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DIFFICULTY AND POSSIBILITY OF 

KINETIC THEORY OF QUANTUM-MECHANICAL SYSTEMS 

Part II - Th« Quantu*-m«ch«nical 

Liourille Equation and ita Solutiona* 

by 
Toyoki Koga** 

SUMMARY 

Th« th«ae of thia report ia a problaa of corrélation, aa 

ie illustrated in section I by considering the two-electron 

problea according to the Schrodinger equation. In section II, 

the Schrodinger equation ia reduced to a partial differential 

aquation which ia equivalent to the claaeical Liouville 

equation, to the approximation of nullifying h2 in the former. 

An energy eigen-function of the Schrodinger equation correapnda 

to the representation of a aicrocanonical ensemble of classical- 

mechanical systems in the phase space. For example, the energy 

eigen function of the electron in a one-electron atom corresponde 

to a microcanonical ensemble of single-particle systems in the 

classical-mechanical sense. The uncertainty existing in the 

quantum-mechanical representation of a particle is two-fold : 

A part of the uncertainty stems from our intention to describe 

the behavior of the particle, which is likely to have an 

extension in the six-dimensional phase-space, in 

The comment of Dr. Arthur E. Ruark given on this matter 

has been most stimulating. 
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term« of th« concept of classical aaterial point; it also 

ateas froa the situation that we are treating an enseable 

when we aosuae that we are treating a single particle* 

If this were not the case, we would have no way to explain 

strange kinetic-theoretical phenomena, which really exist 

and fail to arise fron the application of conventional 

theories. In view of the above, the kinetic theory of quantua- 

mechanical systems is difficult to rely on standard solutions 

of the Schrodinger equation. Rather, at the present tine, it 

seeas .tost reasonable to utilise quasi-claseical models of 

particles. The present discussion provides sons legitimacy 

and significance to those models. Finally, the present 

interpretation of quantua mechanical phenoaena provokes no 

disturbance in the conventional structure of the quantua- 

aechanical interpretation of the Schrodinger equation, so 

far as the conventional application of solutions of the 

equation is concerned. 

I. INTRODUCTION 

In Part I of this report, it is discussed that there is 

a possibility of kinetic theory of quantua-aechanical systsas, 

since there are evidences that th» validity of the Pauli 

principle is localized. Nevertheless, we soon realize that 

it is not so easy to consider kinetic theory of quantua- 

mechanical systeas. The situation is explained in the follow¬ 

ing. 

Suppose that we have a two-electron systea, as the siapl- 

est case. Ve aay write down the Schrodinger equation for the 

system. This two-body problem is quite different froa the 
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classical tao-body probles. In che present case, we cannot 

define the relative velocity, the center of oass, etc. of the 

two electrons, and hence there la no way to sisplify the 

probles by changing the coordinate systes. (If one of the two 

particles were a heavy atoa, there would be a way of justifi¬ 

cation of doing so, as we really do for calculating the elec¬ 

tron energy of an atoa.) The Hartree-Fock aethod has nothing 

to do about the difficulty, since we do not want to introduce 

the additional statistical sense all at once. Finally, we 

suppose that, to the aeroth approximation, the wave function 

of each electron is a plane wave: Then we 

construct a wave function for the whole system, 

fo * f¿(rl)Vo(r2) * V'Í(r2)Vo(rl) 

To the next approximation, we writers , and sub¬ 

stitute^ fori/'in the interaction term of the Schrodinger 

equation, and siaply y in the other teras. It is not yet 

a staple equation, but we suppose that we get a solution for 

Ÿ • Is this the correct solution for the present problem? 

It is easily seen that this solution implies that the two 

electrons are interacting mutually at any tiae and anywhere 

in the same way; each electron appears to have been ground 

to a sort cf powder of extremely small grain and spread 

uniforaly in the entire space. Is this the real node of the 

interaction between two electrons? The situation does not 

change as depending on the amount of energy contained in the 

systea. In other words, we cannot switch this to the classical 

two-body problem, as long as we use those wave functions. 

We remember that we meet a similar situation in the clas¬ 

sical kinetic theory, if we use an ensemble representation of 

a systea. (Ref.l). But we cannot siaply conclude that the 

-3- 



. tu.U0. Of quontuMochonlcol kl.otl. thoor, i. lMao,.„ t0 

CU,alC*1 !« ‘W. r.port, .. Inr.otij.t. U. 
«tt.r .or. clo..lT, bj utllUlo* to. quootu....,,.^^ u#„u 

Z;:^ u i,riT,i ,TOn tha J 
• ..pt to find . f.o.ib!. .., of kdooti« tb.or, of 

mechanical aystema. 

II. DEDUCTION OF THE LIOUVILLE 

equation from the schrodinqer 
equation 

fro. n,Z b**° kn°"‘ th* •’“*«« «“«•> in d.riv.d 
' * Schröding.r .qu.tion by . ..tbod of Foori.r 

tranaforoation i. .qul.al.nt to tb. cla.aic.l UounU. 

tio. to th. approxiaation that ,h. tar. in.oi.i., h 1. ig.,P.d 

th. potantial 1. axp.nd.bl. in a Taylor ..,1.., .,d it. 

f rat darlxatir. 1. ratal..!. R.f.2. Ho...ar. th. ,r.o.d.r. 

darl.atlon 1. not analogou. to th. ol..ale.l on., ..d 

U.=. it 1. difficult to ... th. physical c .r,..p..d..c. 

b. .... th. two. I. thi. ..ctlo. .. .I« d.rl.. . partial 

faranti.1 aquation fro. th. Schröding., aquatlo.. Tbl. 

•quatlo. 1. .,UlT.l..t to th. .1...1..1 LlOUTill, .,u.tlO. t. 

th. .pproxiMtio. of nullifying h^, not h, 1. th. for..,. 

eaidea, the procedure of derivation of tM. 
Td oenvation of thia quantua-aechanical 
hioutIII. aquation 1. .«ch analogou. to th. d.rix.tlon of th. 

.1...1..1 hi out! 11. .,u.tion ..cording to th. H»iiton 

nr«ll.., i..„ .. can ... rath.r ,„Uy th. corr..pond.„c. 

IZ 'T ■‘th*"tlC*1’ b""" ‘b. t.o „„.tic, .1...1 oâl 
... qu.nt.1. In th. following, th. Introdu.tory o.rt, do„ 
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to *q.(2.3),l ia well known. See Ref. 3. 

write the Schrodinger equation for « particle in 
* potential field ü aa follow»: 

it 
d t 

*2 
Ü ijj 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

2a 

* * V2;£ 

»♦ substitut. In th. .bo». 

f » * «Jcp(i3/6) 

T\' ‘"d 3 rMl f“"«io-s of t ,„d ? . , 
AS, function .blob css b. „pr..s.i .. . of 

fssginnrj par„ b, 

r..l part th, . 0n '«.Alsrioï 

.. bs». ^ P"rt ln •l-tlon ..p.r.t.ly, 

iS/M * ^ S,Í/2« * " - 0 

¿•2/Jt . 31 »(.¿grad s/a) »0 

T° th- ™““«of Ignoring 

hs/h , (grad s)2/2a . j , 0 

<2.M1L7tofu1n;Lil:.rulo::1;;:"::;fir,t - 

*»■> l..d to . paru., dlff.r.ntla! ° 

“--—a u::;;;;:1.;::;;::,hici -aï b* 
as..cl‘«Aosi 1.10U.111. .n. 

Equation (2.3,. l8 th, 

.quation la»!!.. K,.ton dpna^o. und.r c.rt.ln adl ' 

Without tb. condition., th. a-J „u.tlo. . 
«ff.r..tl.l aquation of broad.r l.pHc.tlon , * 

‘A. Uoumi, «quation In tb. cLaalclí . “ 

tb. additional condition.. 'M*’ ^ i"tr!><iu,:1“S 
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W# auppoat that va obtain a "eoaplata" istafral of 

a aolutioa containing thraa arbitrary eonatant* la additioa ta 

an addltira eonatant: 

8(?«tt(^^f0/2» o(^) * &Q 

Saa Haf.4. Proa nov on, va ahall ignora eonatant B . 

wa defina ^ and ß by 

■* 
p ■ grad S 

Than 

(2.5) 

(2.6) 

In ordar to lat ? iaply aoaantua, it ia naeaaeary to pnt that 

cU, 

à t 
■ 0, 

dt m 
0, 1. 2, 3 (2.7) 

(Thaaa oonditiona ara not eontainad in tha I-J aquation.) 

According to (2.5), tha eoaponanta of p ara funetiona of r, t 

«nd tha ^ ’ai 

Px " ^ 

Py ■ Py(r,t,ot ) 

Pg - Pa(r,t,¿ ) 

Sinilarly, tha ß'a ara 

ft, ■ ßI (x,t, o( ) 
ft, ■ ^(r,t,^ ) 

ft ■ ^(?.t,o/ ) 

(2.6) 

(2.9) 

By aliainating x,y,a fron thoaa aix aquationa, va nay obtain 

tha p»a aa funetiona of the ^ 'a and |3 'a and ti 
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(2.10) 

Px " Px(* • Í3 » t) 

Py » Py(^ . tf , t) 

p* ■ pmU » Í3 . t) 

Md suba«qu#ntly, Iqa.(2.8) yi,id. 

* « *U, ;3 t t) 

yB lía . ,3 . t) 

* * *( J. » ß * t) 
(2.11) 

Th... .lx fuBotlou si„ th. tr.J.etorj of . p.mol. u 

«cord.«, rtth th. «.«., dj«tíc.. Sill<1. th,r, ,rt >lx 

eon.t.st., th. ^ •. |3 .., lB t«„ fuBctloil. 0{ 

t. 0« «„ .ho... th. p., ,t tl.. t .. lBd.p..d..t of th. 

choie* of x,y,i. if w< d#flB# H by 

H ■ (grad 8f/(2m) ♦ U * p2/2. ♦ ü 

t.«. ...ordlog to (2.3). .« (o,,,, M 

n a ■graa 

wh*r* ( ) .*aaa that th di 

...dltl.. rth.t r 1. ,tx.d: (,;*“” t“44* ‘h- 

A '• for th. thr.. h d *0’ " “7 t*k* 

thr-. ^««1 co.pon.at. Of " '* ^ th* 

c.n.ii.-rr.t.1:;:?1 r rof th-—- *<•<*.»• 

». rnp i.d.p..d.:;, ir:i::n::.:2r L 
»• writ* for Iq.(2.4) (2.11), 

(^•2/<) t) ♦ (?/■). grad a2 . o . . . 
(2.4) 

In thia praaaatation, p iB - fun(.*dÄ 
*T .olxln, thl. . l. function of th.*.., 3 ., >nt| t, 
— 1. equation, „ .«ppo.., .. „bUill . „co.pUt<„ 

'Thl. 1. th. initial definition o, ^t l„ ,,.(2.3,. 



solution which contains throe nors additional constants 

a2 . p# (?, t,J ,/3 ,j) (2.13) 

where <1 sea ns the «à 's. By neans of (2.10), however, vs nay 

eliminate either the «< 'o or the (3 's and bring In the p's 

instead. Suppose we elialaate the oi, 's. Then we obtain a 

function of r, J, t, ß, f for a2j 

•2 * p(rfp,t,/3 , T ) (2.14) 

If we rewrite Eq.(2.4)* in terns of this function, ws have to 

write 

^ AU ♦ (dp/dt) ♦ ¿/Jp 
r 

in the place of ¿ /Jt. Then, on consideration of (2.12), 

we nay write for Eq.(2.4)» 

( * ■7’srad “grad ) ■ o (2.15) ^ t n <5 p 

This is the Liouville equation in the classical-nschanioal 

sense. 

2* îâl Ijlouvllle equation in the quantun-nschanloal sense. 

Tron Eqs.(2.3) and (2.4), we nay derive the Idouville 

equation in the quantun-neohaoical sense, as analogous to the 

classical one. Since Eq.(2.3) contains a, we have to solve 

the two equations siaultaneously. Suppose that we have a set 

of "complete" solutions which contain six arbitrary constantsi 

8(r,t,¿ , O * a(r,t,oi ) 

where 

r ï ».y.», 
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(2.16) 

Th«n «t dtfin« p and the (I 'a by 

■* 
P ■ grad S 

ß, * - ¿ &M¡, - ÒB/M2% lif-ÓS/Jjj (2.17) 

Haré p la ai.ply a rector rarlable and doea not neceasarily 

■eana aoaentaa. According to (2.16), «e hare 

PX * PX(r.t,e/ , f ) 

Py*P/r.t^.n U.Í8) 

P* “ P.ír.t,^ , ) 

and according to (2.17) 

ft a , r ) 

,r ) (2.19: 

-¾8 , j- ) 

We regard the 3 .a aa inrariant, in the aaae «ay aa in the 

claaeical case. By eliminating r froa (2.18) and (2.19), we 

obtain 

px " Px(^ * 3 ’ ^ t t) 

Py = Py(i. * 6 ♦ t) (2.20) 

Pz 8 P2(^ t) 

and then, aubatituting the above in Eq.(2.l8), we obtain 

X » xU , 3 , j , t) 

y * yU . i » d f t) (2.21) 

4 * 3.^* t) 

and r are independent, aince they contain nine conatanta . 

is., th. .t.l...« following tq. (2.11).) FnrU.r, t, nol.lng 

(2.20^ with roopect to th«^ and aubatituting tba raault 

in a(r,t, oi , ^ ), we obtain 

-9 



(2.22) 

(2.23) 

■ • a(r»P*t, ß , f) 

It .. substitute th. sboTs for . lo 1,.(2.4) . op.rstor ¿/Jt 
naa to be re*ed 

j/<>t. (dp/dt)r-j/jp” 

Bonos. 1,.(2.1,) jislds 

■^ * (-âiLj.ii?. a*2 n 
it it r ¿f m yj~ * 0 

Ws ns; cslculsts (dí/dt)r fro. E,.(2.3) .h#r, t ; .r, 

■utusllj Indspsndsnt. Fir.t,„p.r.t, 0,„,t0r gr,d. 

^ (grsd 8)/21 * 8rod (gr.d 8)2/2. . gr.d V . £ gr.d(i^.) . 0 

Considering Í . gr,d g, „ obt.ln 

( lp/dt)r* grsd D - j|. grsdUs/s) . o (2.24) 

0. sllninoting (dí/dtj^ fro. (2.2J) >nd (a.j,,, „ 

rf~ ' (*r,4 0 - ~ gr.d(u./.)). ¿if . J_.¿if . 0 
2* i ï «ir 0 

Tiod (2.25) 
This b. rsg.rdsd .. th. Uourill. .,„.tlo. lB t4. 
■•chanleal sens«. 

It is notsd thst th. Wlgnsr .,ustión, d.riT.d fro. 

th. Schrodlngsr „ustión, i. .,«1,.1.., ,0 cl...lcal 

Uounil. .„.tio. to th. approxlMtion of »ulllfn«. *, 

"0‘ -6 , if th. p,t.,ti.l 0 i. sxpandnbls 1. . T.;lor ..ri.. ., 

dlst.no. .nd It. first d.rlr.tl,, 1. r.taln.d, 3,, 

Th. dlff.r.nos b.t...n th. »ign.r „u.tlon and 1,.(2.25) 

b. sttrlbntsd to th. diff.,.,c. b.ts... th. dsflnltlon. of *. 

Th. prs.snt „u.tlon 1. .or. sdT.nt.g.ou. in th. ssns, that 

It. conn.ctlon to th. oU..io.l on. 1. .xpliott .nd n.turl. 
Wa aaj parfont tha sa.^a raduction aa ia tha abova with 

r..p.ct to th. Schrodlngsr „u.tlon for . ..ny-p.rtl.ù 

-10- 



HI. SOLUTIONS OF THE CLASSICAL 

liouville equation 

Therefor., in general, a eolation of the .qu^tioVie^e> 

function of those independent rari.blea. Ae •. chan« 

•rbitrarily the ralues of thoee Tariablea P ch 

If *e impose a certain relate k ^ *'* accordln«ly< 
certain relation beteeen those chansea of 

::r-—:=:.crr.-. 
dt dx 

Va 
dg 

P*/“ 

-Îiï. , . Jä. , dp, 
‘’V-’x ¿n/j, - Jïÿ- (3.1) 

I. oth.r .„rda, lf th. ch.ng., occur acc 

r'- - - -- ~. 

•^ —- -- 
the eolation to a constant °f r’ P and t* By «qualiiing 

constant, ,ay A, .e obtain an .qaation 

/’^.P.t) » A 
This equation ehould be satisfy k 

But «• cannot d.riee (3 i) f 7 ‘ 8#t °f 80luti0M °f (3.1). ucrire (3.1) from this equation. 
xn the following, «a ahall dÍ8Cua_ ^ g , 

°f Eq#(2.15)j * typical solutions 

1# ^^10° for a single syat,-. 

* „¿(x - x(t)) /(y _ F(t)) /(i - z(t))K 

-Px(t))i(Py.Py(t))/(Pi.pi(t)) 

( P a const) (3.2) 

11- 



TW* function, £ function, ontlafioo tho Lionri^lo cquntion 

(2.15), if xU), 7(0, n(t), px(t), py(t), Pi(t) nr# 

Solutions of Iqs.O.D, and x,y,s, p^, p^ ar# independent 

variablen. Function (3.2) represents a single systea in the 

phase space. 

2. Insenbles in general. 

Fron (3.2), we nay generate a solution which represents 

a group of similar systeas (saneable). In (3.2), those 

functions of äae t 

i(t>, T(t), «U),, <t), p (t), p.(t) 

contain their initial values denoted by 

X0 * 70’ *0» PX0* PyO*PsO 

If the initial density distribution of the group of the 

systeas is given by 

(3.3) 

(3.4) 

^ (V y0 * #0 • pxO* PyO’ paO) 

then 

rrr 

? ■ JJIJI ^‘WVPxO^O-'P.O 
is the solution which we wish to obtain. 

3. Micro-canonical enaeable. 

If we take for ^ 

/3 - .2 . f(B * p2/2.) (J>5) 

we see easily that this satisfies Iq.(2.15). In order to 

neke this as the representation of a aicrocanonical enseable, 

an additional condition is necessary, that is 

U ♦ p^/2n ■ I a const (3.6) 

-12- 



(3.7) 

This is equivalent to taking for S in Eq.(2.3)» 

S a » Et ♦ 8 

where E is constant and s Is independent of t. By (3.7), 

equation (2.3)' yields 

-E ♦ p2/2a ♦ Ü * 0 (3.6) 

In aunaary, the following are significant: a) The charac¬ 

teristic equations are independent of /> . b) A characteristic 

line does not cross another line. 

We may consider the sane with respect to uany-particle 

systems. 

IV. SOLUTIONS OF THE SCHRODINGER 

EQUATIONS AND THE CORRESPONDING 

SOLUTIONS OF THE CLASSICAL 

LIOUVILLE EQUATION * 

TheLiouville eq.(2.15) is linear and of the first order. 

But equation (2.25) which may be called the quantal Liouville 

equation is neither linear nor of the first order. 

We begin our investigation by assuming that (h2/2m)grad 

in the equation is a minor correction term. Then we may 

think that the classical equation (2.15) is the substitute 

of Eq.(2.25) to the first approximation. Then, on substi¬ 

tution of the first approximate solution of a in the 

correction term, we may consider Eq.(2.25) as linear and of 

the first order. After repeating successively similar processes 

of approximation, we may define a trajectory by 

i. “,1'in thi* unn.c..0.r, 
fôr íh. <qU\ *e<h*nic8.*r« ..r.ly for the ron.ehleoc. 
tor the discussion in section V. 

-13- 



*2 
- grad U ♦ -grad (-££- ) 

2» a 

-JL 
■ 

(4.1) 

Thasa ara ^haraetarlatlo aquatloaa of lq.(2.23) to tha prasaat 

appraxlaatioa. It la rathar obriona tiuit va eaaaot eali a 

llaatdataralaad is tha pahaa apaea according to (4.1), as 

’•trajaatory'1 of a partida, bacausa hara tha trajaetcry 

appaara ta ba affaetad by a or by othar syataas and tha 

situation ia caatradictory to tha dafiaitioa of aaaaabla that 

a ayataa balanglag to aa aaaaabls ohoald not ba affaetad by 

aaathar ayataa balaagiag to tha aaaa aasaabie. Tha ally 

faaalbla iatarpratation ia that tha baharlor of a ayataa 

(a partida ia this caaa) is rapraaantad by a bundla of 

thoaa aharactariatlc liaaa, laataad of a alngla liaat At a 

aocant of tlaa, a fialta doaala of tha 6-dlaanslonal phaaa 

spaas rapraaaata a atata of a partida. According to tha 

praaaat iatarpratatioa, a2 aay ba tha rapraaantatioa of aa 

aaaaabla of syataas which do sot iatarfara autually, only vhaa 

aaeh fialta dsaaia of tha ralavant phaaa spaea raprasantiag 

a stata of a ayataa is saparatad froa tha othara la function 
2 

a at aaeh nonant of tina. One raprasantntiaa donain of tha 

phaaa spasa should ba oecuplad only by ana ayataa tt a aoaant 

of tlaa. (Tha situation is slailar to tha situation of many 

billiard balls which ara on the sana tabla and do not colllds 

autually.) if this condition is not satisfied, a trajectory 

aay violently davlata froa aay of thaphyaically passible ones 

beeauae of tha latarfaraaca which should not occur on a systaa 

in tha aaaaablSf and tha situation causas singularity of a2. 

Thus far, va bava boon assualag that va solva Iq.(2.25) 

by a aathod of aucosssivs approxiaation, siaply for tha 

A «iailar iatarpratation was proposed earlier by 

d* S## R#f* 3 • *4e tara containing a in (4.1) 
should belong to the concarnad partida itself. 

-14- 



purpo.. Of tind.r»Undln* tb. cffoct of th. bon-llb.«r ttrM i, 

&1.(2.25). Th» notiiod of .ucc.ssi*« »pproii.atlon 1» „ot pr.c- 

tlc.l, ho„.,.r: ». do no. too., lo »d,.„c. of .olutlob, bo. „hould 

th. first approrlmation b. ..t, .uch that th. conr.rj.acy of tb. 

fiaal result is a.sur.d. If ,. obtain an .pact solution all at 

once and tb. solution does not contain any aingularity, .. nay 

expect that th. solution be physically significant. 

!. Energy Eigen -aolutione. 

A» energy eigen-function of the Schrodinger equation ia 
given by 

r(x*y»*it) = a exp(is/fi) 

*h«re s a -Et ♦ a 

and E ia conatant, a and a are independent of t, 

(4.2) 

(4.3) 

Then we have 
i*¿fM = E f 

On thin understanding, «e aubatitute (4.2) in Eqs.(2.3) and 

(2.4), obtaining 

"V D + (grad 8)2/2b ■ ^^®/(2*a)= o (4.4) 
<Pa /t)t = 0, div(a2grad s/a) = 0 (4 5) 

According to tb. definition of ? Md. in section II, .. 

r.nrlte (4.1,) and (4.5), .nd obtain* 

-E ♦ U ♦ p1/2a - -h^a/(2aa) a 0 

ò a^/J t - fgrad 0 - ^2/2m) gradüa/a)].J«2/^ « 0 

P'grad a^ 0 
} 

(4.4) • 

(4.5) ' 

Du* to the introduction of p, . m.y b. . fuBetlo. of t> 

If .. nullify t2 in the above, Eq. (4.4)- Lpli,. the energy 

conservation 1. th. classical sense, and this condition deterUnes 

» surface in th. phase space. On th. surface, .2a.y chang. in 

such a .., that Eqs.(4,5)' .re aatiefled. This i. the r.pr.s.nt- 

stlon of . inicroc.nonic.l ensemble. *s far a. those conditon. 

sr. satisfied, .. ,,, choose th. distribution of a2 arbitrarily. 

If a la independent of r, ore have 

i-hòy/òr a (grad e)^= p- ^ 

iS this case, -f¡"d,./(¿M) in (4.4)' disappears. 
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Th« «itiation ia above bj Eq.(3.5), vhar« v« aaj ehooaa fuaetioa 

f aad I aa va vlah. a^ (or f) repraaanta a auparpoaltioa of 

▼arioua traj«ctoriaa poaaibl« uad«r coaditioa (3.6). 

If tha tara containiag b ia Iq.(4.4)' ia aignificant, ta« 

diatributioa of a alao affacta tbe «nargy lav of tba ayataa 

aadap coaaidbratioa (a partiel« ia tbia caaa). According to th« 

iatarpratation aad« in tbe beginning of tbia aection, a faaaibla 

aolvtioa ia axpacted to «xiat oaly under a raatrictira coaditioa. 

Indaad, according to Sebrodinger, the pooaible valuea of Xt ia 

the caaa of aa electron in an atoa for exaaple, ara atrictly 

apacified, and only for each of auch raluaa of ï, a2 and S arc 

poaaibl« to ba determined uniquely, vith no aingularity. An 

aigaa function tbua deterained in tbe configuration apaca givaa 

ua only a vague inforaation of the behavior of the ayataa uadar 

conaidaratioa. The vaguaneas ateaa froa tvo cauaaa: 1) The 

atata of a particle at a aoaent of tiae ia rapraaantad by a¿ 

and S la a finita doaain of tha phaae apace, and conaaquantly 

a trajectory of tha particle, not only in tba configuration 

apaca but alao ia tba phaae apaca, ia not a lina but a bundle 

of linea. 2) Many poaaibl« trajectoriaa, each rapreaaating 

a poaaibl« and antira hiatory (cycle) of tha ayates, ara 

auparpoaad in one configuration apaca, aa vail aa ia tbe relavant 

phaae apace, and repraaant a aicrocanonical ensamble*. (Tha 

firat oauaa is found only in a quantum-mechanical system. But 

tha second causa exists also vith respect to a claaaical system.) 

Thus «2 appears to represent a cloud spread in the entire 

configuration space. The present interpretation is obviously 

different froa Bora's interpretation**. Born attributed the 

peculiar characteristic of the cloud, vhich ia partly (or mainly?) 

the characteristic of an ensemble even in the classical sense, 

•In tbe Schrodinger solution, the magnitude and direction 

of angular momentum are also specified.. But the direction of 
apogee ia not spacified. 

••The reader may complain the author, because our inter* 

pretation produces nothing nev so far as the standard problems of 

quantum mechanics are concerned. But in section V, ve shall see 
the significance. 
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to th« assumed peculiarity of quantum-mechanical particles. 

See Ref. 5* (In his classical kinetic theory,Born is not sensitive 
of ensemble. Ref.1,) 

2. Wave packet and plane wave. 

It is often said that a wave packet which satisfies 

the Schrodinper equation represents a free particle. 

If U * 0 im the Schrodinger equation (2.1), we have for 

a solution 

exp (i px*/t -ilt/fc) (4.6) 

E * Px/2« (4.7) 

Consequently, the Fourier transform of 0, a function of 

4(xt) * J Q(pjí/mc)êxp(l~‘ - i -ÎL) d(Px/mc) 

(4.8) 

is also a solution. If we choose 0 properly, 1// represents 

a localised wave (one-dimensional wave packet), although 

unstable*. See Ref.6, At the limit‘t^O, the wave packet 

appears to be a plane, placed perpendicularly to the x- 

axi* moving in the x-diroction. We may construct a 

three-dimensional wave packet which may represent a 

particle. 

If we distribute many similar wave packets in the 

three-dimensional configuration s pace, and the distribution 

is made with a certain regularity as depending on function Q, 

we obtain a plane wave to an approximation: 

V' * * «P (1 V.1''* - 1 VA) (4.9) 

• Schould this instability be attributed to the nature 

of a particle or to the imperfection of the Schrodinger 

equation? Some arbitrariness permissible in the choice of 0 
suggests the latter. 
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rt*r* px(/* ^ th* *ro'«P wlocity of . pock.», «od I. . pi /2.. 
«1.,. „Plltud. . i. (4.9) u .„b.t.ntun, COMt„t. th,10 

oorroopoading eU..ie«l .....bl. co».l.t. of .l^Ur oi.-portlclo 

dlstrlbntod B^for^y 1. tb. J-dl..B.lo«.l oo»fl*«r.- 

tlom opaco, dt thlo elaaaleol Holt, oo cooaot dotoct the 

regularity or order giro. priMrtly to tb. dl.trlbutto. of th. 

WOT. paekata, aa aece.a.ry for foreleg tb. plan, nra (4.9). 

la aa eaaaabla, each ayate. (. partid, i, thi. ...,) .bould 

aot latara.t dtk aay other ayata. (« partida), no utter 

bo. .10..1, uy tbay b. loeatad 1b tb. .pa... Tbl. dauad of 

th. daflBltloa of aoaaabla a ad tb. .oor.otioaal uthautiod 

aebaaa of r.pr.a.Bt.tlon ar. .oapatlbl., .. .. d...ic.x 

aatarlal polata ara ooocarBod. But It la aot ao aith raapact 

to quaatal partida., a, la ualfaat la Iq.(4.1). tb. 

regularity lapoeed oa tba dlotributloa of nra paekata la a 

■ath.utl.al eooT.alaaca, but 1. aa uaa......ry ra.trl.tloa 

fro. th. aiaa-polat of pbyal... For araapla, if ., .„p,,.. 

that a baa. of alaetroaa la rapr.aaatad by ao aueabla of 

ai agí a-partida ay at «a, tb. oaly a....a.ry .oaditloa la that 

aaeh ala.troa la tba baa. la ladapaodaot of tba othara. «a 

eaaaot aapa.t that tb. di.trlbutloa of thoa. alaetroa. la th. 

»... ahould b. regulated 1. th. .... .. tb. dl.tribotloa 
of th... ..a. paekata 1. for ukiag a pl.a. lt oth.r 
aorda, a plea. ..a. 1. .iBply , „pr..,nt.tlon of . .lngl< 

P.rtl.1. for a ..rt.ia purp... .pa.lfl.d la qu..tu.-«.cb.al.., 

A« Dr. Ruark oaea pointad out to tha author, thoaa 

apa.ul.tlo.. „da 1. tbl. ...tio. ar. all .........ry(...aiMl..., 

for aolalag th. .ooa.otloBal problau of qu.otu.-...b.oi.a. 
Botblag, ... aad .ig.lfi..at, «, b. d.adopad fro. thau. 

Thay uy b. ratb.r di.gu.tful la tb. ..... that that alra.urou. 

beauty aad p.rfa.tlo. of tb. ay.t.. of quanta. ...baal.. b. 
uaa.ca.a.rtly daatroyad by tbu. H.a.rth.l..., tb. author tbl.k. 

problaüflíu.£*aa^d.Boutrat.d*iõ*tha^n.xt uctlSî. “-“tt'-th.or.tloal 
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V. FROM THE KINETIC-THEORETICAL 

VIEW POINT 

Thus far, *« have seen that there are good mathematical 

correspondences between quantum-mechanical solutions of the 

Schrodinger equation and ensemble solutions of the classical 

Liouville equation. Thus far, however, we have not said 

that those solutions of the Schrodinger equation represent 

ensembles. For it is merely nominal and insignificant to do 

»0 from the physical view point, so far as thosec onventional 

solutions are concerned. In the following, however, •• shall 

RÛ0W that lho a»"»« Physical significance as seen of the differ¬ 

ence between ensemble and single~sy3tem ip classical mechanics 

is also found of the difference between mathematically noai- 

££ted-ensemble and mathem,t< y -m1nytni1 aipgie 

flXflícp ip quantum mechanics .treating a kinetic nhenr>w>,^ 

We suppose that we have two similar electron beams in a 

large vacuum chamber. Each of them is well collimated. One 

beam is set along the x-axis and the other along the y-axis of 

our imaginary coordinate system. We may call them respectively 

the X beam and the Y beam. They intersect matually in the 

domain surrounding the origin of the coordinate axes. We 

wish to investigate the mode of the interaction by means of the 

Schrodinger equation. Quantum mechanics suggest the following 

two methods: 

Method I. 

We represent each of the two beams with a plane wave, to 

the leroth approximation: The X beam with l'* and the Y beam 

by y. It is obvious thatt|°4y satisfies the relevant 

Schrodinger equation where the interaction term is neglected. 

(There are only two independent coordinate variables x, y in 

the equation.) To the next approximation, we substitute 

H '/'y ln th* interaction term and ÿ in the other terme 
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of tht Schrodinger equation. Thun ve hare a partial differntial 

equation where fie unknown, fgiwea the effect of the interaction 

between the two beana. Although we do not aolwe the equation for 

y in thla report, it ia not difficult to gueaa the eaaentlal 

characterlatie of the reault. The beana are both retarded as 

they approach toward the interaection and are aceelerrated after 

leaving the interaection. The effect of croaaing ia expected 

only in a apace near the intersection. (Also we have to conalder 

the interaction between one part of a bean and another part of 

the sane bean. This effect has no direct relation to the purpose, 

of the present discussion. Vote,the beans are well collinated.) 

The interaction ia very snooth; there is no abrupt interaction. 
Method II. 

We assune, to the seroth approxination, that each electron 

is represented by a wave packet. (Since the velocity of each 

bean is large and our observation is United to the vicinity of 

the intersection, each packet nay be assuned to be stable.) 

lach bean consists of many ainilar wave packets, in the sane 

*• a consists of classical nolecules. The wave function 

of the whole systen is the product of all the wave-packet 

representations : 

o 

n-1,2,3 

^ satisfies the Schrodinger equation where the interaction 

tema are neglected. It should be noted that, unlike the case 

of Method I, the independent variables are t, and x^, x^, x^,.. 

for the X bean and y^ y2, 7y„ tor the T bean, lach wave packet 

contains t and one spatial coordinate. Therefore, the Schrodinger 

equation contains nany interaction terns for all thu pairs of 

those coordinates. To the next approxination, we do the sane 

as we did in Method I. l^is substituted in the interaction 
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t«raa, «bd ^ + y in the other teraa of the Schrodinger 

equation. Here again, we do not solve the equation. But 

we can predict the result according to our experience of 

classical gee theory. In this case, the energy, aoaentua and 

charge of each electron are not spread over the entire beast, 

but Instead are concentrated within a tiny wave packet. Hence 

there is a possibility that an electron in the X baas and an 

alectron in the T baas interact violently and abruptly, like 

two particles colliding according to the classical dynamics. 

As a result, an electron after interaction may not stay in 

the beam where it belongs; instead it may run out to a complete¬ 

ly different direction. The detail is fairly well known by 

the classical kinetic theory, and is omitted here. 

Aftsi studying comparatively the two methods, we realise 

that, the physical characteristic of problem I is quite 

similar to the characteristic of the problem of treating a 

classical-mechanical system in terms of its ensemble represent¬ 

ation. On the other hand, the situation in problem II is 

similar to the situation of a classical mechanical system 

when treated as a single system. (In classical kinetic theory, 

ensemble representation is not useful. See Ref. 1.) 

We may now believe that the correspondence found in section 

IV does not remain merely as mathematical, but the correspondence 

manifests itself in physical phenomena. Our conclusion is 

that those speculations made in section IV have physical signifi¬ 

cance, when we investigate kinetic-theoretical phenomena which 

have been being ignored by the conventional quantum mechanics. 

The reader might ask, what is the feasible approach of 

kinetic theory? The possible and most reasonable way, at thJs 

tiBte,of kinetic theory seems to rely on quasi-classical models 

of particles. There is a reason for being optimistic about 

this approach: A system which we are interested in from the 

kinetic-theoretical view-point tends to contain a comparative- 
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ly large aaount of energy, and quaal-elaaaieal aodela may well 

alnulate real partlclea consituting the ayates. 

VI. CONCLODINQ REMARK 

la thla report, our interpretation of quantua-aeehanlcal 

pheaoaena has goae aoaehon beyond the standard one, and poasibly 

night hare provoked soae uneasiness in the reader. However, we 

should note that the present discussion has done nothing to 

antagonise the authorized or standard interpretation of quantua 

mechanics, so far as the conventional problems are concerned. 

As is siaply stressed in section V, if we wish to investigate 

a group of phenomena, which may be called kinetic-theoretical, 

we have to make up an interpretation which is compatible with 

thé standard one and yet possible to give feasible solutions 

for those strange problems. This is what we have discussed in 

this report. If the reader could take the matter in this sense, 

the author would be aoat grateful. 
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APPENDIX 

A COMPLETE SET OF ORTHOGONAL EIGEN FUNCTIONS 

IN THE CONFIGURATION SPACE AND IN THE PHASE SPACE 

I» th. following, £ do., not «... .oaentu. 1» th. cla..ic.l 
but inateud i. ai.p1)r . ,.rlabl. d.fin,d bj (Ja6)> 

o.u!í"r a' la “r*17 « thi. ..etloa 1. conc.r..d. Ho..,.,, it h„ p^ait.! >h„ „ r.u 

*lth s.ctioi V. 

tio..*“?1"* *° î'!"'<4,2> *"d "• ‘'‘O« fuac- tion. a. follow.: 

K = *k •xpi-iv/&)®xp(ivfc) (A.l) 

k * 1,2,3. 

H*r.t *1 » E2 , «r. r.ap.ctiw.ly constant., and a. . 

«2 . *2 «re function, of r , .,y„ while beiDg 

t. How.T.r, if .. iatroduc# iv j2"" u d.fiM(fcby (2a6) 

•k. *k spp.ar to b. dependent of ti.e t, «. i8 .howa by (4.5),# 

Tbi. i. du. to a tr.nafonn.tion ..on* ln,.ri.„t. a. i. .t.t.d 

with respect to (2.22): 

•k(r,^k,fk, , .k(r,¿,t, 

®k(r»^k*i k} * 8k(r*P*t, ßk, /fk) (A.2) 

k a 1,2,. 

functio thVP'aPaC#’ fUnCti0n V^k^k) i® ®n wnw.lope of 

Fig.l 0D r,P,t’^k’ ^ k > ®« is illustrated .ch.matically in 

the iT«nC* the E 8 are CU“a!’'ant8’ the ortk°8onal relation, anong 
the Ÿ 's are giren by 8 

r 

dr = 0 (*.„ 

k ^ k* 

I. tb, confi*ur.tion ap... (r-apao.), ..on funotion .k(r.¿k,ík, 

cOTar, n. anti,, apat.. But in th. pr-.pao., th.y ar. a.p.rsbl,. 
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As ws know vtll« ths douias srs cosplstslj stpsrsbls ln tbs 

elssslssl 6i\ss« Bst, bsosuss of s isrolTsd is Iq.iA.Aï», tbty 

■sy bs partly OTtrlappsd is this eass« BsTsrthslsss, st saeb 

sossst of tias, thsy art distingui ishabls if p is dsfissd by 

P(r,t,(3k,ík) U'k) 

aesordis« to (2.20) asd (2.21), «hors ( (3 k, T fc) is dlffsrsst 

fro« oss sigsafusetios to asothsr. Ths situatioa is ssbsaatisally 
illustratsd is Pig.2. 

Ik. r 

Pig.l. Ths solid lins rsprssssts sk(r,c< , T ,)«cosst. 
Baeb dottsd lins rsprssssts s (r,p,t,l ,f ).eosst. at sash 
diffsrsst tins, t', t*»,... * * k 

Pig.2. Ths dosais of »figsnfunction of £ jis rsprsssstsd 
by ths domain snelossd by soUd lias, and ths doaaia of 
slgssfuaotios of I2by ths domain by dottsd lias. Sisos 
a is iswolTsd is Iq.(4.4)', thsy may bs orsrlappsd, is 
gsssral* Bat, if r and t ars giras, ths raluss of p, (A.4). 
srs diffsrsnt is two cassa of I. 
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interpretation of quantum mechanical phenomena provokes no dis 
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interpretation of the Schrodinger equation, so far as the 
conventional application of the solutions of the equation are 
concerned. 




