale A equal to the step of the difference

network h, When solving the probiem, taking Into account diffusion

processes (thermal conductivity, radiation, etc.), the diffusion

length of these processes is the characteristic dimension of averaging.
Frcm this standpoint the step of the difference scheme can be treated
as the diffusion length of certain physical properties. Thus the

2l
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Ny = o= Z (3.30)
ny Ega h
Bearing in mind that the scales n, aad Te are thelr initlal values,
satisfying (3.27), the magnitude can be found from the equality
kg
ng =e /(ng - 1). (3.31)

Finally, let us formulate the equations which describe the process
in dimensionless variables:

i;? = %; - n vl (3.32)

v = a0 1532 4 ay(ng - n)TY/2 4 agn L/ (3.33)
H;3§-5;-= n,,1‘3/2e“k0/Te (3.34)

T+ T xB=o@E+vxh), § =8/v, 0 = n/y (3.35)
div =0 (3.36)

- curl £ = 0. | (3.37)

Let us examine, as an example, values of the dimenslovless
parameters for a plasma of cesium vapors. Let us assume that a2t the
initial moment t = 0 the electrcn temperature Te = 2900°K znd the
degree of jonization o = 1/3 (the electron concentration n, = 6.9'1016
l/cm3). Then we find that ko = 10 and n = 3. Knowing the conductivity
of such a plasma at the initial moment of time o, we can find the
values of the remaining dimensional parameters.
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CHAPTER 4
MATHEMATICAL STATEMENT OF THE PROBLEM

The distribution of electric fields Ex’ Ey and currents Jx’ Jy
is conveniently described using the vector-potential of the electrical
current ¢. In the examined case of a two-~-dimensional problem we can
consider that only its z-component is different from zero; this we
designate by ¢. By definition of the vector-potential:
= ¥ i1

Jy ay’ Jy axc (ull)

Thus, knowing function ¥, we can seek the distribution of currents

Jx, Jy. Excluding J,, Jy and E,, Ey from equations (3.35)-(32.37),
using (4.1) we get an equation for ¥:

IR R R R

& =1/v, 0 = n/v.

As has already been mentioned, we will examine rectangular region
ABCD {(Fig. 1), whose boundary is an ideal dielectric, excluding
electrodes ab and cu. On the dlelectric sections aACc andé bBDd,

p = const. Censidering the arbltrariness in defining §, let us set
# = 0 on aACz, and ¢ = Y, = J0 on bBDd, where Jo is the current
passing between the electrodes. Electrodes ab and cd will be
considered eithey ldeally sectioned with constant current density

J = Ja/Lab’ or ideally conducted. 1In the first case, on sections

ab and cd we are given function Y as linearly increasing from G to ¥y-
In the second case E = Ex = 0 on sections at and e¢d leads to the_
need for giving a condition with the "directional derivative"

20




9 3
%x ﬂ%. (5.3)

Thus, in the general case, for equation (4.2) on a section of the
boundary we are given the first boundary-value problem

¥IT = vu(s) (4.4)

where s 1s a length of arc along boundary I', while in the remaining
section (it may be absent) we have the condition (4.3), i.e., there
occurs a mixed boundary-value problem.

To solve the equation

dn
Tt " 5 - e,
(4.5)
v = AlneT;3/2 + Ay(n, - ne)Ti/2 + A3ngTel/2
we are required to give only the initial condition
n,t’o = ny(x, y). (4.6)

The form of the function no(x, ¥) will be selected below when
examining specific examples. As linear analysis shows, problem (4.2)-
(4.6) 1s correct, but unstable. For the unbounded linear problem the
perturbations increase exponentially with timr, while for the linear
boundary-value problem [19] the increase in perturbation occurs
nonexponentially. Let us note further that since the differential

operator of equation (4.2) is not self-conjugate, in it actual eigen~
functions are absent.

Nonlinear system (#.2)-(4.6) was integrated numerically. In this
regard let us note that there are no diffusion terms in differential
equation (4.5). However during numerical solution of the problem
there appears an averagling scale A equal to the step of the difference
netwerlk h, When s0lving the problem, taking into account diffusion
processes (thermal conductivity, radiation, etc.), the diffusion
length of these processes is the characteristic dimension of averaging.
From this standpoint the step of the difference scheme can be treated

as the diffusion length of certain physical properties. Thus the

21




change in step in the difference net leads to a change in the
characteristic scale of the problem. Nonlirnear system (4.2)-(4.6)

was numerically integrated as follows. KFirst we found the solution
of the steady-state equation (4.2) with coefficients calculated from
the values of electron concentration n, from the previous time level.
Then, according to the difference analog, equations (4.5) were
recalculated for values of ng at the new monent of time., The boundary
value problem for equation (4.2) has a number of specific features

which should be taken into account when solving 1t numerically.

The
baslc ones of these are as follows:

1. The values n, v, and ¢ can be highly variable in space.
2. The differential operator is not self-conjugate.
3.

On an ideally conducting electrode there 13 a condition with
a "directional derivative."

b,

The value ¢ on a certain previously unknown section can
vanish.

The calculating algorithm was developed on the bazis of [27~28].
A detailed exposition of the methodolcgical questions is given in [29].
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CHAPTER 5

RESULTS OF NUMERICAL CALCULATIONS. DISCUSSION

1. Let us begin the examination with the simplest statement in

which, nonetheless, the characteristic features of the studied

_phenomenon are expounded. Let us assume that in rectangular region

ABCD (Fig. 1) there 1s a plasma with constant concentration of free
electrons n, = 1.,

The external magnetic field is also constant throughout the
region. In the plasma, between the ldeally sectioned electrodes

ab = AB = 1 .and cd = CD = 1, there flows a constant and uniform
electric current:

Sy =0, dy = -1

Walls AD = 2 and BC = 2 are made of an ldezl dielectric on which

Jx = 0. The assumed values of the electric current density and
electron concentration are, formally, the solution of steady-state

equations (4.1-4.6) which, however, as will be seen from what follows,
is unstable.

Let us assume that at moment t = 0 there is a perturbation of the

thrse-dimensional distribution of electron concentration. We wlll be

Interested in the further time behavior of concentration n,, of the

vector field of the electric current density Jx’ Jy, and also the
integral and average characteristics. These latter play a very
substantial role in the study of the process.
we introduce into examination

In this present work
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1

<n> = o I8 nedxdy
ABCD ABCD
> = < 1 Ji %dxdy
ABCD ABCD
1
<E_> = JS E_dxdy
X Saped sBCD X
1
<E > = — Jf E_dxdy.
y Sabed ABCD Y

When constructing the average <Ex> and <Ey> it was considered that the
region in which the electric field is effectively present comprises
part of region ABCD. To be specific, we will arbitrarily consider
that this is the interelectrode area 8.bed* In addition we will

trace the minimum nmin and maximum nmax concentrations of free

electrons in region ABCD. Of great interest are the effective
conductivity of the plasma

Oapp = <J>/<EJ>
and the effective Hall ratio

In the examined statement <j> = <jy> and, consequently,
Oorp = <jy>/<Ey>

Beff = <Ex>/<Ey>.

In all the calculations to be described in Sectlons 1.1 and 1.2
the number of cells was taken as N = 200, while the averagling scale
A (the step of the difference network) was assumed as h = 0.1. A
perturbation was performed on the wvalue Ane in a rectangle consisting

of several cells. The shape of the rectangle, 1ts position, and also
the amplitude and sign of perturbation were varied.

1.1. It is natural tc begin witlk a Coulomb model of a plasma,
additionally assuming that Te = 1; then v = Ng, 0 = 1. As ralculations
showed, the process of the developm=znt of lonization instability can
be arbitrarily divided into two stages. In the first stage, in a
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certain characteristic time t = t®* ¥ 1, ionization instability leads
to the occurrence of regular formations in which ng, > 1, separated

by reglons of lesser concentration ng < 1. In shape and location
these formatlons can be compared with striations observed in the
experiment. Figure 2 shows lines of the level n, = 1l at time t = 1.5
for the case 2 = 10, A perturbation with amplitude 0.2 at & = 0
occupled eight cells in the central part of the region shown in Fig. 2.
The regions with ng > 1 are cross-aatched. The induced electric
currents are of a vortex nature and flow along closed lines (Fig. 2).
Combining with the external current, they cauase the resulting current
to flow primarily along the striations within which the intensive
Joule heating 1s accompanied by lonization. Attenuations of the
resulting current and Joule heating, however; in the "weils" leads to
a further decrease in them of the concentration of free electrons

.because of recombination.

A change in the shape and position of the perturbation at t = 0
showed that the shape and location of the striations at t ~ bR
depend on the initial conditions. Thus, Fig. 3 shows the location of
the striations at time t = 2 when Ane = -0.2. We see that at the
location of 'the perturbation Ane < 0 a dip in concentration develops.
In general we can note that the positive sign of the perturbation
Ane > 0 1s caused by the development of a striation at the location
of the perturbation ard, on the other hand, the formation of a "well"
in the case Ane < 0. Let us also note that in all calculations the
characteristic angle between the average current (axis y) and the
striations was approximately 30°-45°,

In the second stage, when t > t#* there is disruption of the
striations; these break down into a number of random formations
("tongues," "loops," "bridges," etc.). Pigure 4 shows one ol the
moments of breakdown of the striations shown in Flg. 2. The regions
with n, > 1 are cross-hatched. Regular striations become, at t > t¥,
irregular; in the experiments these are compared with turbulence.

A detalled description of irregular structure is given in Section 5.
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Q = 10 the decay of the central striation occurs at ¢ A~ 2, while for

@ =5 1t occurs at t ~ 9.5. If we arbitrarily assume as t* the moment
of decay of the central striation, the dependence of t* on & is as
shown in Fig. 16. When Q = ch &~ 3, the development time t* tends
towards infinity. This means that when < ch ionization instatvility
does not develop and no striation formation occurs. -
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Let us turn to an examination of the average values. Figure 17
shows the Hall ratio <Ex>/<Ey> as a function of time t for various Q.
We should note thiit the steady-state values Beff = <Ex>/<Ey> do not
agree among themselves and, consequently, do not colncide with Bcr‘
This contradicts the hypothesis that Beff > Bcr’ based on the following
reasoning, Ir Beff > Bcr’ then in the plasma, as a result of
instability, there appear additional nonuniformities which will
decrease Befr until its value reaches Bcr' Such a foundation is
valid, apparently, for small fluctuations on a uniform background.

In the developec¢ stage of the process, the fluctuations are not small
and the discussion, possibly, becomes inapplicable. Figure 18 shows
the steady-state value <Ex>/<Ey> as t + « as a function of (solia
line). From this last graph we see that there is a tendency toward
"saturation' of the Hall 1elationship with an increase in the

magnetic fleld, but the saturation itself occurs when Q/t=0 > 10,

Finally, Fig. 19 shows the timz variation of Oorp with a parametric

change in Q; Fig. 20 glves the dependence of the steady-state values
Oapp 2S5 t + = vs, Q.
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Flg. 17.
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1.2. Consideration of collisions of =2iccitrons with the neutral

component introduces certiin qualitative correction. Primarily this
relates to the behavior of nin and vt when t >> t¥, The value Moin
when t + = now has a certain limit, while <1>, respectively, stops

increasing without 1limit. This can be seen in Fig. 21, which
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corresponds to the case & = 10 when Ane = 0.2. The ratio of the
initial temperature Te to the lonization potential I is taken as

kn = 0.1. The ratio A2/Al =1, A3 = 0. The lines of level n, = 1 and
the field of electric current densities at moment of time t =1, 5,

and 20 are shown in Figs. 22-2%.

Calculations were also conducted for other values of Q. It is
characteristic that when taking into account collisions with
neutrals, the effest of "saturation" of the Hall ratio with increasing
2 becomes more clearly expressed (Fig. 18, dashed 1line).
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Fig. 24.
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Flg. 27.

Fig. 26.
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For an explana.ion of the influence of degree of lonization of
the plasma on the nature of the development of lonization instability
we perform calculations for various ratios of A2/A1. Figures 25-28
‘show the results of a numerical solution of a version analogous to
that examined above but with Az/Al = 10, 1.e., in the case of a
weakly-ionized plasma. We can note that the process of development
of striations occurs somewhat more slowly than when Azfﬁl = 1, The
qualitative dependence of t%* on AE/A1 when € = 10 1s shown in
Fig. 29.

U]




2 Y 6 g Ar/As
Fig. 29.

2. Let us change the statement of the problem as follows. Let

us assume that the dielectric walls are spaced farther apart, while

the ideally sectloned electrodes ab = 1 and ¢d = 1 are located right

in the middle. Sections Aa, bB, C¢, and dD are i1deal dielectrics.

The current density on the electrodes of the process is given as
Jy = -1, The number of cells N = 600 (h = 0.1).

Otherwise’, the
statement is as in section 1.

Let us note that there 1s as yet no
need to introduce perturbation into the initial conditions, since
there 1is no trivial solution.

2.1. Coulcmb plasma. Figmres 30-34 show the iines of the level

and the vector field of the electric current density for @ = 10 and
times t = 1, 1.8, 3, 7, and 18.2.

At the initial moment of time the electron concentration is

uniform; therefore the electric current field is perturbed only by

the Hall effect. Near the electrodes the current density is highest;

here regions of increased concentration n, are formed. Consequently,

the effective Hall parameter here abruptly decreases, while the

currents "spproach" in direction the vector of the average electric

field and flow primarily along the electrodes. Powerful current

layers are formed which depart from the electrodes and propagate along
the dielectric portions Aa and Cc (Fig. 30).

Within the layers there
is intense plasma lonization.

Near the points b and ¢ the electron
concentration rapidly increases and reaches a limiting value.
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After a certain time (Fig. 31), between the electr.3as there
appears a region of increased ionization (striation) along which the
electric current countracts and there is intense release of Joule

heat, causirdg an increase in concentration ng- The maximum cencentra-

tions n, about points b and ¢ decreases somewhat, since an ever
increasing considerabie part of the current tends from the electrodes
along the striation. This drop in n is shown in Fig. 35, where,

max

in addition to noax and nmin’ there are depicted the average and
effective values as functions of time. The point of maximum

concentration appears to lle within the striation.

In the secocnd stage, when t > t¥* (for the given variant t* » 5),
the striation breaks down into several current pinches located almost
vertical from eiectrode to electrode. aspproximately the same picture
1s observed during experimental study of striations on finitely
sectioned electrodes.

As before, the transition from the second stage is accompanied by
the establishment of average values (excluding <71> ind n

min)’ despite

the absence of stable statlonary distributilion of ne and the electric
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current fleld. The asymptotic value of <Ex>/<Ey> at t + o became equal

to 3.3 for © = 10 instead of the value of 5.5 given in Section 2, while
Ocrr in this case tends towards 0.35.
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Flg. 35.

Calculations'performed for various values of §i showed that the
appearance of ionizatlcn instability begins at ch ~ 3.

2.2. Consideration of collisions of eiectrons with neutrals,

just as in the problem of Section 1,2, leads to asymptotic establish-
ment of <t> and Din We can also agaln point out the sloweg

transition to the second stage of "pinching" of the currents and
decay of the striations. The

-aatw

results of numerical solution of the
problen of Section 2.1, with consideration of collisions of elt . ons
and neutrals at & = 10 and A2/Al = 1, are given in Figs. 36-38 for
times t = 1, 5, and 8.
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The time variation of effective and average values is shown
in Fig. 39. Let us note that the dip in N ax cccurring during the
striation formation process then disappears, unlike the cz2se of
Coulomb plasma.

3. Let us examine the interaction of nonequilibrium ionized
plasma with solid ideally conducting electrodes. Here we limited
ourselves to the case of Coulomb plasma ¢ = 1.

3.1. First let us examine a statement of the problem similar to
that in Section 1. At the initial moment t = 0, Jx’ Jy, and n, are
uniformly distributed in space with values Jx = 0, Jy = -1, and
n, = 1. An external magnetic field is applied to the entire volume
ABCD (AB = CD = 1, AD = BC = 2), and its value 1s such that at the
initial moment c? time the Hall parameter 90 = 10. The horizontal
section AB and CD of the boundary of the region (see Fig. 1) are solid
ideally conducting electrodes instead of ideally sectloned electrodes
examined in Section 1.

Figures 40-43 show the three~dimensiocnal distribution of the

electric current density components jx, 3., and electron concentration
n,, respectively, for times t = 0.2, 0.4, 1.14, and 4.0.

Let us remember that for the problem examined in Sectioﬁ 1 the
initial data Jx = 0, Jy = -1, n, = 1 are ?he steady-state solution.
In the problem with solid electrodes such values of Jx’ Jy, and ng
satlisfy the equations, but do not satisfy the boundary conditions on
the solid electrodes: Jx = -st. Therefore here thare is no need
to introduce perturbations into the initial data in order to
initiate the nonstationary process. In the -initial stage, because
of the strong Hall effect (f = 10), the current is concentrated on the
left end of the upper electrode AB (roint A = 2) and on the right end
of the lower electrode CD (at point C = c). Corresponding to this,
in the upper left and lower right corners of the region there is
localization of Jouile heating, which leads to increased ioniza%vion cf
plasma and the achievement, at t = 0.2, of maximum electron concentration
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The time variation of effective and average values is shown
in Fig. 39. Let us note that the dip in N ax cecurring during the
striation tormation process then disappears, unlike the czse of
Coulomb plasma.

3. Let us examine the interaction of noneguilibrium ionized
plasma with sollid ideally conducting electrodes. Here we limited
ourselves to the case of Coulomb plasma ¢ = 1.

3.1. PFirst let us examlne a statement of the problem similar to
that in Section 1. At the inltial moment t = 0, Jx’ Jy, and n, are
uniformly distributed in space with values Jx = 0, Jy = -1, and
n, = 1. An external magnetic field is applied to the entire volume
ABCD (AB = CD = 1, AD = BC = 2), and its value is such that at the
initial moment c¢® time the Hall parameter QO = 10. The horizontal
section AB and CD of the boundary of the region (see Fig. 1) are soliad

ideally conducting electrodes instead of ideally sectloned electrodes
examined in Section 1.

Figures 40-43 show the three~dimensional distribution of the
electric current density components Jx’ Jy and electron concentration
n,, respectively, for times t = 0.2, 0.4, 1.14, and 4.0.

Let us remember that for the problem examined in Sectioﬁ 1 the
initial data Jx =0, Jy = ~1, n, = 1 are @he steady-state solution.
In the problem with solid elecfrodes such values of Jx’ Jy, and n,
satlisfy the equations, but do not satisfy the boundary conditions on
the solid electrodes: Jx = -Q;y. Therefore here thare is no need
to introduce perturbations into the initial data in order %o
initiate the nonstationary process. 1In the .initial stage, because
of the strong Hall effect (2 = 10), the current is concentrated on the
left end of the upper electrode AB (point A = a) and on the right end
of the lower electrode CD (at point C = c¢). Corresponding to this,
in the upper left and lower right corners of the region there is
loealization of Jouie neating, which leads to increased ionization cf \

i

plasma and the achievement, at t = 0.2, of maximum electron concentration
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n, = 3 (Fig. 40). Beginning at moment t ¥ 1 (Fig. 41) the regions of
increased electron concentration (ne > 1) are propagated along the
vertical sections of boundaries AD and CB, formlng along them layers
of increased concentration n,, while in the center of the reglon the
electron density drops. The current passes primarily along these
layers, passing between them and agitating the plasma in the center
of the region (Fig. 42). By time t = 4 (Fig. U43) the layer of
increased electron concentration has extenaed along the entire
boundary of the region, while inside on the background of electron
concentration n, % 0.5, the current density is low in comparison with
the density on the boundary, and is randomly distributed in space.
Thus, the local nature of distribution Jx’ Jy, and ng in space differs
substantially from the nature of the distribution with ideally
sectioned electrodes (see Figs. 2-U4). This leads to a substantial
difference in the integral characteristics (cf. Fig. 5 and Fig. 44).
The establishment of magnitudes <Ex>/<Ey>, and Oarp with time here
occurs by the time t = 1, l.e., considerably sooner than in the case
of ideally sectioned electreodes. Turbulent resistance is greater by
a factor of 2.5, while the ratio <Ex>/<Ey> is an order of magnitude
smalier.
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n, = 3 (Fig. 40). Beginning at moment ¢ % 1 (Fig. 41) the regions of
inc¢reased electron concentration (ne > 1) are propagated along the
vertical sections of boundaries AD and CB, forming along them layers
of increased concentration ngs while in the center of the region the
electron density drops. The current passes primarily along these
layers, passing between them and agitating the plasma in the center
of the region (Fig. 42). By time t = L (Fig. 43) the layer of
increased electron concentration has extenaed along the entire
boundary of the region, while inside on the background of electron
concentration Ny B 0.5, the current density is low in comparison with
the density on the boundary, and is randomly distributed in space.
Thus, the local nature of distribution Jx’ Jy, and n, in space differs
substantially from the nature of the distribution with ideally
sectioned electrodes (see Figs. 2-4). This leads to a substantial
difference in the integral characteristics (ef. Fig. 5 and Fig. 44).
The establishment of magnitudgs <Ex>/<Ey>, and Oars with time ﬁere
occurs by the time t = 1, i.e., considerably sooner than in the case
of ideally sectioned electroedes. Turbulent resistance is greater by
a factor of 2.5, while the ratio <Ex>/<Ey> is an order of magnitude
smaller.
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3.2. Now let us examine the same prodlem but in more complex
geometry. We will consider that an electric current flows between
the solid ideal electrodes; these comprise cnly a part of ab and cd
of the horizontal sections of boundaries ab and cd (see Fig. 1).

An analogous problem was examined in Section 2, but wilth ideally
sectioned electrodes;ltherefore henceforth the results will be
compared wlth those of Section 2. By time t = 1 (ef. Fig. 30 and
Fig. 45) which is characteristic for both problems we have a boundary
layer of Increased concentration of electrodes, whlich was discussed
in Section 2. Let us note that because of the strongsr concentration
of current at the ends of the solid electrodes a and ¢ and on the
ends of the ideally sectioned electrodes, the formation of this
layer occurs more Intensely. In the center of the region at this
moment with solid electrodes the current has a primarily horizontal
direction, while with the ideally sectioned electrodes it was
vertical. The three-dimensional distribution of current density
Jx and Jy and electron concentration n, are shown in Figs. 45-149,
respectively, for times ¢t = 1, 3, 5, 7, and 10.
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At time t = 3 the current in the center of the region,Ath1ng a
horizontal direction (Fig. 46), forms a striation with increased

. electron concentration. By time t = 5 the striation exp#hds and
disintegrates into individual horizontal "streaks." /

/

. This is explained by the fact that Ex << Ey between the elgctrodes
because of the influence of the boundary condition Ex = 0 on the
electrodes themselves. Since the actual Hall parameter is large here
(since concentration ng 1s, on the average, smail), the electric
current flows almost perpendicular to the electric field which can
effectively be identified with Ee. Thus, the clectric current in the
interelectrode region flows primarily parallel to the ideal electrodes.
Figures 48 (t = 7) and 49 (t = 10) show further agitat:on of the
plasma; a characteristic feature is that the current breaks down into
Andividual streaks, having primarily norizontal direction.

Let us ncte that the flow of current in 1deally sectioned
electrodez with the same geometry and the same parameters has a
different nature (see Figs. 30-34). There, by time t = 1.8, there is
formed a bundle with increased electron concentration (striation)
directed from the right end of the upper electrode (point b) to the
left end of the lower electrode (point c¢). Then the plasma 1s
agltated, but the electric current remains concentrated in the
interelectrcde space and breaks down Into streaks which have
primarily vertical direction and which are connected by bridges

Such & difference in the passage of the electric current leads
to varying changes in the average values with time (cf. 1'ig. 35 and
Fig. 50). Turbulent resistance of the plasma is approximately twice
as great, while the ratio <Ex>/<Ey> ~ 0.5 instead of the ratic 72 in
the case of ideally sectioned electrodes.

4, Let us examine the Influence of nonuniformity of the
magnetic field on the passage of current between ideally sectioned
electrodes in the geometry of Section 2. Let us assume that the
geometry of the problem and the initial conditions at inirial moment
of time t = 0 are analogous to thos2 in Section 2. The problem differs

27




frem that in Section 2 in that the external magnetic field occurs only

between electrodes; in the remaining sections of the reglors it is
lines ad and be there is an abrupt drop ip the

gbsent. Along
magnetic fileld
ng 1s shown in
respectively.

Section 2 (see
substantially.
the dielectric

from H = 10 to ¥ = 0. The distribution of Jx’ Jy, and

Figs. 51, 52, and 53, for times t = %, 5,2, and 11.6,
In comparison with the corresponding problem of

Figs. 30-34) the picture of Ix> jy, and n, differs
There are no layers of inereased concentration along

wall (sinrce 2 in AadD and bBCc).

In these regions

chere is "barrel-shaped" flow of current from the upper electrode to
Discontinuity of the magnetic fleld along ad and be
causes discontinuivy in Q, which leads to discontinuity of the
electric field intensity and the electric’ current density along ad

the lower one.

and be.

With time, because of instabllity, there appears turbulent

resistance of the plasma in §he space between the electrodes:
therefore the electric current flows from electrode to electrode
primarily along regions AadD and bBCc (Figs. 52-53).
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The maximum currents are concentrated near the magnetic field
and electrode discontinuities, causing maximum ionization there; in
the remalning space there is no current. PFigure 54 shows the integral
values. A comparison of them with integral values of the corresponding
problem in Section 2 (Fig. 35) shows that the end effects, due to the
cutoff of the magnetic fleld, leads to a drop (two~-fold) in the Hall
intensity of the electric field and an increase in turbulent
resistance.

5. The problem of ionization instability in an unbounded volume,
as can be seen from the initizl equations, has no characteristic
dimension. However,when solving it numerically, the characteristic
dimension 1s the scale of averaging equal to the sten of the difference
net A = i. When solving the problem, taking into account diffusion
prozesses (radiation, thermal conductivity, etec.), the characteristic
dimension of the problem will be the diffusion length of these
processes. From this point of view, the step of the differance net
can be treated as the diffusion length of certain physical processes,
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while a change in step of tha net corresponds‘to a change 3in certain
physical parameters {mean-free patnh of radiation, coefficient of
thermal ccenduetivity, ete.). Let us trace the influence of the scale
of averaging on the development of ionization instabiixity. 1In Section
1 we examined the problem for a numwber of ceomputation cells N = 200
(hx - hy = 0.1), and a perturhation was introduced inte eight cells in
the center of the region. Let us examine this same problem for

N = 800 (hx = hy = 0,05) with a perturbation 3n 32 cells. A decrease
in the step of fhe difference net leads, at time ¢t = 1.5, to a somewhat
different location of the striation (Fig. 55) than in Fig. 2. At the
location of the same disturbance there occur two striztions whcese
thickneeses, as before, are equal to several scales of averaging
(severa steps of the difference net). Near the boundary the
strigﬁicn nicture is disrupted slightly, which is explained by the

influence of boundary conditions. The formation of striations in this

case occurs more jintensely and, by moment t = 1.5, we find indicatilons
of the appearance cof an irregular plcture which, by moment ¢t = 7,

has 1ittle in common with the picturé in Fig. 4. The development of
instability at N = 800 from a perturbation occupylng four cells in
the center of the reglon is shown Figs. 56-58, corresponding to
moments of time t = 1.4, 4.6, and 19.0. The local picture of h Jy,
and 7 differs from the previous problem. By time t = 1.4 (Fig. 56)
there are five striations; the central striation is located at an
angle close to /3 to the total current. Then the striatlions are
disrupted (Fig. S7) and by moment t = 19 (Fig. 58) there is strongly
developed instability in the plasma. Let us note that with passage
along such a plasma the current breaks down into elongated vertical
streaks (5-10 characteristic dimensions) which are connected by

short bridges (1-2 characteristic dimensions). Let us examine the
-change in time of the average values which, for N = 8C0, are shown
in Fig. 59. Despite the varying distribution of electron concentra-
tion with time during complete perfurbation in the 32nd and 8th cells
the integral characteristics, beginning with moment t* v 2 colncide
with gocd accuracy.

With a narrower step the drop in Oapr and Berr = <Ex>/<Ey>
occurs more intensely; thus, Cors decreases from 6 at N = 200 to 3.2
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|

| at N = 800. This is evidently associated with the drop in B, .. with
} decreasing step of the net.
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Let us 1llustrate the influence of a change in characteristic
length of averaging A in yet another problem. Let us assume that the
ideally sectioned electrodes occupies the central region (16 irtervals,
h = 0.1) of the horizontal sections of the boundary along vwhich there
are 2¢ calculation intervals., The vertical walls occupy 20 intervals.

The geometry of this problem is the same as that of Section 2.
Again we will consider the plasma to be Cculomb 2nd, when t = 0,
j = 0, j = -1 in the space between tne electrodes, while n, = 1
throughout the region. The distributlon of Jx’ J , and n, at moments
t = 3 and 5 1@ shown in Figs. 60 and 61 (only the left halves of the
figures are shown). The passage of current in this problem repeats
all the features noted in Section 2 (see Figs. 30-34).

he distribution of ng J , and n in this same geom2try, but with
h = -0.05, at moments t = 3, 5, and 7 are shown in Figs. 62-64. A
comparison of Figs. 50 and 62, and also $1 and 63, shnows that
ionization instability develops more intensely with a shorter length
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formations of current streaks having wicdth

of averaging, whille the turbulent stage is achieved ¥y the plasma
There 1is

earlier.
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£~ <@>A the current should "leave' the streak, "breaking" it. Such
"broken" streaks can cover the region only by forming “large-scale
layers" (cf. [18]) of thickness L. Along the continuous boundary

of the large layers, vlectric currents pass in turn. As numerical
calculations show, here there are formed current bundles with increased
concentration Ny which can be identifled with striations. The
striations have a thickness of the order of several scales of averaging
and are elongated (parallel to each other) at a certain angle to the
average current (see Fig. 58). The value of the angle corresponds,
apparently, with the direction of most intense release of Joule heat.
This corresponds with the fact that electron concentration and

current density in the striations are considerably higher than in

the streaks. In the calculations we observed the angle W% - %. The
value x/4 corresponds to the solution of the problem on the develop-

.ment cf one-dimensional perturbations.

7. Let us present the results of characteristic calculations
with H >> 1, described above, in the form of Table 1 (Fig. 66). Let
us explain the designations. The region occupied by the plasma is
arbitrarily divided into two types: The first type includes a region
whose horizental sections are entirely covered by the electrodes;
the seccnd type includes the region whose horizontal sections contaln
dielectric portions. The other designations are clear from what has
been said above. The values of the effective parameters, presented
in the table, satisfy the following relationship quite accurately:

The values of che effective parameters, presented in the table,
Satisfy the following relationship quite accurately:

]
= eff
%err T %07, (5.1)
where 90 and oy are values correspoanding to uniform distribution of
the plasma parameterz; i.e., gy = i, O = -H_ = B, Lot us Lturn our

attention to the fact that relationship (5 1) is invariant with respect
to type of electrode and region, scale of averaging A, and also ratilo
AZ/A1° which characterizes the presence of a neutral component. The
validity of (5.1) ic also confirmed by the results of all other
numerical calculations., An exception is that line of the table,
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indicated by an asterisk, which corresponds to the case when the
magnetic fleld occurs only in interelectrode space. Let us remember,
however, that the electric current in this case flows almost completely
from the Interelectrode veglon and occurs laminarly along a non-
magnetized plasma, while (5.1) obtaina for a plasma with a strongly

_developed instability.

Table 1.
Dimension| Type Type
Points of of of seff Oopr ﬂo <n> |<B> }Remarks
averaging|regionjelectrode
ideally a neutral com-
i 0.1 1 sectioned 3.5 10.4 110§1.05/11.2 ponent exists
ideally _
2. 0.1 1l sectioned 5.5 10.55110 17
3. 0.1 1l solid 2 0.2 }10f — |14.8
ideally - .
i, 0.05 1 sectioned 2.5 |0.32]10)1.2 |14.4
5. 0.1 2 solid 0.6 |0.06]10] ~ -
ideally ~ - _
ideally - _
7. | 0.1 1 lsectionea|3:6 [0-75| 5} -
magnetic fileld
*g, 6.1 2 |ideally 11.6 |0.3 |10} — | - |between the
B electrodes

Relationship (5.1) c¢an be ohtained approximately as follows.
Analogous to [18], let us examine a layer of plasma between striations,
developed along the streaks. Let us direct axis x perpendicular to
the streaks and axis y along them (parallel to the average current).
Setting <@> >> 1 we can congider that Jx << Qdy‘ Actually, in the
streaks, Jy >> 3, {obviouslyj, while between them,  >> 1. Thus in
the equation

iy OEx

the component Jx can be discarded, i.e.,

Jx + Q
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Let us average this equality, without considering the correlation
between ng and Ex:

> ; <neEx> . <ne><Ex>
y H - H *

From this,

<Jk> <ne>-<Ex> n

Oopr = E,> * g E,> = glere-

Since in numerical calculations <ng> v i, we can write, finally,
setting ny = 04 = 1,

In the derivations we did not consider currents in striations
on the boundaries of the layers. But since the thickness of each
stratum 1s smaller than the thickness of the layer by a factor of
“0’ while the current in 1t is limited, then when 90 >> 1 the
"contribution® of striations to the average parameters of the plasma
can be disregarded. Finally, if we assume that when A << 1 the
equality Beff = Bcr is nonetheless valid, we get

We should, however, stress that such an approach musi be fohnded.
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CHAPTER 6
CONCLUSIONS

On the basis of an analysis of the results of numerical solution
of the problem of the development of ionization instability in a
magnetized plasma we can draw the following conclusions.

1. The physical model used qualitatively reflects the essence

of the phenomenon and the characteristic moment known from the
experiment:

a. The nonlinear mechanism of Joule heating and transfer of
energy during collisions of electrons with a heavy component causes,

in characteristic time t*, the appearance of ionization instability
as regular formations — striations.

b. In later stages cf the process (t >> t#*) there is decay of
the primary striations, leadinz to irregular three-dimensional
distribution of electron conceatration and electric current density.

Nonetheless, when t >> t* we speak of the structure of an irregulav
plcture, whichk consists of the following. An electric current passes
mainly in the "streaks" parallel to the direction of the average
current. The thickness of the streaks and the difference between
them ~;, while theilr length <Q>), where X is the characteristic
scale of averaging. Between the streaks the current density and
concentration n, are relatively low. The streaks are joined into

layers along whose continuous boundaries there are strong electrical
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currents, forming striations with high electron concentration. The
angle between striation and the directvion of the average current

N% - %; the thickness of the striaticns is of the order of several

scales of averaging.

¢c. On the electrodes and the dielectric regions adjacent to

them there are layers with incressed electron concentration; these
were observed by Kerrebrock.

d. The presence of a nonmagnetized region of plasma leads to
emergence of the electrical fleld into this region.

2. Despite the locally nonstationary picture of developed
instability there occurs an establishment of average and effective

.parameters of the plasma in certain characteristic times t¥*. Here we
should note the following:

a. . The steady-state average and effective parameters of the
plasma, generally speaking, depend on the type of electrode, the
geometry of the reglon, the presence of a neutral component, and the
scale of averaging A, and do not depend on the initial condition.

b. The effective parameters of the plasma are connected by the
relationship

)

Teer ™ TP

0

which 18 invariant with respect to the geometry of the region, the

type of electrode, the presence of a neutral componient, and the
scale of averaging A.

3. We have refined the statistical plcture of stron
instabllity:

a. There is angular anisotropy in the distribution of the
electron coneentration relative to the direction of the average
current, which is released.
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b. There is, generally speaking, no mirror symmetry of distribu-
tinn of electron concentration with area.

i. The boundary conditions have a substantial influence on the
process of development of instability and the final state of the
plasma:

a. Between the ideally-sectioned electrodes the current passes
primarily in a direction orthogonal o the plane of electrodes.

b. Between the solid 1deal electrodes the current in the

interelectrode reglon is directed primarily parallel to the electrode
plane.

c. The average and effective parameters of the plasma, with’
t >> th, as already noted, depend on the boundary conditions.

5. A decrease in the characteristic scale of averaging leads to
a reduction in the first stage of the process (time t#* of the
formation of striations and decrease of Beff (however Beff is always
graater than 8 )).

6. Consideration of collisions of electrons with a neutral
component does not change substantially $tbe qualitative nature of
the development of instabllity and the final state of the plasma.

The authors would like to thank A. A. Samarskly for his valuable
discussions and Ye. Ye. Myshetskaya for compiling tne programs .
and carrying out the calculations.
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