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DIFFICULTY AND POSSIBILITY OF
KINETIC THEORY OF QUANTUM-MECHANICAL SYSTEMS
Part V = Particular and General Solutions of the
Schrodinger Equation ard their Significance

in Kinetiec Theory

by
Toyoki Koga

SUMMARY

The quantum-mechanical Liouville equation is more restrictive
and hence more informative than the Scnrodinger equation, because
the former already contains the definition of independent variable
;. momentum in a special case., In this sense, the quantum-mecha-
nical Liouville equation is more definitive as the description of
a physical law, and is shown to be invariant under the Galilean
transformation. By taking advantage of this convenience, we obtain
a particular solution of the Schrodinger equation for n-particle
system. This solution is localized in the phase space and stable
in time, and seems to represent an n-particle system as single system.
The de Broglie wave is constructed by superposing a number ot similar
particular solutions for single-particle systems., Similarly,
general solution is constructed for n-particle systems. For justi-
fication of its application toxinctic theory, Pauli's prineiple is
analyzed and interpreted anew. The present solution promises the
possibility of rational methods of kinetic theory of quantume-
mechanical systems, as analogous to methods of classical kinetic

theory.
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I. INTRODUCTION

In this report, it will be shown that the Schrodinger
equation for ne-particle system has an exact solution which appears
in various gspects to represent a single system, and that the
solution is significant in kinetic theory.

The essential part of the orthodox quantum mechanics conseists
of the definitions of obmervables, measurements and representations
of systems, and commutation relations and dynamical laws govern-
ing observables. Consideration of the Schrodinger equation or
the Dirac equation is merely an auxiliary or subsidiary matter,

On the other hand, there are some authors (Ref. 1) who state,
sometimes tacitly, that the Schrodinger equation or the Dirac
equation are basic laws; when we choose a certain family of
their solutions, major axioms of the orthodox quantum mechanics
turn out mere theorems.® In a previous report (Ref., 2), a similar
anomalous view was advanced, and it was demonstrated that the
view is rational and furthermore is necessary for treating a
system in its evolution. According to this view, conventional

eigen solutions of the Schrodinger equation are of ensembles,

*This might remind one that Heaviside's operator rules
turned out theorems, when bagic differential equations of electro-
magnetic phenomena were solved by methods of Fourier transformution
and of Laplace transformation, Here, certainly, Schrodinger himself

should be mentioned.
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instead of single syctems, and hence are useless for the basis

of treating a system in its evolution in the kinetic theoretical
sense, If this be true in general, those Hamiltonian observables
of electron-electron and electron-photon interactions may contain
some inconsistencies, tecause they are comnstructed from the plane
wave representation of electron which we regard as of ensemble
(Ref.2). 1Indeed, inconsistencies were shown to exist, as expected,
in those Hamiltonians in another report (Ref.3).

Thus far, however, alternate representations of single
systems have not been proposed. Sometimes a wave packet is thought
to be the one for single particle. But a conventional wave packet
does not satisfy exactly the Schrodinger equation and hence is not
stable, In this report, we shall show that the quantum-mechanical
Liouville equation derived in Ref.2 leads to discovery of a stable
wavelet which satisfiem exactly the Schrodinger equation. Con-
struction of ensemble represerntations of similar wavelets is also
made.

However, it should be remarked in advance that the present
wavelet is made as spherically symmetric. In general tnis
condition is too restrictive that ensemble solutions constructed
with the present wavelet solutions do not result in eigen-
functions particularly for some lowest energy levels. This situation

is easily predictable, since a wavelet is most unlikely to be



spherically symmetric in a potential field of steep gradient,
Neverthelesg,the wavelet is an exact solution of the Schrodinger
equation, regardless of the field., This seems to imply that its
deformation in a force field be designed rather essily.

For treatiangan n~psrticle system in classical kinetic theory,
we begin with a psrticular solution of the Louville equation; the
solution is represented in terms of 0 ~functions:

n J* - J\ -+ ~9
D = (r, = r (t))d(p, - p.(t)) (1.1)
k k k k
k=1
Here §(7, - £ (t) = §(x, = x,(t) d(y, - y, () Iz, = 2,(t)),

-- -
etc., rk(t). pk(t) are solutions of Newton's equstions

:Frk(t) = py(t) e
pg(t) = - grad, U
U: potential., (k =1, 24004y n)

and ;k' ;k are independent variables, Of course, we cannot solve
Eqs.(1.2) for more than two particles, Nevertheless, solution
(1. 1) provides a restriction necesssry for thc'proper treatment
of a system in the kinetic-theoretical sense. Ref. 4,

In this report, we shall show that the Schrodinger equation
for n particles has s solution similar to, but not the same as,

-
Eq.(1.1). PFurthermore, those functions of t, :k(t)' pk(t). etc.

are governed by the ssme set of equations ss Eqs.(l.2). This
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is a remarkable convenience, particularly for kinetic theory.
In section 1I, we discuss the invariance of the quantum-
mechanical Liouville equation under the Galilean transformation.
The invariance provides a clue for solving the Schrodinger
equation which is not invariant under the same transformation.
In section III, we first get a solution of the quantum-mechanical
Liouville equation which is time-independent and localized in space.
By means of the Galilean transformation, we then get the represen-
tation of the same solution given with respect to a coordinate
system moving uniformly relative to the initial system., This
aolution is neither energy eigenfunction nor momentusm eigen-
function in the conventional sense., Nevertheless, it represents
characteristics of particle., Furthermore, it is possible to con.
struct a de Broglie wave by superposing many similar solutions obtained
merely changing the phase in the solution. In section 1V, we derive
the quantum-mechanical Liouville equation for n-particle systeas,
Based on this, in section V, we discuss the meaning of Pauli's
principle, This is done for making the conclusion reached in sec-
tion IIl as compatible with the conventional interpretation of
eigen-solutions of the Schrodinger equation. In the light of these
findings, we obtain in section VI a particular solution of the
Schrodinger equation for neparticle system. The solution is remark-

ably similar to (1.1); yet it retains all the characteristics

proper to quantum-mechanical particles. Its significance is discussed

in sections VII and VIII,

by



II. INVARIANCE UNDER THE GALILEAN

TRANSFORMATION

Dynamical variables of a particle observed by an observer
fixed to a coordinate eystem, one of the inertial syetems, are
given by

o poeition vector,
p' ¢ amomentum.
We consider another obeerver fixed to the second coordinate
syetem which moves with a constant velocity -v relative to the
first eystem, Dynamical variablee of the same particle observed
by the second obeerver are

; ¢ poeition vector

o .

¢ momentunm
and
roxroe vt (2.1)
P =p' s mv. (2.2)

Newton's equatione of motion are invariant under the Galilean
transformation of variables according to (2.1) and (2.2), if
v is invariant. The classical Liouville equation ie aleo invariant
under the same transformation., This is readily shown by that, with

respect to a function f of r', ﬁ'. t

f(;.' B'. t) s f(;'et. s-n;' t)

-be




(22/0t) 0 o0 = (A2/0%), o ¢ 7.Q2N1), o

(a:/a;wm. - ():/ai-)t'p 2.3)

ets,

On the other hand, the Hamilton~-Jacodbi equation and also
the Schrodinger equation are mot invariant under the Galilean
transforsation., From the mathematical viewpoint , this is because
these equations are linear with respect to operator d/)t, and
ponlinear with respect to 3/):. From the physical viewpoint,
the Hamilton-Jacobi equation alone cannot represent the complete
set of dynamical laws; it needsthe definition of momentus as
an independent vector variable for being complete. With the
definition of momentum, the equation is reduced to the Liouville
equation whioh is complete as a representation of Newton's
dynamical law. (The initial Hamilton-Jacobi equation is then
the expression of energy comservation.) In a similar manner,
the Schrodinger equation alone is not a complete physical law;
it needs the physical definitions of momentum and energy.
Previously, Ref.2, we derived the quantum-mechanical
Iiouwille equation from the Schrodinger equation. In the process
of derivation, we defined an independent vector variabdle ;.
Thus the quantume-mechanical Liouville equation is more restrictive

and more informative than the Schrodinger equation alone, in the



same way as the classical Liouville equation is more restrictive
and more informative than the HamiltoneJacobi equation alone.,
As a result, the gquantum-mechanical Liouville equation is in-
variant under the Galilean transformation, provided that B
is transformed according to (2.2). The last condition is a new
assumption or interpretation which has not been made with respect
to the Schrodinger equation., This is justified as follows:

For the convenience of reference, we write here some results
obtained in Part II of this report (Ref.2): We saw that the

Schrodinger equation for single particle leads to

¥V = a exp(iS/h) (2.4)

d8/0t + p2/2m + U = (h%/2m)(Aa/a) = O (2.5)
112 2

[--- + T'srad o grﬂd(u - é;- _-.)J = 0 (2.6)

on the definition
3 = grad S (2.7)

Equation (2.6) is what we call the quantumemechanical Liouville
equation., There, also we saw that the energy eigen-function

leads to the energy eigen-value
E=U.+ p’/2m -(8'/2m)( aa/a) (2.8)

(EQ.(“.’*)' in Ref.2)

and, if aa/a is moderate, the quantum-mechanical Liouville

8-



equation (2.6) has characteristic equations

4P . -grad U « b2 grad(£2) (2.9)
dt am a

22. = .E- (2.10)

dt . ]

Obviously, (2.8) is the integral of (2.9) under condition (2.10);
and (2.10) implies (2.2).

III. A PARTICULAR SOLUTION OF
THE SCHRODINGER EQUATION

Helped by the Galilean invariance principle, we obtain an
interesting solution of the Schrodinger equation for single
particle., We first suppose that there is a solution a2 of Eq.(2.6)
under the condition that

D82/dt 20, p=0, grad U = O (3.1)

Then Eq.(2.6) yields

grad(da/a) = 0, or sa/a = const = K (3.2)

A well-known solution of (3.2) is

a = exp(-K® r)/r (2.3)

(r2 = x%¢ y2+ 22)
Since a should be real, K should be positive:

KIKZ > 0 (302)'
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If we take another coordinate system which is moving uniformly

-
with =v relative to the initial one, we have to substitute for

T
r - vt (3.4)

and ; = mv (3.5)
according to (2.2). Hence (3.3) yields

2 = expf-éx!r ; vtl) (3.6)

|r - vt

which is a solution of (2.6) when grad U = O, In accordance
with (3.5), we take for S

S = «Et + mv.r (3.7)
which satisfies Eq.(2.,5) under the condition

L = mvd/2 - 42,2/(2m) (3.8)

Since v and x are invariant, E is also an invariant., Finally,

¢ . exP(:”f; = vel) .xp[;(-Et * m;-;)/ﬁ] (3.9)
| Tavt |
is a solution of the Schrodinger equation under condition (3.8).
We now intend to find a solution when
grad U ¢ O
In this case, in general, there is no definite justification of
(3.2)s But we assume that

a) grad U is weak so that (3.2) is valid to an approximation; or

b) there is another additional condition which justifies (3.2).

=10~



Then it is essy to write down the result by modifying (3.9):

oxp| -x[(r - fiéﬁl.dg)a
’ = " 6% - 3en (3.10)
‘F - Iiéﬁl. dt |

where *
d = - 2 -> -
[5‘(1: - p(t)] = § (- p(t)
§ (pg = pe(t)) Glpy = p (621 (py= B, (1))

and ;(t) satisfies Eqs.(2.9) and (2.10), under condition (3.2).

dp/dt = -grad U, dr/dt = p/a (3.11)

Finally we take for 8
o b
8 = Et + pir (3.12)
where E is given so that Eq.(2.8) is sstisfied:
E=U e« pz/Zl - £2x2/2m (3.13)

This solution of the Schrodinger equation is sn exact one,

but is not unique. This is because condition (3.2) is not

necessary slthough sufficient. In general, da/a msy be s function

*The definition of §” is indirect. If we differentiate with t
4' = 8 exp(18/8) obtained here, b‘”/)t is a symbol of which

2 %285 670

is defined well.
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of r; as yet E, (3.13), is an invariant integral of (2.9).
We notice the following three significant characteristics

of the solution obtained in the above:

Stability

Unlike the conventional wave packet, the present one
is an exact solution of the Schrodinger equatinn. Therefore,

it is stable in time.

Particle-likeness

As the magnitude of X increases, the solution approaches
the representation of a classical material point given by (l.l1),
as is shown in the appendix. This solution is not an eigen-
function either of energy or of momentum. (The situation is
the same also with respect to a conventional wave packet because
of its boundary.) However, Ehrenfest-Ruark's theorem (Ref. 5)
provides a way to find the gross behavior of this particle.

We define
R = cdence- (3.14)
(d2 : volume element)

Then, according to the theoren,
= jffgmdUde
nR = -

] -j ¥iae

is obtained from the Schrodinger equation. Since y * { is

(3.15)

localized narrowly, we may write

mR = - grad U (3.15)°
which has an integral
¥ m .U = const (3.10)

-1l=



Unlike E given by (3.12), this integral does not contain 1:2):2.

Formation of de Broglie wave

In general .y
T ol oxp(=xfr=vt-J,)) + 9
= - i(-Et 'r)/h (3.17)
% L)‘ II‘ - vt -—.z:’— .xp[ ( v mver / J

ioc a solution of the Schrodinger equation for a free particle.

-
Hore scalars &, and vectors fa”, are arbitrary constants., This

is proved by noticing that

. 'Z A, ¢xp(=x|F ~ vt -3, (3.18)
~y | F - vt -,},l

n

satisfies Eq.(3.2), and hence a< satisfies Eq.2.0). If we
choose the o 's as infinitesimal and let the /3 's f£ill the
entire space, \b given by (3.17) represents substantially a
plane de Broglie wave.

In the above process of forming de Broglie wave, we do not
consider any interaction among those many representations of
particles, This manifests that the wave is an ensemble represent-
ation of single particle in free state. In other words, we may
also say that by a de Broglie wave, we represent many similar
systems of which each consists of a single particle and among-
which there ie no physical interaction. This statement mignht
sound somehow paradoxical in view of Pauli's principle which
prohibits more than one particle to exist in the same state,

In the following two ldctiou. we shall clarify this apparent

paradox.

-13.



IV. THE LIOUVILLE EQUATION

FOR n-PARTICLE SYSTEMS

It is easy to derive the quantum-mechanical Liouville

equation from the Schrodinger equation for two particles, named

1l and 2:
2 2
‘h h .
if -‘:)—f- $ o Y e LT = U Lf’ = 0 (4.1)
ot 2m; 2m>
where

Jl = ;)Z/fo + bz/Jyf + Ja/QIE , etc.
U= Ulz(rl, r2) + UOl(rl) + an(ra) (4.2)

rl = xl' qu zl ’ etc.

Ul& is the potential between particle 1 and particle 2; U01

i the potoniial o7 particle 1 due to external field, and so forth,

On substituting in Eq.(4.1)
¥ = a exp(iS/h) (be3)

and considering the real and imaginary parts of the resultant

equation separately, we obtain

-lte-



2
- 8 -‘?—L + 2—- Ala - _:E (Br.dl 8)2}

t 2.1
v [Aa- %, (grad S)ZJ-UaaO
* oy L% TR ETT2 (bob)
Ja/dt + (1/-1)(grad1a)-(gradls) * (1/2-1) a4,s
+ (l/nz)(;radza)-(gradzs) + (1/2my) ady8 = 0 (445)

where
grad, = (9/0xy, 9/A¥y, 2/921), etce

In the same way as in the case of single particle (Ref. 2), we

define ;1 and ;2 by

- S
srady (4.6)

= grada ]

o |

1

i

2

On regarding t, ;1, ;2, 51. 52 as the independent variables,

we obtain for Eq.(4. 4)

2 2 2 2
.9.§.+.£L¢.2g. -idaciea: +U=0 (‘..7)
t 2m, 2w 2sy 8 2m, a

«15-



+ gradl{-u + -ﬁ-z-..fl:- + .33..42.'..]. .1;.-

2my a 2my a J Py

2 2
+ grad [-u ) LI .3 LI B BPSRR %)
- 2my a 2m, @&

P2

The same treatment is easily extended to the case of
n-particle cystems, and the following are obtained:
P 8 12

n
.Z. k
amae $ - amana ® Semarew omas  § U = o (“.9)
kz"-‘l 2my k=1 2mk a

n 3 n ~
3-- >N ..5...9, -Z_ grad, Uo-—é-} a2 =0
dt k=l % dT, k=l 0 Py (4+20)
where o n
U sy - 0%/2) S (dea/a)/mg (4e11)
;k = grad, S (4.12)

16~



V. PAULI'S PRINCIPLE

Earlier, Ref.l, Margenau discussed the limit of validity
of the exclusion principle. This pioneering study was made
within the framework of conventional quantum mechanics. The
present author, some years later, also studied the same matter
in a demonstrative manner. Ref. 6. The obvious inadequacy of
Pauli's principle, when applied rather axiomatically, manifests
the necessity of interpreting conventional solutions of the
Schrodinger equation as lacking some . information . In
this section, Pauli's principle is studied in a somewhat
differen: manner by employing the result of section IV.

We consider a system of two similar particles, We begin

our investigation by assuming that the terms containing né
in Eq.(4.8) are of minor correction: Then we may think that

we ignore them completely in Eq.(4.8) to the first approximation.
On substituting a solution thus obtained to the first appro-
ximation, in those correction terms, we obtain Eq.(4.8) to the
second approximation. After repeating successively similar
procedures of approximation, we may odbtain a partial different-
ial equation which is a good substitute for Eq.(4.8), and yet

is linear and of the first order with respect to a2, because

those correction terms are known functions. We may have for

®In section III, we saw that these terms must vanish for
a single and free particle. 1In general, this is not necensary
although sufficient for odbtaining exact solutions. See section
VI.
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the characteristic equations of the resultant equation:

d;l - b

dt m)

dp, 2 2a 1% 4.

—== 2 =gradj(Upy + U3)) + grad) (== cdor ¢ o -l ),

dt 2my a 2my a

dr P
-.J = --a- ’ (5.1)
dt ﬂz

dp; #2 418 42 4,8

dt il s 2*702 * "2 * 8 2(2n1 a 2m); a

These are given in the 1l2-dimensional phase space. It is possible,
to an approximation, to represent them in the 6-dimensional phase
space. The representation of one particle is the same as of the

other, provided that B =B,

—ds- E -L (502)
at m
dp 42 Ja

—-g- 2 - sr.d U' + sr.d(—. ---)
dt 2m a

This approximation is made by substituting

U' = Uy + <U12” average * fOF Uy * Uy, (53)
and by assuming that

grady (2= ) - graqy il ) . 0 (5.4)

-18-



These assusptions sre permiseible, if two psrticles in the same
systenm are known to be sufficiently remote that, in the space

domain whcrc1dla/a depends seignificantly on ri, 4 a/a is

substantially independent of T snd vice versa., If we rely

solely on (5.2), however, there ie the danger of making a serious
mistake: The trick is that Aa/a is independent of the absolute
amplitude of s, snd hence we tend to think that we may superpose
representations of any number of similar particles. Then the
solution thus obtsined from (5.2) is much different from the
solution obtained by solving honestly Eq.(5.1); there, in the

12-dimensional phase spsce, those terrms 012"1'/" Aza/a prevent

the two particles from being superposed in the same local domain
of spsce. In order to substitute (5.2) for (5.1) with no such
mistake, we need some additional coandition to prevent us from
making the mistske. Pauli's principle is the very device to
serve for this purpose. Thanks to the principle, we may avoid
possible mistskes which will be caused by the inadequacy of (5.2)
for the substitute of (5S.1).

Being s conventional device such as explained in the abdove,
Psuli's principle cannot be spplied mechanically, without causing
paradoxical results. (The situstion may be usual with respect

to any sxiom in physics!) Suppose that two similar particles are

remote slthough they are in the same quantum-mechanicsl state,

-19-



In the light of the discussion made in the above, Pauli's
principle should not be applied in this case. But, conventional
quantum mechanics does not pay attention to this remoteness,
since it does not make any distinction between single system and
its ensemble, Thus we tend to apply mechanically Pauli's principle
and come to a paradox, For example, consider two electrons, of
which one is in a hydrogen atom and the other in another
hydrogen atom which is remote from the former., If Pauli's
principle were applicable, the intensity of any spectrum line
observed in a hydrogen gas would be extremely weak, because

only one of those numerous electrons is permitied to be in

one energy eigen-state at one moment of time.

In general, conventional solutions of the Schrodinger
equation lack adequate descriptions of where and when, as usual
in ensemble representations. Furthermore, Pauli's principle,
made to supplement the inadequacy, cannot alone provide safeguard
adequate for preventing our mistake due to the inadequacy of
quantum-mechanical descriptions, as demonstrated in the above,
From this viewpoint 8&lone, it is necessary, even in the pragmatical
spirit, to interpret conventional solutions of the Schrodinger
equation as of ensembles. (Since von Neumann's well-known study,
it is being accepted that quantum mechanics is a logically
consistent system. But this does not mean that quantum mechanics

is physically adequate,)




VI. A PARTICULAR SOLUTION
FOR n-PARTICLE SYSTEM

In section III, we obtained an exact solution for one-
particle system. The existence of U, potential field, does
not bring in any essential difficulty, as long as the condition,
sa/a = invariant, is maintained. This condition is not necessary
when U exists. Therefore the solution obtained there is expected
not to be unique when U ¥ O ., The solution is stable, localized
in space, and furthermore leads to de Broglie wave when U = 0.

It is not difficult to find a similar solution for n-particle

syatem. We write

B exp -an];k - Bkgldtﬂ . R
gus = 7 0(F) - B(e)) (6:1)

where pk(t) are solutions of

dp, 42
-t = - ;rudk(u - 5;;- del/l )

dt
> - (6.2)
dry Pk
ac " By
First easily showa is that
A o/ = xE (6.3)

Hence Bqs.(6.2) are characteristic equations of (4.10). So

-2l-



82 given by (6.1) satisfies (4.10). In order to satisfy (4.9)

and (4,12), we take

- 9
S = - Et +kak-rk
Then (4.9) yields
2
2 h
-E# z—pi-- Z.—. K2+U=°
2ﬂk Eﬂlk k

E can be invariant only wuen the p's are chosen so that

p2
-6« + U = invariant,
2 !Ilk

The nontrivial case of (6.1) is realized only when

= t
P ® Py

and hence, the integral of (6.2)

py 2

t
Bkﬁ-) + U = invariant
2mk

ie the very condition (6.6),

As his been repeated often, this solution is exact,

(6.4)

(6.6)

is not unigue, In general, xa/a may be a function of the r's;

as yet, E, (6.5), is an invariant integral of (6.2).



VI, GENERAL SOLUTION
(SOLUTION FOR ENSEMBLES)

It is easy to construct general solution (solutions for
n-particle ensembles) with the particular solution obtained in

section VI, A set of solutions of (6.2)

Pu(t)
P, (¢t
k

- ; (t) (701)

r, (t) ,s.k... dat

By
k = 1. 2..00' n

have their initial condition

P, (0), 7, (0) (7.2)

contained in them. Then we makes with a given by (6.1),

n
. .J...I. P[5 (0) 7 (0reens $,€0),7, (0] [T ep (0)aF, ()

k=l
(7.3)
where </ is an arbitrary function of the intial values (7.2).
The function L obtained in the above satisfies
o S (7.4)

'8 k

Hence the gradient of it vanishes, In general, we may write

a = '(;‘,-;'(t). B"';'(t)' ccoococco)

2
€

23-



Of course, F is a complex function, and unknown in general.
But it is obvious that
n o/ OF 2. OF
FAOt = -y [P (t) <J[= (t).
O F E;l( 53 B )

2
Hence a
g

(7.4).

satisfies the Liouville equation (4.10) under condition

For S, we take

S = - E(t) « Y por, (7.5)

Then (4.9) yields

0 2 2
-E(t) + L 2{ A R 2 L U=0 (7.6)
2my, omy k

Unlike the case of (6.6), condition (7.6) is not always satisfied
by those independent variables t, Sk ’ ;k' Note that U is a

function of the r's, Condition (7.6) imposes a restriction on

those indevendent variables,

-13‘0-



VIII. DISCUSSION AND CONCLUSION

Those solutions of the Schrodinger equation obtained
in this report are exact, with two restrictions:

a) Aa/a = invariant.

b) Solutions of Newton's equations of motion are given:
Because of condition a), the characteristic equations of the
quantum-mechanical Liouville equation turn out to be of the
relevant classical Liouville equqtions That is why condition
b) is necessary.

Condition a) is surely necessary when a particle is completely
free, and the de Broglie wave is composed by superposing many
similar solutions obtained for single particle., But, when a
particle is in a force field, it is unlikely that condition a)
is necessary in general. Nevertheless, assuming condition a)
does not lead to amy inconsistency of the solution; this is
a remarkable situation. Therefore, it may be reasonable to assume
condition a) to be valid when force field is not extremely strong.
Accordingly, except for lowest energy levels, conventional
energy eigen-solutions may be special cases of the general
solutions obtained im section VII. (With a particular reason,
the one-dimensional oscillator is an exception.) In summary:

1l There is a wavelet, as an exact solution of the Schrodinger

equation, which seems to represent a particle in free atate.
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2+ The de Broglie wave is constructed with similar wave~-
lets.

3+« The wavelet approaches the known § -function represen~
tation of a classical-riechanical particle in the phase space, as
a parameter approsches its limit value.

L, The quantum-mechanical Liouville equation for n-particle
system is obtained.

S. Pauli's principle, with its merit and paradox, is ex-

plained as based on the Liouville equation for n-particle systenm,

6. An exact solution for single n-particle system is
obtained, if the relevant solutions of Newton's equations are
given,

7. In the same sense, an exact ensemble solution of n-
particle systems 1ie obtained,

8. Relevant solutions for the Dirac equation are expected
to exist,

In view of these characteristics, solutions obtained in
this report undoubtedly promise the possibility of kinetic theory
of quantum-mechanical systems, provided that emissione-absorption
processes are not significsnt in those systems. In order to
take into account emission-absorption proces.;es, consideration
of solutions of the Schrodinger equation is not sufficient;

similar solutions of the Dirac equation are neceassary.
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APPENDIX
Connection Between § ~Function

snd a or a° Given by (3.6)

We define

A(K, €) = IH"P(-KRET}'ZTZ)
V ; ¢ y§+ z°

where the domain of integration should be limited by

dxdydz (A.1)

x2 ¢+ y2 + 22 > ¢2 (A.2)

so that A( X, &) does not diverge. As x increases, ¢ may bde

smaller. Then we define

exp(-l(lx2¢ yzo zz)

D(x"”' RQG) bd (AO})
AQK,E)[x2+ y2o 22
in the same domain of x,y,z, as (A.2). Of course, we have
[ffn(x,y,z,x,é)dxdydz =1 (Aol)

However, if X is sufficiently large, (A.4) will be satisfied by

taking for the domain of integration
R 2 x2. y2¢ 22 > 2 (A.5)
instead of (A.2). This is becsuse, for large x , contribution

to the integral (A.4) is made only by x2+ y2+ 22 of small values.
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As x increases,the permissible limits of R and of ¢ dscrease.
In other words, function D is more localized near x = y =2 = 0,
as x increases. As yet, it satisfies (A.4). This is the

very characteristic of J (x)d (y) d (z).

It is noted that az has the same characteristic at the limit

K =200,
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