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SUMMARY 

Hamilton-Jacobi's equation for the problem of two bodlea 

in bipolar coordinates la solved in closed form; Stumpff’s 

transcendental functions are used to express a complete solution 

of It in a universal form. This characteristic function Is shown 

to be the source of the analytical expressions necessary to solve 

the two-point boundary version of the problem of two bodies. 

In particular, it establishes immediately Lambert's equation in 

its universal form. ( 



introduction 

The problem of two baile» i, sepereble not only In epherlcel 

coordin.ee. end in per.bollc coordínete., but el.o in bipoler coordínete. 

The letter .eper.tion introduce, element, thet do not .ppeer well .uited 

to .olve the problem of lniti.1 velue., »ut we .how her. how . complete 

.elution of Hamilton'. J.cobi'. equation in bipolar coordínete, yield. 

immediately the eharacterietic function, end that the two-point boundery 

veraion of the problem center, .round that ba.ic function. In particular 

it yield, immediately Lambert', equation a, well a. the duel reletlon. 

that determine the velocities at the boundaries. To illustrate how 

convenient e vantage point the characteristic function i. for the two- 

point boundary version, we .how how it readily produce. Godel', 

compatibility condition, for the terminal velocities, the eccentric 

anomalies at the boundaries and Battin'. formula for the semi-latu. 

rectum. 

Throughout this survey, « use systematically the trigonometry of 

universal functions. The formula, come out uniformired in the neighborhood 

of the aero energy. I„ thl. manner, we bypass unpleasant di.cu..ion. 

case by case according to the type of Keplerlan orbits. 

The present paper does not aim at being exhaustive. It suggests the 

characteristic function in bipolar coordinates as the entity around which 

the recent literature could be organised: it shows how this re-arrangement 

would work in a few instances. A thorough survey should be left to a 

textbook. 
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!• Bipolar coordinateg 

Consider a pair (0,Q) of distinct pointa in the plane; Indicate 

by a (> 0) the distance OQ. Set at 0 a Cartesian frame of reference 

Oxy. the axis Ox is the line OQ oriented positively from 0 to Q. 

Call C the middle point of 0 and Q. Let Cxÿ be the translated 

of the coordinate system Oxy. 

For any point P in the plane, consider the oriented angle w 

from OQ to OP. It makes convenient notations in what follows if we 

Introduce the function 

(1) 

(2) 

£ i 1, "1 £ n <_ +1 (3) 

in the plane (ç,n). The mapping is 2 to 1. To each point (ç,n) in 

the strip (3) correspond two points (x,y) symmetrically located with 

respect to the x-axls. Figure 1 suggests several noteworthy details 

concerning the transformation (1). 

+ 1 if 0 <_ w < Tr (mod. 2ir), 
C = C(w) ■ 

- 1 if ir <_ w < 2n (mod. 2tt). 

Now construct the transformation 

X ■ j aÇn, 

ÿ - ca[(ç2-i)(i-n2)]1/2 

from the plane (x,y) to the strip 
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II I 

hi ! IV 
! 

I and IV 

I 
¡ H and HI 

Fig. 1. The mapping from Cartesian to bipolar coordinates. 

Designate by r and c the distances from P to 0 and Q 

respectively; the length 

s « 1/2(r + c + a) 

is the half-perimeter of the triangle OQP. with there notations, the 

equations of the transformation (1) imply the relations 

2r * a(f, + n), 2 (s - r) - a (1 - n), 

2c = a(£ - n), 2(s - c) » a(1 + n), 

2s “ a(C + 1), 2(s - a) « a(C - 1), ^ 

a “ n )] ^ * 4[s(s - a)(s - r)(s - c))*^. 

The first two relations in the first column of the list (4) have caused 

(r,n) to be called the bipolar or biradial coordinates of P with respect 

to the base pair (0,Q). 
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Fig. 2. The fundamental triangle. 

Figure 2 displays the orientation adopted for the triangle OQP, 

and it defines two oriented exterior angles B and <t> respectively 

at the vertices Q and P. From the identities 

2 2 2 
c ■ a -f r - 2ar cos w, 

c cos ß ■ r cos w - a, c cos $ ■ a cos w - r, (6) 

c sin ß - r sin w, c sin ¢1 - a sin w. 

there follows that 
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CO. 4 w . c(liCSijl/2 .IWHU-nl.l/Z 
2 ar J 2(ç+n) 1 

sin 4 w ■ _ .(C-lHl-n) 1/2 
2 “r J I 2(ç+n) ] 

cos ^ 0 - c[l«“cO(«-c.Kl/2 . .14-1)(1^),1/2 
2 ac J ‘1 2(4-n) J 

«ln I 0 - [5l2ZîIjl/2 . .14+1)(1-0),1/2 (?) 
2 “c 1 2(4-n) 1 

cos I * - C[Ig-0(»-c.),]1/2 . ç[-ijIL-]l/2 

4 -n 

1 ^ . [iUzSijl/2 . [-¿il1/2 
2 1 rc J 1 2 2J ’ 

4 -n 

Let It also be recalled Heron's formula for the area A of the oriented 

triangle OQP, 

A - ctsis-aXs-rMs-c)]1/2. (g) 

It implies that 

2A - ar sin w - ac sin 0 - rc sin ¢. (9) 

The., elementary equalitle. will be need throughout In this aurvey 

without being referred to explicitly. Notice that the orientation given 

to the exterior anglea 6 and : haa been aelected In order to cauae 

the duality between Identities Involving 6 and the corre.pondlng one. 

involving ¢. 
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2. The problem of two bodies in bipolar coordinates 

With respect to the inertial frame Oxy, the problem of two 

bodies is described by the Lagrangian function 

£ y(x +y ) + L 
r * (10) 

We propose to express it in the bipolar coordinates defined in 

Section 1. Obviously 

X ■ dx/dt 

y ■ dy/dt 

£ a(ÇrvKn), 

Ica a-n2id-a2-i)nñ 
2 [(C2-l)(l-n2)]^2 

(11) 

A few manipulations yield that 

,,2 .2,.2 1 2, 2 2..:2. 2 ,,-1 *2,, 2,-1, 
V - X + y - T a (f. -n )U U -D + n (1-n ) 1. 

G - xy - xy - r2sin wtçíç2-!)“1 - ñd-n2)"1], 

M \ 2. 2. 2,,*2. 2 ,,-1 . *2., 2,-1, . -1 
* ■ ã a (ç +n )(4 (ç -1) + n (1-n ) 1 + ur • 

(12) 

(13) 

(14) 

The transformed Lagrangian belongs to Liouvllle's class of separable 

systems. 

The moments conjugate to the time derivatives £ and ñ ate 

- *£hi ■ ^ a2i(ç2-n2)(ç2“l)”1» 

(15) 
mi’ 1 2*..2 2,., 2,-1 

p^ ■ 3X/3n ■ ^ a n(C -n )(l-n ) . 

2 
Note the dimensions of these moments: length /time or angular 

momentum per unit of mass. They have interesting kinematic meanings. 

Put 
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(16) 

A " (Pç+Pn>/a, 

B ■ <Pç-Pn)/a, 

th«n, on «xtracting Ç and ñ from (15) 

into (11), check that 

X ■ A cos w + B cos 

ÿ ■ A sin w + B sin 

Now let ¿ and be the unit vectora along the aldea QP and PO 

of the oriented triangle OQP. Decompose the velocity vector ¿ into 

the sum 

¿ + x¿; (ia) 

p (reap. x) i8 called the central (reap, the chordal) component of 

the velocity with respect to the oriented triangle OQP. Comparison of 

(17) and (18) results in the identities 

P ■ “A* X ■ B. (19) 

On introducing the conjugate moments into (13), we derive that 

G " (VPn)(c),in w’ (20) 

or even more concisely that 

G ■ 2AB/c. (21) 

The components of Laplace's vector 

and substituting them 

B» 

a. (17) 

Ji - ¿ x £ “ Hfc/r 
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in the Cartesian frame Oxy are 

P ■ Gÿ - ux/r 

Q - -Gft - py/r 

and they transform accordingly into the functions 

P ■ 2AB(A sin w + B sin 0)/c - y cos w, 
(22 

Q ■ -2AB(A cos w + B cos 6)/c - y sin w. 

Formulas (21) and (22) are essential in characterising Keplerlan 

motions. Once the central and chordal components A and B of the 

velocity are known, formula (21) yields the seml-latus rectum 

p - G2/y - 4A2B2/yc2 (23) 

whereas formulas (13) produce the argument g of perigee with respect 

and the eccentrlcty e: 

(24^ 

(242) 

(243) 

ye cos g ■ P 

ye sin g - Q 

to Ox 
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3* ij*»llton-Jacobi1« equation In bipolar coord*nut-». 

Tha Hamiltonian function dual of the Lagranflan (14) la 

*'7^ã[(íWí + w-"X)-^t- <») 

It give« rlaa to Hamilton-Jacobi'» partial differential equation 

(i2-l)(^)2 - „«Cd + Ij 0 • <n2-lHfS>2 - „«>,« + Sa „) (26) 

where h denotea the conetant of energy. Equation (26) admits a 

complete solution 

W = W(C,n;a,h) 

in the form of a sum 

W " W1 + W2 

such that 

(27) 

W1 E wi^*_J°l»h)» 

W2 " W2^“»ri*a»h)* 

The components arc solutions of the ordinary differential equations 

2 dWl 2 
<Ç “1)(dç ) " + ^ O - -ya(l + ^), 

(-.2-l)(f)2 - „and + Sa n) . .lm(l + te). 

The term artificially introduced in the right hand members will result 

in the equations taking the simpler form 
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dWl 2 h« 
(Ç+l)(^)2 (¢+1)] -0. 

(28) 

(n+ixf*)2 -wa[H. g- (n+1)] - 0; 

th«y define Implicitly (reap. W2) a* an algebraic function 

of Ç (reap, of ri). In order to uniformise the verloue determinations 

of these functions, we introduce two state variables 

o = 0(€»<i;a,h) end 6 = 6(Ç,n;a,h) 

through the implicit equations 

(291) 

¿^(¿«¡-2« (29j) 

involving Sttapff'a universal functiona (Stumpff 1947, 1959) in Sconso's 

notations (Sconso 1967). Note the dimensions of a and 6: time/length. 

The definitions (4) imply that 

C + 1 ■ o2U2(o;-2h), (30^) 

n + ! - 62Ü2(6i-2h), (302) 

hence, by virtue of the fundamental identities involving universal 

1 + 2Î(Ç+l) " ü0(2 aî’2h) " 211 + V0*-2h>l» (3^) 

1 * 2?(n+1) " Ü0(Í Ä*"2h) " 211 * VÄ;-2h)l. (312) 

functions 
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By differentiating the formulae (30) to obtain that 

3o " ^ 

g - ^ i»!«!-»), 

one can write that 

dWl « -1 dwi 
3T • t '«’“i«'’!-*'')! 30^ • 

dW2 « 1 dW1 
3n * t l«"!«!-“» d«1 

■o that the differential equatlone (28) becone 

d^l 22 2 
(dr> " ^ t1 + U0(o;-2h)]2f 

d^2 22 2 
<d6 ) - /U + U0(«;-2h)]\ 

(321) 

(322) 

(33^) 

(332) 

(34^ 

(342) 

Carrying out the elementary quadraturee end combining the double eigne 

implied by the equate roote finally yielde the complete aolutlon 

W - y[o + oUj^oj-lh)] + y[i + fiUj^íój-lh)] (35) 

In what followa, unless otherwise explicitly stated, wherever e 

double sign appears in a formula, the upper sign will correspond to the 

sign + in (35), the lower sign to the - in (35). 
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4‘ Canonical con»tant« of Integration related to bipolar rnnr<Hn««-». 

The complete solution (35) defines a completely canonical 

transformation from the bipolar state variables (^»n.p^.p^) to the 

phase coordinates (T ,t ) and the phase momenta (a ,h) through the 

set of implicit equations 

„ . aw 
pç aç * ^36i^ 

3 
3a » (363) 

pn - 3T * (362> (364) 

Lst us examine the equations expressing the conjugate moments 

in terms of the canonical constants h and a. In view of Eq. (33) 

•nd (34), 

1 
7a i i » 

^oU1(^o{-2h) 
(37^ 

U0(|6;~2h) 

70^(^65-2^ * 
(372) 

so that, on account of (29^ and (292), the conjugate moments are the 

energetic functions (Kustaanhelmo 1963) 

Pç = Pç(h,a,s) - a/I(¡r+~j) , (38^) 

Pn = Pn(h.a,s-c) - ± o^7<h + ^) . (382) 

Returning from (382) to Eq. (15), we may now interpret the double sign 

contained in the ccsiplete solution W: the upper (reap, lover) sign in 

W corresponds to n increasing (rasp, decreasing) in the time interval 
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Thcre results from Eq. (16) that the central end chordal 

components of the velocity et P ere the energetio functions 

A i A(h,s,s-c) - >/?'h + J) + /i(h + , (39j) 

B = B(h,s,s-c) - '/-(h + J) + /I(h + ^-) . (392) 

We calculate the partial derivative of (363) in several steps. 

From the first two relations in the list (6), we deduce that 

hence, that 

3c - -cos 0, 

£4(1+¾) -sin2U 

3(s-c) _ 1M 3cv 2 1 „ 
3a T^1 “ ãí) " cos ? 6. 3a 

Therefrom, addressing ourselves to the Eq. (29), we find that 

-1_I- 1 

301 2 /2ms U0(y o;-2h) 
sin2 i ß, 

ii . 1 1_1 
3a 2 rr—,-r ,1 

/2m (s-c) U0(¿ 6;-2h) 
• cos2 y ß. 

By composition of partial differentiations, we conclude from (34) and (35) 

that 



« 

-14- 

1 1+u0(oî”2h) 1 co»2 ? ß l+ün(6;-2h) 
^ " "J y r— -T-— T 11 ~ i 

ü0(joi-2h) /^(.-c) U0(¿6;-2h) 

•i“2 T ß , 
-U0(¿o;-2h) 1 1:0,2 L6.. ,1 

V? 'V^ Z£i 
U0(|6;-2h), 

W« use Eq. (29) and (37) to arrive at a simpler expression 

F - 2 ^(pç • sin2 J ß + Pn • cos2 j ß) 

•âl W " 81 

or, through the definitions (IS), at the final expression 

r ■ A - B cos B« (40) 

By reworking this expression as the sum 

r - (A-B)cos2(B/2) + (AfB)sin2(8/2) 

and using some of the expressions in the list (7), we can display 

the constant of integration r as the energetic function 

r . icslliai + . (41) 

The set of elements (h,r,a) may seem unusual to determine a 

Keplerlan orbit. Although we do not propose them to solve the initial 

value version of the problem of two bodies, we ought to outline how 

they could be used to that purpose. 

j 
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We easily check that 

r + B sin 0 ■ 2(h + (42) 

Together with (40), this relation will be used to express the 

quantities A end B as functions of the constants h,r,o end 

of the parametrising angle 0. We put 

♦ - \/2(h + ^) 
a 

and find that 

A - F + j «(cotan | - tan ^), 

B ■ J «(cotan + ten ^). 

Then the definitions (16) are celled to express the conjugate mosants 

*nd pn in th* 8a,ne w«y* and one goes to the equations (38) in order 

to calculate the half-perimeter s and the length s-c In terms of the 

elements h.a.r and of the parametrising angle 0. At this stage, we 

could produce the central distance r, and the anomaly w, as well as 

the velocity through the formulas (17). There would remain to relate the 

angle 0 to the time, and this we shall undertake at least In principle 

in the next section. 
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5» Lambert^ equation 

The equation (364) Is somewhat difficult to eliminate. Its 

right hand member is the sum of three terms 

where (ÍW/3o>h indicates the partial derivative of W with respect 

to o for h being kept fixed, (3W/36)h the partial derivative with 

respect to 6 for h fixed, and OW/ah)^ the partial derivative 

with respect to h for o and 6 being kept fixed. We make use of 

the partial derivative (see Goodyear 1966) 

U^zîk) - i z2[U3(z;k)-U2(z;k)] 

to deduce from (35) and the definitions (29) that 

Therefrom we conclude that (364) is the equation 

(A3) 

Such . universal expression is Intnreseln* (or Its conciseness, but 

It Is remote from more familiar expressions and It Is not convenient 

for numerical applications. In order to remedy these definitions, 

the definitions (29) will be rewritten as 
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U0(| a;-2h) ‘ 
6 

6;-2h) 

and it will be recalled (see Appendix) that 

(442) 

where 
(45) 

(46) 

and F i. . hypergeometrlc (unction. Accordingly the varl.blc. 

(as suggested by Lancaster et al 1966) 

o* - -2h(£ o)2uJ(¿ o;-2h), 

6* - -2h(i 6)2uJ(¿ ö;-2h) 

transform Eq. (43) into the relation 

(t-T) . (2.)^(1,3,1,0.) ± 12(.-0))^(1,3,1,5.). 
(48) 

At (lr.t .Ight the definitions (44) m.y seem .rtlflcl.l, y.t the 

qumtltle. o* end 6* h.ve the .dveotage „( b,ln, dl.en.lonl.... 

Moreover they .re In simple rel.tlon with the h.lf-perlm.t.r . 

and the con.t.nt of energy h. Indeed there result, from («7) th.t 

l-o* - u£(l o;-2h), 

1-Í* - U¿(¿ 5,-2h), 

..(1-0.) --1-1 
4 US * 

0*(l-<5*) 1 _J¡_ 
4 u(s-c) * 

(49x) 

(492) 

so that 
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Incldcntally, (47^) and (ATj) establish o* and 6* as energetic 

functions in the sense of Kustaanheimo. Their dependence on h for 

a fixed half-perimeter s and a fixed chord c is suggested in 

Fig. 3. Besides the equations (47) are easy to invert. Let ue recall 

(see Appendix) that 

(50) 

with the argument q as defined in (46). Consequently there follows 

from (44) that 

(51^ 

<512) 

At this point, we use Gauss' quadratic transformation formula for 

hypergeometric functions, namely 

in order to transform (51^), (512) and (48) into the expressions 

valid for all types of Keplerlan motions 

(521) 

(522) 

(53) 

. 
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. 3. The variables o* (in solid) and Í* (in dotted) as functions 
of the energy h. 
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Making h ■ 0 in (53) will produce Euler's well-known equation 

6^T (t-T) - <2s)3/2 + (2(s-c))3/2. (54) 

Notice also that the expressions (52^ and (522) constitute the 

explicit solutions of the implicit equations (29^ and (292). 

The universal form of Lambert's equation (53) laads to equivalent 

expressions to be found in the recent literature of the problem of two 

bodies. For instance, let us define the "modified mean motion" v > 0 

such that 

v2(2s)3 - y, 

the "shape factor" 

n - ç 

and the dimensionless energetic function 

s.-fc. 
V 

With these notations, Lambert's equation (53) becomes 

v(t-T) - ¿ F(|,|;|-;*) + A ç3n3F(A;2.I;n2Ij> 
2'2'2' 

Then the hypergeometrlc function F is replaced by its development in 

power series of z so that 

fíy.yíyit) ■ 6 £ 4nfn' 
n>0 

and Lambert's equation takes the form proposed by Gedeon (1963); 

; 

¡ 
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v(t-T) - I a (1 + n2nf3)*n. 
n>0 

Oth.r ..Lotion, of th. ".h.p. f«tor" , „d of th. 
quantity , «111 Lad to .qulv.l.nt «tolono of (J3) (... 

for Inttanc« Battln 1968). 



6. The characfrAitlc function 

Th« Major, if not tha only, advantage of the bipolar coordlnatee 

for tha problem of two bodies, is that they Introduce In a direct and 

elementary way what Hamilton calla the oharaoteriatio function. Simplicity 

through the bipolar coordinates contrasts eminently with the difficulties 

caused by the polar coordinates In the transition from a complete solution 

of Hamilton-Jacobi's equation to the characteristic function (see for 

Instance Lure 1962). 

Aasume that Q Is the initial position Pq of the particle at the 

Initial time t., so that a la the Initial distance r^ from the center 

of attraction 0. Thus 

hence a and s-c era function« of the Initial and terminal coordlnatee, 

so are alao the bipolar coordinates (C,n) and the uniformising variables 

o and 6. Therefore the complete aolutlon 

In which the uniformising variables ought to be expressed In terms of the 

Initial and final coordinates. Is a characteristic function of the problem 

of two bodies. 

Accordingly the components of the Initial and terminal velocities 

are given by the partial derivatives 
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¿ m ¿£L. fmm \ 
O 3x0 » (551J * .¿Sí 

3x 

*0-1^. <Mj) í . a 
y ay 

wh*r*a* th* ti«* it tàkm, for the particle to travel froa P 
0 

ia given by the derivative 

(553) 

<554) 

to P 

t-t- - 
0 5h lh * (56) 

Eq. (56) which conetitute. Lanbert’a equation properly apaaking 

haa been amply analysed in the preceding aection. 

Wa compute the partial derivative in (55^ by the chain rule 

|SL . aw t 3o_ . 3W . 36_ 

Since 

3x0 30 3xo ’ axc 

Xft xrt-x 

dx 
0 ‘0 

2 Hare) . !o . Vx 
ax C » 

the definitlona (29) imply that 

2woU.(oî-2h) . |2- - ifi + ÍLÜ 
1 9xo '0 c • 

lyóu.íóí-ah) . - ia _ vx 
1 3,o ro ' • 

and therefore that 
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Similar expresalons are found for the derivatives in (552), (553) 

and (55^). The conclusion is that, in any inertial frame of reference 

located at the center of attraction, if the initial and final positions 

Pq and P as well as the level of energy h are assigned, then the 

components of the velocity at the initial position Pq are 

(57) 

whereas the components of the velocity at the final position P are 

(58) 

These formulas known already to Jacobi (Dziobek 1888) have been 

rediscovered lately by Godai (1961). It is of some interest to relate 

Godai1s geometric approach to the analytical deduction made here. 

Consider the special inertial frame whose x-axis goes through 

the initial position Pq{ in this coordinate system, we have 

*0 • 'o' yo • a' 

X ■ r cos w, y « r sin w, 

x-Xq - c cos <fr0, y-y0 - c sin $q. 
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(Note that to render the notations more symmetric, we have decided 

to Indicate by <)»0 the exterior angle at Pq - Q that has been labeled 

B in Fig. 2.) The dual relatione (57) and (58) become 

*0 - -A + 8 cos ¢¢, 

ÿ0 « B sin 

(59) 

X ■ A cos w + B cos $0, 

(60) 

ÿ ■ B ein w + B sin 

As expected, we recover in (60) the decomposition in central and chordal 

components already performed in the formulas (17). The formulas (59) 

indicate that the velocity vector ^ at the initial position PQ may 

be decomposed into the sum 

¿0 " p0*0 + X0P’ 

with ¿q being the unit vector in the direction OPqJ p0 (reap. Xq) 

is the central (resp. the chordal) component of the initial velocity. 

According to (59), 

p0 " "A* x0 “ B* <61> 

Then out of formulas (19), (39) and (61) result Godal's conditions of 

compatibility of terminal positions and velocities: 

(i) The chordal components of the terminal velocities relative 

to the oriented triangle OPqP are equal, more precisely 
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P - P0 ■ + ÿ ± ^7<h + ; 

(li) The central components of the terminal velocities relative 

to the oriented triangle OPqP are equal, more precisely 

X - X0 - «/¿(h + £) ï ^¿<h + ¡ 

(111) The product of the chordal and central components for the 

velocity either at Pq or at P depends solely on the geometry of the 

triangle of the boundary positions, and not on the Keplerlan orbit 

connecting them; more precisely 

PX - P0X0 - -AB - ^ tan I . (62) 

Incidentally, the element -F that we discussed in Section 4 

receives now a direct interpretation: It la the radial component 

of the initial velocity in association with the triangle OPqP. 

Fig. 4. Central and chordal components of the velocities at the 
boundaries. 
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7* The eccentric anomalie» at the boundarla« 

The state variables o and 6 are related In a simple way to 

the universal eccentric anomalies of Pq and P. 

Indeed, for a Keplerlan orbit going through P^ and P, In the 

apsidal frame of reference (the axis Oxp being the line of apsides 

oriented positively from the center of attraction to the perlapals), 

the coordinates of P^ and P^ are respectively 

*pCt0) - rp - ur¿U2<e0;-2h), 

yp(t0) - ^P • e0^1(c0*"2h), 

Xp(t) - rp - we2U2(E;-2h), 

yp(t) - 4p • cU^(c,**2h), 

where e Is the universal eccentric anomaly (dimensions time/length) 

defined by the differential form 

dt ■ rde 

and rp is the distance from the center of attraction to the periapsis, 

thus 

r . -E_ 
P 1+e ’ 

Also the radial distances r0 and r, expressed in terms of the eccentric 

anomaly, are 
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r0 - rp + u^q\]2(zqI-2\\), 

r - rp + uee2U2(e;-2h). 

In application of the fundamental identity relating the universal 

functions Uq and there results that 

- ~ r0 - 1 - eU0(e0;-2h), 

- ~ Xp(tQ) * UQ(EQj-2h) - e, 

“ r ■ 1 - eU0(e;-2h), 

"7xp(t) -u0(£i-2h) “ «• 

These formulas are uniformlzed versions of familiar ones in the various 

classes of Keplerlan motions. 

With the help of the variables 

S"2(e+e0)* d ■ jÍe-Cq), (63) 

we deduce that 

- “(r+r0) - 1 - eU0(S;-2h) • U0(D;-2h), 

Xp(t) - xp(t0) - -2pSU1(S;-2h) • DU1(D;-2h), 

yp(t) - yp(t0) - /2^ U0(S;-2h) • DU1(D;-2h). 

There follows in particular that 

- c2 « 2pD2U2(D;-2h) • [1 - e2U0(S;-2h)]. 
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The "modified" anomaly S such Chat 

U0(S;-2h) - eU0(S;-2h) (64) 

transforms the sum rQ + r and the chord c into the expressions 

" p(r+r0) " 1 * V§;-2h> * VDî-2h). 

c - 2iiS*U1(S;-2h) • D^fljj^h). 

Consequently we find that 

s - i u(S*+D)2uJ(i(S*-H));-2h), 

s-c - u(S*-D)2U2(i(S*-D);-2h). 

In view of the definitions (29), we obtain the identities 

o2U2(^ o;-2h) - (S+D)2U2(i(S+D);-2h), (¢5^ 

62U2(| 6;-2h) - (S-D)2uJ(|(S-D);-2h) (652) 

that relates the variables o and 6 to the eccentric anomalies 

e0 and e at the boundaries. They constitute uniformized interpreta¬ 

tions of formulas that are ordinarily established separately for the 

various classes of Keplerian motions. 

The formulas (65) are essential in discussing the types of 

Keplerian orbits that are solutions to the two-point boundary problem. 

It is not difficult to reconstruct around them-and thereby uniformize- 

the analysis given case by case by Plummer (1918). 
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Battln (1964) has evaluated the semi-latus rectum of the 

solutions in a discussion case by case. It is of Interest to show 

how the present approach yields a more direct way of obtaining Battin's 

formulas and of uniformizing for all classes of Keplerian orbits. 

There follows from Eq. (29) that 

Hence» in view of (38) 

I 60,(^ 6;-2h) 

The theorems of addition for universal functions will then be used in 

(16) to express the quantities A and B in terms of o and 6: 

a+6 0+6 

(66^ 

(662) 
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We can thus conclude from (23) by way of (662) that 

(a-r )(a-r) - j o nZx 
P - 4w -J- i2—)2uJ(^ ;-2h). 

This la the unlformlzed version of Battln'a formula. 

(67) 
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Appendlx 

If 

q ■ k(*)2uj(y;k), 

then 

U-(2*;k) . 5 
-4-- T F(l,3;f;q), 
ujt.ik) 6 2 

and 

1 
U^xjk) 

Indeed let us put 

Q = Q(z;k) - U3(2z;k)/uJ(t;k). 

Then we differentiate this definition with respect to z to derive 

that 

8z3uJ(z) 24z2U2(z)U0(z)Q - 8z2U2(2e). 

But 

2U2(2a) - U2(u), 

hence the preceding identity becomes 

2zU^(z) 6Uq(z) • Q » 1. (1) 
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Now wc readily check that 

i-l - »0<f). 

l-2q • u0(i), 

• f k.2o*u), 

U-jlttfjU). 

Theae relations are used to transform (1) into 

4q(l-q) 6(l-2q)Q ■ 1. (2) 

On differentiating (2) with respect to q, we arrive at the 

relation 

q(l-q) + <f “ 5q) U - 3Q - 0. 
dq ** 

This is actually Gauss' equation 

2 
x(l-x) “ + Ic - (a+b+l)x] ^ - aby - 0 

dx ax 

in which 

• - 3, b - 1, c - 5/2. 

Consequently, because Q is holomorphlc at z ■ 0 and Q(0) ■ 1/6, 

the function Q(q) is identical to the hypergeometrie series 

Q -¿F(3,l;|;q). 

The second half of the proposition is proved in the same way. 

Let us put 
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Q = Q(z;k) - 1/U1(z;k), 

•nd let us differentiate this definition with respect to z so as 

to obtain that 

zUl(i) dî+ U0(i) * Q " !• (3) 

We use the identities in q to put (3) in the form 

2q(l-q) <l-2q) • Q - 1. 

By differentiating it with respect to q, we obtain that 

q(l-q) + if “ 3q] ^ - Q - 0. 
dq ^ 

But this is Gauss' equation for 

a ■ 1, b - 1, c - 3/2; 

we moreover Q is holomorphic at z ■ 0 and Q(0) - 1. Hence 

conclude that 



-35- 

REFERENCES 

BATTIN, R. H. 1964, Aatronanioal Guidance, McGraw-Hill Book Company, 

New York. 

BATTIN, R. H. 1968, Proc. XIX Intern. Aetron. Congress, New York, 

Paper AD lOlj to be publlehed. 

DZIOBEK, 0. 1888, Mathematical Theories of Planetary Motions, reprinted 

in 1962 by Dover Publlcatlona, New York. 

GEDEON, G. S. 1963, Proc. XII Intern. Astron. Congress, Sprin|er-Verlag, 

Wien and Academic Preaa, New York, Vol. .1, 172-190. 

GOODYEAR, W. 1966, NASA CR-522, 97 p. 

GODAI, T. 1961, Proc. XI Intern. Astron. Congress, Springer-Verlag, 

Wien, Vol. 1, 40-44. 

KUSTAANHEIMO, P. 1963, Soc. So. Fennioa, Com. Phys.-Math. 18, No. 5, 

14 p. 

LANCASTER, E. R., BLANCHARD, R. C., and DEVANEY, R. A. 1966, Joum. 

Spacecrafts and Rockets 3, 1436-1438. 

PLUMMER, H. C. 1918, An Introductory Treatise on Dynanioal Astronomy, 

reprinted by Dover Publlcatlona, New York. 

SC0NZ0, P. 1967, Mem. Soc. Astron. Ital. 38, 3-23. 

STUMPFF, K. 1947, Astr. Nachr. 275. 108. 

STUMPFF, K. 1959, Himelsmechanik, Vol. 1, VEB Deutacher Verlag der 

Wiaaenachaften, Berlin. 




