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FOREWORD 

The research documented by the three papers contained In 

this report vas sponsored by the Aerospace Research 

Laboratories, Office of Aerospace Research, United States 

Air Force, Wright-Patterson Air Force Base, Ohio. The 

work was performed under Contract AF33(615)-2818, tech¬ 

nically monitored by Dr. H. Leon Harter, and was a part 

of Project 7071, Research in Applied Mathematics. 
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ABSTRACT 

This report consists of three papers, all of which apply to the tvo-paraaeter 

Weibull distribution. The first paper gives tables for obtaining estimates 

of the shape parameter and of distribution percentage points. Ibis paper 

provides a more extensive range of values than are available In the published 

article to which the tables apply. 

The second and third papers extend previous results. The second applies to 

the calculation of warranty periods from sample data for a lot to be manu¬ 

factured In the future. Warranty periods to be calculated from three ordered 

observations are derived for orderings of the three observations not considered 

earlier. Investigation is made of the expected squared deviations of the 

calculated log warranty periods from the first failure In the lot to be manu¬ 

factured in the future. On the basis of this Investigation, a tabulation is 

given for lots of size n, n » 10, 11, ..., 25 and samples of size a, 

m ■ 2, ..., n—3» 

Hie third paper considers Taylor series approximations to the distribution of 

three-order-statistic estimators of reliable life. By use of this approach, 

published tables of values for obtaining three-order-statistic confidence 

bounds on reliable life are extended. 
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I 

A. TABLES FOR OBTAINING ESTIMATES OF 

WEIBULL PARAMETERS BASED ON A FEW ORDERED OBSERVATIONS 

INTRODUCTION AND SUMMARY 

The table given here was calculated in conjunction with the work described in 

[4]. The values listed and the corresponding order numbers of Weibull variates 

enable one to obtain, for censored samples of size n, estimates of the Weibull 

shape parameter for n ■ 2, 3, ..., 22 and of population percentage points for 

n e 2, 3, ..., 19. The mean squared errors, and in some cases the efficiencies 

with respect to best linear invariant estimators (see [l]), are shown. The 

tabulated values are also given in [4] for n » 2, 3/ •••> ^5, m ■ 2, 3, •••, n, 

where m is the censoring number. The additional values listed here were 

excluded from the published paper in order to keep the article (which also 

includes tables for obtaining confidence bounds) of a reasonable length. 

THE MODEL FOR THE ESTIMATORS 

It is assumed that for the random variable T, which represents failure time. 

P[T X t] 
expC-ít/ò)1^], t * 0 

0 otherwise, 
(1) 

where the parameters Ô »»d b are ooth positive. It is also assumed that 

a sample of n failure times has been randomly selected from a population 

with distribution given by (l), ajad that only the first m of the n sample 

values are observed. A sur/ival proportion 7 is specified, and an estimator 

is required for t^, t)ie time at which IOO7 percent of the population to 

which T belongs will have survived. 



Prom the m ordered observed logarithms of failure times, Xg, ..., Xm, 

the three observations Xv, Xp, and X^ are chosen, for each combination of 

m, n, and R, such that Xv + ^x(X^-Xp) has smallest expected squared error 

among estimators of £n(t ) of this form. She estimator of t is then 
' 7 

given by exp[Xv + C^X^-Xp) ]. 

Table A JL gives values of v, p, q and Cx for each combination of n, m, 

and 7, n ■ 2, 3, ..., I9, a » 2, 3, ..., n, 7 » .90, .95 and exp(-l) (the 

value of 7 corresponding to t^ ■ 6 ). Also given are values of p, q, and 

for obtaining estimates of the shape paxameter b based on estimators of 

the form C^(X^-Xp) • Ihese estimators have smallest mean squared error among 

invariant tvo-order-statistic estimators of b, and are given for 

n » 2, 3> •••, 22, m » 2, 3/ •••, n. Values of mean squared error are incluied 

in the tables, and for the estimators of b and u a ¿n 6, the efficiencies 

with respect to best linear invariant estimators are given. Values of the 

variances and covariances of X^ X2, ..., Xn, n - 1, 2, ..., 25, given in 

[3] were used to calculate mean squared error corresponding to the combinations 

of values of v, p and q given, as well as all other possible combinations, 

for each combination of values of 7 (if applicable), a and m. Estimators 

of the type tabulated here, along with their asymptotic approximations, are 

discussed in [2]. 
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TABU A.I 
Y ALUIS TOI OBTAIinO ISTIMAÏU Xv ♦ 

UD Cb(xq-xp) or WIBUU PAIAMMM 

2 2 

3 2 
3 

A 2 
3 
A 

S 2 
3 
4 
5 

fc ? 
3 
4 
4 
h 

7 2 
3 
4 

4 
b 
7 

« 2 
3 

4 

4 
6 
7 

R 

q ? 
3 
4 
4 

6 
7 

B 
<J 

l'' 2 
3 
4 

4 
b 
7 
B 
<J 

1« 

ParaMtar 

NSI 

2 I 2 

2 1 2 
2 1 3 

2 I 2 
2 1 2 
2 l 4 

2 I 2 
2 1 2 
2 1 2 
3 1 5 

2 1 2 
2 1 2 
2 1 2 
3 1 5 
3 16 

-1.048997 

-0.841412 
-0.48b71b 

-0.700471 
-0.700471 
-0.400494 

-0.482903 
-0.482903 
-0.482903 
-0.408226 

-0.48b886 
-0.486886 
-0.486886 
-0.470418 
-0.409«89 

2.49389 

1.91463 
1.8.'464 

1.40441 
1.40441 
1.414(6 

1.23860 
1.23860 
1.23860 
1.14613 

1.04618 
1.04618 
1.04618 
1.03984 
0.96846 

2 
? 
2 
2 
3 
3 

2 
2 
2 
2 
3 
3 
3 

2 
3 
3 
3 
3 
3 
4 

4 

2 -0. 04849 
2 -0.404849 
2 -0.404849 
2 -0.404849 
6 -0.382373 
7 -0.339844 

0.92762 
0.92762 
0.92762 
0.92762 
0.89318 
0.84263 

2 -0.334801 
2 -0.334801 
2 -0.334801 
2 -0.334801 
6 -0.347497 
7 -0.317821 
g -0.286401 

0.83443 
0.83443 
0.83443 
0.33443 
0.81979 
0.78979 
0.74304 

2 -0.274147 
3 -0.461608 
3 -0.461608 
3 -0.461608 
6 -0.313060 
7 -0.289386 
8 -0.384222 
9 -0.349296 

0.76927 
0.7649b 
0.76496 
0.76496 
0.74439 
0.73464 
0.71194 
0.67106 

2 1 2 
3 1 3 
3 1 3 
3 1 3 
3 1 3 
3 1 7 
4 1 » 
4 1 •> 
4 1 10 

-0.219109 
-0.413681 
-0.413681 
-0.413681 
-0.413681 
-0.260493 
-0.362633 
-0.337476 
-0.308424 

0.72192 
0.69213 
0.69213 
0.69213 
0.69213 
0.68663 
0.66630 
0.64020 
0.60840 

C 
X 

2 1 2 

2 1 2 
2 1 3 

2 1 2 
2 1 3 
2 14 

2 1 2 
2 1 3 
2 1 A 
2 1 5 

2 1 2 
2 1 3 
2 1 * 
2 1 5 
3 1 6 

-1.362321 

-1.176944 
-0.839134 

-1.034318 
-0.763496 
-0.624464 

-0.923344 
-0.687803 
-0.482109 
-0.400246 

-0.830807 
-0.618060 
-0.429613 
-0.470001 
-0.604811 

2 1 2 
2 1 3 
2 1 * 
3 1 5 
3 1 6 
3 1 7 

-0.742187 
-0.446437 
-0.479440 
-0.644429 
-0.490406 
-0.424219 

2 1 2 
2 1 2 
2 1 A 
3 1 5 
3 1 «> 
3 1 7 
3 1 « 

-0.683921 
-0.683921 
-0.433311 
-0.617409 
-0.462948 
-0.414367 
-0.464290 

2 1 2 
2 1 2 
2 1 * 
3 1 5 
3 i <> 
3 I 7 
3 V 9 
3 1 « 

2 1 2 
2 1 2 
2 1 2 
3 1 5 
3 1* 
3 1 7 
3 1 » 
3 1 ’ 
8 2 10 

-0.623634 
-0.623634 
-0.391187 
-0.480986 
-0.433144 
-0.493673 
-0.446969 
-0.414618 

-0.469681 
-0.469681 
-0.469681 
-0.446883 
-0.403828 
-0.469386 
-0.439179 
-0.409828 
-0.773350 

NSI 

4.10248 

3.23617 
2.78687 

2.64423 
2.42022 
2.12944 

2.24401 
2.11888 
1.94040 
1.74673 

1.94086 
1.88092 
1.76003 
1.64272 
1.47400 

1.707C8 
1.69049 
1.60488 
1.41899 
1.40102 
1.27431 

1.42246 
1.422'J6 
1.47478 
1.40269 
1.31341 
1.22722 
1.13232 

1.37398 
1.37398 
1.36441 
1.30027 
1.22970 
1.16379 
1.09847 
1.02464 

1.24241 
1.24241 
1.24241 
1.21040 
1.14341 
1.10069 
1.04043 
0.99976 
0.93346 
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TABU A.I • CORHUD 

Paruatar 

a ■ cx m 

U ? 2 
•J 3 
4 3 
5 3 
f> 3 
f 3 
fl 4 
9 4 

10 4 

11 4 

2 -0. 169416 
3 -0.370435 
3 -0.370435 
3 -0.370435 
3 -0.370435 
3 -0.370435 
8 -0.338609 
9 -0.318363 

10 -0.298255 
11 -0.274310 

0.63882 2 
0.63234 2 
0.63234 2 
0.63234 3 
0.63234 3 
0.63234 3 
0.62341 3 
0.60475 3 
0.58442 4 
C.55926 5 

2 -0.520867 
2 -0.520867 
2 -0.520367 
5 -0.515121 
6 -0,475789 
7 -0.444958 
8 -0.4!8762 
9 -0.394782 

10 -0.474319 
11 -0.704002 

12 2 2 
3 3 
4 3 
5 3 
6 3 
7 3 
8 3 
9 4 

!0 4, 
11 4 
12 6 

2 -0.124131 
3 -0.331046 
3 -0.331046 
3 -0.331046 
3 -0.331046 
3 -0.331046 
3 -0.331046 
9 -0.297708 

10 -0.281649 
11 -0.265255 
12 -0.513560 

0.66668 2 
0.58359 2 
0.58359 2 
0.58359 3 
0.58359 3 
0.58359 3 
0.58359 3 
0.57066 3 
0.55606 4 
0.53999 5 
0.51474 5 

1 2 -0.476310 
1 2 -0.476310 
1 2 -0.476310 
1 5 -0.485540 
1 6 -0.449256 
1 7 -0.421229 
1 8 -0.397891 
1 9 -0.377206 
1 10 -0.463884 
2 11 -0.725546 
2 12 -0.646604 

13 2 2 
3 3 
4 3 
5 3 
6 3 
7 3 
8 3 
9 4 

10 4 
11 4 
12 6 
13 6 

2 -0.082540 
3 -0.294890 
3 -0.294890 
3 -0.294590 
3 -0.294890 
3 -0.294890 
3 -0.294 890 
9 -0.277075 

10 -0.263523 
11 -0.25052 7 
12 -0.520353 
13 -0.466646 

0.65313 2 
0.54368 2 
0.54368 2 
0.54368 2 
0.54368 3 
0.54368 3 
0.54368 3 
0.53927 3 
0.52830 4 
0.51673 5 
0.50163 5 
0.47356 5 

2 -0.435331 
2 -0.435331 
2 -0.435331 
2 -0.435331 
6 -0.424233 
7 -0.398496 
8 -0.377369 
9 -0.359021 

10 -0.449676 
11 -0.723853 
12 -0.666153 
13 -0.59807o 

14 2 2 1 
3 3 l 
4 3 1 
5 3 1 
6 3 1 
7 3 1 
8 3 1 
9 4 1 

10 4 1 
11 4 1 
12 6 2 
13 6 2 
14 6 2 

2 -0.044090 
3 -0.261480 
3 -0.261480 
3 -0.261480 
3 -0.261480 
3 -0.261480 
3 -0.261480 
9 -0.257016 

10 -0.245258 
11 -0.234359 
12 -0.511046 
13 -0.472683 
14 -0.426618 

0.64641 2 
0.51095 2 
0.51095 2 
0.51095 2 
0.51095 3 
0.51095 3 
0.51095 3 
0.51080 3 
0.50240 4 
0.49368 4 
0.48355 5 
0.46340 5 
0.43983 6 

2 -0.397405 
2 -0.397405 
2 -0.397405 
2 -0.397405 
6 -0.400641 
7 -0.376841 
8 -0.357516 
9 -0.340967 

10 -0.434353 
11 -0.415184 
12 -0.665149 
13 -0.615841 
14 -0.631626 

15 ? 
3 
4 
5 
6 
7 
8 
9 

19 
11 
12 
13 
14 
16 

2 1 2 
3 1 3 
3 1 3 
3 1 3 
3 1 3 
3 1 3 
3 1 3 
3 1 3 
4 110 
4 111 
5 1 12 
6 2 13 
6 2 14 
6 2 15 

-0.008344 
-0.230434 
-0.230434 
-0.230434 
-0.230434 
-0.230434 
-0.230434 
-0.230434 
-0.227369 
-0.217966 
-0.285203 
- 0.46*520 
-0.431893 
-0.391932 

0.64518 
0.48414 
0.4 )-*14 
0.43414 
0.48414 
0.48414 
0.48414 
0.48414 
0.47865 
0.47194 
0.46280 
0.44860 
0.43174 
0.41173 

2 
2 
2 
2 
3 
3 
3 
3 
4 
4 
5 
5 
6 
6 

1 2 
1 2 
1 2 
1 2 
1 6 
1 7 
1 8 
1 9 
1 10 
1 11 
2 12 
2 13 
2 14 
2 15 

-0.362110 
-0.362110 
-0.362110 
-0.362110 
-0.378374 
-0.356254 
-0.338450 
-0.323364 
-0.418780 
-0.401632 
-0.656417 
-0.615262 
-0.652388 
-0.591923 

MSB 

1.15200 
1.15200 
1.15200 
1.13165 
1.08485 
1.04164 
1.00122 
0.96205 
0.91823 
0.04403 

1.06809 
1.06804 
1.06809 
1.06208 
1.02340 
0.98747 
0.95404 
0.92236 
C.88806 
0.83827 
0.77291 

0.99755 
0.99755 
0.99755 
0.99755 
0.96828 
0.93814 
0.91014 
0.68382 
0.85452 
0.81929 
0.76993 
0.71511 

0.93793 
0.93793 
0.93793 
0.93793 
0.91872 
0.89328 
0.86957 
0.84737 
0.82090 
0.79199 
0.75515 
0.71388 
0.66307 

0.86736 
0.88736 
0.88736 
0.88736 
0.87402 
0.85248 
0.83227 
0.81336 
0.78647 
0.76383 
0.73606 
0.70211 
0.66347 
0.61929 



PtruMtar 

‘.90 
BB « P 

16 ? 2 1 
3 3 1 
4 « 1 
5 4 I 
6 4 1 
7 4 1 
P. 4 1 
4 4 1 

10 4 1 
11 5 1 
12 5 I 
13 6 2 
14 6 2 
15 6 2 
16 7 2 

17 2 2 1 
3 3 1 
4 4 1 
5 4 1 
6 4 1 
7 4 1 
P 4 1 
9 4 1 

l* 4 1 
It 5 1 
12 5 1 
13 3 I 
14 6 2 
15 7 2 
16 7 2 
17 7 2 

IB 2 2 1 
3 3 1 
4 4 1 
5 4 1 
6 4 1 
7 4 1 
B 4 1 
9 4 1 

n 4 l 
11 4 1 
12 5 1 
13 5 1 
14 6 2 
15 7 2 
16 7 2 
17 7 2 
IB 7 2 

19 2 2 1 
3 3 1 
4 4 1 
5 4 1 
6 4 l 
7 4 1 
B 4 1 
9 4 1 

10 4 1 
11 4 1 
12 5 l 
13 5 1 
14 6 2 
15 7 2 
16 7 2 
17 7 2 
18 7 2 
19 8 2 

2 0.025052 
3 -0.201441 
4 -0.319256 
4 -0.319256 
4 -0.319256 
4 -0.319256 
4 -0.319256 
4 -0.319256 

10 -C.210061 
11 -0.281638 
12 -C. 270748 
13 -0.451262 
14 -0.424558 
15 -C.396476 
16 -0.421551 

2 0.056385 
3 -0.174249 
4 -0.294324 
4 -0.294324 
4 -0.294324 
4 -0.294324 
4 -0.294324 
4 - 0.294324 
4 -0. 294324 

11 -0.266024 
12 -0.256299 
13 -0.247121 
14 -0.412628 
15 -0.457699 
16 -0.428767 
17 -0.392211 

2 0.085895 
3 -0.148648 
4 -0.270861 
4 -0.270861 
4 -0.270861 
4 -0.270861 
4 -0. 270861 
4 -0.270861 
4 -0.270861 
4 -0.270861 

12 -0.242105 
13 -0.233935 
14 -0.398609 
15 -0.447829 
16 -0.424212 
17 -0.398699 
18 -0. 366031 

2 0.113781 
3 -0. 124465 
4 -0.24 8706 
4 -0.248706 
4 -0.248706 
4 -0.248706 
4 -0.248706 
4 -0.248706 
4 -0.248706 
4 -0.248706 

12 -0.22 82 84 
13 -0.220925 
14 -0.383604 
15 -0.435692 
16 -0.415246 
17 -0.394501 
18 -0. 371838 
19 -0.390443 

NSI V p 

0.64843 2 
0.46225 2 
0.46041 2 
0.46041 2 
0.46041 3 
0.46041 3 
0.46041 3 
0.46041 4 
0.45704 4 
0.45112 4 
0.44248 5 
0.43260 5 
0.41939 6 
0.40512 6 
0.38570 6 

0.65534 2 
0.44450 2 
0.43348 2 
0.43348 2 
0.43348 3 
0.43348 3 
0.43348 3 
0.43348 4 
0.43348 4 
0.43038 4 
0.42336 4 
0.41624 5 
0.40581 6 
0.39452 6 
0.38029 6 
0.36334 6 

0.66529 2 
0.43025 3 
0.41013 3 
0.41013 3 
0.41013 3 
0.41013 3 
0.41013 3 
0.41013 4 
0.41013 4 
0.41013 4 
0.40557 4 
0.39977 6 
0.39208 6 
0.38249 6 
0.37120 6 
0.35890 6 
0.34409 7 

0.67776 2 
0.41900 3 
0.38987 3 
0.38987 3 
0.38987 3 
0.38987 3 
0.38987 4 
0.38987 4 
0.38987 4 
0.38987 4 
0.38911 4 
0.38434 6 
0.37867 6 
0.37018 6 
0.36083 6 
0.35108 6 
0.34038 7 
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Panaatar 

b 

«ff na p Cb 

20 2 
3 
b 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
13 
16 
17 
18 
19 
20 

1 2 
1 3 
1 4 
1 5 
2 6 
2 7 
2 8 
2 9 
2 10 
3 11 
3 12 
3 13 
3 14 
3 15 
4 16 
4 17 
4 18 
4 19 
4 20 

0.493634 
0.420107 
0.377877 
0.349299 
0.368686 
0.517299 
0.478227 
0.447C38 
0.421202 
0.522738 
0.489660 
0.460913 
0.435317 
0.411963 
0.459606 
0.430374 
0.401479 
0.370804 
0.332454 

0.49360 
0.34761 
0.27652 
0.23350 
0.20387 
0.17240 
0.14971 
0.13243 
0.11874 
0.10667 
0.09544 
C.08605 
0.07802 
0.07100 
0.06428 
0.05801 
0.05228 
0.04692 
0.04201 

21 2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 

1 2 
1 3 
1 4 
1 5 
2 6 
2 7 
2 8 
2 9 
2 10 
3 11 
3 12 
3 13 
3 14 
3 15 
4 16 
4 17 
4 18 
4 19 
4 20 
4 21 

0.493942 
0.420525 
0.378398 
0.349922 
0.57072S 
0.519508 
0.480621 
0.449638 
0.424033 
0.527854 
0.495134 
0.466845 
0.441810 
0.419163 
0.470725 
0.443063 
0.416544 
0.390017 
0.361534 
0.325486 

0.49391 
0.34808 
0.27711 
0.23419 
0.2C470 
0.17330 
C.15068 
0.13349 
0.11988 
0.1C791 
0.04676 
0.08747 
0.07954 
0.07264 
0.06608 
0.CS997 
0.05444 
C.04934 
0.04453 
0.04010 

22 2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 

1 2 
1 3 
1 4 
1 5 
2 6 
2 7 
2 8 
2 9 
2 10 
3 11 
3 12 
3 13 
3 14 
3 15 
4 16 
4 17 
4 18 
4 19 
4 20 
5 21 
4 22 

0.494223 
0.420903 
0.378868 
0.550484 
0.572570 
0.521493 
0.4C2766 
0.451960 
0.426551 
0.532371 
0.499960 
0.472037 
0.447442 
0.425334 
0.480128 
0.453545 
0.428523 
0.404275 
0.379761 
0.393310 
0.319137 

0.49419 
0.34851 
0.27764 
0.23481 
0.20544 
0.17412 
0.15156 
0.13443 
0.12089 
0.10901 
0.05793 
0.08871 
0.08087 
0.07407 
0.06763 
0.06164 
0.05627 
C.05136 
0.04677 
0.04236 
0.03840 

1.000 
0.934 
0.868 
0.811 
0. 762 
0.761 
0.754 
C. 745 
0.734 
0.729 
C. 732 
0.733 
0.733 
0.733 
0. 738 
0.746 
0. 754 
0.762 
0.763 

1.000 
0.934 
0.868 
0.811 
0.762 
0.760 
0. 753 
0. 744 
0.733 
0.727 
0.730 
0.730 
0.730 
0.729 
0.733 
0.739 
0. 746. 
O.753! 

0.760 
0.760 

1.000 
0.934 
0. 868 
0.810 
0.762 
0.760 
0.753 
0.743 
0.732 
0.726 
0.728 
0.728 
0.727 
0.726 
0.729 
0.734 
0.740 
0.745 
0.751 
0.758 
0.756 
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B. WARRANTY PERIODS BASED ON THREE ORDERED 

SAMPLE OBSERVATIONS FROM A WEIBULL POPULATION 

SUMMARY 

Further investigation le nade ot the method derived in [5] for cal¬ 

culating from Weibull failure data warranty periods for lots to be 

manufactured In the future. A tabulation is given of warranty 

periods associated with lots of site n, n . 10, 11, .... 25, for 

failure data obtained frcm eagles of size a, m ■ d, 5, ..., a 3- 

The specified assurance level is .95« 

12 



INTRODUCTION 

It is assumed that a sample of m items has been subjected to life test at 

a fixed level of stress under constant environmental conditions until 8^, 

with s s m, failures have been observed. We consider a lot consisting of 

n items from the same population as those in our preliminary sample of 

sise m and we suppose that this lot will be subjected to the level of stress 

and environmental conditions maintained during the life test on the sample. 

Specifically, we assume that under the conditions specified for stress and 

environment, that the failure times in the lot of size n end those in the 

size m sample are from the same population. We suppose that this population 

consists of identically distributed two-parameter Weibull variates so that 

for any positive random variate T from this population 

P[t £ t] = 1 - exp[-(t/§)H], § > C, K > 0. (1) 

We specify a level of assurance a that no failures will occur in the lot 

prior to the expiration of a warranty period which must be determined from 

the sample. In [6], results of [3] motivate the derivation of a parameter- 

free expression for the warranty period of the form exp[x + -X^ )], 
r,m p,mq.,m' 

where X. , i=l, '¿. ..., x, is the logarithm of the ith observed failure l,m “ 

time in the size m sample with X. <; X. , , i=l, 2, ..., s-1, and 
i,m i+l, nr 

p < q. For r î' p, Taylor series expansions in 0 = l/(u+*), a, v > 0 are 

derived in [5] for determining as a function of v, m, a, p, q and r. 

Linear and quadratic approximations for v are also given as functions of 

aQ, m, n, p, q and r. For r=l, p=2, q=3 and for r=p=l, q=2 the linear 

13 



approximations for v are shown to be good for lar¿'e ot^, and the quadratic 

approximations agree with the exact values which can be evaluated by numerical 

integration combined with iterative techniques to two significant figures 

for equal to .75 and above. 

In the following, expressions for which are Taylor-series expansions in 

o = l/v, V > 0 have been derived for the two cases r > q and p < r < q. 

For the case r = q, the expression can be obtained from that corresponding to 

r = p (since X + v(x -X ) = X + (v-l) (x -X )). Then, since 
q,m p,m q,m p,m ' ' p,m q,m ' 

a = PEZ. > X + v(x -X )], where Z. is the logarithm of the 
o l,n r,m p,m q,m ' l,n ^ 

first failure time in the lot of size n, one can for fixed a , m and n 
0 

evaluate eÍFíZ, -X -v(x -X ) ¡ } , the expected squared deviation of 
^L' l,n r,m p,m q,m J J ’ r ^ 

log warranty period frcm Z. , for various combinations of values of r, p 
l,n 

and q. (in these evaluations, one uses tables of values of the means and 

variances of the logarithms of the reduced parameter-free ordered observations, 

such as those appearing in [2].) In this way a "best" combination of three 

ordered failure times can be determined for each combination of values of o , 
o* 

m and n. The criterion of the mean squared deviation of the "forecaster" 

from the function of observations which is "forecast" (in our case, Z ) is 
l,n 

suggested by Tiago de Oliveira and Littauer [9] and is similar to the criterion 

suggested by Harter [l] for confidence bounds. 

Comparisons of the mean, squared deviations of log warranty periods from Z. 
l,n 

are made in certain cases following the derivations given below for the Taylor- 

series expansions for evaluating v for specified atm and n for the two 

cases not treated in C5]. Also discussed following these derivations is the 

precision of the Taylor-series expansions with respect to the exact values to 

14 



be obtained by numerical integration combined with a Newton-Raphson iterative 

procedure. Tables are given for n = 10, 11, ..., 25, m » 2, 3, ..., n-3, aQ .95 

DERIVATION OF EXPRESSIONS FOR V CORRESPONDING 

TO SPECIFIED ASSURANCE LEVEL 

In the following derivations, reference is made several times to results 

appearing in [6], It should be noted, however, that many of the mathematical 

details of the proof of these results are omitted fron [6], but can be found 

in the report [5] bearing the same title, on which [6] is based. 

In [6], it is assumed that X, , Xn .... X . X «X . i=l 2 s-1 IX 2,m* s,m' i,m i+l,!^ > *>•••> s 

are the logarithms of ordered observations from a size m sample of failure 

times from a two-parameter Weibull distribution, and 

expCXr,m + V(Xp,m’Xq.,m^,p < 11 s s> is to be used to specify a warranty period 

for a size n lot of items with failure times each distributed identically 

to those in the preliminary sample. It is then shown that the probabilllity 

that no failure occurs before time exp[Xr m + v (Xp ^X^ m)], is given by 

j $(u/n)e U du, where $(u) = Pfr + v (y -Y ) s Xn u] and 
" r P <1 

Xi = Ç)/(l/K)í 2, ..., s. We wish to evaluate otQ for specified 

v for the case X^m - X^m ^ Xp^m. We therefore consider the Joint density 

of xr which are ordered observations from size m 

samples se ected from the reduced (parameter-free) first asymptotic distribu¬ 

tion of smallest values. 

•15 



Por Y 'Y < 'i % 
P q r # 

P q.-p r-q 

f(yp'Vyr) - C# I I I Kl,j,k 
i«l J*1 k~l 

y y y 

• exp(yp+yq+yr-C7e P-C8e r), 

where C a! 
(p-1 J ! ( q-p-U ! ( r-q-lj ! (a-r) » * 

oo < y <oo. 

- o° < y < y , jq - 3X> 

. CO < y < y 

yp “ y4 

r-q+J-k 

80 

’W - ■ c7 - c8 

and » m-r+k. Ve let ■ yr, z2 * Yq - yr and zj * Yp " Y^ 

that yr » Y^ ■ + Zg and yp « + Zg + Zy vith - ® < < ®, 

‘ ” < z,¿ s ^ an<i - K Zj s c • T1160» since the Jacobian of this set of 

transformations is equal to 1, 

p q-p r-q 

f(V2}) ■c* I I IKi,j,k «ftJv2}1 
i-1 j-1 k-1 

zi f r zi (zi+z^)nr zi (zi+zx)m 
exp(-C9e ^{l-expf-Cge 1-C7e 1 ? J^CqC 1 3 J} 

[V\V'WI 

Now, since 

P[Yr + KYp-Yq) s ^ u] = PL(Yp-Yq) < (to u-Yr)/v] (2) 

and P[(Yp-Yq) i O] » 1, the probability (2) (call it l(u)) is given by 
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p q.-p r-q 

ííu) - C _ _ 4_ Ki,j,k L V 0,c 
u 1*1 j«l k*l 

j. exp(-Cgs)[l-exp(-Cgs)J ds 

‘7C8 

1 
,vO 

r exp( -CgS ) ^1-exp i -CgS -C^s ( u/s ) Ij ds-^ 
, ¿ : 1 j 
U 

C^CCg+Cy(u/s) ] 

r 

CA (r-1) ' Vi-1/ (m-r+¿) J 

>.sl 

Here, the last term gives the probability that Y is less than An u. 

Next, in order to obtain the integral J(i,J,k, A) » l(u/n)e du which gives 

° 1 

the probability oq, we make the change of variable t ■ (s/u)V. Then 

P 4-P r-q. 

J(l,J,k,X) - C* ^ l l 
1*1 >1 k*l 

j.® j. r" uvtV"1expL-Cg(u/n)tV]Cl-expC-Cg(u/n)tV] dt 

* i i n C7C8 

P* uvtV‘1exp[-Cg(u/n)tVI]|l-e^>C-Cg(u/n)tV-C7(u/n)tV'1]j? dt 
- -^ - --1 

n C7(Cg+C7t A) 

+ 1 
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Changing the order of integration, we obtain 

P l-P r-q 
C*V r r 

1*1 j=i k=l 

** v-l v-l 
. r [ n V t 1 . n v t x ^ 

1 \;7C8(C9tV+n)2 C7C8C(C8+C9)tV+n]2 

V-l VH-V“^ 1 
_ _Vt _ + __Ü_X 
nC7(C8+C7t“1)(C9tV/n+l)2 nC7(C8+C7t“1)[(C8+C9)tV/n+C7tV’1/n+l]2 

r 
^ _n_ 

+ 1 " <l. Bi (m-r+£H(m-r+^)+nT 1 

je-1 

m! / , \4-l /’r-l\ 
where * (r-iyrcm'-TF ('1} U-J • 

m V i 

We now let y equal t and o = i/v» Then 

p q-p r-q 

* L(o;i,J,k,£) = C ^ ^ ¿.^i,J,k 
i.1 >1 k»l 

r t ( Cg+Cg) ( Cg+Cg+n) - Cq(Cq+n)]n p1 

•I --1 C7C8 9^C8+CV^C9+nííc8^c9+n^ ¿ nC7C8[l+(C7/Cg)y0j(C9/n+y)£ 

T _djr_\ 

õ nC7C8[l+(C7/C0)y0]C(C8+C9)/n+C7ya/n+y]2J 

r 

+ 1 - Tb L °i (m-r+XJ Lm-r+>C+nJ 
i-1 
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I 

' '77? ,.é. 

Ae in [6], we let J(i,J,k,X) = L(o;i,be approximated by 

L(0;i,j,k,¿) + o L(l)(C;i,J,k,£) + ¿ L(^(G;i,J,k,¿) (with L(i)(C;i, j,k,¿) 

equal to the ith derivative of L(C; i, j,k, Í.), which is appropriate for o 

sufficiently small. 

From results in [6] (see 2.9.1) we find 

P q-P r-q 

L(Gii,J,k,-0 * C ^ k^(c^)(c7+Cg+C9)(n+CT+C6+C9) * C^C^CgjC^+C^ 

n[n+Cg+C +Cg] 

+ c-7c9r¿8+c9)tc; g+nKCg+Cg+n; * i • 
n , 

/ (m-r+i) Lm-r+l+nJ 

which can be shown to be equal to 1. It can also be seen from (2.9.2) and (2.9«?) 

that 
p q-p r-q 

i=l J=1 k=l 

I c7(c7+c8)c9 (c7+c8) "n V c9 ) 

1 *7 ^7 \ ^C7+C8+C9+n ^ ^ 7 

C7(C7+C8)(C7+C8+C9) 1a C7+C8 C7+Cq+C9/ V C7+C8+C9 / C7+C8+C9 n+C7+Cg+C9J 
n_V. 

J 

and 

p q-p r-q 

L^ÍCíi^k,*) = C* ^ ^ rKi,j,k 

i»l jai Ksi 

‘1 C7(C7+C8)C9 dlHl,l(C9/n) 

1 P /Ct+Cq+CçV ,C7+C8+CQ+n\ 

+ C^C^ÏÏC^^cpLelHi,lV n r e2‘enVc7;c8+C9 J + e 3 n+C7+C8f«.9 be:]) 
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where 

ana 

C7(C8-C7) 

(vc8)2 # 

C8“C7 r C7 C7 1 . . / c7 \ 

CY+C8 c7+c8 + C7+Cc+C9 ^ \C7+C8+C9/ ' 

.2 ^ _ r CQ"C7 
c7+c6+C9 L c^+Cg - ^ C^+Cg+C9 ] » 

e . 
:(w;) 

i (^n * r2/^ “ Dilog (l+ô). 

Values of Dilog (1+6), which is defined for 0 £ x s 2 by 

X co 

Dilog (x) = - J dv = £ (-l)k(x-l)k/k2 , can be determined from values 

1 k»l 

tabulated by Stegun [8] and more extensively by Powell [73« We recall that 

Cy ■ Í.-P+Í-J, C8 ■ r-q,+J-k and ■ m-r+ko 

A similar development for p < r < q yields, for the integral M(a;i, j,k,£) 

corresponding to L(o;i, j,k,/), 

M(«si,4,M) - c** J I J 
1*1 Jol k*l 

7 
n dy 

(3) 

-I n dy 

o C12^CK)+C12y ^Cl2y +C10+Cll+ny^ 
M-I B 

i-1 
I (m-r+£)(m-r+jfc+n) 
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vlth B I “ (r-l)î(a-r)i (ÏIÎ) 0 - Here C** le equal to 

(p-Ijl(r-p-ïit(qT.l)l(m-q)l » C10 " cn - and - a-q+k. 

Por snail o, one can approxiaate M(oii,J,k,i) by M(0;i,J,k,l) + o M^(0ji,J,k,4) 

♦ (®^/2)M^^(0jr, J,k,4), vlth i, J,k, 4) the 1th derivative of 

M(o;i, J,k,4) evaluated at o ■ 0. 
0 

Since F[(Yp*Yq) < 01 Is equal to 1 (see the expression following (2) and let 
«ft 

o - l/v be equal to 0) and since J e"u du - 1, M(o;i,,j,k,4) 
• o ■ J ^[(Yp-Y^) <(ta(u/n)-Yr)/v]e“u du aust be equal to 1 for o equal to zero. 
0 

One can also demonstrate that this is so by letting a be equal to zero in (3). 

And one can observe frca (2.9.2) and (2.9.3) in [6] that M^^Ojl,J,k,A) • 0 and 

m<2W.J,M) -c**[ l\ ^P-l) (r-^l) (4£l) 

1-1 >1 k-1 

^10^11^12^3 

- 2 
n+C10+CU+C12 
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mVESTIQATIOR OP PRECISION OP APPROX3MATICXIS AMD 

expected squared deviation op loo warranty period prom z^n 

A covarlMB of calcuUtlons using the results derived above end results 

previously derive! In [5] and [6] reven, that the precision or the nev 

approxlnati*. 1. of the order tabuUted In M and C6]. It »»ln. th«, to 

detemlne a nost efficient ccnMnatlon of ordere! obwrvatlon. (one euch that 

log warranty period bas smllest expected squared deviation fron Z^) for 

given n, m, s and ®0. 

A prellnlnary Investigation Show, that for .-3 » 1"8' <" ^ v 

1. a large positiv, »aber), a cotisation of order«! obserntlon. such that 

1. «.t efficient. »1. cotisation U, In fact,-ny tins. nor. 

efficient then the cctlnatlcn »1, ft, OpS cAlcuUled In [6]. Aleo, fron 

results In [3], we see that the expected squared deviation of 

X ecu.-* ) fro. X. - to t, for «1».. of t corresponding to 

expL-tt/l)11] • .90, .95, is stllest for r-q (or equivalently for r»p) for 

noderate poeitive value, of -Cx end esallest for p < r < q for snail 

positive values of -¾. Cotlnatlone such that r 1. grtter tht q «. 

in no case considered in [3) nost efficient estinator. of V »or do they 

In Ot) yield approxittely most accurate exact confidence bound, for x,, end 

t. . .xp(x-). we therefore have ellrtnated fron consideration ccohlnetlone 

such that r is greeter tht q. Further«», v. not. that the OUylor «rie. 
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approximation for M(o; i,J,k,Z) will not yield values of v for r-p > 1 

or q-r > 1, nor will L(oji,j,k, «) yield values of v for r^> or r-q, 

if q-p > 2. Hence, we restrict attention to cases such that r < p for 

q. * 4« Investigation of untabulated computer output obtained In cok junction 

with evaluation of the tables In C3] reveals that one can find an expected 

squared deviation of Xr a - C^X^-X^) from corresponding to values 

of r less than p, close to the value for m * 4. 

Given in Table B.I are most efficient combinations of values of r, p and 

q (for r < p, q ■ 2, 3, r < p, q * 4), along with corresponding values of 

v, for n - 10, 11, ..., 25, s - m - 2, 3, ..., n-3 and o0 - .95. Smaller 

values of or have not been tabulated since tabulated results Indicate that o 
precision of the approximations Increases as cr0 increases for fixed s, m 

and n and, naturally, tends to decrease as v decreases (or o Increases) 

A few spot checks reveal that the approximations given are correct to within 

one unit In the first decimal place. 
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5 

TABU B*I - VALUES VOR CALCULATZBQ VARRABTI PERIODS OP 

THE PORN lr m * raOM VEIBULL DATA 

POR LOIS OP SIZE n AID A88URAKE LEVEL .99 

n r p 4 V n a r p q, V 

10 2 1 
10 3 1 
10 4 1 
10 3 1 
10 b 1 
10 7 3 

11 2 1 
11 3 1 
114 1 
11 & 1 
11 6 1 
117 3 
118 4 

12 2 1 
12 3 1 
12 4 1 
12 5 1 
12 6 1 
12 7 3 
12 8 3 
12 9 4 

1 2 2b,1 
1 3 4.4 
13 t> . 7 
13 6.1 
13 6.2 
4 6 14.4 

1 2 26.6 
1 3 4.6 
1 3 6.9 
1 3 6.4 
13 6.6 
4 6 14.7 
b 1 13.1 

1 2 27.6 
1 3 4.8 
13 6.1 
13 6.6 
13 6.7 
4 6 16.0 
4 6 11.9 
t> 7 7.6 

16 2 
16 3 
16 4 
16 6 
16 6 
16 7 
16 8 
16 9 
16 10 
16 11 
15 12 

1 1 2 29.7 
113 5.2 
113 6.7 
113 7.2 
113 7.4 
346 16.8 
346 12.3 
457 7.4 
7 8 10 17.9 
568 12.8 
457 10.9 

16 2 
lb 3 
lo 4 
lb 6 
lb 6 
lb 7 
16 8 
lb 9 
16 10 
16 11 
lb 12 
lb 13 

1 1 2 30.3 
113 5.3 
1 1 3 6.8 
113 7.4 
113 7.5 
346 16.1 
346 12.4 
346 9.2 
7 8 10 18.2 
568 13.2 
^ 5 7 11.4 
^ 5 7 13.2 

13 2 1 
13 3 1 
lá 4 I 
13 5 1 
13 6 1 
13 7 3 
13 8 3 
13 9 4 
13 10 7 

!<♦ 2 1 
14 3 1 
14 4 1 
1* 6 1 
14 6 1 
!<♦ 7 3 
14 8 3 
14 9 4 
14 10 ( 
14 11 5 

1 2 28.2 
13 4.9 
1 3 6.3 
13 6.8 
1 3 6.9 
4 6 15.3 
4 6 12.0 
6 7 7.5 
8 10 17.4 

1 2 29.0 
13 6.1 
1 3 6.6 
1 3 7.0 
1 3 7.2 
4 6 15.6 
4 6 12.2 
5 7 7.4 
H 10 17.7 
6 d 12.3 

1 ! 2 
1 ! 3 
1 ( 4 
1 ( 5 
1 ! 6 
1 ! 7 
1 ( 8 
1 ! 9 
1 < 10 
17 11 
1 7 12 
1 7 13 
1 7 14 

1 1 2 30.9 
1 1 3 5.5 
113 7.0 
1 1 3 7.6 
1 1 3 7.7 
3 4 6 lb.3 
3 4 6 12.6 
3 4 6 9.2 
7 8 10 18.4 
568 13.6 
*57 11.8 
* 5 7 13.6 
* 5 7 14.9 
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«au a.ï - num rx otumia» wum mme 

VOR LOIS Of SIZE ft AED A8SDRABCE IXVEL «95 

a r P 4 V 

lb 2 1 
lb 3 1 
lb 4 1 
lb i> 1 
lb 6 1 
lb 7 3 
lb H 3 
lb V 3 
lb 10 7 
lb 11 4 
lb 12 4 
lb 13 4 
lb 14 4 
lb lb 4 

1 2 31.b 
1 3 b.6 
1 3 7.1 
1 3 7.7 
1 3 7.9 
4 6 16. b 
4 6 12.7 
4 6 9.2 
b 10 lb.7 
i> 7 9.3 
!> 7 12.2 
b 7 14.1 
b 7 lb.4 
b 7 16.2 

19 2 1 
19 3 1 
19 4 1 
19 b 1 
19 6 1 
19 7 3 
19 H 3 
19 9 3 
19 10 7 
19 11 b 
19 12 4 
19 13 4 
19 14 4 
19 lb 4 
19 16 4 

20 2 I 
20 3 1 
¿0 4 1 

20 b 1 
20 6 1 
20 7 3 
20 H 3 
20 9 3 
20 10 7 
20 11 > 
20 12 * 
20 '13 4 
20 14 4 
20 lb 4 
20 16 4 
20 17 4 

1 2 32.0 
1 3 b. 7 
1 3 7.2 
1 3 7.8 
1 3 8.0 
4 6 16.7 
4 6 12.8 
4 6 9.3 
B 10 18.9 
6 8 14.4 
b 7 12.6 
b 7 14.b 
b 7 lb.8 
b 7 16.7 
b I W.3 

1 2 32.5 
1 3 b .8 
1 3 7.4 
1 3 8.0 
1 3 8.2 
4 6 17.0 
4 6 13.0 
4 6 9.3 
8 10 19.1 
6 H 14.7 
b 7 13.0 
b 7 14.9 
B / 16.2 
b ! W.l 
t, 7 W.W 
t, 7 18.2 

ft » r 

21 2 1 
213 1 
21 4 1 
21b 1 
21 6 1 
217 3 
21 « 3 
219 3 
21 10 7 
21 11 * 
21 12 4 
21 13 4 
21 14 4 
21 lb 4 
21 16 4 
21 17 4 
21 18 4 

1 2 33.0 
1 3 b .9 
1 3 7. b 
1 3 8.1 
I 3 8.3 
4 6 17.1 
4 6 13.1 
4 6 9.3 
B 10 19.3 
b 7 10.3 
b 7 13.4 
b 7 lb.3 
b 7 16.6 
b 7 17.6 
b 7 18.2 
b 7 18.7 
b 7 19.0 

22 2 1 
22 3 1 
22 4 1 
22 b 1 
22 6 1 
22 7 3 
22 8 3 
22 9 3 
22 10 7 
22 11 4 
22 12 4 
22 13 4 
22 14 4 
22 lb 4 
22 16 4 
22 17 4 
22 18 4 
22 19 4 

1 2 33.b 
1 3 6.0 
1 3 7.6 
1 3 6.2 
13 8.3 
4 6 17.3 
4 6 13.2 
4 6 9.4 
8 10 19.3 
3 7 10.6 
3 7 13.7 
3 7 13./ 
b 7 17.0 
b 7 18.0 
b 7 18.6 
b 7 19.1 
3 7 19.4 
3 7 19.6 
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TABU B.l (oflntlWMd) - VALUS VOR CALOQIAZXVO WARBABTT RERXOOS 

CT TBB VORM X^B ♦ TROU VBIBULL BASA 

VOR LOTS OP SXZB A AID ASSURAI» IXVRL «9$ 

& r p % V a r p 4 V 

¿1 2 1 
¿á 3 1 
¿3 4 1 
¿3 t> 1 
¿3 6 1 
¿il 3 
¿3 8 3 
¿i H 3 
¿3 10 ? 
¿3 11 4 
¿3 12 4 
¿3 13 4 
23 14 4 
23 13 4 
¿3 16 4 
¿3 1/ 4 
¿3 18 4 
¿3 19 3 
23 20 3 

¿4 2 1 
¿h 3 1 
¿4 4 1 
¿4 8 1 
¿4 6 1 
24 7 3 
¿<t 8 3 
¿<t 9 3 
¿4 10 7 
¿'♦Il 4 
¿‘t 12 <+ 
¿4 13 4 
¿4 14 4 
¿4 13 4 
24 16 4 
¿4 17 4 
¿4 18 3 
¿4 19 3 
¿4 ¿O 3 
24 21 3 

1 2 33.9 
1 3 6.0 
1 3 7.7 
1 3 8.4 
13 8.6 
4 6 17.5 
4 6 13.3 
4 6 9.4 
8 10 19.7 
3 7 10.9 
3 7 14.0 
3 7 ló.O 
3 7 17.4 
3 7 18.3 
8 7 19.0 
3 7 19.5 
3 7 19.9 
4 6 9.0 
4 6 9.1 

1 2 34.3 
13 6.1 
1 3 7.8 
1 3 8.5 
1 3 8.7 
4 6 17.7 
4 6 13.5 
h 6 9.8 
8 10 19.9 
5 7 11.2 
3 7 14.3 
5 7 16.3 
3 7 17.7 
3 7 18.7 
3 7 19.4 
3 7 19.9 
4 6 9.2 
4 6 9.4 
4 6 9.5 
4 6 9.8 

23 2 1 
¿3 3 1 
23 4 1 
¿3 8 1 
¿3 6 1 
¿3 7 3 
¿3 8 3 
¿3 9 3 
¿8 10 7 
¿3 11 4 
¿3 12 4 
23 13 4 
¿3 14 4 
23 15 4 
23 16 4 
23 17 3 
23 18 3 
23 19 3 
23 20 3 
23 21 3 
¿3 22 3 

1 2 34.7 
1 3 6.2 
1 3 7.9 
13 8.6 
1 3 8.9 
4 6 17.9 
4 6 13.6 
4 6 9.5 
8 10 20.1 
3 7 11.4 
3 7 14.6 
3 7 16.6 
3 7 18.1 
3 7 19.1 
3 7 19.8 
4 6 9.2 
4 6 9.3 
4 6 9.7 
4 6 9.8 
4 6 9.9 
4 6 9.9 
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SUMMARY 

* tM. « consider a I^lor ..ria. approxl-tioa to tb. dlatrlbutloo 

* . thraa-ordar-itatlitlc ..tJ-ator of «11^1. Ilf fr a «-parater 

velbvOl «fl. Th. approxlaatlDg «ttod vlll not yfld «»It. la c«tala 

caid,«!, but la ottaar. th. «tbod *1«. «1«. ^«ela* «“• ^ 

e%mct fo, obtalalag c«alf». t— « -llabl. Ilf. «*“ 

la [6] and C?] extended. 



INTRODUCTION 

In the following we consider a two-parameter Weibull population of failure 

times and confidence bounds for a percentage point of this population which 

corresponds to a specified survival proportion 7. Th« percentage point of the 

population is sometimes called the reliable life corresponding to the specified 

survival proportion (or reliability), and the confidence bounds on reliable 

life are often referred to as tolerance limits or tolerance bounds# 

In [6], tolerance boundr based on three ordered observations from a size n 

sample which may be censored at the mth ordered observation are derived for 

a two-parameter Weibull population. In CjJ, similar tolerance bounds based 

on three ordered observations are derived under the assumption that the sample 

of Weibull variates may be censored progressively at each observation. That 

is, in order to approximate more closely a model corresponding to many real 

life collections of failure data, it is assumed in [5] that in life testing 

one or more items may be removed from life test at the time of any failure. 

In [6], removal of n-m items from test occurs only at the time of the mth 

failure. 

In [6], the three-order-statistic tolerance bounds for singly censored data 

are shown to be highly efficient compared with those based on all m ordered 

observations which can be obtained for certain combinations of n and m 

(see Johns and Lieberman Cj]) and those which could be obtained for other 

combinations of n and m were the necessary tables available. In [4] 

several comparisons are given which demonstrate the efficiency of three-order- 
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statistic point estimators for estimating reliable life. No such comparisons 

could be made for the progressive-censoring model at the time of the publica¬ 

tion of [5]. Since then, however, best linear invariant estimators and their 

m<»an squared errors have been determined for this model (see ö-Qd results 

of comparisons are consistent with the results for the single-censoring model. 

In the two papers in which the tolerance bounds based on three ordered obser¬ 

vations are derived, some tables for obtaining the bounds from sample data are 

given. In both cases computer calculation of the entries for the tables re¬ 

quired numerical integration, which is extremely expensive in terms of com¬ 

puter time if much precision is required. Also, the numerical integration 

must be performed with progressively higher precision as m increases. Hence, 

the tables in [6] include no values of n or m greater than 12. Further¬ 

more, in C5J 462 values for obtaining tolerance bounds were calculated and 

compared in terns of power of a corresponding test in order to determine which 

were the appropriate 57 values (all possible censoring patterns for n^2,3;••*>6, 

n*2,5,...,n) to be actually tabulated for obtaining the "best" of the three- 

order-statistic bounds for 7 » .95 and confidence level equal to .90. 

In the following, a technique, suggested in [8] and based on Taylor series 

expansions, is used to derive the values from which the bounds can be obtained. 

The calculation of these derived values then requires no numerical integra¬ 

tion and can be accomplished with high precision in a fraction of the com¬ 

puter time required previously. Thus, extension of the tables in [5] and [6] 

becomes feasible without the use of an inordinate amount of computer time. 
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The bounds to be obtained from tabulated values of v corresponding to 

specified values of n, m, 7 and confidence level are of the form 

exp[Xr^n + v (Xq#n*Xp^n)J where X^m is the logarithm of the ith ob¬ 

served failure time in the sample of size n with X. ‘ X., , , i»l,2...,m-1 
i,n i+l^n7 ' ' 

and Xp#n ^ Xq^n S *m,n* ^11 and l6J, the values of v tabulated on the 

oasis of comparisons of power functions or mean squared errors of corresponding 

point estimators pertain to bounds for which p s r < q. Furthermore, the 

tabulated values of p, q and r correspond to those for the best n««*»» 

invariant three-order-statistic point estimators in the single-censoring ^wef» 

(see [5] and [6]). Tor this reason, in deriving the Taylor series expansions for 

obtaining the bounds, we first assume such a relationship between p, q and r 

(since the derivation varies accordingly as the order of r with respect to 

the other two indices varies). 

DERIVATION OF THE TOLERANCE BOUNDS 

If T has the two-parameter Weibull distribution, then X = in T has the 

first asymptotic distribution of smallest values with 

PCX * xj • 1 - exp£-exp(——)J, b > 0 (1) 

We let Xl,n' ^n'*"' Xm,n' with Xi,n * Xi+l,n' «Present 

the first m of n sample observations and we note that 

X_ _-x„ 
Xy n + y v (X "X ), p < q *' m, r,n -X q,n p.n ^ ^ ^ * q,n p,n ** 

is identically equal to xy. If xy = u + b infn(l/7) (that is, 

(2) 
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7 » exp^- exp(j*j—jJ ), then is the reliable life corresponding to the 

survival proportion 7. If we define Y. to be (X, -u)/b, then 
• u 

V " ^Xr,n“X7^^X(i,n"Xp,n^ is equal t0 (ïr-^n(l/7))/(Yq-Yp) and can be 

shown to have a parame ter-free distribution. If a lower confidence bound at 

level 1-0 is found for V and this bound is substituted for V in ('¿)f 

a (1-Of)-level lower confidence bound is thus defined for xy. The confidence 

bounds derived in L5J and Lb] are of this form. As indicated earlier, tne 

tabulated values of the percentage points of V all correspond to the case 

P < r < 4, however the derivation has not been given anywhere for p-r or for 

P <• r < 4, which case yields the most complicated expression for ohe distri¬ 

bution of V. In [5], the distribution of V is derived for r < p < 4 

and in [6] the expression for the exact distribution of V is given but not 

derived for p < r < 4. We therefore give here the complete derivation of 

the exact distribution of V - (Yr--enJen(l/7))/(Yp-Yq) for p < r < 4 s m, 

and then proceed to determine a Taylor series approximation for this exact 

expression which must be evaluated by means of numerical integration. It 

will be shown that the Taylor series approach gives excellent approximations 

in some cases and in certain other cases fails entirely to yield an approxi¬ 

mate value. 

Tt. joint duultjr of ïp, Tr «a ^ 1., f«. (i) «toy., given by 
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p r-p q-r 

f(yp’yr'yi) ■ Z Z I 
1=1 J=1 k=l 

exp (yp^VVCj,!,/ P-C4,j,h‘ '’SA' ’> 

•es < y V . 'p ~ 

- < y < • , 

y S y < 

Here, for the general progressive-censoring model (see [p]) where ^ repre¬ 

sents the number of items removed from life test at the time of the ith failure, 

Ki,J,k is ßiven by 

"frl>- I (ri+1)](-1) +')+k+1Ci(i,o,p)c^(i#p)c1(j,p,r)C2(j,r)C1(k,p,q)C2(k,q), 
i=¿ 1=1 

with 

C^(i,s, 

v-s-i v-i 

I 2, ^I'i+^’^j * ^ 3 ^m*^t***f V“S-1, v-s * 2 
tlial i=V»X-(J,+l 

and 

j-1 v-A+y, ^ 

c2(^v) » [| ! Y ^ri+1^J > 1 “ v> v 5 2, 
a=l i=v-X+l 

c^(y-s,s, vj . c2(i,v) . i. 

The constants C. . ,, Ck , . and C¡- ,, are given by 

r-J 

^ j = ^ (r^+l), i = 1,2,•••, p, j * 1,2, •»*, r-p, 

i=p-i+l 

q»k 

/ (^j+l), j * ^/2, •••, r-p, k = 1,2, •••, q-r, 

i-r-j+1 
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and m 

'5A 
Y (r.+x), k - 1,2,..., 1-r. 
Lm* 

l»q-k+l 

For the single-censoring model, reduces 

i+j+k+l 
nt (-1) ^ + with C, t i ■ r-p+i-J, 

(p-l) ! (r-p-l)í (q.-r-l) I (n-qj! U-l/ VJ-1/ Vi-1/ 

C, , . ■ q-P+j-k and C. k « n-q+k. Hereafter we write C5#i#J, 
4,j,K 

and Cc , each with a single subscript. 
5>k 

If we let = yr, z2 = yp “ z3 “ yq ” yp' ^1611 yr “ ^ 

y = z + z. and y = z. + + z with -• < z1 < *, -Zj ^ z2 s 0 ^ 

0 < z5 < • and the Jacobian of the transformation is . Therefore, the Joint 

density of ^ - Yr and V - Yp is glveri by 

p r-p q-p 

III Ki,J,k 
i^l >1 k-1 

r z-«-z^ zn r Vz3 „ zi“’ 
exptX-Q .kprc,« 1 (W« ^ [l + Cf J. 

'1 Z1+Z^ Z1 2 
(C^e 1 5 + C5e ) 

_ Z. Zt+Zt-I p zi Zl+Z3'’ 

exp(3z1+zx) 6xp[-(C^)e "c5e J L1 * C3e ^ C5C 4_ ] 
----£ z,+zz 2 J Zi+Zz 2 

(C3e + C5e ) 

We now let s - expCz, - /nin(l/7)], and ? . ind/y). Then, 

the probability density function of V = (Xnin(l/y) - Y1)/(Y<1-Yp) is 
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P r-p q-r 

I I I 
8 J»1 lû.1 

Í 
2+1/v exp[. stc^çj , ■ s c.3^1 (us c,.iWt ^ s C5.) 

d (§C5s1+1/V+ §C5s) 

^■VVp^ 5(C^C4) s - ^ o/-1/-] (1^ c5s1"1^V)H 

(ÇCjS + V1-1^)2 

ds 

O s s < ® 

Osv<»forOisil 

and -• < y i O for 1 s s < « 

Hence. 

P(V < v) 
* f rÎP V r ? exp^-Mc^^s] 

i L L L Ki,3,kr o}c5 
1 1*1 >1 fc>l (5) 

% . .xpr-^C^la - ? C/-^] 5 s ««p[-S(C4*C5)e - - -} 

-V.jVV-VV1*1'-“! 

5 0..1+1^' 
} ds 

for -• < v s 0. If 0 < v < •, P(V > v) is given by tbe negative of the 

expression above, except that the limits of integration for s are 0 and 1 

rather than 1 and -, respectively. 

Now, in order to obtain a Taylor-series representation for the distribution 

Of V ve let o be dual to l/(v-U. Since, in the range, of r and or 

of interest v will be negative, o vill range froa -1 to 0. We then 

express (5) as a function of o, 
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. . l r? V ( .xp[-«C,«!t*Cç)] 

«■>) ■ I i i. K1, j,k< - c c (cXtc ] 
ipl >1 lü.1 í 5 h ? 

r* rÇ s exp[*-§(C^+C^)s - § C,8l/(0+l)] § s exp[-§(Cu+Cs)B - ? c 8(2^)/(°+l)] 

^- 

Tnen, for the ith derivative of L(o) with respect to o# 

p r-p q-r 

-III W 
i«l J«1 1&-1 

(-1 
to s 

\ (o+l)2 

(4) 
30+2 20+1 20+1 

s S5 cxp[-§(Cu+C5)6 - l C38 0+1] (1 + 5 C5s 0+1 + S C58)ds 

20+1 

(5 C^s 0+1 + § c.s)c 

0+2 VT6* 

■ 33 55 exp[.5(c3*ct)ii - 6 (1 ♦ S c,s * 6c5íL/(wll)a» 1 

(^)2 ‘ (5 0,. 1 

and 

L(<i)(o) 

r -ins _ ^ •_«_ 
* ? 

? 

p r-p q-r 

V ^ K. l- ifj;k 
1^1 >1 k»el 

r to s 
JL .(0+1)^ 

30+2 

0+1 ^ exp[-?(Cu+C5)s - ? C3s 

20+1 
o+l 1 

J 
2o+l 

(Ç 0,0 0+1 + ? c-s)5 

20+1 20+1 ¿q+l 20+1 

I 0+1 to 8+(5C5« 0+1 toB+2(0+1)-tos)(Sc^s °+1+§C^6)](1+?C3s a+1+?C5s)} ds 

0+2 ,. .. 

(K 

r tos (5) 
,^1 ^ exp[-?(C3+Cu)s - § c//(^] 

(§ C5s + § C5s1Aa+^)^ 

.^2§C5Sl/(0+1)tos+(§C;j31^0+l)ton-2(o+l)-tos)(ÍC3s+§C5sl/(0+l))](l+5C¿8+4C;jsl^0+l))Í 
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Taus, 

p r-p q-r 
Lid y r V „ ; -eiq>[-S(C5+C4+C5)] 
L(°) • i L i, (» C C (C^Ck+CJ 

jal k-1 P ^ p 

.xp[-i(C}tVS)] , ^ 

c3c5(c5+c4+c5j J 

(6) 

and 

p r-p q-r 

V V r K L L L* Ki,j,k 
1=1 jal kal 

j. p" Xn s ^ expr-C(C3+Ck+C^)^ (1 + I C^s + § C^s) ds 

^ ’ 1 (C^5)2 

r" in s § expr-§(C,+Ck+Ci.)1 (1+5 C,s + 5 CLs) ds s 
+ j -^■■■ ? J S¿-2-] , 0. 

(7) 

If we let TI » ^(Cj+Ci.+Cc) and let ♦ (1)) » ^ xr(£n x)s e“xdx, then 
5 Tj S V 

p r-p q-r 

- I I I 
lal jal kal 

r55[*2 2(T)) - 2in 1) *2 ¿Ti) + (Xn D) W+ZD+D2)] 
—*-Hr- 

D5 

(Ô) 

§2[*1>2(T1) - 2in T) «1>;l(T1) + (in 1))2(1+1))6-71] ' 
+ -1 r, . .. L , 

(C¿+C5) I)2 

A method of evaluation of 4_ . (1)) and * (1)) is given in the Appendix, 
uj X ¿ j u 
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(9) 

A similar development for r - p yields L(0) - 0, 

P *-P . ç2[ê .(Tl) - An TKl+Tfle'71] 

■(1)(°) • I Z°i,j ' ^ ' 
1*1 >1 

and 

P 4-P , , „(1l)-2jto T) »9 , + (<n Tl)2(2+2%Tf)e 

l(2)(o) - I {V ^ 
U1 >1 

-Tl 

ÍC*, o(Tl)-2An n »T tCTI) + (ia Tl)6(l+1l)e 

+-1 îf 

2?2[*1 -i(Tl)" An(Tl)(l+Tl)e"^] ^ 

+-1-- 

(10) 

nt__/’P-In (<l“P"l'l c¿ ■ «l-P+i-J 
vtere 0^ j - (p-1) ! (*-¿-1) i (n-qJT ^1-1/ ^ J"1 ' 6 

T) • (n-pfi)Ç for the single censoring model. 

-i and 

At thl. point vt observe .« rntker peculi« pUno-n. concerning the 

xnylor series approxlnetion* for the cases p < r < 4 end r»p. rirßt 

mte that no miter vhether o i. «iml to X/(v-l) or l/(v-c), c > 0, the 

or L(o), L(l)(0) and L(2)(0) till he ae given by (6), (7) «»1 (8). 

Purthemore} for r-p>l or 1 - r > 1 the first t.» of (8) 1. «nual 

to tero. Aleo, for r-p, (9) is eiuel to sero for 4 - p > 1 end (») i. ^eo 

e4u*J. to sero for 4-P>2- ^ th” ^ -r1** 

■atlon for r <p in order to determine If the difficultl*. mntloned ^ov. 

can be avoided in thin vay. For r < p ve Obtain 1.(0) > 0, 
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r p-r q-r 

ï II 
1*1 >1 k*l 

H. 
1,,),k 

1)(1+1))6-11] -ÇCIq^ÍI))-^ V11] 
«»—JL——--- + ” 

(c8+c9)2d (c8+c9)n* 

and 

t(2)(o) 
r Pr V r 3C»2 2(^-2jto *2.i<^ ^ 

"Z Z ZHi,j,kic95 (Cg+c^n5 
1*1 >1 k*l 

(20^3)^0^ ^(1))-2^ D *ltl(î)) » (to D)2(1»D)6-113 

(^9)2^ 

(Cfl-Cg)?[»Ot2(T|)-2to 1) *0tl(D) » (in TO2»"11] 

(C8+C9'3t1 

a^Cf. ,(T|)-in 1)(l+D)e-11] 2§C*0 ,(1))-^1 1) e-11] 
-‘•i'1- ■ . ■■■■— - 1 * -1¾ / t 

(c8+c9)if (c8+c9)¿ti 

Hi, j,k * (r-lj 1 (p-r-l^i (q-r-lj ! (n-lj ( (S) (^-11) (‘k-l1 ) ’ 

0» • 

*0 l(y) - J x e’X<ix> *0 2(y) “ J (jin *)2®’Xdx and the 610816 censoring 
' y # y 

model Cg - qrP+J-k, C9 - n-q+k+l and 1) - (n-r+i+l)Ç. 
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For r < p, L(l)(0) and ltZ\o) behave veil and yield approximationa good 

to within about 5 units in the first decimal place as long as r is eq,ual to 1. 

For 1 < r < p, both 1^^(0) and l/2\o) are identically e%ual to zero. 

Onff can observe from unpublished computer output obtained in conjunction 

with work on [6] that, for m * 4, it is possible to find a combination of 

r, p and 4 such that r < p and the mean squared deviation of the estima¬ 

tor X + Cx(X^a-X^ a) from is close to the minimum for three-order- 

statistic estimators. Furthermore, for y • .95 and n * 7* the combination 

r-p-1, 4*2 (equivalent to r*q«2, p-l) has smallest mean squared error among 

estimators with Xr n » ^ n* n a* ^6* as the squared devia¬ 

tion of X. + CV(X„ -X, ) from x is only 1M times that based on the 
n x ¿,n XfU / 

most efficient comhlnation of ordered observations. 

In Table C.I, values of r, p, 4, and v for obtaining confidence bounds of 

the form X ■»• v(x -X« ,) are given for all possible censorlmgs for 

n • 2, 3, ..., 9 and for single censoring for n ■ 10, 11, ..., 15» 7 ■ »95» 

9 rn .10, .20. From the published tables in [6] and additional calculations 

during this study, one can observe that the tabulated values may be in 

error by as much as 4 units in the first decimal place. It might therefore be 

worthwhile to evaluate iP^(O) for r ■ p during subsequent investigations. 

This would involve the derivation of an expression for *o,3* 
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vkVTx C.Z - VAUon vor amanan a (i-oO-lbvkl conrxsracB bowto 

<v na $ RMm podtp or a vbxbuu« potoaxioí 

Mb«r OcBsoraA at 1th ObMnratloix cr ■ .10 

n m r V q. 123»>56789 v 

22 212 00000 0 0 0 0 -14.0 

32 212 10 _Q 0.0. 0 0 0 0 -8.7 
3 2 2 1 2 Ò100 0 0000 -15.1 

3 3 3 1 3 Ó Ö 0 Ö 0 0 0 0 0 -4.6 

4 2 2 12 200000000 -6.2 
42 212 110000000 -10.6 
4 2 Z 1,. ..2.... .0. Z ..0..0...0 0 0 0 0 -14.6 

43 \ 2 3_1. 0 0 0 ..JO 0 0 0 0 -10#3 
4 3 1 2 3 0 1 0 0 0 0 0 0 0 -8«6 
43 123 001000000 -16.0 

4 4 i 3 4 0 0 Ö 0 0 0 0 0 0 

2 1 2 3 6 0 Ö 0 0 0 0 0 
212 210000000 
2 1 2. 1 2.9 .0. . 0 0 0 0 0 
2 1 2 Ö 3 0 0 0 0 0 0 0 

. ^ - ~'2~ o' Ò 0 0 0 0 0 0 
b3 123 110000000 
3 3 12 3 0...2 .0 0 0 0 0 0 0 
33 123 101000000 
33 123 011000000 
>. ..3  .„I. 2 3_J2 Ä—Z~ 9 -.9-- 0. .. 0 9 0 

3 4 .13 4 _ l._.0._ 0 _0 . 0 0 0 0 0 
5 4 1 3 4 0 1 0 0 0 0 0 0 0 
54 134 001000000 
54 1 3 4 0 0 0_1_0_0 0 0 9 

1 3 5 0 0 0 . 0 _0. . 0 0 0 0 

5 2 
5 2 
5 2 
5 2 

-13.8 

—4*8 
-8*0 
-10*9 
-13.8 

-8*1 
-6.7 
—6*0 
-12.4 
-11.1 
-13.9 

-11.2 
-10.4 
-9.0 
-16.8 

-4.6 

or ■ .20 

V 

-7.2 

-4.8 
-7.5 

3.2 

-3.6 
-5.5 
-7.1 

-4.7 
-4.1 
-6.9 

-6.3 

-2.8 
-4.3 
-5.5 
-6.5 

-3.7 
-3.1 
-2.8 
-5.4 
-4.9 
-6.4 

-5.1 
-4.8 
-4.2 
-7.1 

-3.0 
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Tm C.Z (eoatixuwd) • VAX» V« OBZAHl» A (l-ff)-LKVIL COPIIMK» 

BOUD OR OB 5 HM» VOQBS QV A VBZBttL VOnLAXZOR 

Viator Caaorad at Ith Obaamtloa « ■ «10 a ■ «80 

na r p 4 125^56789 v v 

b 2 2 1 y 4 0 0 0 0 üÖ00~ -3.9 
6 2 2. 1 2 ..1....1 Ä_.Ä J) .0 0 0 0 -6.3 
62 212 220000000 -8.6 
62 212 130000000 -10.7 
b 2 212 040000000 -12.8 

-2.3 
-3.5 
-4.5 
-5.3 
-6.0 

6 3 1 2 3 3 0 0 
6 3 i 2 3 210' 
6 3 1 2 3 1 2 0 
6 3 1 2 3 0 3 0 
6 3 1 2 3 2 0 1 
6 3 1 2 3 1 1 1 
b 3 li 3..0. 2.-J. 
6 3 1 2 3 1 0 2 
6 3 1 2 3 0 1 2 
63 123 00 3 

£ 0.0.0 0 0 -6,6 
0 0 0 0 0 0 -5.4 
0 0 0 0 0 0 -4.8 
0 0 0 0 0 0 -4.4 
Õ 0 0 0 0 0 -10.0 
0 0 0 0 0 0 -8.8 

.0 0 0 -8.1 
0 0 0 0 0 0 -12.7 
0 0 0 0 0 0 -11.6 
0 0 0 0 0 0 -15.0 

-3.0 
-2.5 
-2.2 
-2.1 
-4.3 
-3.9 
-3.7 
-5.1 
-4.9 
-5.7 

64 13 4_ 2 0 0000000 -9.3 
6 4 i 3 4 0 2 Õ 0 "0 Ö 0 Õ 0 -¿.2 
64 134 110000000 -8.6 
64 134 10J.OOOOOO -7.4 
6 4 1 3 4 Ö ï ï 0 6 0 Õ 0 0 -7.0 
64 134 002000000 -6.4 
b * 1.JL .it_L. .9..l . jß. P 9 0 0 -13.8 
64 134 010100000 -13.1 
64 134 001100000 -11.8 
6 4 1 3 4 0 00200000 -17.1 

-4.2 
-3.9 
-3.8 
-3.4 
-3.2 
-3.0 
-5.8 
-5.6 
-5.1 
-6.7 

b 5 1....3.5-.—0—..JQ . O 0 -3.7 
65 135 010000000 -3.5 
65 135 001000000 -3.1 
6 5 1 3 5..0. 0 _0 10 _0 0 0 0 -4.0 
65 135 000010000 -6.1 

-2.4 
-2.2 
-1.9 
-2.5 
-4.0 

66 146 000000000 -4.6 -2.9 

7 2 
7 2 

.7 2 
7 2 
7 2 
7 2 

212 500000000 
212 410000000 
2 1-...2__Q_CL_.Q. . 0 0 0 
212 230000000 
2 í 2 140000000 
2 12 .0...5.0 OU 0 0 0 0 

-3.2 
-5.2 
-7.0 
-8.7 

-10.3 
-11.9 

-2.0 
-3.0 
-3.8 
-4.5 
-5.0 
-5.5 
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TABUS C.Z (caatinued) - VALUES TOR OBTAINING A (1-cr)-LEVEL CONFIDENCE 

BOUND ON THE 5 PERCENT POINT OF A VEIBULL POPULATION 

Hvsnber Censored at 1th Observation a « *10 am .20 

n n r p q, 123^56789 V 

• 

7.3 .2.._4.-0_Û_0—CL 0 .0. 0 
7 3 212 31000000 
73 212 22000000 
7 3 2 1 2 ..1 ._ 1. ._0. . 0.0 0 .0 0 
7 3 212 04000000 
73 212 30100000 

J.. 3.2.1_2_.2—1—I—2 . -0--.-2- 0 .0 
73 212 12100000 
73 212 03100000 
7 3 _ 2 .1 2_2 0.—2 Q fi—A.. .0. 0 
73 212 11200000 
73 212 02200000 

...1—3_2. i 2._1—2—3—JQL_JÏ—Û ...0-.. 0. 
73 212 01300000 
73 212 00400000 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

-5.2 
-7.0 
-8.7 

-10.3 
-11.9 
-7.0 
-8.7 

-10.3 
-11.9 
-8.7 

-10.3 
-11.9 
-10.3 
-11.9 
-11.9 

-3.0 
-3.8 
-4.5 
-5.0 
-5.5 
-3.8 
-4.5 
-5.0 
-5.5 
-4.5 
-5.0 
-5.5 
-5.0 
-5.5 
-5.5 

-7.0 
-8.7 

-10.3 
-11.9 
-8.7 

-10.3 
-11.9 
-10.3 
-11.9 
-11.9 
-8.7 

-10.3 
-11.9 
-10.3 
-11.9 
-11.9 
-10.3 
-11.9 
-11.9 
-11.9 

-3.8 
-4.5 
-5.0 
-5.5 
-4.5 
-5.0 
-5.5 
-5.0 
-5.5 
-5.5 
-4.5 
-5.0 
-5.5 
-5.0 
-5.5 
-5.5 
-5.0 
-5.5 
-5.5 
-5.5 

7 5 2 1 2_2_0 0_Q_0 _ 0 0 0 0 
7 5 2 1 2 1 1 0 0 0 0 0 0 0 
75 212 020000000 
7 5 _2 12 10 10 0 -0—0—P—JB ... 

"7 5 212 011000000 
75 212 002000000 
7 5 2_1 2 _1_0 0_ 1_0 0 0 0 .0 . 

-8.7 
-10.3 
-11.9 
-10.3 
-11.9 
-11.9 
-10.3 

-4.5 
-5.0 
-5.5 
-5.0 
-5.5 
-5.5 
-5.0 
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XABUI C.X (eontlmud) • VALUES VOR QBTAHriBO A (l-or)-UVEL COUPSSKl 

BOUHD OB SEE $ URGENT TOUT GF A VE2BULL POPUZATZOBT 

Number Censored at 1th Observation a ■ *10 a ■ .20 

n a *P4 123^56789 V V 

»5 212 010100000 
'5 212 001100000 
7 5 .2_1.2.0 0 0 2 0 0 p 0 0 
7 5 2 1 2 ï Ó 0 0 1 0 Ò 0 0 

212 010010000 
7 5 2 1 2 .... 0 0 1. 0 1 0 0 0 0 
75 212 0001 10000 
75 212 000020000 

-11.9 
-11.9 
-11.9 
-10.3 
-11.9 
-11.9 
-11.9 
-11.9 

-5.5 
-5.5 
-5.5 
-5.0 
-5.5 
-5.5 
-5.5 
-5.5 

2 1 2 100000000 
2 1 2 0 1 0 0 0. 0 P 0 0 
212 OPIOOOOOO 
212 000100000 

... 0. .-Q._P_ SL..X... 0. ..0 0 0 
212 000001000 

-10.3 
-11.9 
-11.9 
-11.9 
-11.9 
-11.9 

-5.0 
-5.5 
-5.5 
-5.5 
-5.5 
-5.5 

7 7 212 0000 0 0 0 00 -11.9 5.5 

« 2 2 1 2 6~ Ö 
8 2 2 1 2 5 1 
8 2 2 1 2 4 2 
8 2 2 1 2 3 3 
8 2 2 1 2 2 4 
8 2 2 1 2 1 5 
8 2 2 1 2 0 6 

0 0 0 0 0 0 0 -2.8 
0 0 0 0 0 0 0 -4.4 
0 .0 .0 0 0 0 0 -5.9 
0 0 0 0 0 0 0 -7.2 
0 0 0 0 0 0 0 -8.5 
0 0 0 0 0 0 0 -9.8 

Ö 0 0 00 0 0 -11.0 

-1.7 
-2.6 
-3.2 
-3.8 
-4.3 
-4.7 
-5.0 

8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 
8 3 2 1 2 

5 0 0 0 0 0 
4 1 0 0 0 0 

. 3 . 2._0 0 0 0 
2 3 0 0 Õ 0 
1 4 0 0 0 0 
0 5 0 0 0 0 
4 Ò 1 0 0 0 
3 110 0 0 

_2 ...2._1 0 0 0 
1 3 1 Ö Ò 0 
0 4 1 0 0 0 

.... 3 0 2 0 0 0 
2 1 2 0 0 0 
1 2 2 0 0 0 

. 0 . 3... 2 . 0 . .0.0 
2 0 3 0 0 0 
1 1 3 0 0 0 
0 2 3 0 0 0 
1 0 4 0 0 0 
0 1 4 0 0 0 

..O P 5.0 0 0 

000 -4.4 
000 -5.9 
.0 0 0 -7.2 
000 -8.5 
000 -9.8 
POO -11.0 
0 0 0 -5.9 
000 -7.2 
000 -8.5 
000 -9.8 
000 -11.0 
000 -7.2 
000 -8.5 
000 -9.8 
000 -11.0 
000 -8.5 
000 -9.8 
000 -11.0 
000 -9.8 
000 -11.0 
000 -11.0 

-2.6 
-3.2 
-3.8 
-4.3 
-4.7 
-5.0 
-3.2 
-3.8 
-4.3 
-4.7 
-5.0 
-Í.8 
-4*. 3 
-4.7 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
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TABUE C.Z (continued) - VALUES TOR ÒBXAXSIK} A (l-a)-IEVEL COUFZDENCB 

BOUND OH THE 5 BERCENT POINT OP A VEZBULL FQPULATZCH 

Nvaaber Censored at 1th Observation .10 .20 

r p 4 1 23^567 6 9 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 

8 

8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 
8 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

1 
1 
1 
1 
i 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

1 2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

4 
3 
2 
1 
0 
3 
2 
1 
0 
2 
1 
0 
1 
0 
0 
3 
2 
1 
0 
2 
1 
0 
1 
0 
0 
2 
1 
0 
1 
0 
0 
1 
0 

0 
1 
2 
3 
4 
0 
1 
2 
3 

2 
0 
1 
0 

0 
0 
0 
0 
Ò 
1 
1 
1 
1 

9 .2 
1 2 

2 
3 
3 
4 

0 0 
1 
2 
3 
0 
1 
2 
0 
1 
0 
0 
1 
2 
0 
1 
0 
0 
1 

Q . 0 
0 0 

0 
0 
0 
1 
1 
1. 
2 
2 
3 
0 
0 
0 
1 
1 
2 
0 
0 
1 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
3 
3 
3 
4 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
T 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

-5.9 
-7.2 
-8.5 
-9.8 

-11.0 
-7.2 
-8.5 
-9.8 

-11.0 
-8.5 
-9.8 

-11.0 
-9.8 

-11.0 
-11.0 
-7.2 
-8.5 
-9.8 

-11.0 
-8.5 
-9.8 

-11.0 
-9.8 

-11.0 
-11.0 
-8.5 
-9.8 

-11.0 
-9.8 

-11.0 
-11.0 
-9.8 

-11.0 
-11.0 
-11.0 

-3.2 
-3.8 
-4.3 
-4.7 
-5.0 
-3.8 
-4.3 
-4.7 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-3.8 
-4.3 
-4.7 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 

8 5 212 300000000 -7.2 
85 212 210000000 -8.5 
8 5 2 1 2 . „ JL 2. Q. 0 0 0 0 0 0 -9.8 
85 212 030000000 -11.0 
85 212 201000000 -8.5 
85 212 1 1 1000000 -9.8 
85 212 021000000 -11.0 
85 212 102000000 -9.8 
8 5 ...2 .1..2.P.1_ft.0,0 0 -11.0 

46 

-3.8 
-4.3 
-4.7 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 



TABLB 0,1 (cCtttUttMd) - VALUES TOR QBZAZHO» A (l-a)-IXVEL C0H7ZSEBCB 

BOUHD ON THE 5 PERCENT POINT OP A WE2BULL POPULATION 

a a 

b 5 
b 5 
b 5 
b & 
b b 
b 5 
b b 
b 5 
b & 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b 5 
b !> 
b 5 
b b 
b 5 

r p * 

2 1 2 
2 1 2 
2 1 2 
2 l 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 12 
2 1 2 

Number Censored at ith Observation o - .10 

1 234567 69 

003000000 
200100000 
110100000 
020100000 
!01 100000 
0 1.11 00 0 0 0 
002 100000 
100200000 
010200000 
001200000 
000300000 
2 0 0 01 0 0 0 0 

11Ò010000 
020010000 
1010 10000 
01 1010000 
002010000 
1001 10000 
0101 10000 
0011 10000 
0002 10000 
100020000 
010020000 
00 1 0 2 0000 
000120000 
000030000 

-11.0 
-8.5 
-9.8 

-11.0 
-9.8 

-11.0 
-11.0 
-9.8 

-11.0 
-11.0 
-11.0 
-8.5 
-9.8 

-11.0 
-9.8 

-11.0 
-11.0 
-9.8 

-11.0 
-11.0 
-11.0 
-9.8 

-11.0 
-11.0 
-11.0 
-11.0 

or ■ .20 

V 

-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-5.0 

b 6 
8 6 
8 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 
b 6 

2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2. 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 

2 0 0 0 0 0 
1 1 0 0 0 0 
0 2 0 0 0 0 
10 10 0 0 
0 1 10 0 0 
0 0 2 0 0 0 
10 0 10 0 
0 1 .0 1 0 0 
0 0 110 0 
0 0 0 2 0 0 
1 0 0 0 1 0 
0 10 0 10 
0 0 10 10 
0 0 0 .1 10 
0 0 0 0 2 0 
100001 
010001 
0 0 1 0 0 1 
0 0 0 1 0 1 
0 0 0 0 1 1 
0 0 0 0 0 2 

000 -8.5 
000 -9.8 
000 -11.0 
000 -9.8 
000 -11.0 
000 -11.0 
000 -9.8 
000 -11.0 
000 -11.0 
000 -11.0 
0 0 0 -9.8 
000 -11.0 
000 -11.0 
000 -11.0 
000 -11.0 
000 -9.8 
000 -11.0 
000 -11.0 
000 -11.0 
000 -11.0 
000 -11.0 

-4.3 
-4.7 
-5.0 
-4.7 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-5.0 
-4.7 
-5.0 
-5.0 
-5.0 
-5.0 
-5.0 

4? 



TABLE C.Z (continued) - VALUES TOR OBTAINING A (1-cr)-LEVEL CONFIDENCE 

BOUND CN THE 5 PERCENT POINT OF A VEXBULL POPULATION 

Number Censored at 1th Observation or ■ *10 

n a r p q, 

b 7 2 12 
b 7 2 12 
b 7 2 12 
b 7 2 12 
S 7 2 12 
b 7 2 12 
b 7 2 12 

1 2 3 if 5 6 

1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 0 0 
0 0 0 0 1 0 
0 0 0 0 0 1 
0 0 0 0 0 0 

7 8 9 V 

000 -9.8 
000 -11.0 
000 -11.0 
000 -11.0 
000 -11.0 
000 -11.0 
100 -11.0 

b 8 2 0 0 0 6 0 0 0 0 0 -11.0 

9 2 
9 2 
9 2 
9 2 
9 2 
9 2 
9 2 
9 2 

2 1 2 7 0 0 0 0 0 0 0 0 
212 610000000 
2 1 2 5 2 0 0 jO . 0 0 0 0 
2 1 2 4-3-0 0 '0 0 0 0 0 
212 340000000 
212 230000000 
2 1 2 1 6 0000000 
212 070000000 

-2.4 
-3.8 
-5.0 
•6« 1 
-7.2 
-8.2 
-9.2 

-10.2 

9 3 2 1 2 
9 3 2 1 2 
9 3 2 1 2 
9 3 2 1 2 
9 3 2 1 2_ 
9 3 2 1 2 
9 3 2 1 2 
9 3 _ 2 1 2_ 
9 3 2 1 2 
9 3 2 1 2 

9 3 .. .... 2 . J . ..2- 
9 3 2 1 2 
9 3 2 1 2 
9 3 2 1 2.. 
9 3 2 1 2 
9 3 2 1 2 

600000000 
3 1 0 0 0 0 0 0 0 
4 2 0 0 0 0 0 0 0 
330000000 
2 4 0 0 0..0.0 0 0 

5 g Ò 0 0 0 0 0 
060000000 
5 0_1 00 0 0 00 
4 1 1 0 0 0 0 0 0 
321000000 
2 _ 3_1 0 0 0 „ 0 0 0 
1 4 r Ö Ö 'O Ò 0 0 
05 1000000 
402000000 
31 2 0 0 0 0 0 0 
222000000 

y 3 2_. .0.-ft—ft. -.0 .0 0 
042000000 
303000000 
2 1 3 0 0 0 0 0 0 
1 2 3 0 0 0 0 0 0 
033000000 

-3.8 
-5.0 
-6.1 
-7.2 
-8#2 
-9.2 

-10.2 
-5.0 
-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-7.2 
-8.2 
-9.2 

-10.2 

48 

or ■ .20 

V 

-4.7 
-5.0 
-5.0 
-5.0 
-5.0 
-5.0 
-5.0 

-5.0 

-1.5 
-2.2 
-2.8 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 

-2.2 
-2.8 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-2.8 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 



«pAPT-c c.I (coatinued) - VALUES FOR OBTAINING A (l-or)-LEVEL C 

aOPMP QU TBE 5 PERCENT POINT OF A VEIBULL POPULATION 

[CE 

Number Censored at 1th Observation or m .10 or m .20 

a m 

9 3 
9 3 
9 3 
9 3 
9 3 
9 3 

rpi 1231*5678 

2 1 2 2 _4_0_0 _ 0 .0 0 
212 1 1400000 
212 02400000 
212 10500000 
212 01500000 
212 00600000 

9 

0 
0 
0 
0 
0 
0 

9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 

212 500000000 
212 410000000 
212 320000000 
212 230000000 
2 12 1. * _ JD Q .0 0 . 0 0 0 
2 12 050000000 
212 401000000 
212 311000000 
212 221000000 
212 131000000 
2 1 2 0 4_ . Jl . Q 0 0 0 0 0 
2 12 ” 3 0 2 0 0 0 0 0 0 
212 212000000 
212 122000000 
212 032000000 
212 203000000 
2 1 2 1 1 3. 0 0 0 0 0 0 
2 1 "2’ b 2 3 0 0 0 0 0 0 
212 104000000 
2 1 2 0 1 4 0 0 0 0 0 0 
2 12 005000000 
212 400100000 
212_ 3101 ..0 0 0 0 0 
2 l' 2 20100000 
212 130100000 
212 040100000 
212 301100000 
212 211100000 
212 12.1 100000 
212 031100000 
212 202100000 
212 112100000 
212 022100000 
212 103100000 

V 

-8.2 
-9,2 

-10.2 
-9.2 

-10.2 
-10.2 

-5.0 
-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

V 

-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 

-2.8 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 

*+9 



r«. C.I (coBtlmai) - VALUES KR * (l-«)-IWKL «aTOESOE 

BOU» ca TEE 5 PXRCEKT »IST OP A VEIBULL POPULAIICa 

n a 

9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 
9 4 

9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 5 
9 *> 
9 b 
9 5 
9 5 
9 b 
9 b 
9 b 
9 b 

Humber Censored nt itt Observation « - .10 

r p % 

2 1 2 
2 12 
2 1 2 
2 12 
2 12 
2 12 
2 1 2 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 I 2 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 12 
2 12 
2 1 2 
2 1 2 

123^567 69 

013100000 
0 0 4 100000 
300200000 
210200000 
120200000 
030200000 
201200000 
11 1 2 0 0000 
021200000 
102200000 
012200000 
003200000 
200300000 
1 10 300000 
020300000 
1 0 1 3 0 0 0 0 0 
01 1300000 
002300000 
100400000 
010400000 
001400000 
OOObOOOOO 

V 

-10.2 
-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 

2 1 2 
2 12 
2 1 2 
2 12 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 

4 0 0 
3 10 
2 2 0 
13 0 
0 4 0 
3 0 1 
2 1 1 
1 2 1 
0 3 1 
2 0 2 
1 1 2 
0 2 2 
1 0 3 
0 1 3 
0 0 4 
3 0 0 
2 10 
12 0 
0 3 0 
2 0 1 
1 1 1 
0 2 1 

000000 
000000 
0 0 0 0 0 0 
0 0 0 0 0 0 
000000 
0 0 0 0 0 0 
0 0 0 0 0 0 
000000 
000000 
0 0 0 0 0 0 
0 0 0 0 0 0 
000000 
0 0 0 0 0 0 
000000 
0 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 
1 0 0 0 0 0 

-6.1 
-7.2 
-8.2 
-9.2 

-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 

a m .20 

V 

-4.6 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.4 
-4.6 
—4.6 
-4.6 

-3.3 
-3.7 
-4.1 
-4.4 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
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TABUS C.I (continued) - VALUES VOR OBTAINING A (1-or)-LEVEL CONFIDENCE 

BOUND ON TEE 5 PERCENT POINT OF A VEIBULL POPULATION 

Number Censored at 1th Observation er « *10 a m «20 

r p 4 234567 69 

y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
y 
9 
y 
y 
y 
y 
9 
y 
y 
y 
9 
y 
9 
y 
y 
y 
y 
9 
y 
y 

y 
y 
y 
y 
y 
y 
y 
y 
y 

b 
b 
5 
5 
5 
5 
b 
5 
5 
5 
5 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 
b 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

A 
1 
1 
1 

2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 

1 
0 
0 
2 
1 
0 
1 
0 
0 
1 
0 
0 
0 
3 
2 
1 
0 
2 
1 
0 
1 
0 
0 
2 
1 
0 
0 
1 
0 
1 
0 
0 
0 
2 
1 
0 
1 
0 
0 
1 
0 
0 
0 
1 
Q 
0 
0 
0 

0 
1 
0 
0 
1 
2 
0 
1 
0 
0 
1 
0 
0 
0 
1 
2 
3 
0 
1 
2 
0 
1 
0 
0 
1 
2 
1 
0 
0 
0 
1 
0 
0 
0 
1 
2 
0 
1 
0 
0 
1 
0 
0 
0 
1 
0 
0 
0 

2 
2 
3 
0 
0 
0 
1 
1 
2 
0 
0 
1 
0 
0 
0 
0 
0 
1 
1 
1 
2 
2 
3 
0 
0 
0 
X 
1 
2 
0 
0 
1 
0 
0 
0 
0 
1 
1 
2 
0 
0 
1 
0 
0 
0. 
1 
0 
0 

1 
1 
1 
2 
2 
2 
2 
2 
2 
3 
3 
3 
4 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
2 
2 
2 
3 
0 
0 
0 
0 
0 
0 
1 
1 
X 
2 
0 
Q 
0 
1 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 

-.3 
3 
3 
4 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0’ 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 

-9.2 
-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-7.2 
-8.2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-10.2 

-4.4 
—4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
—4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-3.7 
-4.1 
—4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
—4.4 
-4.6 
-4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.6 
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» 

TABLE C.S (oaatinuttd) - VALUES VOR QBTAINIKO A (1-a)-LEVEL CONFIDENCE 

BOOED OH THE 5 VERGEHT POINT OF A VEZBULL POPULATION 

Nuoiber Censored et 1th Observation or ■ .10 

a» rp* 123^56789 V 

V 6 212 3_ 00000000 
V6 2 12 2 100 0 0000 
V6 212 120000000 
96 212 030000000 
96 212 201000000 
96 212 111000000 
96 212 0210 jp 0000 
96 212 102 b 00000 
96 212 012000000 
96 21 2 003000000 
96 212 200100000 
96 212 110100000 
96 212 0_2_ OJOOOOO 
96 212 10 1 100000 
96 212 011100000 
96 212 0Q2100000 
96 212 10 0 2 0 0000 
96 212 010200000 
9 6 .2 . 1 .2_0 0,1 2 0 0 0 0 0 
96 212 000300000 
96 212 200010000 
96 212 110010000 
96 212 02 0 010000 
96 212 101010000 
9 6 2 1 2 .„0 .. L_l_A .1 0 0 0 0 
96 212 002010000 
96 212 100110000 
96 212 01.0110000 
96 212 001110000 
96 212 000210000 

-7,2 
-8,2 
-9.2 

-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 

9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 
9 6 2 1 2 

1 0 0 0 2 0 
0"l Ó" 0 2 0 
0 0 1 0 2 0 
0 0 _0 1 2 0 
0 0 0 Õ 3 0 
2 0 0 0 0 1 
1 1 0 0.0_1 
6 2 0 0 0 1 
10 10 0 1 
0 110 0 1 
0 0 2 0 0 1 
10 0 10 1 

_9. .. i„ - 0- JL 0 1 
0 0 110 1 
0 0 0 2 0 1 
1 0 0 0 1 1 

000 -9.2 
000 -10.2 
000 -10.2 
000 -10.2 
000 -10.2 
000 -8.2 
000 -9.2 
000 -10.2 
000 -9.2 
000 -10.2 
000 -10.2 
000 -9.2 
000 -10.2 
000 -10.2 
000 -10.2 
000 -9.2 

a m .20 

V 

-3.7 
-4.1 
-4.4 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
—4.6 
-<».4 
—4.6 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
—4.6 
-4.6 
-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.4 
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SOU C.X (ooatlBtttd) - VALUES VOR OBXAZVZ» A (l-«)-ZXVZL COPH—CI 

bqoid or m j PiRCJurr soar or a vebull povuuzzcv 

Mb«r CcaaortA at ith Obaarvatioa « - 40 a . 40 

a a 

9 6 
9 6 
9 6 
9 6 
9 6 
9 6 
9 6 
9 6 
9 6 
9 6 

rV4 123*567 89 
212 010011000 
212 0010 1 1000 
2 ..1. 2. 0 0 0_1.11 0 0 0 
2 12 0000 2 1 0 00 
212 100002000 
212 010002000 
212 001002000 
212 000102000 
2 1 2 .. . 0_.._0_ j0. 0 ..1 2_ 0 0 0 
2 1 2 0 0 0 Ò 0 3~ O Ó 0 

V 

10.2 
10.2 
10.2 
10.2 
-9.2 
10.2 
10.2 
10.2 
10.2 
10.2 

V 

-4.6 
-4.6 

• 6 
6 

-4.6 
-4.6 
-4.6 
-4.6 
-4.6 

97 212 200000000 
97 212 110000000 
9 7 ... 2 12_. 0.,4, .0.,.9 Q... 0 0 0 0 
9 7 2 1 2 ï 0 1 Õ Ö 0 0 0 0 
97 212 011000000 
97 21 2 002000000 
97 21 2 100100000 
97 212 010100000 
9 7 2 1 2_9...0 „J. 1 0 0 0 0 Ò 
97 212 0Ö0200000 
97 212 100010000 
9 7 212 010010000 
97 212 001010000 
97 212 000110000 
9 7 2 1 2 0 0 0 0 2 0 0 0 0 
97 212 1 0 0 001000 
97 212 010001000 
97 212 001001000 
97 212 000101000 
97 212 000011000 
97 . 2 1 2 000002000 
97 212 1 0 0 00 0 100 
97 212 010000100 
97 2 1 2 001000100 
97 212 000100100 
97 212 000010100 
97 212 000001100 
9 7 2 1 2 Ö Ö 0 Ö Ò 0 2 0 0 

-8.2 
-9.2 

-10.2 
-9.2 

-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-10.2 
-10.2 
-9.2 

-10.2 
-10.2 
-10.2 
-10.2 
-10.2 
-10.2 

-4.1 
-4.4 
-4.6 
-4.4 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
*4 • 6 
-4.6 
-4.4 
-4.6 
-4.6 
-4.6 
-4.6 
-4.6 
-4.6 
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ttSLB 0*Z (oontiauad) • VAUÜIS TOR OBBAUDB A (l-or)-LXVKL CGH7ZEEHCI 

Mtfn d TBK $ PKRCEHT JOUI Of A VBBULL FQFULATZOV 

& ■ 

9 
9 
9 
9 
9 
9 
9 
9 

8 
8 
8 
8 
8 
8 
8 
8 

r p % 

2 
2 
2 
2 
2 
2 
2 
2 

2 
2 
2 
2 
2 
2 
2 
2 

Hvatoer Censored et 1th Observetlon 

1 23*567 89 

1 
o 
o 
o 
o 
o 
o 
o 

o 
i 
o 
o 
0 
0 
0 
0 

0 
0 
1 
0 
0 
0 
0 
0 

0 
0 
0 
1 
0 
0 
0 
0 

0 
0 
0 
0 
1 
0 
0 
0 

0 
0 
0 
0 
0 
1 
0 
0 

0 
0 
0 
0 
0 
0 
1 
0 

0 
0 
0 
0 
0 
0 
0 
1 

0 
0 
0 
0 
0 
0 
0 
0 

000000000 

5* 

.10 •20 

-9.2 
•10.2 
•10.2 
-10.2 
-1.0.2 
-10.2 
-10.2 
-10.2 

-10.2 

-4,4 
-4.6 
-4.6 
-4.6 
■4.6 
-4.6 
-4.6 
-4.6 

-4.6 



TABU C.Z - VALOIS VOR OBXfOHlBG A (l-cr)-LKVBL "—rrmmrm BOOID 

« xn 5 imcnx pout or a vizbull tofuiaxzoh 

gf - .10 a ■ .SO 

V V 

-9.4 
-9.4 
-9.4 
-9.4 
-9.4 
-9.4 
-9.4 
-9.4 
-9.4 

-4.2 
-4.2 
-4.2 
-4.2 
-4.2 
-4.2 
-4.2 
-4.2 
-4.2 

H 2 2 12 
H 3 2 12 
11 4 212 
11 5 212 
11 6 212 
11 7 2 12 
11 8 212 
11 9 2 12 
H 1P .2 .l.„ ,2_. 

11 11 212 

-8.7 —3.8 
-8.7 -3#8 
-8.7 -3.8 
-8.7 -3.0 
“8.7 -3.8 
-8.7 -3.8 
-8.7 -3.8 
-8.7 -3.8 

- -8.7 -3.8 
-8.7 -3.8 

12 2 
12 3 
12 4 
12 5 
12 6 
12 7 
12 8 
12 9 
12 10 
12 11 
12 12 

2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 

-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 
-8.1 

-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 
-3.4 

13 2 
13 3 
13 4 
13 5 
13 6 
13 7 
13 8 
13 9 
13 10 
13 11 
13 12 
13 13 

2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 

-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 
-7.5 

-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
-3.0 
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T*”* C.Z (eoatlBUtd) - 

bouhd m va 5 i*rc*«t poiht or a widull powlatmi 

.10 or ■ .20 

n ■ 

14 2 
14 3 
14 4 
14 5 
14 6 
14 7 
14 8 
14 9 
14 10 
14 11 
14 12 
14 13 
14 14 

r p <1 

2 1 2 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 12 
2 12 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 
2 1 2 

V 

-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 
-6.9 

V 

-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 
-2.7 

16 2 
1b 3 
16 4 
16 5 
16 6 
15 7 
15 8 
15 9 
15 10 
15 11 
15 12 
15 13 
15 14 
15 15 

2 1 2 
2 12 
2 1 2 
2 12 
2 1 2 
2 1 2 
2 12 
2 12 
2 1 2 
2 12 
2 1 2 
2 12 
2 1 2 
2 1 2 

-6.4 
-6.4 
-6.4 
-6.4 
-6.4 
-6.4 
-6.4 
-6.<» 
-6.4 
-6.4 
-6.4 
-6.4 
-6.4 
-6.4 

-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 
-2.2 



APPENDIX 

We first define # (y) » f xr(jfcn x)8 e"x dx and then determine expressions 
Tj S «I , 

‘ y 
for evaluating tQ 1(y) and *0 2(y). In order to accomplish this,we integrate 

y # ^ x • J ln X e“Xdx by parts to obtain in y(l-e y) - J ^ » 

" i 

in y(l-e y) ” ^ • 

1^1 

Then, from [l], ^ x - -7 - ^(y), vhere 7 is Euler's constant, approximately 

y 
i 2 -x 

equal to 0.57721566. If we then integrate ^(y) * J (in x) (l-e )dx by 
o 

parts, we obtain 

(ta y)"(l-e"y) - f 2ta . (A.1) 

Then, use of the result above and Integration by parts applied to the right 

hand term of (A.l) yields 

* , ..i+1 i 1 f .\i+1 i 
y2(y) = (in y)2(l-e-y) - 2 in y ^ X + 2 £ " 

U1 

2 //- ..2 

1^1 

and, from [l] and [2], »0 2 = «¿/6 + 7 - 006 can ^ recursively 

determine an expression for • , for n»l, 2 and any s > 0, as a function of 
r,s 

tQ^ and *0^2. 

Here, we find expressions for *1#2, *2^ and *2^2 which are needed 

to evaluate o (see (8) and (10))• 
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la each case, integration by parts is used to obtain the desired result. First, 

* 

I . J X In X e"xdx - y In y e"y + J e‘xdx + J An x e xdx 

y y y 

■ y In y e*y + e“y + 

Then, 

. . f x(ta x)2 .-’'dx . y(ln y)2 ♦ J C2x A. x ♦ (fa x)2>-xdx 

y ^ 

- y(4a y)2 e‘y + 2t1#1 + *0#2. 

Also, 
O» 

# . f x2ln X e”xdx » y2ln y e‘y + J (x+2x In x)e‘xdx 

y y 

« y2In y e"y + e y(l+y) + 

and 

» . I X2(fa x)2 e'xdx . y2(fa y)2 e‘y + 2 { Cx fa x + x(fa x)2>’xdx 

2,2 y y 

- y2(fa y)2 e‘y + 2«1(1 + 2*1>2 . 
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