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FOREWORD 

This report is a technical summary reporting the progress of a 

study conducted by the Digital Systems Laboratory of the Electrical 

Engineering Department, Auburn University. The study is focused 

toward fulfillment of Contract No. DAAH 01-68-C-0296, granted to Auburn 

University, Auburn, Alabama, by the Army Missile Command, Huntsville, 

Alabama. 
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AN ALGORITHM FOR FAST BOOLEAN FUNCTION MINIMIZATION 

USING PROPERTIES OF THE CELLULAR N-CUBE 

C. C. Carroll and W. A. Hornfeck 

ABSTRACT 

Properties of the cellular n-cube representation are used to 

advantage in developing a fast algorithm for finding the prime implicants 

of a Boolean function. The algorithm is discussed and several examples 

are included showing computer solutions to selected Boolean function 

minimization problems. The complete PL/I source program listing for 

the automated algorithm is included. 
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I. INTRODUCTION 

The problem of determining the prime implicants of a Boolean 

function [1], [2], [3], [A], was treated by C. C. Carroll and G. E. 

Jordan in a previous report [5]. An automated design algorithm was 

developed which could quickly produce ; list of prime implicants in 

a form from which the minimum subset of prime implicants that cover 

the function could be chosen. The algorithm was based on properties 

of the cellular n-dimensional cubic representation [6], theorems per¬ 

taining to the containment of cells by other cells and a three-valued 

representation of variables in the function [7]. These representations 

along with the containment relations permitted the fast determination 

of the prime implicants of a function expressed in cellular notation. 

In this report, the original FORTRAN source program has been 

converted to a PL/l source program and has been modified so that it 

can also reduce Boolean functions containing "don't care" terms. In 

addition, the present program is capable of handling Boolean functions 

of order 13 without special computer requirements if the number of 

minterms is not excessive; added storage requirements may be needed 

if the number of minterms is large and the function is of order 12 or 

13. Adjustable length arrays have been used in a manner which mini¬ 

mizes the amount of storage area needed at any given point in the pro¬ 

gram. 
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Chapter II outlines the automated algorithm used for the minimi¬ 

zation program. A general flowchart of the entire algorithm is included. 

The computer program is explained using this general flowchart along 

with additional flowcharts which are used to show portions of the general 

program in greater detail. The basic algorithm is the same as that used 

in the original FORTRAN version of the minimization program. Chapter 

III oresents several examples of Boolean function minimization problems 

which have been solved using the programmed algorithm. 

Two appendices are included in the report. Appendix 1 contains a 

discussion of the cellular representation and properties of Boolean 

tunctions. This appendix is a condensed version of a more complete ac- 

cot it given by Carroll and Jordan in Chapter II of the original report. 

Appendix 2 contains the complete PL/I source program listing of the 

Boolean function minimization program. 



II. THE ALGORITHM 

The theorems which are outlined in Appendix 1 are used to construct 

a computer algorithm which quickly determines the prime implicants of 

a Boolean function. The algorithm also provides for automatically check¬ 

ing for the essential prime implicants. Finally, constraint equations 

are automatically generated for all minterms which are not included in 

essential prime implicants. The constraint equations are actually a 

listing of all prime implicants which contain a particular minterm. 

A flowchart illustrating the main procedures used in the algorithm 

is shown in figure II-l. In the following paragraphs, we will discuss 

this general flowchart and each step of the general procedure will be 

broken down in further detail in subsequent flowcharts. 

Referring to figure II-l, the first block of the programmed algorithm 

is the declaration of attributes for all variables and arrays to be used 

in the program. The storage attribute CONTROLLED will be used for all 

arrays so that storage can be made available for a particular array only 

during that part of the program in which the information is needed. In 

addition, all arrays will be of adjustable length so that the amount of 

storage needed can be adjusted according to the order of the Boolean 

function and the number of minterms in the function. A listing of all 

declared variables is included in the flowchart of figure II-2. 

The second step (block no. 2) is to input the data which describes 

the Boolean function to be minimized. The data includes the order of 
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the function, N, the total number of minterms (including "don't cares") 

in the function, M, the number of don't cares in the function, D; the 

minterms (including don't cares) of the function which are stored as 

the one-dimensional array MINT, and finally the don't cares of the func¬ 

tion which are stored as the one-dimensional array DONT. The arrays 

MINT and DONT must store the minterms and don't cares in numerically 

increasing order, which requires that the data be listed in numerically 

increasing order. After the data is stored, block no. 3 gives an out¬ 

put listing of the order of the function, the minterms (including don't 

cares) of the function, and the don't cares of the function (see figure 

II-2). 

The one-dimensional array C is now allocated and block no. U is 

executed to set up the C array. The elements of C correspond to vertices 

of the cellular n-cube (or squares of the n-variable Karnaugh map). An 

element of C is given the value "1" if it corresponds to a minterm of 

the function; "-1" if it corresponds to a don't care term; and "0" if 

it does not correspond to either a minterm of a don't care term. The 

procedure for setting the values of vertices of C is shown in the flow¬ 

chart of figure II-3. 

The piogram is now ready to check all the different possible pair¬ 

ings of minterms to determine whether they form prime implicant cells 

(block no. 5). Coordinate pairs are denoted (II, JJ) and are chosen 

such that each minterm (beginning with the smallest), II, is paired 

with all other minterms, (beginning with the largest), JJ, which are 
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greater than or equal to II. After the coordinate pair (II, JJ) is 

chosen, it is first checked in block no. 6 to determine if it forms a 

cell by using Theorem 1 of Appendix 1. The above two steps are shown 

in detail as part of figure II-4 (a). 

If (II, JJ) is a cell, block no. 7 of the program proceeds to cal¬ 

culate all the vertices which are contained in the cell (by applying 

Theorem 2 of Appendix and, using the C array, decides whether the 

cell is a cell of the function as indicated by block no. 8. Blocks 

7 and 8 of the program are described as part of the flowchart in fig¬ 

ures II-4 (a) and (b). 

If (II, JJ) is a cell and is a cell of the function, block no. 9 

of the program then checks the array of all prime implicants to deter¬ 

mine if the cell (II, JJ) is contained in one of the prime implicants 

found previously. If not, Lemma 4.1 of Appendix 1 allows us to decide 

at this point that (II, JJ) is indeed a prime implicant and (II, JJ) 

is added to the table of prime implicants. The flowchart of Figure 

II-5 illustrates this portion of the program. 

After minterm II has been paired with all other minterms which 

are greater than or equal to II, block no. 10 of the program uses the 

C array to determine whether minterm II is either a don't care term or 

is included in an essential prime implicant. If it is not, block no. 

11 of the program finds the number of prime implicants which contain 

II by using Theorem 3 of Appendix 1. If it is contained in only one 

prime implicant, thin that prime implicant is essential and is added 
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ALLOCATE NUM, 
PRIMI, PRIMJ, 

ESSENTI, ESSENTJ 

(D 
I = 1 

IIT = MINT (I) 
II = SUBSTR(IIT,1,17) 

G> 

Ml = M-I 
J = 0 

Ji = M-J 
JJT = MINT(Jl) 

JJ = SUBSTR(JJT,1,17) 

K = 0 
ICNT = 1 

NUM(l) » II 
DCP- 0000 0000 0000 00001'B 

® 
FIG. II-4a. CHECK IF (II,JJ) IS A CELL. 
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0 
IZ = DCP A DIF 

ICNT = ICNT + 1 
NUM(ICNT) = NUM(L> + IZ 

FIG. II-4b. CHECK IF CELL (II,JJ) IS A CELL OF THE FUNCTION. 
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FIG. II-5, IS CELL A PRIME IMPLICAN!? 
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to the essential prime implicant tabic. See Figure II-6 for the flow¬ 

chart describing this procedure. 

If the program finds that vertex II requires an essential prime 

implicant, block no. 12 is then executed. This portion of the program 

again makes use of Theorem 2 to calculate all the vertices contained 

in the essential prime implicant and sets these vertices equal to "-1" 

in the C array. Block no. 12 is shown in detail in Figure 7(a) and 7(b). 

After all possible coordinate pairs are checked and all prime im- 

plicants and essential prime implicants are determined, the program 

checks the values of all vertices in the C array (block no. 13) which 

correspond to minterms of the function. If the value of a particular 

vertex in the C array is "-1" then either that minterm is a don't 

care or is included in one of the essential prime implicants. If the 

value of the vertex is "1" then the program must find the prime impli¬ 

cants which contain that vertex. This portion of the program uses 

Theorem 3 and l.emma 4.1 to determine all of the prime implicants which 

contain the minterm in question. This part of the program is broken 

down in Figure 8 (a). From the list of n prime implicants which include 

a particular minterm (which is not included in an essential prime impli¬ 

cant), a constraint equation can be set up in the form 

(!M.)1 + (P.I.)2 + --- + (P.1*),, 2 1 

where n_ 2. From the sot of all such constraint equations, one can 

find tlu* minimum sot of prime implicants which, along with the essen¬ 

tial prime implicants, are necessary to completely cover the function. 
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FIG. 7a. SET VERTICES OF ESSENTIAL PRIME IMPLICANT EQUAL TO -1, 
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FREE NUM 

1 r 

FREE ESSENTI, ESSENTJ I 

' 

ALLOCATE IR 

FIG. 7b. H ALL MINTERMS HAVE BEEN CHECKED, PRINT THE 

ESSENTIAL PRIME IMPLICANTS AND FREE STORAGE ALLOCATED 

TO VARIABLES NO LONGER NEEDED. 
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KIG, 8a. ('AKTI.ATION OF CONSTRAINT EOUATIONS, 
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FIG. 8b. COMPLETION OF PROCEDURE WHICH FINDS CONSTRAINT EOLATIONS 

AND TERMINATION OF PROGRAM. 



18 

After each minterm has been checked as described in the preceding 

paragraph and all necessary constraint terms have been found, the pro¬ 

gram will free any storage which is still being allocated for the func¬ 

tion, which at this point has been minimized. The program then will 

return to block no. 2 in order to input the next function which is in 

the data file. If the input data file does not contain another func¬ 

tion to be minimized, the program will terminate. Figure 8(b) shows 

these final steps of the program in detail. 

The discussion up to this point, along with the accompanying flow¬ 

charts, completely describes the fast computer algorithm. The reader 

will notice that it is basically a Quine-McCluskey type procedure; 

however, great savings in computer time and storage requirements are 

realized by modifying the Quine-McCluskey method using containment 

properties of the cellular n-cube representation. The next chapter 

will present some examples of Boolean function minimization performed 

by the progranmed algorithm. The first example will Illustrate each 

step performed by the program. Three more examples will then be pre¬ 

sented which illustrate the normal output information provided by the 

program. Two of these examples are fairly trivial and the third gives 

the output for an 8th order function containing 202 minterms. 



III. EXAMPLE PROGRAMS 

Before presenting examples of the output of the computer algorithm 

in its final form, the computer output of a modified version of the 

minimization program will be illustrated. This program is for illustra¬ 

tive purposes and is shown in Figure III-l. It is seen from the output 

listing that each minterm is successively compared with all other min- 

terms which are greater than or equal to itself. As each coordinate 

(minterm) pair is examined, the program checks 

A. Each Coordinate Pair: 
(1) Is the coordinate pair a cell? 

(2) Is the cell a cell of the function? 
(3) Is the cell which is in the function, a prime implicant. 

(4) Is the prime implicant essential? 

B. Each Minterm: ,., 
(1) Is the minterm a don't care term or is the mintenn included 

in an essential prime implicant? 
(2) Find all prime implicante which contain the minterm that 

is not covered. 

These different actions taken by the program can be checked using 

the 4th order function which is minimized in the figure. It turns out 

that the function contains three essential prime implicante, (0, 6), 

(4, 15) and (9, 15), which represent the groupings of minterms {0,2,4,6), 

{4,5,6,7,12,13,14,15) and {9,11,13,15} respectively. Minterm 10 is the 

only minterm which is not covered by the essential terms. The program 

therefore lists the prime implicante which contain mintenn 10, which 

19 
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are (2, 14) and (10, 15), representing the groupings {2,6,10,14} and 

10,11,14,15) respectively. Then, since the terms of the constraint 

equation 

(2, 14) + (10, 15) 1 1 

are both of equal cost, wc arbitrarily choose either one of the terms 

which, along with the three essential terms, realizes the function. 

Figure II-2 shows the abbreviated output listing which is used in 

the normal program. The output represents the solution to a minimiza¬ 

tion problem involving a 5th order Boolean function containing no don't 

care terms. The program gives us the eight prime implicante of the 

function, the five essential prime implicante, and the four constraint 

equations : 

minterm 2: (0, 10) + (2, 11) 1, 
minterm 3: (2, 11) + (3, 15) 1, 
minterm 10: (0, 10) + (2, 11) 1, 
mintetm 11: (2, 11) + (3, 15) Ü 1. 

The optimum solution to this set of equations is of course the choice 

of the prime implicant (2, 11). 

The solution to a 6th order Boolean function minimization problem 

is shown by the computer output in figure III-3. This function con¬ 

tains a number of don't care terms and the solution shows eight prime 

implicnnts, four of which are essential. There are no constraint 

equations in the solution, which indicates that all minterms are covered 

by the four essential terms. 

Finally, the solution to an 8th order Boolean function minimiza¬ 

tion problem is shown in Figure III-4. This function contains 202 
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220, 221, 
232, 233, 
244, 245, 

31, 42, 43, 
63, 74, 75, 
95, 106, 107, 

127, 138, 139, 
159, 16C, 161, 
171, 172, 173, 
183, 18A, 185, 
195, 196, 197, 
2C7, 2C8, 209, 
219, 22C, 221, 
231, 232, 233, 
243, 2AA, 245, 
255 , 

14* 
46, 

76, 77, 78* 
108, 1C9, 11C, 
14C, 141, 142 * 
162, 163, 164, 
174, 175, 176* 
186, 187, 188, 
198, 199, 2CC, 
21C, 211, 212, 
222, 223, 224 * 
234, 235, 236, 
246, 247, 248, 

DCMT CARES CF FCNCTICN ARE 
C, 10, Ut 12* 13* 

44, 45, 
15, 26, 
47, 58, 
79, 9C, 

111, 122, 
143, 154, 
165, 166, 
177, 178, 
189, 190, 
201, 202, 
213, 214, 
225, 226, 
237, 238, 
249, 250, 

27, 28, 29, 
59, 60, 61, 
91, 92, 93, 

123, 124, 125, 
155, 156, 157, 
167, 168, 169, 
179, 180* 181, 
191, 192, 193, 
203, 204, 205, 
215, 216, 217, 
227, 228* 229, 
239, 240, 241, 
251, 252, 253, 

PR IRE 1 PPLICANTS 
( Ci 
( 0, 
( 10* 

( 12« 

( 17, 
( 17, 
( 20, ( 21, 
( 21, 

( 23, 
( 25, 
( 32, 
Í 32, 
( 34, 
( 34* 
( 34* 
( 38, 
I 48, 
1 49, 

CF FUNCTION,» 
64) 
32) 

2551 
255) 

53) 
29) 
93) 

125) 
95) 

223) 
199) 
176) 
162) 
238) 
235) 
175) 
254) 
177) 
181) 

IN CELLULAR NOTAT ICN, ARE 

30, 
62, 
94, 

126* 
158, 
170, 
182» 
194* 
206, 
218, 
230, 
242, 
254, 

FIG. III-4. SOLUTION TO 8TH ORDER FUNCTION OF EXAMPLE 4. 
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i 53» 253» 
I 64« 202» 
I 64» 201» 
( 66 » 298) 
I 704 254) 
1 70» 223) 
( 72, 207) 
( 84« 255) 
( 58» 254) 
l 58« 251) 
( 100» 254) 
( 10C« 253) 
( 1144 255) 
l 132» 235) 
l 135» 255) 
( 136» 255) 
( )6C « 255) 
( 152, 255) 

U E ESSEMIAL PRI^E IVPUCANTS ABE 
( 204 93) 
( 34» 175) 
I 38, 254) 
I 64« 201) 
( 7C. 223) 
I ICC, 253) 
( 132» 235) 
Í 136» 255) 

TERNS CF CONSTRAINT ECN FCR NINTERM 
( 17, 53) 
( 17, 25) 

I f p * ç ff c f E 7 0 ^ I * f ^ ' N F ^ P N IN T F 0 N 

( 23, 223) 

TPRNS CF CCNSTRAINT ECN 
17, 25) 
25, 155) 

FCR PINTERN 

TEOEC cf CONSTRAINT ECN FCR MINTERN 
( C, 32) 
( 32, 176) 
( 32, 162) 

:•RE* CF CCNSTRAINT ECN FCR NINTERN 
( 32, 176) 
( 6 0, 17 7) 

1 f p w c (.F CCNSTRAINT ECN FCR FUNTERN 
I 17, 53) 
( 4P, 177) 
( 45, 181 ) 

pwK CF CCNSTRAINT ECN FCR NlNTERR 
( 17, 53) 
( 21, 125) 
( 45, 181) 

Fit:. ¡II-.'.. (CON’T) 

17 ARE 

23 ARE 

25 ARE 

32 ARE 

48 ARE 

45 ARE 

53 ARE 



253) 
27 

( 5 3 « 

TERf'S CF OCtVSTWINT Cr-R M ^T;7F.P.f‘ 
( (>')-, 202) 

' 66» 238* 

66 ARE 

TERNS CF CONSTRAINT ECN FCR NIMERM ARE 
( 34 » 238! 
( 34, 235) 
( 66, 238) 
( 98, 254) 
1 98, 251) 

TERNS CF CONSTRAINT F.CN FCR w T N T E P N 99 ARE 
( 34. 235) 
( 98, 251) 

TERNS CF CONSTRAINT ECN FCR NINTERN 114 ARE 
l 90* 254) 
( 98, 251) 
( 114, 255) 

TERNS CF CONSTRAINT F.CN FCR NINTERN 115 ARE 
( 98< 251) 
( 114* 255) 

TERNS CF CONSTRAINT ECN FCR NINTERN 119 ARE 
( 84* 255) 
( 114, 255) 

TERNS CF CONSTRAINT ECN FCR NINTERN 151 ARE 
( 23, 223) 
1 135, 255) 

FIG. III-4. (CON’T) 
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minterms, 157 of which are don't care terms. The computer output lists 

37 prime implicants, 8 essential prime implicants, and terms for the 

constraint equations for minterms 17, 23, 25, 32, 48, 49, 53, 66, 98, 

9“, 114, 115, 119 and 151, which are not covered by the essential terms. 

The essential terms therefore cover 31 of the 45 minterms of the func¬ 

tion which are not don't care terms. Prime implicants must be chosen 

which cover the remaining 14 minterms with minimum cost. These prime 

implicants are easily calculated to be (17, 53), (23, 223), (25, 159), 

(32, 176), (66, 238), (84, 255), and (98, 251). 



IV. SUMMARY 

The representation of a Boolean function in terms of the vertices 

of the cellular n-dimensional cube offers many advantages in a computer 

solution to the Boolean function mii.imization problem. This concept 

was used by Carroll and Jordan in an earlier report, "A Fast Algorithm 

for Boolean Function Minimization." In this report, the computer al¬ 

gorithm has been modified so as to handle a wider range of Boolean 

functions and the original FORTRAN program has been converted to a PL/I 

source program which is computible with the IBM 360 system. 

A thorough explanation of the computer algorithm has been given 

and computer outputs for a number of different Boolean function minimi¬ 

zation problems have been illustrated. The final example showed the 

solution to a nontrivial 8th order minimization problem in which a 

total of 202 minterms and don't care terms were handled. To give the 

reader some idea of the speed of the computer algorithm, we note that 

this 8th order function was processed using 3 minutes 12.87 seconds 

computer time. If we assume that approximately 45 seconds of this 

time was required to compile the program, then the actual time required 

for computation was approximately two and one-half minutes. 

It is felt that the computer algorithm described in this report 

would be very appropriate for use in any automated logic design pro¬ 

cedure. The program is both fast and flexible and could be used with 

any computer system capable of handling PL/I source programs. 

29 
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APPENDIX 1 

THE CELLULAR STRUCTURE AND PROPERTIES 

OF BOOLEAN FUNCTIONS 

A convenient representation of variables in a Boolean product is a 

parenthetical exponent representation [6] such that 

V 

1 (or absence of ). 

(o) 

(1) 

(I) 

Then a Boolean product is 

P 
Jt^eC (i 1, 0 

— * • • •, n). 

This Boolean product will be shown to correspond to a cell in the n-Cubo, 

,,n 

The n-Cube 

The partially ordered set (Cn,») 

n 
C. - < (VVi-C1,! C1 r c (1-n 

31 
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with the order relation 

(c , 
n 

« t n-1 
Cl) = (c;* 'n-l* 

:[) 4=>ci 1 

in C is called the cellular n-Cube. The set C is the partially ordered 

set 

with the order relation defined for C as 

I ^1. I 10, 1^1. and 0>^0. 

The order of a cell in Cn is equal to the number of components ct 

such that ct * I. Thus a "one cell" contains one component equal to I; 

a "two cell" contains two components equal to I; etc. A cell with order 

zero is called a vertex of c". Clearly there are 2n vertices in the 

n-Cube , Cn. 

Two vertices that are extremely useful for representing a cell of 

Cn are the minimum and maximum vertices of a cell c. The minimum vertex 

of c whore c = (cn, cn_j, '*** cj) ^-8 

min (c) = (vn* vn-l’ vl^ 

who re 
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Vi - c1 if c± e B, 

Vi - 0 if ci - I. 

The mac iaun vertex of c is 

mac (c) - (v¿. v^.lt •••» vj) 

where 

vj ■ if e B( 

■ 1 if c I. 

The Decimal Transform 

In order to obtain a ueeful decimal characterization of the cells of 

the n-Cube, the Idea of the decimal transform Is used. Since each cell of 

the n-Cube can be r.preaented by its minim» and maxim» vertices, we may 

u.e these coordinates in a two-dimensional representation. The decimal 

transform is defined as 

D: CN r=>Z2n X Z2n, 

such that 

D(f ) - ((min (c)), 3 (max (c))). 
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The function 1 is defined as 

n 
3: B —> Z2n 

such that 

3(b , b n-1 • V 
i-1 

Example: Consider the cell c - (0, 1, 1, 1, 0, 1) in C6. 

D(c) * (3(min (c)), 3 (max (c))) 

- 0(0, 0, 1, 0, 0, 1), 3(0, 1, 1, 1, 0, 1)) 

- (9, 29) 

It is seen that if all the vertices of c are determined then 

(min (c)) < 3(v) 3(max (c)) for every v Cc. The vertices of c are: 

(0,0,1,0,0,1), (0,0,1,1,0,1), (0,1,1,0,0,1), (0,1,1,1,0,1) 

.(0,0,1,0,0,1) - g 

.(0,0,1,1,0,1) * 13 

.(0,1,1,0,0,1) » 25 

(0,1,1,1,0,1) = 29. 

It is seen that 9 < 13 < 25 < 29. 
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In Fig. A-l the cells of the 4-Cube are plotted on a two-dimensional 

grid. This chart is useful as an aid to the understanding of the 

theorems presented and the computer algorithms developed in Chapter II. 

Some of the properties of the decimal representation of C are 

useful in defining relations existing between cells and vertices. 

Those properties which are useful in arriving at an algorithm for 

determining a minimum non-redundant covering of a subset of cells are 

presented. Operations that are defined will prove to le easily computed 

on most digital computers. 

The AND operation is defined for the set B = {0,1} as: 

bi ‘ bj ’ 1 if bi “ bj “ 1 

otherwise, 

b 
i 

- 0 

This corresponds to the operation table as follows: 

• 0 1 

0 0 0 

1 0 1 

The operation 7\' is defined for Bn as 



n • A-cell 

A ■ 3-cell 
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Q - 2-cell « . Q-cell 

X “ 1-cell 

15 

14 

13 

12 

11 

10 

9 

8 

7 

6 

5 

4 

3 

1 

0 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

FIG. A-l. TWO-DIMENSIONAL CHART OF C4. 
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(V Vi* V A(bñ’ bñ-l’ 

“ (bn • b;> Vi • h;.!- •••* bl ’ 

This operation is essentially a logical intersection of two n-element 

sets, such that if both sets contain a "one" in a given position, then 

the resulting set will contain a one in that position. This operation 

is provided as a basic operation on most general purpose digital computers. 

If two vertices v;l and of an n-cube are such that vlAv2 - v^ 

then define v1 to be related to v2 by the relation f; v1 f v, can be 

thought of to mean that v;L is contained in v2 since for every coordinate 

of Vl equal to 1 the corresponding coordinate of v2 will be equal to 1. 

Theorem 1: If c e 0°, then min (c) ( max (c). 

The above theorem provides a method to determine if some element of 

Z X Z maps onto a cell of Cn. By choosing any coordinate pair from 

2n 2n 
Z X Z and performing the operation Aon the coordinates, it can be 

2n 2n 
determined if they are related by the relation (. 

Theorem 2: v Ç c iff v ( max (c) and min (c) ( v. 

Theorem 2 provides a method to determine easily which vertices are 

contained in a cell c given the corresponding element of Z^ X Z^. 
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Theorem 3: If min (c) f min (c') and max (c') 4 max (c), then c Ç c . 

The above theorem gives the criterion for containment of two cells of 

Cn given the conasponding elements in Z^n X Z^n. 

Theorem 4: If 4 ®2 ^en 

This theorem states the requirement that for one vertex to contain 

another, its decimal transform must be greater than the contained vertex. 

Lemma 4.1: If Cj 2 c2 then 3^min - 3imin^C2^ and 

^(maxicj^)) >. 9(max(c2)). 

This Lemma provides an ordering of the cell which will greatly 

reduce the number of comparisons that will have to be made to eliminate 

cells that are contained in other cells. 



APPENDIX 2 

SOURCE PROGRAM 

The following five pages show the complete PL/I source program 

listing for the Boolean function minimization program described in 

this report. 

39 



nCClMNO PRCC OPTIONSIMAINÍ; 

40 

IS TMP OROER OF THE 
/•••«•M IS THF NUMBER OF MINTERMS AND DON'T CARES IN THE FUNCTION««•••*•/ 
... IS THF NUMBER OF DCN«T CARES IN THE FUNCTION.. 
/•••••HINT CONTAINS THE MINTERMS AND DON'T CARES OF THE FUNCTICN«*««»««»/ 
... CONTAINS THE DON'T CARES OF THE FUNCTION.  . 
..UI.JJ' ARE THE COORDINATE PAIRS BEING CHECKED.... 
..(PRIMI f(PR IMJ ) ARE THE PRIME IMPLICANTS OF THE FUNCTION*«««"*«"»«"« W 
/•••••(ESSENTItESSENTJ) ARE THE ESSENTIAL PRIME IMPU CANTS«^«*««'««^«^ / 

Cf.L IM.N.IZ.C) FIXED DEC 
HCI (PINTfNLM*IR) IM) FIXED DEC CONTROLLED; 
CCI CCNTIDI FIXBP DEC CONTROLLED; 
ru Fixer recUrOi controlled; 
CCI fPR|M 11PR I Ml »ESSENT11CSSENTJ ) I BITI171 CONTROLLED; 

CCI I I 17 » J JT I B^«?n , 
nci mfCCPrD»r' bitii?); 

/•••».GET CAT... 

ON ENDEILGISYSIN) GO TC NOF; 
NEMF: GET LlS7(N(MtC) 

ALLOCATE HINT ’ 
GET LI STM MINT II» DO !•! TO Ml); 
IF C=0 ’HEN GO TC PROG; 
ELSE CO : 
ALLOCATK DONT; 
GET lISTMDONTin DO 1*1 TO DM; 
FNC; 

PRCG : M°«n ; 
FMn*0• 

/•••••PRINT THE ORDER OF THE FUNCTION. THE MINTERMS OF THE FACTION. •**/ 
/•••••ANC THE DON'T CARES OF THE FUNCTION*.... 

PUT EDIT!' THE BOOLEAN FUNCTION HAS ORDER '»NI. I PAGE* A( *1 ! *F ( 2) ); 
PUT EDIT!'MINTERMS OF FUNCTICN ARE'I ( SKIP!3)»AI20)i 

k«o; 
CO l«l TO M; 
IF 1«( THEN DO , 
PUT FCniMINTI I). '. ' ) (SKIPIIUFISI.AII)) ; 

K *K♦ 1 . 
ENC; 
ELSE PUT EOITIMINTI I I .(FISI.Ain); 

ENC’ 
IF C*0 THEN GC TC HEAD; 

PUTEEnni »CON'M CARES OF FUNCTION ARE ') I SKI PI 3 ) #Af 30 ) ) ; 

K*C ; 
CO 1*1 TC D, 
IF I*( 1?»K)M THEN OC ; 
PUT EP Ml DONT ( !) • ' * ' ) I SK IP11 ) . F I 51 » AI l ) ) ; 

K =K♦ 1 . 
ENC; 
ELSE PUT ED I T I DONT ( 11 • ' • ' ) IFISI.Alin; 

ENC; 

i ■ a-:. PI.'1 SOI'RCF PROGRAM. 
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HEAD : PUl’ EDIT! 'PRIME IMPUCANTS OF FUNCTION, IN CELLULAR NOTATION, ARE») 
ISKIPI3)»A(60)1; 

/•••••SET VERTICES OF C CORRESPONDING TO PINTERMS EQUAL TO OwE/ 
/•••«•VERTICES OF C CORRESPONDING TO DON^T CARES EQUAL TO MU’US ONE.. 
/•••«•ANC ALL OTHER VERTICES EQUAL TO ... 

ALLOCATE C; 
J*l; 
K*l, 
CO 1*0 TO (2«»NI-I; 
IF J >M *THEN GC TO NCH ; 
IF I¿PÍKT(J1 THEN GO TO VERT; 

NCH: Cm*0i 
GO TC NCVERT; 

VERT: IF K>0 THEN GO TO HVERT; 
IF PÍNTIvn-i*DCNT!K) THEN GC TO HVERT ; 
cm«-i ; 
k*k«1; 

1; 
GO TO NCVERT; 

HVERT: C(t)»l; 

NCVERT! END; 

/««•••CHCCSE COORDINATE PAIR ( 11,JJ>**«***« 

FREE DONT; 
ALLOCATE NUM ; 
ALLOCATE PRIHI ; 
ALLOCATE PRIHJ; 
ALLOCATE ESSENTI; 
ALLOCATE ESSENTJ; 
DO 1*1 TO H; 
I IT*HINT11 ); 
1I*SUBSTRI4IT,1,17) ; 
H1*H-I; 
CO J»0 TO HU 
J1*H-J; 
JJT^PINTIJ1U 
JJ*SUB$TRIJJT,1,17); 

/•••«•CHECK IE COORDINATE PAIR IS A CELL«**** 

IF BOOtf 11 * JJ* 1 J“1*! I THEN GO TO NOCELL; 

/«••••CALCULATE VERTICES OF CELL*******. 

DIF*BCOLtJdt11*6) ; 
IF CIF«0 THEN GC TO IHPCHEK ; 
ICNT»1; 
NUHIIHII; 
0CP« »OOCCOOOOOCCCOCOOHB, 
CO K*0 TO N-l; 
IF K*0 THEN GO TO OCPOil; 
ELSE CCP«SUBSTR(DCP..2,16I H'0*8 ; 

FIG. A-2. (CON'T) 



CCPCKl: 
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IZ«fiCOfttCCP»DIF'l)¿ 
IF IZ*0 THEN GO TO NOCP; 
IC2-ICNT; 
DO 1*1 TO IC2; 
ICNTMCNT*!; 
NUPIICNT)«NUN IL)♦IZ ; 

/•••«•CHECK IP CELL IS IN FUNCTION»*«*****«*««****#*««««****«*«***«**«*«/ 

IF CIÑO*!ICNT))>0 THEN GO TO NOCELL; 
ENC; 

NCCP : ENC; 

/•••«•CHECK IF CELL IS COVERED BY ONE IN PRIME IMPLICANT TAB! E«****«****/ 

IMPCFEK: IF MP«0 THEN GO TO INCRMP ; 
DO L«l TO MP; 
IF PRIMJ(L)<JJ THEN GO TO NOTCON; 
IF BCOttPRIMJtL UJJ»l)n*JJ THEN GO TC NOTCON; 
IF BCOIMPRIMIIL )«Ii?l)*PRIM((L) THEN GO TO NOCELL; 

NCTCCF: ENC; 
IKCRMFi MP*MP*l; 

/■••«•PRINT PRIME IMPLICANT••••*•••••***•••••***••*••**•••••*•«*•*•• *.«*•/ 

PUT EDITIMSIIt'•'•JJ/'I M (COLUMN! 9) *A(I)tF(5)«All)vr(9)i*All) ); 
PR IM I (MP)*11; 
PRIMJ(MP)*JJ; 

NCCILL: ENC; 

/•••••CHECK IF II IS INCLUDED IN AN ESSENTIAL TERM**««••••••*•«*••**••«•/ 

IF Cim^O THEN GO TO RECYCLE; 

/•••«•CHECK FOR ESSENTIAL TERMS FOR VERTEX I ^•••••••«•••••«•«•••••••••z 

IC*0 ; 
CO L*I TO MP ; 
IF PR IMJ(L)<11 THEN GO TO ONCV ; 
IF BOOItTPR IMI ( L ) • 11 * 1 )"»#PRIMI (L ) THEN GO TO ONCV; 
IF BCOL(PRIMJ(L MltD^II THEN GO TO ONCV; 
IC«IC*l; 
iiESS*t; 

CKCV : ENC i 
IF IC>1 THEN GO TO RECYCLE; 
IF IC*i THEN CO; 
EMP»EMP*1 ; 
ESSENTHEMPi-PRIMI! HESS) ; 
ESSENTJ(EMP)»PRIMJ(HESS); 
ENC , 

/•••«•CHECK OFF ALL VERTICES OF ESSENTIAL TERM****************«*********/ 

NUM( 1)*PRIMH I lESSh 
C(PRIMIUIESS))*-1; 
ICNT*1 ; 
DIF#eCCLIPRIMJ( IIESS).PRIMI(IIESS)r6); 

Fir.. A-2 . (CON'T) 
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CCPCK2:’ 

NCCP2: 
RECYCLE : 

IF C!F*0 THEN GO TO RECYCLE; 
OCPv'OOOOOOOOGOOCOOOOlYB ; 

DO K*0 TO N-l; 
IF K*0 THEN GC TO OCPQIC2 ; 
ELSE CCP*SUBSTR(DCP*2*16) H'O'B; 
IZkfiCOUTCCPtOIFtl); 
IF I2«0 THEN GO TO NDCP2 ; 
ICT2*ICNT ; 
DO L*1 TC ICT2 ; 
ICNT*IttNT+l; 
NUPIICNT)*NUN(L»*IZ ; 
C(NUH(1CNTI)*-l; 
ENC i 
END i 
ENC ; 

/«««••PRINT ESSENTIAL PRIME ..*••«•••••*••••••/ 

IF EMPMO THEN POT EDITl'THERE ARE NO ESSENTIAL PRIME I«PIICANTS'» 

ESSENTIAL PNINE IPPLICANTS ANEM ISVIPI31 * AI AOIÏ1 

put'EDIT?• I SESSENTI11 > *• t »«ESSENTJI111 ‘ ) • I ; 
(COLUMNt q)#A(lî*F(5)«A(l)*F(5)4A(IÏ); 

ENC ; 

►FINC AltL MIN1ERMS NOT INCLUDED IN ESSENTIAL PRIME IMPL^CANTS« / 

CNCV2 : 

/««< 

FREE NUM; 
FREE ESSENTI ; 
FREE ESSENTJ ; 
ALLOCATE IR ; 
CO 1*1 TO M ; 
IIT'MINTCI) i 
LI^SUBSTRIIITtltlT); 
IC*0i 
IF CIID^O THEN GO TO COVERED; 
ELSE DO L*l TO MP NHILEIPRIMI ILÏ.^I I) ; 
IF PR IMJtLI <11 THEN GO TO DNCV2 ; 
IF BCOUPRIMl(UtIUin«PRlMUL) THEN GO TO 0NCV2; 
IF BCOIi1PRIMJiU»II»lH*n THEN GO TO DNCV2; 

IC^IC+l; 
IRIICI-t; 
ENC; 

»PRINT TERMS OF CONSTRAINT EQUATION« 

PUT EDIT!‘TERMS OF CONSTRAINT EQN FOR MINTERM Yfll»' A®E'. ) 
ISKIP(2I-*A(36)*F(5)f.AI4n; 

PUT EDIT(,l'*PRIMI^R(L^»•t,»PRÏMJí*R*L^*,,,* 
ICCLUMNI9H A( l)*F(5HA(ntFC5)tA(l)) ; 

ENCi 
CCVERED: ENC; 

»FREE STORAGE ANC GET NEXT FUNCTION OR END EXECUTION^ 

FIG. A-2. (CON'T) 



NCF: 

FREE HINT; 
FREE PRIH; 
FREE PRÎRJ; 
FREE C ; 
FREE IR; 
GO TC NEUF; 
END BCOIPIN ; 

FIC. A-2 (CON'T) 
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Properties of the cellular n-cube representation are used to 

advantage in developing a fast algorithm for finding the prime implicants 

of a Boolean function. The algorithm is discussed and several examples 

are included showing computer solutions to selected Boolean function 

minimization problems. The complete PL/I source program listing for 

the automated algorithm is included. 
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