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ABSTRACTt This paper considers several methods for the spectral 
analysis of discrete time series modeled as linear regressiv, pro¬ 
cesses. The most general of these models is the so-called **t ixed- 
type process in which the present value of the series is given as 

la^H9hte^ BUm °f b0th itS OWn pa8t vslues and those of ar. uncorre- 
?nd0!n .e^ence* Special cases of this class are the auto¬ 

regression and the moving average. In the present approach, the 

ïentrtin« wei9htin9 coefficients of the model is equiva- 
sP®cify^9 the sampled power spectrum of the process, and 

the central problem treated here is that of estimating such a set 
of parameters on the basis of a sample sequence of the series. 

After a development of the necessary mathematical background the 
estimation problem is formulated and solved from several alternative 

saiüí^ eW' ?lth particular attention to statistical stability, 
IVX LîlïZ r!2Uireme!?ts' and Possib-° approximation errors. For 
ach method the results are demonstrated by a computational analysi! 

nurno«*SP€Ctía ?f a Byet °f co,nPuter generated examples. A general 

^d8:ndPdïscuss:dn:lySiS alg0rithir f0r diqital C-p-a^ongiS pro¬ 

ne thods 
account 
for fu 

_ for extending an existing spectral estimate to take into 
t newly available data are briefly explained, and sugaestions 
~ther research are presented. 
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CHAPTER I 

INTRODUCTION 

The subject of the research reported here is the power 

spectral analysis of discrete time series in terms of lineal 

regressive models. As such, it lies within a large body of 

techniques and methods which has grown up over the years foi 

the interpretation and use of the power spectrum in signal 

description and processing. The great utility of spectral 

analysis gas become such a truism in so many scientific and 

technical areas that little point is served in discussing 

xt at any length here. Of most interest to the practicing 

electrical engineer is its role as a powerful tool in the 

design and evaluation of circuits and systems intended for 

use with random or information bearing signals, but not to 

be overlooked is its value in tracing cause-effect relation¬ 

ships in otljer fields of physics, engineering, and even 

econômic analysis. 

As cliquai computation has become more widespread, and 

as more and more physical data are collected in sampled or 

digital form, spectral measurement techniques specifically 

intended for use with discrete sequences of data have 

assumed increased importance. In addition, a substantial 

body of theory has grown up for treating control systenc 

1 
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operating on sampled data and for developing adaptive pro¬ 

cessing techniques specifically utilizing the advantages of 

the digital computer. The present research has been aimed 

at extending the techniques available for the spectral esti¬ 

mation of discrete time series and is largely based on well 

known statistical results in the study of regressive series. 

This approach is somewhat different from traditional methods 

which rely on the transform properties of mean lagged pro¬ 

ducts from the process of interest, or more recent develop¬ 

ments in the area of Fast Fourier Transforms (FFT’s). 

Theoretical treatments of the former are found in Hannan, 

Bartlett^, and Grenander and Rosenblatt^, with the best 

known expositions for practical use found in Blackman and 

Tukey^ and Bendat and Piersol^^. An enormous quantity of 

literature on the latter method has appeared since its intro¬ 

duction by Cooley and Tukey^ . The author has found Cochran 

et al. Welchand Cooley, Lewis and Welch^ parti¬ 

cularly valuable. 

In the present work, the discrete process of interest 

is modeled as the solution of a linear stochastic difference 

equation driven by a stationary random sequence. Under this 

assumption, specification of the coefficients of the equa¬ 

tion and the variance of the driving sequence is equivalent 

to specifying the spectrum of the process. In many applica¬ 

tions, cimong them adaptive processing and control, this 

representation is very convenient, since the number of para¬ 

meters to be determined is often quite small, and because 

? 
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the coefficients of such a modeling equation can be used 

directly to implement digital filters for whitening and com¬ 

pensation. Also, this formulation is exact for any process 

that results from passing white noise through a digital 

filter with a rational transfer function, and it is thus 

aPPr°priate to a wide variety of physical situations. The 

fundamental problem considered here, therefore, is that of 

modeling a process as a linear regression and then operating 

on an available sample sequence to derive estimates of the 

regression coefficients and the variance of the driving 

noise. These are then used to prepare the required estimate 

of the power spectrum. This is quite similar to the familiar 

"system identification problem" in which sample sequences of 

the input and output of a digital system are made the basis 

for an estimate of the parameters of the system itself . 

In the present case, however, only the output is assumed 

avaiiat)le for study, and the input is considered to be a 

stationary random sequence of unknown variance. 

A good deal of study has been devoted to the problem of 

estimating the coefficients of a stochastic difference equa¬ 

tion by observing a sample sequence of the solution. The 

most tractable form in this regard is a difference equation 

that produces an autoregression, a process in which the pre¬ 

sent value can be expressed as a weighted sum of past values 

with the addition of an independent noise perturbation. The 

problem of estimating the coefficients of an autoregression 

was first treated by Mann and Wald^ ' , who used a maximum 

3 
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likeihood approach to derive the estimation equations and 

the statistical properties of the estimates in the limit of 

large sample size. This result has been concisely discussed 

in Hannan and has beon applied to spectral analysis by 

(18] 
Steiglitz . It can be extended to approximate the spec¬ 

tra of non-autoregressive processes on the ground (shown by 

Wold ) that a large class of discrete series can be repre¬ 

sented as infinite order autoregressions. This approach, 

which yields so-called "all-pole" estimates, has been utili¬ 

zed by Whittlet20J and Tretter and Steiglitz1211, among 

others. 

Another discrete random process of considerable impor¬ 

tance is the moving average, in which the present value is 

given as the weighted sura of past values of an uncorrelated 

sequence. The most general of those processes having a ra¬ 

tional spectral density function is a combination of the 

moving average and the autoregression: its present value is 

given by a weighted sum of both its own past values and 

those of an independent random sequence. It will be referred 

to here as a "process of mixed type". A general solution for 

the large sample estimation of the parameters of a mixed type 

process, based on a linear least squares approach, has been 

Í22 231 
provided by Whittle ' , but its towering computational 

difficulties have precluded wide acceptance (For a discussion 

of these difficulties, see Hannan^11 and Walker1241.). 

Similarly, the estimation equations derived on the basis of 

maximum likelihood are highly non-linear and cannot be 

4 



NOLTR 70-109 

in closed form. Thus, previous workers have been lec 

a number of numerical, iterative methods, including those 

proposed by xretter end Steiglitz and Zetterberg I») 

Fortunately, there is a straightforward procedure for 

separately estimating the autoregressive coefficients of a 

mixed type process, and with these in hand, the original 

sample seguence can be filtered to yield a signal consisting 

on y of the moving average part of th» 
ge part of the process (or at least 

an approximation to it,. The remainder of the spectral 

analysis then consists of estimating the coefficients of 

this moving average, and this problem has also received 

on m the past. The most fundamental approach is 

t at of wold , who provides a method for determining the 

coefficients of a moving average whose theoretical correla¬ 

tion sequence matches an observed sequence of mean lagged 

products (when such a moving average exists,. Thi, can be 

computationally awhward. however, and frequently the experi¬ 

mental data are such that no solution can be found. An 

iterative method is presented by Walher^l and has been ex¬ 

tended to deal With the general mixed type process'2«) but 

in general, spectral estimation for moving average processes 

»as been somewhat neglected in the literature. 

The present wort has sought to apply the statistical 

results described above specificaliv ^ a-K 
specirically to the estimation of 

sampled power spectra, and has concentrated on non-iterative 

-thods and the more straightforward spectral approximations 

The several methods and procedures can be combined to yield 

5 
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a number of alternative approaches to the spectral analysis 

as a whole. These were analyzed in terms of their error 

performance, sample size requirements and applicability to 

typical situations. An extensive computational program was 

then carried out in which time series with known spectra were 

artificially generated and analyzed using the methods con¬ 

sidered here. A direct comparison of the alternative treat¬ 

ments has thus been possible for a fairly broad class of 

spectral examples. 

The next chapter is a summary of mathematical defini¬ 

tions and principles required in the derivations that follow. 

It is drawn largely from digital system theory, statistics, 

and early work on regressive series. It also contains an 

original matrix method for computing the autocorrelation 

sequence of a process of mixed type from a knowledge of the 

set of regression coefficients that define the process. The 

purpose of this chapter of mathematical preliminaries is 

basically to make the work as a whole reasonably self con¬ 

tained . 

Chapter III is a study of spectral analysis for mixed 

type processes using all-pole approximations. A new criter¬ 

ion of optimality is proposed for deriving the well known 

all-pole estimates, and the distinction between approximation 

and statistical errors is studied in some detail. 

The following chapter considers the problem of separate¬ 

ly estimating the autoregressive coefficients of a mixed type 

process, with particular emphasis on the statistical errors 

6 
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that arise from using a finite sample size. The effect of 

these errors on the autoregressive part of the estimated 

spectrum is also considered, and the use of the estimated 

autoregressive polynomial for filtering out the moving aver 

age part of the process is analyzed to determine the magni¬ 

tude of the errors that result from that operation. 

Chapter V provides means for completing the spectral 

analysis by covering methods for determining the spectrum 

of the moving average part. The first of these is a simple 

all-pole approximation, the second Wold's approach, and the 

third, an approximating procedure that provides asymptoti¬ 

cally exact estimates as an intermediate model order is in¬ 

creased without limit. Again, the error performance of the 

alternative treatments is described. 

The final section of each of these chapters consists of 

a series of computational examples intended to demonstrate 

the methods derived. The latter are applied to computer 

generated series corresponding to five standard spectral ex¬ 

amples chosen for their generality and described in Appendix 

*• The final plots of the separate spectral estimates pro¬ 

vide a convenient means for comparing the performance of the 

methods studied here. 

Chapter VI proposes two methods for extrapolating spec¬ 

tral estimates when new data becomes available, so that one 

can avoid repeating the entire estimation procedure. 

The final chapter is a general discussion of the find¬ 

ings of the study with recommendations for using one or the 

7 
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other of the spectral measurement techniques, depending upon 

the particular situation. It attempts to highlight the 

strengths and weaknesses of the various methods and contains 

suggestions for further res€*arch in areas uncovered by the 

present work. 

8 



NOLTR 70-109 

CHAPTER II 

MATHEMATICAL PRELIMINARIES 

The preuunt chapter provides a selection of mathematical 

and statistical results that will be useful in the develop¬ 

ment that follows. The treatments here are necessarily ab¬ 

breviated, but references are provided for more detailed and 

rigorous approaches . 

A. z-Transform Theory 

One of the nost efficient ways of treating discrete time 

series is in terms of the z-transform calculus widely used in 

the analysis of sampled data control systems. Good elemen- 

tary developments are found in Tou and Ragazzini and 

Franklinand this section will provide only those sali¬ 

ent points required below. 

For any number sequence ' the z-transform is 

defined as 

F(z) ■■ I fjZ (2-1) 

where z is complex1. If the sequence f^ is a set of consecu¬ 

tive samples of a continuous time function f(t), taken at 

1. Strictly speaking, this expression is known in the liter¬ 
ature as the double-sided z-transform, appropriate to number 
sequences defined for both positive and negative argument. 
Somewhat more common is the single-sided ^-transform used 
when fj ■ 0 for j^O and identical with(2-1)except that the 
lower summation limit is 0. 

9 
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sampling interval T, it can be shown that F(z), evaluated 

sT 
for z ■ e , represents the Laplace transform of the impulse 

sampled version of the continuous signal. 

z-transform techniques are of great value in dealing 

with linear sampled-data systems. The behavior of such a 

system in operating on an input number sequence to produce an 

output sequence is completely specified by its unit sample 

response, h^, defined as the output yielded by the device in 

response to the input 5 ^, where 

« 1 , j » 0 

« 0 , j y 0 

(2-2) 

If hj is zero for j<0, the system is said to be realizable, 

in the sense that its output does not anticipate its input. 

The response, x^, to any input sequence, f^, can be written 

in terms of a convolution sum as follows: 

X 
j f)chj-k 

(2-3) 

This is directly analogous to the convolution integral rela¬ 

ting the input and output of a continuous linear system 

through the impulse response. This relationship can be ex¬ 

pressed very conveniently in the z-transform domain. If 

X(z) is the z-transform of the sequence x^, and F(z) is that 

of the sequence f^, then it can be shown that 

10 
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X{z) - F{z) H (z) (2-4) 

where H(z) is the z-transfonn of the unit sample response: 

H(z) = E h z"j (2-5) 
j»=0 J 

The digital system function H(z) thus also completely char¬ 

acterizes the system, which is frequently portrayed as 

Figure 2-1, Digital system characterized by H(z). 

A system is said to be stable if its output in response 

to a bounded input is also bounded. For a digital system 

characterized by its unit sample response h^, a sufficient 

condition for stability is that 

E 
j-o 

< m (2-6) 

It can be shown that an equivalent condition on the sampled 

system function H(z) is that it have no poles or other sin¬ 

gularities on or outside of the unit circle of the z-plane. 

Perhaps the most common digital system encountered in 

practice is one in which the input and output are related by 

a linear difference equation of finite order. This can be 

expressed in the form 

K 
E 

k«0 
a, f . . 
k }-k 

L 
E 

k«0 
Vj-k 

(2-7) 

11 
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where the elements of {} and {b^} are real, and j ranges 

over the integers. Normally « 1, and the output can be 

written as 

X 
j 

K 
E 

k*0 akfj-k 

L 
E 

k-1 
b, X . . 
k 3-k 

(2-8) 

This relationship can be expressed in the z-transform domain 

as 

X(Z) “ F(z) " H(z)r(z) (2-9) 

where 

K -i 
A(z) » E a,z J (2-10a) 

j*o ^ 

L 
B(z) » I b.z”^ , b ■ 1 

j-O J ° 
(2-10b) 

and 

H ( z) 
A(z) 

bTzT (2-11) 

The condition for stability of this system is that the poly¬ 

nomial B(z) have all its roots inside the uwit circle. 

Several methods exist for inverting a z-transform ex¬ 

pression to find the corresponding sample sequence. The most 

basic is in the form of a contour integral in the z-plane: 

2^T f Z-* -1F ( z) dz 
z «1 

(2-12) 

where i « /^T. The derivation of this result and an 
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exhaustive compendium of other methods is found in Tou[27]. 

Later in this chapter, an original matrix method will be pre¬ 

sented for inverting a z-transform of the form of equation 

(2-11). 

B. Discrete Time Stochastic Processes 

The present study is concerned entirely with discrete 

time stochastic processes, of which examples might be the 

sequence of equally spaced samples from a continuous noise 

waveform, or an economic or demographic time series. It will 

be assumed that the processes of interest are stationary, 

meaning that their statistical properties do not change with 

time. They will further be assumed to be ergodic, this allow¬ 

ing one to interchange time and ensemble averages. (For 

detailed treatments of the implications of stationarity and 

ergodicity, see Lee*29!, Ragazzini and Franklin*28!, Tou*27J, 

and Parzen *3°!.) 

An important concept in the treatment of any stochastic 

process xk is that of the autocorrelation function, defined 

as 

*xx(:i) = E [xk xk+j] ' j 3 °' t1' ±2, - (2-13) 

where the operator E[-J denotes statistical expectation, and 

k may range over all the integers. The requirement of 

stationarity insures that the value of (j) does not depend 

on a particular choice of the index k. Ergodicity implies 

that may also be defined as 

13 
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*xx<j> xkxktj (2-14) 

A related concept is that of the cross-correlation between 

the sequences and y^, defined as 

^xy(j) = E^xk Yk+jJ , 3 “ °' t1' 12, . (2-15) 

It should be noted that ^(j, is an even function of its 

argument, whereas ♦^(j* generally is not. In fact, by 

inspection, 

“ ^yx^^ (2-16) 

The sanv^led^ower spectrum of the process Xj is defined 

as the double-sided z-transfonn of the autocorrelation 

function for x^: 

Sxx(2) “ . 1 *xx(:i)z j (2-17) 
j«-» 

The same inversion formula presented as equation (2-12) can 

be used to gain the autocorrelation sequence from the sampled 

power spectrum: 

*xx(j) = 271 ¡z|irl SxxU)2j~ldz' i “ ±lr +2, .... (2-18) 

In particular, the mean square value of x^ is given by 

14 



NOLTR 70-109 

EIXj2] - »^(O) dz 
z 

(2-19) 

A frequently recurring operation is that of passing a dis¬ 

crete time random process through a digital system specified 

by the system function H(z): 

H ( Z ) 

Figure 2-2. Digital filtering of the sequence y^. 

It can be shown (as in Tou1271 or Ragazzini and Franklin1281 

that the sampled power spectrum for is given by 

= H(z)H(z"1)Syy(z) (2-20) 

where Syy(z) is the sampled spectrum for the sequence y^. 

We are normally most interested in evaluating the 

sampled power spectrum on the z-plane unit circle where z can 

be expressed 

(2-21) 

with 9 measured in radians from the positive real axis. In 

dealing with a sampled data sequence, it is particularly con¬ 

venient to determine the behavior of sxx(z) for z =» e^wT, 

where « is a real radian frequency, and T is the sampling in¬ 

terval in seconds. On the unit circle, S (z) is always real, 

and as a function of to will be even and periodic every 2*/T 

radians. Another property of some usefulness is that on the 

unit circle, equation (2-20) can be written as 

15 
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S 
XX 

(z) |H(z) |2Syy(z) (2-22) 

where z iu>T 
e 

C. Linear Regressive Series 

One of the most widely studied classes of discrete ran¬ 

dom processes is that known as linear regressive series. 

These are generated by difference equations of the form 

xt * nt ^ aln*--i + aon4- o +_+ a n ^ * t—¿ K t—K 

(2-23) 

~ blXt-l - b2Xt-2 bLXt-L 

1 biXt-i j«o 3 t J 

K 
r 

j=o 

or 

ajnt-j 
a. 

b0 * 1 
(2-24) 

where t ranges over the integers. Here, xt is the process of 

interest, the (a^) and {b^} are real, and nfc is a sequence of 

zero-mean, uncorrelated, identically distributed random vari— 

ables with common variance a. No generality is lost by as¬ 

suming that and b^ are unity, since the effect of other 

values can be absorbed into the variance of nfc. In general, 

K or L or both can be infinite, but if both are finite, the 

process xt is called a finite linear regression. The sequence 

nt can be considered to be the driving function for the system 

of equation (2-24), and it can be shown that since n^ is zero 

mean, xfc must be also. 

From previous considerations, it should be apparent that 

16 
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Ct can be Pictured as the output of the digital system 

n. A(z) 
bTzT 

(Variance 
2 ) 

Figure 2-3. Digital system model for the generation of x 

By assumption. 

*nn(j) 3 0 ' 3-0 

♦nn(j) “ O , j ^ o 

(2-25) 

which can be expressed more compactly using the 6-function 

defined in equation (2-2) as 

♦nn(3> = « (2-26) 

Using equation (2-17), the sampled power spectrum for nfc be¬ 

comes simply 

S (z) nn ' 

and thus by equation (2-20), the sampled 

(2-27) 

power spectrum for 

xt becomes 

S (z) 
XX ' 

2 A(z)A(z~1) 
" bMbÍz-I) (2-28) 

In the most general case, the polynomials A(z) and B(z) 

are each of first order or greater, and the process is said 

to be "of mixed type". Two important special cases emerge 

immediately. If all the b., save b0, vanish, then 
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* A aJnt-j ' a° ’ 1 
(2-29) 

and the process is known as a moving average with 

SXXU) » Auiau-1) (2-30) 

If all the are zero, except for aQ/ such that 

xt - nt - bjxt_. , (2-31) 

the process is called an autoregression with 

S (z) 
XX 

B(z)B(z_1) 
(2-32) 

Both moving averages and autoregressions can be of finite or 

infinite order. For convenience, the {a^} and {b^l will be 

referred to as the moving average and autoregressive coeffi¬ 

cients respectively. 

In the systems model for each of these process types, 

the driving function is the uncorrelated random sequence nfc, 

which has been defined to be stationary and ergodic. The 

stationarity of the processes themselves depends upon the 

coefficient sets {a^} and {b^} and is closely bound up with 

the stability of the associated digital system. Wold 

treats this question in great detail and provides the follow¬ 

ing criteria for the stationarity of the three main process 

types: 

1.) Every moving average of finite order is stable and 

18 
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hence stationary if all the coefficients a^ are finite. An 

infinite order moving average will be stationary if the sum 
oo 

_ 2 , 

I a. is convergent. 
j-0 ^ 

2. ) An autoregression of finite order will be stationary 

if all the zeros of the polynomial B(z) are found within the 

unit circle of the z-plane. This criterio.i can also be 

applied to infinite order autoregressions if a closed form 

expression for B(z) can be found such that the zeros can be 

determined. (See Whittle *20 ^.) 

3. ) In an obvious extension, a process of mixed type will 

2 
be stationary if Ea^ is convergent and if B(z) has all of its 

zeros within the unit circle. 

D. Wold's Decomposition 

A theoretical result of exceptional importance, now 

known as Wold’s Decomposition, is set forth by Wold*19^. 

Perhaps the most concise exposition, however, is found in 

Whittle ^2^ along with a discussion of its physical and 

mathematical implications. Wold's theorem states, essen¬ 

tially, that any stationary discrete parameter process with 

finite variance can be represented as the sum of two mutual¬ 

ly uncorrelated processes: 

Xt “ yt + zt (2-33) 

where y^ is deterministic, and z^. can bo expressed as a one¬ 

sided moving averaqe over a stationary uncorrelated sequence 

19 
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(2-34) 

In all of our considerations, the deterministic part will be 

zero, and thus each process can be represented as a moving 

average of generally infinite order, although it may have 

been initially defined as an autoregression or a mixed-type 

process. 

The converse result is also treated by Wold and Whittle, 

and it is shown that every stationary moving average has an 

autoregressive representation of generally infinite order. 

This, in turn, can be extended to show that every well-be¬ 

haved process of mixed type can be written in an autoregres¬ 

sive representation that converges in mean square to the 

original process. 

For processes of finite order, both of these results 

are easily demonstrable. A representation of the form 

(2-35) A(z) ■ z a.z 
j-O J 

can be interpreted as the Laurent expansion about the origin 

for the function A(z). This expansion contains only r*gative 

powers of z and will be valid on the entire unit circle. If 

A(z) has no zeros on the unit circle, then the reciprocal 

function 

(2-36) 

will also possess a Laurent expansion about the origin which 

includes the unit circle in its zone of convergence. We 

20 
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know that this expansion is unique. The ratio 1/A(z) can be 

expanded by long division in an infinite series in negative 

powers of z. Thus there exists a unique polynomial 

which satisfies equation (2-36) on the unit circle. 

E* Correlation Properties of Linear Regressive Series 

Much of the analysis in following chapters will be based 

on the autocorrelation properties of the three canonical pro¬ 

cesses defined above, and this section will present a devel¬ 

opment of the correlation relationships that will be needed 

later. The process of mixed type will be treated first, and 

the moving average and autoregression handled as special 

cases. 

The basic equation defining a process of mixed type is 

given as 

L K 

i-o ' A Vt-i ' a0 - »0 - 1 (2-38) 

As a first step in obtaining (j) as defined in equation 

(2-13) both sides of this equation are multiplied by x 
t 

and the ensemble average taken: 

E 
Vt-jXt-lc a .n. .x 

3 t-n t-k 

or (2-39) 
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L 
I 

j*=0 
E 

j 
X 
t-k 

K 
i a. E 

j-0 3 
nt-jXt-k 

Using the evenness of the autocorrelation function and equa¬ 

tions (2-13) and (2-15) th*s becomes 

L K 
Z b. * (k-j) = Z a ♦ (j-k) , all integer k (2-40) 

j*0 3 j»D 3 

If the (bj) and the right hand side are known, the possibility 

exists of generating a soluble system for a portion of the 

autocorrelation sequence by varying the index k. In particu¬ 

lar, the system of M+l equations obtained with 

k = 0,1,2,3,....,L,....,M , M>L (2-41) 

will involve only M+l different values of *xx(j)• Thus, pro¬ 

viding that the right hand side can be evaluated, the system 

L K 
1 bi 4 „„ ( k — j ) * E a. » k=*0,1,2 , . . .. ,M (2-42) 

j=o 3 ^ j=o 3 nx 

can be solved for the first M+l values of ♦XXÍ3)• 

To evaluate the right hand side of equation (2-42), it 

is necessary to deal with the cross-correlation sequence 

^nx<j)' Equation (2-38) is multiplied by nt_k and again ex¬ 

pectations are taken. The result is 

L K 
1 b ♦nx(k"3) = 1 aj *nn(k"3) ' a11 inte9er ^ (2-43) 

j =0 3 n j —g 

Since nfc is an uncorrelated sequence, 

,nn<j) - (2-44) 

?? 
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and hence 

A b3 ■ o2ak • k=0'1'2 

L 

z bi *nv(k"^ Œ 0 , k>K 
j«0 J nx 

R 

(2-45) 

It is now instructive to digress and consider the unit sample 

response of the system H(z) = A(z)/B(z). Following equation 

(2-3) , the system output can be expressed as the corrvolution 

sum 

X 
j 

ï 
k-0 

h. n , , 
k ]-k (2-46) 

and multiplying both sides of equation (2-46) by n 

averaging yields 

♦nx(i) = 
j=0 

*nn(i-3) (2-47) 

But using equation (2-44), 

*nx^ = 0 integer (2-48) 

Thus, if the system is driven by white noise, the cross¬ 

correlation sequence between the input and output is iden¬ 

tical with the unit sample response of the system, scaled by 

the noise variance a2. if the system is realizable, there¬ 

fore, the input-output cross-correlation sequence will be 

zero for arguments less than zero. Heuristically, this is 

readily seen by noting that *nx(j) for negative j is a 
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measure of the correlation between the present output value 

and an input value some time in the future. if the system 

is realizable, and successive input values 'incorrelated, tnis 

must vanish. 

Returning to the system of equation (2-45), the fact 

that A(z)/B(z) represents a realizable system and hence that 

*nx(j) is zero for negative j greatly simplifies the equa¬ 

tions. Beginning with k = 0 and writing out successive equa¬ 

tions, the system becomes 

bo*nx(0> 

bo*nx(1) + Vnx'01 

2 
c a. 

2 
o a, 

Vnx*1'» + bl*„x(K-1) + 

bo»nx<K+1) * Vnx'K) + 

♦ b„*. (0) KTnx 

+ bK+l<'nx(0) 

2 
0 ^ 

(2-49) 

bo^nx(L) + bl^nx(L-1) + + bL^nx(0) = 0 

Vnx(M) + bl^nx(M"1) + • • • + Vnx<M-D - 0 

Since the <a^} and (b^) are known, it is apparent that the 

system can be solved recursively for the sequence 4nx(j)- 

Since it is possible to compute successive values of 

the sequence ¢^(3) out to any argument, it is clear that 
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the system of equation (2-42) can be solved by evaluating the 

right hand side for as many equations as desired. Since 

*nx*^ is zero for a11 negative j, however, the right hand 

sum vanishes whenever k>K. Thus, the system can be written 

L K 

j**0 ^ *xx(k ^ aj ^ ~ 

(2-50) 
L 

j.0 ^xx(k'j) “ ° ' k>K 

It is now convenient to use matrix notation. Since it is 

necessary to have at least L+l equations of the form of equa 

tion (2-50) to find a solution, the dimension of the perti¬ 

nent matrices must be L+l or larger. If m is the maximum 

argument for which the values of é (j) and * (j) are de- 

sired, and M>b, then the dimensionality of the entire system 

will be M+l. Defining 

(0) 

U) 

(2-51a) 
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and 

where and a are of dimension M+l and B is a square matrix 

of order M+l, the system of equation (2-45) can be written as 

B ♦ = o2a 
nx or 

♦nx * °2B'la (2-52) 

Now letting c be a column vector of dimension M+) represent¬ 

ing the right hand side of equation (2-50) and defining 

XX 

♦xx(0) 

XX 
(M) 

(2-53a) 

26 



NOLTR 70-109 

and 

<b0+b2» 

'W 

. b 0 
Lf 

bL 0 0 

0 

0 

L-l 

L-l ' 

0 

bi bo 

L-l 

0 

.b 

(2-53b) 

equation (2-44) can be written 

ß*xx ^ c or ♦xx “ 6 lc (2-54) 

Since the form of the matrix ß is rather complicated, the 

following rule is offered for constructing its elements when 

the rows and columns are indexed from 0 to M: 

a. ) The elements of the zerobb column are given by 

6i0 “ bi ' 1 = 0'1.L 

(2-55) 
“0 , i * L+l, L+2,...,M 

b. ) All other elements of the matrix are given by 

Bij ' bi-j + bi + j ' 3 0 (2-56) 
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where b_. is understood to be zero for j<0 or j>L. Now con¬ 

structing a square matrix A of order M+l, 

aQ aj a2 a3 . . . aK 0 0 . . . 0 

al a2 a3 ' ' * aK ^ 0...,0 

A = ! 

aK-l aK ° 0.0 

aK 0 0 .0 

o 0.0 
• • • 

• • • 

0 0.0 

(2-57) 

the column of right hand sides of the system (2-50) is ex¬ 

pressed 

c - A,nx ,2-58) 

Now combining equations (2-52), (2-54), and (2-58), the final 

result is 

*xx = o26'1AB'1a (2-59) 

and can be solved for any dimension greater than the order of 

the autoregressive part of the process. It should be noted 

that since the right hand side of equation (2-50) vanishes 

for k>K, the system becomes a recursion once the first L+l 

values of are known. Thus, the matrix method need 

only be used to find these L«-l values, and thereafter. 
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(k) 
XX 

L 

E bi4'xx' k>L 
j”! J 

(2-60) 

In a moving average, where all of the autoregressive 

coefficients save are zero, equation (2-45) shows direct¬ 

ly that 

*nx ^ ^^ = 0 »1*0 

(2-61) 

The autocorrelation can be written as 

-lj) = 1,2 ' ”2 ^-621 

from which it follows that for a Kbb order moving average 

■»xx = 0 » I 3 f 

In a matrix equation, the moving average 

becomes 

(2-63) 

autocorrelation 

4» 
XX 

2 
o Aa (2-64) 

which is found from equation (2-59) by noting that for a mov¬ 

ing average, ß and B are identity matrices. 

For a pur * autoregression, equation (2-45) becomes 

^ *nv<k-3> • ° K ' fc“0,l,2-M j»0 3 nx 

and since the matrix a is 

(2-65) 

(2-66) 
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the matrix form is still 

* nx (2-67) 

The equations for the autocorrelation become 

L 

i = 0 b3 *xx{k_j) = a2(k' k = f5'1'2-« (2-68) 

and in matrix form, the solution is 

* = 2Ü-1 
*xx 0 6 a (2-69) 

wh»re again a is given by equation (2-66). 

The matrix method derived above for determining the 

auto-and cross-correlation sequences of a regressive process, 

given the regression coefficients, is particularly well 

suited to digital computation providing that matrix manipula¬ 

tion subroutines are available. In addition, by setting 
2 . 

o *1, equation (2-52) can be used to determine the sample 

sequence corresponding to any digital system function or z- 

transforra expression of the form A(z)/B(z), because of the 

identity of equation (2-48). 

P. Sampling Properties of the Mean Lagged Products of 

Regressive Series 

All of the estimation schemas to be treated here involve 

the set of mean lagged products computed from a sample se¬ 

quence of the process as an est:- te of its correlation 

function. It is thus necessary to know certain statistical 

properties of the mean lagged products and their relationship 
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to the statistical correlation function. A short study of 

these elementary properties is presented here. 

For present purposes, the mean lagged product over N 

samples for the process xfc and lag j will be defined as 

XX 

N 
E X, X, n k:L ~k~k+j (2-70) 

The expected value of <ixx(j) is the theoretical correlation 

ELxx(j)] 
N N 

TT ^ E'VW ' IT ♦xx'í) <2-7D 

“ ‘xx17’ 

Thus, ^xx(j) is an unbiased estimate of $ (j). 
XX 

The covariance between $ (i) and * (j) is 
XX XX 

CovUxx(i)'<(,xx(j)) = EUxx(i)*xx(j) 1 - *vv (i) j) (2-72) XX Txx 

From equation (2-70), 

^ N N 

*xxU) ^xx {^} = klx xkxk+ixex£ +j (2-73) 

1. In the present work, a symbol bearing a carat denotes 
an estimate of the quantity represented by the symbol it¬ 
self. Here, for example, the mean lagged product <|> (j) 
is an estimate of the theoretical correlation i|> x(j^i 
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and thus 

EUxx(i)*xx(j)) 
. N N 

l l E[x X .X X .) (2-74) 
k=I 1*1 K K+i i i 7 

To proceed further with the 4th order expected value in the 

ief 

(1) 

summation, it will be assumed that xfc is Gaussian. A brief 

treatment of the non-Gaussian case is included in Hannan , 

where it is seen that the results approach those derived here 

as N-*-». If xt is Gaussian, then 

N N 

N k-1 t-1 

♦xx(i)^xx(1) 

+^xx(k~l_j)^xxik"t+i) 

+ *xx(k-,l»xx(lt-t+i^) 

(2-75) 

and from equation (2-72) , 

N 

CovW^UI^xxd)! 
N 
I 

N k=l 1*1 

♦xx(k-l-jUxx(lt-t+i) 

^xx(k-t)kxx<k-1+1-i) 

(2-76) 

Since k and 1 always appear together as the difference 

(k-t), this is somewhat more conveniently expressed as 

COVU^U) ,»xx(j)) 
N-l 

l (N- I k I ) 
N k=»l-N 

♦xx(k-jUxx(k+i) 

+ ♦xx^^xx^1-^ 

(2-77) 

An expression for the variance of <>(;)) follows directly 
Jv xrV 

from equation (2-77) by setting i = j: 

Û 

... ^ h 
• 4 i t ■ 

.V 
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, N —1 
VarU (j) ] =* ~ z (N- I k I ) 

N2 k=l-N 

In order for the *xx(j) to be a consistent estimate of the 

*xx ^ ' Var^xx(j) 1 must approach 0 as N-*°°. Since 

^xx (k) 

+ ^xx(k+^)^xx(k^) 

(2-78) 

Var[*xx^)J 
A 
N 

N-1 
E 

k=l-N 
U 
XX 

(k) 
+ \x(k^^xx(k-^> (£-79) 

it is apparent that if 

lim 
N -*■ « 

N-l 
E 

k = l-N 

♦ 2 
XX 

0 (2-80) 

the mean lagged products will be consistent estimates of the 

theoretical correlation function. Hannan demonstrates that 

this will be true for any process that can be represented as 

an infinite order moving average in the manner of Wold’s 

Decomposition. He further shows that the mean lagged products 

are consistent estimates of the ^(j) even when xt is not 

Gaussian . 

A great deal has been written on the asymptotic normal¬ 

ity of the probability distributions of the mean lagged pro¬ 

ducts as the sample size N increases without limit. Among 

other workers, Walker shows that this property holds for 

the serial correlation coefficients of a finite order auto¬ 

regression, and states that his result can be extended to the 

case of the infinite order moving average 
OD 

Xt = j*0 Vt-i <2-81) 
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«> oo 

so long as T a, and E ja. are absolutely convergent. A 
j = 0 J jo0 J 

lengthy discussion of asymptotic normality for the mean lagged 

products is found in Hannanfl-, and an interesting comparison 

of the actual and approximating normal distributions is found 

in Anderson ^ On this basis, the mean lagged products 

will be assumed to be normally distributed for large sample 

size in the following sections. 
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CHAPTER III 

ALL-POLE ESTIMATION FOR PROCESSES OF MIXED TYPE 

In this section, the spectral analysis of mixed-type pro¬ 

cesses is treated in terms of autoregressive models from a new 

point of view. The effects of approximation and statistical 

error are studied in detail, and a series of computational 

examples is presented. 

A. All-pole Approximation by Spectral Whitening 

As defined in the preceding chapter, a process of mixed 

type is a linear regressive series which might be described 

as a moving average and an autoregression in combination. 

The basic difference equation is given by 

(3-1) 
j=0 

where t ranges over the integers. As before, nfc represents a 

sequence of uncorrelated random numbers with zero mean and 

variance o . it was shown above that associated with this 

process is a transform domain system function 

(3-2) 
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where 

K -j A ( z ) * Z a z J 
j=0 ^ 

and 

L -i B(z) » I b.z J 
j = 0 J 

For stability, it will be assumed that all of the zeros of 

B(z) lie within the unit circle, and for reasons that will be¬ 

come apparent later, this same requirement will be imposed on 

A(z). The moving average and autoregression are special 

cases of the process defined by equation (3-1). 

It was noted above that the sampled power spectrum for 

the mixed-type process is given by 

'»o’1 

bo - 1 

(3-3) 

(3-4) 

S*xU) 
2 A ( z) A (z 1) 

O - -I“ 
B ( Z ) B ( z "•) 

(3-5) 

The central problem that is treated in this study is that of 

devising and comparing methods for operating on a sample of 

the process x^. to derive an estimate of its sampled power 

spectrum in tenus of a convenient model. One of the earliest 

(18] 
approaches to this problem, treated by Steiglitz , 

Whittle1201, and Hannan111, is the formation of so-called a11^ 

pole estimates, which model the process as an autoregression 

of sufficiently high order to represent the spectrum with 

acceptable accuracy. In the past, the estimation equations 

have been derived either on the basis of a least squares mini¬ 

mization or by assuming that the process is Gaussian and 
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proceeding by maximuun likelihood arguments. If the order of 

the autoregressive model is designated M, the result of these 

techniques is an estimate of the M autoregressive coefficients 

(dj) and the input noise variance o2 which "best" fit the data. 

The resulting spectral estimate 

S (z) 
XX 

D ( z)D(z~1) 
( 3-6) 

with 

M 
D(z) » I d z"3 , d = 1 

j»G J 0 
(3-7) 

has no zeros; hence the designation all-pole. 

A disadvantage of the maximum likelihood approach is that 

it strictly applies only to Gaussian processes, although 

Tretter* ^ and Whittle^20^ have provided justificatijns for 

more general applicability. A linear least squares derivation 

of the all-pole estimation equations is presented in Appendix 

B, but here an alternative approach will be followed that is 

independent of the probabilistic structure of the processes 

xt and nt and leads, somewhat more intuitively, to the same 

estimation equations. 

Essentially, the procedure to be described here seeks to 

find a suitably optimum moving average filter which will con¬ 

vert the process xt into white noise of unit variance. Such 

a system is portrayed here; 
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nt A ( Z ) xt 
bTzT 

Figure 3-1. The whitening and normalizing of 
xt by a moving average filter. 

where D(z) is of the form of equation (3-7}. The sampled 

power spectrum for r t is given straight-forwardly as 

S (2) = —A.(-zJAiz-*.L_ DtzJDfz“1) (3-8) 
rr o,z B(z)B(z”1) 

If the coefficients of D(z) and the constant o' are chosen 

such that Srr(z)::l, then 

S' <z) =-- V- = a2 A(Z)A(2.)) - s (z) (3-9) 
D(z)D(z 1) B ( z) B ( Z -1) 

and the digital system 1/D(z), driven by an uncorrelated se- 

quence of variance o' , constitutes the desired finite order 

autoregressive model for the process. 

Because of the understanding it provides of the statisti¬ 

cal estimation problem, the following "deterministic whiten¬ 

ing problem" will be studied in detail: 

Given a process of mixed type characterized by the 
system function A(z)/B(z) and input noise variance 
o^, how does one best choose the coefficients of 
an Mfh order moving average filter and the gain con¬ 
stant o' such that the original process is whitened 
and normalized to unit variance? 

This preliminary study of the deterministic situation has the 

advantage of separating the roles of the two types of error 

that arise in all-pole spec*ral estimations: that due to the 
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finite order of the approximation, and that which arises from 

the statistical spread of the data. 

The first step in the solution of the problem is that of 

determining a suitable criterion of optimality. Since the 

aim of the exercise is to find a system that will "undo" the 

effect of the filter A(z)/B(z) and scale the output to unit 

variance, intuition suggests that the whitening filter func¬ 

tion must be near to the inverse -B(z)/A(z) and should yield 
o 

the output sequence nt/o when driven by xt. Since it is hoped 

that ultimately 

r 
t 

(3-10) 

the following approximation error will be defined at time t: 

e (3-11) 

A very natural criterion of optimality, and the one that will 

be used here, is that the "best" system will be that which 

minimizes the mean square value of the error signal et. Thus, 

the optimum system parameters must obey the equations 

3et2 
= 0 , j = 1,2, 

(3-12) 

tl 
3 o ' 

0. 
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It should be recalled that by assumption, “ 1. 

It is most convenient to work with the moving average 

representation of the process whose existence is guaranteed 

by Wold's decomposition. If the infinite order moving aver¬ 

age system function is denoted H(z), then 

H(z) ■ -Hfr ' 70 V"3 <3'13) 

The weighting sequence {h^} can be considered to be the unit 

sample response for the system A(z)/B(z) and can be found 

using the method developed in the last chapter. This leads 

to the system 

L 
Z 

j=0 
b 

j 
a , n<K 
n — 

L 
z 

j“0 
bjhn-j 

0 , n>K (3-14) 

hj = 0 , j<0 

By an extension of the previously derived correlation proper 

ties, the autocorrelation sequence for xfc can now be written 

in the form 

♦xx(^ = k-0 
hkhk+j 

z 
k-j 

hkhk- 31° (3-15) 

The error signal et can oe generated by the following digital 
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system: 

Figure 3-2. Digital system representation 
of the generation of ct- 

whose transfer function is 

t(z) - -iüíiÇM (3-16) 

Now defining 

C ( 2 ) = H ( z} D ( z ) (3-17) 

the system transfer function of equation (3-16) can be written 

T ( z ) » -— 
j=0 CjZ 

-j . _L (3-18) 

or 

T (Z) * (- -L-i + -k I c.z 
j=l 1 

-1 (3-19) 

since Cq * 1, Therefore, 
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- ♦ce*01 (A- 
1 41 1 2 
-T-) * —V- I c/ 
0 7'2 j-1 i 

g r „ 2 . _ 2a 
,2 . n j 1 a j»ü 

(3-20) 

This is th« function that will be minimized to find the opti¬ 

mum whitening filter. To find the desired set this ex¬ 

pression is used in the first group of equation (3-12). The 

result is the system 

1-1 

3c . 
. _1 
j 3d. 

«0 ,k*l,2,...,M (3-21) 

vfhere {c^} is the convolution of (h^) and {d^} given by 

cj 
0, j<0 

1 
£ d. h . . 

k-0 * ]"k 

M 

j * 0,1,2, . . . ,M (3-22) 

cj ’ 1 dkhj-k ' j>M 

The required derivatives can now be written as follows: 

For j ■ 0,1,2,...,M 

3d. hj-k • 

0 , k> j 
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For j >M, 

3c . 

3-dr- “ nj-k ' kiM 

= 0 , k>M 

( 3-23b) 

Now equation (3-21) is written as 

K 
L 

j = l 

3 C . 3C 

” Ci3d + ^ Ci3d =0,k-l,2,...,M 
3 dak j =M+1 3 ädk 

(3-24) 

and using equations (3-23a) and (3-23b) yields 

oo 

l c.h. , = 0 , k = 1,2, . . . ,M 
j=k 1 -,~K 

(3-25) 

Now if the are evaluated using the expressions of equa¬ 

tion (3-22), the result is 

M j <» M 
l Z d h. .h, + i i dh. h. , = 0 , 

j=k m=*0 m j=M+l m=0 m ’-m 

k 1. / 2 y » f M 

43 

(3-26) 

k = 1,2,... ,M 

Reversing the order of summation gives 

k « m “> 
Z Z d h.h. ., + I Z dh.h.w = 0, 

m=0 j=0 m 11 3-">+k m=k+1 j=0 n 3 3-k+m 

k = 1,2 , ... ,M 

and using equation (3-15) , this becomes 

k M 

1 di *XX(k-3) + 1 di <’vy(3"k) = 0 ' 
j=0 J xx j=k+l 3 xx 

(3-27) 

(3-28) 
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or finally 

H 

£- dj ♦xx,k-3! j^o 0 , Je « 1,2, ... ,M ; d0 - 1 13-29) 

which is a system of M simultaneous linear equations in M 

Knowns. Defining the column vectors 

un- 

M 

and ♦ 
XX 

♦xx(1) 

^xx(2) 

♦xx(h) 

(3-30) 

and the process correlation matrix • , 
XX 

XX 

*xx<°> 

♦xx(1> 

♦xx(2) 

^XX(1) ^XX^2^ . ♦xx(M"1) 

#xx(c) ♦xx(1). *xx(M~2) 

*XX(1) *XX^. ^xx^M~^^ 

♦xx(0) *XX(1) 

♦xx(1) ^xx^®' 

(3-31) 

the system of equation (3-29) can be expressed as 
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♦ á 
XX - ♦ 

XX 
(3-32) 

If the matrix 4 is non-singular, the unknown coefficients 

{dj} can now be written as 

d = - * * 
XX Txx 

(3-33) 

For the processes considered here, the correlation matrixx 

4> is positive-definite (See Whittle ^ 20 ^ ) , and hence equa - 

tion (3-33) will always have a unique solution. Furthermore, 

it has been remarked (by Whittle) that the roots of the cor¬ 

responding polynomial D(z) lie within the z-plane unit circle. 

Again using the expression for ♦er(°) given by equation 

(3-20), the optimum constant o' is found to be 

0 ' = 0 l c . 
j=0 3 

(3-34) 

This can be worked into a more convenient form by using the 

expression for c^ in terms of the {h^} and 0ne first 

obtains 

M j j 
o l Z Z d, d h , . h 
j*0 k=0 m=0 

k ra j-k j-m 

- MM 
+ o I Z Z d, d h . , h. 

j=M+l k=0 m=0 k 3~k 3-111 

(3-35) 

1. In the literature, this form is most often denoted the 
covariance matrix. Since xt is a zero mean process, however, 
the covariance and correlation functions are identical. Both 
designations will ha used here. 
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in which it is necessary to reverse the order of summation so 

that the autocorrelation of equation (3-15) can be recognized 

Ultimately, equation (3-35) becomes 

o ’ 
M 
Z 

k=0 dk*xx ^ ■k) (3-36) 

But by equation (3-29), the inner summation vanishes except 

when j = 0. Thus, finally 

o ’ 
♦xx(k> (3-37) 

using the matrix forms defined above, o’ can also be expressed 

as 

a ' (0) + d’% (3-38) 

where d denotes the transpose of the d-vector. 

Equations and (3-37) have been derived by setting 

the derivatives of equal fco zercK To ^ present 

solution is indeed a minimum, and not a maximum or a station¬ 

ary point, it_is necessary to demonstrate that the second de¬ 

rivatives of at this point are all positive. Using equa¬ 

tions (3-20) and (3-23; , 
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and thus the second derivatives with respect to the {d^} are 

everywhere positive. Differentiating equation (3-20) twice 

with respect to o' yields 

D 

and now employing equation (3-34) , 

a 
(6-4) 

(3-40) 

(3-41) 

The solution is therefore truly a minimum. 

It is of interest to know the value of the minimum mean 

square error that results from the use of the optimum system. 

This is also found from equations (3-20) and (3-37): 

T 
E "min 

d . $ (j) 
] XX J ' (3-42) 

. , o 
- x ‘ 

From this expression, it is clear that as the mean square 

error approaches zero, o' will approach o more and more closely. 

In summary, the coefficient set {d^.} found from equation 

(3-33) and the constant o' of equation (3-37) represent the 

parameters of the Mth order moving average filter which will 

optimally whiten and normalize the process xfc. In the pre¬ 

sent formulation, only the autocorrelation function x^. is re- 
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quirea to find the {d^} whereas the input noise variance is 

also needed to compute o'. 

Another interpretation of this result, useful in a fol¬ 

lowing chapter, can be gained by considering the minimized 

quantity *e£.(0) in its role as the inverse z-transform of the 

sampled power spectrum for the error: 

♦EE<0) - f 
! * l i - i . 

z -=1 

H(z)D (z) _ 1 
a ' o 

dz 
z 

(3-43) 

Since the path of integration is the unit circle, this can be 

written as 

2* 

4 (0) 
e e 

2 / I H ( z ) D 

!ï J I-^ (z) 1 
o 

d®, z*e 
ie 

(3-44) 

which can be considered to be the squared magnitude of the 

difference between oH(z)D(z)/a' and 1, averaged around the 

unit circle of the z-plane. If this quantity is sufficiently 

minimized, then 

„ A (7) , o’ 
B(z) D(z) 

-Vz 3 I z I * 1 (3-45) 

and thus 

2 A(z)A(z~1) 

B (z)B(Z_1) 

.2 

D(z)D(z-1) 
(3-46) 

Armed with a priori knowledge of the correlation struc¬ 

ture of xt and the input noise variance, the order 
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deterministic whitening problem for the process can be solved 

and the results used to formulate an approximate M*"*1 order 

autoregressive model defined as 

M 
X ’ = n,' - L d.x • (3-47) 
t j«! 1 t_3 

where nt' is an uncorrelated random sequence with variance 

. 2 o . In the special case where xfc is an autoregression of 
—y 

order M, there is no approximation involved, o'*o, ct«0, and 

the set {dj} is identically equal to the set {b^}. This can be 

deduced immediately from the fact that in the case of an auto¬ 

regression, the system of equation (3-29) is identical with 

that of equation (2-68) if the k * 0 case is removed from the 

latter. 

The error signal whose mean square was minimized to 

find the optimum "whitening" system will henceforth be known 

as the "whitening" error. For purposes of approximating the 

spectrum of the original process by that of the derived auto¬ 

regression, a more satisfying error measure can be visualized 

with reference to the following system: 

Figure 3-3. Digital system for generating 
the "approximation" error et. 
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Here, et is the difference between xt and its approximation 

xt'. The system transfer function between n rnd e is 
XL t 

J 

T'(*> * (3-48) 

Comparing this with the transfe- function between nfc and et 

found in equation (3-16), it becomes apparent that e^ and e^ 

are related by the autoregressive relation 

M 

et “ 0'Et " djet-j <3-49^ 

or in a system diagram: 

Figure 3-4. Digital system showing the 
relationship between et and et. 

Thus, the approximation" error et can be generated by passing 

the "whitening" error et through the filter a'/D(z). As 
—2 

approaches zero, efc must vanish also. For reasons of mathe¬ 

matical tractability, our attention will remain with the 

whitening error 

B. All-pole Estimation Based on Mean Lagged Products 

It was shown in the last section that given a priori 

knowledge of the autocorrelation sequence and the input noise 
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variance for a mixed type process, a finite order autoregres¬ 

sive approximation could be derived, optimum in a certain 

sense. This representation can be used in turn to provide an 

approximation of the spectrum. In the statistical estimation 

problem of prime concern here, however, no prior information 

is available, and one must deal only with a sample of the pro¬ 

cess itself to derive the spectral representation desired. 

Fortunately, the equation system for the set (d^ involves 

only the correlation sequence of the process, which can be 

estimated from the data sample as the set of mean lagged pro¬ 

ducts. Unfortunately, using the »whitening» approach, „ is 

needed to compute n•, and without a modification, the present 

estimation scheme is not complete. A solution of this dif¬ 

ficulty is found by noting that as the order of the autoregres- 

sive model increases, a' approaches o Thi«, • 
PH acnes o. This is seen from Wold' 

demonstration'») that the limit of a sequence of autoregres¬ 

sive approximations o, increasing order is the unique infinite 

order autoregressive representation of the process. This im- 

Plies directly that 

lim 
M-+-« (3-50) 

and since equation (3-42) shows that 

lira o ' 

ct2 + 0 
(3-51) 

then 

51 



NOLTR 70-109 

lim o' * o 
M -*• » 

Using this result and equation (3-37), 

M 
lim L 

M + <» j = 0 
d . 

J lira oa' 
M -*• « 

2 
o 

(3-52) 

(3-53) 

Now defining 

-2 
o 

M 
l 

j=0 
(3-54) 

dnd f°r sufficiently high values of M, ô2 will serve as an 

estimate for c2 that does not itself involve the latter. The 

price that is paid for this convenience, however, is increased 

whitening error, since the system using ô instead of a' is 

sub-optimum. It can be shown using equation (3-42) that this 

new error is given by 

_• 

et = 2 ( 1-a/o) : 2e2 (3-56) 

and also approaches zero as M increases without limit. In 

the following, o of equation (3-54) will be used as the es¬ 

timate for the variance of the input noise sequence. 

The error that has figured in the discussions above is 

that associated with the approximation of a general regression 

by a finite order autoregression. This indeed is the error 
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that would be obtained if the correlation function used in 

the calculations could be measured from the available data 

without error. As we have seen in the discussion of the samp- 

ling properties of the mean lagged products, however, this is 

not possible since the lagged products will always display a 

certain variance. The effects of this statistical spread on 

the estimation accuracy will now be treated to provide some 

guidance in choosing the required sample size. The following 

development is based largely upon that of Mann and Wald^17^ 

as interpreted in Hannan^^. First the variance in the esti¬ 

mates of the {dj} caused by a finite sample size will be 

studied, and then the variance for o^. 

Let the set of noiseless coefficient astimates, i.e. 

those obtained by a priori knowledge of the {$x (j)}, be de¬ 

noted as before {d^i. The set derived on the basis of the 

mean lagged products will be designated {¿L}. These two sets 

must satisfy the respective systems 

M 

1 d-i *w(k-3) = c ' * = 1,2,...,M ( 3-57a) 
j-0 J XX 

M . . 

1 d^vv<k-^ = 0 ' k = 1,2,...,M ( 3-57b) 
j=0 J XX 

Now define the set { u^} : 

M 

Uk = 1 d-i ' k = 1,2,...,M (3-58) 
* j=0 J xx 

Combining these with equations (3-57a) and (3-57b) yields 
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M 

(dj ' dj) *xx(k‘j) = ' k 3 1,2,...,M (3-59) 

Since d0 = dQ = 1, this is 

M 

j = l (di " dj) 4xx(k~^ = -uk ' k = 1'2.M (3-60) 

Now defining an M by M matrix of mean lagged products, ¿ 

in analogy with equation (3-31) and also 

e = and u » (3-61) 

equation (3-60) can be expressed as 

vxx e * "u (3-62) 

Using the definition of a mean lagged product, equation (3-58) 

is now written as 

1 ^ 

k N djxmxm+k-j ' k ~ 1,2,...,M i^-63) 

where it will be recalled that N is the sample size. Inter¬ 

changing the order of summation gives 
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u, 
N 

N 
Z 

m=l ID 

M 
Z 

j*0 d3Xm+k-j ' k = i'Z'-'.'M (3-64) k = 

deferring to Figure 3-1 above it 

sununation is o'r 
can be seen that the i nner 

m+k' where it will be recalled that r 

whitened end normalized version of TbuSi 
t is the 

u. a 1 
N 

N 

Xjrj+k ' k = i» 2,...,M (3-65) 

Now it is possible to consider 

the set (Uj}. 
the statistical properties of 

EIuk] 
o 1 N 

ÏT~ Z FiX4r4J.u]=a'* (jr. w _ i o 
j=l J 3+k vxr'K; ' K “ 1/2,...,m (3- 66) 

It can be shown thc.t 

a>xr(k) 
äi ‘x*1*-» 

and therefore, by equation (3-57a), 

(3-67) 

♦xr(k) = 0 , k e 1,2.m 
(3-68) 

Hence 

E'uJcl ” 0 , k = 1,2.H 
(3-69) 

Since the mean of ecch u, is zero t-ho 
k s zero, the covariance between u. 

and uk is given by 3 
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Cov[u^,uk) * E[Ujuk] 
N 
E 

t = ] 

N 
E E [ X r 

m=*l l+jxmrm+k^ (3-70) 

To obtain further results in compact form, it is necessary at 

this point to make an approximation. In using the present, 

"whitening" technique, one is in essence formulating a system 

that will make 

or 

rt ' Vo 

°,rt " nt 

(3-71) 

If the approximation is made reasonably close by increasing 

the model order M, r^ will be very nearly a scaled version of 

nt and thus approaches an uncorrelated sequence. This is to 

say that 

M 
limo> (j) * á (i) 

vrr J fnn'J' u26(j) (3-72) 

Using this limit expression, equation (3-70) becomes 

Eiujuk] 
2 N N 

--2 E E E[x X ] E[r .r ] 
f.«l m*l 1 m 1+3 ra+,c 

2 N N 

E E ♦w (l_r») 6(i+k-m-j) 
1*1 m=l xx 

(3-73) 

2 N 

N 1 = 1 Ñ" ♦xx^-^ 

Therefore, when the model order is sufficiently high to yield 
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a good spectral representation. 

Cov[u-i 'UJ XX 
(k-j) (3-74) 

It should be pointed out that in the case where xt is a pure 

autoregression, this approximation becomes exacc when the 

model order is equa1 to that of the process. If this approx¬ 

imating step is not taken, progress can onlv be made with equa 

tion (3-70) by assuming that xt is Gaussian and expanding the 

fourth moment expression to yxald 

N N 
r i 

1=1 m=l 
♦xxU"m)^rrU+k_m-3)+^xr(jUxr(k) 

+ *xr (m+j-l)4>xr (t+k-m) 
(3-75) 

which can only be related to the measured data with difficulty 

The approximation proposed above discards the second two terms 

within the brackets and gives sufficiently accurate results 

for the analysis of variability when the model order is high 

enough to provide a good spectral representation. Accepting 

a small error, the approximate covariance matrix for the (u.) 

can be written ^ 

o2 

*uu = ~7T *xx (3-76) 

As the number of samples N increases without limit, the *xx(j) 

become asymptotically jointly normal. Since by definition* 

the (u.) are linear combinations of the mean lagged products, 

they must become jointly normal also. Furthermore, as N— 
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*xx converges in probability to ♦xx. From equation (3-62), 

e m - "lu (3-77) 

and thus 

plim e = (3-78) 
N •* “ 

Since, as we have seen above, the {u^.} are all zero mean, in 

the limit, 

Ete^] * 0 , j = 1,2,...,M (3-79) 

Using a well-known property of systems of linear equations 

in jointly distributed random variables (see Cramer^^), in 

the limit of large sample size 

♦ « $ 1 $ ( ♦ ”^ ) ^ 
ee xx uu' xx ' (3-80) 

because of equation (3-76) and the symmetry of ♦ , however, 
XX 

ee 
JL_ * "I 
N xx (-* 81) 

Thus, the error representing the difference between the noise¬ 

less coefficients and those derived from the mean lagged pro¬ 

ducts will be asymptotically normal with zero mean and a co- 

variance matrix given by equation (3-81). It is apparent 

that the latter are unbiased and consistent estimates of the 

former. 
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The modified estimate for the jput noise variance is 

„2 M - - 

o * l d . > ( j) 
j=0 3 *xx 

(3-82) 

Using the mean lagged product definition, this becomes 

Ä 2 M 
0 38 ^ X. z d, X. . 

N j=l 3 k=0 k 3"k 
(3-83) 

Again it is necessary to use the approximation that r^. =^/0, 

(3-84) 

M 

1 '' nir j«0 3 X j K 

This leads to 

‘2 1 N 

0 ' ~tr .1. xjni jai J -> 
(3-85) 

Taking the expected value yields 

N 

N 
l 

3=1 
X .n . 
3 3 ♦nx(0> (3-a6) 

Thus, 

~ 2 2 
lim E(o ] = a (3-87) 

M -*• ® 

and for large M, the estimator becomes nearly unbiased. If 

xt is Gaussian, the variance of the estimate can be ap¬ 

proached by considering the expectation of the square of the 

or 
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expression on the right of equation (3-85) and using the 

Gaussian fourth moment expansion. The result is that 

Var[a ] »2*XX(0) 
+ a 

N (3-88) 

with the approximation becoming better for increasing model 

2 
order. Furthermore, since *xx(0)l° » 

°\x(0) * 
N 

(3-89) 

. Ä 2 
showing that the standard deviation of a is on the order of 

2 l~2~ 
0 V~Ñ~* This is the result derived by Steiglitz (reference 

18) using a somewhat different approach involving the asympto¬ 

tic properties of the distribution. Although these final 

results apply strictly only to Gaussian processes, they pro¬ 

bably retain sufficient accuracy in the general case for use 

in a variability analysis. 

In summary, the foregoing has shown that an all-pole 

approximation for a mixed type process, satisfying a certain 

optimality criterion, can be formulated on the basis of the 

observed mean lagged products for a finite sample sequence. 

The coefficients of this representation are given by the 

matrix expression 

d - ♦ XX 

with the input noise variance estimated by 

-2 
o 

(3-90) 

(3-91) 
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The coefficients thus computed have been shown to be unbiased 

and consistent estimates of those that would be obtained 

under noiseless conditions. The variance estimate becomes 

asymptotically unbiased and consistent as the model order is 

increased. The estimation formulae (3-90) and (3-31) are 

identical to those formulated for purely autoregressive pro- 

cesses by Steiglitz on the basis of maximum likeihood and 

by Hannan and Whittle from a linear least squares ap¬ 

proach. The present treatment provides still another inter¬ 

pretation of these fairly well-known results and in the case 

of the mixed type process makes it possible to distinguish the 

two types of error that arise in the analysis. 

C. Computational Examples of All-pole Estimation 

In practical applications of the present technique, when 

no a priori knowledge of the process is available, the first 

step is to measure a sequence of mean lagged products over 

some sample size N hopefully chosen large enough to yield ac¬ 

ceptable statistical error in the final result The maximum 

lag required in these measurements is equal to the largest 

model order M that is anticipated. Of course at the outset, 

one has few grounds for knowing what M or N should be. After 

an initial model order is chosen, the matrix of mean lagged 

products is formed, and the autoregressive coefficient and 

input variance estimates are calculated using equations 

(3-90) and (3-91). As the model order M is made successively 

larger, the quality of the all-pole approximation will 
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* 2 ■> 

increase, and o will approach the limiting value of o . In 

fact, the best indication available of the convergence of the 

approximation to the actual spectrum is the leveling off of 

the curve of o plotted against M. It is not necessary to 

construct and invert the matrix of mean lagged products at 

each step, since a recursive relationship exists which direct¬ 

ly yields the set id^ for the (M+l)th order from the corres¬ 

ponding set for the order. This result is quoted by 

Whittle and Bartlett , and a derivatic- is provided here 

in Appendix C. At any rate, when it is felt that the approx¬ 

imation order is sufficient for the purposes at hand, the 

statistical error inherent in the estimate can be analyzed by 

using equations (3-81) and (3-88) to yield the standard devia¬ 

tions of the estimates for the (d^) and a2. As derived, these 

results call for the theoretical covariance matrix and its 

inverse, but in the practical situation, the matrix of mean 

lagged products constitutes a covariance estimate of suffi¬ 

cient quality to be used for the variability analysis. Thus, 

having previously computed * for finding the coefficient 

estimates, one can use the result in equation (3-81) to deter¬ 

mine the magnitude of the statistical error. Should this be 

unacceptable, the sample size is increased and the estimate 

re-computed. The final all-pole spectral estimate is found by 
^ “y 

using the (d^) and oA in the expression 

S (z) 
XX 

'2 
a_ 

D ( z) D ( z**1) 
(3-92) 
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and can be evaluated as a function of the radian frequency u 

iwT 
by means of the substitution z * e 

The five standard examples described in Appendix A will 

be used to illustrate the all-pole procedure and the charac¬ 

teristics of the all-pole results. For the purposes of the 

present study, the maximum model order was taken to be eight, 

and approximations of all orders up to that maximum were com¬ 

puted and plotted so that the improvement of estimate quality 

with model order could be graphically demonstrated. An ex¬ 

ception was made for the first example, itself a fourth order 

all-pole function, where attention wap directed particularly 

to the behavior of the estimate as a function of samp . size. 

Although each example was analyzed for several values of N, in 

all but the first example, the results of only one of these 

will be presented. As a basis for comparison, the result of 

using the theoretical correlation sequence (as found in Appen¬ 

dix A) will be presented for the case where M * 8 and used to 

evaluate the statistical errors which arise from the use of 

the mean lagged products. 

1. Example # 1 

As described in Appendix A, the first example is a 4th 

order autoregression with system function 

H ( z) 
1 1 

= ir^r ' “ 
2.036z"1 + 1.812z"2 -0.770z"3 + 0.129z 

and input noise sequence variance o 
2 

= 1.0. With all of the 
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examples treated here, the input sequence is Gaussian. 

Since there is no approximation error involved in the 

all-pole estimation of an autoregression, there is little of 

interest in the behavior of the spectral estimate for increas¬ 

ing model order. Hence, this opportunity will be taken to 

study the effect of the sample size on estimate accuracy for 

a given value of M - in this case, 4. In the absence of sta¬ 

tistical error, the actual autoregressive coefficients would 

be returned, and an exact reproduction of the theoretical 

spectrum produced. The actual state of affairs is summed up 

in Table 3-1 and Figures 3~5 and 3-6. In the first half of 

the table are listed the coefficient and variance estimates 

derived on the basis of 100, 200, 500, 1,000, and 2,000 sam¬ 

ples. These should be compared with the actual values at the 

top. Figure 3-5 displays the spectra corresponding to these 

parameter estimates, in comparison with the actual spectrum. 

The improvement with increasing sample size is evident from 

both table and graphs. Figure 3-6 is an enlarged presentation 

of the estimate for N «* 2,000. 

The second half of Table 3-1 presents the standard devia¬ 

tions of the parameter estimates as a function of sample size. 

Although in a practical situation with no knowledge of the pro¬ 

cess beforehand, these calculations would be based on the 

matrix of mean lagged products, they are here computed from 

the theoretical covariance matrix and hence represent the true 

standard deviations for the estimates. Actual computation in 

a number of examples has shown that there is only a negligible 
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FREQUENCY ul/n 

ESTIMATED SPECTRUM 

THEORETICAL SPECTRUM 

FIG. 3-5 4TH ORDER SPECTRAL ESTIMATES FOR EXAMPLE #1 COMPUTED OVER FIVE SAMPLE SIZES 
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FIG. 3-6 4TH ORDER SPECTRAL ESTIMATE FOR EXAMPLE *1 COMPUTED OVER ?000 SAMPLES 

67 



NOLTR 70-109 

difference in the results for reasonable sample sizes. To 

give one numerical example of this type of calculation, the 

case where N * 2,000 will be used. From equation (3-81), the 

covariance matrix for the estimate errors is given by 

♦ - -l2- * ’I 
ee N ®xx 

Using the theoretical autocorrelation sequence presented in 

AmionH-iv A a th 
order covariance matrix has the inverse 

-1.93531 1.57691 -0.50682 

4.53242 -4.22733 1.57691 

-4.22733 4.53242 -1.93531 

1.57691 -1.93531 0.98280 

“ 1.0, then 

-0.000968 0.000788 -0.000253 

0.002265 -0.002115 0.000788 

-0.002115 0.002265 -0.000968 

0.000788 -0.000968 0.000491 

As can be verified by reference to Table 3-1, the estimate 

standard deviations are the square roots of the diagonal 

terms, if required, the correlation coefficients for pairs 

of parameter errors can be also obtained from ♦ 
ee ‘ 

Por the errors in ^ and ¿2, for example 

-1 
XX 

0.98280 

-1.93531 

1.57691 

-0.50682 

If N » 2,000 and 

0.000491 

-0.000968 

0.000788 

-0.000253 

♦ = 
ee 
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12 

Cov[e1,e2] 

0 e. e. 

-0.000968 
T7õl22TT7õmy 3 -°-915 

and it i, apparent that the error, can he rather ,tron,ly cor- 

related. From eçruation rím ..¿í-u », 
M U1-ün , with N * 2,000, 

Var [ô2] .J-5.2437 + l.o rrm 0.00813 

Thus, the standard deviation of the variance estimate is 0 09 

a, indicated. Table 3-1 show, that the variability analysis 

well predicts the magnitude of the parameter errors, although 

to be sure, many of the estimate, lie beyond one standard 

deviation of the mean. This i, „0t too surprising, because 

the strong correlation between the separate errors tend, to 

produce whole sets of out-liers. At any rate, the guality of 

the error analysis improves markedly for the larger sample 

sues, where the assumptions made in the theoretical approach 

are better justified. 

The present example can also be used to provide a clear 

demonstration of the behavior of the variance estimate ^ 

ss the autoregressive approximation becomes nearly exact, xf 

the present process is modeled as an autoregression of in¬ 

creasing order, beginning with M - 1, the successive estimates 

tor s , based on 2.000 samples, are found in the following 

table: 
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Table 3-2. Variance Estimate Sequence for 
Example #1 based on 2,000 samples. 

M 1 2 3 4 5 6 7 8 
-2 o 3.8477 1.3904 1.0575 1.0444 1.0434 1.0434 1.0432 1.0429 

Note that after the correct order (4) is reached, the vari¬ 

ance estimate decreases only negligibly, since except for the 

effects of statistical error, the 4th order model should re¬ 

present the process exactly. This is also in accord with the 

findings of Appendix C. Another manifestation of the conver¬ 

gence of the approximation is that the values of the first 

four coefficient estimates scarcely vary for successive model 

orders greater than 4, and that the higher order coefficients 

become very small by comparison. 

2. Example # 2 

Example # 2 is a fourth order moving average with system 

function 

H(z) * A (z) * 1 + 2.036z"1 + 1.812z~2 + 0.770z"3 + 0.129z"4 

and input noise variance o again 1.0. All-pole spectral 

estimates for orders 1 through 8, all based on 1,000 samples, 

are portrayed in Figure 3-7 with the 8th order estimate en¬ 

larged for clarity in Figure 3-8. The corresponding sequence 

of variance estimates was found to be as shown in the table: 

Table 3-3. Variance Estimate Sequence for 
Example # 2 based on 1,000 samples. 

M 1 2 3 4 5 6 7 8 
o 3.2863 1.8566 1.3434 1.1367 1.0511 1.0435 1.0427 1.0211 
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<o 

FREQUENCY wT/jt 

-ESTIMATED SPECTRUM 

FREQUENCY wT/tt 

FIG. 3-7 SEQUENCE OF ALL-POLE ESTIMATES FOR EXAMPLE BASED ON 
N = 1000 SAMPLES 
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The slow decrease of a2 for M>6 indicates that the quality of 

the approximation h-s become reasonably good. This is con¬ 

firmed by the spectral comparisons. 

The statistical error inherent in the estimates will be 

studied by concentrating upon the 8th order model and compar¬ 

ing the result based on 1,000 samples with that obtained 

from using the theoretical autocorrelation sequence (essen¬ 

tially the solution of the deterministic whitening problem). 

Table 3-4 presents both sets of parameters, their differences, 

and the theoretical standard deviations of the latter. It 

can be seen that the first five estimates are within one 

standard deviation of the theoretical values, and the last 

three are within two. According to equation (3-88), the 

standard deviation for o2 is 0.1014. 

When using the theoretical autocorrelation sequence as 

the basis for the calculations, the successive values of the 

constant o', from equation (3-37), are found in Table 3-5: 

Table 3-5. Sequence of o for Example #2 

based on the theoretical correlation 
function. 

M 1 2 3 4 5 6 7 n 
o ’ 3.2709 1.8527 1.3135 1.0925 1.0225 1.0144 1.0144 1.0071 

Thus o' does indeed approach the input standard deviation 

as the model order increases, when M = 8, the mean square 

whitening error et2 becomes 0.00709, implying that the 
mm 

RMS whitening error is 8.4% of the intended RMS value of the 
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Table 3-4 

A Comparison of Theoretical and Experimental 

8 Order All-pole Estimation Coefficients 

for Example #2. N = 1,000 Samples. 

j 

— 

d . 
3 

d . 
1 

e. = d.-d . 
3 3 3 0 <e j ) 

1 

2 

3 

4 

5 

6 

7 

8 

-2.00950 

2.27206 

-1.75831 

0.89373 

-0.11857 

-0.29836 

0.31628 

-0.14374 

-2.02738 

2.31140 

-1.80971 

0.95217 

-0.21475 

-0.15606 

0.19060 

-0.07891 

+0.01788 

-0.03934 

+0.05140 

-0.05844 

+0.09618 

-0.14229 

+0.12568 

-0.06482 

0.0314 

0.0711 

0.1016 

0.1163 

0.1163 

0.1016 

0.0711 

0.0314 
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whitened end normalited signal rt (which is unity). This in 

turn indicates that the assumption of equation (3-71) in the 

variability analysis is not as well satisfied as one might 

hope, leading to possible errors in the estimate standard 

deviations. 

Finally, the spectrum corresponding to the 8th order 

theoretical model is compared to that generated from the mean 

lagged products over 1,000 samples in Figure 3-9. The dif¬ 

ference is solely the result of statistical error in the 

latter. 

3. Example j 3 

The third example has a relatively simple system function: 

-A<z) ., 1 - 0.8592-1 H (z) ■bTÏT 
1 + 0.853: 

.-2 

the variance of nf again unity, a comparison of all-pole 

spectral estimates for orders 1 through 8 and based on 1,000 

samples is presented in Figure 3-10, and the corresponding 

sequence of variance estimates is given in Table 3-6. 

Table 3-6. Variance Estimate Sequence for 

Example #3 based on 1,000 Samples. 

M i 2 3 4 5 6 7 0 
a 6.5219 1.6320 1.2308 1.1399 1.0698 1.0252 1.0079 0.9939 

Although the enlarged plot 

in Figure 3-11 displays fairly good agreement with the act¬ 

ual spectrum, it is apparent from the behavior of the vari- 
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-ESTIMATED SPECTRUM 

-THEORETICAL SPECTRUM 

FIG. 3-10 SEQUENCE OF ALL-POLE ESTIMATES FOR EXAMPLE #3 BASED ON 
N = 1,000 SAMPLES 
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anee sequence thet further improvement can be expected. Re¬ 

stricting attention to the 8th order model, as before, a 

comparison of the approximation coefficient! based on theo¬ 

retical autocorrelations with those based on 1,000 sample 

lagged products is presented in Table 3-7. Also tabu¬ 

lated are the statistical coefficient errors and the theore¬ 

tical standard deviation of the latter. For the most part, 

the errors lie within one standard deviation of their mean of 

zero. The standard deviation of the variance estimate, by 

equation (3-,8,, is 0.086 for 1,000 samples. 

It is interesting to note that the value of a', computed 

for this process in the deterministic whitening problem, is 

1.03363 and thus yields a mean square whitening error of 

0.0325. This in turn shows that the RHS error in approxima¬ 

ting ntA by rt is 0.18 or 18% of the nominal value. Despite 

this substantial error, the variability analysis seems to 

have maintained sufficient accuracy. 

The final figure for the present example (Figure 3-12) 

compares, as in the preceding section, the 8th order spectra 

theoretical correlations and the mean lagged pro¬ 

ducts over 1,000 samples. 

4. Example < 4 

The double peaked spectrum of the fourth example arises 

from the system function 

H (z ) Uff =-L- 1.78352-1 + 0-7tn*-2 _ 

1 - 1.337z + 1.6 32z-2 - 0.987z^ + 0.660^ 
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Table 3-7 

A Comparison of Theoretical and Experimental 
fcih 

8 Orde*. All-pole Estimation Coefficients 

for Example #3. N = 1,000 Samples. 

j d . 
1 

d . 
3 

e = d.-d . 
3 3 

o (e_. ) 

1 

2 

3 

4 

5 

6 

7 

8 

0.87301 

1.53848 

1.30769 

0.97733 

0.74136 

0.48911 

0.23093 

0.11776 

- .- 

0.81987 

1.51173 

1.21220 

0.94076 

0.69114 

0.45754 

0.23457 

0.11593 

+0.05314 

+0.02675 

+0.09549 

+0.03656 

+0.05022 

+0.03157 

-0.00364 

+0.00182 

0.0309 

0.0394 

0.0596 

0.0672 

0.0672 

0.0596 

0.0394 

0.0309 
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with a . l.o. Successive ell-pole estimates, based on 5,000 

samples, are displayed in Figure 3-13, with an enlarged pre¬ 

sentation of the 8 h order spectrum found in Figure 3-14. It 

is apparent from these plots that the present spectrum is 

sufficiently complex that even an 8th order approximation 

serves only poorly to represent it. This is borne out by 

the sequence of variance estimates: 

Table 3-8. Variance Estimate Sequence for 
Example #4 based on 5,000 Samples. 

M 1 2 3 4 5 6 7 Q ¿ a 5.1791 2.8188 2.7930 2.4218 2.0110 1.7346 1.5457 

O 

1.4203 

It is of interest to note that substantial decrease can still 

be found in this sequence when M . 16, Indicating that a 

model order of that order would be 
necessary to adequately 

represent the process. Even so, the present 8th order esti¬ 

mate has unequivocally indicated the double-peaked nature of 

the spectrum and has located the peaks with reasonable 

accuracy. Such a result might well suffice for certain ap¬ 

plications. Table 3-9 is analogous to Tables 3-4 and 3-7 

discussed above and highlights the statistical error present 

in this case when M - 8 and N > 5,000. Again the theoreti¬ 

cal standard deviations well predict the magnitude of the 

error, despite the fact that the solution of the determinis- 

Uc whitening problem reveals a 54.6* RMS error in approxi¬ 

mating nt/e by rt. It is somewhat surprising that the 
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FREQUENCY wT/rr 

FIG. 3-13 SEQUENCE OF ALL-POLE ESTIMATES FOR EXAMPLE H BASED ON 
N = 5,000 SAMPLES un 
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Table 3-9 

A Comparison of Theoretical and Experimental 

8 Order All-pole Estimation Coefficients 

for Example #4. N = 5,000 Samples. 

j d . 
1 

d. 
3 

e = d.-d. 
3 3 

o (e 

1 

2 

3 

4 

5 

6 

7 

8 

0.08503 

1.12870 

0.55629 

0.74134 

0.72377 

0.62164 

0.32798 

0.28425 

0.06005 

1.12994 

0.53368 

0.73542 

0.71181 

0.61830 

0.31595 

0.28138 

+0.02497 

-0.00124 

+0.02262 

+0.00592 

+0.01197 

+0.00333 

+0.01203 

+0.00287 

0.0114 

0.0108 

0.0156 

0.0146 

0.0146 

0.O156 

0,0108 

0.0114 
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variability analysis holds up so well in the face of this 

violation of one of the key assumptions. 

Figure 3-15 compares the theoretical and experimental 

all-pole estimates for the present case, when the latter is 

based on 5,000 samples. 

5. Example i 5 

The band pass character of the fifth spectral example is 

produced by the systi m function 

H(z) A(z) 
bTzT 
_1 - 1.74z"1 + 0.81z~2_ 

1 - 1.352z"1 + 1.338z"2 - 0.662z”3 + 0.240z_î 

2 and an input noise variance o »1.0. The sequence of suc¬ 

cessive all-pole estimates, based on 5,000 samples, is shown 

in Figure 3-16, with the final estimate for M - 8 enlarged in 

Figure 3-17. As in the preceding example, it is evident that 

even the S*"*1 order approximation leaves a good deal to be 

desired. The sequence of variance estimates supports this 

observation: 

Table 3-10. Variance Estimate Sequence for 
Example #5 Based on 5,000 Samples. 

M 1 2 3 4 5 6 7 8 
'2 0 2.8910 1.6877 1.5575 1.4240 1.3098 1.2214 1.1538 1.1079 

It is found, in fact, that the variance estimate levels off 

for M » 15 or so. 
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FREQUENCY uT/n 

FIG. 3-16 SEQUENCE OF ALL-POLE ESTIMATES FOR EXAMPLE *5 BASED ON 
N = 5,000 SAMPLES 
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FIG. 3-1/ 8TH ORDER ALL-POLE ESTIMATE FOR EXAMPLE #5 BASED ON N = 5,000 SAMPLES 

FIG. 3-18 A COMPARISON OF THE 8TH ORDER ALL-POLE ESTIMATE FOR EXAMPLE #5, BASED 
ON 5,000 SAMPLES, AND THE THEORETICAL 8TH ORDER ALL-POLE APPROXIMATION 
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The statistical properties for the parameter estimates 

when M = 8 ate outlined in Table 3-11, which shows that the 

error magnitudes, with only one exception, are less than one 

standard deviation. The standard deviation of the variance 

estimate is 0.063 for 5,000 samples, and the theoretical 

"whitening" approach reveals an RMS error of 31% in the ap¬ 

proximation of equation (3-71) . 

Finally, Figure 3-18 shows the spectrum corresponding to 

the 8 order model based on theoretical autocorrelations and 

that based on the mean lagged products computed over 5,000 

samples. 

The set of all-pole estimates described above provides 

a fairly complete demonstration of the strengths and weak¬ 

nesses of the technique. These will be discussed extensively 

in the Conclusions, but it should be apparent here that for 

many processes typical of those that might be met in actual 

practice, and exemplified by the fourth and fifth examples, 

only a large order model will suffice to represent the process 

These spectra are characterized by sharp peaks and the pre¬ 

sence of zeros near the z-plane unit circle. If a computa¬ 

tional limit is placed on the approximation order - as has 

artificially been done here - the method may be unacceptable. 

On the other hand, the technique is ideal for all-pole spec¬ 

tra (such as Example # 1), and adequate results can be ob¬ 

tained for most slowly varying low pass functions (Example 

# 2). Perhaps the greatest advantage of the all-pole tech¬ 

nique is that no a priori knowledge whatever is required of 
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Table 3-11 

A Comparison of Theoretical and Experimental 

t h 
tí Order All-pole Estimation Coefficients 

for Example #5. N = 5,000 Samples. 

j d. 
1 

d. 
3 

e. = d.-d . 
3 3 3 

o (ej) 

1 

2 

3 

4 

5 

6 

7 

8 

0.29183 

1.03637 

0.82327 

0.78602 

0.66759 

0.49754 

0.28422 

0.19940 

0.26959 

1.03400 

0.80848 

0.78057 

0.66275 

0.50058 

0.28096 

0.20874 

+0.02224 

+0.00237 

+0.01478 

+0.00544 

+0.00484 

-0.00305 

+0.00326 

-0.00934 

0.0132 

0.0132 

0.0180 

0.0190 

0.0190 

0.0180 

0.0132 

0.0132 
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the process, and that one has at least theoretical assurance 

that a good representation can eventually be found by going 

to a high enough model order. 
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CHAPTER IV 

ESTIMATION OF AUTOREGRESSIVE COEFFICIENTS 

IN A MIXED-TYPE PROCESS 

For many applications, all-pole spectral estimates are 

inappropriate, either because the process of interest re¬ 

quires an autoregressive model of excessive order, or be¬ 

cause there is some interest in separately identifying the 

autoregressive and moving average parts of a mixed-type pro¬ 

cess. The present chapter considers the problem of separate¬ 

ly estimating the autoregressive coefficients of a process 

of mixed type so that such a decomposition is possible. 

A. Statistical Estimation of the Autoregressive Coefficients 

The digital system model for a mixed-type process can be 

portrayed in a form that clearly separates the autoregressive 

and moving average parts : 

Figure 4-1. Decomposition of the system model for 
a process of mixed type. 
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Defining 

SyyU) - o^lzlAlz'1) (4-1) 

and 

1 
(4-2) 

the sampled spectrum for xt cam be written 

(4-3) 

where 5^(2) and srr(z) are the spectra of a moving average 

and am autoregression, respectively. 

If the orders of A(z) and B(z) are known a prion, the 

separate identification of the two factors of the spectrum 

of is possible due to a scheme proposed by Hsia amd Land- 

[35] 
grebe . This method, fundamentally different from the 

iterative approaches of Tretter amd Steiglitzand Zetter- 

[251 
berg , yields estimates of the set (b^} based only on the 

meam lagged products of xt. The present section gives am 

independent derivation of Hsia amd Lamdgrebe's result amd 

includes am amalysis of the statistical errors inherent in 

the estimates, a problem which is not considered in the 

earlier work. 

The present approach can most easily be developed as a 

logical consequence of the correlation properties of a pro¬ 

cess of mixed type as derived in Chapter II. Equation (2-50) 

of that section was 
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L K 
1 bi = I a. ♦nx(3“,c)' ^ * 0,1,2,...,K 

j»0 J j=0 3 

(4-4) 
L 

.L bi *xx(k-j) = 0 ' k>K 
j"0 1 X 

Of most interest in the present context is the second of 

these, which involves only the autoregressive coefficients 

and the correlation function 4xx(j). In particular, consider 

the L-equation system 

L 
I b. 4 (k-j) * 0, k * K+l, K+2, .. K+L (4-5) 

j=0 3 

or 

L 
E 

j»l 
XX 

(k-j) ■♦xx(k) ' k “ K+1' K+2' K+L (4-6) 

since bQ * 1. If the correlation sequence is known 

for arguments through j = K+L, these equations can be solved 

for the L unknown (b^). If 

b * 
XX 

♦ (K-*-l) 
XX 

4 (K+2) 
XX 

4 (K+L) 
XX 

( 4-7a) 

and 
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♦ ' = 
XX 

*xxiK> *XX(K'1) .«_(K-L+1) 

*xx<K+1> ♦xx^K) 

XX 

XX 

♦xx • 

*XX(K+2) *».<K+1) »„„(K) XX 

XX 

* (K-L+2) 
XX 

♦ xx(K+L_2).*VV(K+1) *_(K) *_(K-1) XX XX XX 

♦ xx^-D ♦xx(K+L-2). ♦xx(K+1) ♦xx«* 

then 

XX 

or (4-8) 

which is identical in form to the equation for all-pole es¬ 

timation. In an actual spectral measurement, the correlation 

sequence is replaced by the appropriate set of mean lagged 

products, and equation (4-8) becomes 

b (4-9) 

The analysis of the statistical error inherent in the 

estimation of the autoregressive coefficients roughly paral¬ 

lels that of the last chapter for all-pole estimation. The 

actual and estimated coefficients obey the equations 
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L 
Z 

j=0 XX 
Oc-j) 0 ( 4-10a) 

L 
z 

j-0 
(k-j) 

k = K+l, K+2, 

0 

K+L 

( 4-10b) 

Defining 

L 

Uk - ,^0 bj ' k = K+1- K+2,...,K+L (4-11) 

the systems of equation (4-10) can be combined to yield 

L 

(bj " bj) ^xx(k-3) ” _uk ' k = K+1' K+2' •••» K+L (4-12) 

Now defining the error vector and a vector of the {u^} 

bl_bl 

b2"b2 

u 

“k+i 

^+2 

(4-13) 

the system of equation (4-12) can be written as 

♦xx e = -u (4-14) 

Now using the mean lagged product definition, equation (4-11) 

yields 
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N 
U V ! ^ t). Z X X 
k N 3 m=l m n+lt-3 

, k = K+l, K+2 , . . . , K-*-L 

(4-15) 

By manipulating the indices and reversing the summation order, 

this becomes 

1 N+k 
uk " IT 1 x 

m=k+l 
ra-k .Z0 bjxra-j ' k * K+1' k+2,...,K+L 

(4-16) 

Recalling the equation that defines the mixed-type process. 

L 
z b. 

js=0 "k-j 

K 
Z a . n. 

j=0 3 k-D 
(4-17) 

the inner summation of equation (4-16) cam be replaced by the 

right hand side of (4-17) so that 

u, 
x N+k K 

m-i+l jlo ' k ’ K+1' K+2- . ,k+L 

(4-18) 

From Figure 4-1, however, it is apparent that 

E a .n = y 
j-o 3 

(4-19) 

and hence 

u. 
N 

N+k 

m=k+l Xm-k^m ' k K+l, K+2,...,K+L (4-20) 

Taking the expected value, 

E[ukI = ^xy(k)' k " K+1' k+2,...,KtL (4-21) 
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The process xt can be written in autoregressive form as 

L 
X, = y, - E b.X . (4-22) 
Í yt ^ j t-3 

and by Wold's Decomposition can be considered to be a moving 

average over the past of yt- Although yt is not an uncor¬ 

related sequence, the fact that it is itself a order 

moving average over nfc implies that it will not be correlated 

beyond K lags. Since xfc is computed from the past of yt, it 

will thus be uncorrelated with future values of yt more than 

K lags distant. That is 

♦^(k) « 0 , k>K 

and thus 

(4-23) 

EÍUjç] - 0, k = K+l, K+2,..., K+I. (4-24) 

Now since the {u^} are zero mean, the covariance between u^ 

and u^ can be written from equation (4-20) as 

CovfUj ,uJc] 
N 

N+j N+k 
E E E (x .:yfx_ .yl 

t-j.l m-k+1 ’■-l 1 ” k " 

j ,k = K+l, . . . ,K+L 

(4-25) 

At this point, it is necessary to assume that the processes 

in question are Gaussian so that the expected value can be 

expanded as 

* *xy *xy + 
(4-26) 

+ ♦xy(n»-|l+j)4Xy (t-m+k) 
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Given the rennes of j end k involved, previous considérerions 

show that the first product must be zero. Therefore, 

N+j N+k 

Cov(u. ,uk] = —^ m+k) 
3 K N14 t*j + l m=k+l 

(4-27) 

N+j N+k 
I L <>_(m-t+j) ^xy ( t-m+k) 

_ XV 
t=*j + l m*k+l 

Concentrating on the second on these summations, it is noted 

that a given summation term is non-zero if simultaneously 

(m - 1 + j) i K 

and 

( i - ra + k) K 

(4-28) 

This requires that 

k-K<m-tlK-j (4-29) 

The maximum value of the right hand side of equation (4-29) 

occurs when j attains its minimum, which is K t 1. Similar- 

ly, the left hand side is a minimum when k is minimum, or 

K + 1. For a given term in the second sum of (4-27) to be 

non-zero, the indices must obey ’.e inequality 

1 < m - t < -1 
(4-30) 

which is a contradiction. Thus, the entire second sum must 

vanish. The covariance can now be expressed as 

Cov[Uj,ukl 
N+j 

l 
N+k 

l 

N t=*j+l m=k+l 

4» U-j-m+k)4> U-m) (4-31) 
*xx J yy 
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Since the indices t and m appear only as the difference 

(t - ra) and because ♦yyO) i3 identically zero for j>K, this 

can be written 

i K 
Coviu. ,u, ] - —5- l (N - |m|)4> (m-j+k)é (m) (4-32) 

3 N m—K yy 

j ,k = K+l, K+2, ..., K+L 

Since the number of samples can be expected to be much larger 

than the order of the moving average part, i.e. N>>K, a very 

close approximation is 

1 K 
Cov[uj ,Uj^] = -jj- E 4XX(m-j+k) (m) (4-33) 

m*-K 

Returning now to the main thrust of the argument, equa¬ 

tion (4-14) shows that the error vector is given by 

e - -i^u (4-34) 

Again, as the number of samples grows large, the mean lagged 

products approach the theoretical correlations in probability 

and hence 

plim ♦ 
N 

XX XX 

plim e « “1u 
N -*- » 

(4-35) 

(4-36) 

Since the {u^} 

have zero mean 

have a zero mean, in the limit the errors will 

also, and the become unbiased estimates 
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of the actual autoregressive coefficients. Furthermore, the 

covariance matrix for the error becomes 

ee XX ♦ (♦' -1)T 
UU XX 

(4-18) 

Since is non-symmetrical, no further simplification can 

be performed. The fact that every element of is multi¬ 

plied by the factor 1/N shows that the {b^} are also con¬ 

sistent estimates for the {b^} since the error variances 

tend to zero as the number of samples increases. 

Strictly speaking, the variability analysis carried 

through above applies only to the estimation of Gaussian 

processes. In practical situations, however, it will usually 

be true that the results apply with sufficient accuracy for 

non-Gaussian processes as well. 

In an actual estimation problem, one might choose, more 

or less arbitrarily, a given number of samples for an initial 

analysis. Having estimated the (b^} on the basis of mean 

lagged products, the coefficients can be used to formulate a 

digital filter to yield the process y . 4> (j) can then be 
t yy 

estimated on the basis of mean lagged products of the fil¬ 

tered process and combined with 4 (j) r using equation 

(4-33) , to provide the elements of the matrix 4^. The stand¬ 

ard deviations of the estimates can then be determined as a 

means for judging whether the number of samples chosen was 

sufficient for the required accuracy. 

B. Spectral Error Due to Coefficient Estimation Errors 
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Depending upon the use to which the analysis will be 

put, the accuracy criteria which determine the aample size 

may refer to the coefficient estimates {¿.} or to the spec¬ 

tral estimates prepared on the basis of these. For the lat¬ 

ter alternative, it is necessary to find a relationship 

between the coefficient errors treated above and the result¬ 

ing errors in the spectral estimate for the process. 

In terns of the coefficient errors and the actual coef¬ 

ficient values, the estimates are given by 

kj ” bj * ®j ' 3 * °' 2.L (4-39) 

The 'Oj} are zero mean, approximately Gaussian random vari¬ 

ables with covariance structure described by equation (4-38)1. 

The autoregressive spectrum corresponding to the estimates 

is given by 

Srr(z> » 
B(z)Q(z~1) 

(4-40) 

where 

L A 
P(z) - £ (4-41) 

j“0 J 

Using equations (4-39) and (4-41), equation (4-40) becomes 

Srr(z) " L-L-'1_-;- (4-42) 

I I (b. + e .) (b. + e.)z^_ic 
j-0 k-0 3 3 k k 

1* bo “ b0 “ 1' ^ eo * but tbe zeroth term is included 

for notational convenience. 
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Multiplying out the factors within the summation then yields 

S (z) = 
rr 

-1 L L i-k 
B ( z ) B ( z )+1 l (b.e, + b,e_ + e.e, )zJ 

j=0 k=0 ^ K K ^ 3 K 

(4-43) 

S (z) 
rr L L 

1 + S (z) l l (b.e, + b.e. + e.e,)z 
r j=:0 k=0 3 K K ] j K 

If the coefficient errors are sufficiently small, srr(z) can 

be well represented by a first order approximation: 

Srr(z) * Srr(z) 

L L 
1 - S (z) I ï. (b e.+b, e .+e .e, ) z 

rr ' j=o k=0 ' ^ ^ k =1 ^ k 

j-k 

(4-44) 

S (z) rr 
(z) l ï (b .e,+b, e .+e .e.) z-^ k 

rr j=,o k=0 1 K 3 3 

The second terra of equation (4-44) is the approximate spec¬ 

tral error as a function of z. Since the {e^} are zero mean, 

the expected value of Srr(z) is given by 

2 L L i-k 
E[S (z)] = S (z) - (z) l l Cov (e. ,e, ) z3 (4-45) 

rr rr rr j=0 k=0 3 

with the second term representing a bias wnich vanishes in 

the limit of large sample size when Cov(e.,e, ) approaches 
1 * 

•L. u)T 
zero. On the unit circle, when z = e , equation (4-45) 

becomes 
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s (eiwT) rr S (e1“'1’) 
rr 

_2 i«T. 
- S ve ) 

rr 

L 
T. Var (e . ) 

j = 0 ^ 

L L-k 
+21 Z Cov(e.,e, ,)cos kwT 

k-X j-0 1 J k 

(4-46) 

To investigate the consistency of the spectral estimate, 

it is necessary to derive an expression for the variance of 

Srr(z). To be sure, there is a problem in defining the var¬ 

iance of a complex-valued random variable, but since srr(z) 

is real on the unit circle - which is really the only place 

where it is of interest - a formal derivation using the defi¬ 

nition appropriate to real variables will yield a meaningful 

answer on that locus. Following the first order argument 

presented above, the spectral variance is approximated by 

computing the variance of the approximate spectral error: 

Var[Srr(z)] : 

M, L L 
I Z (b.e.+b e +e.e. )z 
=0 k*0 3 K K 3 3 •1 (4-47) 

S4 (z) 
rr 

L L 1 2 
: r Cov(e,,e.)z^ k 

j-0 k-0 3 

After a good deal of algebra and recourse to the fourth mo¬ 

ment properties of Gaussian random variables, the final re¬ 

sult is 
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Var[Srr(z)] : E2fSrr(z)] 

L L 
I ï. Cov(e . ,e, ) z 

j*0 k=0 ^ K 

2 

(4-49) 

j+k 

Although this expression is quite difficult to evaluate, its 

limiting behavior is clear. As the number cf samples in¬ 

creases, E[Srr(z)J approaches Srr(z), and the coefficient 

error covariances approach zero. Thus, the expression of 

equation (4-48) approaches zero also, and at the same time, 

the first order approximation becomes more and more exact. 

The spectral estimate is therefore asymptotically unbiased 

and consistent as N-*-®. 

C. Separation of the Moving Average Part by Digital Filtering 

It was mentioned above that a set of estimates for the 

ibj) could be used to formulate a digital filter by which 

the moving average process yfc appearing in the decomposition 

of Figure 4-1 could be generated from the original process 

xt* This movin9 average can then be analyzed in isolation. 

The procedure is demonstrated in the following system 

diagram: 
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n. 

Figure 4-2. Use of the polynomial B(z) to generate an 
approximation to the moving average yt. 

Here B(z) ia a moving average system function corresponding 

to the estimated set {b^}; 

L . 
B(z) - Z b.z J (4-49) 

j-0 J 

If the estimates are error free so that B(z) * B(z), then 

yt * yt» ««d the resulting output cam be 2Uialyzed to secure 

a representation or an estimate for A(z) or for S (z). In 
yy 

the case, however, where the coefficient estimates are con¬ 

taminated by statistical error, the output y^ will only 

approximate yfc, and the apparent system function A(z) and 

spectrum will only approximate the actual functions asso¬ 

ciated with the original process. Since this type of filter 

ing will be used repeatedly in what follows to isolate the 

moving average yt in a general process of mixed type, it is 

of considerable importance to know the effect of the errors 

in the (bj) on the apparent spectrum of yt. Although it is 

quite difficult to obtain exact expressions, the formulation 

of rough criteria of acceptability for the estimation errors 
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as seen in their effect on A(z), is fairly straightforward. 

Following equation (4-39), the system function B(z) 

can be expressed as 

B(z) « Z (b . + e.)z 
j=0 J 

-1 

or (4-50) 

B (z) = B (z) + E (z) 

where 

E(z) =* E e.z”^ 
j-1 J 

(4-51) 

since eQ * 0. Thus, the system diagram for yfc can be portrayed 

n„ A(Z) 1 + bTzT 

OR 

Figure 4-3. Reformulations of the system diagram for yt* 

In this way, the "estimated" sequence can be interpreted as 

the sum of tne actual sequence yt and a sequence of errors 

105 



NOLTR 70-109 

Ct, with the latter arising from the system shown here: 

Figure 4-4. System diagram for the generation of ct. 

A comparison of the mean square error with the mean square 

value of yfc is a convenient criterion for the quality of the 

approximation of yfc by yt- By Figure 4-4, the error can be 

expressed as 

c t ejxt-j 
(4-52) 

and the mean square follows as 

L L 
I ï 

j-1 k-1 
sX'jV't-j’W (4-53) 

It is reasonable to assume that the coefficient errors 

are nearly statistically independent of the individual x^. 

If a different realization of the process xt is filtered to 

produce yfc, using a previously estimated set fbj}' will 

certainly bo true. Assuming this independence. 

L L 
I i E(e.ev]E(x .X .] 

j-1 k-1 j * * 3 * K 
(4-54) 
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which by virtue of the zero mean of the {e^.} and the defini¬ 

tion of autocorrelation becomes 

—2 L L 
Ct » E E Cov(e^,ek) (4-55) 

The covariance function for the (e^) lias been treated above 

and the present quantity can be computed from this informa¬ 

tion as an indication of the accuracy of the filtering. 

A somewhat rougher, but computationally simple, estimate 

of the quality of the approximation can be gained by noting 

from the system diagram for yfc that it is desirable that 

g / z ) 2 
gyzy or its average around the unit circle be much less 

than unity. Although this is fairly inconvenient to compute, 

a closely related figure of merit is the ratio 

L 
E Var(ej) 

(4-56) 

which can be interpreted as a comparison of the mean square 

properties of E(z) and B(z) as moving average filters. If R 

is small, yt will closely approximate yt. 

The development of the present chapter has dealt with 

the estimation of the autoregressive coefficients of a mixed- 

type process when the numerator and denominator orders of 

the associated system are known a priori . It has also con¬ 

sidered the factors involved in selecting the accuracy 
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requirements and their relationship to the sample size over 

which the analysis is computed. The particular criterion 

selected for determining the sample size will depend upon 

the use to which the results will be put. Fortunately, good 

performance in one of these areas will carry over to the 

others. 

D. Computational Examples of the Estimation of the 
Autoregressive Coefficients 

Only the last three of the five standard examples are 

processes of mixed type for which the methods of the present 

chapter are applicable. With a knowledge of the orders of 

the moving average and autoregressive parts of the process 

(K and L, respectively) and after measurement of a suitable 

set of mean lagged products, equation (4-9) can be solved 

directly for the desired estimates. 

1. Example ♦ 3 

As seen in Appendix A or in the computational examples of 

the last chapter, the autoregressive polynomial for the 3r<^ 

example is 

B(z) - 1 + 0.853 z'2 

so that bj^ - 0.0 and b2 * 0.853, Furthermore, K ■ 1 and 

L * 2. Using the same set of mean lagged products (over 

1,000 samples) upon which the all-pole estimates of the last 

chapter were based, the matrix defined in equation 

(4-7b) becomes 
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* ' 
XX 

♦*X(1) *xx(0) 

‘xx(2) ‘xx'11 

-0.52455 6.56377 

-5.60531 -0.52455 

and the column vector is 

XX 

* (2) 
XX 

^xx<3> 

-5.60531 

0.48098 

Thus, the coefficient estimates are 

0.00585 

0.85445 

as compared to the actual values of 0.0 and 0.853. 

For the error calculations, the theoretical process cor¬ 

relation function will be used in lieu of its estimate (the 

sequence of mean lagged products). As in the previous com¬ 

putational examples, the final result will thus represent the 

actual standard deviations of the estimates considered as 

random variables. Ultimately, equation (4-38) must be evalu¬ 

ated for the present case. 4'”1 and («'-1)T are easily ob- 

tainei', but «»uu requires somewhat more work. The elements ol 

this matrix are found from equation (4-33), where re¬ 

presents the theoretical autocorrelation sequence associated 

with the process yt# This is a moving average with input 
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noise variance unity and system function 

A(z) - 1 - 0.859z'1 

The autocorrelation sequence is found to be 

Vk> k-0 
1.73788,-0.85900,0,0,0,... 

Using this in equation (4-33) yields thlp matrix 

uu N 

11.88430 -1.61127 

-1.61127 11.88430 

And now from equation (4-38) , 

♦ = 4^-1 ♦ (4 '-1)T = 
ee XX uu' XX ' N 

0.39062 0.04979 

0.04979 0.29713 

The standard deviations for the errors in the present case 

follow directly when N is set equal to 1,000. The results 

are summed up in the following table: 

Table 4-1 

Autoregressive Coefficient Estimates for Example # 3 

j b . 
3 b3 Wbi 

«<ej) 

1 0.00585 0.000 +0.00585 0.01975 

2 0.85445 0.853 +0.00145 0.01717 
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It is seen that the estimates are well within one standard 

deviation of the actual values. 

It is of interest to compare the spectra corresponding 

to the actual and estimated autoregressive polynomials. 

Forming 

Srr<*> . 
B(z)BU 1) 

and 

SrrU) - 

BUIBfz"1) 

a comparison for z = e1U)T is shown in Figure 4-5. As pre¬ 

dicted by the error analysis for the {b^}, the agreement is 

very good. 

As described in Section C, the estimated polynomial B(z) 

can be used as a digital filter to obtain a process associ¬ 

ated solely with the moving average polynomial A(z). From 

Figure 4-2, we see that the system function relating nfc and 

* , A (z) B ( z) 
yt is given by —^ ^—— . In the present example, this can 

be evaluated as 

Mz) B (z) 
bTz) 

(1 - O.esgz"1) (1 + 0 .OOSSSz"1 ^ 0.85445z~2) 

1 + 0.853z"2 

1 - 0.85300z"1 + 0.84952z'2 - 0.73397z -3 

1 + 0.853z -2 

The spectrum associated with the filter output yt should now 
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FIG. 4-5 ESTIMATE OF THE AUTOREGRESSIVE SPECTRUM OF EXAMPLE *3 BASED ON 1,000 SAMPLES 

FIG. 4-6 A COMPARISON OF THE "APPARENT" AND THEORETICAL MOVING AVERAGE 

SPECTRA FOR EXAMPLE #3 
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approximate o^A(z)A(z~^), that associated with the moving 

average part of the process. A comparison is drawn in Figure 

4-6, and again, the agreement is very oood. As shown above, 

the filtered output yt can be interpreted as the sum of the 

true moving average process yfc and an error The mean 

square value of this error sianal is given by equation (4-55) 

and can be evaluated by knowing the covariance structure of 

the process xfc and that of the coefficient estimate errors. 

Using the numerical matrix presented above, 

Ct2 = 0.00439 

for the estimates based on 1,000 samples. This is very small 

compared to the nominal mean square value of yfc, 

*yy(0) = 1-73788 

The other figure of merit derived in Section C (equation 

(4-56)) emerges here as 

R = 0.00040 

2. Example ♦ 4 

In the next example, the 4 order autoregressive poly¬ 

nomial is 

B(z) = 1 - 1.337z'1 + 1.632z"2 - 0.987z'3 f 0.660z'4 

with K * 2 and L = 4. Using the procedure detailed above, 
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the estimate vector, based on the same mean lagged products 

used in the previous chapter (over 5,000 samples) becomes 

-1.33564 

1.62015 

-0.97754 

0.650)7 

with covariance matrix 

$ = — 
ee N 

4.21371 

-8.30061 

4.95310 

-3.76785 

-8.30061 

25.01910 

-13.43440 

13.69301 

4.95810 

-13.43440 

7.85709 

-7.24302 

-3.76785 

13.69301 

-7.24302 

8.16127 

^ee evaluated with N = 5,000 , the error analysis can 

be summarized in the following table: 

"'able 4-2 

Autoregressive Coefficient Estimates for Example # 4 

j b . 
3 

b . 
3 ei = Vbj 

0 (6j ) 

T 
a. -1.33564 -1.33700 -»-0.00136 0.02901 

2 1.62015 1.63200 -0.01185 0.07072 

3 -0.97754 -0.98700 +0.00946 0.03963 

4 0.65017 0.66000 -0.00983 0.04043 
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Again the estimates are well within one standard deviation 

of the actual values of the coefficients, and accordingly, a 

comparison of the spectrum--i- 
H(z)B ( z. 

with its estimate, 

as in Figure 4-7, reveals only negligible difference.. 

When the polynomial B(z) is used as a filter to yield 

an approximation to the moving average process y^, the system 

function associated with yt becomes 

A (z) B (z) 
B ( z ) 

1 -3.11914z 1 +4.79526z 2 -4.92624z“3 +3.67839z 

_ _ -1.934 76z~5 +0.5155 8z“6___ 

1 - 1.337z"1 + 1.632z"2 - 0.987z"3 + 0.660z"4 

and the corresponding spectrum is compared with A(z)A(z ) 

in Figure 4-8. The mean square value of the error signal 

defined above can be found from equation (4-55) to be 

j;t2 = 0.0141 

which is small compared to the nominal mean square value of 

yt, which is 4.80972. In the present case, the ratio R be¬ 

comes 0.0132. 

3^._Example # 5 

The last example again has K = 2 and L = 4 with 

B ( z) = 1 - 1.352z"1 + 1.338z"2 - 0.662z"3 + 0.240z"4 

With N = 5,000 samples (again, the same sample sequence as 

that used previously), the fbjï become 
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b 

“1 
-1.4986? 

1.45736 

-0.76938 

0,2 720 1 

with theoretical covariance matrix 

1 
0 N 
ee 

2810.35 

-2729.27 

2263.67 

-850.11 

-2729.27 

2659.97 

-2202.27 

833.49 

2263.67 

-2202.27 

1825.74 

-688.21 

-850.11 

833.49 

-688.21 

264.29 

Immediately, the size of the entries in the matrix indicates 

that a very larae sample size will be needed to orovide the 

estimates with substantial reliability In the present case 

with N = 5,000, the results are as follows: 

Table 4-3 

Autoregressive Coefficient Estimates for Example # 5 

3 O'
 > 

b . 
3 

e . = o . -b . 
3 3 3 

o (e^ ) 

1 -1.49862 -1.35200 -0.14662 0.74901 

2 1.45736 1.33800 + 0.11936 0.72933 

3 -0.76938 -0.66200 -0.10738 0.60411 

4 0.27201 0.24000 +0.03201 0.23041 
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Although the estimates are again within one standard devia¬ 

tion of the actual coefficients, the standard deviations are 

so large that the estimates would certainly be suspect in a 

practical situation. From tne elements of ♦ , it can be 
ee 

seen that a sample size on the order of 300,000 is required 

to reduce the standard deviation of the first two estimates 

to a reasonable 0.1. 

At any rate, the spectral estimate yrr(z) based on 

5,000 samples is compared with the actual autoregressive 

spectrum in Figure 4-9. The effect of the substantial coef¬ 

ficient errors is readily apparent. If the present set of 

estimates is used in a digital filter to obtain y , the re- 

suiting spectrum of the approximation is compared with the 

actual spectrum in Figure 4-10. The sizable divergence mir¬ 

rors the imprecision of the coefficient estimates, as does 

the mean square value of the error signal : 1.671, in com¬ 

parison with the nominal mean square value of yfc, 4.6837. 

It is interesting that there exists so large a dif¬ 

ference in the standard deviations of the {b^} in Examples 4 

and 5. Both processes are of the same general type with only 

relatively small differences in the respective regression 

coefficients. Moreover, the variability of their all-pole 

estimates is about the same. This seems to indicate a far 

greater sensitivity to the detailed correlation structure of 

the process in the present procedure than in all-pole esti¬ 

mation. Of course, only a far more detailed analysis and a 

larger set of examples will confirm such a conjecture. 
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FIG. 4-10 A COMPARISON OF THE "APPARENT" 
SPECTRA FOR EXAMPLE *5 

AND THEORETICAL MOVING AVERAGE 
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CHAPTER V 

SPECTRAL ESTIMATION FOR MOVING AVERAGE PROCESSES 

By using the methods described in the last chapter, it 

is possible to estimate the autoregressive coefficients of 

any mixed-type process for which the orders of the poly¬ 

nomials A(z) and B(z) are known beforehand. Using these co¬ 

efficients, a digital filter can be devised for processing 

xt to yield the moving average y^ (01 at least an approxima¬ 

tion to it) generated by the following system: 

n. 

Variance o‘ 
yt 

Figure 5-1. Generation of the moving average yt. 

In accordance wi\ a the decomposition of the original process 

described in the preceding chapter, the spectral analysis of 

xt can now be completed by using a sample of yfc to determine 

2 -1 either the set {a^} or the associated spectrum o A(z)A(z ). 

We are thus led to study ..n general the procedures avail¬ 

able for analyzing spectra of processes of the moving average 

type. The problem is considerably more vexing than that of 
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the autoregressive spectrum, for which a straightforward es¬ 

timation scheme is available. As noted in the Introduction, 

moving average estimates have not been extensively treated 

in the literature, and in fact no single entirely satisfac¬ 

tory method exists. Here, several approaches will be de¬ 

scribed and compared. 

A. All-Pole Estimation for the Moving Average Part 

In view of Chapter III, am obvious way of dealing with 

the moving average process yt is to form an all-pole repre¬ 

sentation that can be used in combination with the previously 

estimated autoregressive coefficients to yield an all-pole 

estimate for the mixed-type spectrum as a whole. Considering 

first the noiseless case where B(z) is known without error, 

the process yfc is modeled by the system shown here: 

. 2 Variance o' 

Figure 5 *2. All-pole approximation for y^. 
t 

The polynomial G(z) and the constant o' are derived from a 

th 
P order all-pole approximation for the process yt based on 

the theoretical autocorrelation function. The spectrum for 

xt is then approximated as 
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■9 ' ( z ) 
XX 

B(z)B(z“1)G(z)G(z"1) 
(5-1) 

which is an Mth order all-pole function, where 

M = P + L (5-2) 

since L is the order of the autoregressive part. Hence, 

S ' (z) can be written as 

s ''z) = 
XX 

,2 

F(z)F{z~1) 
(5-3) 

with 

M 
F (z) = B(z)G(z) = l f.z"3 , fn = 1 (5-4) 

j-0 1 U 

This M order autoregressive model for xfc will in general 

till 
not be the same as the M order representation derived 

directly from the autocorrelation sequence 4xx(j)* Thus, it 

will be sub-optiraura in terms of the criterion described in 

Chapter III for formulating such approximations, and unless 

there is some external reason for identifying the autore¬ 

gressive part separately, one is better advised, for a given 

model order, to compute an all-pole estimate of that order 

directly from xfc. Actually, in situations where the compu¬ 

tational facilities at hand are limited in the sense that an 

upper bound is placed on the order of the systems to be 

solved, there may be am advantage to the present procedure. 
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The separate parts of such a calculation can be combined 

into a model whose order exceeds the computational maximum 

and which provides greater accuracy overall than a direct 

all-pole approximation of the highest possible order. 

When the set of mean lagged products of x and y are 

used as a basis for the estimates, the result is expressed 

as 

'2 
S Í z ) => -- -? , . xx' ' , “ * ,-1---—n  (5-5) 

¿U1Ü the errors in the estimates of the {gj} can be determined 

using the formulas derived in the latter part of Chapter III. 

Their effect on the estimate of the spectrum as a whole can 

then be approached by using the results of Section B of the 

last chapter. Because of the inherent inferiority of the 

present procedure to direct all-pole estimation of x„, it 

will not be treated further here. Computational examples, 

however, will be presented later in this chapter. 

B. Wold's Method 

In the all-pole estimation of a moving average, no 

attempt is made to identify the individual moving average co¬ 

efficients, and the ultimate spectral representation is an 

approximation quite different in functional form from the 

actual spectrum. If it is desired to represent the spectrum 

m its actual form, it is necessary to procure estimates for 

the Uj) themselves. The following method, which provides 
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separate moving average coefficient estimates, is due to 

Wold^*^, ajad has been reproduced by Hsia and Landgrebe^. 

The spectrum of the moving average yt is given by 

Syy(z) = o 2A Í z) A (z-1) (5-6) 

where 

K 
A ( z ) = I a.z 3 , a - 1 (5-7) 

j«0 3 0 

A(z), in turn, is written in terms of its roots as a product 

of factors : 

K 
A(z) «II (1 - u./z) (5-8) 

j=l 3 

where the iu^} are the roots of the polynomial A(z). By in¬ 

spection, it is seen that if u^. is a root of A(z) , then 1/u^ 

must be a root of A(z ^). Equation (5-6) therefore implies 

immediately that for every root u^ of the sampled power 

spectrum, there exists another root given by l/u^„ One of 

these will lie inside the unit circle, and the other will be 

outside. 

The spectrum can also be expressed in terms of its cor¬ 

relation transform as 

(z) ♦yy(3> (5-9) 

Since *yy(j) is an even function of its argument, this can be 

re-written as 
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K 
S (z)** (0)+ I * (jMz^ + z-1) 
yy yy j=1 yy 

(5-10) 

As an aid to factoring this expression, the auxiliary vari¬ 

able r is introduced: 

r = z + z (5-11) 

Now the following rel ionships can be demonstrated: 

z + z -1 

2 -2 2 _ 
z + z = r - 2 

3 -3 
z + z r - 3r 

z4 + z-4 = r4 -4r2 + 2 

etc. 

These are used to write the spectrum as 

(5-12) 

K 
V(r) = Z v.r- 

j=0 ^ 
(5-13) 

where the {v^} are functions of the correlation sequence 

♦yy(j). As a concrete example, when K = 4, 

v0 - *yy(0) - 2 ♦yyU) + 2 4^(4) 

V1 * ♦yyd) - 3 

'2 * V2* - 4 ♦yyi4» (5-14) 

v3 - ♦yy(3) 

V. * 4 (4) 
4 yy 
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For each of the K roots of 7(r), there will be two roots of 

Syyiz), since by equation (5-11), 

r /rj * 4 
zjl' z j2 - 2“ i —4- (5-15» 

It is readily seen that 

z 
j 1Z j 2 

= 1 (5-16) 

and thus that 

zj! = 1/2j2 (5'17) 

which indicates as before that the roots of the spectrum are 

paired as reciprocals and cam be identified with the (u^) 

that emerge when A(z) is factored. The identification of the 

spectral roots is the heart of Wold's method. From the cor¬ 

relation sequence of the process, the polynomial V(r) is 

formed and factored to yield the roots of the spectrum. 

These are then related to the system polynomial A(z) chrough 

equation (5-8). 

At this point, however, a difficulty appears. Without 

a priori knowledge of the root locations of A(z) with respect 

to the unit circle, it is impossible to determine which of 

the paired spectral roots should be identified with A(z) and 

which with A(z *): it is completely arbitrary whether one 

considers u^ to be z^ or Zj2* For every root of V(r) , two 

possibilities are generated for a root of A(z), and hence 

K 
there are 2 possible polynomials A(z) which will be 
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spectrum Syy(z)* Since, however, one of each of the paired 

roots is inside the unit circle and the other outside, only 

K 
one of these 2 polynomials will have all of its roots within 

the unit circle (i.e. that for which the inner root is chosen 

for each r^). If it is known at the outset that A(z) has no 

roots outside of the unit circle, this choice is the obvious 

solution and yields what Wold has called the regular moving 

average. This process is the only one with the given spec¬ 

trum and autocorrelation which can be passed through a stable 

autoregressive filter to recover the original noise sequence 

nf 

This study has throughout assumed that A(z) has no zeros 

outside the unit circle, and hence the regular solution pro¬ 

vides the correct polynomial. In practice, the mean lagged 

products, as computed from a sample of the process, are sub¬ 

stituted into equation (5-14) to evaluate the coefficients 

of the polynomial V(r). The roots of this polynomial are suc¬ 

cessively substituted in equation (5-15) , and the z^ that 

falls inside the unit circle is identified with u^. The re¬ 

lationship between the {u^} and the sequence {a^} is found 

from the equation 

K 
£ a . z 

J 

K 
= n (i - u./z) 

j=i 3 

(5-18) 

and as an example, when K = 4, 
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a! = ~(ui + u2 + u3 + u4) 

a2 = ulu2 + ulu3 + u!u4 + u2u3 + u2u4 + u3u4 

( 5 •" 19 ) 
a3 3 "(U1U2U3 + U1U2U4 + U1U3U4 + U2U3U4) 

a4 = U1U2U3U4 

It should be realized that the present technique in¬ 

volves no approximations anu leads directly from a measured 

correlation sequence to that unique regular process corre¬ 

sponding to the sequence, when such a process exists. Unfor¬ 

tunately, this last condition is not always fulfilled and 

leads to the most severe practical difficulties that arise 

in applying the procedure. The problem is most concisely de¬ 

scribed by presenting the following theorem due to Wold^*^: 

A necessary and sufficient condition that there 

exists a moving average of order K with an autocor¬ 

relation sequence equal to Uyy(j)} is that the 

auxiliary polynomial V(r) defined by equation (5-13) 

have no zero r^ of odd multiplicity in the real inter¬ 
val -2<rj <2. 

The proof will not be presented here, but the significance of 

this requirement can be grasped by noting that by equation 

(5-15), a value of r. in the range -2<rj<2 yields two dis¬ 

tinct complex spectral roots, both on the unit circle, with 

no clear-cut choice between them. As Wold points out, and as 

will readily be appreciated by the reader should he attempt 

the practical application of the Wold method, the positions 

of the roots of the polynomial V(r) are a very sensitive 
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functi of the correlation sequence Furthermore, 

-hen A(z, has roots close to the unit circle, the correspond 

i-ng r. are found to lie very close to the "forbidden region" 

-2<r.<2. Thus, when attempting to analyze processes with 

influential zeros, only a very small amount of statistical 

error in the mean lagged products of yt can suffice to place 

a root of V(r) in the region where no Kth order moving aver¬ 

age exists corresponding to the apparent correlation func¬ 

tion. In practice, this happens quite frequently, particu¬ 

larly whe. the sequence yt has been derived from a mixed type 

process by filtering based on estimates of the autoregressive 

coefficients. The unavoidable errors in the latter cause 

the supposedly pure moving average yt to contain a weak auto- 

regressi/e part, and this aggravates the problem. Wold sug¬ 

gests one possible solution to this dilemma when it arises, 

particularly if the offending root is near one end of the 

excluded region. This is to replace the actual r. by the 

nearer of +2 or -2, thus yielding double real spectral roots 

at z = -1 or +1, respectively. Although this is intuitively 

unappealing and places a root of A(z) on the unit circle, 

contrary to the original assumptions, the resulting spectrum 

is often a surprisingly good representation of the actual 

spectral function. This will be seen in the examples. 

In the event that no problem of this kind arises and a 

aet of estimates for the (a.) are prepared, the estimator for 

the input noise variance c2 emerges directly from the expres¬ 

sion for the mean square value of a moving average process as 
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" 2 
o 

*yy (0) 

.K_ 
1 + ï 

j = l 

(5-20) 

For practical work, it would be desirable at this point 

to derive the relationships between the means and variances 

of the estimates {a^} and the sample size N. Unfortunately, 

due to the mathematical complexity of the estimation proce¬ 

dure, its abundant non-linearity, and the lack of a general 

expression for the roots of V(r) when its order exceeds 

four, this problem has proved insurmountable. There is, how¬ 

ever, an alternative approach which provides a measure of 

the quality of the spectral estimate as a whole. 

The present attack is based on the premise that the Wold 

method - when it works - yields that spectral function 

uniquely associated with the measured sequence of mean lagged 

products by the z-transforraation expression 

syy<z) = 7_k *yy(j) (5-21) 

Taking the expected value of both sides yields 

E[®yy(z)]= J.H E[*yy<j)] z (5-22) 

and by equation (2-71) , this becomes 

K 

E[syyU)] = ¿ K yy 

= S (z) 
yy 

(5-23) 

130 



NOLTR 70-109 

Thus, Wold's technique yields an unbiased estimate of the 

spectrum for all z. (This assumes, of course, that is 

exactly y^, which can be assured by choosing a large enough 

sample size in estimating the (b^.}.) 

With the proviso that the result is only meaningful on 

the unit circle, where it is real, the variance of the spec¬ 

tral estimate can also be derived: 

Var S (z) 
L yy _j 

= E S 2 (z? 
L yy 

- S (z) 
yy 

K K 
= 1 EE 

j=-K k=-K L yy yy <3 ( j) *„„(M z (-’+k) - s 2 (z) 
yy 

(5-24) 
K K 

= E E {Cov 
j=-K k=-K ( L yy yy 

4„„(j) / ¢,,,, (k) 
+ 'yy(jUyy(k)^z 

-(j+k) 

- S (z) 
yy 

Finally , 

Var S (z) 
. yy 

K K 
= E , Cov 

j=-K k=-K LVy(j) ^yy(k) 
z-(j+k) (5-25) 

where the covariance is given by equation (2-78). To obtain 

a single figure of merit, the variance can be averaged around 

the unit circle to yield 

iV* / va- 
I z I = 1 

Var 
avg 

K 
= E COV 

j = -K 

K 
= E Var 

j = -K 

(5-26) 
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Since the considerations of Chapter II have indicated that 

the covariance function for the mean lagged products goes to 

zero for increasingly large sample sizes, the variance 

Syy(z) must also approach zero, and hence iz) is a con¬ 

sistent estimate of the spectrum. Using equation (2-80) , 

the average variance can be shown to obey the inequality 

Var avg 

K K 
l ï. 

j=-K k=-K 

2(2K+1) 
N 

K 
l 

k=-K 
OO 

or 

Var < I 2(k) (5-27) 
avg N j=_K Tyy 

The average spectral standard deviation can now be compared 

with the spectral magnitude in general to judge tne quality 

of the estimate. 

To summarize. Wold's method holds great promise in 

theory but often displays substantial difficulty in practice. 

Even when the polynomial V(r) can be factored, the method is 

extremely vulnerable to statistical error that can render it 

r 35] 
insoluble. The treatment of Hsia and Landgrebe , based 

on this approach, is regrettably marred by sevjral seriously 

misleading errors, makes no mention of the difficulties de¬ 

scribed here, and includes no error analysis for the estimate. 

C. Moving Average Estimates by Spectral Inversion 

As shown above, statistical errors in the mean lagged 
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products often cause Wold's method to fail. The technique 

to be described now, which does not have this shortcoming, 

was developed as an outgrowth of the "whitening" approach to 

all-pole estimation found in Chapter III and yields an ap¬ 

proximate solution to the problem of estimating the moving 

average coefficients. In the noiseless case, where the cal¬ 

culations are based on the theoretical correlation sequence 

of the moving average, it can be shown that the estimates 

converge to the actual values as the approximation order in¬ 

creases. Because of the important role of an auxiliary pro¬ 

cess whose spectrum is the multiplicative inverse of the 

spectrum of the original movr g average, this method has 

been called the "spectral inversion technique". 

Essentially, the procedure consists of deriving ar all¬ 

pole representation of arbitrarily high order for the process 

and noting that the resulting autoregressive polynomial is 

approximately the multiplicative inverse of A(z). If this 

polynomial is used as the system function for the generation 

of an auxiliary moving average process, a Kth order all-pole 

representation of the latter will provide a Kth order poly¬ 

nomial which approximates the reciprocal of the autoregres¬ 

sive polynomial derived as an all-pole representation for the 

original moving average. Hence, it will approximate A(z). 

It was later found that the resulting estimation equations 

are practically identical with those derived by Durbin^361 

who bases a maximum likeihood estimate for the {a^} on the 

coefficients of an autoregressive model for the original 
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process . 

Following the results of Chapter III, an Mth order all- 

pole approximation for yfc yields the polynomial D(z), with 

zeros within the unit circle, which best approximates the 

reciprocal function 1/A(z) according to the criterion defined 

in the development of the all-pole estimates above. In the 

present application, and assuming that the autocorrelation 

function for yt is known without error, the estimation equa¬ 

tions become 

d = (5 -? 8) 

by equation (3-33). Since is usually non-singular, a 

solution to equation (5-28) exists, and the result is used to 

form the polynomial 

M 
D ( z ) = l d.z -5 , d- = 1 (5-29) 

j=0 3 

According to equation (3-45), the criterion used in deriving 

equation (5-28) insures that at least on the unit circle 

D ( z ) 
_1_ 
A ( z ) 

(5-30) 

with the quality of the approximation increasing with the 

order M. 

A.’U 

Using this same M1" order polynomial D(z) , consider the 

following moving average system: 
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Unit Variance 

V 
t 

Figure 5-3. Generation of the auxiliary raoving average 

V 

The spectrum of vfc is 

SW(Z) = D (z) D (z 1) - ---i- (5-31) 
A(z)A(z~1) 

which, except for a factor of o , is approximately the in¬ 

verse of the true moving average spectrum syy(z)• A further 

consequence of equation (5-30) is that an approximate auto¬ 

regressive representation for vfc can be written as 

V 
t a .V. . 

3 t-j (5-3?) 

and again as M-*-®, this becomes exact. At this point, the 

technique of Chapter III is used for a second time to derive 

an optimum Kth order autoregressive representation for vfc on 

the basis of its correlation function. Since the coefficients 

of the polynomial D(z) are known, the correlation function 

for vt can be expressed directly as 

*w(j) “ *w(_j) _ f dkdk+j (5-33) 
K—v> 

and the new Kth order estimation system becomes 
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th 
This is always soluble to yield a K order polynomial A'(z) 

with zeros within the unit circle. Because of equation 

(5-32), however, it is apparent that 

a.j ' : , j » 1, 2, . . . , K (5-35) 

and that A'(z)*A(z). The quality of the approximation be¬ 

comes better and better as the representation of equation 

(5-32) becomes more accurate, i.e. as M-*-“ and D (z)+1/A (z) . 

The required expression for the input noise variance 

can be obtained directly from the initial autoregressive 

model for the moving average, or cam be found using the same 

formula presented for the Wold method (equation (5-20)) once 

estimates for the (a^) are known. 

To analyze the error inherent in the present scheme, it 

is again necessary to distinguish two sources of inaccuracy. 

In the first place, there is the "approximation" error due to 

the finite order of the model for the inverse spectrum and 

which appears in isolation in the noiseless case (i.e. when 

the theoretical correlation function is used). Secondly, 

there is the statistical error arising from the use of mean 

lagged products in the correlation matrices and which will be 

present regardless of the intermediate model order. For 

clarity, these are best treated separately, although in prac¬ 

tice, the two are inextricably bound up together. According¬ 

ly, it is convenient to define and use three separate coeffi- 
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cient sets: 

1.) The {a^} The actual moving average coefficients 

whose estimates are sought. 

2.) The {a.'} - The coefficient values obtained using 

a noiseless Mth order spectral in¬ 

version . 

3. The {a^} Coefficient estimates obtained using an 

Mth order spectral inversion based 

on mean lagged products. 

The relationship between the {a^'} and the {a^} will be 

treated first. 

Inherent in the noiseless all-pole approximation cor¬ 

responding to equation (5-28) is the system of Figure 5-4A, 

where A(z) is of order, and D(z) is of M order. 

Knowledge of the correlation properties of yt a™1 of the in¬ 

put noise variance makes possible a choice of D(z) and o' 

such that is a minimum. Let the resulting minimum value 

of et2 be denoted R. With the coefficients {d^} obtained in 

this first step, the second part of the spectral inversion 

technique cam be represented by the system of Figure 5-4B, 

where D(z) is as before, and A'(z) is order. Here A'(z) 

and a'1 are chosen such that is a minimum - and this will 

be denoted R'. Now it is noted that the system of Figure 

5-4A can be re-drawn in the form of Figure 5-4C. There, 

oA(z)/o' is a bona fide Kth order system and thus can yield 

no better error performai ce than the optimum order system 

A*(z)/o'' appearing in Figure 5-4B. This implies that 

R' < R (5-3f) 
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A. System diagram for the first step of 
the spectral inversion technique. 

B. System diagram for the second step of 
the spectral inversion technique. 

C. The system diagram of figure 5-4A redrawn. 

Figure 5-4. System diagrams pertaining to the analysis of 
the approximation error for the spectral in¬ 
version technique. 
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This fact is the key to bounding the approximation or in 

A' (z) . 

From equation (3-4 3) , the minimum mean square errors 

can be written as 

R = X— i -St- A(z)DU)-: 
:.1 ; I o 

dz (5-37) 

and 

R' 1 1 A ' ( z) D (z) -i 

1,1 J 

dz (5-38) 

where the contour of integration is the z-plane unit circle 

Now we note that 

A(z)D(z)-1 A' (z)D(z) -1 = D ( z) -Hr A( z) * A' (z) 
a ' o 

(5-39) 

Using the triangle inequality, 

D(z) V A ( z ) - 4a1 (z) ^tA(z)D(z)-1 tïA' (z) D (z) -1 

(5-40) 

Squaring both sides yields 

D (z) -HrA(z) - -4a1 (z) ^rA(z)D(z) -1 
o 

\a' (z) D(z) -1 

+ 2 —rA ( z ) D ( z ) -11 
o 

( z) D ( z ) -1 

(5-41) 
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Now performing a contour integration of both sides of equa¬ 

tion (5-41) around the unit circle yields 

D ( z ) ^pA(z) - -U' (z) 2 dz 
(5-42) 

- R + R’ * 27t/!^(z)D{z)_;L ^A’ (z)D(z) -1 dz 
z 

Now consider the integral 

-273T / j|^ —tA ( z ) D ( z ) -1 (z)D(z) -1 dz 
> 0 

(5-43) 

This indicates that 

271“/ |^(2)n(z)"l|2 ^-+ 2Ffy I ^ifA ' ( z) D ( z) -1 
2 dz 

/ ; nr f ^,A' (Z)D(Z)-1 dz 
(5-44) 

and hence, equation (5-42) becomes 

èrf D ( z ) —, A ( z ) - ^4a ' ( z ) dz 
< 2(R + R1) (5-45) 

By equation (5-36), 

-¿r/ D ( z ) 
2 5^(z) - ^A'(z) T i 4R (5-46) 

Z I = 1 

The integral on the left hand side, which goes to zero as 
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a‘AU) aPPrc>aches ^-ïtA'îz), is a good measure of the approxi- 

luation of A(z) by A“(z) on the unit circle. It is less than 

four times the mean square "whitening" error of the first 

step of the spectral inversion method. The significance of 

this finding is greatly clarified by considering the limit¬ 

ing behavior of equation (5-46) as the approximation order M 

increases without limit. It is apparent from the foregoing 

that 

lim a’ - a 
M 

(5-47a) 

lim a" = 1 
M -*■ =° 

(5-47b) 

lim D(z) 
M -*■ - 

1 
ÃTzT (5-47c) 

When the limits are substituted into equation (5-46), the fol¬ 

lowing approximate result is found: 

1 I _1a(z) - A’ (z) 

1,1 J IA (z ) I 2 

|A(z) - 1/d (z) 

I A ( z ) 

dz 
z 

as M->°» 
(5-48) 

The left hand side can be interpreted as the average percent 

age error in the approximation of A(z) by A'(z). The right 

hand side can similarly be viewed as four times the average 

percentage error in the approximation of A(z) by 1/D(z) and 
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serves as an upper bound. Thus, as M increases and R 

approaches zero, V(z) will approach A(z) as closely as de¬ 

sired. Since thr two percentage errors are of the same order 

of magnitude, an obvious implication is that if A(z) cam be 

well represented by an M order all-pole approximation, the 

spectral inversion technique will yield good results with 

order M. As the examples will show, this becomes a two-edged 

sword. At least in the noiseless case, however, the coeffi¬ 

cient estimates obtained by the spectral inversion technique 

approach the true values arbitrarily closely as M-*«. 

The development thus far has been concerned with study¬ 

ing the relationship between a^ and a^' in tne noiseless 

case. In using mean lagged products as the basis for an 

order spectral inversion one obtains the set {a^}, whose 

elements differ from those of by amounts depending upon 

the statistical error present in the mean lagged products. 

We turn now to the study of this effect. 

Suppose that the first step of the spectral inversion 

technique yields the M estimated autoregressive coefficients 

{dj}. These can be expressed as 

ds = d. + e . , j = 1, 2, -,M (5-49) 
J J j 

where the {d^} represent the coefficients that would be found 

in the noiseless case, and the {e^} are statistical errors of 

the type treated in Chapter III. As the number of samples N 

grows large, these will become zero mean, jointly normal, and 
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possess a covariance structure given by 

<t> 
ee (5-50) 

For the next stage of the estimation procedure, the correla¬ 

tion function associated with the inverse spectrum must be 

computed using equation (5-33). When the analysis is based 

on mean lagged products, this becomes 

M-j , . 

= k=0 (5'51) 

To compute the expected value of one uses equation 

(5-49) to show that 

Euvv(j)) = V (dkdk+j t Cov(ek.ekk.) 

M-j 
- ^(j) + £ Cov(e. ,e, .) 

k=0 K K+1 

(5-52) 

where ¢^(j) is the value obtained in the noiseless case. 

Equation (5-52) shows that ^^(j) will in general be a biased 

estimator of «^(j), becoming unbiased in the limit of large 

sample size N. To study the covariance properties of the 

♦ ^(j), one notes first that 

M-j M-k 

El*vV(j)»Vv(k)1 = £ £ <5-53> 
iL=o m=0 3 m m^ 

Now since the d^ become Gaussian as N+°°, appeal can be made 
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to the Gaussian fourth moment properties to treat the ex 

pected value within the summation. The final result is 

Cov^vv(j}' *w(k)1 

M-j M-k 
l E 

i=0 m=0 

Cov(et,em)Cov(e[ em+k) + Cov(et,em+k)Cov(ei ,em) 

+dtdm+kCov|et+j'em» * dl+jdn,+kCov<et'em) 

+dtdmCov(et+j-‘W f dt+jdmCo',(ei'em+k) 

(5-54) 

This covariance approaches zero for all j and k as the sample 

size N increases without limit. 

The second step expressions of equation (5-34) can be 

written out as 

K 

Z a’-i *vv(k'j) = 0 , k = 1, 2, ..., K (5-55) 
j=0 3 

in the noiseless case and as 

K . . 

Z ai (k~ j ) = 0 , k « 1, 2.K (5-56) 
j = 0 3 

when the estimates are based on the mean lagged products. 

Again, a set of auxiliary variables must be defined: 

u, 
K 
E 

j~0 *vv(j”k5 k — 1, 2, ..., K (5-57) 
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and in terms of these, the differences between a.' and a. 
D ] 

can be related as follows: 

K 

70(aj ' -u, , k* 1, 2, ..., K (5-58) 

Now defining 

Çkaak_ak' >k=l, 2, ...,K (5-59) 

¿md the column vectors 

£ = 

‘K 

and u 3 

u, 

u. 

u 
K 

(5-60) 

equation (5-58) becomes 

= -u or Ç = _1u VV vv (5-61) 

Now it is necessary to study the statistical properties of the 

(Uj). Using equations (5-57) and (5-52), 

E[u.] = i: av- EU^ik-j)] 
k=0 

(5-62) 

K K M-k+j 

= 1 ak'^vv^k'‘^ + 1 ’ 1 Cov(e'>e*^x. -) 
k=0 k=0 1 = 0 1' t+k-j 

By equation (5-55), the first summation is zero, and hence 
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EtUj] 
K M-k*j 
E Z 

k*0 1=0 
ak'Cov(et,et+k_.) j = 1,2 ,K (5-63) 

The covariance between u. and u, is found by forming 
] K 

‘"‘V*1 "A l3«'3™' E'*vv«'-^»w«^»l (5-64> J ¢.=0 m=0 

and then using equations (5-54) and (5-63) to yield finally 

K K 
Cov[u,(u ] = Z Z a 'a 'Cov[é ( i-j) , $ (m-k)] (5-65) 

11 K ¢. = 0 m=0 1 m vv vv 

where the covariance function under the sununation can be 

evaluated using equation (5-54). It can be seen that in the 

limit as N-»», both E[u.] and Cov[u.,u. ] approach zero asym- 
J D * 

ptotically for all j and k. 

Now as the number of samples grows large, the behavior 

of the mean and covariance of the {<|>vv(j)} indicates that 

plim $ = $ (5-66) 
., vv w 

Thus, at the same time 

plim £ = 1u (5-67) 
N - oo 

Since the fu^} are asymptotically zero mean, it is clear from 

equation (5-67) that the jÎ must also ha/e zero mean in the 

limit as N-*oo. Hence, the are asymptotically unbiased 

estimates of the {a^'}. To check the consistency of the 
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estimates and to determine their variance, it is necessary 

to investigate the covariance matrix for the Uj). Since 

the errors are found from the {u^} by a straightforward lin¬ 

ear transformation, their covariance matrix - in the limit 

of large sample size - is related to that of the {u^} by the 

matrix equation 

4» 
U 

4 "■L4 
VV uu 

T 
(5-68) 

In practical situations, this result is of minimal usefulness 

due to the extreme complexity of the elements of 4 (found 
uu 

by combining the results of equations (5-50) , (5-54) , and 

(5-65)). No simplifications have been found, and equation 

(5-68) really only serves to show that the estimate variances 

indeed approach zero for large sample size and thus that the 

{a^} are consistent estimates of the {a^'}. 

In the work of Durbin mentioned above, an approxi- 

e expression for is presented as 

where *vv is a Kth order covariance matrix whose elements are 

given by equation (5-33). This result is intuitively appeal¬ 

ing since it is precisely what would be obtained if the 

order all-pcle estimate which forms the second step of the 

spectral inversion technique were based on actual mean lagged 

products from the process vfc. Another interesting point 

brought out by Durbin's approach is that the efficiency of 
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the method approaches unity for large sample sizes as the 

intermediate model order M increases without limit. 

In treating the variability of all-pole and autoregres¬ 

sive estimates, it was possible to depend upon the asymptotic 

joint nor: ility of the auxiliary variables {u^} to infer 

joint normality for the estimates. This is by no means so 

clearly justified here. By equation (5-57), the {u^.} are in¬ 

deed defined as linear sums of estimated correlations as be¬ 

fore, but in the present case, the latter are not mean lagged 

products, whose Gaussian character is little disputed, but 

rather finite sums of products of Gaussian random variables 

(the {d.}) as shown in equation (5-51). Thus, no claim will 

be made here for the asymptotic joint normality of the U..), 

although the possibility is certainly likely. 

As a means of avoiding the tedium of evaluating equation 

(5-68), a fairly good estimate of the magnitude of the sta¬ 

tistical error inherent in the data - at least in the limit¬ 

ing case where the intermediate model order M approaches in¬ 

finity - can be found using the same relationships developed 

in the treatment of Wold's method, culminating in equations 

(5-26) and (5-27). 

It has been pointed out that the spectral inversion 

technique will always provide a solution to the problem of 

estimating the coefficients of a moving average or. the basis 

of mean lagged products, whereas Wold's method will fail when 

no moving average exists which fits the data. The objection 

can be raised, however, that if no moving average exists cor- 
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responding to the observed sequence of mean lagged products, 

then spectral inversion supplies a meaningless result. To 

an extent, this is true. In such cases, the set of mean 

lagged products actually corresponds to a process of mixed 

type with a weak autoregressive part. The approximation of 

the spectral inversion procedure, however, subsumes this 

residual autoregressive part into a moving average estimate 

that best represents the process as a whole. Indeed, it is 

this fortuitous approximation that makes a solution possible. 

At any rate, it is clear that as both the original sample 

size and the model order grow large, the spectral inversion 

estimates converge to the true moving average coefficients. 

D. Computational Examples of Moving 
Average Spectral Estimates 

The first step in each of the methods considered here 

for the analysis of moving average spectra is the measurement 

of a set of mean lagged products from a sample sequence of 

the process. In the case of the moving average part of a 

process of mixed type, this sample sequence is obtained by 

passing the original process through a moving average filter 

whose system function is the estimate of the autoregressive 

polynomial for the process, as found from the method of the 

last chapter. Depending upon the quality of the autoregres¬ 

sive estimate, the filtered sequence will be a more or less 

accurate representation of the true moving average yt. since 

it is fhe spectrum of this approximation that is actually 
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estimated, the final result will include the effects of 

errors in estimating the autoregressive polynomial B(z). 

The particular block of samples of the original process x^. 

which is filtered to obtain the approximate moving average 

sample sequence need not be the same as that used in comput¬ 

ing B(z), nor must the respective sample sizes be identical. 

For simplicity in the present examples, however, the same 

original sample sequence was used in both parts of the anal¬ 

ysis, so that the spectral estimate as a whole arises from 

a single block of samples. 

The first of the five standard examples is a pure auto¬ 

regression and thus will not be treated in the present chap¬ 

ter. The second is a pure moving average, and the set cf 

mean lagged products presented in Appendix A will be used 

directly for the estimates here. For the remaining three 

examples (processes of mixed type), Table 5-1 presents mean 

lagged products measured out to eight lags from the sample 

sequence obtained by filtering the original process with the 

autoregressive polynomial estimated in the last chapter from 

the same original sample block. The theoretical moving aver¬ 

age autocorrelation sequence is also presented for comparison. 

1. All-pole Estimation of the Moving Average Part 

All-pole estimates for Example I 2 have been presented 

in Chapter III, and the present section will deal with auto¬ 

regressive representations of the moving average parts of 

the last three examples and their combination with the com¬ 

putational results of the last chapter to yield so-called 
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Table 5-1 

Theoretical Autocorrelation and Mean Lagged Product Sequences 

for the Moving Average Parts of Three Mixed-type Examples 

Example # 3 

N = 1,000 

Lag 

j 

Theoretical N=1,000 

*yy(j) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

1.73788 

-0.85900 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

0.0 

1.77029 

-0.93736 

0.11048 

-0.10071 

0.06791 

0.06456 

-0.05602 

0.01811 

0.03848 

Example # 4 

N = 5 ,000 

Lag 

j 

Theoretical 

*yy(j) 

N=5,000 

*yy(j) 

0 

1 

2 

3 

4 

5 

6 

7 

8 

4.80972 

-3.19782 

0.79300 

0.0 

0.0 

0.0 

0 . J 

0.0 

0.0 

4.93328 

-3.29425 

0.83207 

-0.01344 

0.02549 

•0.02613 

0.02515 

-0.05985 

0.09768 

Example # 5 

N = 5,000 

Lag 

j 

Theoretical 

♦yy(i) 

N=5,000 

♦yy(j) 

0 
1 
2 
3 
4 
5 
6 
7 
8 

4.68370 
-3.14940 
0.81000 
0.0 
0.0 
0.0 
0.0 
0.0 
0.0 

5.70871 
-3.89929 
1.05421 

-0.00399 
0.01036 
-0.02556 
0.04537 

-0.07700 
0.09949 
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"two-step all-pole ertiraates". 

a. Example I 3 

With a sample size of 1,000, the polynomial B(z) was 

estimated in the last chapter as 

B(z) - 1 + 0.00585z-1 + 0.85445z-2 

Using the corresponding mean lagged products of Table 5-1, 

a order all-pole estimate for the moving average part is 

found tc be 

1 

G(Z) 

_1_ 

1 + 0.83782z-1 + 0.61919z-2 

+ 0.27431z-4 + 0.10492z-5 + 

+ 0.47358z 

0.042272z- 

ä 2 
with o « 1.02867. The final 8 order two-step all-pole es- 

A 

timate for the process system function is given as 1/F(z), 

where 

F(z) = G(z)B(z) 

The coefficients {f^} are found in Table 5-2, along with the 

two-step 8th order all-pole estimate based on the theoretical 

correlation sequence (coefficients and the theoretical 

til 
8 order direct all-pole estimate computed in Chapter III. 

The corresponding input noise variance estimates are also in¬ 

cluded. 
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Table 5-2 

Two-step All-pole Estimates tor Example # 3 

Variance 
Estimate 

f . 
3 

f . 
3 

0.84366 

1.47853 

1.19307 

0.80614 

0.51118 

0.27771 

0.08990 

0.0365P 

1.02867 

0.81775 

1.20377 

0.92799 

0.67368 

0.43496 

0.20631 

0.10197 

1.03544 

d . 
3 

0.87301 

1.50742 1.53848 

1.30769 

0.97733 

0.74136 

0.48911 

0.23093 

0.11776 

0.99392 

The numerical differences between f^ and f^ are due to statis¬ 

tical error in both parts of the analysis, whereas that be¬ 

tween fj and dj reflects the fact that the {f^} represent a 

sub-optimum 8th order approximation, with the {d^} represent¬ 

ing the best. The corresponding spectra are compared in 

Figures 5-5 and 5-6. The former compares the direct and two- 

step all-pole estimates based on the theoretical correlation 

structure with the actual spectrum, and the latter displays 

the spectral estimate based on 1,000 samples. The differences 

between the theoretical spectra are small but apparent, but 
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as occasionally happens, the statistical error in the 1,000 

sample estimate has fortuitously compensated the approxima¬ 

tion error to provide the excellent agreement observed in 

Figure 5-6. 

b. Example # 4 

The estimate for B(z), based on 5,000 samples was 

B(Z^ “ 1 " 1*33564z 1 + 1.62015z“2 -0.97754z“3 + 0.65017z“4 

or er autoregressive approximation for A(z), stemming 

from the mean lagged products of Table 5-1 is 

----1 

G(2) -21 + 1*33/80z 1 + I-20485z“2 + ÕTsO 2 77z-3 + 0.33124z"4 

with a - 1.52665. Combining these gives the two-step 8th 

order all-pole estimate whose coefficients are given in the 

following table, again with the theoretical direct and two- 

step approximations for comparison. 

Table 5-3 

Two-step All-pole Estimates for Example # 4. 

0.00216 

f . 

1.03818 

8 

Variance 
Estimate 

0.38342 

0.55348 

0.55019 

0.53527 

0.19813 

0.215 )6 

1.52665 

0.01581 

1.04760 

0.37470 

0.56195 

0.54986 

0.53915 

0.19532 

0.21623 

1.52216 

J. 

0.G6005 

1.12994 

C .53368 

0.73542 

0.71181 

0.61830 

0.31595 

0.28138 

1.42528 
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The corresponding spectra are shown in Figures 5-7 and 5-8. 

These confirm the result found in the table - that there is 

substantial difference between the direct and two-step ap¬ 

proximations, but relatively little between the latter and 

the actual estimate. This implies, to be sure, a small stat- 

xctical error, but the approximation error is such that the 

estimate is fairly poor. 

c. Example # 5 

The autoregressive polynomial for the last example was 

estimated on the basis of 5,000 samples to be 

B(z) = 1 - 1.49862z 1 + 1.45736z-2 -0.76938z"3 + 0.27201z“4 

and the 4 order all-pole estimate for the movjng average 

part, based on the same 5,000 samples is 

.-1- =__1_ 

G(z) 1 + 1.44121z" + 1.35811z"2 + 0.91920z"3+ 0.37625z"4 

- 2 
with o * 1.52097. The composite two-step all-pole estimate 

has autoregressive coefficients {jL} as given by the follow¬ 

ing table, along with the corresponding {f^.} and {d^. } as de¬ 

fined previously: 
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Table 5-4 

Two-step All-pole Estimates for Example # 5 

f . 
1 

f . 
1 

d . 
1 

-0.05741 0.01587 

0.65564 0.73803 

0.21489 0.31550 

0.26959 

1.03400 

0.80848 

0.14115 0.22164 0.78057 

0.12287 0.15207 

0.21053 0.20958 

-0.03944 -0.02855 

0.10234 0.08313 

0.66275 

0.50058 

0.28096 

0.20874 

Variance 
Estimate 

1.52097 1.38774 1.10627 

The substantial differences between the (fj) the 

are due mainly to the large statistical error made in the es¬ 

timation of the {bj} and the subsequent difference between 

the actual and apparent spectra for the moving average part 

(See Figure 4-10J . The large disparity between the 

the {dj} - and particularly between the corresponding values 

- 2 
for o - shows that the two-step estimate is markedly dif¬ 

ferent from the optimum approximation. This is borne out by 
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Figures 5-9 and 5-10 where spectral comparisons are drawn. 

The computational examples further indicate that if 

only the final spectral estimates are of interest, the di¬ 

rect all-pole estimate is preferable to the two-step version. 

Not only is the former mathematically simpler, but it pro¬ 

duces substantially less error of both types. 

2. Estimation by Wold’s Method 

The spectrum of Example # 2 and those of the moving aver¬ 

age parts of the last three examples are here analyzed using 

the method of Wold. 

a. Example # 2 

Using the mean lagged products presented in Appendix A 

for N = 2,000, the equations (5-14) can be evaluated to gen¬ 

erate the polynomial 

V(r) = 0.0371495r4 + 0.906883r3 + 3.3l884r2 + 4.34652r+ 2.02663 

With recourse to a digital computer subroutine, the roots are 

found to be 

rL = -2.05156 

r2 ■= 19.92020 

r3 = -1.07263 + iO.42936 

r4 = -1.07263 - iO.42936 

Since none of these lies in the real interval -2<r^<2, a 4th 

order moving average exists with a correlation sequence iden¬ 

tical to the sequence of mean lagged products. Thus, the 
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A COMPARISON OF THE DIRECT AND 2-STEP 8TH ORDER ALL-POLE APPROXIMATIONS 
WITH THE THEORETICAL SPECTRUM FOR EXAMPLE *5 

FIG. 5-10 THE 2-STEP PTH ORDER ALL-POLE ESTIMATE FOR EXAMPLE *5 BASED ON 
N = 5,000 SAMPLES 
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solution may proceed by substituting each of the roots into 

equation (5--15) to find the corresponding z-plane zeros. 

The result is 

From r1: zn = -0.79725 

z12 - -1.25431 

From r2: z21 = -0.05033 

z22 = -19.86987 

From r3: z31 * -0.40557 - iO.66597 

z32 = -0.66706 + il.09533 

From r4: z41 = -0.40557 + iO.66597 

z42 * -0.66706 - il.09533 

Now choosing the four z-plane roots that lie within the vx.it 

circle (zn, z21, zn, z41) , 

efficient estimates: 

= 1.65873 

a2 = 1.33564 

a3 = 0.54788 

a4 * 0.02440 

equation (5-19) yields the co- 

(ax = 2.036) 

(a2 * 1.812) 

(a3 => 0.770) 

(a4 = 0.129) 

(The values in parentheses are the actual coefficients.) The 

input variance estimate is now computed from equation (5-20) 

to be 

o2 = 1.498 
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The sampled power spectrum corresponding to the present co¬ 

efficient estimate is compared to the actual spectrum in 

Figure 5-11. The agreement is very good, despite the fact 

that there are substantial errors in both the coefficient 

and variance estimates. (The form of the estimator of o2 is 

such that the coefficient and variance errors tend to cancel 

each other out, in the sense that the mean square value of 

the estimated process is identical with the measured mean 

square value of the sample sequence.) Another interesting 

comparison is that shown in Figure 5-12 between the theo¬ 

retical pole-zero pattern for the process system function 

and that constructed in the estimate. They are very dif¬ 

ferent, despite the close agreement of the corresponding 

spectra. As a check, the theoretical covariance sequence for 

the process was used as the basis for a Wold estimate, and 

the proper coefficients and system pole-zero pattern were in¬ 

deed returned. This shows how sensitive the present method 

is to even small changes in the observed mean lagged products. 

One measure of the error in the final spectral estimate 

is the spectral variance averaged around the z-plane unit 

circle as derived above. Using equation (5-26) and the ex¬ 

pression for VarUyy(j)J derived in Chapter II, this be¬ 

comes 

Var --, j-i7^04- 
avg N 

and in the present case where N = 2,000, 
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FIG, 

FIG. 5-1 

S-ll 

byNwol^ ME^Hœ SPECTRUM °F EXAMPLE #2 F0UND FROM ^000 SAMPLES 

EXAMPLE #2. COMPARISON OF THE POLE-ZERO PATTERN FOR A(z) FOUND 

PMTERN00 5AMPLES WITH WOLD'S METHOD AND THE ACTUAL POLE-ZERO 

1Ó3 



NOLI R 70-109 

Var =* 1 23 avg a.zj 

The average standard deviation i, thus i.11. which is not a 

lerge dispersion compared to the magnitude of the spectrum. 

The good spectral agreement is thus not surprising. 

In using the mean lagged products measured over 1,000 

samples for Example f 2, however, Wold's method fails to 

provide an exact soluti^ The polynomial V,r) becomes 

V<r)= 0.017845^.964802^ 3.5U67r2 + 4.31444r+ 1.90646 

with roots 

-1.90122 

-50.2434 

'3 * -0.960244 + iO.443087 

•4 ■ -0.960244 - iO.443087 

Since -2<ri<2, „0 4th order moving average exists with the 

measured correlation sequence. To continue, however, one 

can une Wold's suggestion of setting ^ - -2 and plunging 

ahead, if this is done, the zeros of Â(z> within the unit 

circle become 

*3 * -1.0 

z2 “ -0.01991 

23 * -0.36352 + iO.69068 

2 4 * -0.36352 - iO.69068 
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as shown in Figure 5-13. It should be noted that the root 

at z « -1 arises from the approximation of ^ by -2. Sub¬ 

sequent calculation reveals that 

a1 =* 1.74695 

a2 = 1.37062 

a3 » 0.63580 

a4 - 0.01213 

o2 - 1.426 

and the spectral estimate is plotted in Figure 5-14. The 

agreement with the theoretical spectrum is embarrassingly 

good, despite the somewhat arbitrary approximation. 

b. Example # 3 

From the sequence of mean lagged products measured over 

1,000 samples for the moving average part of Example # 3, 

the polynomial V(r) is constructed to be 

V(r) * 1.77029r - 0.93736 

The single root is 

rx = 1.89 

which unfortunately lies within the "forbidden region", 

-2<r<2. Again, no exact solution exists. Approximating r^ 

by +2.0, however, yields the z-plane root 

z^ ■= 1.0 
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FIG. 5-13 EXAMPLE *2. COMPARISON OF THE POLE-ZERO PATTERN FOR A(i) FOUND FROM 

1000 SAMPLES BY USING WOLD'S APPROXIMATE METHOD AND THE ACTUAL POLE- 
ZERO PATTERN. A 4TH ORDER POLE AT THE ORIGIN HAS BEEN OMITTED FOR CLARITY 

FIG. 5-14 AN ESTIMATE OF THE SPECTRUM OF EXAMPLE *2 BASED ON 1,000 SAMPLES 
AND USING WOLD’S APPROXIMATION 
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Now using equations (5-19) and (5-20) , 

al = -1-0 = -0.859) 

o2 = 0.885 (a2 = 1.0) 

which yields the spectrum of Figure 5-15, plotted for corn- 

par, son with the actual moving average spectrum. 

Using this estimate in conjunction with the autoregres¬ 

sive coefficients estimated in the previous chapter gives 

the total system function estimate for the original process 

V 

Mz) =_1 - z-1_ 

ß(z> 1 + 0.00585z-1 + 0.85445z-2 

The corresponding spectrum (computed with Ô2 = 0.885) is com¬ 

pared with the actual spectrum in Figure 5-16. Again, the 

agreement is surprisingly good despite the use of the approx¬ 

imate root. 

c. Example # 4 

Using the 5,000 sample mean lagged products from Table 

5-1, the moving average part of the 4th example gives the 

polynomial 

V(r) = 0.832067r2 - 3.29425r + 3.26915 

with roots 

r1 = 1..97956 + iO..0149 

r2 = 1-97956 - iO.10149 
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TIG. 5-15 AN ESTIMATE OF THE MOVING AVERAGE SPECTRUM OF EXAMPLE #3 

FOUND USING WOLD'S METHOD ON 1,000 SAMPLES 

FIG. 5-16 AN ESTIMATE OF THE TOTAL SPECTRUM FOR EXAMPLE *3 BASED ON 

1,000 SAMPLES AND USING WOLD'S APPROACH TO FIND THE 
MOVING AVERAGE PART 
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No real root lies between -2 and +2, so Wold's method can 

be applied exactly. The z-plane roots of A(z) which lie 

within the unit circle are 

z1 = 0.78963 + 10.20020 

z2 = 0.78963 - iO.20020 

are quite different from the actual process zeros, 

are both positive real (See Figure A-ll.). The coeffi- 

and variance estimates become 

a1 = -1.58080 ^ = -1.7835) 

a2 “ 0.66550 (a2 = 0.7930) 

o2 = 1.254 (a2 = 1.0) 

and the corresponding moving average spectral estimate is 

compared with the actual moving average spectrum in Figure 

' where the estimate is seen to be quite good. From e- 

quation (5-26), the average spectral variance is found to be 

Varavg " —n'— = 0.00061 

giving the average spectral standard deviation as 0.078. 

About half of the observed error can be laid to the spectral 

error inherent in the approximation of the process yt (See 

Figure 4-8), and the remainder is consistent with the vari¬ 

ance calculation. 

When the present results ire combined with the autore- 

These 

which 

cient 
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FIG. 5-17 AN ESTIMATE OF THE MOVING AVERAGE SPECTRUM OF EXAMPLE #4 FOUND 
USING WOLD'S METHOD ON 5 000 SAMPLES 

FIG. .5-18 AN ESTIMATE OF THE TOTAL SPECTRUM FOR EXAMPLE H BASED ON 5,000 

SAMPLES AND USING WOLD S APPROACH TO FIND THE MOVING AVERAGE 
PART 
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gressive estimates found previously, the' final system esti¬ 

mate for the process becomes 

A(z) ^ __1 - l.SSOSOz"1 + 0.66550z~2_ 

B(z) 1 - 1.33564z“1 + 1.62015z"2 - 0.97754z“3 + 0.65017z“4 

with o - 1.254. The estimated and actual spectra are com¬ 

pared in Figure 5-18. The final result is quite good. 

d. Example # 5 

5,000 samples of the moving average part of the final 

example yield the polynomial 

V(r) = 1.05420r2 -3.89929r + 3.60031 

which unfortunately has both its roots between -2 and +2: 

r1 = 1.92083 

r2 = 1.77799 

Again using the approximation that r1=r2=2.0, A(z) displays 

a double zero at z = +1. Thus, using equations (5-19) and 

(5-20) , 

a^ = -2.0 (a1 = -1.74) 

a2 = 1.0 (a2 = 0.81) 

a2 = 0.95 (a2 = 1.0) 

The corresponding estimated moving average spectrum is shown 

with the actual spectrum in Figure 5-19. Most of the observ- 
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Fig. 5-19 
AN ESTIMATE OF THE MOVING AVERAGE SPECTRUM OF EXAMPLE '5 FOUND 

ZnP^',S METHOD FR°M ^°0° SAMPLES' ,N COMPARISON WITH THE 
THEORETICAL AND 'APPARENT" SPECTRA 

FIG. 5-20 AN ESTIMATE OF THE TOTAL SPECTRUM FOR EXAMPLE *5 BASED ON 5 000 

SAMPLES AND USING WOLD'S APPROACH TO FIND THE MOVING AVERAGE 
P AR i 
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aMe difference can be attributed to the spectrai error in_ 

herent in the approximation to yt, which will be recalled 

«a qurte large due to the errors made in estimating the (b.) 

apparent spectrum, originally presented in Figure 4-10, 

ia also reproduced on Figure 5-19 to show the fairly close ’ 

agreement with the result found with Wold's method. The re- 

maining difference is due to 
statistical error in the inoving 

average mean lagged products anH yy products, and its average variance is 
given by 

Var 
avg 

295.6 
N 0.00059 

The corresponding standard deviation is 0.077. 

The total process system function becomes 

2z-1 + z"2 A(Z) _ a 
~ —----—-— 1 -- ■ X. 

1 ' ^498621- + l-«736z-2 - 0.Tel^TT^ToT?7 

with a . 0.95. The final spectral result is presented in 

Figure 5-20, where it is apparent that the relatively poor 

results of the first part of the analysis (in chapter IV) 

have carried over to reduce the guaiity of the estimate. 

Even so, the estimate is surprisingly good, considering the 

use of the approximations made in locating both zeros of 

A(z) . 

The foregoing calculations have demonstrated the diffi¬ 

culties that can arise in applying Wold's method when the 

-an lagged product sequence places a root of v(r) in the 
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range -2<r<2. It is surprising, however, how little the 

final estimate suffers when the offending roots are replaced 

by acceptable approximations. This is one indication of a 

fortunate peculiarity of the Wold approach. Although the co¬ 

efficient and variance estimates often display substantial 

error in comparison with the actual values, the final spec¬ 

tral result as a whole seems relatively insensitive to these 

deviations. Thus, even though the estimated system pole- 

zero pattern differs markedly from the actual pattern, the 

spectral estimate retains a reasonable quality. If accurate 

knowledge of the moving average coefficient values is not 

really required, and only the spectral estimate is of in¬ 

terest, Wold's method overcomes many of its more obvious 

shortcomings . 

3. Moving Average Estimation by Spectral Inversion 

In preparing computational examples of the treatment of 

moving average processes by the technique of spectral inver¬ 

sion, the intermediate model order (heretofore denoted M) 

was limited for convenience to 8, and this value was used in 

all of the final estimates presented here. It is apparent 

in several examples, however, that improved results could 

have been obtained by increasing the order of the intermedi¬ 

ate autoregressive model beyond this limit, and the present 

results should not be interpreted as the best that can be 

done with the method in these cases. It is of considerable 

practical interest to determine the effect of seme such 
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limitation on the estimate, and this is possible to a large 

degree in the present findings. 

a. Example # 2 

The spectral inversion estimate for the second example, 

a pure moving average, is based on the sequence of mean 

lagged products measured over 1,000 samples and presented in 

Appendix A. The estimate formed by setting the intermediate 

model order M equal to 8 follows from the 8th order all-pole 

estimate previously computed in Chapter III. The sequence 

of coefficients for that model was found to be 

{dj} 8 » 1, -2.00950, 2.27206, -1.75831, 0.89373, -0.11857, 

-0.29835, 0.31628, -0.14374 

and the variance estimate was 1.02113. From equation (5-51) 

is computed the correlation sequence corresponding to the 

moving average process vt defined in the derivation: 

0» 

= 14.31450, -12.35211, 7.78321, -2.99934, -0.23047, 
j-o 

1.45233, -1.26050, 0.60512, -0.14374, 0, 0, ... 

With these in hand, equation (5-34) becomes 
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a 14.31450 -12.35210 7.78321 -2.39934 

-12.35210 14.31450 -12.35210 7.78321 

7.78321 -12.35210 14.31450 -12.35210 

-2.99934 7.78321 -12.35210 14.31450 

-1 
1 -12.35210 

a 
2 7.78321 

a 3 *2.99934 

a 4 -0.23047 
L 

2.00824 

1.77101 
at 

0.75126 

0.12221 

The input noise variance estimate may be set equal to 

that found for the 8th order autoregressive moCel (in this 

case 1.02113) or computed from equation (5-20), in which case 

the estimate becomes 1.035. When M is sufficiently large 

that the approximation error becomes negligible (i.e. when 

an autoregressive model of that order suffices to represent 

xt), the two variance estimates become identical. When sub¬ 

stantial approximation error is present, however, the latter 

is to be preferred since it is constructed to give the pro¬ 

cess model the samo mean square value as that observed ex¬ 

perimentally. 

To separate the effects of approximation and statistical 

error in the coefficient estimates, a spectral inversion anal¬ 

ysis was performed using the theoretical correlation sequence 

for the original process as the basis. Again, M was set 

equal to 8. A comparison of this result (which yields the 
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coefficient set {a^*}) with the experimental result (the 

{a^}) and the actual values is shown in the following table, 

along with the appropriate input variance estimate: 

Table 5-5 

Spectral Inversion Results for Example # 2 

3 a . 
3 

2.036 

1.812 

0.770 

0.129 

2.00824 

1.77101 

0.75126 

0.12221 

2.03068 

1.81735 

0.80359 

0.14115 

ç . = a .-a . ' 
3 3 3 

-0.02244 

-0.04634 

-0.05233 

■0.01895 

o(r..) 

0.0313 

0.0666 

0.0666 

0.0313 

Variem ce 
Estimate 

1.0 1.035 0.994 

The difference between a^ and al, representative of the stat¬ 

istical error in the result, is also presented for comparison 

with the standard deviation of this error as computed from 

Durbin's approximate expression, given above as equation 

(5-69). The agreement is very good. The three corresponding 

spectra are displayed in Figure 5-21, where it is seen that 

the curves are practically indistinguishable. Thus, both 

statistical and approximation errors are very small, and the 

former is consistent with the small value of the average 

spectral standard deviation (computed for the Wold approach, 

but applicable here) of 1.11. 
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FIG. 

sde^s^al ,nversion from ^~Ar 
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The accuracy of the coefficient estimates in the present 

case indicates that an intermediate model order of 8 is suf¬ 

ficient to supply a good representation for the process. 

This has already been demonstrated by the behavior of the 

variance estimate for this example in Table 3-3. To demon¬ 

strate the effect of the intermediate model order on the 

spectral approximation, however. Figure 5-22 displays a se¬ 

quence of estimates all based on the theoretical autocorre¬ 

lation sequence, but with M ranging between unity and 8. The 

corresponding coefficient and variance estimates are found 

following table, the latter having been computed from 

equation (5-20): 

Table 5-6 

Spectral Inversion Estimates for Example # 2 as 
M Varies Between 1 and 8 

M V V v V "2 
a 

1 0.74521 0.52819 0.33793 0.16479 4.070 

2 1.28547 1.03794 0.57509 0.10193 2.210 

3 1.66013 1.44487 0.74625 0.18838 1.341 

4 1.89785 1.70763 0.83416 0.18041 1.062 

5 2.00882 1.80283 0.83169 
- 

0.15962 0.995 

6 2.03151 1.80545 0.81426 0.15236 0.999 

7 2.02889 1.80946 0.81593 0.15055 0.996 

8 2.03068 1.81735 0.80359 0.14115 0.994 
«»G v»Ucl X 

Values 2.036 1.812 0.770 0.129 1.0 
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FREQUENCY uT/n 

- SPECTRAL APPROXIMATION 

- THEORETICAL SPECTRUM 

FREQUENCY wT/rr 

FIG. 5-22 SPECTRAL APPROXIMATIONS FOR EXAMPLE *2 cOR SUCCESSIVE INTERMEDIATE 
MODEL ORDERS. THE CALCULATIONS ARE BASED ON THE THEORETICAL 
AUTOCORRELATION SEQUENCE. 
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As can be seen fron, both table and graphs, the law of dimin¬ 

ishing returns begins to set in when M = 5 or so, and the 

present spectrum can be more than adequately analyzed by 

the spectral inversion technique. 

b. Example # 3 

Using the 1,000 sample data for the moving average part 

of the third example (in Table 5-1), the spectral inversion 

estimate with M = 8 produces the values 

= -0.752994 (a]L = -0.859) 

and 

°2 “ 1*13 (a2 = 1.0) 

The latter estimate results from the application of equation 

(5-20) , whereas the variance estimate for the 8th order 

autoregressive model is 1.02593. The large difference in¬ 

dicates that larger values of M can be expected to improve 

the result substantially. Using the theoretical correlation 

sequence for the moving average part provides the numbers 

aj/ = -0.80999 

* 2 
a = 1.05 

and the difference between aj• and aj is rather large to b- 

explained in terms of the statistical error. (Durbin's re¬ 

sult indicates that the statistical error standard devia¬ 

tion should be about 0.018). The disparity is probably 

caused by the errors inherent in the sequence repsesenting 
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the moving average part, due to inaccuracy in estimating the 

{bj}. This effect was absent in our treatment of the exam¬ 

ple just above. Nonetheless, a comparison of the estimated 

moving average spectrum with the actual function, as in 

Figure 5-23, shows very good agreement. When this result is 

combined with the estimates for the autoregressive coeffi¬ 

cients, the total system function estimate for the third ex¬ 

ample becomes 

A(z) = 1 - 0.75299z"1_ 

B(z) 1 - 0.00585z-1 + 0.85445z"2 

with o = 1.13. The corresponding spectrum is compared with 

the nominal spectrum in Figure 5-24, and again, the estimate 

is a very good one. 

c. Example # 4 

The spectrum inversion treatment of the moving average 

part of the fourth example is based on the 5,000 sample 

mean lagged products of Table 5-1. Again, with M = 8, the 

technique provides the following table of estimates, errors, 

and error standard deviations: 

Table 5-7 

Spectral Inversion Results for Example # 4 

j 
a3 

a. ' £ . = a.-a.1 
3 3 3 a Uj) 

1 -1.78350 -1.58333 
_ 

-1.56936 -0.01397 0 0103 

2 0.79300 0.69102 0.67772 +0.01330 0.0103 
Variance 
Estimate 1.0 1.238 1.225 — — 
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FIG. 5-23 AN ESTIMATE OF THE MOVING AVERAGE SPECTRUM OF EXAMPLE *3 FOUND 

WITH THE SPECTRAL INVERSION TECHNIQUE FROM 1,000 SAMPLES 

FIG. 5-24 TOTAL SPECTRAL ESTIMATE FOR EXAMPLE #3 BASED ON 1,000 SAMPLES WHEN 

THE MOVING AVERAGE PART HAS BEEN DETERMINED BY SPECTRAL INVERSION 
I 
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Here, the ia^'} are the coefficients based on ^he theoret¬ 

ical correlation sequence, the variance estimates come from 

equation (5-20), and the standard deviations are computed 

from Duroin's formula. The 5,000 sample order all-pole 

variance estimate is 1.211, sufficiently different from the 

value presented above to indicate that a higher value of M 

would be desirable. The theoretical error standard devia¬ 

tions predict the magnitude of the statistical error quite 

well despite the error inherent in the moving average data 

due to the non-exact filtering operation. The estimated 

moving average spectrum is compared to the actual spectrum 

in Figure 5-25, where good agreement is found. The average 

spectral standard deviation was computed previously to be 

0.070. 

When the moving average results are combined with the 

autoregressive coefficient estimates of Chapter IV, tne 

final system function estimate, based on 5,000 samples, be¬ 

comes 

A ( z ) _ 1 - 1.58333z"1 + 0.69102z _ 

B(z) 1 - 1.33564z"1 + 1.62015z"2 - 0.97754z”3 + 0.65017z"4 

~2 
with a = 1.238. The corresponding spectrum is shown in 

Figure 5-26. 

d. Example # 5 

The results of the 5,000 sample spectral inversion anal¬ 

ysis of the moving average part of the last example are pre¬ 

sented in our usual comparative table: 
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FIG. 5-25 AN ESTIMATE OF THE MOVING AVERAGE SPECTRUM OF EXAMPLE U FOUND 
WITH THE SPECTRAL INVERSION TECHNIQUE FROM 5,000 SAMPLES 

FIG. 5-26 TOTAL SPECTRAL ESTIMATE FOR EXAMPLE *4 BASED ON 5,000 SAMPLES WHEN THE 
MOVING AVERAGE PART HAS BEEN DETERMINED CY SPECTRAL INVERSION 
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T? >le 5-9 

Spectral Inversion Results for Example i 5 

i a . 
3 a . 

1 
a . ' 

I 
ç . * a . - a . ' 
3 3 3 

a Uj) 

1 -1.74 -1.68805 -1.61669 -0.07136 0.0096 

2 0.81 0.79433 0.72432 +0.07000 0.0096 

Variance 
Estimate 

1.0 1.2 72 1.133 — 

As in the present treatment of the other examples, M =* 8. 

The statistical error is far too large to be explainable in 

terms of Durbin's standard deviation, and must be due to the 

substantial errors made in estimating the autoregressive co¬ 

efficients. It is also apparent that an increased intermed¬ 

iate model order would benefit the quality of the moving aver 

age estimates. The estimated spectrum for yt is presented 

in Figure 5-27 in comparison with the actual spectrum and 

with the "apparent" spectrum (from Figure 4-10) with which 

the present analysis necessarily deals. Naturally, the es¬ 

timate lies closer to the latter. For the final process 

system function, the previously made estimates for the {b } 

are combined with the moving average results to yield 

=..1 - 1.688057-1 + 0 l79 4 3 3_z_2 

B(z) 1 _ 1 • 49862z ^ + 1.45736z~^ - 0.76938z~^+ 0.27201z-^ 

* 2 
with a = 1.272. Considering the magnitude of the errors in 

both the coefficients and the input variance estimate, the 

corresponding spectrum is a rather good representation of 
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the actual function, as shown in Figure 5-28. The spectral 

inversion method also seems to give acceptable spectral re¬ 

sults in the face of significant parameter errors. The pre¬ 

sent example is one in which it has been apparent through¬ 

out that the original sample size is too small. Nonetheless, 

the final spectral results are ^uite good. 

The present section has served to demonstrate that both 

Wold's method and the spectral inversion technique are su¬ 

perior to all-pole methods in dealing with spectral furetions 

containing influential zeros. Of these two approaches, the 

Wold procedure seems to provide a slightly better total spec¬ 

tral estimate when no root approximations are required and 

the exact solution exists. This fails to happen much of the 

time, however, particularly when the data sequence in ques¬ 

tion is derived from filtering the original process with the 

estimated autoregressive polynomial. In these cases, the 

spectral inversion method comes into its own and has the added 

advantage of computational simplicity. It should be remem¬ 

bered, however, that both of these methods require a priori 

knowledge of the numerator and der minator orders of the 

original process, whereas the all-pole estimates can be car¬ 

ried through without this information. 
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CHAPTER VI 

QF EST I MATE S_ BASED ON ADDITIONAL DATA 

After a spectral estimate has been prepared on the basis 

of a certain number of data samples, the problem may arise 

of revising this estimate to include the additional informa¬ 

tion contained in further quantities of data which become a- 

vailable. It is apparent that the new data could simply be 

lumped with the old, mean lagged products re-computed, and 

the estimation procedure in use started from the beginning. 

Although this approach is straightforward, it is computa¬ 

tionally inefficient, particularly since each of the estima¬ 

tion schemes described above requires at least one matrix 

inversion. The present section studies the means of avoiding 

the repeated inversion of the covariance matrix when the 

spectral calculations are extended over a new increment of 

data. In the first of these, suitable when a large number of 

additional samples is introduced, the resulting revision of 

the estimates is an approximation, valid under realistic con¬ 

ditions. In the other, applicable for a limited number of 

additional samples, an exact answer is obtained. 

A. Extrapolation Based on a Block of Additional Samples 

All-pole estimation will be used to demonstrate the two 
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extrapolation methods treated here. The key equation is 

qiven in matrix form as 

where the several matrices are defined as in Chapter III, 

ar.d the superscript carats denote that the calculations are 

based on the mean laqqed products of a sample sequence. 

Henceforth, the "xx” subscripts will be dropped for notatron 

al convenience. If the initial estimates are based on 

data samples, the mean laqged products are computed as 

z 
k=l Xkxk+j 

(6-2) 

ana the estimates themselves are found to be 

dl * "^l1*! (6-3) 

here the elements of ^ and ♦1 are computed from equation 

(6-2). now suppose that N2 additional samples are taken so 

that the total sample size is now 

N = Nx + N2 (6-4) 

fhe optimum estimates are found for the larger set using mean 

lagged products defined as 

N.+N. 

<Mi) = 
12 

N, +N X, X, 
12 k=l kk+j 

(6-5) 
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which can be written as 

( j) = 

VN2 L' XkXl<- + - + 

Nl+N2 
L XX 

k =i\ ,+1 k k+1 
(6-6) 

N. 

ni+n12 00) - -r^TT- ‘2!i) 

where 

, Ni+N2 
^ X. X N 

2 k=N1+l k k+3 (6-7) 

is the mean lagged product at lag -j for fho 
g 1 ror the new increment of 

data. The new estimate, based on all of the 
<aii or the data, must sat¬ 

isfy the equation 

N. N. 
¢, + 

. 
Vn2 "1 T VV *2 d = - 

N. N. 

N2+N2 ’l " ni+N2~ ^2 (6-8) 

Now let 

d-d. + e 
(6-9) 

so that e represents a column 

the new information. Since 

vector of corrections based on 

*ldl = ~*i (6-10) 

equations (6-8) and (6-9) combine 
to yield 

(iVl + N2*2,e = 'N2U2dl + (6-11) 
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Dividing both aides by N^ and defining the matrix A as 

A (6-12) 

equation (6-11) becomes 

(♦1 +A)e ~(Ad^ + (6-13) 

Since 

E[*2] = El*^ = ♦ (6-14) 

and because usually <<N1 ' tlie matr^x ^ can 1:56 considered 

to be a small perturbation of the matrix The solution 

for e becomes 

e = (6-15) 

and can be obtained efficiently if the inverse can be found 

in terms of 4^^» which has already been computed to obtain 

the first estimate. 

Faddeeva^^ shows that if A is any square matrix and I 

is the corresponding identity matrix, then 

lim I + L AJ 
m-*®'- j=»l - 

(I - A) -1 (6-16) 

if and only if ||a||<1, where ||A|| is an appropriately de¬ 

fined norm for the matrix A. Furthermore, if the series in 
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equation (6-16) is truncated after the Jcth term, then 

( I - A) 1 - ( I + A -I ...+ A^ ) 
k+1 

ATT. 
(6-17) 

where the left hand side can be identified as the norm of 

the matrix representing the difference between (I - A)-i and 

t H 
the k order approximating series. Following Nash and 

(38] 
Tuteur , the matrix -+a] is written as 

[4^ +A] = ^(i + i^A) (6-18) 

and thus 

+A) (I + 411A) (6-19) 

This is in the form where Faddeeva's result can be applied 

if the matrix is identified with A above, Faddeeva 

proposes several matrix norms, but the following will be used 

here : 

= max 
M 

k=l jk 
(6-20) 

If -4>11A||<1, the expansion of equation (6-16) will con 

verge and can be used to provide a first order approximation 
-] 

for +A] . The norm here is a random variable, but since 

by equation (6-12) , 

41 A = 
N, *1 *2 (6-21) 
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and because of equation (6-14), it can be seun that 

on the order of Nj/n^ Since normally, the 

serres of equation ,6-16) „ill usuallv converqe, and the rn- 

verse car* be written 

*1 A I f (“♦, ^A) ^ 

j=l 
(6-22) 

Xf only the linear terra in the 
series is retained, then 

+ A 
-1 

= »I1 -»J1* 4'1 (6-23) 

By equation (6-17), the norra of the 

bounded by the expression 

error matrix will be 

(6-24) 

Thus, the percentage error in norm in approximating +i,'l 

by the expression of equation (6-23) is given by 

and can easily be evaluated in a practical 

calculation since the product 

computing the approximate inverse, 

should be not-d that in accordance 

this percentage will be roughly on 

is already required in 

For planning purposes, it 

with considerations above, 

(n2/n1) 2 

the order of -_ 
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Now if. the approximate inverse is used in equation 

(6-i5) , the final result becomes 

which can be evaluated from quantities previously calculated 

and. mean lagged products from the new data segment. In par¬ 

ticular, no new matrix inversion is required. By studying 

the form of the estimation equations, it becomes clear that 

the percentage error in the elements of e caused by using the 

-_1 2 
II-VMI 

approximate inverse is also on the order of--—=-. 
1 - II 

These results apply, with only notational modification, 

to the matrix equation for estimating autoregressive coeffi¬ 

cients in a mixed-type process. Its use in both stages of 

the spectral inversion technique follows directly and will 

not be further discussed here. 

As a computational example of this procedure, the ex¬ 

trapolation of an all-pole estimate for Example # 1 will be 

used. If 1,000 samples of the process are taken, the result¬ 

ing sequence of mean lagged products is 

4 
{«Mj)} = 15.32552 , 13.18231 , 8.13402, 2.73565 , -0.99685 

3=0 

The mean lagged products computed over the next 100 samples 

are 
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4 
u (j)} = 11.59311, 9.76879, 5.71915, 1.73212, -0.72506 

1=0 

and for the entire block of 1,100 samples, the result is 

4 
{¢(:)} = 14.98624, 12.87241, 7.91449, 2.64442, -0.97214 

1=0 

In Chapter III, the estimate vector found from the block of 

N^ = 1,000 samples was presented as 

-2.00864 

1.74420 
d = 

1 -0.69524 

0.09590 

If this same vector is estimated on the basis of the entire 

block of 1,100 samples by inverting the corresponding covari¬ 

ance matrix, the result is 

d 

-1.98872 

1.71170 

-0.67548 

0.09201 

It is this answer that we wish to reach using the present 

method on an additional 100 samples. Thus, the ratio 

N2/Ni = 0.1, and evaluating equation (6-25) with the data pre¬ 

sented above , the correction vector is approximated as 
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e 

0.01921 

-0.03093 

0.01837 

-0.00339 

The actual correction vector is given by 

0.01992 

-0.03250 
e = d - d = 

1 0.01976 

-0.00389 

and it can be seen that the agreement is very close. The 

respective percentage errors in the elements of the approxi 

mate correction vector are 3.56, 4.83, 7.05, 12.81 per cent 

In the present case, the matrix -4>^A becomes 

0.06410 

0.03675 

0.04389 

0.01811 

-0.02938 

0.13087 

-0.03884 

0.00651 

0.00651 0.01811 

-0.03884 -0.04389 

0.13087 0.03675 

-0.02938 0.06410 

and by equation (6-20) 

I I *'^1 I = 0.25035 

The predicted percentage error in the correction vector is 

thus on the order of 
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2 

0.0834 

or 8.34 per cent, and this is in agreeme t with the actual 

findings. On the other hand, 

0.0111 1 ~'Tn27ñ1T 

or 1.11 per cent, and this is a fairly poor prediction of the 

actual error. 

B. Extrapolation of Estimates for Several Additional Samples 

Again, attention will be concentrated on all-pole esti¬ 

mates with the basic equation given by 

(6-26) 

where the estimation order is considered to be M, and the sub¬ 

script denotes that the estimates are based on a sample size 

cf N elements. For the purposes oi the present argument, the 

matrix of mean lagged products must be represented in the 

following form: 
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*1 X2 X3 ••• XN 

X4 XN+i X2 X3 

‘'N ~ HT 

XM XM+1 M+N+l 

X1 X2 ••• XM 

X2 X3 ••• XM+1 

\ XN+1'-XM+N+1 

(6-27) 

If the right hand matrix, of dimension N x M, is denoted X , 

then 

4> 
N (6-28) 

It should be noted that this definition of the matrlx 

lagged products is so^what different fro. that which 

bean used previously. This is best demonstrated with 

ample, in this case with M = 4 and N = 8: 

of mean 

has 

an ex- 
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8 8 

8 

‘11 

EX .X. ., 
! 1 1 + 1 

8 

X ^ . . . X ^ 

L 

EXjXj^i 

IX 
2 3 

Xg . . . Xlx 

9 
rxjxj+2 ^.x]+1 

I xjxj+3 Ixjxj+2 

8 
IX .X . . - 
x 1 3+2 

^XjXj+l 

10 

-1 

8 
lx.X ., 0 

1 j 

lXjxj+2 

10 
I X .X 
3 1 1+1 

11 10 
I x.x.,, I x.‘ 
3 : :+1 4 : 

(6-29) 

Evidently, E(*g] = but unlike the mean lagged product 

matrices used in practice, the entries for a given lag are 

not identically equal, in the sense, for example, that 

'12 

8 

■VjVi 
1*1 

’23 .E,xj*:+i 3 = 2 J J 
(6-30) 

since the summation limits are different. As N grows very 

large, however, this difference becomes negligible, and the 
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form of equation (6-27) is, for all practical purposes, 

identical with the previous definition. 

The effect on the matrix of mean lagged products of in¬ 

creasing the sample size by K elements is found by bordering 

and Xjç, 
T T 

the matrices XN and by the respective matrices XK 

K 

*N+1 

XN+M ^N+M+K-l 

(6-31) 

which has dimension M x K. The result u 

N+K N + K 
T 

CN+1 * * 

• * ^Sj+m+k-i 

x^i . . x N+M 

{N+K ’ ' ^tM+K-l 

(6-32) 

or 

$ 
N+K N+K XN XK _N 

T 
XK 

(6-33) 

Therefore, 
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N+K TTT-ir (XN<N + ^’‘k1 

(6-34) 

TTT-k- * xKxJ) 

T° find the estimates based on N + K 

’’n+K raust be computed. Thi: 

aamples, the inverse of 

3 can be done efficiently in terms 

°f ^,"atriX lnVerSÍOn « presented, for example, by 

• There, it is shown that if B is a matrix of dimen- 

M X M and c is of dimension K x M, then 

-1 
<B - CTC) - = B-l -B-ViCB-V + d'V1 

(6-35) 

where I is a K x K identity matrix, m the- present context, 

lf N4n and XK are assocl->ted with B and c respectively, then 

¡ -1 „ N + K 
N+K Ñ- ♦Ñ1 -*"1 

-l 

n‘xk(xk*nJ‘xk + NI) (6-36) 

Defining 

T ‘ XK%\ + NI (6-37) 

equation i6-36) becomes 

N+K 
= N + K 

N N *N Xk" XK*N 

The only new matrix invers 

(6-38) 

-1 
ion required in the evaluation of 

N,K 13 thus that of ,. which is of Xth order, where K i 
s the 

202 



NOLTR 70-109 

number of additional samples. If K<M, equation (6-38) can 

be used to reduce the computational effort required in ex¬ 

tending the estimation result over the additional data. In 

particular, when K = 1, t ^ becomes the scalar constant 

c 
N 

(6-39) 

and only a few matrix multiplications are needed to produce 

the new inverse. 

In the general case, the new estimates are given by the 

equation 

N+K ^N+K^N+K (6-40) 

The elements of $N+K can be expressed as 

N+K 

*N+K^ N + K XkXk+j 'j-1, 2, ..., M 
I — X 

N ? , . . 1 

N + K *N(^) + fTT- 

N4K 

1 k=NtlXkXk+i 

(6-41) 

T us , 

N 
rN+K N + K N + T HK (6-42) 

where the elements of HK are given by 

N+K 

n(j) = l XX (6-43) 
k=N+l K K 3 
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Now substituting into equation (6-10), 

d = " + K 
N + K tT~ N XKT XK% -% 

N H 
+ 

K 
N + K tn r fm< 

41 ~^v^1 *~:-i 
N XKf Vn 

H 
in — N N 

K 

L 
(6-44) 

dN N XK^ XK*N 

H 

+ N 
K 

-4 -1 hk 
N N 

The second two terms can be considered to be a correction to 

the original estimate, due to the K additional samples. If 

K exceeds the estimation order H, however, no computational 

effort is saved, and the present result is only of theoreti- 

cal interest. 
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CHAPTER VII 

?-°NCLJJ_yONS_AND SUGGESTIONS FOR FURTHER RESEARCH 

This study nas proposed and a alyzed several methods 

for performing power spectral analysis on discrete time 

series modeled as linear regressions. Computational exam¬ 

ples of these procedures have also been presented to provide 

some grounds for evaluating their effectiveness _n practical 

situations. This final chapter attempts to give a compre¬ 

hensive summary of the findings, their role .n practical 

speccral analysis, and suggestions for further research along 

similar lines. 

A. A Discussion of the Findings 

In attempting a spectral analysis by regressive model¬ 

ing, one is led naturally to the central problem of the 

mixed-type procese. If the time series of interest can be 

considered such a process, the analysis can be directed to 

obtaining estimates of the relatively few parameters of the 

model, or to devising an alternative approximate representa¬ 

tion, such as an all-pole estimate. In either approach, one 

avoids the difficulties associated with truncating and/or 

weighting the observed correlation sequence in the usual 

transform approach to tne sampled power spectrum. In addi¬ 

tion, the estimates ate expressed in more useful terms, since 
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the regression coefficients thus derived are directly appli¬ 

cable for use in digital filtering, adaptive processing, or 

signal identification. 

For the spectral analysis of time series modeled as 

mixed t>pe processes (including the moving average and the 

oregreosion as special cases), the first approach consid¬ 

ered was that of all-pole estimation. Here, the process - 

itself a combination of moving average and autoregressive 

parts - is represented as an autoregression of finite order, 

the coefficients of this autoregression are estimated 

from the mean lagged products of a sample sequence. In the 

present study, the estimation equations were derived by con¬ 

sidering the properties of the optimum "whitening" filter for 

the process, but then turn out to be identical with tnose 

found by other workers on the basis of linear least squares 

or maximum likelihood. 

In an all-pole model for a mixed-type process - and in¬ 

deed in any approach involving the approximation of one 

functional form by another of a different type - there is a 

certain unavoidable approximation error which will appear in 

the final result no matter how accurately the correlation 

function for the process is specified. In the practical 

situation, the statistical error caused by the use of a fi¬ 

nite sample size in computing mean lagged products is added 

to this approximation error to produce the total error of 

the spectral estimate. It has been shown above that the re¬ 

sulting coefficients are unbiased and consistent estimates 
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of those that 'ould be found in the noiseless case, and 

further that the approximation error tends to zero as the 

order of the autoregressive model increases. A fairly un¬ 

ambiguous indication that an adequate representation has 

been reached is the leveling off of the falling curve of es¬ 

timated input variance aaainst model order. 

The great advantage of the all-pole approach is that no 

a priori knowledge of the process whatsoever is required to 

apply the method. In addition, one has theoretical assurance 

that by going to a high enough model order, a spectral re¬ 

presentation of arbitrarily good accuracy can ultimately be 

obtained. An inherent disadvantage of this approach, however, 

is that in cases where the process of interest is truly a 

moving average or a mixed-type process, the final spectral 

estimate has a functional form entirely different from that 

which actually obtains, and thus no estimates for the actual 

process coefficients are found. Furthermore, in cases where 

the actual spectral function has zeros near the unit circle, 

only an excessively large model order will suffice to re¬ 

duce the approximation error to an acceptable level. This 

has been adequately demonstrated by the computational exam¬ 

ples. In practice, all-pole estimates can be useful in deal¬ 

ing with pure autoregressions (in which the results are true 

estimares of the autoregressive coefficients), processes with 

slowly varying low-pass spectra, and the simpler resonant pro¬ 

cesses. When these conditions can be assumed, the all-pole 

approach is sure, efficient, and easily analyzed from the 

standpoint of probable error. 
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If, for whatever reason, an all-pole estimate will not 

suffice for the purpose at hand and there exists sufficient 

knowledge beforehand for assuming the numerator and denomi¬ 

nator orders of the system function generating the process, 

it is possible to carry through an analysis which yields 

separate estimates of the moving average and autoregressive 

factors of the spectrum. The first step of this procedure 

outlined in Chapter IV, where separate estimates for the 

autoregressive coefficients were derived from the correla¬ 

tion relationships existing in a process of mixed type. 

These estimates are unbiased and consistent, and the effects 

of statistical error are readily predictable. As shown in 

particular by Example f 5, however, this statistical error 

can be substantial unless a large sample size is available. 

This is basically because the present calculations are 

largely based on mean lagged products of relatively long 

lag, and statistically these are much more variable than 

those for small lag. 

Assuming that the process under examination is of mixed 

type, the spectral density can be factored as the product of 

the autoregressive spectrum associated with the coefficients 

estimated by the method of Chapter IV, and a moving average 

spectrum associated with the coefficients of the system 

function numerator polynomial. Following the argument of 

Chapter IV, a digital filter can be devised using the esti¬ 

mated autoregressive coefficients, which, when driven by the 

original process, will yield the moving average inherent in 
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the generation of the former. To be sure, the filter output 

will only approximate the true moving average because of es¬ 

timation errors in the autoregressive coefficients. The 

quality of the approximation, however, is directly related 

to the estimate covariances and can thus be taken into account 

in judging the quality of the final spectral estimate. 

If sufficient confidence can be placed in the approxi¬ 

mate moving average, a sample sequence can be used to obtain 

mean lagged products for analyzing the moving average factor 

of the original spectrum. Several metnods for analyzing mov¬ 

ing average processes were discussed in Chapter V. The first 

of these was simply all-pole estimation to yield an autore¬ 

gressive model for the moving average part. When this is 

used in combination with the estimate for the autoregressive 

factor of the original spectrum to give a total estimate for 

the latter, the result is again an all-pole function, which 

unfortunately will be a suboptimum representation of the true 

spectrum in comparison with the approximation of the same 

order derived more simply by the method of Chapter III. Thus, 

there would appear to be no advantage to this approach in 

most cases. 

Turning to methods which indeed supply individual esti¬ 

mates of the moving average coefficients, the first consid¬ 

ered was Wold's. This approach begins with a sequence of 

mean lagged products and a known or assumed moving average 

order and supplies the coefficients of that unique moving 

average process - of the given order - whose theoretical cor- 
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relation sequence matches the observed data. The procedure 

is analytic,, and no approximations are involved. Intuitively, 

this is very appealing, and only in practice do certain 

shortcomings appear. As we have seen, the correlation se¬ 

quence of a moving average must obey certain conditions, and 

if these are violated by the observed sequence of mean lag¬ 

ged products, Wold's procedure can naturally supply no solu¬ 

tion unless certain rather arbitrary approximations are made, 

-n practice, this happens quite frequently, particularly 

when the original process has spectral zeros near the unit 

circle. Another problem occurring with Wold's method is the 

computational difficulty associated with the factoring of 

the polynomial V(r) and the necessity of solving quadratic- 

equations with complex coefficients. If the order of the 

moving averages to be studied exceeds 4, these make the ap¬ 

plication of the method forbiddingly inconvenient, especial¬ 

ly if a general purpose computer algorithm is ultimately 

desired. Another peculiarity of Wold's approach is the ex¬ 

treme sensitivity of the coefficient estimates to even small 

changes in the mean lagged products. Thus, although the 

final spectral estimate is precisely what would be found by 

^-transformation of the mean lagged product sequence, the 

coefficient estimates themselves can be wide of the mark. 

This is shown, for instance, in the treatment of Example # 2, 

a pure moving average for which there is no question of 

approximation error. No attempt has been made to derive ex¬ 

pressions for the statistical error present in the Wold co- 
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efficient estimates. The complexity and non-iinearity of 

the estimation equations have prevented this, and on, can 

only judge the quality of the spectral estimate as a whole 

by considering the statistical properties of the mean lagged 

products. If the goal of the analysis is really the set of 

moving average coefficients, Wold’s approach provides no 

means for determining their statistical error. 

The greatest advantage of the spectral inversion tech¬ 

nique is that it always yields a solution. In addition, it 

is computationally simple, requiring essentially only the 

same operations used in all-pole estimation. The principal 

disadvantage of the method is the unavoidable approximation 

error that arises due to the first step of the procedure, 

where the process of interest is represented as a finite 

order autoregression. It has been shown above that the amounl 

of the final approximation error is closely related to that 

found in this first step and manifests itself as a bias in 

the final coefficient estimates. This bias was actually ob¬ 

served by Durbin[36i in his experimental work on a first or¬ 

der moving average, and a theoretical prediction of its mag¬ 

nitude in the first order case is presented by Walker1241. 

« any rate, as the intermediate model order is increased 

the final approximation error (and the coefficient bias) win 

tend to zero. If the moving average of interest requires a 

high order all-pole model for sufficient accuracy, the order 

of the intermediate model required in the spectral inversion 

procedure will similarly be high. It could be said, there- 
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fore, that the present method suffers from the same limita¬ 

tions as all-pole estimation. This is not strictly true 

since the ultimate result is of limited order and represented 

in the correct functional form. The computational complexi¬ 

ties of a high intermediate model order are, so to speak, hidden 

behind the scenes. 

The amount of statistical error in the final moving 

average coefficient estimates is very difficult to compute 

exactly, and again one is moved to consider spectral error 

as a whole. Durbin’s approximate result, however, seems to 

provide an adequate estimate of the statistical error, and it 

car. be used with confidence. In a practical application, 

the required intermediate model order can be determined by 

the leveling off of the all-pole variance estimate in the 

first step of the procedure, and the statistical error can 

then be estimated using Durbin's expression with the covari¬ 

ance matrix of the second step. 

On the whole, it appears that the spectral inversion 

technique is the best suited for use in a general purpose es¬ 

timation algorithm for mixed-type processes . In combination 

with the method of Chapter IV for determining the autoregres¬ 

sive coefficients, it can easily be implemented on any dig¬ 

ital computer with means for manipulating standard matrix 

expressions. Such an algorithm is shown diagrammatically in 

Figure 7-1, where it is assumed that the intermediate model 

order for the spectral inversion is found by successively 

increasing the order until the variance estimate levels off. 
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If the intermediate model order can be pre-set to some stand¬ 

ard sufficiently high value, even this iteration is unneces¬ 

sary. The statistical e:-r ir for both sets of coefficients 

can be readily determined from matrix inverses computed dur¬ 

ing the course of the estimation itself and sample sizes ad¬ 

justed accordingly. it should be remembered, however, that 

the present procedure can only be applied when the orders of 

the numerator or denominator polynomials are assumed (or 

known) beforehand, when this information is lacking, an all- 

pole estimate for the entire process may be more appropriate. 

As noted in Appendix A, sets of mean lagged products 

were also computed for processes generated by driving the 

standard system functions used for the Gaussian examples with 

a sequence of uniformly distributed random numbers, normal¬ 

ized to unit variance. These were used to provide computa¬ 

tional examples of the application of the several estimation 

procedures to non-Gaussian processes. m every case, the 

results obtained were so similar to those found in the corre¬ 

sponding Gaussian example that no point is served in present¬ 

ing the detailed find ngs here. Both the sets of coefficient 

estimates and the corresponding spectral functions displayed 

errors of the same magnitude found in the Gaussian cases, and 

these in turn were well predicted by the appropriate error 

analyses. Although the latter were derived for the most part 

by assuming Gaussian statistics, their predictions were found 

to be perfectly adequate here. Although the amount of ex¬ 

perimentation performed upon non-Caussian cases was limited. 
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it seems safe to conclude that the results of the studv 

apply adequately to such processes in practical situations. 

It should be recalled, in fact, that the Gaussian assumption 

was only used above in analyzing error performance and not in 

deriving the estimation equations themselves . 

The results developed in Chapter VI can be used to fur¬ 

ther reduce the computational effort of a spectral analysis 

when data is continually arriving or when statistical consid¬ 

erations require the extension of tne estimate over larger 

sample sizes. The approximate method derived on the basis 

of Faddeeva's theornnis best suited for extrapolating the es¬ 

timates over large blocks of additional data - on the order 

of 1/10 to 1/2 the original sample size. The exact result, 

based on the matrix inversion lemma, is most useful for de¬ 

monstrating theoretically the role played by each individual 

sample in determining the final estimate values. It is quite 

possible that this result could be extended to provide a 

practical recursive estimation scheme, and this stands as one 

of the most promising areas of future research. 

B. Suggestions for Further Research 

The following topics, suggested by the findings of the 

study, are considered to be logical extensions of the present 

work : 

With the exception of direct all-pole estimation, the 

methods considered here have all required an a priori assump¬ 

tion of the moving average and autoregressive orders of a 
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mixed-type process. Perhaps the most interesting area of 

further study is that of finding some means for satisfying 

this requirement on the basis of observations; of the process 

itself. This would seem to have two parts. The f’r-t is 

the search for methods to determine a reasonable estimate of 

the required polynomial orders on the basis of either the 

observed correlation structure of the process or a rudimen¬ 

tary spectral estimate, such as an all-pole approximation. 

The second is a theoretical and experimental study of the 

effects on tne spectral estimate of hypothesizing the wrong 

orders and proceeding on that basis. As we have seen in the 

computational examples, it is possible for two system func¬ 

tions of totally different form to yield very similar spec¬ 

tra, and thus such an incorrect working hypothesis might 

nonetheless provide a good spectral estimate. A closely re¬ 

lated problem is raised in considering the use of the esti¬ 

mated coefficients in adaptive filtering and control. If 

the filters used are based on an erroneous assumption of the 

functional form of the filtered process, do practical diffi¬ 

culties arise even though the spectral estimate itself is 

very good? 

In dealing with sample sequences of actual data, it is 

straightforward to fit a moving average or autoregressive 

model by successively increasing the model order until fur¬ 

ther additions are statistically insignificant. With no 

knowledge beforehand, however, the fitting of a mixed-type 

model is not so obvious, and here is where the investigations 
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proposed above may be of qreat aid. Another approach might 

be the formulation of an iterative strategy m which both 

numerator and denominator orders could be manipulated to 

achieve an optimum fit to the da^u. It is not clear, though, 

last what criterion of optimality could be devised m the 

ace of a complete lack of a priori knowledge of the form of 

the process, but studies along these lines would be of areat 

interest to those working in practical spectral analysis. 

The estimates presented here have been shown -c be at 

least aoymptotically unbiased and consistent. It would be 

desirable to extend these results to show to what extent 

they are efficient in the narrow statistical sense. As 

noted above, this has already been cone by Durbin136J for 

his version of the spectral inversion technique, and much can 

be inferred for all-pole estimates since they can be shown 

to have maximum likeihood in the Gaussian case, but for Wold's 

method and the autoregressive coefficient estimates of 

Chapter IV, no similar results seem to be available. The 

whole question of estimate optimality should probably be re¬ 

examined for this application from a more fundamental Point 

of view. A good beainning is provided by Durbin's concept 

of "best unbiased linear estimates"N°1, and several other 

areas of recent statistical estimation theory would be use¬ 

ful here. 

It has already been mentioned that the results of 

Chapter VI hold promise of borne, farther developed along the 

lines of sample-by-sample recursive estimation. Many of the 
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í 39 1 
ideas presented by Lee are applicable here, and the 

principal difficulties seem to lie in formulating adequate 

representations for the estimation schemes in recursive 

terms. Once this is done, it should be possible to devise 

efficient means for providing spectral parameter estimates 

based on a sliding data "window" with up-dating at the ar¬ 

rival of each new sample. This would have broad practical 

application . 

Finally, there is the investigation of possible appli¬ 

cations for regressive models in adaptive filtering, pro¬ 

cessing, and control. Following the original work of 

[18] 
Steiglitz , the use of an autoregressive model for the 

adaptive reconstruction of a continuous signal from its sam¬ 

ples was treated by Tretter and Steiglitz1411, and an adap¬ 

tive matched filter was proposed by Steiglitz and Thomas ^42^. 

The additional flexibility and representational accuracy 

available from the mixed-type model should open further areas 

to this approach, and it is hoped in particular to use such 

a scheme to aid in the detection of a signal in a noise back¬ 

ground of changing character. Success in these areas depends 

largely on solving the problems described above in connection 

with hypothesizing an appropriate model order, but if this 

is done, regressive models will be of great use in many such 

applications . 
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APPENDIX A 

FIVESPECTRAL EXAMPLES 

To demonstrate the application of the estimation prin¬ 

ciples derived in the main body, five standard spectral ex¬ 

amples have been generated and used. Sample sequences of 

processes corresponding to these spectra were produced on a 

digital computer by passing a sequence of uncorrelated 

Gaussian random numbers through a digital filter in the form 

of a recursive equation. The resulting number sequences 

were used for the calculation of the mean lagged products 

needed in all of the estimations. This Appendix indicates 

the rationale followed in selecting the examples, describes 

them in detail, and provides tables of the computed raw data. 

The oasic guidelines for the choice of the examples were 

as follows: 

a. ) It was felt necessary to include at least one of 

each of the three types of processes treated here, i.e. the 

moving average, the autoregression, and the process of mixed 

type. 

b. ) Insofar as possible, the examples were chosen to be 

typical of signals that might be met 1^ practical problems. 

This required principally that the spectra] magnitude tend to 

zero at the argument equivalent to half the sampling frequency, 
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so thaï the resulting sequence could be taken to represent 

sampled continuous signals with negligible aliasing. 

c. ) For relative easf> of computation, the maximum or¬ 

der of the numerator and denominator polynomials of the asso¬ 

ciated system function was taken to be 4. This also helped 

to insure that numerical complexity did not swamp the im¬ 

portant conceptual points. 

d. ) In accordance with the assumptions male for the 

theoretical work, no poles or zeros of the system function 

were allowed outside of the z-plane unit circle. 

e. ) At least one example had to have several narrow 

spectral peaks so that the "resolving power" of the several 

estimation methods could be compared. 

As noted in the main body, the sampled power spectra can 

be expressed as functions of the real radian frequency u by 

making the substitution z = elwl , where is the sampling in¬ 

terval in seconds. In this form, the spectral functions will 

be periodic in w with period 2w/T. Furthermore, the spectra 

are even functions of w, and that portion lying between 

ai = w/T and to = 2w/T will be the mirror image of the segment 

between ui = 0 and u> ~ w/T. For this reason, the spectral 

plots found in this Appendix and throughout the main body are 

presented only for the range 0<u><n/T. In addition, the spec¬ 

tra are plotted against the variable 

v = uiT/w 
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with corresponding range 0<v<l, Thus v = 1 represents half 

the sampling frequency, or the nominal maximum frequency 

present in the corresponding continuous spectrum. 

1. Standard Example # 1 

The first example is a 4th order autoregression with 

system function 

B ( z ) i -X--——---- 
1 -2.036z + 1.812z_/ -0.770z~3 !- 0.129z"4 

In all of the examples proposed here, the variance of the 

input noise sequence is unity. Thus, with nt an uncorrela¬ 

ted sequence of unit variance, the difference equation re¬ 

presentation becomes 

xt - nt + 2.036xfc_1 - 1.812xt 2 + 0.770xt 3 - 0.129xt_4 

and the spectral magnitude is plotted in Figure A-l. This 

example, which yields a relatively flat low-pass spectrum, 

was obtained by transforming the poles of a (continuous) 4th 

order low-pass Butterworth filter into their z-plane equiva¬ 

lents using the relationship 

If the cut-off frequency of the filter is taken to be one 

eighth the sampling frequency, to limit the degree of aliasing 

the four z-plane poles become 
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Zp , zp = 0.55 j i- iO.491 
12 

Zp , Zp = 0.463+10.143 
3 F4 

Ihe system function is then written as a product of factors: 

HU) 
4 n 

3 = 1 

1 
U - Zp7zT 

j 

to (jet the final form. The z-plane pole-zero oattern is 

portrayed in Figure A-2, where it should be noted that in- 
A, 

herent in H(z) is a 4 order zero at the origin. For prac¬ 

tical purposes, this can be ignored, since it disappears 

from the spectral expression H(z)H(z-1). 

Using the methods of Section E of Chapter II, the theo¬ 

retical autocorrelation sequence for the process and the 

unit sample response of the associated system can be com¬ 

puted from the recursion coefficients. The first terms of 

these sequences are found to be 

W (j)J = 15.24370, 13.15450, C.22859, 2.95809, -0.72498, 
j=0 

-2.19703, -1.94326, -0.91528, 0.05949,. 

oo 

ih.} = 1.0, 2.036, 2.33333, 1.83136, 0.93943, 0.12826, 
3 j = 0 

-0.33197, -0.42117, -0.27841, . 

These are plotted in Figure A-3. 
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FIG, A-1 NOMINAL SAMPLED POWER SPECTRAL DENSITY FOR STANDARD EXAMPLE O 

MG. A-2 Z-PLANE POLE-ZERO PATTERN FOR THE SYSTEM FUNCTION OF EXAMPLE "I 
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FIG. 

- 8 
-F 

- 6 
4 6 

FIC. A-3A THEORETICAL AUTOCORRELATION SEQUENCE FOR EXAMPLE *1 

A 3B UNIT SAMPLE RESPONSE FOR THE SYSTEM ASSOCIATED WITH EXAMPLE F 
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2. Standard Example # 2 

The second example is a 4 order moving average with 

system function 

A(z) = 1 + 2.036z*1 + 1.812z“2 + 0.77G¿“3 + 0.129z"4 

2 
and input variance a = 1.0. As a difference equation, the 

process is represented as 

nfc + 2.036nt_^ + 1.812nt_2 + 0.770nt_2 + 0-l29nt_4 

with spectral amplitude shown in Figure A-4. This low-pass 

spectrum was obtained by changing the poles of the first ex¬ 

ample into zeros and reflecting them about the z-plane im¬ 

aginary axis. The four system function zeros become 

, z_ = -0.553 + iO.491 
21 Z2 

z , z_ = -0.463 + iO.143 
2 3 2 4 

as shown in the pole-zero diagram of Figure A-5. Again using 

the methods of Chapter II, the theoretical autocorrelation 

sequence for this example emerges as 

Uvv(j); = 9.03818, 7.21980, 3.61347, 1.03264, 0.12900, 
XX j-0 

0, 0, 0, . 

and the unit sample response is 
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EIG. A-4 NOMINAL SAMPLED POWER SPECTRAL DENSITY FOR STANDARD EXAMPLE *2 

f IG. A-5 Z-PLANE POLE-ZERO PATTERN FOR THE SYSTEM FUNCTION OF EXAMPLE *2 
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* <f> (i) 
I 

10 4- 

, L L . 
-4 -2 0 2 4 

FIG. A-6A THEORETICAL AUTOCORRELATION SEQUENCE 

FOR EXAMPLE »2 

FIG. A-6B UNIT SAMPLE RESPOf SE FOR THE SYSTEM 

ASSOCIATED WITH lAAMPLE 

227 



NOLTR 70-109 

{hj}. = i*0' 2.036, 1.812, 0.770, 0.129, 0, 0, 0, . 
J 3 = 0 

These are both displayed in Figure A-6. 

3. Standard Example # 3 

The third example is a process of mixed type that pro¬ 

vides a resonant spectrum roughly analogous to that observed 

in passing white noise through a series resonant RLC circuit. 

The system function and recursive representations are given 

by 

H(z) A ( z) 
B ( Z ) 

1 - 0.859z 

1 + 0.8^3z 

and 

xt = nt - 0-859nt_1 - 0.853xfc_2 

and the spectrum is plotted as Figure A-7. The resonant fre¬ 

quency occurs at one quarter of the sampling frequency - or 

V = 0.5 on the normalized scale - and the Q of the system is 

10. The important z-plane poles and zeros are given by 

Zp ,z = + iO .9245 
1 2 

z7 = 0.859 
Z1 

As seen in the pole-zero plot of Figure A--8, there is also a 

single zero at the origin. The initial portions of the theo¬ 

retical autocorrelation and unit sample response sequences 

are given by 
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FIG. A-7 NOMINAL SAMPLED POWER SPECTRAL DENSITY 

FOR STANDARD EXAMPLE »3 

MG. A-8 Z-PLANE POLE-ZERO PATTERN FOR THE SYSTEM FUNCTION OF EXAMPLE 
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FIG. 

^ (i) 
XX 

10- 

FIG. A-9A 
theoretical autocorrelation 

EXAMPLE #3 
SEQUENCE FOR 

A-9B 
UNIT RESPONSE POR THE SYSTEM ASSOC,ATED 

WITH EXAMPLE #3 
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Uxxí:,))j = o = 6.38011, -0.46357 , -5.44220 , 0.39543 , 4.64222 , 

-0.33730, -3.959PI , 0.28772, 3.37772, . 

00 

íhj}j=0 = 1‘°' '°*859' -0-853, 0.73272, 0.72761, -0.62502, 

-0.62065, 0.53314, 0.52941, 

and these are plotted in Figure A-9. 

4. Standarj_Example # 4 

The fourth example is constructed as the tandem connec¬ 

tion of two digital systems of the type of the third example 

to yield a spectrum with two resonant peaks. This is shown 

in Figure A-10. The system and recursion equations are 

H(z) = ~\Zl- =_1 - 1.7835z"1 + 0.793z"2 
B ( Z ) 1 - ZT5-5- 

1 - 1.337z + 1.632z 2 - 0.987z~3 + 0.660z"4 

and 

xt = nt " 1'78:i5nt-i + 0 •793nt-2 

+ 1,337xt-l " 1*632xt_2 + °-987xt_3 - 0-660xt_4 

and the important poles and zeros are given by 

z7 « 0.8590 
Z1 

z7 = 0.9245 
Z2 

zp ' z =+ iO.8590 
1 *2 

zd ' zp = 0.667 + iO.667 
3 r4 
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i 
I 

FIG. A-1 0 NOMINAL SAMPLED POWER SPECTRAL DENSITY FOR STANDARD EXAMPLE U 

lm 

FIG. A-1 1 Z-PLANE POLE-ZERO PATTERN FOR THE SYSTEM FUNCTION OF EXAMPLE #4 
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U (i) T XX 

5- - 

FIG. A-12A THEORETICAL AUTOCORRELATION SEQUENCE 

FOR EXAMPLE U 

M 

- 1 

FIG. A-I2B UNIT SAMPLE RESPONSE FOR THE SYSTEM ASSOCIATED 

WITH EXAMPLE M 
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These are shovm in Figure A-ll. Note that there is also a 

double order zero at the origin. The present example dis¬ 

plays resonant peaks at v = o. 25 ar.d v ~ 0.5 , with respec¬ 

tive Q*s of 7 and 5. As shown in Figure A-12, the autocor¬ 

relation and unit sample response sequences are given by 

o» 

Uxx(j)}^o » 5.58831, 1.20165, -3.33402, -1.69611, 0.67117, 

-0.41836, -1.12832, 0.95610, 2.26384, . 

oo 

“ -1-0, -0-4 4650, -1.43597, -0.20421, 0.96979 , 

0.50725, -0.15830 , 0.05247, 0.18910 ,. 

5. Standard Example # 5 

The last example is similar to the preceding one in that 

it has the same number of poles and zeros and since these are 

arrayed in the z-plane in roughly the same way. The root 

positions have been juggled, however, so that the two spec¬ 

tral peaks of the 4th example have coalesced into a single 

relatively broad peak, giving the spectrum of Figure A-13. 

This can be considered to be a band-pass spectrum centered 

at V * 0.4. The system and recursion equations are 

H (z) = ■ =-1 - 1.74z"1 + 0.81z~2__ 

1 - 1.352z + 1.338z ^ -0.662z ^ + Q.240z-^ 

xt = nt - l-74nt_1 + 0.81nt_2 

+ 1.352xtl - 1.338xfc_2 f 0.662xt3 - 0.240xt_4 
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FIG. A-15A THEORETICAL AUTOCORRELATION SEQUENCE FOR EXAMPLE *5 

FIG. A-I5B UNIT SAMPLE RESPONSE FOR THE SYSTEM ASSOCIATED WITH EXAMPLE *5 
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The system poles and zeros are given by 

0.86S + 10.233 

0.495 + iO.495 

0.181 + iO . 676 

with an additional double order zero at the origin (See 

Figure A-14.). Again using the methods of Chapter II, the 

following autocorrelation and unit sample response sequences 

are found : 

{4,xx(j)} * 2.99383, 0.45912, -1.83151, -1.21878, 0.38819 , 

* J 0.03291, 0.23943, -0.24124, -0.18829, . 

{h.} = 1.0, -0.38800, -1.05258, -0.24194, 0.58439, 

^ ° 0.51023, 0.00023, -0.23731, -0.12369, . 

These are plotted in Figure A-15. 

6. Generation of Sample Sequences and Mean Lagged Products 

The sample sequences from which the mean lagged products 

were computed were generated on a General Electric System 265 

digital computer by means of a remote time sharing station 

from which programs in the «ASIC language[al could be executed 

One of the built-in functions of this language is a random 

number generator which on call will yield a random number uni¬ 

formly distributed between 0.0 and 1.0. These were converted 
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to approximately Gaussian random numbers of zero mean and 

unit variance using the method of Juncosa^. This uncorre¬ 

lated Gaussian sequence was used as the variable to "drive" 

the recursive equations which generated the process sample 

sequences. The first thousand values of x^_ produced after 

the onset of computation were thiown away to eliminate any 

starting transients" that might have been present. Then, 

mean lagged products for up to 8 lags were computed using 

formula (2-70) for 100, 200, 500, 1,000, 2,000, and 5,000 

samples, and these were tabulated as raw material for the 

spectral analyses. To check the quality of this data, the 

theoretical standard deviations for the mean lagged products 

were calculated using the equations of Section F of Chapter 

II and used to see if the measured values lay within one 

standard deviation of the mean of the sampling distribution. 

Except for a few out-liers, whose occasional appearance is to 

be expected, this was found to be true. 

Tables A-l through A-5 present the computed mean lagged 

products for the five standard examples, along with the theo¬ 

retical auto- and cross-correlation sequences out to 8 lags. 

Also indicated in the tables are the standard deviations for 

^xx^) ^or several sample sizes, and these can be used as 

a quick means of evaluating the statistical reliability of 

the data. 

A smaller set of mean lagged products for the same pro¬ 

cess system functions was generated using the uniformly dis¬ 

tributed number sequence (with normalization to unit variance) 
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directly as input to the recursive equations. This data 

was used to provide examples of the spectral analysis of non 

Gaussian processes. 

References for Appendix A : 

. nand i<urtz, T.E., A Manual for BASIC, Dart¬ 
mouth College, Hanover, New Hampshire,“ 196 5. 

b.) Juncosa, M.L., Random Number Generation of the BRL High- 

Groundf^H'^9 Machines"' ^.S. Army, Aberdeen Proving 
Grounds, Aberdeen, Maryland, Ballistics Research 9 
Laboratory, Report # 855, May 1953. 
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APPENDIX B 

A Linear Least Squares Approach__to All-Pole Approximation 

In this derivation of the least squares all-pole approx¬ 

imation, it is assumed initially that the general process 

can be written in the form 

M 
X. = e - I d.x . (B-l) 
t t ■ = 1 3 t-] 

where is a random variable of zero mean and unknown vari¬ 

ance. This is to say that x^. can be expressed as a linear 

combination of its own past values and a random perturbation 

that can be interpreted as a prediction error. In the least 

squares approach, the coefficients {d^} are chosen such that 

the mean square value of the random component of xfc is mini¬ 

mized. Once this is done, xfc can be predicted on the basis 

of its M most recent values with the smallest possible mean 

square error. 

If, from equation (B-l) 

M 
t. - l d.x. .,d„ = l 
t j=0 1 t-3 0 

then 

2 M M 
€. = l l d . d, x^_ . x^ . 

3=0 k=0 T k fc-k 

( B-2 ) 

(B-3) 
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and taking the expected value yields 

—2 M M 
c = l T. d d (j-k) (B-4) 

j=0 k=0 ^ ^ xx 

The set id^} which minimizes must satisfy the system 

, 2 
' c t 

~3'd— = 0 - 3 = 1-2 , . . . fM (B~5) 
j 

and using equation (B-4), 

M 

^ dk^xx(k_3) = 0, j - 1,2,.. .,M (B-6) 
k=0 xx 

This is the same set of equations derived in the main text. 

To find the minimum mean square value of the random 

component when equation (B-6) is satisfied, equation (B-4) 

written as 

7 
c 
t 

M 
l 

k=0 
dk*xx<i-k) (B-7) 

The inner summation vanishes except when j * 0, and hence 

min 

M 
l 

k=0 
dk‘xx(k) (B-8) 

It is instructive to investigate the correlation properties 

of the random component et. (k) is found by multiplying 

equation (B-2) by xfc_k and taking the expected value. The 

is 
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result is 

M 

*xt{k> = £ d-i^Ci-k) 
j-0 j xx (B-9 ) 

By inspection, 

M _ 

I d . 41 ( j ) = E ^ 
i=0 3 xxlJ/ £t . 
J u nun 

(B-10) 

and by equation (B-6), 

♦xeik) = 0, k = 1,2.m 
(B-ll) 

Thus, the random component o£ *t is uncorrelated with the 

last M values of the process. *cE(k> is found by multiplying 

equation <b-2, by and taking the expected value: 

M 

♦tt00 = £ d-i*xr |lc+j> 
-,=0 J Xe 

E£(0) is, of course, equal to r,2 

mm 
t and thus 

M 

• E di<,>x\(:’) j=0 J xx 

(B-12) 

(B-i3) 

For a general process, equation (B-12) indicates that ct is 

not an uncorrelated sequence: ^(k) is non-zero „nen ktis 

non-zero, only if *t is lndeed a„ „th order autoreqression 

can tt be shown to be uncorrelated. m the general case, how¬ 

ever, it can be shown that tt becomes uncorrelated rn the 
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limit of large M when the magnitude of * (j) decreases ra- 
XX 

pidly enough with its argument. This requirement is essen¬ 

tially that of stability for the process. 

If a mixed type process is represented as a finite 

order autoregression^with coefficients {d.} and input noise 

variance equal to e 2 , the approximation error of the model 
min 

can be interpreted as arising from the assumption (inherent 

in the autoregressive representation) that the random com¬ 

ponent is an uncorrelated sequence. As we have seen, this 

i' not true except where xt is an Mth order autoregression 

to begin with. 

Equations (B-6) and (B-8) are identical with those de¬ 

rived for the all-pole approximation in the main text and 

also with those found for Gaussian processes by maximum like¬ 

lihood arguments. 
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APPENDIX C 

RECKRS!VE CALCULATION OF AUTOREG RE SSIVE MODELS 

The results to be developed here are presented in both 

Bartlett ^ and Whittlef20^ ^ «nirtie , where reference is made to 

sources that seem generally unavailable. This Appendix pre¬ 

sents a derivation of the equations describing the relation¬ 

ship between the coefficients of the (M + l,th and Mth auto¬ 

regressive models for a process and thus shows how a recursive 

estimation scheme can be carried out. The result is then ex¬ 

tended to indicate the relationship between successive values 

of the input variance estimate, and it is demonstrated that 

these must be monotonically decreasing. 

If the theoretical autocorrelation sequence for a dis¬ 

creteóme series is denoted *(j), and the coefficients of 

the M order autoregressive model are denoted {d (MH M 

(where d(jM) = 1) , then k k=0 

M 
E d 

k=0 

(M) 
k ( j-k) 0» j = 1,2 /M 

For the (M + l)th order model. 

(C-l) 

M+l 
l d 

k=0 

(M+l) 
k (j-k) 0, j = 1,2 ,M+1 (C-2) 
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The first M equations of the latter can be written as 

1 «-D * ♦(:) » o, j - i,2.m 

(C-3) 

Similarly, the equations of (C-l) can be written 

M 
l d 

k=l 

(M) 
k 

(j-k) + 0(j) 0 , j = 1,2,... ,m (C-4) 

and when they are subtracted from the equations of (C-3) 

the result is 

M 
E 

k=l 

(C-5) 

j = 1,2 , . . . ,*M 

<Mj-k) + 
= 0 

Defining 

j(M+1) (M) 
k "dk (C-6 ) 

equation (C-5) cem be expressed as 

= -d 
(M+l ) 
M+l 

^ (M) 

♦ (M-l) 

(C-7) 

* (1) 
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where (^) is the theoretical process covariance matrix defined 

in the main body. The solution to (C-7) is written directly 

as 

-d 
(M+l) 

M+l r 
0 (M) 

$(M-l) 

¢(1) 

(C- 8) 

and this should be compared with the solution of the system 

of equation (C-3): 

(M) 

(M) 

(M) 
M 

¢(1) 

¢ (2) 

(M) 

(C-9 ) 

Because of the symmetry of (J)"1, equation (C-9) can be written 

(M) 

, (M) 
M-l 

Id 

L 1 
• (M) 

r 
¢ (M) 

¢(M-l) 

¢(1) 

(C-10) 
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and combining (C-8) and (C-10), 

f 
k M+l 

d(M) 
M+l-k (C-ll) 

or 

d(M+1) 
ak + d 

(M+l) 
M+l 

, (M) 
M+l-k 

k = 1,2 

(C-12) 

There remains the problem of finding d^^1) • The last e ua- 
M+l 

tion of the system (C-2) is first written 

E d^M+1)*(M+l-k) 
k=0 K 

0 (C-13) 

The partial result of equation (C-12) is now substitued into 

equation (C-13) to yield 

E d/M) <(i (M+l-k) 
k=0 

+ , (M+l) 
M+l 

M+l 
E 

k=l 
d 
(M) 
M+l-k 

i(M+l-k) 0 (C-14) 

The second summation is identical with E d,(M)((.(kî 

k=0 ^ 

d 
(M+l) 
M+l 

- E d (M}^(M+]-k) 
k = 0 K_ 

i d¿M)*(k) 
k=0 K 

and hence 

(C-15) 

Together, equations (C-12) and (C-15) provide the means for 

computing the d^M+1) from the d]JM) . 

The variance estimates for the Mand (M+l)th order 

models have the form respectively 
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V - z cl5M)*0O (G- 16a) 
k=0 K 

M+1 

VM+I = E dkM+i,^k^ (C-lCb) 
k=0 

Substituting equation (C-12) into equation (C-16b) and using 

(C-16a) gives 

M+l VM + dM+l 
(M+l) (M) 

dM+l-k^k) 
(C-17) 

und after manipulatinr the indices of summation, 

M+l 

M 
V.. + d^nTi; I d$ (M+l-k) M 

(M+l) 
'M+l 

k=0 

(M) 
‘k (C -18 ) 

Now it is noted that equation (C-15) can be written 

,(M+1) 
M+l 

-A 
M 

M 
(C-19) 

where we have defined 

M 
M (M) Z d,' .i (M+l-k) 

k = 0 K 
(C-20) 

Now equation (C-18) becomes 

M+l 
= V 

M 
^m“ 

(C-21) 

and if is non-zero, 

V < V 
M+l VM ( C - 2 2 ) 
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r'u r traerme re,. by considerinq the form of the system of equa¬ 

tion (0-1), it becomes apparent that A can not be zero if 
yy - 

a solution for the exists. Thus, v must be monoton- 
J M 

icaily decreasing for increasing The only exception to 

this condition is when the process of interest is truly an 

M order autoregression, in whicn case d^t1) will vanish, 

and by equation (C-18) , 

V 
M+l 

S3 

M (C-2 3) 
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