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PREFACE

The contact problem is one of the basic problems in the theory
of elasticity. Calculation of the many important parts, structures
and machines is based on the theory of the compression of elastic
bodies. However, this theory presents considerable mathematical
gifficulties. The first correct solutlion of the basic case of the
contact problem was given by Hertz! as long ago as in 1882, and the
mathematical development of the problem set on this solution for
approximately 60 years. During this period efforts of engineers
and theoreticians were directed mainly at the experimental checking
of the theory and the development of its applications in englneering
(works of academicians, A. N. Dinnik, N. M. Belyayev and others).

In the 1920's and especially 1930's and 1940's, the mathematical
base for the solution of the contact problem became quite different
from what it was in the second half of the last century. Hertz
used in his investigation only formulas from the theory of potential
of a uniform ellipsold, which represents the simplest prototype
of solutions of problems of the theory of potential and theory of
integral equations; whereas, starting approximately from the 1930's
we had available the powerful, developed by us in the Soviet Union,
apparatus of the resolution of problems of the theory of elasticity,

'Hertz H., Gesammelte Werke, t. 1 Leipzig, 1895, str. 155.

FTD-MT-24-61-70 v

S Y

s AR P i

s et e ST T

s s et T et PR

iy SV SV

1y —



and the other one - in his monograph, "Singular integral equations™
and in articles preceding it. In these books extensive bibliographic
data capn be found. Let us note that in sclence, to & certain degree
of the related theory of elasticity, namely, in hydfo~ and aero-
dynamics, for a lbng time in resolution of problems about two-dimen-
gional motion of liquid and about the 1lift of a wing functions of the
complex variable and singular integral equations were used.

It is quite natural that in the Soviet Union a number of works
have appeared in which the contact problem of the theory of elasticity
has received substantial improvement and development.

For the first time solutions of new contact;problems, which are
a gensralization of the basic case, were given by me!. In subsequent
articles? I obtained the solution of a number of other problems,

using partly the mathematical apparatus created by Academician A.
M. Lyapunov®.

Very valuable solutions were obtained by a number of authors,
especially in the school of N. I. Muskhelishvili®, and also by
L. A. Galin®, &. I. Lur'ye®, G. N. Savin’ and others. Thus, at
present the theory of the contact problem has attained such great
development that 1t can be examined as a large independent branch
of the theory of elasticity, which has an important practical value
for a calculation of parts of structures and machines.

'Shtayerman I. Ya., K teorii Gertsa mestnykh deformatsiy pri
szhatii uprugikh tel (On the theory of Hertz of local deformations
with the compression of elastlc bodies). Doklady AN SSSR, t. XXV,
No- 5, 1939’

2Shtayerman I. Ya., Obobshcheniye teorii Gertsa mestnykh
deformatsiy pri szhatii uprugikh tel (Generalization of the theory
of Hertz of local deformations with the compression of elastic bodies)
{Doklady AN SSSH, t. XXIX, No. 3, 1S40). Mestnyye deformatsii pri
szhatii uprugikh krugovykh tsilindrov, radiusy kotorykh pochtl ravny
(Local deformations with the compression of elastic circular cylinders,
the radii of which are almost equal) (Doklady AN SSSR, t. XXIX,
No. 3, 1940). K voprosu o mestnykh deformatsiyakh pri szhatiil
uprugikh tel (On the question of local deformations with the

FTD=MT-24-61-70 vi
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One of the neceassary prerequisites for this 13 the bringing of

the mathematical theory of the contact probiem to the theoretical
engineers.

The account of our book haz been given in such a manner so that
it with a few exceptions is accessible to the engineer familiar with
a course of higher mathematics of a technical college and having
eertain experience in the reading of mathematical literature.

4.2

- _ The entdre first chapter cfxeuékbook is devoted to methads of

the solution of fundamental equations of the contact problem., We

try to combine the simplicity of the account with proper fullness
of the mathematical scope. "

The second part contains, together with the classical investiga-
tiongs, an account of certain works of Scoviet mathematiclans on the
two-dimentional contact problem of the theory of elasticity, including
my works, part of which has been published for the first time?tghese
include: a new formulation of the problem on the pressure of afstamp

[ FOOTNOTE CONT'D FROM PRECEDING PAGE].

compression of elastic bodies) (Doklady AN SSSR, t. XXXI, No. 8, 1941).

Nekotoryye osobyye sluchal kontaktnoy zadachi (Certaln specilal cases
of contact problem) (Doklady AN SSSR, t. XXXVIII, No. 7, 1943).

Ob odnem obobshchenii zadachi Gertsa (On one generalization of the
problem of Hertz) (Zhurnal "Prikladnaya matematika i mekhanika",

t. 7, vyp. 3, 1941).

3Liapounoff A., Sur les figures d'equilibre, III chast',
St. Petersbourg, 1912.

*See Muskhelishvili N. I., Singulyarnyye integral'nyye uravneniya
(Singular integral equations), Gostekhizdat, 1946

5Galin L. A., Issledovaniyye smeshannykh zadach teoril uprugostm
(Investigation of mixed problems of the theory of elasticity)

(Doktorskaya dissertatsiya, (Doctoral Dissertation) Institut
mekhanilki AN}, Moskva, 1946,

'Lur'ye A. I., Nekotoryye kontaktnyye zadachi teorii uprugosti.
Zhurnal {Certain contact problems of the theory of elasticity.
Journal) "Prikladnaya mekhanika i matematika®™, t. V, vyp. 3, 1941.

’DAN URSP No. 6, 1939; No. 7, 1940; Soobshcheniya Gruzinskogo
Filiala AN SSSR, t. I. No. 10, 1940 g.
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en an elastic half-plane, étscusged iIn § 3 of--Chapter-I¥, and the
pericdic contact protlem, which comprises content of § 5 of Chapter
iI. /

In § 8 of Chapter II §n attempt is made to calculate surface
deformations, which up £t111 now were not calculated "in the theory
of the contact problen.

p % I .
{

Chapter III givesdé.number of new selutiongxef an axisymmetric
contact problem of the theory of elasticity. -

In Chapter IV, together with the clasaical solutions, a number
of new selutions belonging to the authors is gilven.
2o LB
~ The book should beéexam&neﬂ as a division of the mathematical
theory of elasticity, since it is devoted to the solution of basic
contact problems of the theory of elasticity.?*ﬂ
AN
Basic information on the theory of the contact problem can be
found in courses of Academician L. S. Leybenzeon® and S. P. Timoshenko?.

‘Leybenzon L. S., Kurs teorii uprugosgl,(Course of the theory
of elasticity), Gostekhizdat, 1947.

27imoshenko S, P., Teoriya uprugesti (Theory of elasticity),
ONTI, 1937.

FTD-MT-24-61-70 viii

v
AR

R
L
3
g
L]
215
225
S
“é
o
3

v
@&
&

Ton 40

2 A
gy 3 ‘f;; 3

T S D)
R ﬁ?& s ,_,6

Ny
75" el

RIS |
S

3 i -S‘; -
A AT AR

i
NI

o ’ [T
) o ,ﬂ‘m} e ; 5 46
L W e

\d
%
ol

o

.
-

& .
B e < e

PR

b



e A AR g W i

R =

&
B

#4
M
Y

4

ey

AR
g

PR

L T~

P e T R W

S e M R oA Sipa

. n oML n

N, e e oM

CHAPTER I

MATHEMATICAL INTRODUCTION?

§ 1. Reduction of the Pundamental Equation of
the Two~Dlmensional Contact Problem to
the Dirichiet ¥robiem for & Lircie

Let us gein from the consideration of the fundamental equation
of the two~dimenstionsl contact problem of the theory of elasticity:

é;‘/(l)laﬁ-?_-?{d:n[(:),. -a<f.<,a, -

where f(z) is function assigned inside the interval {—e6, ¢}, {8 is the
unknown function, which must be determined, inside interval (-a, a)
in such a manner so that equation (1) is satisfied. Relative to

the assigned function f(x) we will assume that it is continuous,

and a derivative of it f'(x) can have points of discontinuity inside
the interval (-a, a).

Let us consider the function of twoc varisgble

Vizp=r0nga, (2)
where . o . -
R'&V (3“‘)“'{"50, ) (3)

When y = 0 R' turns into |z—¢| and function V(z, y) turns into the
left site of equation (1). Thus, equation (1) 1s equivalent to the

In this chapter we give in detail and as elementary as possible
the discussed solutions of certain equations on which the theory of
the contact problems, placed in Chapter II is based.

PTD-MT~24-61~70 1



condition
Vis, O)=fle), ~06<L2<y (uy

imposed on function ¥(z, y). Function V(z, y), defined by relation
(2}, 18 called the logarithmic potential of the simple layer on the
segment of the G2 ~e<3<s with density p(¢). Solution of the
"initial equation (1) is equivalent to the detecting of the density
of the simple layer, the logarithmic potential of which ¥(x, y) turns
into the assigned function f(x) on the segment of —~a<z<a. Before
turning to the solution of this problem, let us investigate in
greater detall properties of the potential of tne simple layer

V(z, y). If the point with coordinates xz, y does not lie on the
segment of 02 —s<z<0a, partial derivatives of function V(z, y) can
be calculated by direct differentiation under the integral sign in
the right side of relation (2).

Consecutively we find:

ln% %lull’--'-m[(#"‘)'*ﬂ»

-a_‘ﬂ ‘ [ z= iﬂ o . y a
HERT Ta=pes’ o W D
By 8 (getPPyt $ _~(a—04yt, -
SRR &"‘W“T(a-d%??‘

Hence

V(z. p(t)(x-:i)" éf(z.v) géwi
S (s=8)*+y* ’ S(a-l 4

37 (e 5) _ § p (a1t =yt .
T2 B (R0 TD S (5)

Ving) € p(0){tz—1)' =yl
1(:-;)'“3' ©

From relation (5) it is obvious that function V(z, y) satisfies
the partial differential equation

v , v 0

Fr g (6)

PTD-MT-24-61~70 2
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Differential equation {6) is called the Laplace equation: any
function satisfying the Lapiace equation is called the harmonic
function. Thus, function V{z, y)} everywhere in plane z0y, with the
exception of points of the segment of =e<g<z2<q, of the 0z axis is
of a harmonic function.

Let us investigate now the behavior of the partial derivative

%7 ¢ith the approach of the point with cocordinates z, y to the

3y
segment of the Oz exis —a<z<e When =638 the definite integral,

which determines the derivative'%%'in formulas (5), can be divided in-
to three integrals:

e
_’S 2{8)pdr -
G-y
.e -
0 pya T ooma . % a”
- - p — pleyde
v { oy | &0y (i -
. -2 . £=0 4

The second of the definite integrals of the right side of formula
(7) in turn can be represented in the form of the sum of two integrals:

-g

ks ° 40 " a4s
_ ppdr “d . ()= p (1)}
y'S (7207 L el W(‘)‘. S.m-l-s:}‘ P(:l,; f: ) (8)

if function p(t) is continuous at point ¢ = =z.

Thus,

"_Y_%ﬁ)-],(z, W+ (3, y)+:f.(£. y)+'x‘§3' y?' (9)

where

a- : ]

sind N 1)de

T3, 3)""‘?% (mt-t)‘:-:;“ Ju(z, v)m'-y.iog;-f—_(,—;.w. (10)
-3 . i .

FTD-MT~24-61-70 3



¥

Ms, y)m-—w(z) S(a’:m (11)

n-p(méz -
" “'ﬂ"“ffﬁ E&W (12)
Assuming in (10) y = 0, we will find
5i(5 Q= Ty (5, 0=, (13)

since in definite integrals

Coowa ? pyde
st( 2 3;5 and ) G-ty (14
-3 b8 ..

integrands are limited, and, consequently, the very definite integrals
(14) are limited. Assuming

tez—|y|tgs (-—% £8< -;i),

we will find:

S(ﬂﬂ =Ty Sdl'ivt ' (15)
where
e, -arctglw (0<c.<.§). (16)
Substituting (15) into (11), we will find
il gy = =~ 11 20,p(2),

or




t
|

b R AN YA TGN

- —

Folz, g} —23,p(z) when >0, }

Ji(z, gie=22,p(s) when y<0G (17
As can dbe seen froem (16), !
e =2 When y=0 . (18)

Thus, 1f coordinate y tends to zero, remaining positive, function
J3(x, y) tends to the limiting value --=p(3); if coordinate y approaches
zero, remaining negative, function J3(z, y) approaches the value =p(z).
Function J3(x, ¥) undergoes discontinuity when y = 0,

Jo(z, +0) = —np(z), Jy(z, ~0)msup(z); (19)

here J3(x, + 0) and J3(x, -0) denote the limiting values of function
J3(x, y) on various sides of the point of discontinuity.

Using relations (13) and (19), from formulas (9) we will find

-~

37(:-’"’_?.0 -}-RP(Z)“J‘(zp +0), }

(20
.‘3.’;_(;-_“'_"). —up(z)=t, (z, ~0). )
¥
From (12) we find
. 249 s |
ni<alyl § s (21) ;
z-¢

where n is the maximum absolute value of the difference p(f)=p(3) when
3-i<tgz+e. Since function p(t) by assumption is contlinuous at
point ¢t = z, then n will be as small as desired at sufficiently small

€. Substituting (15) into (21) and taking into account (16), we will
find

”.(3:!/)!<2’.’2<mz. (22)



SR

T

On the basis (22) from (20) it follows that

A popta|com, )
(23)

[FE=2 —ptal| g

Since inequalities (23) are accurate at any e as small as desired,
and n approaches zero tagether with €, then

v ‘;&,"'._..o) = w—up {Z), } ( 4 )
2

v (2, ~0
"_‘(;'fy‘"") = 2p (2},
if at point t = z functlon p(z), does not undergo discontinulty.

Let us investigate now the behavior of function V(x, y) with
removal at infinity of the point with coordinates x, y. Assuming

in (3)

Z=rcosy, y=roing,

we will find

' Rn]/r'-2rtcos?+z'r ‘/1-—-2-:-'«»9-}-%, K
In %mln%-—ln ‘/i-—-z-}cos?-}-g. (25)

Substituting (25) into (2), we will find

[d . L)

V(z,y)-ln-‘,-g Pl)diem

..-S ()1 l/i-'-zu:-cosY-{»gdt. (26)
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where the right side of equality (26) approaches zero when » + «,
Introducing the designation

]
§ rosas,
§, () dtem (27)
we will find
Vb p)=Platos0, s roos  ru [/ FEF. (28)

Thus, the solution of the initial equation (1) is reduced by us
to the construction cf function V{z, y)}, harmonic in the whole plane
z, y, except points of the segment of the axis 0z -a<z<4 and
satisfying conditions (4) and (28)'. Having constructed function
v(z, y), we will find the unknown function p(z) according to one of
the formulas (24).

Before turning to the construction of function v(z, y), let us
show one important property which the Laplace equation (6) possesses.
Let us produce in this equation the change in variables x, y by
variables €, n, having assumed that

3”’(‘0”%
} (29)

Hmy(im)-

Consecutively we find

!The problem of construction of the harmonic function according
to boundary values assigned to it in the theory of potential is
called the Dirichlet problem. The existence and uniqueness of the
solution of this problem are probem with very general assumptions.
In our book these investigations are not discussed.



B TR R = e -

=TT g 7 e

P oV 3z aV&y - )

F=m &ty T (30)
oF OV 03, OV By o _- o °
aa"dﬁ@q 5y Co ' N (31) '
*V 838{1 v ay @z | Y oW .
a;ﬁ d.s’( ) +2e:dydsé 'a"ay ( ) +am T PH ’i"%'a'%?' (32)
. s

atr 3V fox oV 3zdy. 8?8’: a/mg

=% G) e e (B) +E 5t o (33)

whence
Fri -GG+ ()12 G52

S DTG o

Let us now connect function y(&, n) with function x(Z, n) by relations

by, 35 ) ' ’
di o’ ] 4
y_o= (35)

P ) i

The necessary and sufficient condition of the existence of
function y(§, n), which satisfies relations (35), is the condition

#(-&)=z ().

i.e., condition

b T R e N S DR A,

3
Tt 0. (36)
If condition (36) is fulfilled, then function y(£, n) can be v 3
found by function z(g, n) from relation (35) by means of quadratures. f

Here function y(&, n) will be determined with an accuracy of the 1
arbitrary constant term. From relations (35) it follows that the ;
thus found y(&, n) will satisfy equation f

Py , Ay
430 (37)
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Thus, if two functions z(£, n) and y(i, n) satisfy conditions {35),
they must be harmonic functions, as one can see from (36) and (37).

If harmonic functiol x(&, n) is assigned, then harmonic function

y(€, n), connected with it by conditions (35) can be found by means

of quadratures with an accuracy up to the arbitrary constant component.
Under conditions (35) the harmonic function y(§, n) is called the
function conjugate with the harmonic function z(Z, n).

Substituting (35) into (34) and taking into account (36) and (37),
we will find that under conditions (35) the relation will take place

-G (G +&)- (50

This relation shows that if function V(x, y) satisfies the Laplace

equation (6), then after a change in varlables (29) this function
will satisfy equation

N oW
53 Yo =0, (39)

i.e., the Laplace equation retains its form with a change in variables
(6) if conditions (35) are fulfilled. In other words, if in the
expression for the harmonic function V(x, y) a change in variables

z, y is produced by variables §, n, then we will again obtaln the
harmonic function of new variables &, n under conditions (35). This
property of harmonic functions is widely used in the solution of the
boundary value problems. Actually, if it is required to construct
function V(x, y), which is harmonic in a certain region g and satisfies
the assigned boundary conditions on the boundary of this region, then
by producing a change in variables x, y by variables £, n, we will
arrive at the problem of construction of the harmonic function of

new variables &, n according tc boundary conditions assigned already
on the boundary of the new g#®, into which region g passes as a

result of the transformation of the variables. In particular, 1f

one were to find function xz(§, n) and y(§, n), which satisfy
conditions (35) and transfer region g in plane z0y into a circle
$+n'¢t in plane ECn, then it is possible to reduce the construction



of the harmonic function according to boundary conditions assigned
on the boundary of region g to the construction of the harmonic
function according to boundary conditions assigned on the circle.

By examining the scolution of the initial eguation (1), we
arrived at the constructicn of function V(z, y), harmonic in the
whole plane x0y with the exception of the segment of the 0z —ae<z<a,

according to the boundary condition (4) and subsidiary condition (28).

Let us show that the transformation of variables x, y into variables
£, n

=5 (t+ets 1,,)',}
v=9(1-pkp). o

satisfies conditions (35) and turns the whole plane xz0y, with the
exception of the segment of the Oxr axls ~~a<z<ea, Into the circle
P49<1i on plane £0n (solving (40) relative to £ and n, we will

obtain two real sclutions; from these solutions below we will take
for which & +7'<1):

Differentiating (40), we will find

we§ oz ..ok
7 ~i [ t+awir] f‘ CET } (81)
du  _ ab1__ a g
CETE il 1rdmy )
Thus, conditions (35) are satisfied. Assuming in (40)
twpcosd, nmpeind, (42)

i.e., passing to polar coordinates p,& on plane £0n, we will find

T (9-}» t)eos& }
-’/'7(’“‘;)“””

10
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whence
RS U S v i,
[3G+0)] [3(-)] (44)

Equation (44 shows that points of the plane £0n, lying on the circle
of radius p:

C+7'ems' (<Y, {45)

correspond the point of plane z0y lying on the ellipse (44) with
semiaxes ‘;“'('s"*'?)‘ and %(%-9). When the radius of the circle p
approaches zero, the semliaxes of the ellipse increase without 1limit,
point p = 0 in plane £0n corresponds® to the point at infinity of

plane z0y When p approaches unity, the semimajor axis of the ellipse
%(%+9) approaches a, the semiminor axis of the ellipse %(-;—-p)
approaches zero, and cirecle p = 1 on plane £0n corresponds to the
segment of the axis 0z —a<z<a. From (43) it is clear that

3{<0 whan 0«(%(9, }

y>0 wnen ®&0g 2. (46)

Thus, the upper semicircle p = 1 on plane £0n corresponds to the
lower side of the segment of the axis 0z —ae<z<4, and the lower

semicircumference -~ to the upper side of this segment. Assuming
p = 1 in the first of relations (43), we will obtain the dependence

T acosd, (47)

which connects the position of the point on the segment of the Ox

axis —-e<2<g with the position of the pcint -sorresponding to it
on the circle p = 1 in plane &0n.

Thus, If in the expression for the unknown function V(z, y),
harmonic outside tne segment of the Ox axls —-a<z<a, one replaces
variables z, y by variables £, n accerding to (40), then we will
obtain the function of variables §, n, harmonic inside the

™

s



circumference §'ty'=1, 1.e., satisfying inside this circumference the

Laplace equation (39) in variables £, n. Boundary condition (4},
according to (47), will take the form:

Vo flacosd) when pws i,

(u8)
From (39) we find
$ ] smﬁ_: _‘, ¢ : .....}.. *oin®
Pezidy ;[.(9-;» ) co*04 (p—~+ ) 'sin JE
a® as . 4N R
= (9'+2cauu§-;;)mf-’;(p‘-g-Zg'eostaH),
whence
L . S |
v oY/ FERios R+ (4%)
Taking the Logarithm of (49), we will find
Ia -:«-Rlngw-ln ‘5/9‘+29‘m23a§»ﬁ. (50)
Hence
),g;-‘-:--—lﬂ-?—-io ) when b0, 7~ . (51)

On the basis of (51) we find that condition (28) will now take
the form

V—Pl¥— 0 wenp—s0. (

N
N
~

Thus, the solution of the initial equation (1) was reduced to
the construction of function ¥V, which satisfies the Laplace equation
(39) inside the clrcumference p=1 (=Y i+ 1)

and conditions (48) and
(52) on the circumference p =

1 ana at the beginning of coordinates
p = 0. Using the relations (43), we will find:

oy _avas , av 3y
9z e Vdy o

u;}[g(i-—%) cw6+f£(l+:—,>sin8}, (53)
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whence

1';3‘ %)éasinagz (i’g)' (54)

sinee y + 0, when p » 1. But, as one can see from (46), when 0<L¥<x

y—-0.(1i.e., approaches zerc, remaining negative) when p > I, and
when <8< 2= y—» 40, when p + 1. Thus, according to (54)

‘(%!)M"“i““ (2‘5),_4 when 0<6 <,

(g).-a““i“'(%)wﬂ when =<3 <2 (55)

Substituting (24) into (55), we will find

v .
—~ s ] 8) when0<9<x,
(dp)m zasindplecosd) XX } (56)

av .
(5 )yo= —rosindp(scosd) when= <2 < 2s )

(we replaced argument z of function p(z) by acosd according to (47)).

Relations (56) can be given the form

(;i;’ | =malsind|p(acosd)  (0<D<n). (57)
Having constructed the unknown function ¥V, which satisfies when

p =~ 1 the Laplace equation (3§) and satisfies conditions (48) and

(52) when p = 1 and when p = 0, we will find the unknown function
p from the relation (57).

Let us turn in the Laplace equation (39) from rectangular
coordinates £, n to polar coordinates p0, assuming

Em=peosd, mespsind,

13
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Let us find

%u%mo-}gsin&
‘ggug "3+2
_
ad
j:ugzp sin* 9~ 2%p‘naéees6-§-sﬂ‘m‘e- .-

N
ayycoa&- ,-,ms'

m: Se0s b4 gﬁn'@,

-
.,

¢931n6+ 9ece§ _ e e

Hence

ay Ly a4 3’9’
dg‘+769+v‘55‘ ¢7€‘+3? (58)

A s

Thus, 1f in rectangular coordinates £, n function V satisfies the
differential equation (39), then in polar coordinates p, ¢ this function
¥V satisfies the differential equation

-,

AR LB Y. 4 :

FhyaT ‘;.-‘,-31 =, (59) :

)

Let us now examine function ’
W, 0)=V-Phl, (60)

Substituting V from (60) into (59), we will find

My ., 19l  {aWw
Tyt =0 (61)

3 i.e., function Wf{p,9), defined by relation (60), will also satisfy
the Laplace equation in polar coordinates. On the basis (48) and
(52) we will find

14




W {1, 8= f (acon8) = Plas o

(62)
‘?(&@}MQ a%. (63)
Substituting ¥ from (60) into {57), we will find
BB ) Pom maaind | placosd),
whence
p (L0
P(GCO&&’“'—"—‘;Q‘Q‘“’&,. (6}4)

Thus, having discovered functianiV{p,?}, which satisfies the
differential equation (61) when p < 1 conditions (62) and (63) when

p=1and o= 0, ve will find the unknown function p from the relation

(64). The construction of the function, harmonic inside the given

circumference and taking the rated values on this ecircumference, 1is
the subject of the following paragraph.

§ 2. Certain Methods of Resolution of
the Dirichlet problem for a Circle

Let us expand functionW(i, 8) of argument 3, defined by relation
(62), in Pourier series. Since function W{4,8), according to (62),

18 even, 1.e., W(i,—-0)=W(4,0), this series will contain only cosines
of angles multiple of 9, i.e., it will have the form

W (1,0)==f(acos D)= Pln e, + T, connd,

el

(65)

Coefficients of this PFourler serles ¢,4,,28,...

can, as is known, be
found by means of quadratures by formulas

15
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gw 1,853,

?P‘

. ]
.w.?.ﬁwu,s;cmm, LT R S
o

?

or

gimmws-éh

s
s dficatonta,  aota. (66)

Let us now show that function W{.9), which satisifes the

differentfal equation (61) when p < 1 and condition (65) when p = 1,

can be found in the form of the series

Wio)ma, Zc, ¢ eosnd.
Recf )

(67)
Let us find
awﬂzua?'.ﬁ"ﬁﬁsﬂ'h %’g-ga;u(n-i)p“mu&
net ~ wed -
f}gm~§a,n'p'c;}zn&. t (68)

Substituting (68) into (61), we will find

a;:?.g. : aa‘:""&% a;g-n E: [n(n—-i)-&-n-n’}y“coan&m().
nal
1.e., function Wi{»9), defined by series (67)

, indeed satisfles the
differential equation (61).

Assuming in (67) p = 1, we will be convinced in the fact that
condition (65) 1is fulfilled.

16
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Substituting (67) into (63), ve will find that equality should
take place

&=0. (69)

Condition (69) determines the constant P, which up till now has

remained indefinite, Actually, by assuming a; from (66) into (69),
we will find .

20 .

Po —ioc{ facasy
Eﬁh;—§l€¢w } (70)
Substituting (67) into (64), we will find
P%‘E‘ﬂgnmlb
Placosf)m :;"mﬁ . (71)

We will not touch upon the question about the convergence of series
formally obtained by us (71).

Substituting P 2, @s.: from (70) and (66) into (71) and replacing

in (71) acosd by x, we will find the unknown solution p(z) of the
initial equation (1).

Let us examine the examples.

1) /(z) =z ==const. (72)
As can be seen from (66), in this case

i, m,,; wl,
Prom (70) we find

Pex ..‘-,?. (73)

17
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Formula (71) gives:

g(ama)am‘{m.

Assuming ecotdw=z, we will find

eleinGjm}/ =-c'cor G w :p»’a"-:- 2,

P
S o _ (74)

Formulas (74) and (73) give for the given example the solution of
the initlial equation (1).

2) f(z) =4zt (75)

in this case

f(ecosd)ma— Aa*cos’d w» u--;-"'Ac* -—-—“‘;-Aa'ccsza,

whence, on the basis of (66) and (70),

G‘mo, c.;“ —%Ad', a'.';' ".moco“o.
p l-;oéc’ .
s (76)

From (71) we find

pl(acosd)=s ;;—’—:se;“—e-‘(P—A'c'cos 20)en
o =g (P Aa* —~ 240 cost ).

Assuming in this relation acosé=z, we will find

P4 Aat—=243® (77

g -
LY A

P(2)=

18
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Formulas (77) and (76) give the solution of the initial equat

(1) for the case when the right side of this equation f(zx) has the
form of (75).

In general the formula (71) established by us gives the solution
of the initial equation (1) in the form of an infinite series.

Let us now show anothep procedure of resolution of the problem,

which made possible In general to obtain the solution of the initial

equation (1) in the form of a definite integral. Let us prove that
function Wip0), which satisfies the Laplace equation (61) with

p < 1 and takes rated values with o = 1

W(1,0)=F &), (78)

can be represented by formula

1 F s d.
W0y = § St (79)

The right side of formula {79) is called the Polsson integral. With
p < 1 partial derivatives of this integral with respect to p and &

can be found by direct differentiation-under the sign of the integral
Let us find

o 1 TR ) eos (-0~} dp .
a" :5 —HaosG-0+&)* ' . .
% F(p) 12 cost{y=0)—p (342 cos’(s--8)~% 4394 .
§ [i-ipccs (3= +F) . '
% by 2 p cos? (3-0) + (1 +¢') cas ~4¢p]d :'
e § %-’icwﬂrihgj' ) - .

-l
»

Hence: - ’a » .
g*%%?*'ﬁ%"aim‘é%‘w fidp=2p (L9~

: —2p(1—¢")]cos’ (9-'-0)4-
+{-2p'@ ’-9')+(i+9*)’+4?°-(1-9‘)(1 +p)jcos(e—-2) +
(=143 =1+ + 4% (1=p" ) do =T,

19
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i.e., function W(9), defined by relation (79), indeed satisfies
differential equatfon (61) when p < 1. Let us now find the limit
to which the integral of Polsson approaches when p approaches Its
limit value — unity. Having divided this integral into a sum of
four integrals, we will give to formula (79) the form

W(?»@}'st(;y“)"i--’-(ma)-f‘f (?.0)%"@(5.0)»
where (79')

s
Ty
$iip, W)= gy §1 ZTpcos - H-O

’

(80)

T Fmo-me

=97 ép
-’-"-""’r» ) oot (81)

F(a) ($~#'}de
(30 0) o5 SWLT—W' (82)

L=k s CEm-r o=
*3 ! 2?”(1 N+ " (83)
Assuming in (80) and (81) p = 1, let us find

Ji(4,0)=J,(1,0)=0, (84)

since when p = 1 the integrands in definite integrals J,(p,0) and
4,{»? turn into zerc everywhere in the region of integration.

Assuming further

-t
w15 =3 t8e (""?"’“‘?)
let us find

f-tg?  dgld .
H - (1+p)corte (i—p)'lin'cn
‘+tg' 4 "'0 (i+p)® cos® '+(""). tics

R TIET.E I ’
TP+ cosds ? .
2 b b2
,1~29c°8(9-9)+¢’=-1+?—- A
(- '
£+29m1 !
»1-8 -9 dy f-35 i
(i+tg H_’m ads, <
- ? sectads 2(8~-p%) du
dy 21+P,#(3~P) tgts “+?)’°°s'l+(‘-ﬂ’““'¢

(1 -9 ds
l+zrom-=-t?

cos (9=0)m
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and thus,

{ ms"?é?a%'?pm“v

wmseis}Eld (senet):

where

As can be seen from ¢85, and (86),

q(% whonp(’, a‘n% vhm@-ﬂ.

) § - de
S?:s‘é%ﬁ?tm"‘" mong s

=) dw
S TR TE - e et

Substituting (88) into (82), let us find

Jo (1, 0)=F (B},

Substituting (84) and (89) into (79'), let us find

wt, 0)-_-?(9);1‘«.63.

From (83) we find

‘Je(?n 0)[‘%”c (t=e)ds

-g

on the basis (87) and (88).

I=Hos(-orp <1 "o p<d,

(85)

(86)

(87)

(88)

(89}

(90)

(91)

Here n is the maximum absolute value of
the difference F(9)~F()) when 0—~e<ogd4e. Since by assumption function

F(7) 1s continuous at point ¢=J, then n will be as small as desired

when sufficiently small €.
inequality

W, 0—~F @) <n

But since inequality (92) is accurate at

21

From (90) and (91) there follows the

(92)

t any ¢ as small as desired,

e,

s




and n approaches zero together with e, from {(92) it follpws that

W1, 8= P[5}, (93)

i.e., function W(s 8}, determined by formula (79) when p = 1 indeed
turns into the assigned function F{). Assuming in (79)

a,
we will obtain function W, 9), which satisfies the differential

equation (61) when p < 1 and-boundary cépdihiyh:(62) when p = 1.
Substituting (94) into (79), we will find

0"[/(00039) Plu--}(i ™
w (% G)n T i 1= 2yens (p~—0) 4¢° dg. (95)

Acguming in (86) and (85) € = 7, we will find

=
Ry = 7T when 8am %,

2n
(1—~67)dp
§S-~29ws(:;—&)+—;‘m2" (96)

Thus, formula (95) can be given the form

Ihmnu-ﬂh .
Wip, O g \ T=iren =1 47 P‘ﬂ'” (97)

Substituting (97) into (63), we will find

pu—a——-gl(acos:,a)dt;. - (98)

2:)0-—

Formulas (97) and (98) determine the unknown function (5,9, which

‘satisfies the Laplace equation (61) when p < 1 and conditions (62)

22
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and (63) when p = 1 and when p = 0. In order to find the unknown

function p{z), it remains to substitute (97) and (98) into (64).

¥hen p < 1, by fulfilling differentlation under the sign of the
integral, from formula (97) we will find

b1

8W(n 8 10 laentn)iftemeosip-0~2yldy
% “‘s§ zt-»zrm(p‘a‘)"rb‘i""‘w ’ (99)

Using identity

2 ptali=t) Y. eno- '
INT-Fes(p=B)+p) H—Zs(p—H+ )

and fulfilling in (99) partial integration, lIet us give to formula
(90) the form

2
ﬁﬂ.&mi Flecoso)slnpein{p—~8)dyp
% B I=Ben(G=0)tp (100)

(according tc the condition function f(x) is continuous and has a
plecewise continuous derivative).

Formally assuring in (100) p = 1 and taking into account the
identity

. -8 -3
np—p) 3Ty e le

2 -
1—coa{r~8) ol 1=0 =g iz,
= .

we will {ind

i
QW (r.8) &\, i =0
_..,;'_.‘_?ma ~\,f {acoag)ein ?6‘81-,-'??' (101)

or

™ '
W (p, 0) - 4 -
(.0, 1 (dlteconn) o0ty (102)
' L
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Rot dwelling now on the question about the existence of the

obtained definite integral (102) and substituting (102) into {54),
we will find

p{aoosa)ue P«--?- Sg—-(%;——i}czgi—-dey}

(103)

Substituting P from (98) intc (103) and replacing in (103) ecosd and

x#, let us find the unknown solution p(x) of the initial equation (1).

Thus, for the desired function p we obtained two formulas (71)
and (103). Let us discuss briefly their comparisons.

By differentiation with respect to @

, from formula (65) we will
find

df {e cos d) miuusizm%
26 = nw}i " ' (lGu)

If function @4} 1is presented by the Fourler series

B(0) g, + 3, (dn 5080 1By s n6), (105)

then the series

\
;2{ {6, tin nd - b, cos nd)

is called the series conjugate with series (105), ard the sum of this
series, 1f it converges, is designated by &(d):

)= E‘ (a,5in nd = b, coa nd).

(106)
Using this designation, from (104) we will find
m ZﬂaﬁCMﬂe (107)
U d
24
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On the basiz of (107), formula (71) can be given the form

1 d[(cmg) -
placad) e % |40 B} ['P in“ “’g!”d?] (108)

In the thoery of trigonometric series it is proved that the sum

of conjugate series ®(0} and ¢#{0) are connected with each other by
the dependence!

. s
R, % -
T =~ § o) ctg 27205
[

(109)
Hence .
3Nc§os5) _'_2_; dl(a::n) ctg 152 ,'d,.
. ¢ (110)

By substituting (110) into (108), we will obtain the formula

placosd)=s P-}»-—wﬂf-?«!)—].

1
na | sind | [ d

which c¢oincides with formula (103).

Thus, if in the general formula
(108) function 4/ (ddcos %)

is represented in the form of a trigonometric

series (107), conjugate with the PFourier series (104) for function
df{s cosd)

o5 We will obtain formula (71), which determlnes function p in

the form of an infinite series. If, however, we use the integral

formula (110), we will obtain from the general formula (108) formula
(103), which represents function p in the form of a definite integral.
With derivation of formulas (71) and (103) we arrived at the series
of (107) and the definite integral (110), formally assuming p = 1

in the first of formulas (68) and in formula (100). The question
" about the convergence of series (107) and the equivalent question
about the existence of the definite integral (110), the integrand

of which turns into infinity with ¢=V, has remained open here. In

—-—

'See Mikhiin, S. G., Applications of integral equations to certain
problems of mechanics, mathematical physics and technology, State
United Publishing Houses, 1947, p. 91.
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the region of the theory of the trigonometric series, these questions
have been the subject of a large gquantity of investigaticns. Not
dwelling on these extensive investigations, let us note only the
following. We assume function f'(z) to be piecewise-continuous.

I1 this case series (104) will always be convergent (in particular,
for points of discontinuity of function f'(xz) this series will give

§ an arithmetic mean from limiting values of derivative 4/ (e cos 8) with

48
an approach to the polnt of discontinuity on the right and on the

left).

However, the convergence of series (104) does not yet entall the

i convergence of conjugate series (107). In particulsr, for points
¢ of discontinuity of function f'{x), this series diverges, and,

accordingly, the definite integral (110) does not have meaning.

The solution p(x) of the initial equation (1) infinitely increases
with an approach to the point of discontinulty of function f'(x).
Later in § 3, we indicate certain sufficient conditions with which
function f'(x) should satisfy so that function p(z) remains limited,
and indicate the procedure of calculation of the definite integral,
which determines the solution p(x) of the initial equation (1).

In conclusion of this paragraph, let us indicate one more

[ conversion of formula (103) obtained by us for function p. Assuming

?-'2’: ?I' . -
let us find df(ecosy)
—

v w —asineg f' (acos ) en .

= asin¢’f (acos¢’) -_-‘-1—’—%?—!2 ¢ 0

ctg-—-—-u ctg(:—-——-—- ctg’+.,"

Al 4 d © s ( dl(“:mvl)ﬂo ',+°rl? .

&y 8T (111)

Hence

d d
S (e cose) tgg-i- ”?:”) (ctg +ctg'+ )dqa
[

ii

-

df (s cosy) sing
2§ ety Ll (112)

since




Substituting (112) into (103), we will find

2 (8¢048) 2 mmer “W [p_.__§d’(§€95” slag 'd?}. (123)

" ap €08 Jem 03 9
Assuming

we will find ro ame,u' acose=t, : (11h)

alsiddw )/ dF—a'cas V=Y 3 =2,

‘41(43?”!'%--aainqil'(dm?)*‘-?f B=2f () wmen 07,

Pl s [P~ | LOYEET),

» tez (115)
Formula (98) can be given the form
N ®
Pt §I(¢m?)d¢.
ala —-
. a
or, assuming acosg=4,
t §;cz)a
sln%-.},"—'s (116)

Formulas (115) and (116) determine the solution of the initial
equation (1).

§ 3. Solution of the Fundamental Equation of
the Two~Dimensional Contact Problem by Means
" of Function of a Complex Variable

In this section we give one more derivation of formula (115), which
gives the solution to equation (1). This derivative is based on
elementary concepts about functions of the complex variable.
Subsequently, the method of the solution of equation (1), given in
this chapter, will give to us the possibility of obtaining the
solution of more general egquations.
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If in the expression for function FP(zx) argument z is replaced by
the complex number = + iy, then we will obtain in general the complex
number F(x + iy), the real and imaginary part of which we will
designate by u and v:

8 4ives F{z4iy). (117)

If one were to change the real and imaginary part of the complex
number x + Zy, then in this case the real and imaginary part of the
complex number u + Zv will be changed. In other words, u and v will
be functions of two variables x and y:

unu(Z. y)' vﬂb(z’y), (118)
Thus, for example, if F(z)=z" then {7(z-i-ig{)—(z_-g-iy)’nz‘—-y’+2izy. and in
this case um=z'~y', v=lzy. Let us investigate properties of functions

u(z, y) and v(x, y) definable by relation (117).

Differentiating (117), we will find

du , 90 7} .
;_;4'&;;‘;";" (z4iy), } , |
a&d -aﬂ vy 3 4 119
Ftia=F &t |

whence .
. f0u , . v du , .00
i 3",‘1"5)’&“"6;: (120)

~

By comparing the real and imaginary parts of the right and left
sides of relation (120), we will find

v du’

LR
Iz ay’ }
i

(121)

As we already know from § 1, relation (121) indicate that
function v{x, y) will be the harmonic function of variables =z, y,
which is conjugate with thne harmonic function u(x, y). Thus,
dependence (117) of every function F(x) places in correspondence




[,
N

PPTIS

to the pair of conjugate harmonic functions u(x, y) and oz, y),

which we wiil find by, separating the real and imaginary parts in
expression F(x + fy)}. Having designated by 2 the complex number

z + iy, we will call F{z) the funection of the complex variable z.
The real and imaginary parts of F(s) will be designated by Rer(z)
and ImF(s) respectively:

alz; Y)=RePB), iz yl=inF (). (122)

Thus, the real and imaginary parts ReF(s) and ImpP(2) of the

function of the complex variable P(s) are conjugate harmonic functions
of variables z and y.

Let us consider now the function of the complex variable z:

° .
- g(suf .
e .Sg SN (123)

Let us find o .

[ 3 L3 )
(¢yds (2~ )
P(s)-_ﬂ,’.’.,-.,,-_f%."..;tf,’ - (124)

By separating the real and imaginary parts in (124), we will find

o
p(Yt ~2)d8

ReFle)= \ Wmapv !
-a .

(125)

[}

¢ pityyds
@)= § P
-t

By comparing (125) and (5), we will find

ReF(I)&—-———-Wg:’ 3) v . (126)
ImF(2)= ---9%(54-!-).

Thus, function F(s), determined by the relation (123), 1is
connected with the logarithmic potential of the simple layer V(x, y),
determined by fermula (2), and relations (126), whence
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Fis)m g 5. (127)

Condition (4) for function V(=z, y), according to (126}, gives

ReF(s)em f'(z). when ywm0, |zi<a. (128)
The second of relations (125) directly gives

kP (5)m0 when ywm0, }3]> a. (129}

Finally, from (24) and (126) it follows that

ImF{sj= * when yw 40, |2]<a,
mF{zjwrp(z) ° wien ¥ | ; (130)

ImF (t)es ~np(s} when ym ~0, [3{<a

The expansion of function F(z), determined by relation (123), in
gseries in powers of 1/a3, or, so to speak, expansion in the neighbor-
hood of the point at infinity of plane 20y, gives

'y

e
Fl2) == Sp(:)(-}-s-;‘;« +7 +...)dt-“-:+f‘%+§-:-+ oo
-g

(131)
where a,, G, G o0 are real numbers, where
[ 4
Gyom ~ SP("“'
. -8
or
fom =¥ (232)

according to designation (27). Thus, in the neighborhood of the
point at infinity of plane x0y function F(z) should have the expansion

Folm—fpfipay. ., (133)
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Thus, the solution of equation (1) 1is reduced by us tc the
consiruction of the function of the complex variable F(z), which
satisfies conditions (128) and (129) on axis 0z and condition (133)
in the point at infinity. Having constructed function F(s), we will
be able to find solution p{z) of equation (1) according to one of
formulas {130).

-

Let us consider at first the simplest case in which

}{g)mamconat. when |Z]<a. (134)

Designation by Fo(z) the function of the complex varlable z, which
solve 1in this case the stated problem, let us find for it, according
to (128) and (129), these conditions:

RoF, (z) w0 when ymo,'izl < a,

Iy () =0 ‘when y=0, [z]>e. (135)
Let us examine function
s—3, (136)
where z, is the real constant. Let us find
3T, mz—z, iy,
Considering
Z—z,e=Pe08p, Yywroineg
(Fig. 1), let us find
Z=Z,cnr(C08 @4 £ 8in ¢) wmrefe,
Hence . -
‘e FPP
Vizz,=mlre i, (137)
¥

Fig. 1.
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For definiteness we will consider that

70 wen Y0, 3>5 (138)
and further (Filg. 1): .
Q=% when yum «+0, £ 2y }

9w~ vhen you =0, 235, (139)

At the same time

res|z—~z,} when ym0, (140)

From relations (137), (139) and (140) it follows that

—a—ranasuein

ivzmYz=z, v y=0, z>z, |

Vg, =iy z,~z when y= +0, £<3,

Vi=z,m =i} z,~z won y=~0, 2K 3,

(141)

since

N
) - .
{ L . e W . n s, e B -
Cf-iWS‘i'*'lllngj-nl,' € tmcody—~iBin g om i,

Pssuming in (141) z,™4 and z,= ~06, we will find

Vi—a= }Vz—g,'2>0 *

Vita= Vita 2>~a,y=0,
t=a=miya—z, 3<a,

]/.-g.aua}/—-a—-x, 1L —ay= +°

)f;-..u-c)/a-z, z<ag,

Vitam —i} =a—3 z<—a, y= —0,

whence

Vi—a=il a2z, ~8<z<a, y= 40,
V&' —a'e -—i)/a'-z', —-8<z<a y=—0, j
Vz’--o'u-—}/z'-a’, 1 ~a, y=O,

~~
[
P
o
N t”

Vi—am=})s-a, >4, y‘;"oo 1

= g e S MWW
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L.et us now show that function

ycéaai (143)

Pulsy= —

satisflies ali the set conditions.
Actually,
-% . .
P 2 2g!
F.(g)w--;(i-_:?) _~Ci+zﬂ+'ﬁ'+"')"

P Pt 3Ppat
TS T e (144)

i.e., condition (133) is fulfilled. Substituting (142) into (143),
we will find )

i;ayn..vﬁﬁg;. z:;él. l }
B e s (145)

4

F (8)-:#0’ . ﬁ” _}_0;
F(‘)‘——ﬁ yo= —0, ta((c. (146)

Relations (145) and (146) show that condition (135) is fulfilled.

By comparing (130) and (146), we will find

P -
PEY= == (147)
which coincides with the earlier found solution (74).

Passing to the general case, we will look for function F(z),
which satisfies conditions (128), (129) and (133), in the form

F(g)=F, (3)P (), (148)
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bringing the determination of function F{z) ta the finding to the
finding of function ®{}- As one can see from (146), when |z|{<e, yoo 0
function Fo(z) is pure imaginary. Consequently.

RoF (5} =iF, (5} Im®(z) won |3|<6o, yoo i O, .

(149)
Substituting into (149), (128) and (146), we will find
FE)m =l tn0G), 40, (o<,
f =i 0, y= =0, z|<s,
whence
i Py . ) Y= 0!
!m@(z)-—--‘-,-)/a 2 (), 1si<e ¥ '*°_ (150)

Im(b(z)u%ya‘-siz'(z).’ o lzl<e, p= =0 %

As can be seen from (145), when|zi> 8, y=0 function Py(2) is real.
Consequently,

InF(z)mF, () Im®(z) when |2{>0, y.;.o,

(151}
Substituting (129) and (145) into (151), we will find
Imd(s)m0 when [2[>a, y=0. (152)
We will look for @), in the form
P
vt § 525+ (153)

where o — real constant. Using formulas (123), {(129) and (130), we
will find
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In®(2)e —~ag(z) when [2|<a g =0,

Im@i)=0C when |2{> e, y=0.

Imd(s)emng(z) hen lz{<a, ym= 40,
} (154)

Comparing (150) and (152) with (154), we will arrive at the conclusion
that function @(3) determined by the relation (153), will satisfy the
set conditions (150) and (1%2) 1f one were to assume

g(z)m =V T=2 1 (3). (155)

Substituting (155) into (153), we will find

q e
1 (e yei-std
@(z)n-;? A +c. (156)

-8

Substituting (143) and (156) into (148), we will find

Flm—p ] (LOYETRE o] (157)

sys-af J

Thus, function F(z), determined by relation (157), satisfies

conditions (129) and (130). Expanding this function in series in
powers of 1/3, we will find

F(s a-;f—;(’:-4_-7':;-+...)(f;-+-':'7+...-s:pc)-

Pc b,
-y, (158)

where §,, b, &, ... certain real coefficients. Comparing (133) and
(158), we will arrive at conclusion that condition (133) will he
fulfilled if one were to assume

com i, (159)
Substituting (159) in (157), we will find

F(t)em [§L‘_‘L_______ V4 ‘-"“..,p]‘ (160)

L
aY v at t~3
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In order to find the unknown p(z), it remains tc substitute (160)
into (130). According to (142) funection V=3 yhen [z]<a, y= £0
is pure imaginary. Consequently,

¢ .
- b 7 {1} ¥ a®~—1t3dt
Im F (l} ;""'y‘-———-—-t_.a‘ [R@ g l..__...‘_., = ,......... mﬂp}

(161)
-e
\"henlzi'(ao Y= +0. .
Taking into account the relation
a SO L]
£ Vol =1ids P YTtz dly)dt
Re§ HET e | LTt
g -G e
» a Py
C /(Y= (t—-2)d8,
”_3. DL
and relation (142), we will find
Inf(z)e o)
a
1 . Py Yed— it (t—-x)dt
:ﬂ"‘“ycg_—z";[vi:’io §° (=P 44 -oﬂp]
upn lz‘<d, Y= "l"ov\
InP(g) = : . (162)

e [xm °rmvv—na-aa*ﬁq
" !/a“-:s‘ goo=20 2, (=2 4 ¢ .

up | 2[ < g, y= —0,

Formally passing to the limit in formulas (162), i.e., considering

in definite integrals entering into this formula y = 0 and comparing
(130) and (162), we will find

pEm i [P L (LOVEST )],

VeamaltTw) T (163)

which completely coincides with formula (115) obtained in ; 2.

Let us dwell at this time more specifically on the last passage
to the limit, which leads us to formula (163).
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Let us divide the definite integral

. [ .
-y .
into four comp.aents:

J(z, yye=dy(m Ntz Yirdils p)+7.86, y;.l (1641}

where

Y ~(E g _ oy g
Ji(z, g} Sf' Y E=F(—a)de

(Y ' - (165)
Jolz y)= S"mu::):;(;:'m' - | (166)
2y(z g} S [l‘(t)}"_"a'-c 5 ‘_";;2!;.""5“.”"“ (167)
fo(zv l’)'f(z)l[;c’? S(‘-%)&:%.. (168)

In definite integrals (165} when y = 9, the integrands remain
limited in the whole region of integration. Thus,

1 O § LOYEER G, J(s.m-i LOVe=Tar

2 (169)
Further . oo
[t prucronze
Lb("+s’i-h(' +y"}l=-0.
whence

Fi(s y)=0, g>0am y<0. ' (170)

On the basis (169) and (170), from formula (164') we will find

Iz, £0)- T’—z—-—-—-“ LTy d:-—-j LOVE-Cy
' t~x [
3 . (171)

”Jo(zv ﬁ;U}.




It remains to investigate the limiting values J,(z, +0 and J,(z, ~0)
of the definite integral % (% ¥} It is said that function ¢{f) at point
t = x satisfies conditions of Lipschitz, if in a sufficiently small
g interval{z—s, zd-¢) it is possible to select such two positive
g constants ¥ and 4 {0<e<f), so that inequality is fulfilled

[P ()= (DKSMt—z[ e T—0<ILT+0; (172)

If the two functions @) and ¢,(f) satisfy the condition of Lipschitz

! at point ¢ = =z, Z.e.,

il =n @I <M=z, |o (0= (D<Ml G=2),
. 0<n 4, 0<a.<1,_z—_sg<:<z+e.

(173)

iithen the product of them

¢{t)=gult) 0. (1) (174)
mwlll also satisfy the condition of Lipschitz. Actually,

9(8) =9 (2) m9s (1) 90 ()~9, ()0s (2} = T

[?x(‘)""?1(3)}%(3)'!"!?.(3)"91(3)]?:(‘)'
whence on the basis of (173)
1 l?(t) 9(=)l<M,lt-=l"lv.(z)i+H.l¢-=i"m.<ﬂlt—zl‘

Z—a L D46, (175)
where my - maximum absolute value of function 9:{t in the interval
(z—¢, 240}, MenM,|0,(2)} +Mm, a— 15 the smaller of numbers a; and a

2
(i (175) we assume that € in any case 13 less than unity).

Thus, let us axsume that fua:tl  f'(r) satisfles at point ¢=zx

(~o<z<a) the condltiun Jf Lipscr.tz. Then function f )Y =7

will satisfy the condltion ¢ Lipsahitz at this pelnt, since when

i
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—e<z<8 Y@=

satisfies the condition of Lipschitz with o equal
5o undty:

We—d-yoe-Flamlt-z], z-eZtgzte.

were m — the largest absolute value of the derivative with respect

to t of V&*=T in the interval (z—e, s-a) Thus, the ineguality will
take place

WY o=f—p @y =2 <N s—3],

0<agd,
s—eLiG3te, (176)
On the basis (176) from (167) we find:
A y)l<3182:::),'+, v 0<agl. (177)

When y = 0 the Integrand in (177) turns into li—z2-t and remains
integrable, since 0<agt, Thus,

a+h
(s 20 <t §(e=zp-1dien

3~8
240

w2t § = ay-diem T g2 K e

fws . (178)
On the basis (178) from (171) we find
ru)v’m xmﬁ"“-z'd
O e

From (179) it 1s clear that J(z p) remains limited when y approaches
zero, where

J (2 & 0= lim (S/ B Vm“*,&”" oL ). (180)
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The expression standing in the right side of equality (180) is called
the maln value of the integral

S ') P’c°-—z
ez

(181)

nd we use for it the standard designation of the definite integral,
stipulating the fact that the written integral should be understoocd
as its principal value, i.e., the 1limit of the sum of two parts
of this integral standing in the right side of equality (180).

Thus, on the basis of (180) from (164) we find

im (£ Vasfig—ndt ¢ ru - =84
wl-:t:n §. (=2 4 b b S co.u (182)

1f functicn f'(t) satisfles the condition of Lipschitz at point
tmz (—~a< 2<a), where the defirite integ-al standing 1n the right
side of relation {182) should be understood as its principal value

1.e., the limit shown in the right side of formula (180).

Substituting (182) into (162), we will find

Im P (3) m -—‘7.=_—_..._“ ( S"(‘) 7’;‘:"_-7_‘ ,p) 1
when [2](0, y=+0, ; (183)
ImF(z)u ‘Y'...." (Sl'f‘)}:" WP)
wncrl:l<a: y"""'oc J
where, according to (130),
S S ST CroyaTe
Pix) Yales [P " 5'_“—7:?;; d‘]' (180)

Thus, for the case when at point !(ez(—a<z<d] function f'(t)

satisfies the condition of Lipschitz, we Justified the derivation

of formula (163}, obtalned by us earllier as a result of the formal

Lo




passage to the limit, and proved that function p(x) defined by
formula (163) will be in this case limited, and the definite integral
entering into formula (163) can be understood as its principal value,
and it must be calculated, as the Ximit of the sum

§C39}&§:214h. e .
-e

IS
e

e (TRl { ngf-;?.l‘a)'.:

[T ] (_185)
Let us examine as an example the case when
]{3)“0-—1‘[3[&“ (0‘5‘1), (186)
i.e., '
[(@)=smAz®® wion 220 2 f(2)mz—A(~z}??
when 2 <0, : €187)
Differentiating (187), we will find
FlEym AR 405" wns>0, f{z)mAk4)(—2P (188)
Substituting (188) into (184), we will find
-—t po L PV
)= Sy \(Pran- | AL “dt), (189)

where under the integral sign in (18%) the plus sign can be taken

when ¢t > 0 and minus sign when ¢t < 0, and this integral should be

understood as 1its principal value. As can be seen from (188),

when z # 0 function f'(x) has a continuous derivative and satisfies

the condition of Lipschitz with the index o = 1. When x = 0

function f'(x) satisifes the condition of Lipschitz with index

a =k if 0<k<i, and does not satisfy the condition of Lipschitz if

k = 0. In particular, when k = 0 function f'(z) at point z = 0
undergoes discontinuity:

4
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I'(z)m —4 when 258, ' (z)o= A vhon 20,

Thus, if 0<k<1, then function p(z), determined by fermula (189),

wlll be limited everywhere inside the interval {~4.¢) When k = 0 we

can only affirm that function p(z) will be limited when -6<z<0

and 0<z2<a.

Let us conduct computation to the end for the maxlmum case k =

In this case formula (189) takes the form

=g ~.

plz)m —-—-—-(P«y 4( EVT=R. 4;),
-
Let us find

¢ :l’et‘—'—-l" - 3 R E i e A - .
S rral 3‘7—:‘: md‘

a"'-" + 3
* -Soilh'"'”(“-l) St;&‘-ﬂ '.

Assuming further

t= ¥ 2= (e R, h’%lg‘i)

we will find diw 21—t dr
a+op

P o 2P &a'\a at{t = .::)x a(1~1%)

" V q? “ +'$? ‘(’ +“)§ ’+“ ?

_a; - z(!«{-(*) S‘I— ()(Se--dz (-0 ('—T)
s =i cu+v) =

tthence

dt

Vm(-——«-i) (1—-{)(1---)

2% 3
""l.( { \d‘ﬂ
7-)
2v g"“
dlo .
- ‘.‘i i..g.

3

sivdh‘~

b2

(190)

(191)

(192)

(193)

0.




¥ finding the principal value of the definite integral

[ ‘ «
he 0<x<:a
-Se:h Ve o (% - 4) e .’
2 will obtain

\or=ie

.2 .
=Sty
** dt
i S,,ym(_:.-z) é.m({,-s)'.

{194)

aking into account (193) and (192), we find

SR "‘_:“"’ -
u-rg?[m{;*!‘ +lim (m%::: +1o 3¢ )'l..
i - ) : T ke ?-‘z-q J

W+0zE-w -0+ -4)

Iy rerly

ol ety

te "?‘? a:oa (g

(195)
here

e S YAz 1P 6 — Ve —(z o)t
% Py ¢ Tam Y : (196)

ccording to (192) and (196) we find

b3



lioi in o Ci , n)

b {F=n) -0

[a-l’e’-:’_.a—]/c‘—(z-z)'l
mlimin < z Wodnd.
P [ z _t_z_-}/c'-(s-c)‘]

6= Yolazt Tt

T a~l/533?33?]

[4-)/;’7:-—:‘— z4¢ -

{a_:-_}fc‘-(:-{-q"__atVa'—z‘}
z4€ P

- ot (r=-)WeimBtz Y (zme)

In lgon —zV e =(z+ t) c)‘-ac+(z+e) )’a‘-?n

. m‘n -‘+V°"’3' Vﬁ-&
~ad Y P =D

Va'-s‘ .

(197)

Substituting (197) into (195) and replacing after that £ by x according
to (192), let us find

1 at 4
;1nt=
j-ﬁ}/m(::--i) Ti-¢
- ) -d 4-1/3-“:3 ":‘—.‘3 X
S
2z 4o-}/o'-z-' N
gat———Liar a2 (198)

By conducting analogous calculatlons for the case —a<3<9, find

2 a-}/c'-:‘
e In . ~3L2K0, '
j‘ Va'-z*(—--x) TVe-s - (199)
Formulas (198) zand (199) can be united into one:
a 2% V Vd
a=-yY -2
S;, —-;-; _,_,,) —Jen e 9<izl<a. (200)

by
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Further,

c ) ] ] .
tz)di tlﬂ__ 28 en
S 4 Ver=tt o S &V’e”""*'z S ey
Y . - =g
O |
gde T e
-zg.—ﬁ_ 3y =1 L 2. (201

Substituting (200) and (201) into (191) and (150), we will find

P(’b‘)ﬂ' (P-.-.".‘....?.:.“/"‘""il o- m) ,
O<izl<e. (202)

As can be seen from (202), the found solution of equation (1)
approaches infinity when x approaches zero. When {z|{—a, the found

function p(x) also approaches infinity, with the exception of che
case when

(203)
In this speclal case
2 -> .-A;
pi=~SA 0TI, 0<isice, (204)
and turns into zero when |z|=a,
Substituting (187) into (116), we will find
P 1 + tdi
- -ln-‘-‘( SV:‘-F. S'ia'.-v) (205)
Further, a .
._.__.3-=-arcam--' =,
L = L '
-3
+ tdt tde
| ke pitgmaya=one

b5
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Substituting (206) into (205), we will find

Pn-—-g-- -—zﬁ °
mz;< o (207)

By comparing (263) and (207), we will find that conditi-n (203)
under which the initial equation (1) has solution (204" will be
fulfilled in the case when equality will take place ?

2.5.9(1.;.13%)@3. (208)

Pormulas {202) and (207) solve the examined problem in general when
arbitrary value of constants a, o and A; if, however, condition (208)

is fulfiiled, formulas (202) and (207) pass, respectively, into
formulas (204) and (203).

§ 4, Case of Several Sections of Integration in the

Basic Equation of the Contact Problem

Let us now examlne the solution of an equation more general than
equation (1):

v be
t .

where f(x) — function assigned in » intervals of argument

2,8, <3<bp (m=1,2,...,n), and p(x) — unknown function, subject to

the determination in these n intervals of the argument. In the

special case when n=1,a,=~g, §y=a, equation (209) turns into
equation (1).

Let us consider the function of a complex varlable

?(Z)wz’i"n(x). (210)
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here

g
Poi=§ £ PO ety @ .
ccording to (127) T o N
0y W . y - .
m(z)ﬂﬁ—y-lad;. s
here : MR
b ) )
Vn(zoy)“'s plt ﬂn‘}'}"(?“‘“""‘dt’ (m“’szo.:unn)-

quation (209) is equivalent to condition

zva;(zio)"’l(z)’ am<3<ba; {nei, 2, -.uon)'
v , .

mposed on function Vi{z, y), Vits, ), ..., Vofz, 4}, Or to condition

‘ReP()e= 3 RoFy ()= 3} 245, 0= 'i2)
Ml Mawi

hen y“o, am<z<bm (m'“‘.z,.-.,n),
.nposed on function F(z).

Relation (219) and (130) will correspond to relation

ImP,(z) =0 von y=0, 3< 0y 8 22> b,

w i, 20 2 30y
I F,, (3) = 4 2p(z) wren ymj:o,a..<z<b, }( ")

vhence

-

al

ImP@w 3 ImFz)=0 v.-y=0,
mei
56, ba< 3K 8u, (mef,2,...,8-1). b3,

]mF(&)-‘i‘RP(I)” .. y_xg’ ﬂ.,(“«lbw med,2,. .,0)

(211)

(212)

(213)

(21%)

(215)

1o

e g

P O

A
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since when ¥y=%0,

0, <2<y ImFit)»0 when Akm and ImF{s)m s np(a)
when &=m,

According to (133) the expansion of function F_ (=) 1n the
surrounding point at infinity will have the ‘form

. bm ’
F, (,,,..._.»J:»- vees 1m0 P (0,
. . .w

whence
Plz)= 21’,,(:)a-«-—+‘,+..., . (218)
cees AMef ":.. .
where ) no n P
2 SP(‘H:-'
metCm .

Thus, having constructed function F(z), which satisfies conditions

(215) and {216) on the axis Oz and condition (218) in the neighborhood
of the point at infinity, we will find the unknown function p(z) by
formula (217). For simplicity we will limit ourselves to the
consideration of function F(z) in the upper half-plane y > 0, and

we will determine function p(x) according to (217) by the formula

T (mﬂi.z' ooa.n). (‘:19)

Just as in § 3, we will examine first the special case of the problem
in which f(x) = const, and accordingly

F(2)=0 wmon g, <zLb, (m=14,2,...,n).

(220)
Let us show that in this case function
Py (2)
F ()= s
o) V(z"‘n)c"“x)---(3‘“n)(3"b3)(“"b:)“'(3"’0)' (221)

where P,,(s)— polynomial of power n - 1 in z with real coefficlients
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Poms (#“‘fe"ﬁ’-eag'z‘?éf‘f‘vf- 808", (222)

satisflez conditions (215) and {(216), i.e., let us show

aﬁpcéﬁ)ma Hhsn %{3{5 {}Rmf, ’-uo,.ﬁ),ym%@pi

o lmF;,{:}wG vioh e By
[RCTETII S L R W PRI Y (223)
According to (141}
y&‘"‘ﬁa !V&n ‘hﬂbs}aab 3
¢
yl’m"‘m e L
pREyEn wes>h [ OTO0N (224)
1 1
Fren= "vES < .

Asguming in (221) ye 40 and taking into account (224), we will find

g se8ig) oco (£ Gp) (B~} (£=8p) o
when 28, pm 40,

P (2) o == ‘Pn-t {=)
e Y W R T R TF P ”“m?i?}
when 8, < 5 < &, Y= +9,
P Red (=) . .

A = et e T T ey e e SR
' wn b, <5< q, yoo +0,

Fo(gh e o e

——

!

véhen Gpuy <3<ba~30 Y- +0,

etc., i.e.,

P, (s)ae{~ )n—nu 8Py (8}

Vl T (s~emd e~ *a)l

(225)

]
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when &, < s€bime=d,2..,8), g4

LACEICE ol (226}

when 3,<2<05.,(m=0,2,3,...,8),y= 40, 1f one were to take b,w —w, G =wm.

Formulas (225) and (226) show that relations (223} indeed take
place.

Let us find, further, according to (221)

¥

*

m%{ﬁ’,«}"ﬁ;ii:..; & o™ H (i-i"% %% c%»e'..')ﬁt
ool

2+ e P e )oPr g (227)

where 6,6, ...~ certain real coefficients., Comparing (227) and

(218), we will find that function Fo(g) will satisfy condition (218)
if one wers to assume

® 8
"‘“”‘"P “"éf,.i’ (Ms‘_ (228)

According to (219), {(225) and (228) we find

P(S)m (!)Md c.e a v,

P RN AN o e et | o S

" lflu--«-m-»

MNef ¢

%(z('ba(mﬂﬂg&u..&}. (229)

Formula (229) gives the solution to equation (209) for the specilal
case when /'(9)=0 yhen 6, <¥<bs (m=1,2,...,8) W¥hen n = 1, (229) turns
into formula (147) found earlier for this case,
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Fagsing to the general case, we will look for function F(z), which
satisfies conditions (215), (218) and (218), in the form

; Palz} -
Pl o (230)

reducing the determination of function F(z) to the finding of function
&), : - : B

As ecan be seen from {225), when a; “2<bs{nwi, 3, ...onjgye 35
function ?o(z) is pure imaginary, polyanocmial P,,{s} vhen y= %0 ocbtains
real values. Congequently,

ReF (s} w gt i 0 (s)
when €3 lmmt, & cooaB): goo 04

€231)

Substituting (225) and (215} into (231), we will find that condltien
{215} for function P(s) will correspond to condition

fls)em W’é’;‘;mm Imi@{@s

'g/; 17 e L.an.-&...\%

gz:

i.e., condition

!a@wﬂt-'ﬁ”g/\ I s—ad—b|r'@® (232)
T

when exda<iimat 2,...,.4), ye 40 for function @fs).

As can be seen from (2267, when ba<3< e, (R0, 4,3,...,8) Yy 40
funiction Fo(a) obtaina real values. Consequently,

Fu(3)
vmm;u;—!?-,mow (233)

when ba <30, (e, $,% ..., &) yaw 'ﬁ'ﬁ

and condition (216) for function P(z) is reduced to the condition

InO(s) 20 opn by <2K 0 (M=0,4,3, c00in), ywo 40 (234)
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for function B4k We will look for function Ol in the fom

%3“'2 §":‘:‘:§"«@~P o (235)

mnlan

According to (216) and (217).&1& will have

In@{s)ef - o
%ihanb <5<6m. (@ae’pgy ¢o.qﬂby“ é‘a!
Ind ()= egla) . (236)

whon @, K2 Y, Qmmﬁ,&.,..n), gm«i—@

Comparing (236) with (232) and (234), we will find that function TR
defined by relation (235), will satisfy conditions {232} and (23%),
i one were to assume

g(s)ai:JLV‘ﬁfs—@aH%”%}xf . (237)
ﬁa<a<é (&mi,%. oy B

Substituting (237) into (235), we will £ind

@{g’uz “'“"’“S V n(ew-a,}# w}%ﬁf}%wm@. (238)

i

Substituting (221) and (238) into (230), we will find

Fig)o -
3 E(ui)wsylﬂ(‘-Um)(' ra |EES 4 2ua )

med

(239)

Vﬂ (s=em)(s=Du)

Thus, funetion F(s), defined by relation (239), will satisfy
conditions (215) and (216).

We find further
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i et S ek Dl L

SIS S0

A e e IR

F(s}m;gﬁ (H- +--g+...}(s+f§+g—;+...}x

x(?'-‘--%&«%-” +e,,+ez,s+.mm..=“)m

. SR
' . . §w+§+§.§,,,, (240)

< - !
< 2 TSR

Thus, under condition (228) function P(z)}, defined by relatlion (239),

will satiasfy condition (218‘: in the neighborhood of the point st
infinity. :

From (225) we f£ing

w&tz’@@g ﬁw& nnagx yw"ﬁ'& { (2“11

Prom (239), according to (241) we find

10 P () @ i ezt { 4 z { = gyray

E/}ﬁ (3""@3)(9"5&3‘ =

- 1.1

X ga;sgezVlg‘(cnw«»wiiéf%?wwxw]

(242)
whan 04<8<b} “‘ivzo vouy B) y= ‘é’ev

But, as we already known from § 3, if fuaction F'(¢t) at point
toz {6, <E<h) satisfies the condition of Lipschitz, then

-

limRo gg/m o)t — m}ﬂ'ﬁ’

Mol

§Vlﬂ(c-a,,w b | LE2EE (mus;'z; )

(243)
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where when @ = 1 under the integral standing in the right side of
formula (243) should be understood as its primcipal valus.

{2843) into (242) and {242) into (219), we will find
piz)s= X
Vil 7
xiuzeasfﬂy{mﬁwzuw] 2 +9¢.4s)} (244)
: &<$<%Ga%&nu$g
where ] E
ngiz)‘sﬂa%’ﬁgg'sao-e‘}ngd"‘M. {2)’;‘5)
' P=3 ?Pi@é& . (216)
ol &y ..

»

Yhen 3=, g= —g, §;ma formula {244) coincides with formula (183) Pound

earlier by us for this special case.

Formula {244) for the unknown function p(z) is found by us from

relation (219). Punction F(z), which appears in (21%9), satisfies
the houndary condition (215):

RQF‘;)"(‘) whsn ym +C, ﬁ“<3< bﬂ (m‘ssggg XYY &),
where

RoF (i) zv (2, 0) = ZSN‘?‘"T‘“{"‘ ' (247)
smtcm

uhaa fo= S0

according to {(213).

Thus, the found function p(z) will satisfy the
relation

WE,SP“”“.: 8.4'-1’(”3’ (248)
<2< h, (m=1,2,...,a)
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e TR AV

Howsvsr, frou relaticne (288) 1% does not follow yot that the found
function pfz) wiil satiefy the initial equation (209). Integrating
{248) with respeet to z, we will find

e & - . *
3\ rerle Zpdtl G o
it

PP PR I TY SR

{249)

3

where 6 8, ... 8 constants, i.e., by gubs‘citufing the found function
pl{z) intc the left side of equation (209}, we will cbtain the function
of argument z, which on each of the intervals 8.<8<h, (m=1,2% .. 1)
can differ from the assignég functior £{z) by a certain constant

e . However, functicn p{z), determined by formula (24%), contains

n arbitrary constants € fu ... & &nd P, which are coefficients of
the polynomial Pr.ais) Thus, additional constant camponents S s +ver 8a
which we will obtain as a result of the substitution of function

p{z) from (244) into the initial equation (20%), will be funmctions

of constants fe @ »—: Seenr £ and in this case linear fusctlons, since
these constants enter linearly into the expression for function

p(z). Eaquating to zero these additional constant components

By B oo ®ae  wWe will obtain n linear eguations for the determination
of constents ®w fu ...0 6, 2and P, which enter into the expression (244)
found by us for functiocn p(z), Having_thus determined constants

€or £10 ++osSomy ANA P, we will obtain the solution of the initlal equation
(209).

In the contact problem of the theory of elasticity we wlll
encounter later the case in which function f(x), which stands in the
right side of equation (209), is assigned only to within the arbitrary
constant component, common for all intervals m€2<d: (M=1,2,....8),
but then quantity directly is assigned

i
P=3 \ sinar
el O

In this case for resolution of the problem it is sufficlent to
express constants € € -+o fmn. which enters into formula (244), in
terms of the given quantity P. Below we write out the equations,
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ghich in thig case determine coOnSLAnts €w € -« 8opr Prom (247) we find

amer :
iReF (fyweeds=

dm . S

wl‘?l SN‘N’*':::;;"T&"E S”“’”r“"?

el om

=f o)~ m=l,3 .81 (250}

according to (209). If function f(x) Is assigned to with in the
constant component, common for all intervals 6,€3<%, (me$,32,...,8),

the differences standing in right sides of relations (250) will be
fully defined.

2 -

In aecordance with relations (226) from (239) we find

*
¢

mﬁf{iﬁv«we’;"
: Ee-»z)wg V I] t-eaite- 2 LB 4 Py @
* W{"’ﬁ” e $m ;
23 }
. Viitp-es (25 |
‘ ‘358’5” <.2<$¢,& (&mgg %g oy ﬁ""ﬁ)'
» Substituting (251) into (250 and taking into account designation
q (245) "
P )=tz ... 0y 30 P23, ]
g:: 3
%we will obtain a—1 equation '
: ';
° n=3 ’noﬁ . . k)
4 Ja y= g =-€-f)”"‘li(aa..)-l(b.aﬁ+9 Sf l,,,_....w S e v o
: e thH (S“Gn)(ﬂ“'wg ’ . ol 7 ln(:-an)(a-ﬁ.d{ !
3 maf .. g
f, o0 ' ) ;
I [Ze-iwiyma—wa b.al’;“_’:’]és, !
= V] | (YR e
'\Yé " med (252)
56
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for the determination of coefficlents &, Cu ceer Cpopo

in the gontact of the theory of elastlclty we will alsec encounter

the case in which the function f{x) standing in the right side of
equation (209) is assigned in cach of intervals 6,€2€b, (B=1,3, ..., 1)

only to within its arbitrary additive constant for each interval, but

then »n of quentity &y By ...,P, is assigned:

3’@‘”5{?“3& (w=t,3 .000m). (253)
&z ' .

-
*-
z
+ M ]

In this case . . -
el .

and we will find coefficients %w €n ..cr € according to (244) from
equations

zc‘ 2ds . o . ' . ' i
Gthﬁeﬁ”‘s)‘S”&s)i : IR
53 N
a(-.srmzp,-w aa

“"yl I (3"“&:)(8-5@){:.
1] et

i ) ‘“Vlﬂ (8—'055)(3;&”)!—

Mmel

"[2"""”5 Y Te-ea- "“".ma}“ (255)

m'az 3' svep BBy

which are obtained by direct substitution of function p(x) from (24i)

into the first n—1  from relations (253).

In copclusion of this sectlion let us examine examples.
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a3 oemwb bw—80ma bmd f(¥ws yhon b LBL~6 JEi@5
when #<x<$,£- jis an arbitrary conatant.

In this case formula (244) takes the form

. i‘“o“‘PJ') i -
Pl e o<iEi<h (256)

where the pius sign should prevail when z < O, and the n.nus sign
when & > 0. Equations (2.52) form m = 1 give

& * Y
d= PN S QL I -
L S y ‘5’2=-'=m8?):=.:{2 g;_==::§} g4 2 _So ?, MW { 2 5 7 )

-t

Assuming = » at and designating by k the ratio 3, we will find

3

] L o
R
AVE=HiE=m & )VE-ma-rn .

F oo * . ‘
27 a8 = 2 -
- =% ) yGTHasED sEG, (258)
where
[ 1
K{kyes é
® §J’<‘-—"w-&'ﬁ (259)

is the so~called complete elliptic integral of the first kind, for
the calculation of which there are tables.

Further,

[ 8‘8 ..
Svame=nmo (260)

since in this definite integral the integrand is odd.

P eind =

P R



Substituting (258} and (260) into (257}, we will find

i3
Gy s wm, km-g-._ (261)
Formulas (256) and (261) give a solution to the problen.

2) ’3‘“2- e, = -, éx""“s g, bemd, f(z)"“z when -b<z<--a, i(z)-a,
when <3<, o, and a4~ are arbitrary constants,

?P(l)fftal’.; § (tydi=d,,
- -

In this case for p(r) formula (256) 1s retained, but the constant
o will be determined this time by the first of equations (255), which
gives

» N . [ ]
dx ) zdy
[ 2 - .
‘§'7<=*-amv-z*> =Pk P §?f=e"=?’?ffz~eu = (262)

. . o
Considering znv’b‘w(b’na‘)ti and designating by k quantity V”"‘Ev
We will fing

- - 4

St oty
x'--°)¢b'-a') 31/0-&’)«-&‘6"3 ¥ (263)

’MV

Assuning swyf <X =+ ng, we will find

s
3

13
Ve (264)

e rea
S
©
|
eof 8

Substituting (263) and (264) into (262), we will obtain
e —ePyt§ P 3 (P=B)),

since
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FmbtPo (265)

. —t
{a”a;'&m(p;-‘pg), kmyi“"%so (266)

Thus,

Substituting (265) and {266) into (256), we finally will find

© 8
m(l’x“?a)“(?r} PQS

YV o N (267)
kw15, a<izi<d,

(3= %

where the plus sign prevaills when x < 0 and the minus sign when = >

-

§ 5. Equation of the Feriodic Contact Problem

Let us now examine the solution of equation

5 fm
) gp(e)an-‘-l;-:—_-g—dgut@).a..<s<ﬁ. (268)
LT3 T T

(m==1,2, ...,8),

where f(d)= function assigned in n intervals of the argument

ey, <9<Pn(m=1,2,..,,n), and p{0)- 1s unknown function subject to
determination in these n intervals of the argument.! We will subse-
guently assume that .

0<e,<B<a,<l<...€<c, <P 2%, (269)

Let us examine inside the circle of the unit radius &®+9'=i of
two variables ¢ and n:

R O

Y& =3 (pte)in} g,

mel orn

h dhine mt G W s wa et S ek Gacamu e cae v il

'Keldysh, M. V. and Sedov, L. I., Effective solution to certain
boundary value problems for harmonic functions.
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where R -~ distance between point @ with coordinates £, n and point
@'-on the circle of the unit radius with vectorial angle ¢ (Fig. 23:

Bel (i-cag)f L {3~an gy,

Function V{E, n) coenatitutes the logarithmic potentisl of the
. simple layer with density p, vwhich 1s located on ares (8 B (81 Bodoee s (8285
of the unit eircle. Just as in § 1, by direct differentiation we
} will be easily convinced in the fact that function v(g, n) inside
: the cirele '+ 7'={satisfies the Laplace equation %’%4—%;0, it is
a harmonic function of variables §, n. Passing to polar coordinates
59, 1.e., assuming Ewmpeosd, qupeind,: we will find

< o e
V»2 ?p (N8 ey A0 (270)

el oge

Assuming in (270) p = 1 and taking into account identity we will find

2—2eos(p—0)e (20ia 232)" -

e o . (271}
' 22 v !_;0{&9 whon peed,

By comparing (271) and (268), we will arrive at the conclusion that
. equation (268) is equivalent to condition

Veo f(0) whon pea?, 0, I8 Bp (W 1,3,..0,0), (272)

imposed on harmonic function V.
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Fulfilling in (270) differentiation with respect to p, we will
find

v - v
Fo2 §P<?"s=*%‘fs%?§%mé?- (273}
. wmefen . . .
Using the identity .
cosfp =B} —¢p 1 bl ., :
TR arr B remearr-i )
Wwe will be able to give to formula (273) the form.
B . . .
Zo2[LT Crtmpaitertr-L] (27
& el I w33 Co8 (3 0hbpe 7 dn )s 274)
sl Oy » .
where
% ¥a
P=3 §atace (275)
ﬂlﬁl{gﬂu .
a % ..'
But expression %2 }P(@}ms’? constitutes the Polsson
integral et '
X $eg® .
57=§ PO —paa-ner i

in which F(g)=p(z) when s <o<B, (m=4,3,...,s) and F{z)=0 when

ba<9¢<pu(m=0,1,2,...,8) G, =0,s,,,m2x), and approaches p({¥) when
8, <0< Pa{m=4,2,...,8) and to 0 when 3, <V<a,, (m=0,14,2,

..., n), when p
approaches unity. Thus, from (274) it follows that

:;;—'wv@)—-; when pnt.ﬁn<é<£!..(mmi,2,.'..,u), (276)

(277)

- LR amb sw

o 5 wenpeei, §, <0<y, (M=0,1,2,...,5)
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Thus, having constructed function V, which is harmonic inside the
circle p = 1 and satisfies on this circle the dboundary conditions
(272) and (277), we will find from (276) the unknown function p(é).

The solution of equatién (268) is equivdlent, thus, to the
construction of the function harmonic inside the circle according to
mixed boundary conditions assigned on this circle.* Just in preceding
chapters, we wil.l reduce this boundary value problem to the problem
of construction of ﬁhe functicn of the complex variable according to
boundary conditions assigned for it. Let us consider the function
of the complex variable {miiw’

% fm

@(:)mxz V(o) éf?« ' (278)

L.TY LN

Here under the integral sign iwé+inwpcusdipsind— 18 the complex
number ‘depicted in Fig. 2 by point @ #?=etse4d imag¢—~ 1s the complex
number deplcted on the same figure by point Q'. Let us find

{ = gcos Db iptind
= ccsri-mn;-,coso-—luin& '
(o cos &4 tpsind) {cos 9~ pcos D18 (2in g~ §2in 0)]
* ey~ 'mb-tol(slu?«-pshbzgw?-pmabv-d(sfnp psla?)]
o fe0s(3 w0}~ tysiniy—~0) T ) _
S=dpoos(p=ti+pP > o (279)

Substituting (279) into (278), we will find

: a
# sin (2—0) & (v} {ees (yp—0) =gl de
°=3 § Sr-‘%mmw"“ﬁﬁ SL""T‘L"LJ:-zm oo (280)

LI X

By differentiating with respect to & from (270) we find

» fm
4 P pgin (3~ B)dp
09'2 S t=3Fcor(g—B1ay” (281)

Mol *m

According to (281) and (273), formula (280) can be given the form

P()=- +=t:d, (282)
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Thue, the real and imaginary partas of the function of the complex 9(r)
introduced by us are connected with the harmonic function ¥ by rela-
tions

Re‘l’(’)“ ' fm@(C}”’P (283)

and conditions (272), (277) and (276) which are satisfied by function
Vv on the unit circle o = 1, correspond to conditions

Ro®@)=f'8) wen p=1, a0 <O < By (1224, 3, .., 1), (281)
M@=~ whon p= 1,8, <O < by b0, 1,3, ..., 1), (285)
Im @ (Yo npll) — L whonpmt, a0 <O <Bpalmed, 2, ..., 0, (286)

which will be satisfied on the unit circle by the function of the
complex variable ¢(z). Thus, having constructed function ¢(z), which
satisfies conditions (284) and (285), from (286) we will find the
unknown function p(9). ‘

By means of consecutive transformations we find

“-c ‘(!c“:-i-“c ) ‘(u- '54'-“ -d)u»..-.'

u.}{ cos-—»-Hsin-.)-w(cos-—-uin...)‘ ‘]w ‘
L ced +nin---(wc--ula-)( ,' \

. ln-—(l'-n)-}-tcos -?-(!-H’) ) i ‘C‘E““"%‘ . :
-7 cos-(% +ul 1 i Loy ‘I
-‘) l‘: (+€) -c‘?,- “—?"' .
t+eotgrd - ‘ ’
L) 3 s
n?(m_*cw% -‘). - ) . . (287)
A R T A S

Substituting (287) into (278), we will obtaln

o topn (see )l

*..»‘.S,, T (288)
where
. n Im ¢
1= 3 {r@ sl (289)
m-‘ﬂa
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and P 1ls determined by relation (275). Assuming further in {[288)

. . ' 17 ' * com lm

, we obtain b S Sl R . (290)

f o Bu 0és P ' '

i °@=3 § ST b1-i5. (291)

i« where L A

{ . .

: o =g, bow—ctg? (awmi, 2.8 (292)
® {8} e gl Zang (293)

? &ccording to (269) \F” 4 34 .. ‘

i ~ <8 KB <8 <h Lo Oy < B <. (29%)

¥

%g By introducing designation

;

’ 53+e

i e (295)

i we give to formula (291) the form

; , SQ=FE+y—il, (296)

% where ,

: o Oy *

g s) 2

; F{z}_uz S%. (297)

e; ‘ nul@a.

Formula (295) determines the complex number s, the real and imaglnary
part of which are changed when a change in the real and imaginary
parts of the complex number 7. Deslgnating by = and y the real and

, imaginary parts of the complex number z and assuming in (295)
) Cmpeoslpdpaind, we will fing
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From (298) it is clear that y > O when p < 1 and y = 0 when p = 1,
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i.e., point P with coordinates =z, y, ¥hieh depicts the complex number

2= 2+ iy, is in the upper half-plane z0y, when poipnt 9 with polar
coordinates p, o, which depicts the complex number (=g, is inside

the un