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DIFFICULTY AND POSSIBILITY OF 

KINETIC THEORY OF QUANTUM-MECHANICAL SYSTEMS 

Part V • Particular and Oaneral Solutions of tha 

Schrodlnger Equation ard their Significance 

In Kinetic Theory 

by 

Toyokl Koga 

SUMMARY 

The quantum-necbanlcal Llouvllle equation la more restrictive 

and hence more Informative than the Scnrodlnger equation,  because 

the former already contains the definition of Independent variable 

p,  momentum in a special case.    In this sense,  the quantum-mecha- 

nical Llouvllle equation Is more definitive as the description of 

a physical law,  and is shown to be invariant under the Galilean 

transformation*    By taking advantage of this convenience,  we obtain 

a particular solution of the Schrodlnger equation for n-particle 

system.    This solution is localized in the phase space and stable 

in time,  and seems to represent en n-particle system as single system. 

The de Broglie wave is constructed by superposing a number ol  similar 

particular solutions for single-particle systems.    Similarly, 

general solution is constructed for n-particle systems.    For justi- 

fication of its application to fcinctic theory,   Pauli's principle is 

analysed and interpreted anew.    The present solution promises the 

possibility of rational methods of kinetic theory of quantum- 

mechanical systems, as analogous to methods of classical kinetic 

theory. 
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I.  INTRODUCTION 

In this report, it will be shown that the Schrodinger 

equation for n-particle system has an exact solution which appears 

in various aspects to represent a single system, and that the 

solution is slgnificint in kinetic theoryt 

The essential part of the orthodox quantum mechanics consists 

of the definitions of observables, measurements and representations 

of systems, and commutation relations and dynamical laws govern- 

ing observables. Consideration of the Schrodinger equation or 

the Dirac equation is merely an auxiliary or subsidiary matter. 

On the other hind, there are some authors (Ref. 1) who state, 

sometimes tacitly, that the Schrodinger equation or the Dirac 

equation are    basic laws; when we choose a certain family of 

their solutions, major axioms of the orthodox quantum mechanics 

turn out mere theorems.*  In a previous report (Ref. 2), a similar 

anomalous view was advanced, and it was demonstrated that the 

view is rational and furthermore is necessary for treating a 

system in its evolution.  According to this view, conventional 

eigen solutions of the Schrodinger equation are of ensembles. 

•This might remind one that Heaviside's operator rules 

turned out theorems, when basic differential equations of electro- 

magnetic phenomena were solved by methods of Fourier transformation 

and of Laplace transformation.  Here, certainly, Schrodinger himself 

should be mentioned. 

-2- 



Instead of single systems,  and hence are useless  for the basis 

of treating a system in its evolution in the kinetic theoretical 

sense.     If this be true in general,     those Ramiltonian observables 

of electron-electron and electron-photon interactions may contain 

some inconsistencies,  because they are constructed from the plane 

wave representation of electron which we regard as of ensemble 

(Ref.2).    Indeed,  inconsistencies were shown to exist,  as expected, 

in those Hamiltonians In another report  (Ref.3). 

Thus far,  however,   alternate     representations of single 

systems have not been proposed..    Sometimes a wave packet is thought 

to be the one for single particle.    But a conventional wave packet 

does not satisfy exactly the Schrodinger equation and hence is  not 

stable.     In this report,   we shall show that  the  quantum-mechanical 

Liouville equation derived in Ref.2 leads to discovery of a stable 

wavelet which satisfies  exactly the Schrodinger equation.    Con- 

struction of ensemble representations of similar wavelets is also 

made. 

However,   it  should be  remarked in advance  that  the present 

wavelet is made as spherically symmetric.     In general  this 

condition is too restrictive that ensemble solutions  constructed 

with the present wavelet solutions do not result in eigen- 

functions particularly for some lowest energy levels.    This situation 

is  easily predictable,  since a wavelet is most unlikely to be 
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spherically symmetric in a potential field of steep gradient* 

Nevertheless,the wavelet  is an exact solution of the Sehrodinger 

equation,   regardless of the  field.    This seems to imply that its 

deformation in a  force  field  be  designed rather easily* 

For treating an n-particle system in olassical klnttic theory, 

»e begin with a particular solution of the Louville equation;   the 

solution is represented in terms of   (5-functions: 

D * 7M(rk - ?k(t)) cr(pk - pk(0) (1*1) 
k=l 

Here & ir^  - rk(t)) = 6 (x^ -  x^t)) ^<yk - yk(t))^(«k - «k(t)), 

etc., r. (t), Pk(t) are solutions of Newton's equations 

• 
mk?k(t) » pk(t) 
l. (1.2) 
pk(t) = - gradkU 

U: potential.     (^ « 1, 2,,.., n) 

and rk, pk are independent variables* Of course* we cannot solve 

Eq8.(1.2) for more than two particles. Nevertheless, solution 

(1. 1) provides a restriction necessary for the proper treatment 

of a system in the kinetic-theoretical sense* Rsf. ^. 

In this report, we shall show that the Sehrodinger equation 

for n particles has a solution similar to, but not the same as, 

Eq.(l.l). Furthermore, those functions of t, rk(t), Pk(t), etc. 

are governed by the same set of equations as Eqs.(l*2). This 
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is a rcaarkabl« eonvenlenc«, particularly for kinetic theory. 

In section 11« we diacuea the invariance of the quantua- 

mechanical Liouville equation under the Qalilean tranafomation. 

The invarlance proTidea a clue for solving the Sehrodinger 

equation which la not invariant under the same transformation* 

In section III, we first get a solution of the quantum-mechanical 

Liouville equation which is time-independent and localised in space. 

By meana of the Qalilean transformation, we then get the represen- 

tation of the same solution given with respect to a coordinate 

system moving uniformly relative to the Initial system. This 

solution is neither energy eigenfunction nor momentum eigen- 

function in the conventional aenae. Nevertheless, it represents 

characteristics of psrticle. Furthermore, it is possible to con. 

struct a de Broglie wave by superposing msny similar solutions obtained by 

merely changing the phase in the aolution.  In aection IV, we derive 

the quantum-mechanical Liouville equation for n-particle systems. 

Baaed on this, in section V, we discuss the meaning of Paulis 

principle. This is done for making the conclusion reached in sec- 

tion III as compatible with the conventional interpretation of 

•igen-solutions of the Sehrodinger equation. In the light of these 

findings, we obtain in section VI a particular aolution of the 

Sehrodinger equation for n-particle aystem. The aolution is remark- 

ably similar to (1.1){ yet it retains all the characteristics 

proper to quantum-mechanical particles. Its significance la diacuased 

in aeetioas VII and VIII. 
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II.  INVARIANCE UNDER THE GALILEAN 

TRANSFORMATION 

Dyaamleal variablea of a particle obaerved by an obaerver 

fixed to a coordinate ayatem, one of the inertlal  ayatema, are 

given by 

r* : poaition vector, 

p' : momentum* 

We conaider another obaerver fixed to the aecond coordinate 

ayatem which moves with a constant velocity -v relative to the 

first system. Dynamical variables of the aame particle observed 

by the second observer are 
.a 

r position vector 
» 

p momentum 

and 
■♦ 

r » r'  ♦ vt, (2.1) 

psp*4>BV. (2*2) 

Newton's equations of motion are invariant under the Qalllean 

transformation of variables according to (2.1) and (2.2),  if 

v  is  invariant.    The classical Liouville equation is also invariant 

under the same transformation.    This is readily shown by that,   with 

r^apect to a function f of r',  p',  t 

ffr1,  p1,  t)  « f(r-vt,  p-mv,  t) 
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(>fM)r,tp, . Uf/>t)rtp ♦ ;.(>f/>r)tfP 

(2.3) 

•te« 

OB the other hand, the Bullton-Jaoobl «quatloD and also 

the Sehrodlnger equation are not Invariant under the Galilean 

tranaformation* Fron the nathenatieal viewpoint , this ia beoauae 

theae equationa are linear with reapect to operator ^/«)t, and 

nonlinear with reapeet to d /it.    Fro« the phyaical viewpoint, 

the Haailton-Jacobi equation alone cannot repreaent the eoaplete 

aet of dynaaical lawai it needs the definition of Boaentua aa 

an independent vector variable for being eoaplete* With the 

definition of aoaentua, the equation ia reduced to the Liouville 

equation which ia eoaplete aa a repreaentation of Newton*a 

dynaaical law* (The initial Baailton-Jaeobi equation ia then 

the expreaaloa of energy conaervatioa*) In a aiailar aanner, 

the Sehrodinger equation alone ia not a eoaplete phyaical law; 

it needs the phyaical definitiona of aoaentua and energy. 

Previoualy« Ref.2, we derived the quaatua-aeehanical 

Xdouidlle equation froa the Sehrodinger equation. In the process 

of derivatioBt we defined an independent vector variable p. 

Thua the quantua-aechanical Liouville equation ia acre restrictive 

and acre iafamative than the Sehrodinger equation alone, in the 
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same way as the classical Liouville equation is more restrictive 

and more informative than the Hamilton-Jacobi equation alone. 

As a result, the quantum-mechanical Liouville equation is in- 

variant under the Galilean transformation, provided that p 

is transformed according to (2,2)»    The last condition is a new 

assumption or interpretation which has not been made with respect 

to the Schrodin^er equation. This is justified as follows: 

For the convenience of reference« we write here some results 

obtained in Part II of this report (Ref.2): We saw that the 

Schrodinger equation for single particle leads to 

l// » a exp(iS/fO (2.4) 

^S/Jt ♦ p2/2m ♦ U - (h2/2m)(Aa/a) =0 (2.5) 

on the definition 

p » grad S (2.7) 

Equation (2.6)  is what we call the quantum-mechanical Liouville 

equation.    There,  also «e saw that  the energy eigen-function 

leads to the energy eigen-value 

E « U ♦ pV2m -(hV2m)( Aa/a) (^.8) 

(Eq.Ct.M' in Ref.^) 

and, if ^ a/a is moderate, the quantum-mechanical Liouville 
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equation (2.6) has characteristic equations 

-& « -grad V * j£  grad(Ää)                  (2.9) 
dt 2s      a 

*L , J-                                 (2.10) 
dt s 

Obviously, (2.8) is the integral of (2.9) under condition (2.10); 

and (2.10) implies (2.2). 

III. A PARTICULAR SOLUTION OF 

THE SCHRODINOER EQUATION 

Helped by the Galilean invariance principle, «e obtain an 

interesting solution of the Schrodinger equation for single 

particle. We first suppose that there is a solution a^ of Eq.(2.6) 

under the condition that 

^ a2/i)t «o, p « 0, grad U » 0 (3.1) 

Then Eq.(2.6) yields 

grad(4a/s) « 0, or 4a/a > const « K (}.<i) 

A well-known solution of (3*2) is 

a • exp(-K,* r)/r (?.3) 

(r2 « x2* y2* s2) 

Since a should be real, K should be positive: 

K • K2 > 0 (3.2)» 

-<J- 



If we take another coordinate system which is moving uniformly 

with -v relative to the initial one, we have to substitute for 

r 

r - vt (J.M 
-»   •* 

and p s mv (3*3) 

according to (2.2)» Hence (3*3) yields 

-2  ■•*p(-2*jr - vtl) lx c\ 
\r  - vt)2 

which is a solution of (2.6) when grad U a 0.  In accordance 

with (3*3)« we take for S 

S » -Et ♦ mv.r (3.7) 

which satisfies Eq.(2.3) under the condition 

E « mT2/2 - t2K2/(2m) (3.8) 

Since v and K are invariant, E is also an invariant» Finally, 

I r-vt I        u J 

is a solution of the Schrodinger equation under condition (3«d). 

We now intend to find a solution when 

grad U f 0 

la this ease, in general, there is no definite justification of 

(3.2). But we assume that 

a) grad Ü is weak so that (3.2) is valid to an approximntion; or 

b) there is another additional condition which justifies (3*2). 
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Thtn it ia easy to writ« down the raault by aodlfying (3.9)« 

.. —i*(;. pun (j.io) 

whare • 

[^(p - p(t)J    s   i(p - P(t)) 
a ^ (Px - Px(t)) SiVy - Py(t))<r(p,- Pt(t)) 

and p(t) aatlafiaa Iqa.(2.9) and (2.10), undar condition (3*2). 

dp/dt ■ -grad D,  dr/dt ■ p/a (3*11) 

Finally «a taka for 8 

S » -It 4 p.r (3.12) 

where E ia given ao that Iq.(2.8) ia aatiafied« 

1 ■ 0 ♦ p2/2« - ft2H2/2m (3.13) 

Thia    aolution of the Sohrodinger equation ia an exact one, 

but ia not unique» Thia ia beeauae condition (3.2) ia not 

neceaaary although aufficient. In general, da/a «ay be a function 

•The definition of 6* la indirect. If we differentiate with t 

if • a exp(lS/fO obtained here, dJ*/4t ia a ayabol of which 

c 0 

la defined well. 

0  t 
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of r; as yet E, (3.13), is an invariant integral of (2.9). 

We notice the following three significant characteristics 

of the solution obtained in the above: 

Stability 

Unlike the conventional wave packet, the present one 

is an exact solution of the Schrodinger equation.  Therefore, 

it is stable in time. 

Particle-likeness 

As the magnitude of H increases, the solution approaches 

the representation of a classical material point given by (1.1), 

as is shown in the appendix. This solution is not an eigen- 

function either of energy or of momentum.  (The situation is 

the same ?>lso with respect to a conventional wave packet because 

of its boundary.)  However, Ehrenfest-Ruark's theorem (Ref. 5) 

provides a way to find the gross behavior of this particle. 

We define . 
\ (iV r d T 

R = f^~  (3.1M 
U>df 

(d? : volume element) 

Then, according to the theorem, 

-          JfVgr-ad u de 
mR s - "-—:  (5.1?) 

jy-Vdf 

is obtained from the Schrodinger equation. Since ^ * lp    is 

localized narrowly, we may write 

m'R = - grad U (3.15) ' 

which has an integral 
>f m R2 ■»• U = const (3.1b) 
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Unlike S given by (3*12), this integral does not contain "h x • 

Formation of de Broglie wave 

In general 
,  V <?<yexp(-n/r-vt-JJ)    r       v ^  -, 

'  ^-^  Ir - vt - i^/      L. -J 

in a solution of the Sehrodinger equation for a free particle» 
-♦ 

Here sealers e^ >> and vectors ß, are arbitrary constants* This 

is proved by noticing that 

a - Y 6£2iZ*i* ' h -M* (3.18) 

satisfies Eq.(3.2), and hence a2 satisfies Eq.(2,o). If we 

choose theoZ. 's as infinitesimal and let the ß 's fill the 

entire space, df given by (3*17) represents substantially a 

plane de Broglie wave* 

In the above process of forming de Broglie wave, we do not 

consider any interaction among those many representations of 

particles. This manifests that the wave is an ensemble represent- 

ation of single particle in free state* In other words, we may 

also say that by a de Broglie wave, we represent many similar 

systems of which each consists of a single particle and among 

which there is no physical interaction. This statement might 

sound somehow paradoxical in view of Pauli*s principle which 

prohibits more than one particle to exist in the same state. 

In the following two sections, we shall clarify this apparent 

paradox* 

-13- 



IV.  THE LIOUVILLE EQUATION 

FOR n-PARTICLE SYSTEMS 

It is easy to derive the quantum-mechanical Liouville 

equation from the Schrodin(5er equation for two particles, named 

1 and 2: 

^ ^   'h2       h^ i-h zJL.  + Aif + A2 f ~ v d'  =o (^.D 
)  t    2mi 2m^ 

where 

^1 =  <)2A'xf * ^2/3yf  ♦ <)a/^«|  , etc. 

Ü = "i^^^, r2) + "oi^l5 * lJ02('r2) (4,2) 

rl '  xl« yl' zl • etc• 

IK-  is the potential between particle 1 and particle 2; VQ. 

i:,  ih.-  jjo*,jn*v ..il ii    varticle 1 due to external field, and so forth. 

On substituting in Eq. ('♦.!) 

^ =  a expCiS/h) (^.3) 

and considering the real and imaginary parts of the resultant 

equation separately, we obtain 

•1H. 



Oa/^t ♦ (l/«1)(grad1«)-(grad1S)  ♦  (1/2«!) a^S 

♦ (l/m2)(grad2a).(grad2S)  *  a/2m2) a^S ' 0 (4.5) 

•here 
gradj^ «    (V^i.  «V^i.  ^«i^  •*«• 

In the aame way a. in th« eaa« of aingl. particl«  (Raf. ^).  »• 

define ^    •»* P2    by 

?!    » «"*! S (4.6) 

P2    « 8rad2 S 

On regarding tt  rv  ^  ^  iz    •• the independent .ariabl... 

•e obtain for Eq.^.M 

i. jl    . if^.i-^!   *U =0      (4.7) 
2«i *    2«2 d t    *    2«i *    2*2 2«! a        2a2    a 

•nd for (4,5) 

f   <) Pi   3 P2   a 
Ut «li'l        «2 «p2 
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1L           SB}      a 2B2      a   J  ^ PI 

r             t2    j^a -ftS   4Pa ]     ^     'j 
♦ grad   I -Ü ♦ —-.-i— ♦ «—..-§--. m^^rn I 

2 L          Smj^      a amg      • J  i Pg J 
^   . 0       (^.8) 

The same treatment la easily extended to the ease of 

n-particle cystems,  and the following are obtained: 

  ♦X   —*" "T ^^ ♦ U • 0 
3 t      ksl 2mit      ^"i 2mit      a 

(^.9) 

Dt       k.l   "k  ^k    fcl k      ^PkJ ('♦.lO) 

«here 
Ü    « u -  (*2/2) j;    (Jka/a)/mk 

k»l 

pk = gradkS 

('♦.ll) 
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V.  PAULIS PRINCIPLE 

Earlier, Ref.l, Margenau discussed the Halt of validity 

of the exclusion principle. This pioneering study »as made 

within the framework of conventional quantum mechanics. The 

present author, some years later, also studied the same matter 

in a demonstrative manner. Ref. 6. The obvious inadequacy of 

Pauli*s principle, when applied rather arLomatieally, manifests 

the necessity of interpreting conventional solutions of the 

Schrodlnger equation as lacking  some    Information • In 

this section, Pauli*s principle Is studied in a somewhat 

different manner by employing the result of section IV» 

We consider a system of two similar particles« We begin 

our investigation by assuming that the terms containing h2 

in Eq.Cf.S) are of minor correction! Then we may think that 

we ignore them completely In Eq.C+.S) to the first approximation. 

On substituting a solution thus obtained to the first appro- 

ximation, in those correction terms, we obtain Eq.Cf.S) to the 

second approximation* After repeating successively similar 

procedures of approximation, we may obtain a partial different- 

ial equation which is a good substitute for Eq.Ct.S), and yet 

is linear and of the first order with respect to a2, because 

those correction terms are known functions. We may have for 

*In section III, we saw that these terms must vanish for 

a single and free particle. In general, this is not neceosary 

although sufficient for obtaining exact solutions. See section 

VI. 
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the characteristic equation« of the resultant equationt 

dt   mi 

-* 2        2 dPl / v / h  ^i*     *  ^d^x —4 » -gradi(üoi ♦ U12) ♦ gradi(—— -*«i«- ♦ -*• --*-)» 
dt 2mi a    Zm^    a 

.J!2 . -L f (5.1) 
dt   «3 

dP2    ._. /t.  . „  N . _.. / *2 ^1* . *2 ^2* 
dt 

gr.d2(U02 ♦ U12 ) ♦ «rad^^- --. ♦ --£-") 

These are given in the 12-dimen8ional phase space. It is possible, 

to an approximation, to represent them in the 6-dimensional phase 

space. The representation of one particle is the same as of the 

other, provided that m. « m-: 

dr 

dt 

—£- s - grad U' ♦ grad(—* —) 
dt 2m  a 

This approximation is made by substituting 

U« » üox ♦ <üi2> average • for ü01 *  ü12 

and by assuming that 

-*2* x A  /41* 

(5.2) 

(5.3) 

grad1(^- ) - grad2(4i- ) . 0 (5.^) 
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Thtse assuaptloat «r« p«ralaaiblaf If two partielaa in tha aaaa 

ayataa ar« known to ba aufflcitntly raaota tbit, in tha apaca 

domain whara A.a/a dapands aignlfieantly on ri,^a/a ia 

aubataatlally indapandant of r.« and vie« voraa.  If we raly 

aolaly on (5.2), bowavar, tbart la the dangar of aaklng a aarioua 

mlatake: Tha trlek ia that A a/a la Indapandant of tha abaoluta 

anplituda of a, and hanea wa tend to think that wa nay auparpoaa 

repreaentatlona of any number of almilar partlclaa. Than the 

aolutlon thua obtained from (3*2) la much different from the 

aolution obtained by aolving honeatly Eq*(3*l); there, in the 

12-dinenaional phaae apaca, thoae tarna Ü..,A.a/a, äjk/n  prevent 

the two partielea from being auperpoaed in the name local domain 

of apace. In order to aubatltute (3*2) for (5*1) with no auch 

mlatake, «e need aome additional condition to  prevent ua from 

making the mlatake. Pauli'a principle ia tha vary device to 

aerve for thia purpoaa* Thaaka to the principle, we may avoid 

poaaible miatakaa which will be eauaed by the Inadequacy of (3*2) 

for the aubatltute of (5.1). 

Being a conventional device auch aa explained in the above, 

Pauli'a principle cannot be applied mechanically, without causing 

paradoxical reaulta. (The aituatlon may be uaual with respect 

to any axiom la phyaical) fluppoae that two almilar particles are 

remote although thay are in the aama quantum-mechanical atate« 

-19- 
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In the light of the diaeuaslon made la the above, Pauli'B 

principle ahould not be applied in thia caae. But, conventional 

quantum meehanica doea not pay attention to thia remoteneas, 

since it doea not make any distinction between aingle ayatem and 

its ensemble. Thus «re tend to apply mechanically Pauli*a principle 

and come to a piradox. For example, consider two electrons, of 

which one is in a hydrogen atom and the other in another 

hydrogen atom which is remote from the former« If Pauli's 

principle were applicable, the intensity of any spectrum line 

observed in a hydrogen gas would be extremely weak, becauae 

only on« of thoae numeroua electrona ia permitted to be in 

one energy eigen-atate at one moment of time* 

In general, conventional aolutiona of the Schrodinger 

equation lack adequate descriptions of where and when, as usual 

in ensemble representations* Furthermore, Pauli's principle, 

made to supplement the inadequacy, cannot alone provide aafeguard 

adequate for preventing our miatake due to the inadequacy of 

quantum-mechanical deaeriptiona« aa demonatrated ia the above. 

From thia viewpoint  alone, it ia neceasary, even in the pragmatical 

spirit, to interpret conventional solutions of the Sehrodinger 

equation as of ensembles* (Since von Neumann's well-known study, 

it Is being accepted that quantum mechanics is a logically 

consistent system* But this does not mean that quantum meehanica 

ia phyaically adequate») 

-^0- 



VI.    A PARTICJLAR SOLUTION 

FOR n-PARTICLE SYSTEM 

In aaetloa III,  w« obtain««! an exact solution for on«- 

particl« «yat«**    Th« «xiat«nc« of U, potontial fiald,  dooa 

not bring in any «aaontial difficulty, aa long aa the condition, 

^a/a * invariant, ia aaintainad.    This condition ia not nscsssary 

whsn U oxists.    Thsrsfor« th« solution obtainsd th«r« is «xpaeted 

not to b« uniqu« «h«n U ^ 0 .    Th« solution is stabls,  loealissd 

in spae«, and furtbaraor« Isads to d« Brogli« war« wh«n ü « 0. 

It is not difficult to find a siailar solution for n-particl« 

systsa.    W« writ« 

•  ^pKi?k. *4lrdtL 
M |rk-    hilUtl 

«h«r«    pk(t)    ar« solutions of 

i£k- - - gradk(U . ^ J fl ka/a ) 

■k 

«•^0k^ükj 

(6.2) 

First «asily ahowa ia that 

Ak a/a -  Kj- (6.3) 

lane« Iqa>(6.2) sr« charactsristic «quations of  Cf.lO).     So 
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a2 given by (6.1) satisfies (4.10).  In order to satisfy (4*9) 

and (4.12), we take 

S » - Et ♦ Z. p.. r. (6.4) 
lC  K  K 

Then (4.9) yields 

2      u2 

-E ♦ > —1- -  )  M. ♦ U = 0 (6.5) 
2mk   

c 2rak  
k 

E can be invariant only «men the p's are chosen so that 

p2 
--It- ♦ u = invariant. (6.6) 

The nontrivial case of (6.1) is realized only when 

and hence, the integral of (6.2) 

-t--  ♦ U = invariant 
2mk 

ie the very condition (6.6). 

As his been repeated often, this solution is exact, but 

is net unique. In general,   K.a/a ""»y be a function of the r's; 

as yet, E, (6.5), is an inv-iriant integral of (6.2). 
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VII.  GENERAL SOLUTION 

(SOLUTION FOR ENSEMBLES) 

It is «aay to construct general solution (aolutiona for 

n-particle ensemblea) with the particular solution obtained in 

section VI. A set of solutions of (6.2) 

Pk(t) 

. .  i '*<*> <7,1) 

^(t) s \ -k— dt 

k * 1| 2|... f n 

have their initial condition 

p^O), ?k(0) (7.2) 

contained in them.      Then we make«  with a given by  (6.1), 

a    «[•••[ay(p;]L(0),r1(0)   Pn<0>«V0>| /[ <ipk(0)d?k(0) 
/ ' k«l 

(7.5) 

where y is an arbitrary function of the intial values (7*2). 

The function a obtained in the above satisfies 

ie«-. Ki (7.4) 
*g    « 

Hence the gradient of it vanishes.    In general,   we may write 

a*    »    r(r( - ^(t),  p#- ^(t) ) 
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Of course, F is a complex function, and unknown in general« 

But it la obvious that 

kar 
>™*--l(K"-&*KM&J 

Hence a* satisfies the Liouville equation ('♦.lO) under condition 
g 

(7.M. 

For S, «e take 

S « - E(t) +2 pk. rk (7.5) 

Then (<f.9) yields 

-i(t) > T-ü.- J   *L K
2   ♦U.O       (7.6) 

20^   *" Sm^   k 

Unlike the case of (6.6),  condition (7*6) is not always satisfied 

by those independent variables t,  p.    ,   r. ,    Note that U is a 

function of the r'a.    Condition (7*6) Imposes a restriction on 

those indeoendent variables« 
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VIII.    DISCUSSION AND CONCLUSION 

Those solutions of the Sehrodlnger equation obtained 

in this report are exact,  with two restrictions: 

a) Aa/a a Invariant. 

b) Solutions of Newton's equations of notion are given: 

Because of condition a), the characteristic equations of the 

quantum-mechanical Llouville equation turn out to be of the 

relevant classical Llouville equqtion« That is why condition 

b) is necessary. 

Condition a) Is surely necessary, when a particle Is completely 

free, and the de Broglle wave is composed by superposing many 

similar solutions obtained for single particle. But, when a 

particle Is in a force field. It is unlikely that condition a) 

is necessary in general. Nevertheless, assuming condition a) 

does not lead to any Inconsistency of the solution;  this is 

a remarkable situation. Therefore, it may be reasonable to assume 

condition a) to be valid when force field is not extremely strong. 

Accordingly, except for lowest energy levels, conventional 

energy eigen-solutlons may be special cases of the general 

solutions obtained in section VII.  (With a particular reason, 

the one*dimensional oscillator is an exception.) In summary : 

1* There Is a wavelet, as an exact solution of the Sehrodlnger 

equation, which seems to represent a particle in free state. 
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2»    The de Broglle wave is constructed with aimllar wave- 

lets. 

3«    The wavelet approaches the known  0 -function represen- 

tation of a claseical-r.eehanical particle in the phase space,  as 

a parameter approaches its limit  value. 

4.    The quantum-mechanical Llouville equation for n-particle 

system is obtained. 

3.    Pauli's principle,  with its merit and paradox,  is ex- 

plained as based on the Llouville equation for n-particle system. 

6. An exact solution for single n-particle system is 

obtained« if the relevant solutions of Newton's equations are 

given. 

7. In the same sense,  an exact ensemble solution    of n- 

partlcle systems    is obtained. 

8. Relevant solutions for the Dirac equation are expected 

to exist. 

In view of these characteristics,  solutions obtained in 

this report undoubtedly promise the possibility of kinetic theory 

of quantum-mechanical systems,   provided that emission-absorption 

processes are not significant in those systems.     In order to 

take  into account  emission-absorption processes,   consideration 

of solutions of the Schrodlnger equation is not sufficient; 

similar solutions of the Dirac equation are necessary. 
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APPENDIX 

Connection Between S-Function 

and a or a Given by (3»6) 

We define 

A(*f C) = * exp(.Kj[x2*_y2^i2) 
dxdydz        (A.l) 

«here the domain of integration should be limited by 

x2 ♦ y2 ♦ i2 > fe2 (A.2) 

ao that A(K(6)  does not diverge*    As  K   increases«   6 ■Ay ^* 

smaller*    Then «e define 

«/       .\        exp(-K/x2* y2+ t2) /4 _x 
D(x,y,«f «,«) »  '   r (A.3) 

A(Jf,fr)/x2* y2* »2 

in the same domain of x,y«s, as (A*2)* Of course« we have 

JjfD(x,yt«,K,t)dxdyd« « 1 (A.M 

However, if X is sufficiently large, (A.4) will be satisfied by 

taking for the domain of integration 

R2 > x2* y2* »2 > t2 (A.5) 

instead of (A.2). This is because, for large * « contribution 

to the integral (A***) is made only by x2* y2* a2 of small values* 
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Aa Kincreaa«s,th« parmiasible llmlta of F and ot £   dacreaaa. 

In other worda, function D la more localized near x = y = z = 0, 

aa K  Inereaaea. Aa yet, It aatlafiea (A*'*)* Thla la the 

very characteriatle of J (x) J (y) cf (z). 

It la noted that a2  hna the aama characteriatle at the limit 

K -* oo . 
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