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ABSTRACT 

The nonlinear equations of motion of a ship sailing 

in regular oblique waves are formulated and an analytical 

method is developed to obtain an approximate solution for them . 

The stability of the steady-state solution is investigated by 

examining the behavior of the solution of the equations of 

the first variation of the equations of motion. This study 

shows that the existence of unstable motion is predicted for 

certain cases if we take account of nonlinearities in the 

equations of motion. This instability is very sensitive to 

variations in the nonlinear damping coefficient in roll . 
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LIST OF SYMBOLS 

Coordinate axes fixed rigidly in the ship. 

Coordinate axes moving with the average 
motion of the ship. 

Coordinate axes fixed in space. 

Mass of the ship. 

Components of the velocity of the center of 
gravity of the ship along ox, oy, oz-axes 
respectively. 

Rotation about ox, oy, oz-axes respectively. 

-Components of the angular velocity .9- , 
in the system oxyz. 

Moments of inertia of the ship about ox, oy, 
oz-axes respectively. 

Constant average forward velocity of the ship. 

Frequency of encounter, w = 6 + i-_ u cos~. 

Wave frequency, e- = ~ 3Jc. . 

Wave number, 

Wave length. 
1\1\ 

Angle between ox and ox . 

Velocity potential. 

Gravitational accele~ation. 
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I. INTRODUCTION 

Until recently, the problem of ship motion in waves 

has been simplified by assuming that the following problems 

can be dealt with separately: 

(1) The coupled motion of heave and pitch in 

head seas. 

(2) The coupled motion of sway and yaw. 

(3) The uncoupled rolling motion. 

It has been shown by Grim [1956] that sway is strongly 

coupled t o roll through linear coupling terms. However, it 

was not until 1967 that the problem of coupled sway, roll, 

and yaw motions had been considered by both Tasai and Webster. 

Tasai [1967] used a strip method to evaluate the hydrodynamic 

forces in the linear equations of motion. He obtained 

numerical solutions for several different ships having zero 

forward speed. His results show that the peak of roll 

response occurs in beam seas at zero forward speed, since this 

is the position of maximum roll moment and the exciting 

frequency is unaffected by heading. 

Observations of ships at sea show that the worst roll 

usually occurs in quartering seas, when the ship is operating 

at design speed. This is a result of the effects of forward 

motion on the frequency of encounter of the wave. It is 

usually found that predominant wave components coincide 

with the ship's natural frequency in a quartering sea . 
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Webster [1967) used a semi-empirical approach to formulate 
the equations of motion. His main concern was to study the 
theory of motion control by means of active tank stabilizers. 
The problem of stability of motion in waves was not discussed 
by Tasai, while Webster considered only the stability of 
a linear system. 

While these studies were mainly concerned with the 
linear equations of motion, Weinblum [1950) pointed out that 
even for moderate roll angles the restoring moment is a 
nonlinear function of the roll angle. Another important 
nonlineari.ty in the roll equations is the damping in which 
viscous effects play a large role. 

It has also been shown by Abkowitz [1964) and others 
that certain features of the coupled sway-yaw motion can 
only be described by including nonlinear terms in the dif­
ferential equations. 

The importance of the effect of nonlinear terms in the 
equations of motion was illustrated in the work of PaLlling 
and Rosenberg [1959). They showed that unstable rolling 
motion is possible as a result of nonlinear static coupling 
with either heave or pitch. 

In the present work attention is focused on the problem 
of nonlinear ship motion in oblique waves. The effect of 
certain nonlinear terms on the motion and its stability is 
investigated and discussed. 

' 
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II. MATHEMATICAL FORMULATION 

Coordinate System 

Three sets of coordinate axes will be used and are shown 

in Figure 1. The first,oxyz, is fixed in space and is used 

to describe the wave surface. 

the average motion of the ship. 

,.,.. ,.,. 
The second, oxyz, moves with 

The time dependent motion of 

the ship is described with respect to this system. The 

third, oxyz, is fixed in the ship, and is used to describe the 

hull surface. The system oxyz has been chosen such that the 

origin of the coordinates is located at the center of gravity 

of the ship with the x-axis directed towards the bow, the 

y-axis to starboard, and the z-axis downwards. The x, y, and 

z-axes are assumed to coincide with the principal axes of 

inertia of the ship. 

Equations of Motion 

One of the main objectives of this work is to investigate 

the effects of the nonlinear sway-roll-yaw coupling on the 

stability of the resultant motion. In order to focus atten­

tion on the nonlinear coupling in these modes, which are 

known to be strongly coupled, we eliminate the symmetrical 

motions of surge, heave, and pitch. Therefore, we will 

consider coupled motion of small time-dependent sway, roll, 

and yaw motions superin1posed on a constant average forward 

motion. 

I ' I 
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Using the laws of Newtonian dynamics one can write the 

equations of motion of the ship in the oxyz coordinate 

system as 

m(ir+rU) =Y , 

I,,~ • K ., (1) 

Iz ;. • N. 

Furthermore, we shall express the right hand side of equations 

(1) as 

'( = '(H1J> + Y(t) 

K • K.,.,, + K (1:) 

N - N H '(j .,. N (t) 

where Y(t), K(t), N(t) are the linear sway force, roll 

moment, and yaw moment acting on the ship as a result of the 

pressure distribution in the wave, and YHYD' ~YD' and NHYD 

are the force and moment acting on the ship as a result of 

its motion (oscillations). Assuming that the hydrodynamic 

forces acting at a given instant on a ship sailing in 

unrestricted waters are analytic functions of the motion of 

the ship at the instant, one can express these forces in 

their Taylor series expansion. Equations (1) then become 
I I I I I I 

(m-Ye;) u - Y; ~ -Y,: ; • Yv v -t Y~ f' + ~ r + ivv v1 
, , , , 

+ ""' ,., + ,;,.,. ,., + ,~,, 111-&+ l';,,. .,,.1. 
, , a. , , I 

-+ Y,,ve, p11"+ ,,.,.,r + r,..,., rtr'+ Y,.l'f ,.,. 

I y 1 , 1 (2) 
+ Y,,,,. lf'fl' + 's ""' f.AJI:' + ~ <oJ c.JI: 
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1, I I I I I I 

_,<" er + (I,,-K;); - Krr • Kv" -t 1<,r + ,c:r r + Kw., 11
1 

'l' l' ' l + Kfff' + J<,,.,. ,. + K.,,,, vp'+ K.,,,. ,rr 
I I I ~ 

+ I<'"" r"a. + Kr" pr' + ~ fV 
I I I 

.._ Krr, r~"+ 'r<.v,r "f'-+ Ks sin 4.>t-
' I I • 

+ t<'c C• s c.d· + K,- ~ + l<JI ~- f! 

where the subscripts notation ~,.. ·:sed to denote <l • vatives 

of the force with respect to the variable appearing as a 

subscript. The prime is merely used to distinguish the 

present form of the coefficients from a later form; the 

wave exciting forces are expressed in their final form as 

harmonic functions (see appendix B for detailed derivation). 

Note that the following simplifications have been 

made in equations (2): 

(1) Symmetry of the ship with respect to the 

centerline plane has been made use of to 

eliminate the even-ordered terms in Taylor's 

Series. 

(2) The cross-coupling between acceleration and 

velocity and the second or higher order 

~~~ =--=-------

l ' 
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acceleration terms are neglected. These assump­

tions were introduced by Abkowitz (1964) and 

confirmed experimentally by Str~m-Tejsen (1965) 

for coupled sway-yaw motion. It is reasonable to 

extend these assumptions to our case, since 

derivatives with respect to acceleration play 

only a minor roll in rolling motion. 

We can remove the acceleration coupling between the 

three equations (2) and write them as 

+ "'(ll'rr ll'r' + .,,.,.. r"a + -r,,.,. pr'.. -,.;..,, (1/'. + r,.,., rr' .. ~rr ,,.,,r 

-+ 1js " + Y,s,, ,, I + Ys ,;,, t.) C .,. Yc COJ we 

J( t a a z 2 
+ 1rrr vr + K~ 1'" + 1<,,.,. pr + K r-r, rir + ~rrr rp ~ t 11,,r11pr 

+ K; ;, + K,,, P1 
+ Ks sin ~t + Kc cos (l)t 

r = N,,ff +N,r + N,r+ Nfl'JV v-
1+ Np"r'+ Nrr,r

1+Nirrr"P' 

(3) 

Equations (3) have unique solutions for specified initial 

conditions: <p: If•; • f' aro 

• 
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III. MOTION PREDICTION 

It is not possible at present to obtain an exact solu­

tion to the equations (3), and we will have to resort to 

approximate methods. Before we attempt to find an approximate 

solution, it is desirable to rewrite the equations in a 

suitable form. We shall assume that the nonlinear damping 

an~ the nonlinear restoring moment terms are proportional 

to a small parameter ~ . 

Physically this means that the nonlinearities in the 

equations of motion are assumed to be small. This is a 

reasonable assumption, since we will consider only moderate 

angles of roll. 

Using the following change of variables: 

we can rewrite the equations of motion as 

(4) 

To find an approximate solution for (4) we shall use a 

modification to a method developed by Struble [1962). His 

method combines the classical perturbation technique and the 

method of slowly varying parameters. In this method, one 
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uses the solution of the free linear undamped equation as 

a generating solution, and then introduces a perturbation to 

obtain the solution for the nonlinear equation. 

Since our equations are forced equations, it is better 

to modify this approach slightly and use the solution of 

the linear damped forced equations as a generating solution . 

This modification to Struble's procedure has been tested 

by using it to obtain the well known solution of Duffing's 

equation. In Appendix C we compare solutions of Duffing's 

equation obtained by Struble's method, the modified n~thod, 

and a method developed by Hsu (1960). Hus's method is 

known to give a good approximation. From this comparison 

it is clear that the suggested modification has the following 

advantages over Struble's method: 

(1) The approximation is better. It is shown in 

Appendix C that Struble's solution can be 

obtained from the modified method solution 

after making certain approximations. 

(2) The modified method gives a single solution 

which is valid for a wide range of values of 

the forcing frequency, while two solutions 

are needed in the original method. 

(3) A wider class of problems can be attacked, 

since we do not require the exciting force to 

be small, of the same order of magni t ude as the 

' 

• 

• 
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nonlinearity. This makes the method particularly 

suitable for the case treated in the present study. 

Using the above mentioned modified method (see Appendix 

A for details of the method) one can write the steady 

state solution to equations (4) in the form 

where Ai<, BK, SK and Ck are constanLs to be determined from 

the solution of a set of six nonlinear coupled algebraic 

equations as explained in Appendix A. The solution given by 

(5) was evaluated for three models: a DTMB Series 60, 

Block Coefficient• 0.60, a DTMB Series 60, Block 0.70 

model, and a Mariner class model. These ships were chosen 

because experimental values for certain nonlinear hydrodynamic 

coefficients are available for them and they are representa-

tives of modern seagoing ships. There are also some experimental 
results for the response in roll and yaw in regular waves for 

the Series 60 models which can be used to check the theory. 

The total wave exciting forces are calculated according 
to the scheme illustrated in Appendix B. The results of 

these calculations appear in Figures 2-4. Figure 2 shows 

good agreement between the calculated values for the sway 

force and experimental values obtained by Chey (1964). 



- 10 -

The predicted solution is compared with a solution 

obtained by the numerical integration of the equations of 

motion. The numerical integration solution is obtained by 

using a fourth-order Runge-Kutta rou t ine in which the step 

size is adjusted to give minimum truncation error. The 

result of the comparison which shows good agreement is given 

in Figure 11. 

The predicted responses for the Series 60 models are 

also compared with available experimental results . Those for 

the Block 60 model are taken from Lewis and Numata [1960), 

and those for the Block 70 model are obtained from Yamanouchi 

(1966). The results are given in Figures 5 through 10. 

The agreement is good for the roll response, but not as 

good for the yaw response. This seems to be a result of 

using the strip method to calcula: ; a part of the wave-

yaw moment. 

The roll response curves display a peculiar double­

peaked characteristic. The first peak in the response curve 

coincides with the peak in the exciting moment, which occurs 

for beam seas. The second peak corresponds to resonant roll 

motion at a fre.quency of encounter equal to the natural 

frequency of roll. This usually occurs in a quartering sea. 

The effect of systematic variations in the moments of 

inertia of the ship on the response in roll and yaw is 

studied. The results of this investigation are shown in 

Figures 14 and 16 for the Series 60, Block 60 model and 
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in Figure 17 and 18 for the Mariner model. The curves show 
that both roll and yaw motions are sensitive to variations 
in the moments of inertia but the degree of sensitiv :tty 
varies according to the heading. Figure 20 shows the effect 
of systematically varying the metacentric height on the 
rolling motion amplitude. It is clear that decreasing the 
metacentric height may decrease the roll amplitude at one 
heading but will cause the roll amplitude to increase at 
another heading. 
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IV. STABILITY ANALYSIS 

The analysis of the stability of the steady-state solu­

tion of the equations of motion will be considered here . 

Let us explain first what we mean by stability. 

Let xi (t) be a solution of the equations of motion. 

We shall say that xi (t) is stable if, for a given f > o 

and t
0

, there exists ( • ( (E, t 0 ) such that any solution 

yi (t) for which I xi (t0 )-yi (t 0 ) I< 1 satisfies I xi (t)-yi (t) \<f 

fort~ t
0

• If no such ( exists, then the solution xi(t) 

is unstable. 

In other words~ motion of the ship is considered to 

be stable if it satisfies the following condition: any 

perturbation superimposed on this solution dies out with time 

after the cause of this perturbation has ceased to exist. If 

the perturbation grows up with time then the motion is con­

sidered unstable. 

Let the periodic solution of (4) be denoted by 

. 
1 L = 1, z, .S . (6) 

which we may consider as a nonperturbed solution. Let 

xi(t) be the solution corresponding to an initial value 

x1(t
0

) + O; this will be called the perturbed solution. 

Between the two there exists the following relation: 

, ,·. I., z, S . (7) 

/j 
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where I ~i I are small, so that one can neglect ta;eir higher 

powers. We shall assume that the linear damring in equation 

(4) is small, and such that we can replace Clkj by fekj" 

Then, substituting (7) into (4) we get the following varia­

tional equations: 

Thus we are able to reduce the problem of the stability of 

the periodic solution of (4) to the problem of the stability 

of the trivial solution of equation (8). This later problem 

can be solved by studying the behavior of the nontrivial 

solution of (8) with small initial values. If this non­

trivial solution remains bounded as time increases, then 

the trivial solution is stable, and consequently the motion 

will be stable. 

Equations (8) are three coupled linear differential 

equations with periodic coifficients of a type usually 

referred to as Hill's equation. The literature on such 

linear differential equations is abundant and in it one can 

find problems of similar nature attacked by one of two 

methods. One may find the behavior of the nontrivial solu-

tion by formulating the characteristic equation and determining 

the characteristic exponents. This usually involves intricate 

mathematical analyses (see, for example, Valeev [1961)); er, 
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one may attempt t o find the boundaries between regions of 

stability or instability by seeking the conditions under 

which periodic solutions for (8) may exist. 

A third method, and the one which will be used here to 

determine the behavior of the nontrivial solution of (8) as 

a function of time, is the method introduced by Struble 

[1962), a modification of which was used to solve the equations 

of motion in the previous section. The method has been 

generalized and extended to the case of n -coupled equations 

by Hsu (1963]. As mentioned before, the method combines 

the method of slowly varying parameters of Krylov-Bogoliubov­

Mitropolsky and the classical perturbation method of Poincare. 

This gives the method greater flexibility, and allows us to 

gain more insight into the resonance-producing mechanism 

by which unstable solutions are induced. There is no need, 

as in the solution of the equations of motion, to modify the 

analysis; the analysis as developed by Hsu (1963] is 

directly applicable to the case considered here. In the 

following we will highlight the main features involved in 

this method, and for details of the method the reader is 

referred to Hsu's paper. 
2 Using equations (5) one can expand x20 as follows: 

(9) 
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substituting (9) into (8), we get 

~.. + n~ ~ z = , [ i:. ~,.i ~1 + t .,,.ij,,. l ~ ..• xJ• ~- ... •J• ~\ i .. J•I ~J1"' 

. c• ,~ ? + it,...~ ... ~j } + 3 rlt ~ f ~ c.s111fl)t-♦,. ,,·,..,,,,t j] , 
n:. • 4); _ .S ~ j'•) 1 lea l_,Z.1 J (10) 

For,. 0, equation (10) has a solution of the form 

where 

The solution (11) is used to generate a solution for 

equations (8) when~+ O. This solution is written in 

the form 

IC• 1, r, .S . ( 12) 

The form of this solution indicates that for a first 

order theory the behavior of I; 1 and ~ 3 depends on the 

behavior of ~2' That is, for a first order theory, the 

behavior of I; 2, and consequently that of G, H and l; 21 is 

sufficient to indicate whether or no l the motion is stable. 

Two cdses have to be considered. 



- 16 -

(1) Nonresonance case: 

Here the natural frequency, n2 of the 

equation of the first variation is not approximately equal 

to rnw/2. In this case the fol lowing express ion can be 

derived: 

(13) 

H • CI E XI' f /> X z / z 111 J 

3 
where K2 • n2 [K

0 
+ f-

1 
~j e 2j] , K

0 
is a function 

of the nonlinear hydrodynamic damping coefficients, the 

and the exciting frequency. c1 and motion of the ship, 

c2 are constants of 

N2~m) are functions 

(m) (m) 
integration. Nls , Nlc , N (m) and 

2s 
(m) (m) 

of G, H, g8 
, and gc . 

It is clear from (13) that the motion, in this case, 

will be stable only if K2 is negative. K2 can be expressed 

approximately as follows: 

where I\, P2 , and P3 are the amplitudes of sway, roll, 
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and yaw motion respectively. Approximate expressions fo·= 

Il' 12, and 13 can also be given as 

I,= o. ! K """ + K rt1t1 , 

Ii. • o. I Ktlff + a,<,,,, 

r •• O• f Ji<.,,.,- + I< ,rr . 

12 is usually less than zero, but 11 and 13 may take either 

negative or positive values. Thus unstable motion can only 

occur if 13 is a large positive quantity, or 12 is small 

quantity (i.H . K is small). The instability is most 
PPP 

likely to occur in a quartering sea where roll amplitude and 

yaw amplitude are approximately of the same magnitude. It 

can be shown easily that this instability is peculiar to 

the coupled nonlinear equations. 

Consider the case of uncoupled nonlinear roll. In 

such case K2 will be given by K • Jn2J P
2
2 K

1 + n K
1 

2 2 PPP 2 P' 
" , since Kppp and KP are both negative, then K2 can never become 

positive. Therefore, unstable motion is impossible in 

this case. 

(2) Resonance Case: 

When the natural frequency, n2 , is nearly 

equal to;"' the expressions for G and H take different 

form as follows: 
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H 

(L4) 

where i • ~- n2 ands is the particular value of mat which 
2 

resonance occurs. c3 , c4 , c5, and c6 are constants of 

integration. The expression for 1:.. 21 will be the same as 

in (14) except that the summation is carried over m # s. 

The exponent 't,. in (L4) is given hy 

where bs and 

J3Kz ± 
2 ,,,. 

C s are functions 

moment in roll and the motion 

of the 

of the 

clear from (14) that unstable motion 

becomes positive. 

nonlinear restoring 

ship. In this case 

is possible if i 
it 

In order to study the mechanism that produces m,stab le 

motion further, the hydrodynamic coeffi~ie;1ts which appear 

in tht• cxpn•ss inns for 12 and 13 for the Series 60, Block 60 

mode I nrl' v.11· i l'd ahout their nomina I., mt•asun•d va I lll'S. 

ll wa:~ fn1111d tlrnl till' puhlishcc.l cocffkicnts lor this (orm 

resulted in stable motion. However, by varying certain of 

the coefficients, it was possible to produce a modified 

model which has unstable motion at certain headings. The 

hydrodynamic coefficients for this model ar£ given in 

Table 1. For this modified model the fol lowing study is 

performed: 

is 
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i. The analytical method is used to predict 

possible headings at which unstable motion 

may occur. 

ii. The equations of the first variation in the 

motion are then integrated numerically, at 

the particular heading at which unstable 

motion was predicted to occur. Here the 

periodic response calculated analytically is 

used for the time-dependent coefficients in 

the equations. A non-zero initial condition 

of 5° is chosen for the perturbed angle of 

roll , with all the other variables having 

zero initial values. The result of this 

process yields the perturbed motion of the 

model as a function of time. The perturbed 

roll angle for 15° heading is plotted in 

Figure 12. 

iii. The third step is to integrate the nonlinear 

equations of motion numerically, with the 

same non-zero initial condition as in (ii). 

This gives the . total motion of the model as 

a function of time. Figure 13 shows the 

rolling motion of the modified model for 15° 

heading. 
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These three methods indica te stro11 gly unstable motion 

for the modified model at this heading. The logic al question 

to be asked now is whether this model can be cons idered a 

representative model. We can answer this question with 

confidence only af~er similar stability studies have been 

carried out for many different ships. However, it is clear 

that a ship with small nonlinear damping may very poss ibl y 

have an unstable motion. 

A study of the effect on the stability index of syste­

matic variations in the moments of inertia and the metacentric 

height of the ship is carried out for the Series 60 model 

and the Mariner model. The results of this study appear 

in Figures 15, 19, and 21. The results show that the 

requirements for larger stability index conflicts with the 

requirements for comfortable rolling motion. 

Also the sensitivity of the stability index to syste­

matic variations in some of the nonlinear hydrodynamic 

coefficienLS is calculated. Figure 22 shows the results. 

These results indicate that the stability is most sensitive 

to variations in the coefficient of the nonlinear damping 

in roll. A 50% reduction in the value of this coefficient 

causes the motion of the Series 60, Block 0.60 model to 

become unstable. The importance of this result lies in 

the fact that the value of this coefficient is determined 

during the process of ship design. It is affected by the 

design of section shapes and the design of the antiroll 
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pp .::i rc1t u (bi l c k l s , fins , or antir L l t ank ) . I t 
the r fo re, ap pears desirable to carry out a s tudy of t he 
stab i li t y o f mot i on as a part of the design process . 
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V. CONCLUSIONS AND COMME~TS 

(1) The mathematical model developed in this work for 

ship motion in regular oblique waves seems realisti c . 

When combined with the method of solution introduced, 

it gives results that agree well with the available 

experimental values for roll response. 

(2) The agreement with experimental results is not as good, 

in the case of yaw response, as in roll. This may be 

a result of a deficiency in the strip method which ls 

used to calculate the yaw moment correction. 

(3) A study of the stability of the coupled nonlinear 

equations revealed the following results for the ships 

considered here: 

i. Unstable motion, which is not revealed by a 

linear mathematical model, can be predicted 

by taking into consideration nonlinearities 

in the equations of motion. 

ii. This instability is most sensitive to varia­

tions in the nonlinear damping coefficient 

in roll. 

(4) Response and stability are sensitive to variations in 

the moments of inertia and the metacentric height. It 

may be desirable to consider the motion and stability 

when estimating these parameters for a new design. 
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(5) Since our final goal is to understand ship motion in 
a realistic sea, this study should be extended to 
cover the following topics: 

i. Study of ship motion and stability in a random 
sea. 

ii. Study of the motion of a ship having six 
degrees of freedom in regular and irregular 
waves. 

(6) More precise experimental and theoretical studies 
of wave exciting forces and moments are very much needed. 
Ship motion and consequently stability are very sensi­
tive to small variations in wave forces and moments. 

j . 
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TABLE I 

Hydrodynamic Coefficients for the Modified Model 

Original Modified 
Coefficient Model Model 

I 

yprr 0. 4 723 1.4168 

y~rr -11.9663 -5.9832 

y' 
PPP 0.0037 0. 0112 

y' 
vpp -0.026 0.0 

I 

Kprr -1.88 0.0 

K' 
vpp 0.1035 0.3104 

I 

Kvrr 13.0517 39.155 
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APPENDIX A 

Solution of the Equations of Motion 

In this appendix we will give the details of the 

solution of the equations of motion using the modified 

method. 

Solution of the Equation of Motion 

If we put f •0,inequations (4) we get 

These are three linear coupled di fferential equations. 

They have a steady state solution of the form 

Now for /3 + 0, we shall take 

as one possible form of the solution, where 

(A-1) 

(A-2) 



- 53 -

are slowly varying functions of time. If we differentiate 

the first line in (A-3) to obtain X~, and equate the 
. 

resulting expression to the assumed form for Xk in the second 

line of (A-3), WP. get 

(A-4) 

Substituting (A-3) into (4) we get 

3 

-+ tt ( Az ('o~ WI-+ Bz sitt wt)+ Xaco s ;,, (faJt- + S.S) ,,c.~1,1. (A-5) 

In writing equation (A-5) we retained terms only through the 

first order of f!, . If we now use the following trigono­

metric identities 

Sifl
3 

,< c: S Sit' ,< _ L Si,, !X 
~ 24 ., 

COS )( • ¼ C'o.S )( + ~ COS 3X 

and rearrange, we obtain for equation (A-5) 

. 
• 
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J 

,+ ( W 1: -CA)l I),,_ + W f, QJ&j ~ - + ~l /J2 - p Zic C ) ,01 f.tJI: 

where I 10 , Iltc , Racs , and Rtc,c are nonlinear functions 

of A-. and l!>1c . The form of equations (A-6) suggests 

separating that equation into the following two equations: 
A .J l 

(- w LJ. - ,,l &1c - w ? a,,,j /Jj + wt a, - p I,,_, ) s ,nwl: 
Jt J•' 

+ (w 1!,."- - ,./ fl,,_ + w ,t. a.j Bj + w,,_'R,- p r,.c) CoJ wt 

(A- 7) 

1ir .. 1,2,J (A-8) 

This division has been made such that all the fundamental 

harmonic terms are grouped together. 

Equations (A-7) are three nonlinear coupled equations. 

We can solve for rJR& J8~ in (A-7) by the use of the -,JI- , J~ 
relations offered by (A-4). The resulting expressions for 
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can be written as 

I f. Cl) ) - (A-., 8" ,t w le 

I -w 

(A-9) c,) r Ci) 
where Fk and rlt are nonlinear algebraic functions of 

Aic and ~t . 

Now, we recall that, in writing down the solution 
(A-3) we assumed that Ak and ~~ are slowly varying functions 
of time. Hence we can replace the right-hand side of 
equations (A-9) by their average over one cycle. This gives 

~ 
cl I: 

where -;.<') 
It -F, <•) 

It 

UI C) - - l t.c 
1 

( A,,_ , 8", t) Jt • 211W 0 

--
C 

-F. (1) 

.zw le , 

In writing (A-10) we have used the main assumption involved 
in the theory of slowly varying parameters (for details 
see Bogoliubov and Mitropolsky (1955]). Since we are mainly 
interested in the steady state solution of the equations of 
motion, we will consider only the case when 

. , 
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:=O 

Then equations (A-11) and (A-12) become 

.J 

_ cal' 81,. ~ Ce>; 6z - W Jf, a.lc_J• llj - /J I,e5 - )(,., 0 Co.J 9,c • o • 

These are six nonlinear algebraic equations which can be 

solved numerically for values of A1c, and Bac, . After solving 

for At and~~ the solution of (4) can be written as 

where sk and cit. are functions of R1c, and Bit. and have 

to b~ determined from the solution of equation (A-8). 
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APPENDIX B 

Wave Exciting Forces 

Exciting forces acting on a ship sailing in waves 

may be obtained by integrating the pressure distribution 

in the wave over the wetted surface of the hull. If only 

the pressure distribution in the incident wave is considered 

then the forces are said to be calculated according to the 

Froude-Krylov hypothesis. This however neglects the effect 

of the presence of the ship hull on the pressure distribution. 

In the present work we shall use an approximate method to 

express the effect of the ship as a correction to be added 

to the Froude-Krylov forces. 

Let us first calculate the pressure distribution in 

the incident waves. We shall assume that the fluid is 

inviscid and the flow is irrotational. These assumptions 

imply that we can describe the flow by a velocity potential 

4), which for infinitesimal, deep water waves, take the 

form 

! ~A -k'5-
co S ( )( >t ..... 6 t:) 

= - ' 
e 

(B-1) 
where A is the wave amplitude, 

8" is the wave frequency, 

k is the wave number. 

Details of the derivation of (B-1) can be found in Wehausen 

[1960). 
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Using Be rnoulli's law, we can get the pressure distri­

bution in the wave which can be expressed in the hull 

coordinate system as 

(B-2) 

where 

The sway force Yf, roll moment, Kf, and yaw moment Nf, 

calculated according to Froude-Krylov hypothesis are given 

by (see Wehausen (1964)). 

YF = - H f> dxd I 
s 

K~: ~ P[ldl--~dj] dX' 

Nf:: u ~ ( 'dj - )( d,c ] d l 
where S is the wetted surface of the hull. Performing 

the integration one can express these forces as 

' 
Ki • Kf' cos COi:' + Krs Sii\C,t)~ ' 

Nf • ,J,, c:os (&)t + Nf s Si-- (a)t , 

(B-3) 

(B-4) 
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l" " llF 

K~s : 1.(, ~ {c.-lx j dj [ ~ i sit1 k, 'i sin ka!j ,, , 

+ ~ ff+-Jc )e..4'F- i + J.(e-"f_,) J ,,-,,,k,x coi lt,J] 
h ~ F 

N,c. • rr,11 J J, f .I J [ff Hi""- 1) •,;,I<,·"''"*•~ l 
-f ~ j X (e -"F:_ 1) <•s It, X cos It, j J ] 

I, ~ 

2(',R f J.r f t1J [~ f J(tt"~ ,) cosk,~ s,11K,J} t, , #( 

and the ship's hull is given by 

J • F (,<J~) 

The corrections to the Froude-Krylov forces are calculated 
as follows: 

Let us denote the components of the velocity and the 
acceleration of a water particle on the surface in the 

• direction of the y-axis by l.t~ and 1.4.j . Then U!J and • 
LLj are given by 

The wave slope and its derivatives wi th respec t to 
time can be expressed as 

(B-5) 

(B-6) 

. , 
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(B- 7) 

~ . _. JcR sir, (lt,x- lt,J + wt-) (B-8) 

(B-9) 

The corrections to the sway force, Yc~, the roll moment, 

K,~, and the yaw moment, Nt(, can be expressed as 
i., 

Yc~ • - / [ ~1> iil + ~1> u~ + ~D ~ + ';o '; ] clx 
,. 

Kc~. - 1 [ K14t u~ +-~ .. I> u~ + Kl'0 Z + Kr0; ] Jx 
l. 
t. 

Nc:J, - J x ,rr::R. 
/, 

(B-10) 

where '(..~ , Yu~ , '(,0 , and '(;1:> are the two-dimensional 

values for the sway damping coefficient, the sway added 

mass, the sway-roll damping coupling, and the sway-roll 

inertia coupling coefficient respectively, and K~~ , K~~, 

~fD , and KrD are the two-dimensional roll-sway damping 

coupling coefficient, the roll-sway inertia coupling coef­

ficient, the roll damping coefficient, and the roU. added 

moment of inertia respectively. 

A bar over the variable denotes the averaging of the 

variable over the cross-sectional area. Substituting in 

(B-10) and manipulating, one can rewrite it as 
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(B-11) 

where 

_ ~ $in Jt._b l ~l> Si~ 11,k' "'- c- ~ -i> C'•l k, x f] 
(" " 

Y« s "' - r~ .. [ ,-: J ,-,, ,I LI re-"~ ,) cos Ir, y ft Y.o , •• 1c,.- - .. -,.., Ii n k,. j 
( I 
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I 
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N~t, s C / ,x J ~~ $ • 

I 

and a is the area of the cross-sections of the ship. 
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APPENDIX C 

Solution of Duffing's Equation 

The equation of motion of a single degree of freedom 

spring-mass system with nonlinear restoring force can be 

written as 

.. .s 
X + 'I- + ~)( --

(C-1) 

Thi.s equation is usually known as Duffing' s equation. In 

order to find the solution of this equation using Struble's 

method one has to assume that the excitation is small of 

the order of magnitude of ~ . Then we can write 

lP\<I 

and (C-1) becomes 

)C + X + ~ ,<~ • ~Fo cos wt 
(C-2) 

Applying Struble's method to C-2 (see Struble [1960]) one 

can express the relation between the amplitude and frequency 

of the steady-state motion of the mass as 

--3 A. pi. " ,. • ... _, • I + - ,.,, - r -'-C.' , a.p (C-3) 

while if we use the modified method to C-1 we get 

x. -p (C-4) 
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It is easy to show that (C-3) is only an approximation of 

(C-4). Substitute f:>F. for X. in (C-4) and 

Take the square root and we obta:n 

which is (C-3). This is not unexpected since Struble 

starts with the linear undamped free vibration as a 

generating solution to the nonlinear equation, while in the 

modified method the generating solution is the forced damped 

linear solution. 

A third soluti~n to the same equation (C-1), is given 

by Hsu [1960). Hsu's method is known to give good approxi­

mation. This is given by 

x. -p (C-5) 

It is clear that (C-5) coincides with (C-4) if we replace 
1 a I 

the term ,::,:, by 3/4, which is sufficiently accurat.e for 

the range of~ considered here. The relations (C-3) -

(C-5) are plotted for certain specific examples and the 

results are shown in Fig. (23). 

• 
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